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Jilin University, and Georgia Institute of Technology and Jilin University

We consider a Fokker-Planck equation in a general domain in R” with

L]Iz)c drift term and Wllo’cp diffusion term for any p > n. By deriving an integral
identity, we give several measure estimates of regular stationary measures
in an exterior domain with respect to diffusion and Lyapunov-like or anti-
Lyapunov-like functions. These estimates will be useful to problems such as
the existence and nonexistence of stationary measures in a general domain
as well as the concentration and limit behaviors of stationary measures as
diffusion vanishes.

1. Introduction. Consider the stationary Fokker—Planck equation
Lu(x) =: 87 (a" (0)u(x)) — ; (V' (0)u(x)) =0,  xel,

1.1
(.1 u(x) >0, / ux)ydx =1,
u

where U is a connected open set in R” which can be bounded, unbounded, or
the entire space R”, L is the Fokker—Planck operator, A = (¢%/) is an everywhere
positive semidefinite, n x n-matrix valued function on /, called the diffusion ma-
trix, and V = (V%) is a vector field on I/ valued in R”, called the drift field. This
equation is in fact the one satisfied by stationary solutions of the Fokker—Planck
equation

d t
M=Lu(x,t), xel,t>0,
(1.2) ot
u(x,t) >0, / u(x,t)dx =1.
u
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In the above and also throughout the rest of the paper, we use short notation 9; =
a/0x;, 8[21- = 92 /0x; dxj, and we also adopt the usual summation convention on
i, j=1,2,...,n whenever applicable.

Following [10, 12, 13], etc., we make the following standard hypothesis:

(A) @'l e WhP W), Vie LD ) foralli, j=1,...,n, where p > n is fixed.

Under the regularity condition (A), in the weakest situation one considers mea-
sure solutions of (1.1), called stationary measures of the Fokker—Planck equa-
tion (1.2), which are Borel probability measures p satisfying

(1.3) VieLiWU,w), i=1,2,...,n and
(1.4) / Lfx)du(x)=0 forall f € C°U),

u
where

L=aTd;+ V'

is the adjoint Fokker—Planck operator and C;°(lf) denotes the space of C* func-
tions on ¢/ with compact supports. If a stationary measure p of (1.2) is regular
with density u, that is, du(x) = u(x) dx for some u € C(U), then it is clear that u
must be a weak stationary solution of (1.2), that is,

f Lf@u(x)dx =0, forall f e C°U),

(1.5) u

u(x) >0, / u(x)dx =1.
u

In fact, under condition (A) and that A = (aij ) is everywhere positive definite in I/,
it follows from a regularity theorem due to Bogachev—Krylov—Rd&ckner [9] that any
stationary measure p of (1.2) must admit a positive density u € W]L’Cp ).

The purpose of the present paper is to provide several useful measure estimates,
in an exterior domain ¢ \ K for a compact subset K of U, of regular stationary

measures of (1.2) with densities lying in Wll)’cp (U). Such exterior estimates are ev-
identally important especially when I/ is unbounded (e.g., i/ = R", R’} ) or (@) is
degenerate on the boundary of ¢/. The measure estimates contained in this paper
are nontrivial because they do not follow from the existing theory of elliptic equa-
tions even if (a'/) is everywhere positive definite in /. Indeed, as to be seen in the
paper, measure estimates we give in this paper crucially rely on an integral iden-
tity (Theorem 2.1) which reveals fundamental natures of stationary Fokker—Planck
equations and enables one to estimate the measure in a subdomain by making use
of information of noise distributions on the boundary of the domain. In fact, the
integral identity plays a similar role as the Pohozaev identity does to semilinear
elliptic equations. It is because of this identity that our essential measure estimates
can be made regardless of the positive definiteness of (a'/) in U.



1714 HUANG, JI, LIU AND YI

Our measure estimates in an exterior domain will be made with respect to diffu-
sions and derivatives of a Lyapunov-like or an anti-Lyapunov-like function which
is primarily a compact function in the domain.

DEFINITION 1.1. A nonnegative function U € C(if) is said to be a compact
Sfunction in U if:

(1) Ux) < pm,x €U;and
(i) limy— 5/ U(x) = ppm,

where py = sup, o, U (x) is called the essential upper bound of U.

When / is unbounded, o/ and the limit x — 9d{ in (ii) above should be un-
derstood under the topology which is defined through a fixed homeomorphism
between the extended Euclidean space E" = R" U dR" and the closed unit ball
B" =B" U dB" in R" which identifies R” with B" and dR" with S"~!, and in
particular, identifies each x, € S"~! with the infinity element x2° € JR" of the ray
through x.. Consequently, if &/ = R", then x — dR”" under this topology simply
means x — o< in the usual sense, and it is easy to see that an unbounded, nonneg-
ative function U € C(R") is a compact function in R" iff

(1.6) lim U (x) = +o0.

For simplicity, we will use the same symbol €2, to denote the p-sublevel set
{x eUU:U(x) < p} of any compact function U on U.

DEFINITION 1.2. Let U be a C? compact function in /.

(1) U is called a Lyapunov function (resp., anti-Lyapunov function) in U with
respect to L, if there is a p,; € (0, py), called essential lower bound of U, and a
constant y > 0, called Lyapunov constant (resp., anti-Lyapunov constant) of U,
such that

(1.7) LUX)<—y  (resp,>y),xeU=U\Q,,,

where U is called essential domain of U.
(i) If y =01in (1.7), then U is referred to as a weak Lyapunov function (resp.,
weak anti-Lyapunov function) in U with respect to L.

