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Consider a sequence of possibly random graphs Gy = (Vy, Ey),
N > 1, whose vertices’s have i.i.d. weights {W)ﬁv :x € Vy} with a distribution
belonging to the basin of attraction of an «a-stable law, 0 <« < 1. Let X ,N ,
t > 0, be a continuous time simple random walk on Gy which waits a mean
W;V exponential time at each vertex x. Under considerably general hypothe-
ses, we prove that in the ergodic time scale this trap model converges in an
appropriate topology to a K -process. We apply this result to a class of graphs
which includes the hypercube, the d-dimensional torus, d > 2, random d-
regular graphs and the largest component of super-critical Erd6s—Rényi ran-
dom graphs.

1. Introduction. Trap models were introduced to investigate aging, a non-
equilibrium phenomenon of considerable physical interest [4, 8, 9, 13, 29]. These
trap models are defined as follows: consider an unoriented graph G = (V, E) with
finite degrees and a sequence of i.i.d. strictly positive random variables {W,:z €
V'} indexed by the vertices. Let {X;:¢ > 0} be a continuous-time random walk
on V which waits a mean W, exponential time at site z, at the end of which it
jumps to one of its neighbors with uniform probability.

The expected time spent by the random walk on a vertex z is proportional to the
value of W;. Itis thus natural to regard the environment W as a landscape of valleys
or traps with depth given by the values of the random variables {W,:z € V}. As
the random walk evolves, it explores the random landscape, finding deeper and
deeper traps, and aging appears as a consequence of the longer and longer times
the process remains at the same vertex.

Assume that the distribution of W, belongs to the domain of attraction of an
a-stable law, 0 < o < 1. The variables {W, : x € V'} take now large values in cer-
tain sites, forcing the random walk to stay still for a long time when it reaches one
of them, causing a macroscopic subdiffusive behavior.

In dimension 1, Fontes, Isopi and Newman [18] proved under these hypothe-
ses that for almost all environments, the random walk converges, in the time scale
t1+1/@) “to a singular diffusion with a random discrete speed measure. In dimen-
sion d > 2, Ben Arous and Cemy [6] proved that for almost all environments the
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Bouchaud trap model converges in a proper time scale, r2/% in dimension d > 3
and a scale logarithmic smaller than r%/% in dimension 2, to the fractional-kinetic
process, a self-similar, non-Markovian, continuous process, obtained as the time
change of a Brownian motion by the inverse of an independent «-stable subor-
dinator. In fact, they proved, under quite general conditions on the environment,
that the clock process converges to an «-stable subordinator, for a large range of
time scales [7]. In these time scales, the random walk does not visit the deepest
traps, but exhibit an aging behavior. During the exploration of the random scenery,
the process discovers deeper and deeper traps which slow down its evolution, the
mechanism responsible for the aging phenomenon. We refer to [5, 10] for recent
reviews.

The investigation of trap models on graphs in the time scale in which the deepest
traps are visited started with Fontes and Mathieu [20]. The authors proved that
the random walk among random traps in the complete graph converges to the K-
process, a continuous-time, Markov dynamics on N, the one point compactification
of N, which hits any finite subset A of N with uniform distribution. This latter
result was extended by Fontes and Lima [19] to the hypercube and by us [24] to
the d-dimensional torus, d > 2.

In the present paper, we exhibit simple conditions that imply the convergence
to the K -process in the scaling limit. Our conditions are general enough to include
the hypercube and the torus, as well as random d-regular graphs and the largest
component of the super-critical Erd6s—Rényi random graphs. These are good ex-
amples to keep in mind throughout the text.

Let {Gy:N > 1}, Gy = (Vn, En), be a sequence of possibly random, finite,
connected graphs defined on a probability space (2, F, P), where Vy represents
the set of vertices and Ey the set of unoriented edges. Assume that the number of
vertices, | V|, converges to 400 in P-probability.

Assume that on the same probability space (€2, J, P), we are given an i.i.d.
collection of random variables {WJN :j =1}, N > 1, independent of the random
graph Gy and whose common distribution belongs to the basin of attraction of an
a-stable law, 0 < o < 1. Hence, forall N > 1 and j > 1,

(1.1) P[W) >1t]= Ltg), t>0,
where L is a slowly varying function at infinity.

For each N > 1, reenumerate in decreasing order the weights W', ..., W|]‘V/N|:
WJN = W;V(j), 1 < j < |Vy]| for some permutation o of the set {1,...,|Vy|}
and WjN > Vf/ﬁl for 1 < j < |Vy|. Let (x{v,...,xll}',Nl) be a random enumera-

tion of the vertices of Gy and define W)?,]\, = WJ-N, 1 <j<|Vy|, turning Gy =
J
(Vy, Ex, WN) into a finite, connected, vertex-weighted graph.
Consider for each N > 1, a continuous-time random walk {X tN :t >0} on Vy,

which waits a mean W)ﬂv exponential time at site x, after which it jumps to one of
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its neighbors with uniform probability The generator Ly of this walk is given by

(1.2) LN =——— Z fO) = f@)]

de < YWV &
for every f:Vy — R, where y ~ x means that {x, y} belongs to the set of edges
En and where deg(x) stands for the degree of x: deg(x) =#{y € Vny:y ~ x}.

Heuristics. 'The main results of this article assert that, under fairly general con-
ditions on the graph sequence Gy, the random walk X converges in the ergodic
time scale to a K -process. Let us now give an informal description of the above
statement.

Given the graph sequence Gy and the associated weights W)ﬁv , suppose that:

(a) A small number of sites supports most of the stationary measure of the
process XIN [see (B.0)],

and that we are able to find a sequence £ satisfying the following conditions:

(b) the ball B(x, £y) around a typical point x has a volume much smaller than
[Vn; see (B.1),

(c) starting outside of the above ball, the random walk “mixes” before hitting
its center x; see (B.2) and

(d) the graphs Gy are transitive [or satisfy the much weaker hypothesis (B.3)].

Under the above conditions, we are able to show that
(1.3) X IN converges to a K -process,

introduced in [20, 31], after proper scaling, see Theorems 2.1 and 2.2.

Still on a heuristic level, let us give a brief explanation of why the above con-
ditions should imply the stated convergence. Let My be a sequence of integers
converging to +0o slowly enough for the balls B(xj.v, In), 1 <j < My, to be

disjoint. We call the vertices {x{v e xAA,;N} the deep traps and the remaining ver-

tices {x%N IRTREE xlj\‘ﬂNl} the shallow traps. The idea is to decompose the trajec-
tory of the random walk in excursions between the successive visits to the balls
B(x}, En).

Denote by vy, (xN ) the escape probablhty from x . This is the probability that

the random walk X tN starting from x attains the boundary of the ball B(x® it N)

before returning to x j . The random walk X ,N starting from x jv visits x 5\’ on aver-

age vy, (x jN )~ ! times before it escapes. After escaping, it mixes and then it reaches
a new deep trap with a distribution determined by the topology of the graph. This
distribution does not depend on the last deep trap visited because the process has
mixed before reaching the next trap. In an excursion between two deep traps, the
random walk visits only shallow traps, which should not influence the asymptotic
behavior.
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Hence, if the escape probabilities and the degrees of the random graph have
a reasonable asymptotic behavior [see (B.3)], we expect the random walk XtN
to evolve as a Markov process on {1,..., My} which waits at site j a mean
W;\,/_V Vey (xj.V )~! exponential time, at the end of which it jumps to a point in

{1,]. .., My} whose distribution does not depend on j. This latter process can be
easily shown to converge to the K -process, proving the main result of this article.

There are several interesting examples of random graphs which are not consid-
ered in this article, either because assumptions (B.0)—(B.3) fail or because they
have not been proved yet. We leave as open problems the asymptotic behavior of a
random walk among random traps on uniform trees on N vertices, on the critical
component of an Erd6s—Rényi graph, on Sierpinski carpets, on the giant compo-
nent of the percolation cluster on a torus or on the invasion percolation cluster.

The article is organized as follows. In the next section, we give a precise state-
ment of our main results. In the following two sections, we present some prelim-
inary results on hitting probabilities and holding times of a random walk among
random traps. In Section 5, we present the topology in which the convergence to
the K-process takes place and in Section 6 we construct a coupling between the
random walk and a Markov process on the set {1, ..., M}. This latter process can
be seen as the trace of the K-process on the set {1,..., M} and the coupling as
the main step of the proof. In Section 7, we show that this latter process converges
to the K-process. Putting together the assertions of Sections 5, 6, 7, we derive in
Section 8 a result which provides sufficient conditions for the convergence to the
K -process of a sequence of random walks among random traps on deterministic
graphs. We adapt this result in Section 9 to random pseudo-transitive graphs and
in Section 10 to graphs with asymptotically random conductances. We show in
Section 11 that this latter class includes the largest component of a super-critical
Erd6s—Rényi graphs.

2. Notation and results. Recall the notation introduced in the previous sec-
tion up to the Section Heuristics. Denote by vy the unique stationary distribution
of the process {X tN :t > 0}. An elementary computation shows that vy is in fact
reversible and given by

deg(x)WN

2.1 VN (x) = Zy

, x€Vy,

where Zy is the normalizing constant Zy =}, cy,, deg( y)WyN .

For a fixed graph G and a fixed environment W = {WZN :z € Vy}, denote by
PfCV = PSN ’W, x € Vy, the probability on the path space D(R., Vi) induced by
the Markov process { X : # > 0} starting from x. Expectation with respect to P¥ is
represented by Eiv . We denote sometimes X tN by XV (¢) to avoid small characters.