Below, for any C! compact function U on I/ with essential upper bound p/,
we let 1, H be two nonnegative, locally bounded functions on [0, pss) such that

(1.8)  h(p) <a’ () UX)0,;UKX)<H(p), xcU ' (p),pel0, pu),

where U~ !(p) denotes the p-level set of U . For instance, A ( p), respectively, H (p),
can be taken as the infimum, respectively, the supremum, of a"/ (x) 0;U (x) 9;U (x)
on U~!(p). For simplicity, the dependency of /, H on U will be made implicit.
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For a regular stationary measure of (1.2) with density lying in WIL’CP U), the
result below gives some upper bound estimates of the measure in the essential
domain of a Lyapunov-like function in &/ with respect to L.

THEOREM A. Assume (A) and that there is either a Lyapunov or a weak Lya-
punov function U in U with respect to L with essential lower, upper bound py,, py,
respectively. Then the following hold for any regular stationary measure . of (1.2)

with density lying in WIL’CP U):

(a) If U is a Lyapunov function with Lyapunov constant y, then for any pgy €
(om, PMm), there exists a constant C,,, ,, > 0 depending only on py,, po such that

HUN Q) <y Copp( sup H )R\ 2p,),
(om0)
where H is as in (1.8).
(b) If, in addition, the Lyapunov function U in (a) satisfies
(1.9) VU #0  YxeU ™\ p) forae. p€lpm, pu),
then

_ P
WU\ Q) <e VIm VHOS e o o),

where H is as in (1.8).
(c) If U is a weak Lyapunov function such that in (1.8) h is positive and H is
continuous on [py, pym), then for any po € (Om, PM),

HUN Q) < Qg \ el /A,
where H(p) = h(p)f;m 1/(H(s))ds, p € [om, pm).

We note by Sard’s theorem that if U € C"(If), then the set of regular values of U
is of full Lebesgue measure in [p,,, pyr), that is, (1.9) is automatically satisfied
when U € C"(U).

For a regular stationary measure of (1.2) with density lying in Wli)’cp U), the
result below gives some lower bound estimates of the measure in the essential
domain of an anti-Lyapunov-like function in ¢ with respect to L.

THEOREM B. Assume (A) and that there is either an anti-Lyapunov or a weak
anti-Lyapunov function U in U with respect to L with essential lower, upper bound
Om> PM, respectively. Then the following hold for any regular stationary measure

w of (1.2) with density lying in Wll)’cp U) and any po € (om, PM):

(a) If U is an anti-Lyapunov function with anti-Lyapunov constant y such

that (1.9) holds, then

£ d
(82 \ Q*m) > 1 (Rpp \ Q*m)ey oo 1/H® ! p € (po; PM),
where Q% =y, UU (o) and H is as in (1.8).
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(b) If U is a weak anti-Lyapunov function such that h in (1.8) is positive and
continuous on [py,, pym), then

1/H(r)dr

0
(2 \ Q) = (2 \ 2, )0 p € [P0, Pm1),

where H(p) = H(p) [ 715 ds, p € [om, pum)-

Following the pioneering work of Has’minskii [17, 18] for locally Lipschitz
coefficients, the existence and uniqueness of regular stationary measures of (1.2)
in R” have been extensively studied when (a%/) is everywhere positive definite
(see, e.g., [1-4, 6, 8-15] and [22-25]). In particular, Veretennikov [24] showed
the existence when (a'/) is continuous and bounded under sup-norm, and V is
measurable, locally bounded in R" and satisfies

Vix) - x <—vy, x| > 1

for some positive constant y depending on (a'/). Later, Bogachev—Rockner [10]
showed the existence and uniqueness under condition (A) when there exists an
unbounded Lyapunov function in R" with respect to £ such that

lim LU (x) = —o0.
X—>00

In this work, (a'/) is even allowed to be degenerate in R” for the existence of a
stationary measure that is not necessarily regular. Recently, Arapostathis—Borkar—
Ghosh [2], Theorem 2.6.10, showed the existence when (a%/), (V') are locally
Lipschitz and do not grow faster than linearly at oo, and there exists a so-called inf-
compact function satisfying (1.7) in R” with “<” sign for some y > 0. Bogachev—
Rockner—Shaposhnikov [11] proved the existence under condition (A) when there
exists an unbounded Lyapunov function U in R" with respect to L.

As shown in our work [19], the measure estimates contained in Theorems A,
B above are useful in dealing with problems of the existence and nonexistence of
stationary measures of (1.2) in a general domain I/ involving Lyapunov and weak
Lyapunov functions for the existence and anti-Lyapunov and weak anti-Lyapunov
functions for the nonexistence. Also, as explored in our works [20, 21], these es-
timates play important roles in characterizing the concentration of stationary mea-
sures at both global and local levels as well as in studying limit behaviors of a fam-
ily of stationary measures as diffusion matrices vanish. In particular, even when we
consider local concentration of stationary measures defined in the entire space R”,
the stationary measures can be restricted to a subdomain in order to apply these
estimates. This is another motivation for us to consider these estimates in a general
domain.

This paper is organized as follows. In Section 2, we derive two identities—an
integral identity and a derivative formula, which are of fundamental importance
to the level set method to be adopted in this paper. We prove Theorem A(a) in
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Section 3, Theorem A(b) and Theorem B(a) in Section 4, and Theorem A(c) and
Theorem B(b) in Section 5.

Throughout the rest of the paper, for simplicity, we will use the same symbol
| - | to denote absolute value of a number, cardinality of a set and norm of a vector
or a matrix.

2. Ingredients of level set method. Our measure estimates will be carried
out using the level set method. In this section, we will prove two fundamental
identities involved in the level set method for conducting measure estimates of
stationary measures of (1.2). One is an integral identity which will play a crucial
role in capturing information of a weak stationary solution of (1.2) in each sublevel
set of a Lyapunov-like or an anti-Lyapunov-like function from its boundary. The
other one is a derivative formula which will be particularly useful in the measure
estimates of a stationary measure of (1.2) with respect to functions 4, H in (1.8).

We call a bounded open set 2 in R” a generalized Lipschitz domain if (i) it is
a disjoint union of finitely many Lipschitz subdomains; and (ii) intersections of
boundaries among these Lipschitz subdomains only occur at finitely many points.

THEOREM 2.1 (Integral identity). Assume that (A) holds in a domain Q2 C
R" and let u € WIZ)’CP(Q) be a weak stationary solution of (1.2) in Q. Then for

any generalized Lipschitz domain Q' CC Q and any function F € C*(Q) with
F|yq = constant,

Q2.1 /(L’F)udx:/ (a" 3; Fv;)uds,
Qf oY

where for a.e. x € 3Q', (vj(x)) denotes the unit outward normal vector of 9’
at x.

PROOF. Let F|yq = ¢ and ., be a smooth domain such that Q' CC Q, CC
2. Consider the function
_ /
F(x):{F(x) c, x e, /
0, x e\ Q.
Clearly, Fe W1’°~°(Q) and supp(ﬁ) C . Forany 0 <h < 1, we let Fy, be the
regularization of F' in €2, that is,

o) =h—"/gs(xhl)ﬁ<y>dy,

where the function & is a mollifier—a nonnegative C* function in R” vanishing
outside of the unit ball of R” centered at the origin and satisfying [, §(x)dx = 1.
Then ﬁh € C°(R2), supp(l:”h) CQras0<h<«1,and ﬁh — Fin wha(Q,), as
h — 0, for any 0 < g < oo. Since u is a weak stationary solution of (1.2) in €2,

(2.2) /(a"f FFy+V 9 F)udx=0 asO<h< 1.
Q
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We note that a”/, u € Wli)’cp(Q), i,j=1,2,...,n. We have by passing to the limit
h — 0 that
/ ua'l 81-2J-I3h dx = ua'l Bizjﬁh dx = —/ 3 (ua")(d; Fy) dx
Q Qu Q.

(2.3) - — fg 3j(ua"’)(3; F)dx = — fQ 9j(ua) (3 F)dx

= ua' 8l~2dex —/ ua'l 0; Fvjds.
Q/ 0

On the other _hand, we note by the Sobolev embedding theorem that u € C (S_Z*),

and hence V'u € LP?(Q,), i = 1,2,...,n. Thus, we can also pass to the limit

h — 0 to obtain

/ uVio Fdx = / uVio; Fydx
Q Qe
2.4)
— uVig;Fdx = uViaiﬁdxzf uViy;Fdx.
Q. Q/ /
The theorem now follows from (2.2)—(2.4). U

REMARK 2.1. 1. We note that the theorem does not require (@) to be even

positive semidefinite. It also holds for less regular (@), (VY), and u, as long as
alu e W (Q) and Viu € LY (Q), ¥ i, j,=1,2,...,n, for some & > 1.

2. In applying the integral identity (2.1), one typically chooses €’ as a sublevel
set of a Lyapunov-like or an anti-Lyapunov-like function U. Of course, ', being
such a sublevel set, need not be a generalized Lipschitz domain. As will be seen
in the next section, a technique to get around that is to use the approximation of U

by Morse functions.

THEOREM 2.2 (Derivative formula). Let u be a Borel probability measure
with density u € C(U). For a compact function U € C L), consider the measure
Jfunction

y<p>:=u(szp>=/SZ ude,  pe©. p).

P

and the open set
(2.5) Z={pe (0, py):VUx)#0,x e U (p)},

where py is the essential upper bound of U and 2, is the p-sublevel set of U for
each p € (0, py). Then y is of the class C' on T with derivatives

26 ’ =f LI el
(2.6) Y'(p) 22, |VU P
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PROOF. Since U is a compact function on I/, it is easy to see that 92, C
U~ (p) forall p € (0, pps). Let p € Z. Then VU (x) #0, x € 0Q2,. Hence, 092, is
a C! hypersurface which coincides with U~ (p).

Let 7] ={(x,e;):j=1,2,...,n} be an orientation preserving, orthonormal,
moving frame defined over d$2, such that for each x € 92, ¢j = ¢;(x), j =
1,2,...,n — 1, are tangent vectors, and e, = e,(x) is the outward unit normal

vector, of 9$2, at x. We denote {(x, a)j):j =1,2,...,n} as the dual frame of T
defined over 02, that is, wi(ej) = 8;, i,j=1,2,...,n.Since, for each x € 9Q2,,
e, =VU/|VU]|, we have " =dU /|VU|. Therefore,

dx:dxl/\---/\dxn:ds/\wnzl dsdU,

VU]

where ds = w! A -+ A @]

easily follows.
Continuity of y'(p) on Z follows from (2.6). [

is a volume form defined on 9€2,, from which (2.6)

REMARK 2.2. In fact, the derivative formula (2.6) is known when |[VU (x)| >
¢ >0 a.e. in R” (see [5], Proposition 5.8.34), and is already used in [7], Proposi-
tion 2, for level set estimates concerning functions that satisfy (1.6).

3. Proof of Theorem A(a). Let U be a Lyapunov function in ¢/ with respect
to £ with Lyapunov constant y and essential lower bound p,, and upper bound p,,
and let €2, denote the p-sublevel set of U for each p € [pm, pm).

Given p € [pm, pym), we fix a p* € (p, par). Since Morse functions are dense
in CZ(Z/{), there is a sequence Uy € CZ(Z/l), k=1,2,..., of Morse functions such
that Uy — U in C2(U), in particular, Uy — U in CZ(S_Zp*), as k — oo. For each k,
denote

Q’; = {x € Q= : either Ug(x) < p or x is a local maximal point of

Uy, lying in Uk_l(p)}.