Let {Xff :n > 0} be the lazy embedded discrete-time chain in XIN , that is,
the discrete-time Markov chain which jumps from x to y with probability
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(1/2)deg(x)~! if y ~ x and which jumps from x to x with probability (1/2).
Denote by mx the unique stationary, in fact reversible, distribution of the skeleton
chain, given by

deg(x)
ZyEVN deg(y)

For a subset B of Vy, we denote by Hp the hitting time of B and by H; the
return time to B:

Hp =inf{t >0: X" € B},

(2.2) N (x) =

Hf =inf{t>0:X) e Band 3s <1 s.t. X ¢ B}.

When B is a singleton {x}, we denote Hp, H; by Hy, H", respectively. We also
write Hp (resp., HE) for the hitting time of a set B (resp., return time to B) for the
discrete chain X

K -processes. To describe the asymptotic behavior of the random walk X/,
consider two sequences of positive real numbers u = {uy :k e N} and Z = {Z; : k €
N} such that

2.3) Z Ziup < 00, Z Uj = 00.

keN keN

Consider the set N = N U {00} of nonnegative integers with an extra point de-
noted by co. We endow this set with the metric induced by the isometry ¢ : N— R,
which sends n € N to 1/x and oo to 0. This makes the set N into a compact metric
space. B

In Section 7, based on [20], we construct a Markov process on N, called the
K -process with parameter (Z, u;) which can be informally described as follows.
Being at k € N, the process waits a mean Z; exponential time, at the end of which it
jumps to co. Immediately after jumping to oo, the process returns to N. The hitting
time of any finite subset A of N is almost surely finite. Moreover, for each fixed
n > 1, the probability that the process hits the set {1, ..., n} at the state k is equal
to uk/ZISan u;. In particular, the trace of the K-process on the set {1, ...,n}
is the Markov process which waits at k a mean Z; exponential time at the end of
which it jumps to j with probability u;/ > )<, <, u;.

Topology. Between two successive sojourns in deep traps, the random walk
XN visits in a short time interval several shallow traps. If we want to prove the
convergence of the process X IN to a process which visits only the deep traps, we
need to consider a topology which disregard short excursions. With this in mind,
we introduce the following topology.

Fix T > 0. For any function f :[0, T] — R and any point ¢ € [0, T], we say that
f is locally constant at ¢ if f is constant in a neighborhood of ¢. Let

2.4) C(f)=1{r €0, T]; f islocally constant in 7},
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and D(f) = C(f)“. Notice that the set D(f) is always closed. Let A denote the
Lebesgue measure in [0, 7] and denote by 2y the space of functions which are
locally constant a.e., that is,

(2.5) Mo :={£:[0, T1— R; A(D(f)) =0}.

We say that two locally constant functions f and g € 9y are equivalent if
f () =g(t) for any ¢t ¢ D(f) U D(g). Note that if f and g are equivalent then
f = g almost everywhere.

Let make the space 91 into a metric space by introducing the distance

(2.6) dT(f,g)Zjlel%{llf—glloo,AchA(A)},

where B = B([0, T']) is the set of Borel subsets of [0, T'], and || f — g||co, ac stands
for the supremum norm of f — g restricted to A€. Intuitively speaking, the distance
between f and g is small if they are close to each other, except for a set of small
measure.

We prove in Section 5 that dr is well defined and that it introduces a metric in
<M which generates the topology of convergence in measure with respect to the
Lebesgue measure in [0, T']. With this metric, 9 is separable but not complete.

Main result. Let V=Vy =|Vy|and let ¥y :Vy — {1,...,Vy} be the ran-
dom function defined by Wy (x}v ) = j. The first main result of this article re-
lies on three assumptions. We first require the sequence of invariant measures
vy to be almost surely tight. Assume that for any increasing sequence Jy, with
lim N Jn = 00,

(B.0) lim Efvy({x{".....x 00y v} )] =0

N—o00

Denote by B(x, £) the ball of radius £ centered at x € Vyy with respect to the
graph distance d = dy in Gy. Fix a sequence {{y : N > 1} of positive numbers,
representing the radius of balls we place around each deep trap. Let ¢ be a vertex
chosen uniformly among the vertices of V. We assume that

IBG, 2eN>|} .

(B.1) lim E[
N

N—o00
It follows from this condition that the number of vertices Vy of the graph Gy
diverges in probability:
lim P[Vy >K]=1
N—o0

for every K > 1.

Let || — v|Tv be the total variation distance between two probability mea-
sures i, v defined on Vy, and let t,ix = tgix be the mixing time of the discrete
chain {Xfy :n > 0}; see equation (4.33) in [26].
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We assume that the typical point ¢ is not hit before the mixing time if one starts
the random walk at distance at least ¢ from x. More precisely, we suppose that
there exists an increasing sequence Ly, limy— o Ly = 00, such that

(B.2) lim u«:[ sup Py[H, <L Ntmix]] —0.
N=eo LygB(.ty)

We finally introduce the notion of pseudo-transitive graphs, which includes the
classical definition of transitive graphs but also encompasses other important ex-
amples such as random regular graphs, discussed in Proposition 9.3.

Consider a sequence of possibly random graphs Gy = (Vy, En). We say that
two subsets A, B of Vy with distinguished vertices ¢ € A, 1) € B, are isomorphic,
(r, A) = (v, B), if there exists a bijection ¢ : A — B with the property that p(r) =y
and that for any a, b € A, {a, b} is an edge of Gy if and only if {p(a), ¢(b)} is an
edge of Gy.

Let 1, y € Vi be two vertices chosen independently and uniformly in Vy. We
say that Gy is pseudo-transitive for the sequence £y, if

Q2.7) Jim P[(r, B, £v) # (v, By, €3))] = 0.

Clearly, any sequence of transitive graphs is pseudo-transitive for any given se-
quence £y .
For x € Vi, let vp(x) = UZV (x) be the probability of escape from x:

ve(x) =Py [Heeeo) < H],
where R(x, ) = B(x, £)€. Let {cx : k > 1} be the sequence defined by
(2.8) e =inf{r > 0:P[W) > 1] <k7').
The constant c,f,l represents the typical size of maxj<x<n ngv , so that ¢y WXAJ( for

fixed j is of order one.

THEOREM 2.1. Fix a sequence of pseudo-transitive graphs Gy with respect
to a sequence Ly . Suppose that (B.0)—(B.2) hold and that ¥y (X(j)V ) converges in

probability to some k € N. Then, letting ,Bﬁl = CVUZV (va ), we have that

(CVWN, Wy (XZIEN)) converges weakly to (w, K;),

where the sequence w = (w1, wa, ...) is defined in (8.4) and where for each fixed
w, K; is a K-process with parameter (w, 1) starting from k. In the convergence,
we adopted L' (N) topology in the first coordinate and dr-topology in the second.

It is not difficult to show from the definition of the random sequence w =
(w1, wa, ...) that wy has a Fréchet distribution. In Section 9, we apply Theo-
rem 2.1 to the hypercube, the d-dimensional torus, d > 2, and to a sequence of
random d-regular graphs, d > 3.
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The second main result of the article concerns graphs in which assumption (2.7)
of isometry of neighborhoods is replaced by an asymptotic independence and a
second moment bound.

Assume that there exists a coupling Q between the random graph {Gy : N > 1}
and a sequence of i.i.d. random vectors {(Dy, Ey) : k > 1} (independent of N) such
that for every K > 1 and § > 0,

: Nl 1 _
Jim, ] )™ - £ > 0] =0

K
(B.3) Jim_ QN[U {deg(x)) # Dj}} =0,
j=1

QN[D; >1,0<E; <1]=1, Eq,[(D1/E1)?] < o0

for one and, therefore, all N > 1, where £ = £y is the radius of the balls placed
around each trap and introduced right above (B.1), and ry, ..., rx is a collection
of distinct vertices chosen uniformly in V. We can now state our second main
result, which can be seen as a generalization of Theorem 2.1.

THEOREM 2.2. Fix a sequence of random graphs Gy . Suppose that (B.0)—
(B.3) hold and that Vy (XéV ) converges in probability to some k € N. Then, defin-

ing By = c\jl , we have that
(cyWN, Wy (X[} ) converges weakly to (w, K),

where the sequence w = (w1, wa, ...) is defined in (8.4) and where for each fixed
w, K; is a K -process starting from k with parameter (Z,u), where Zy = wy/Ex
and uy, = Dy Ey. In the convergence, we adopted L' (N) topology in the first coor-
dinate and dr-topology in the second.

In Section 11, we apply this result to the largest component of a super-critical
Erd6s—Rényi random graph. We expect this statement to be applicable in a wider
context, such as random graphs with random degree sequences, or percolation clus-
ters on certain graphs.

3. Hitting probabilities. We prove in this section general estimates on the
hitting distribution of a random walk on a finite graph. These estimates will be
useful in the description of the trace of our trap model on the deepest traps. Since
N will be kept fixed throughout the section, we omit N from the notation almost
everywhere.

Recall that we denote by d = dy the graph distance on Vy: d(x, y) = m if there
exists a sequence x = 29, 21, -.-,Zm = y suchthat z;; 1 ~z; for0 <i <m —1, and
if there do not exist shorter sequences with this property. For x € Viy and a subset
C of Vy, denote by d(x, C) the distance from x to C: d(x, C) = minycc d(x, y).
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For £ > 1, denote by B(C, £) the vertices at distance at most £ from C: B(C, {) =
{x e Vy:d(x,C) <t} andlet R(C,¢) = B(C, £)° as before. When the set C is a
singleton {x}, we write B(x, £), R(x, £) for B({x}, £), R({x}, £), respectively.

Fix M > 1, asubset A = {x{,...,xy} of Vy and £ > 1. Recall from Section 2
that we denote by v¢(x), x € A, the escape probability from x, and let p(x, A) be
the probability of reaching the set A at x, when starting at equilibrium:

G v(x) =Py [Hppo <HF],  plx, A) =Py [XV (Hy) = x],

where 7y is the stationary state of the discrete-time chain Xi\’ , introduced in (2.2).

LEMMA 3.1. Fix a subset A= {xy1,...,xym} of V. For any z ¢ A and for any
L>1,
M
> IP.[Xp, =xj1— p(xj, A <2271 +P.[Hy < Ltmix]).
j=1

Moreover, if there exists £ > 1 such that d(x,, xp) > 2¢ + 1 for a # b, then for all
L>1landforalll <i<M,

> P [Xe, = xj] = ve(x) p(xj, A)] <2vp(x;) max {275 +P[Hy < Ltmin]}.
i zZER(A,L)

PROOF. Fix a subset A = {x1,...,x)} of V and z ¢ A. By definition of the
mixing time #y;ix and by the definition of the total variation distance,

M
D B [P [Xn, = x;1] — P [Xir, = x;]|
=1

D P [X(Ltmix) = w] — 7w (w) }Py [Xnr, =x;]

<2|P.[Xppy =1 —7C)|lpy <2275
To prove the first claim of the lemma, apply the Markov property to get that
P.[Xu, = x;1 < E;[Px(Li[Xn, = xj1] + P [Xp, =xj, Hg < Lmix]
and that
P [Xu, = x/]
> P, [Xy, =x;,Hp > Ltmix]

= E [Px (L) [Xi, =xj1] = E[Px(La0 [Xn1, = xj1, Ha < Ltmix].
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The triangular inequality together with the previous two bounds and the estimate
presented in the beginning of the proof show that

M
> O PXn, = xj] — Pr[Xp, =x,1) <2275 + P,[Ha < Ltmix]).
j=1

This proves the first claim of the lemma.

We turn now to the proof of the second claim of the lemma. Since d(x;, A \
{xi}) > £ and i # j, the expression inside the absolute value on the left-hand side
of the inequality can be written as

P, [X(Ha) = xj|Hg(x,0) < H;:]ve(xi) —ve(x;)p(xj, A).
The absolute value is thus bounded by
DO IP[X(HY) = x;] — p(xj, APy [Hr(x.0) < HY . XHp(y,.0) = 2)-
zeV

Since d (x4, xp) > 2€ + 1, a # b, the set of vertices z at distance £ + 1 from x; is
disjoint from A. Hence, by the first part of the proof, the sum over j # i of this
expression is bounded above by

200(x;) max {27F +P,[Hy < Ltmix]}
ZER(A,L)

for every L > 1. This proves the lemma. [J

Denote by D( f) the Dirichlet form of a function f:V — R:

v(x) 2
D)= ZV; AR

For disjoint subsets A and B of V, denote by cap(A, B) the capacity between A
and B:

cap(A, B) = ig}.f@(f),
where the infimum is carried over all functions f: V — R such that f(x) =1 for
xeA, f(») =0,ye B.Letg:V — [0, 1] be given by
8a,B(x) =Py[Hp < Hp].
It is a known fact that

(3.2) cap(A, B)=D(ga.p) = y_ v(y»)W, 'Py[Hp < H{].
yeA

Note that we may replace in the above identity Hp, HX by Hp, ]HIX, respectively.
Take a set A C V composed of M points which are far apart and let x be a
point in A. In the next lemma, we are going to estimate the probability p(x, A) =
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P, [Xg, = x]. This probability will be roughly proportional to deg(x)ve(x). Let
us first introduce a normalizing constant. For £ > 1 and a finite subset A of V, let

Te(A) =) deg(x)ve(x).

X€EA

LEMMA 3.2. Fix a subset A ={x1,...,xp} of V such that d(xq, xp) > 20 +
1, a # b, for some £ > 1. Then

max |p(x;, A) — deg(x;)ve (x;)

7L )
1<i=M T (A) <2 max {277 +P;[Ha < Limi]}.

PROOF. Fix 1 <i <M and let A; = A\ {x;}. Since D(g(y,},4,) = D( —
g{xi},Ai)a by (32)

(3.3) deg(x;)Py; [Ha, < H =" deg(x;)Py;[H,, <H} ].
J#i
On the other hand, since d(x;, A;) > €,
Py [Ha, <HY ] =Ey [H{Hry,0) < Hy Pxgg, o) [Ha, < Hyl]
= Ey, [1{Hg.0 <H}(1 - P (ep, o Xy = xil)|
Therefore,
Py [Ha, <HY ] —ve(x)[1 = plxi, A)]
=Eq [1{Hrey,0 < Hy Hp (i, A) = Pxqgg, )X, = xi1}].

Since d (x4, xp) > 2€ + 1, we may replace in the previous expression X(Hgy; ¢))
by X(HRg(a,¢)). By the first assertion of Lemma 3.1, the absolute value of the dif-
ference inside braces is less than or equal to 2max cg (4, ¢) (2L +P,[Hg < Ltnix]}
for every L > 1. Hence,

[Py [Ha, < HY ] = ve(x)[1 = p(xi, A)]]
(3.4)
<2vp(x;) max {2_L + P,[Hy4 < Lmix]}
ZER(A,L)
for every L > 1.
Similarly, from (3.3) one obtains that

deg(x;)Py, [Ha, < H}Ll]

= Zdeg(xj)Exj [H{HR(;.0) < HX}PX(R(xj,E))[XHA =x]].
JF#i
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It follows from this identity and the previous argument that
deg(x; )Py, [Ha, <H] = deg(xj)ve(x;) p(x;, A)
J#i

<2) deg(xj)ve(x;) max {27%+ P [Hy < Ltmix]}
it ZER(A,L)

forall L > 1.
The two previous estimates yield the bound

deg(x;)ve (xi)[1 — p(xi, A)] — D deg(xj)ve(x)) plxi, A)
J#i

M
<2 deg(xj)ve(x;) max {27F+P,[Hp < Limixl}.
= ZeR(A,L)
To conclude the proof of the lemma, it remains to divide both sides of the inequality
by I'e(A). O

4. Holding times of the trace process. We present in this section a general
result on Markov chains computing the time spent by this chain on a subset of the
state space. This will be useful later in proving that the time spent by the walk on
the shallow traps can be disregarded.

Consider an irreducible continuous-time Markov process {X; : ¢ > 0} on a finite
state space V. Denote by {W, :x € V} the mean of the exponential waiting times,
by v the unique stationary probability measure, and by {z; : j > 0} the sequence of
jump times.

Denote by P,, x € V, the probability measure on the path space D(R,, V)
induced by the Markov process X; starting from x. Expectation with respect to P,
is represented by E,. For a probability measure pwon V, let P,, =3 oy p(x)Py.

Fix aset A C V and let U be a stopping time such that for all x € A,

P ri <=U]=1, P [Hpo\(xy =2 U]l =1, E([U] < cc.

U = Hga ¢ is the example to keep in mind, where ¢ is chosen so that d(x, y) >
20+ 1forall x #y e A. Let S4 = U + Hj o 6y be the hitting time of the set A
after time U. Denote by v(x) the probability that starting from x the stopping time
U occurs before the process returns to x: v(x) = P,[U < Hj ], which should be
understood as an escape probability.

Let Dy, k > 0, be the time of the kth return to A after escaping: Do =0, D1 =
Sas Diy1 = Di + Sp 00p,, k > 1. Clearly, if X belongs to A, {Xp, :k > 0} is
a discrete time Markov chain on A. On the other hand, by assumption E,[D;] =
E.[U + Hy4 o 6y] is finite.
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LEMMA 4.1. The Markov chain {Xp, :k > 0} is irreducible. Moreover, for
every f:V —> R,

lim f FXdt =Y p)E. [/ f(X,)dz]

Z€EA

P, -almost surely, where p is the unique stationary state of the discrete time chain
{Xp, 1k >0}.

PROOF. We first prove the irreducibility of the chain {Xp, :k > 0}. Fix x,
y € A and consider a self-avoiding path xo = x, ..., x, = y such that the discrete-
time Markov chain associated to the Markov process X; jumps from x; to x;41,
0 <i < n, with positive probability. Such path exists by the irreducibility of X;.
Let x; be the first state in the sequence xi, ..., x, which belongs to A. Since
Px[HA\{x} >Ul= I,

P [Xp, =xj1>P[Xp, =x;,Z1=x1,...,Z; =x/]

=Py[XutHp00y =Xj, U < Ho\(x), Z1 = X1, ..., Zj = Xj],
where {Z,:n > 0} is the discrete-time jump chain associated to the process
{X;:t >0}. Since U > 71, on the event {Z; =x1,...,Z; =x;} N{U < Ha\(x}},
U + Hj o0y = t;. The previous probability is thus equal to
Px[ij =xj,Z1=x1,....2j=xj]=Py[Z1=x1,...,Z; =x;] > 0.

Repeating this argument for the subsequent states in the sequence xi, ..., x, which

belong to A, we prove that the chain X p, is irreducible.
Fix a function f:V — R. Clearly,

f FXdt = ZZ/ F(X)di1{Xp, = x).

xeA] 0

For x € A, let K{ =min{j > 0:Xp, =x}, K,;,; = min{j > K;: Xp, = x},
n>1,and let Ly =#{j <k:X D; x} With this notation, we can rewrite the
previous sum as

DKX

—sz it f(X,)dt_ % szf F(Xp)dr.

xeAn=1

By the irreducibility of the chain Xp,, for each x € A, L i/ k converges a.s. as
k 1 oo to p(x). Moreover, for each x, the variables f[DKx’DKX+1) f(X)dt,n>1,

are independent and identically distributed. Hence, since Ly 1 oo, by the law of
large numbers, P,-almost surely,

DKx+ D,
klggoFZ/ rotar=e [T o

The lemma follows from the two previous convergences. [
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PROPOSITION 4.2. The unique stationary state p of the discrete-time Markov
chain {X p, 1k > 0} satisfies
V() ()W

(4.1) (x) =v()v(x)W, 'Ep[D] = :
px v(x)vx pL1 ZyV(y)U(Y)Wy_I

Moreover, for every g:V — R,

4.2) > o)Wy 'E, [/ g(xt)dr} 3 ().