It is obvious that Q’;’s are nonempty open sets for all k > 1.

LEMMA 3.1. There is a positive integer k(p) such that Q]; CC Qpx for all
k>k(p).

PROOF. If this is not true, then there are sequences k; — 00, x; € 89’;", i =
1,2, ..., suchthat x; € 32,+. Then U (x;) = p* for all i. Since Qp* is compact, we
may assume without loss of generality that {x;} converges, say, to some X € o* -
On one hand, we have U (x) = p*. But on the other hand, since p > Uy, (x;) and
Uy, — U uniformly on Qp*, taking limit i — oo yields that p > U (x). It follows
that p > p*, a contradiction. [
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LEMMA 3.2. Q]; is a generalized Lipschitz domain for each k > k(p).

PROOF. We only consider the case n > 1 because the case with n = 1 is trivial.
Let k > k(p) be fixed. We note by claim 1 that 852’[‘) is compact and contained in
Uy 1(,o). Consider a point xg € E)Q’;. If VUi (x0) # 0, then the implicit function
theorem implies that, in a neighborhood of x, 852]; is actually a C? hypersurface
which coincides with U, ! (p). Let VUi (xg) = 0. Then the Hessian D?Uy (xo) is
nondegenerate because Uy is a Morse function. If D?Uj(xo) is positive definite,
then xg is a local minimal point of Uy, and thus it cannot lie in 5_2’;. If D*Ui(x) is
negative definite, then xg is a local maximal point of Uy and thus it must lie in the
interior Q’;. Hence, D*Uy (xo) must be a hyperbolic matrix. Let 1 < M < n be the

number of positive eigenvalues of D?Uy (x0). Then by the Morse lemma [16], there
isa C2 local change of coordinates v = (vy, ..., v,) = ®(x) in a neighborhood of
xo under which ®(xg) =0 and

O R A A

It follows that, near x, 89’; =U, I(p) is a union of two Lipschitz hypersurfaces
intersecting at xg; each belongs to the boundary of a component of Q’;. Since all
nondegenerate critical points of Uy are isolated and 352’; is a compact set, the
number of critical points of U on 89’[‘) must be finite. Consequently, the number
of connected components of Q’;) which contain nondegenerate critical points on

their boundaries are finite. The number of connected components of Q’; which
contain no critical points on their boundaries is also finite, because each such a
component is separated from the rest of Q];. Thus, Q’; is a generalized Lipschitz
domain. [J

PROOF OF THEOREM A(A). Let u be a regular stationary measure of (1.2)
with density u € WIL’CP o).

For given pg € (om, pm), we consider a fixed monotonically increasing function
¢ € C*(R,) satisfying
0, if 1 € [0, pml;

o) = {t, if 1 € [po, +00).

We note that ¢’ (1) =0 for all 7 € [0, p;,] U [po, +00).

Let p € (po, pm) and p* € (p, py). Since ¢ o Uy = p on IK, using Lem-
mas 3.1, 3.2, we can apply Theorem 2.1 with F = ¢ o Uy, Q2 = Q2+, and Q = Q’/‘)
for each k > k(p) to obtain the identity

/Qk (@' 93¢ (Ur) + V' i (Up))u dx = /a o ua' 3;¢(Up)v; ds,

P
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that is,

[ o' @owuouds+ [ ¢ wola 5,0, 0;U0udx
(3.1) ! ,
= [ ¢ Woual a0 ds = [ ual 3055,
391/‘] 90k

P

where (v;) denote the unit outward normal vectors of 89’;. For each k > k(p), if
VU (xg) #£ 0 at some xg € 8&2’;, then the implicit function theorem implies that

there is a neighborhood of xp on 89’; such that v(x) = (VUr(x))/(|IVUr(x)])
within the neighborhood. Thus,

a'’ (x) i Up(x)vj(x) 20,  xedQh.
It then follows from (3.1) that
/Qk ¢ (U (LU )u dx + ka ¢" (Up)(a" 8 Uy 3;Up)udx >0,
P p
that is,

/ Xar®' (Up) (LU u dx + / @' (Up) (LU)u dx
Qu\U(p) ~° U=l (p)ngk
(3.2) >_ / Xk " (Ui (@ Uy 8;Up)u dx

Qp*\U_l(p) p

— fU e ¢" (U)(a" 8;Ux 8;Uy)u dx,
gk

where for any Borel set E C 2,+, xg denotes the indicator function of E in £2,x.
Since U is a Lyapunov function and p € (po, par), we have

/ &' (Uo) (LU u dx
U-1(p)n2
< / |6/ (U) LU — &' (U) LU |u dx +/ (LU )u dx
U1 ()2 U1 (e

=< (M’/(Uk) - ¢/(U)|C(Qp*)|U|C2(Qp*) + |¢/(Uk)}c(g2p*)|Uk - U|C2(Qp*))

x [ QAL+ Vudr = yu(U™ (o) N %)

P

It follows from the facts u € C(Q,+) and Uy — U in C*(Q2,+) that

3.3) lim sup ¢'(Uk)(£Uk)u dx <0.
k— 00 Uf](p)ﬁgl,(;
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Since ¢”(p) = 0, we also have

lim l¢” (UR)||a" 8; Uy 8; Uy |u dx
k— 00 U—l(p)mgzllc)
(3.4) < lim 9" (U |a" 8; Uy 8; Uy |u dx
k—coJUu=1(p)

< \¢”(P)||A|C<U*'<p))|VU|ZC(U—1(p)) =0.

Using the uniform convergence of Uy — U in 2+, it is easy to see that as k — oo,

(3.5) Xes () = xe, (0, x € \U(p).