X€EA xeV

PROOF. Applying Lemma 4.1 to f = 1, we obtain that P,-almost surely

. Dy 1 Dk
4.3) lim — = lim - dt =E,[D1].

k—oo k k—oo k Jo

By Lemma 4.1 with f(y) = 1{y = x}, we get that P, -almost surely

1 Dy, D,
lim % 1{X,=x}dt=,0(x)Ex[/ 1{X,=x}dt}
0 0

k—00

because starting from y # x, the process does not visit x before time Dj. In par-
ticular, all terms on the right-hand side in the statement of Lemma 4.1, but the one
z = x, vanish. On the other hand, dividing and multiplying the expression on the
left-hand side of the previous equation by Dj, we obtain by the ergodic theorem
and by (4.3) that

D
4.4) E [Dilv(x) = p(x)Ey |:/(; 1{X; zx}dt]

The time spent at x before D is the time spent at x before U which is a geometric

sum of independent exponential times. The success probability of the geometric

is v(x) and the mean of the exponential distributions is W,. Hence, the right-hand

side of the previous formula is equal to p(x) W, /v(x). This proves the first identity

in (4.1). To derive the second identity, note that E,[ D] does not depend on x, and

it is therefore only a normalizing constant to make p into a probability distribution.
By the ergodic theorem, for every g:V — R,

lim —f (X di =Y gov().
xeV
To conclude the proof of the proposition, it remains to show that the left-hand side
of this expression is equal to the left-hand side of (4.2). To this end, we will use
the previous lemma.

For a function g: V — R, by Lemma 4.1 for f = g and (4.3), we get
l'leXdllekXd ED1
- t = - t—= —
25 do 8(Xy) A g(X1) E, (D] p[ )

To conclude the proof of the proposition, it suffices to use (4.1). U

g(xodr]
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COROLLARY 4.3.  We have that
E [Wy/v(x)]
E,[D]= %.
1—v(V\A)
Furthermore, for any function g:V — R,
D,
E, [/0 g(X,)dt] = Ev[g]E,[D1].

PROOF. We can write

E,[D1] :Ep[/OD1 dt] :Ep[foDl 1{X; e A}dt] +E,,[/ODl 1{X, ¢ A}dt].

By the same reasoning as below (4.4), we conclude that the first expectation in
the sum above equals E,[W,/v(x)]. To evaluate the second expectation, we use
Proposition 4.2 with g = 1{V \ A} to conclude that

E, [/ODI X, ¢ A}dz] =E,[Di]v(V \ A).

Putting together the above equations, we conclude the proof of the first assertion
of the corollary.
The second claim follows from the first identity in (4.1) and from (4.2). [

5. On the topology of convergence in measure. Fix 7 > 0 and let us denote
by 9t the space of measurable functions f: [0, T] — R. We consider the interval
[0, T] equipped with the Lebesgue measure, which will be denoted by A. As usual,
we say two functions f, g € 901 are equal if they differ on a set of zero Lebesgue
measure on [0, T']. Let B([0, T']) denote the set of Borel subsets of [0, T'].

We introduce the following distance in I1:

(.1 dT(f»g)ZAGBigg’TD{”f_g||oo,A"+A(A)},

where || f — glloo, o stands for the supremum of f — g on the set A€.

LEMMA 5.1. The distance dr metrizes the topology of convergence in mea-
sure in IN. Moreover, the space 9N is complete and separable under this distance.

PROOF. Let us recall the definition of the Ky Fan distance in 21 as

dxr(f. &) =infle > 0; A(1f — gl > &) <e}.

It is well-known that the Ky Fan distance metrizes the topology of convergence in
measure [14], and that the space 9 is complete and separable under this metric.
Therefore, it is enough to show that the distances dr and dxr are equivalent. First,
we notice that we can assume that the sets A in the definition of dr are of the
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form {| f — g| > ¢e}. In fact, if a set A is not of this form, let us write ¢ = || f —
8lloc, ac. We can take out the points of A such that | f — g| < ¢ without changing
the supremum, and this lowers the value of A(A). This procedure transforms the
set A into {| f — g| > ¢}. Therefore,

(5.2) dr(f. &) =32£{8+A(|f —gl>e)},

which looks very close to the Ky Fan distance. Let us prove the aforementioned
equivalence starting from (5.2). In one hand, if dxr(f, g) = ¢ then there exists a
sequence §, | 0 such that

A(f—gl>e+8) <e+5.
Therefore,
dr(f.g) <e+8 +A(lf — gl > & +8,) <2(e+8n),

which shows that dr (f, g) < 2dgg(f, g). On the other hand, if d7 (f, g) = a then
there exist sequences §, | 0 and ¢, > 0 such that

a+8,=¢en+A(|f — gl > en).

In particular, ¢, < a + §,. Therefore,

A(|f_g| >a+5n)§A(|f_g| >8n):a+8n_€n§a+8ns
from where we conclude that dxr(f, g) <dr(f,g). U

Now we define the set of locally constant functions as a subset of the space 1.
Let B(t, §) be the ball of radius § centered at ¢. For any function f:[0,7] - R
and any point ¢ € [0, T], we say that f is locally constant at t if there exists § > 0
such that f is (A-almost surely) constant in B(¢, §). Define the set

C(f)={t €0, T]; f is locally constant in 7},

and notice that C(f) is open. Let D(f) be the closed set D(f) = C(f)°. Let My
be the set

Mo := {f € M; A(D(f)) =0}.

We call My the set of locally constant functions. Let f € 9g. Notice that the
value of f in D(f) is not relevant, since A(D(f)) =0, and that the space of
locally constant functions 9% is not closed. In fact, the closure of 91 is the whole
space 1.

Let f € M. From the point of view of the topological properties of 9, the
values of f on D(f) are not relevant. However, since f is locally constant, it
has a modification which is continuous A-a.e. Therefore, it makes sense to fix a
representative of f. A simple way to do this is the following. We say that x €
Co(f) if there exists § > 0 such that f(y) = f(x) A-a.e.in B(x, ). We will write
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Do(f) = Co(f)°. Notice that A(C(f) \ Co(f)) =0. Now let f:[0,T] — R be
given by

~ 1
(5.3) @) = —{hminf £(s) + limsup f(s)].
20 st s—>t
s€Co(f) s€Co(f)
When liminfs_,; sceq(r) f(s) = —o0 and limsups_)t’seeo(f) f(s) =400, we set

f(t) = 0. Clearly, f = f on Cy(f) so that Do(f) C Do(f), where inclusion may
be strict.

LEMMA 5.2. Fix f, g € My. We have that

limsup f(s) =limsup g(s)
s—>t s—>t
s€Co(f) s€€o(g)

whenever f = g A-a.e., with a similar identity if we replace limsup by liminf.

In particular, f =g if f =g A-a.e. and equation (5.3) distinguishes a unique
representative for each equivalence class of M.

PROOF. Consider two functions f, g such that f = g A-a.e. It is enough to
show that

limsup f(s) <limsupg(s) and liminf f(s) > liminf g(s).
s—>t s—>t st s—1
s€Cy(f) 5€Cy(g) s€Co(f) s€Co(g)
We prove the first inequality, the derivation of the second one being similar.

There exists a sequence {s;: j > 1} such that s; € Co(f), lim;s; =1,

limsup f(s) = lim f(s;).

s—>t J—>00

s€Co(f)
Since s; belongs to Co(f), f is A-a.e. constant in an interval (s; — &, s; + €) and,
therefore, in the interval I; = (s; —¢&,s; +&)N(s; —(1/j),s; +(1/j)). Of course,
I; C C(f). As Dy(g) has Lebesgue measure 0, Co(g) N I; # &. Take an element
s} of this latter set. Since /; is contained in C(f), s; belongs to Co(f) N Co(g) so
that g(s}) =f (s;-). Moreover, since f is A-a.e. constant in /; and s, s;- belong
to I, f(sj) = f(s}). On the other hand, lim; s; =t because 5; converges to ¢ and

J
|s;- —sj| < (1/j). Hence,

lim f(s;) = lim g(s}) <limsupg(s),
j—oo j—oo st
s€Co(g)

which proves the lemma. [
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From now on when considering a function in 91y, we always refer to the rep-
resentative defined by (5.3). For example, if we say that f is continuous at x, we
actually mean that f is continuous at x.

Let us introduce the following modulus of continuity in 9. For a measurable
function f:[0,7] — Rand § > 0, let

0s(f) = A(B(D(f). 9)).

The modulus of continuity ws(f) converges to 0 as § — O if and only if f be-
longs to M1p. We extend this definition to the space 9Jt. Notice that D( f ) S D).
Therefore, the modulus of continuity of f goes to 0 at least as fast as the modulus
of continuity of f. Following the convention made above, when we write ws( f)
we really mean ws( f ):

w5 (f) = A(B(D(f),9)).

With this convention, Lemma 5.2 ensures that the modulus of continuity is well
defined, that is, ws (f) = ws(g) if f = g A-a.e. The main motivation for the Intro-
duction of the modulus of continuity ws( f) will be a comparison criterion between
the topology in 91y induced by dr and the one induced by Skorohod’s M» topol-
ogy. We postpone the discussion of this criterion to Lemma 5.4, and we present
here another motivation which we consider to be of independent interest.

PROPOSITION 5.3. A subset F C My is sequentially precompact with respect
todr if

5.4) sup || flleo <00 and lim sup ws(f) =0.
feg 80 reg

PROOF. For f € F, define ¢%(t) = dist(t, B(D(f),8) ). Since €% is I-
Lipschitz for any f € 9y and any § > 0, the family {E‘}, f € F} is equicontinuous.

Fix a sequence f,, in J and a sequence {5,, : m > 1} of positive numbers such that
lim,, §,, = 0. Since sup feF Il flloo < 00, by a standard Cantor diagonal argument,

we can extract a subsequence, still denoted by f;,, for which, as n 1 oo, Z‘}’;‘ con-

verges uniformly to some function £% for every m, and for which f,(r) converges
to some limit F'(¢) for any rational ¢ in [0, T'].
Let &, =limsup,_, o, ws,, (f). By (5.4), lim,, &, = 0. Since E‘Sf’j converges uni-

formly to 2% and since {Zif’z #0} = B(’D(fn), Sm),
(5.5) A(€ #£0) < limsup A (€5 #0) = limsupws,, (f) = &m.
n— o0

n—oQ

We claim that for every ¢ € [0, T'] such that 29 (t) = 0 for some m > 1, there
exist a neighborhood N (¢) of ¢ and an integer ng > 1 for which F is constant on
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N(@)NQ and f,,(t) is constant on N (¢) for n > ng. We postpone the proof of this
claim.

As limy, &, = 0, by (5.95) lim,,, A (€% # 0) = 0. There exists therefore a
subsequence {m(j):j > 1} such that }; APnG) #£ 0) < co. Let A =
Mk>1 szk{f‘smm # 0} so that A(A) = 0. If r belongs to the set A, which has
full measure, £27() () = 0 for some j. By the conclusions of the previous para-
graph, there exist a neighborhood N (¢) of ¢ and an integer ng > 1 for which F is
constant on N(¢) N Q and fn(t) is constant on N (¢) for n > ny.

In view of the previous result, we may define a function F:[0, T]1 — R which
vanishes on the set A, and which on each element ¢ of the set A€ is locally constant
with value given by the value of F on a rational point close to 7. In particular,
A° CC (F ) which ensures that F belongs to Dﬁo Moreover, it follows from the
convergence of fn to F on the rationals that fn (1) converges to F (t). Since set
A has Lebesgue measure 0, f, converges almost surely to F. Therefore, by the
Egoroff theorem, f, converges to F with respect to the metric dr.

To conclude the proof of the proposition, it remains to verify the assertion
assumed in the beginning of the argument. Fix t € [0,T] and suppose that
29 (t) = 0 for some m > 1. In this case, since Z (t) converges to 0n (1) =0,
lim,, dist(z, B(D(fn), Sm)¢) = 0. Take a point ¢, in the compact set B(D(f,,), Sm)
realizing this distance to conclude that there exists a sequence ¢, converging to t for
which Ef (t,) =0. As E (tn) =0, fn is constant in the interval (¢, — &,,,, t + 6m).
Therefore, functions f,, are constant in a neighborhood N(t) of ¢ for n large

enough. Since fn converges on the rationals to F', we conclude, as claimed, that F
is constantin N(r) N Q. O

Another topology which can be defined in the space 91y corresponds to the
projection of the Skorohod’s M; topology, which is generated by the Hausdorff
distance between the graphs of the functions. For f, g € 9y, define the distance

d? (. 8) by
2 - . T-
where f , & are the representatives of f, g defined in (5.3),

f = U {t} x [limlnff(s) lim sup f(s)]

1e[0,T] st

and dg 1s the Hausdorff distance.
Recall the definition of the modulus of continuity ws( f) and note that ws(f) >
28 unless f is constant. Denote by B(f:r), B@(f;r) the ball of center f and

radius » with respect to the metric dr, d(Tz), respectively.
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LEMMA 5.4. Forany f € Moy and any é§ > 0,
B (f38) S B(f; 8+ was(f).

PROOF. Fix f € My, 8 > 0and g € BP(f;8). By definition of dr,
dr(g, ) =dr@ 1) < 1f = &l s fyas + AB(D(), 25))
= ||f~ - g”oo,B(D(f),ZS)“ + wZS(f)'

In order to evaluate the first term above, fix t ¢ B(D( f ), 28) so that f is constant in
B(t,28). In particular, 1"]; CEX=[0,r=28]xRU[0, TIx { f()}U[t+25, T]xR.

Since d(Tz) (g, f )= d;z) (g, f) <4, by definition of the Hausdorff distance,
§ > dist((r, (1)), Ff.) > dist((r, (1)), ) =28 A \f(t) -8

This implies that |f(t) —g@®)| <dforeveryt ¢ B(D(f), 28), which finishes the
proof of the lemma. [J

Consider a sequence {Y, :1 < n < oo} of real-valued stochastic processes de-
fined on some probability space (2, F, P). Assume that the trajectories of each
Yy, 1 <n < oo, belong to 91y P-almost surely. This is the case, for instance, of
continuous-time Markov chains taking values on a countable subset of R.

THEOREM 5.5. Fix T > 0. Ifd;z)(Yn, Yoo) converges to 0 in probability as
n 1 oo, then dr (Yy, Yoo) converges to 0 in probability as n 1 oo.

PROOF. It is enough to show that for each ¢ > 0, lim,—, o Pld7 (Yy, Yo) >
2¢] = 0. Fix § < ¢ so that the previous probability is bounded by P[dr (Y,, Yoo) >
& + §]. This latter probability is in turn less than or equal to

Pldr(Yn, Yoo) > & + 8, w25(Yoo) < €] + Plw2s(Yoo) > €]

Since Y has trajectories in 9y P-almost surely, the second term vanishes as
8 | 0. The first one is bounded by P[d7(Yy, Yo) > 8 4+ @w25(Yso)] Which by the
previous lemma is less than or equal to P[d(Tz)(Yn, Yso) > 8]. By assumption, this

term vanishes as n 1 co. [

Assume that in the probability space (2, F, P) introduced before the statement
of the previous theorem is also defined a sequence {X,,: 1 <n < oo} of real-valued
stochastic processes whose trajectories belong to 9%y P-almost surely.

COROLLARY 5.6. Fix T > 0. If both dr(X,,, Y,) and d}Z)(Yn, Yoo) converge
to zero in probability as n 1 oo, then dr (X, Yoo) also converges to zero in proba-
bility as n 1 oo.
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REMARK 5.7. We would like to justify the Introduction of the topology of
convergence in measure. In particular, we explain why we did not choose one of the
Skorohod topologies which are canonically used to define convergence of cadlag
processes. For this, let us present some shortcomings of the Skorohod topologies
in this context. _

In [20], the authors introduce a compactification of N = {0, 1, ...} U {oc}, in-
duced by the isometry ¢ : N — R which sends n to 1/n and oo to zero. The Sko-
rohod’s Jj topology induced by this metric in D(R, N) is used in [20] when de-
veloping a criterion for convergence toward the K-process. However, this choice
is not convenient in the current context, as we explain below.

Consider a sequence of graphs in which the escape probabilities v, do not con-
verge to one (e.g., the torus case in Proposition 9.2, or the Erd6s—Rényi in The-
orem 11.10). In such examples, the random walk will perform small excursions
around a deep trap x before escaping from the ball B(x, ). Due to the accel-
eration factor By, these excursions will last shorter and shorter times as we in-
crease N and should be neglected in the scaling limit. However, this is not the
case for any of the Skorohod topologies. For example, the sequence of functions
Sn(t) = I{1<t<141/n) does not converge in any of the Skorohod topologies to
f@®) =0.

There is a simple solution for the above problem, based on the fact that the
excursions around x before escaping from B(x, £) vanish in the supremum norm
for the Euclidean metric of the torus. There is however a different shortcoming in
this case. Consider for instance the discrete torus T‘fv embedded in the continuous
torus T¢. As we said above, this naturally introduces a metric on "]I‘?’V for which the
small excursions around a deep trap x do not pose any problems in the Skorohod’s
Ji topology since they stay close to x in the supremum norm. In this case, the prob-
lem arises when an excursion exits the neighborhood B(x, £y). In this situation,
the random walk typically performs a very short and “dense” excursion around the
torus before finding the next deep trap to settle. Again, this phenomenon prevents
convergence in any of the associated Skorohod topologies. Actually, not even the
limiting process belongs to the Skorohod topology of T¢ as its trajectories are not
right continuous.

The topology of convergence in measure deals with these two obstructions, as it
ignores what happens in vanishing time intervals. Due to its variational character,
it turns out that our metric dr is extremely well suited for computations, when
compared with the equivalent Ky Fan metric dkr.

6. Main result. We prove in this section that under certain assumptions the
continuous time Markov process XV, introduced in Section 2, is close, in an appro-
priate time scale and with respect to the topology introduced in Section 5, to a sim-
ple random walk Y,N which only visits the set Ay of the deepest traps and which
has identically distributed jump probabilities: py(x,y) = pn(¥), x, y € An. For
such result we need, roughly speaking, the set of deepest traps Ay
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to support most of the stationary measure v,

to consist of well-separated points,

to be unlikely to be hit in a short time,

to have comparable escape probabilities from each of its points.