By taking limit K — oo in (3.2) and using (3.3)—(3.5) and the dominated conver-
gence theorem, we now have

/Q ¢ (U)(LU)udx =f

x2,¢"(U)(LU)u dx
Qp*\Uil(P)

> —/ xe,®"(U)(a" ;U 3;U)u dx
Q,\U1(p)

:_/ ¢"(U)(a' ;U 8;U)u dx,
£2p

which, by definition of ¢, is equivalent to

[sz\sz

P Pm

&' (U)(LU)udx > —f ¢"(U)(a"V 8;U d;U)udx.

p\me

Letting p — pjy in the above, we obtain

(3.6) ./u\sz

We note that ¢'(r) > 0 and ¢’ () = 1 as r > py. Using the fact that U is a Lyapunov
function, we clearly have

/M\Q

¢'(U)(LU)udx > —/u ¢"(U)(a" 3;U 3;U)udx.

Pm P

¢ (U)(LU)udx < —y fu o $ W

Pm

——y udx—yf ¢ (U)u dx
M\Qp() QPO\Qﬂm

< —)// u dx
U\Qp,

= —y U\ Qp).

(3.7
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Denote C,, p, = Max,,, <p<p, |¢” (p)|. Then it is also clear that

[, 1@l avavar= [ |g" W@ a0 8;0)udx

U\, /J()\Qﬂm

(3.9) <C,,. sup  H(p) udx
8 m(pe(pm,po) $2p9 \S2pm

= Copn( sup  H(P)) (R \ 24,)-
PE(Pm;sPo)

The theorem now follows from (3.6)—(3.8). [

4. Proof of Theorem A(b) and Theorem B(a). Let U be either a Lyapunov
function or an anti-Lyapunov function in ¢/ with respect to £ with either Lyapunov
constant or anti-Lyapunov constant y and essential lower, upper bound p,,, pus,
respectively, which satisfies (1.9). Also let H be as in (1.8) and denote €2, as the
p-sublevel set of U for each P € [pm, par). Let u be a regular stationary measure
of (1.2) with density u € W27 ).

Consider the set Z = {p € (o, pm): VU (x) #0,x € U_l(,o)}. Then for each
nel, Q,isa C? domain, whose boundary 0€2, coincides with U _l(n), and

the outward unit normal vector v(x) of d€2, at each x is well defined and equals
(VU (x))/(JVU (x)|). Since Z is open,

I= {J (ar.bo).
1<k<I

where I can be a positive integer or 400, and the intervals (ax, bx), 1 <k < I, are
pairwise disjoint.

PROOF OF THEOREM A(B). Letn™* € (pm, pm)NZ. Forany n € (o, n*)NZ,
applications of Theorem 2.1 with F = U on Q' = Q,+, Q,), respectively, yield that

IVU]|

[ i YY
Gl IVU|
Since the right-hand side of the above is nonnegative, applications of (1.8) to the
first term of the left-hand side of above and the definition of Lyapunov function to
the second term of the left-hand side of above yield that

u
4.1 / udx < H —ds, € )N,
4.1) % o, <H(®) o0, VU n € [om ")

R . .
/ ———ds +f a’ 07U + V' ;U)udx
39,7 >.<\Q,7

Consider the function

Y01 = (e \ ) =f udr, 1€ (pm ) NT.
Q,]*\Q,,



1724 HUANG, JI, LIU AND YI
By Theorem 2.2, y(n) is of the class C' on (o, n*) N T and
/ u *
=— ——ds, € , NZ.
y'(m) /39,7 IVU| n € (pm. )
Hence, by (4.1),

/ y *
(4.2) y (n)+%y(n)§0, n € (om,n*)NT.

Let 1 <k < I be fixed. For any 7, n € (ax, by) with 7 < n < n*, integrating (4.2)
in the interval [7, n] yields that

n
/’L(Qn* \ Qﬂ) < M(Qﬂ* \ Qﬁ)e_yfﬁ 1/H(t)dt'

In (4.2), we have assumed without loss of generality that H is a positive func-
tion. If not, we can replace H in (4.1) [hence in (4.2)] by H +¢,0< e <K 1, so
that the above estimate holds with H 4+ ¢ in place of H. Since y(p) is independent
of ¢, the estimate in fact holds for H after taking ¢ — 0.

Since Z is dense in [py,, par) by (1.9), letting n* — pys in the above yields that

(4.3) pU\ Q) < pnU\ Qﬁ)e—yfﬁ” 1/H(tydt

By taking  — ay, or n — by, and noting that function w(lf \ €2;) is monotone in
t € [pm, pm], we see that (4.3) in fact holds for all 77, n € [ag, bg] with 7 <.

Next, let py, p* € Z with p, < p*. We can find 1 < £ < I such that p,, p* €
Uﬁzl(ak, br).Denote Iy ={i € {1,2,...,€}:(a;, bj) N [px, p*]1 # @} and T = |Iy|.
Then Iy = {iy, iz, ...,ic:bijy <a;,,,s=1,2,...,T — 1}, px € (a;;, b;;), and p* €
(ai,, b;,). By arecursive application of (4.3) for k =iy, i, ..., i; respectively, we
have

P
nU\ Qpe) < pU\ Qe vl VH®

—y f;;* 1/H (r)dt

< 1@\, e

1

b:
—y fu TV HO A —y P71/ H
< U Qe e HOY G 1O

Y Sl INUf (g ) Y/ H O A

= nU\ Qg e

1

- . op. oy 1/H(t)dt
<. ... < M(Zfl \ Qaiz)e Vf[p*,p*]ﬁUlzzz(u,k,blk) /H(t)

4 f s, p* T . . I/H(t)dt
< U Ry, de e MU )

)bA —
< U\ Qe 7 ot VH© A TV e U e by IO

= U\ Qe e Ui O
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=pnU\ Qp*)e_y'[[P**P*]”Uﬁzﬁﬂk”’k) 1A

<e ’ e o 10U g I/H(’)dt.
Let £ — I in the above. Since [p4, p*]1 N Uﬁzl(ak, br) = [p«, p*1NZ which is a
full Lebesgue measure subset of [0, p*], we obtain

(4.4) PU\ Q) <e7 I8 1/ H @

Now for any p € [pn, pu), we let pf, pl. be sequences in Z such that o/ p
and ,ofk \{ Pm as i — 00. Since (4.4) holds with pi, p; in place of py, p* respec-
tively for all i, the proof is complete by taking i — co. [

PROOF OF THEOREM B(A). Let . € (om, pm) NZ and n € (04, py) NZ be
arbitrarily chosen. Applying Theorem 2.1 with F = U on ' = Q,, Q,,, respec-
tively, we have

;U0 U i i
/ ua”ids-i-/‘ (a” aij+Vl 0 U)udx
9%, IVU| Qy\ 2y,

[ uai®@YAY o

IQ, |IVU|
Since the first term in the left-hand side of above is nonnegative, applications of
the definition of anti-Lyapunov function to the second term of the left-hand side of
above and (1.8) to the right-hand side of above yield that

4.5) )// udx < H(n) ds.
§2n\S2n, 3<%

IVU|

Consider the function

Y = (2 \ 2. =/ udv, € Q. o).
QW\QW*

Then by Theorem 2.2, y(n) is of class C Iat each n € I NNy, py) with derivative

‘o) / ‘4
= S.
Y= | v

Hence, (4.5) yields that

/ 14
(4.6) yi(m — my(n) >0, ne M pm) NI,

Here, we have again assumed without loss of generality that H is a positive func-
tion, via the same reasoning as in the proof of Theorem A(b) above.

Fix 1 <k < I. For any n, € (ax, by) with ; < n, we may assume that n, < 7.
Integrating (4.6) in the interval [7, n] yields that

(2 \ 2y,) > (25 \ Qn*)eyf,-? I/H(@)dr
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By (1.9), Z is dense in [0;;, par)- Then by letting n.. \ o, in the above and noting
that lim,),~_p,, #(82,) = M(Q;‘;m), we have

n
A7) (2 \ 25, ) = (25 \ Ql’gm)eyfﬁ V@D ax <1 <n <bg.

We note that (4.7) also holds when 7 = a; or n = by by the monotonicity of the
function ¢ € [ oy, pym]— (2 \ Q;‘;m).

Next, let o4, p* € T with p, < p*. We fix 1 < € < I such that p,, p* €
Uﬁzl(ak, br).Denote Iy ={i € {1,2,...,€}:(a;, bj) N\ [px, p*] # @} and T = |Iy].
Then I, = {iy, iz, ...,ir:biy <a;,,s=1,2,...,7 — 1}, px € (a;;, b;;), and p* €
(ai,, b;,). Inthe case T > 2, by arecursive application of (4.7) for k =iy, 12, ..., i
respectively, we have

P 1/H @)
1(Qpe \ 25 ) > 14(Qa;, \ 25, )€ J 1/H(@)dr

m

O H () de
> M(Qbir71 \ Q:;m)eyflz

bA
a-l'[—l 1/H d ‘p* VH d
> 1(Q; | \sz’;m)e”zz_l JHOW (71 /H@a

Y Jips. o*10UT L 1/H(n)dr
:/"L(Quir—l \ €25, )e s PN 1 i i)

\ QF )Cy /,["*“’*]QUi:z(“ik’bik) I/H (@ dr
m

Z“'EM(Q

aiz
v 10 |7 o p. oy 1/H(t)dt
< (@, \ 2 )6 T

biy f 1/H(t)dt
= M(Qﬂ* \ Q;m)ey Jou 1/H () dt -ey/[p*"’*]mui=2(”ik‘bik) /H®)

= M(Qp \ QF )eV f[ﬂ*w*]ﬂuizl(aik,bik) 1/H(t)dt
= M(Qp \ QF )ey fl”*-"*lﬂuizl(ak,bk) 1/H (t)dr

* pn‘l .
Let £ — I in above. Since [p4, p*] N Z is of full Lebesgue measure in [py, p*], we
have

ﬂ*
(4.8) 1(Qpr \ 25 ) = (R, \ 25, )e” S5V H@

In the case t = 1, (4.8) follows directly from (4.7).

Now for any p,, < po < p < py, we let pi, p; be sequences in Z such that
P’ /' p and oL \4 po as i — oo. Since (4.8) holds with pi, p; in place of py, p*
respectively for all i, the proof is complete by taking i — co. [

5. Proof of Theorem A(c) and Theorem B(b). Let U be either a weak Lya-
punov function or a weak anti-Lyapunov function in ¢/ with respect to £ with
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essential lower, upper bound p,,, par, respectively. Also let i, H be as in (1.8) and
denote €2, as the p-sublevel set of U for each p € [pm, pm).

For each p € [pm, pm), since h(p) > 01in (1.8), VU (x) # 0 for all x € U~ p)
and Q, is a C? domain with

(5.1 3Q, =U"(p).

Consider a regular stationary measure p of (1.2) with density u(x) € W10C ).
Then by Theorem 2.2, the function

y(p)=/ udx, 0 € (Pm> PM)
\me

is of the class C! and

u
/ = dS, € ) .
y(p) /BQP VU p € (Pm» pM)
For t € [py,, pym), consider

t T

/ 1H (s)ds dr, in the case of Theorem A(c),

Hy ()= "
/ 1h(s)dsdr, in the case of Theorem B(b).

Pm ¥ Pm

Since H is positive and continuous on [0, par) in the case of Theorem A(c) so is

h in the case of Theorem B(b), H, is a C? function on Lom, pm). We extend H, to

a C2 function on [0, pum) and still denote it by H,.