The main result presented below holds in a more general context than the one
described in Section 2. We suppose throughout this section that {Gy : N > 1} is a
sequence of finite, connected, vertex-weighted graphs, where {W)ﬁv :x € Vy} rep-
resents the positive weights. The vertices of Vj are enumerated in decreasing order
of weights, Viy = {x{¥, ..., x[y |}, W,gj > Wgﬂ, 1<j<|Vy|—1.

Denote by XV the Markov process on Vy with generator given by (1.2). We do
not assume that the depths W;\’ are chosen according to (1.1), but we impose some
conditions presented below in (A.0)—(A.3).

We write in this section Jy 1 0o to represent a nondecreasing sequence of nat-
ural numbers {Jy : N > 1} such that limy_, o, Jy = 00. To keep notation simple,
we sometimes omit the dependence on N of states, measures and sets.

Recall that v = vy, defined in (2.1), is the stationary measure of the random
walk XV . Assume that v(Bj,) vanishes asymptotically for any sequence of subsets

BNz{x{V,...,x%V}C Vi such that Jy 1 oo:
(A.0) lim vy (B§)=0.
N—o0

We now fix sequences My 1 oo and £y 1 oo (My < |Vn|). The sequence My
represents the number of deep traps selected, and £ a lower bound on the minimal
distance among these deepest traps. We formulate three assumptions on these se-

quences. Let Ay = {x {v ey X AA,}N} be the set of the deepest traps. We first require
the deepest traps to be well separated:
(A.1) d(x', xY) > 2ty +1, 1<i#j<My

for all N large enough. This condition, which is analogous to condition (B.1),
ensures that any path {xiN =20,31s-++>2m = xj-v} from xiN to xj-v has a state zj
which belongs to R(Ay, £n).

The second assumption is somehow related to (B.3) and requires, as explained
below, the different escape probabilities vy, x € Ay, to have similar order of mag-
nitude. For a subset B of Vy, let vp be the measure v conditioned on B:

W;V deg(x)
ZyeB W}]]\’ deg(Y) ’

Expectation with respect to vp is denoted by E,;.
We suppose that there exists a sequence {8y : N > 1} such that for any sequence
of subsets By = {va, .. .,x%v} C Ay such that |By| = Jy T o©

vp(x) = x € B.

whN 1
(A2)  limsup E,, [7)6} < 00, lim sup Eyy ['BNWAEX)} <00
N—o00 BNve(x) Neoo | BN W]



UNIVERSALITY OF TRAP MODELS IN THE ERGODIC TIME SCALE 2519

This hypothesis postulates essentially a law of large numbers for deg(x;)ve(x;)
and a bound for the sum of (W;\;)z deg(x;)/ve(x;j).

In analogy with (B.2), we will also assume that the hitting time of Ay is much
larger than the mixing time of the discrete-time random walk on Gy. For L > 1
let
(6.1) ky =k(L, My, €y)=max max PN[H, <Lt ].

x€AN z¢B(x,0N) mx
Assume that for some sequence Ly 1 0o,

(A.3) lim M3ky =0, lim M327Lv =0.
N—o0 N—o00

REMARK 6.1. Consider three sequences My 1 oo, £y 1 0o and Ly 1 0o sat-
isfying (A.0)—(A.2) and such that

(6.2) lim «(Ly, Mpy,£y)=0.
N—oo

Then, there exists a sequence M ,’v oo, M ;v < My, for which the three sequence
M}, €n, Ly satisfy (A.0)—(A.3).

Indeed, it follows from (6.2) and the fact that Ly 1 oo that there exists a se-
quence Ky 1 oo such that limy _, Klz\,2_LN =0,limpy_ 0o K?VK(LN, My, Ly) =
0. Define a new sequence M) by M) = min{My, Ky} and define Ay, accord-
ingly. Since A’, C Ay and k), < kn, (A.0)—(A.3) hold for the sequences M, L,
Ly.

Hence, in applications, if one is able to prove (6.2), one can redefine the se-
quence My to obtain (A.3) which is the condition assumed in the main result of
this section. Moreover, if a sequence My satisfies conditions (A.1), (A.2), (6.2),
then any sequence My, 1 oo which increases to infinity with N at a slower pace
than My, M fv < My, also satisfies these three conditions. The same observation
holds for the sequence L. Hence, in the applications, both sequences shall in-
crease very slowly to infinity, in a way that (A.3) is fulfilled, and all the problem
rests on the identification of a convenient space scale ¢, large for the process to
mix before returning to a state, as required in condition (6.2), but not too large, to
permit a good description of a ball of radius £ and a good estimate of the escape
probability ve(x).

Let py be the probability measure on the set Ay given by

deg(x;)ve(x;)
ZlgigMN deg(x;)ve(x;)’

where vy (x;) = vé\llv (x;) 1s the escape probability introduced in (3.1). By (2.1), pn
can also be written as

(6.3) PN (xj) =

U(Xj)vg(xJ')Wx_jl

6.4) PN (xj) = ,
N ZlfifMNV(xi)UE(xi)WxTI
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which corresponds to (4.1) with U = Hgay ¢y)-

For each N > 1, consider the continuous-time Markov process {Y,N :t >0} on
Ap defined as follows. While at x € Ay, the process waits a mean W;V Jve(x)
exponential time at the end of which it jumps to y € Ay with probability px ().
Note that the jump distribution is independent of the current state and that the pro-
cess may jump to its current state since we did not impose y to be different from x.
Moreover, the probability measure vV (x) / vV (An) is the (reversible) stationary
state of the Markov chain {YtN 1t >0}

We are now in a position to state the main result of this paper, from which we
will deduce Theorems 2.1 and 2.2.

THEOREM 6.2. Suppose that conditions (A.0)—(A.3) are in force. Then, for
every N > 1, there exists a coupling Qn between the stationary, continuous-time
Markov chain {Yé\llvt :t > 0} described above, and the Markov chain {Xgm 1t >0}

such that QN[XN = Yév =y]l=p(),y € Ay, and
: N N _
forevery T >0 and § > 0, where dr stands for the distance introduced in (5.1).

Theorem 6.2 follows from Lemmas 6.3, 6.4 and Proposition 6.5 below. The-
orem 6.2 asserts that the process X gm is close to the process Yé\]/v ; which jumps
at rate By ve(x)/ W;V . If this latter expression is not of order one, the asymptotic
behavior of Y2 , will not be meaningful and our approximation of X4 by Y%

. . Bnt . o Bnt Bnt
devoid of interest. Hence, in the applications we expect
i

ve(xj)

Bn &

LEMMA 6.3. Assume that hypotheses (A.0)—(A.3) are in force. Then there

exists a subset By = {va, e, x%v} C Ay such that
) _ BN
6.5 lim My~ + M — -0
©.5) pim My (27 + Mykn) E,IWYN /v, (0)]
(6.6) lim v(B§) =0,
N—o0
(6.7) lim sup by V(AS)p(By) =0.

N—oo Ep[W)gv/Uﬁ(x)]

PROOF. We start proving (6.5). By definition of the probability measure py
this expression is equal to

- 1 Ve (x)
szv(Z LN+MNKN)—EVA|:/3NW
X

My } recall (6.4).
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This term vanishes as N 4 oo in view of (A.3) and (A.2) with By = Ay .

By (A.0), v(A}) vanishes as N 1 oo. There exists, therefore, a sequence
Kn 1 oo such that limy_ 00 Knv(AY) = 0. Let By = {x{v,...,xl}fv}, where
Jnv =min{My, Ky} so that | By[v(Af;) — 0. The second assertion of the lemma
follows from assumption (A.0) because Jy 1 co. Moreover, as

,BNUE(X)}
wN |

N

ﬂNEp[ e ]_1p<BN) sEvB[

X
ve (x)
by (A.2) and by definition of the set By, we have that

. BN .
(6.8) limsup ———+———v(AS)p(By) < Colimsup |By|v(AS) =0
ARSI BTN gy AP (BN = Colimsup Bl (4)

for some finite constant. This concludes the proof of the lemma. [J

LEMMA 6.4. Assume that conditions (A.2), (A.3), (6.5)—(6.7) are in force.
Then there exists a sequence {Ky : N > 1} such that

(6.9) lim KyMy2~ 58 =0, lim KyMyky =0,
N—o0 N—o0
Knyv(Vy \ A wN
(6.10) lim SV N)Ep[ x ]:0,
N—oo  BNV(AN) ve(x)
Ky wN
6.11 lim —~F X 1{x ¢ B }:0,
. B e P
K2v(Vy \ Ay) wN
(6.12) lim —X E[ X :|,0(B y=0,
N—oo  Byv(Ay)  “Lue) )T
(6.13) lim Kyv(Vy \ An)p(By) =0,
N—o0
K wN
(6.14) lim =~ p[ x ]:
N—oco BN v (x)

PROOF. In view of (A.3), there exists a sequence Yy 1 oo such that
WNMIZ\,Z_LN, WNM?VKN vanish as N 1 oo. We may choose this sequence Yy
so that the limits in (6.5) and (6.6) still hold when multiplied by 1y, as well as the
one in (6.7) when multiplied by w,%,. Given this sequence ¥y, let

_ VN BN vy (X)}
Ep[WN Jvg(x)] wN I
Conditions (6.9) follow the definition of vy and from (6.5), while condi-
tion (6.10) follows from (6.6) since By € Ay. To verify (6.11), it is enough to

remember that ,o(x)W)ﬁv ve(x)~! = v(x) and to recall (6.6). Condition (6.12) fol-
lows from assumptions (6.7), (6.6) and the definition of K. Condition (6.13)

Ky

= WNﬂNEvA[
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follows from (6.7) and the definition of K . Finally, condition (6.14) requires ¥y
to diverge. [

PROPOSITION 6.5. Suppose that conditions (A.1), (A.2), (6.9)—(6.14) are in
force. Then, for every N > 1, there exists a coupling Qn between the stationary,
continuous-time Markov chain {Y,é\,’vz :t >0} on Ay with mean W;V/ﬁNvg(x) ex-
ponential waiting times and uniform jump probabilities py (x,y) = pn(¥), X, y €
Apn, and the Markov chain {XgNt:t > 0} such that Qn[XY = Yév =yl = p(y),
y € Apn, and

. N N
forevery T >0 and § > 0, where dr stands for the distance introduced in (5.1).