LEMMA 5.1.  Foreach p €[ om, PMm),

5.2) /Q

PROOF. Let F = H,oU.Forany p € (pm, pm), we note that F € CZ(S_Zp) and
Flaq, = Hx«(p). We apply Theorem 2.1 to F with Q' being 2, Q,,,, respectively.
By using the fact that the unit outward normal vector v(x) is well defined and

equals % for any x € 92, U092, , we have

N . LU U
UorF + Vg Fludx = H. f L’ e )
(a ij + i )” «(P) 99, ua VU 3

P\me

;iU 9;U y .
H' it | / UorF + Vi Flud
(,Om)/ VUL s+ Q,,\Q,gm(a GF+ V8 Fludx
R
—H(p)/ s

Since H,(pp) =0, the lemma holds. O

PROOF OF THEOREM A(C). To estimate the left-hand side of (5.2), we let
x € Q,\ R, and denote p’ =: U(x). Clearly, p’ € (om.,p). Then H](p') =
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H=(p"), H.(0') > 0 and LU (x) = a% (x) a,?jU(x) + Vi(x)3;U(x) <O0. It then
follows from (1.8) that

a' (x) 5 F (x) + V' (x) 9 F (x) = H(p')(a" (x) 07U (x) + V' (x) ;U (x))
+ H](p")a" (x)3; U (x)d; U (x)

<0+ H(p')=1.
H(p") (¥
Also by (1.8), the right-hand side of (5.2) simply satisfies
;Uo;U
H, (p)f al == 45 > dsh(p) Y ds.
Qp |VU| Pm H(S) 852p |VU|

Hence, by (5.2),

ux dx > H 0 / S, c , ,
fﬁ\ om ( ) ( ) |V[’| p (/Cnl pM)

P € (Pms PM)-

(
y(p Ao

For any pg € (om, pm) and p € [po, pp), a direct integration of the above in-
equality yields that

2 1/H(r)d
¥(p) < y(po)elm /O o € (po, pm)-

The proof is complete simply by taking limit p — pj in the above. [J

PROOF OF THEOREM B(B). To estimate the left-hand side of (5.2), we note
that H.(t) > 0, H/(t) =h~'(t) when t > p,,, and LU = a’Jaisz + V'9;U >0in
Q) \ Qp,,- It then follows from (1.8) that

a5 F + V'0;F = H[(U)(a" 83U + V';U) + H, (U)a" 3;Ud;U

1
>0+ —hU)=1.

h(U)
Also by (1.8), the right-hand side of (5.2) simply satisfies
o Uo;U ro1 u
Hp) [ wa IS ds Hip) [ 2ds
Qp |VU| Pm h(s) Q2 |VU|

Hence, (5.2) becomes

/ () d <fp L 4sH (o) ‘g
u(x)dx < 0 ———ds
2\ 2, " () a2, VU]

~ u
=H ———ds, € , ,
(p) v, VU P € (Pm» PM)
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that is,

H(p)y(p) <y(p), £ € (Pms PM)-

For any po € (om, pu), let p € [po, par) be fixed. The proof is complete by a direct
integration of the above in the interval [pg, p]. U

Acknowledgement. We would like to thank the referees for valuable com-
ments and also for letting us know the references [2, 7, 11, 14].

REFERENCES

[1] ALBEVERIO, S., BOGACHEV, V. and ROCKNER, M. (1999). On uniqueness of invariant mea-
sures for finite- and infinite-dimensional diffusions. Comm. Pure Appl. Math. 52 325-362.
MR1656067

[2] ARAPOSTATHIS, A., BORKAR, V. S. and GHOSH, M. K. (2012). Ergodic Control of Diffu-
sion Processes. Encyclopedia of Mathematics and Its Applications 143. Cambridge Univ.
Press, Cambridge. MR2884272

[3] BENSOUSSAN, A. (1988). Perturbation Methods in Optimal Control. Wiley, Chichester.
MR0949208

[4] BHATTACHARYA, R. N. (1978). Criteria for recurrence and existence of invariant measures for
multidimensional diffusions. Ann. Probab. 6 541-553. MR0494525

[S] BOGACHEYV, V. 1. (2007). Measure Theory. Vol. I, I1. Springer, Berlin. MR2267655

[6] BOGACHEV, V. 1., DA PRATO, G. and ROCKNER, M. (2008). On parabolic equations for
measures. Comm. Partial Differential Equations 33 397-418. MR2398235

[71 BOGACHEYV, V. L., KIRILLOV, A. 1. and SHAPOSHNIKOV, S. V. (2012). Integrable solutions
of the stationary Kolmogorov equation. Dokl. Math. 85 309-314.

[8] BOGACHEYV, V. 1., KRYLOV, N. V. and ROKNER, M. (2009). Elliptic and parabolic equations
for measures. Russian Math. Surveys 64 973-1078.

[9] BOGACHEYV, V. 1., KRYLOV, N. V. and ROCKNER, M. (2001). On regularity of transition prob-
abilities and invariant measures of singular diffusions under minimal conditions. Comm.
Partial Differential Equations 26 2037-2080. MR1876411

[10] BOGACHEYV, V. I. and ROKNER, M. (2001). A generalization of Has minskii’s theorem on
the existence of invariant measures for locally integrable drifts. Theory Probab. Appl. 45
363-378.

[11] BOGACHEYV, V. I., ROKNER, M. and SHAPOSHNIKOV, S. V. (2012). On positive and proba-
bility solutions of the stationary Fokker—Planck—Kolmogorov equation. Dokl. Math. 85
350-354.

[12] BOGACHEYV, V. 1., ROKNER, M. and SHTANNAT, V. (2002). Uniqueness of solutions of el-
liptic equations and uniqueness of invariant measures of diffusions. Mat. Sb. 193 3-36.
MR1936848

[13] BOGACHEYV, V. I. and ROCKNER, M. (2002). Invariant measures of diffusion processes: Reg-
ularity, existence, and uniqueness problems. In Stochastic Partial Differential Equations
and Applications (Trento, 2002). Lecture Notes in Pure and Applied Mathematics 227
69-87. Dekker, New York. MR1919503

[14] BOGACHEYV, V. 1., ROCKNER, M. and SHAPOSHNIKOV, S. V. (2011). On uniqueness problems
related to elliptic equations for measures. J. Math. Sci. (N. Y.) 176 759-773. MR2838973


http://www.ams.org/mathscinet-getitem?mr=1656067
http://www.ams.org/mathscinet-getitem?mr=2884272
http://www.ams.org/mathscinet-getitem?mr=0949208
http://www.ams.org/mathscinet-getitem?mr=0494525
http://www.ams.org/mathscinet-getitem?mr=2267655
http://www.ams.org/mathscinet-getitem?mr=2398235
http://www.ams.org/mathscinet-getitem?mr=1876411
http://www.ams.org/mathscinet-getitem?mr=1936848
http://www.ams.org/mathscinet-getitem?mr=1919503
http://www.ams.org/mathscinet-getitem?mr=2838973

1730 HUANG, JI, LIU AND YI

[15] BOGACHEYV, V. I., ROCKNER, M. and STANNAT, W. (2000). Uniqueness of invariant mea-
sures and essential m-dissipativity of diffusion operators on L' In Infinite Dimensional
Stochastic Analysis (Amsterdam, 1999). Verh. Afd. Natuurkd. 1. Reeks. K. Ned. Akad. Wet.
52 39-54. R. Neth. Acad. Arts Sci., Amsterdam. MR1831410

[16] GUILLEMIN, V. and POLLACK, A. (1974). Differential Topology. Prentice-Hall, Englewood
Cliffs, NJ. MR0348781

[17] HAS’MINSKII, R. Z. (1960). Ergodic properties of recurrent diffusion processes and stabiliza-
tion of the solution of the Cauchy problem for parabolic equations. Theory Probab. Appl.
5 179-196.

[18] HAS’MINSKII, R. Z. (1980). Stochastic Stability of Differential Equations. Monographs and
Textbooks on Mechanics of Solids and Fluids: Mechanics and Analysis 7. Sijthoff & No-
ordhoff, Alphen aan den Rijn. MR0600653

[19] HUANG, W., J1, M., L1U, Z. and Y1, Y. (2013). Steady states of Fokker—Planck equations,
Parts I-1I1. Submitted.

[20] HUANG, W.,J1, M., L1U, Z. and Y1, Y. (2013). Concentration and limit behaviors of stationary
measures. Preprint.

[21] HUANG, W., J1, M., L1U, Z. and Y1, Y. (2014). Convergence of Gibbs measures. Submitted.

[22] SKOROHOD, A. V. (1989). Asymptotic Methods in the Theory of Stochastic Differential Equa-
tions. Amer. Math. Soc., Providence, RI. MR1020057

[23] VERETENNIKOV, A. Y. (1987). Bounds for the mixing rate in the theory of stochastic equa-
tions. Theory Probab. Appl. 32 273-281.

[24] VERETENNIKOV, A. Y. (1997). On polynomial mixing bounds for stochastic differential equa-
tions. Stochastic Process. Appl. 70 115-127. MR1472961

[25] VERETENNIKOV, A. Y. (1999). On polynomial mixing and the rate of convergence for stochas-
tic differential and difference equations. Theory Probab. Appl. 44 361-374.

W. HUANG M. J1
WU WEN-TSUN KEY ACADEMY OF MATHEMATICS AND
LABORATORY OF MATHEMATICS SYSTEM SCIENCES
UNIVERSITY OF SCIENCE AND AND

TECHNOLOGY OF CHINA Hua LoO-KENG KEY
HEFEI 230026 LABORATORY OF MATHEMATICS
PEOPLE’S REPUBLIC OF CHINA CHINESE ACADEMY OF SCIENCES
E-MAIL: wenh@mail.ustc.edu.cn BENING 100080

PEOPLE’S REPUBLIC OF CHINA
E-MAIL: jimin@math.ac.cn

Z.L1u Y. Y1

SCHOOL OF MATHEMATICS SCHOOL OF MATHEMATICS

JILIN UNIVERSITY GEORGIA INSTITUTE OF TECHNOLOGY
CHANGCHUN 130012 ATLANTA, GEORGIA 30332

PEOPLE’S REPUBLIC OF CHINA USA

E-MAIL: zxliu@jlu.edu.cn AND

SCHOOL OF MATHEMATICS
JILIN UNIVERSITY
CHANGCHUN 130012
PEOPLE’S REPUBLIC OF CHINA
E-MAIL: yi@math.gatech.edu


http://www.ams.org/mathscinet-getitem?mr=1831410
http://www.ams.org/mathscinet-getitem?mr=0348781
http://www.ams.org/mathscinet-getitem?mr=0600653
http://www.ams.org/mathscinet-getitem?mr=1020057
http://www.ams.org/mathscinet-getitem?mr=1472961
mailto:wenh@mail.ustc.edu.cn
mailto:jimin@math.ac.cn
mailto:zxliu@jlu.edu.cn
mailto:yi@math.gatech.edu

	Introduction
	Ingredients of level set method
	Proof of Theorem A(a)
	Proof of Theorem A(b) and Theorem B(a)
	Proof of Theorem A(c) and Theorem B(b)
	Acknowledgement
	References
	Author's Addresses