PROOF. Recall the definition of the sequence of stopping times {Dy : k > 0}
introduced in Section 4 with U = Hgay ¢y)- Since by (A.1) R(An, €n) # @ and
since the state space is finite and irreducible, E,[U] < oo for all x € A. It also fol-
lows from assumption (A.1) that Py[H4\(x} > U] =1 for all x € A. Therefore, by
Lemma 4.1 and Proposition 4.2, the discrete-time Markov chain X %k is irreducible
and its unique stationary state is the measure p defined in (6.3).

We start the construction of the measure Qy by coupling the discrete skeleton
of the chain Y,N with the chain X % - and by coupling the waiting times of the chain
YN with the times spent by XV at each site of Ay. It follows from Lemma 3.2,
which presents an estimate of the distance between the measure p and the measure
p(-, A), from Lemma 3.1 and from the strong Markov property at time Hg(a,¢)
that

(6.15) sup Py (XD, =]1—pO)|py < My + DR + Mykny) =:ay.
ye

Let 09 = 0 and denote by {o; :i > 1} the jump times of the chain YIN , including
among these jumps the ones to the same site. We couple the initial state X(])v and
Yy sothat On[X) =Y)'1=1, On[X] =x]=p(x).x € A. As Y is distributed
according to p, by (6.15) we can couple X %1 and Yé\l’ in a way that they coincide
with probability at least 1 — ay. Moreover, conditioned on X% . = X, the number

of visits of X ,N to the point x between times D; and D; is a geometric random
variable with success probability v, (x), so that

1{xN =x\dr
/[ADivDi+l) { ! }

is an exponential random variable with expectation W, /v,(x). This is also the
distribution of the time that ¥, spends in x. Proceeding by induction and using
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the strong Markov property at times D; (for X tN ) and o; (for YtN ), we obtain a
coupling Oy between X tN and YtN such that

Diyy
N N N N
QN[XD_Y /;)i I{Xt :XDi}dt:Gi+1_O_ij|Zl—KNaN,
forevery 0 <i < Ky

where Ky is the sequence introduced in Lemma 6.4. Denote the event appearing
in the previous formula by G. By (6.9),

(6.16) lim Qx[5°]=o0.

We claim that the coupling Qy defined above satisfies the statement of the
theorem. To estimate the distance between the processes X ,N and YtN , we introduce
a third process X ,N close to X ,N in the distance dr. Following [2], consider the
process X tN defined by

(6.17) XN = xN(supf{s <t: XV € Ay)).

The (non-Markovian) process X indicates the last site in Ay visited by X% be-
fore time ¢. We adopt for X ,N the same convention agreed for the process Y,N and
consider that the process X jumped from y € Ay to y at time ¢ if the process
XN being at y at time s < ¢/, reached R(Ay, £) and then returned to y at time ¢’
before hitting another site z € Ay \ {y}. With this convention, the jump times of
the process X tN are exactly the stopping times {D; :i > 1}.

We assert that for every 7 > 0 and § > 0,

: N N _
(6.18) ngnoopp[dT(XﬁN"XﬁN') >8] =0.
Fix T > 0 and § > 0. By definition of the process X",

1 AT
fN XN ¢ Ay} dt

(6.19) dr (X}, X} ) < 5

Therefore,

_ 1 Dgy,
Pyldr (X} . X)) >68]< mE [/O 1{x" ¢ AN}dt} +P,[Dky <BNT].

Let us define

DKN N
AN :=/(; I{Xt ¢AN}dl‘=DKN—GKN.

This quantity will appear a couple of times in the computations below. By (6.22),
P,[Dky <BnT] Vanishe_s as N 1 oo because ok, < Dk, . On the other hand, by
definition of the process X tN and by stationarity,

K D
E,[Ay]= NEp[/O ll{XtNgéAN}dt]

1
BnS Bné
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By Corollary 4.3, the previous expression equals

N
6200 oy (U ApE, D) = NN p [
BN BNVN(AN)S ve(x)
By (6.10), this expression vanishes as N 1 co. This proves (6.18).

Now we turn into the estimation of the distance between XV and Y;V. On the
event G, the first Ky jumps of the processes X ,N and YtN are the same, and the
process Y; is always ‘“ahead of” )_( N in the sense that )_( N spends more time
at each site than Y,N We need to show that the delay between X, N and Y, N is
small. Let By = {x1 e } C Ay be the set introduced in Lemma 6. 3 and
which satisfies conditions (6.11) and (6.12), and let 1y be the number of times

the process YV visits By before OKy:

Ny :=#{j <KN:Y£EBN}.

Denote by G; the event G N {ok, > ByT}. Since we have that dr ()_(gN., Yé\[/\,,) <
By SOV HXN # ¥ Nydr, on the set Gy, dr (XY LYY ) < Byt oY XN #
Y,N } dt. Therefore, on the set Gq,

dr ()_(fng., Yé\jlv)

1 o
5—2[ "y £ XNV ar
ﬂN j=1 Oj—1
K
1 [ox 1 & oo -
< —/ “1{yN ¢ Byydr + — "1y e By, YN £ XN ar
Bn Jo BN j=179i-1

We claim that each integral in the second term of the previous sum is bounded
by Ay. Indeed, the total delay of the process X tN with respect to the process YZN
in the interval [0, ok, ] is Dk, — ok, = Apy. On the other hand, either the length
of time interval [0 _1, 0] is bounded by Ay, in which case the claim is trivial, or
the length is greater than A . In this latter situation, since the total delay between
Y and X in the interval [0, okylis Ay, Dj1 —oj_1 <Ay for 1 < j < Ky.

Hence, in the interval [0 + Ay, 0;) we have that X, = Y,. This proves our
assertion. In conclusion, if one recalls the definition of 91y, on the set G,

1 UKN N 1
dT(XﬂN’Y,BN) B / I{Yt ¢BN}dl‘+IB—NANmN.

In conclusion,
Onldr (X5, .. Y,) > 6]

(6.21) < On[S7]+ B SQNUGKN 1{r)N ¢ BN}dt]

+ ON[ANTWN > (1/2)8BN].
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The first term vanishes as N 1 oo by (6.16) and (6.22). By Chebyshev and Cauchy—
Schwarz inequalities, P[ZW > 8] = P[VZW > /8] < 8" E[Z]E[W])!/? for
any pair of nonnegative random variables Z, W. Therefore, the sum of the second
and third terms is bounded by

ZK_NEP[ WY i ¢ Ba }] \/2QN[AN]QN[mN].
BnS ve(x) 3N
Since QN [Ny]= Knp(Bn), by (6.20) this expression is less than or equal to
2Ky [ wN } 2K% v(VN\ Ap) [ wy }
—F 1 B E
B Loy PN \J,BN3 v(Ay) veo )PPV

By assumptions (6.11) and (6.12), this expression vanishes as N 1 oo.
To conclude the proof of the theorem, it remains to show that

(6.22) Jim Qylogy <pvT]=0

For any random variable Z and any 7 > O such that E[Z] > 2T, by Chebyshev
inequality we have that
4Var(Z)
PlZ<T]<——
E[Z]?

Note that

wy LUARY
Onlokyl=KnE)p [ve( )} Varoy (o) = 2Kn Ep [(vg(x)) ]

and that, by assumption (6.14), K NEp[W;V J/ve(x)] > 2BnT for N sufficiently
large. By the previous elementary inequality,

8E,[(WY /ue(x))?]
PNTL = B TWY Jor o)

88BN E [(WY Jv(x))?]
- KNE [WN Jve(0)] BN Ep[WN Jue(x)]

By assumption (6.14), the first term of this expression vanishes as N 1 oo. The

By (A.2) this expression is bounded uniformly in N. This concludes the proof
of (6.22) and the one of Proposition 6.5. [

Onlogy <
(6.23)

Instead of starting from the stationary measure py, we may also start from any

state x V.
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COROLLARY 6.6. Assume that

(6.24) lm}vlnva( M >0  foreveryi=>1.

Under the assumptions of Proposition 6.5, for every i > 1, N > 1, there exists a
coupling Q' between the stationary, continuous-time Markov chains {Y é\[’v 1 >0}

and {X ;11 > 0} such that QN[X0 _Y0 =X; N1=1, and
. * N N —
forevery T >0 and § > 0.

PROOF. The coupling is constructed as in Proposition 6.5, with the condition
Q}’V[Xév = Yév = xiN ] =1 replacing the analogous condition there. Consider the
sequence K introduced in Lemma 6.4 and recall the definition of the set G intro-
duced just before (6.16).

Since v is the stationary state of the process X”, for every § > 0,

Py UOTﬂN xY ¢ Ay}dr > 5/%}
< ;EUUOMN 1{x} ¢ AN}dt]

Bnov(x])
Tv(A ).
Sv(xlN)

Hence, in view of (6.19), leN [dT(}_(,ISYN» X/ZSYN) > §] vanishes by (6.24) and as-
sumption (A.0).

Let By be the set introduced in Lemma 6.3. Since v4 is the stationary measure
for the process Y;, for the same reasons,

1 [TEY Tv(BS)
ExtNl:ﬁ—N/(; I{Yt ¢BN}dt:| U( lN) .

The distribution of the jump times {o; — o7:j > 1} of the process Y constructed
in this corollary is the same as the distribution of the jump times {o;: j > 0} of
Proposition 6.5. In particular, by (6.23),

8 Wy
Onloky+1 = BNT1 < Onloky <BNT] < KNE WY /ve(x)] Eua [ve(x)]

Let

BnT
A}V:/ ' 1{XN ¢ Ay} dt
0
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As in the proof of Proposition 6.5, on the set §7 =G N {ogy4+1 > BnT},

Ty _ Ky
f 1{X§V¢Y,N,Y,NeBN}dr=Z/
0 ]:0 (Ij/\ﬂNT

0j+1ABNT

XN £yN vN e Bylde

Ky
<y 1{Y;j € By)AY = (1+91)A%,
j=0
where My, :=#1 < j < Ky: Yé\]’, € By} has the same distribution as 91y . There-
fore, on the set G%, Bndr (X gy Ypy) < Jo PV LYY ¢ By}dt 4 (1+0%)A%. In
view of the argument below (6.21) and the previous estimates,

2Tv(BS) J 2TV(AS)

Q;V[dT()_(ﬂN., Y,gN.) > 5] <anKny +

v(xM) Sv(xN) 1+ Ko (Bl

where ay is given by (6.15). By (6.24), (6.13) and as in Proposition 6.5, this ex-
pression vanishes as N 1 co. [J

The following remark will be important when proving Theorem 2.2.

REMARK 6.7. Assumption (A.0) has only been used in Lemma 6.3 to prove
the existence of a sequence of subsets By satisfying (6.6), (6.7). In particular,
Theorem 6.2 remains in force if hypothesis (A.0) is replaced by the existence of

a sequence Iy < My, Iy 1 oo, for which By = {va, - x?]’v} satisfies (6.6) and
such that
(6.25) lim |[Bylvn(AY) =0 see (6.8).

N—o0

7. K-processes. We introduce in this section K-processes, a class of strong
Markov processes on N = N U {oco} with one fictitious state. We refer to [20] for
historical remarks and to [31] for a detailed presentation and the proofs omitted
here. The main result of this section presents sufficient conditions for the conver-
gence of a sequence of finite-state Markov processes to a K -process.

Throughout this section, we fix two sequences of positive real numbers {uy : k €
N} and {Z; : k € N}. The first sequence represents the “entrance measure” and the
second one the “hopping times” of the K-process. The only assumption we make
over these sequences is that

(7.1 > Zyuy < oo.
keN
However, the process will be more interesting in the case

(72) 3w = o0,

keN
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If this sum is finite, the K -process associated to the sequences u; and Zj corre-
sponds to a Markov process on N with no fictitious state.

Consider the set N of nonnegative integers with an extra point denoted by oo.
We endow this set with the metric induced by the isometry ¢ : N — R which sends
neNto 1/n and oo to 0. This makes the set N into a compact metric space. We
use the notation dist(x, y) = |¢(y) — ¢ (x)| for this metric.

For each k € N, define independent Poisson process { Ntk :t > 0} with jump rate
given by uy. Denote by oik , i > 1, the time of the ith jump performed by the
process Ntk. Independently from the Poisson processes, let {Tp, Tik; keN,i>1}
be a collection of mean one independent exponential random variables.

Let Zoo = 0 and for y € N consider the process

N
MY =2Z,To+ Y. Ziy T
keN  i=1

Define the K -process with parameter (Zy, uy), starting from y as follows:

v, if0<t<ZT,
(7.3) X'(t)={k, if 17 (cf—) <t < T¥(c¥) for some i > 1, and
00, otherwise.

Note that XY (0) = y almost surely if y € N, and even in the case y = oo if (7.2)
holds. We summarize in the next result the main properties of the process X; . Its
proof can be found in [31] or adapted from [20] where the case in which u; =1
for all £ > 1 is examined. Recall that we denote by Hy4 the hitting time of a set A
and that Z,, =0.

THEOREM 7.1. Forany y € N, the process {X*(t) :t > 0} is a strong Markov
process on N with right-continuous paths with left limits. Being at k € N, the pro-
cess waits a mean Zy exponential time at the end of which it jumps to co. For any
finite subset A of N, Hy is a.s. finite and

. uj; .
P[XY(Hp) = j] = 5 —,  jea
ieA%i

We investigate in this section the convergence of a sequence of Markov pro-
cesses in finite state spaces toward the process X”(¢). Let {My : N > 1} be a se-
quence of integers such that My 4 0o, and consider the sequences of positive real
numbers

(7.4) ul, zZN,  1<k<My,N=>1.

In analogy with (7.3), we define processes X ]y\,(t) with “entrance measure” given
by u}z{v and “hopping times” given by Z,iv. For N > 1, let T, TiN’k, N,N’k and
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oiN’k, 1 <k <Mpy,i>1,be defined as above and write

My N[N'k
My =21 +>z) S 1M forl <y <My
k=1 i=1
and
y,  if0<r<zZVT,

k, if Fly\, (aiN’k—) <t< Fly\, (al.N’k) for some i > 1.

(1.5 Xy = {

One can easily see that the process X ]yv is a continuous-time cadlag, Markov
chain over {1, ..., My}. The order in which the points {1, ..., My} are visited
by X3, after the starting position, is given by the order of the times ol.N % From
this fact, we can conclude that the law of X ,yv is characterized by the following
properties:

e The state space is {1, ..., My} and the process starts from y almost surely,
e The process X X, remains at any site k an exponential time with mean Z}Y, after
which it jumps to a site j with probability u} /31 ; <, ;-

REMARK 7.2. Note that the dynamics of the process X ]y\, does not change if
one replaces the vector {u,iv :1 <k < My} by the vector {yNu,lcV 11 <k <My} for
some yy > 0. In particular, when applying the theorem below we may multiply
the sequence u,ﬂv by a constant yy to ensure the convergence of yy u,](V to uy.

The main result of this section is stated below. Recall from [17], (5.2) the defi-
nition of the Skorohod’s J; topology.

THEOREM 7.3. Assume that for every k € N
(7.6) lim (ZY,ul) = (Zk, ur)
N—o00
and that

My
lim limsup ZNul¥ = 0.
Mm=>00 N_00 k; koK
Then, for any given y € N, X va converges weakly, as N 1 oo, toward X in the
Skorohod’s J| topology.

PROOF. The proof is a modification of the one of Lemma 3.11 in [20]. We first
couple the Poisson point processes used to define F;Vv and I'”. In some probability
space (€2, A, Q), we construct a collection {N k. k € N} of Poisson point processes
in R, x R, with respect to the Lebesgue measure. Let N*(u, 1) be the number of
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points falling in the rectangle [0, #] x [0, u]. For fixed k € N and u > 0, N¥u, )
is distributed as a Poisson counting process with rate u. Define 'Y and F]yv as
before, but using these coupled arrival processes, with corresponding intensities
uy and u,](V. Moreover, we also use the same jump clocks {Tik:k eN,i > 1} in
their constructions.

Fix an integer m € N and denote by {S;" :i > 1} the arrival times of the process
N'ui, )+ N%(uz, ) + -+ N"™(up, ), with S5 = 0. Fix T > 0 and let

L} =inf{i > 1; FIyV(Slm) > T forevery N > 1}.

Since (Z{V, uilv) converges to (Zy,u1) and since l"ly\,(s) > leile(u{V,s) Zf’Til,
by the law of large numbers the above infimum is finite.

Since the sequence {uy : k € N} is not summable, there exists a random integer
m' large enough so that almost surely

m' NK(ug, 81 —)
(7.7) oz Y, Tf>0 i=0,... L%,
k=m+1 =Nk, S")

where f(s—) stands for the left limit at s of a cadlag function f.

Since u,lcv converges to uy, almost surely there exists N (i) such that

(7.8) N*ul 1) = N*(ug, 1)

forall 1 <k <m,0<t <87, and all N > N (m). By possibly increasing N (m),

L}’ﬂ
T
we can also assume that

m’ NE g ST =)
(7.9) inf zZN Tk >0, i=0,..., L"
N=N(m) k:%;q ¢ Z / !

J=NE@) .sm)

It follows from (7.8) that the arrival times S!" are the same for the process X
and X ,yv Furthermore, by (7.7), (7.9), on each interval (S;", Sﬁ 1) there is at least
one arrival of a Poisson process N*(ug, -) for some k > m and one arrival for
a Poisson process N* (u,iv ,-) for some k > m. In particular, in the time interval

[CY(S"), DY (S —)) (resp., [Ty (SM), TN (S, —))), 0 <i < L'}, the process X

(resp., X X,) performs an excursion in the set {1, ..., m}¢, while on each time inter-
val [T(S;—), T (8) (resp., [Ty (Si—), [y (8))), 1 <i < L, the processes X
and XI};, sit on the same site of {1, ..., m}.

For N > N (m), define the time changes 1A’y : [0, Fly\,(SZ",;l)] — Ry by

z
A1) = Z—,yvt for0<r<Z)T.
y
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ForO<i <LT —1,let
LY (ST =) =TS

Ay@)=T(S")+
RO =S o s D TP

[t = TN (S")]

) and let

A T
-y

if T (") <t <IN (S, —

AN =T7(8 =) +

if Ty (7, —) <t < Ty (S ).
In view of our previous discussion,

(7.10)  dist(X” (A2 (1)), X (1) < (1+m)~"  foreveryt <T.

Indeed, whenever XY (Ay (7)) differs from X3 (1), they are both above m, and the
diameter of the set {m + 1, m + 2, ...} under dist(-, -) is given by (m + 1)~ L
We claim that A’y is close to the identity: for any 6 > 0,

(7.11) hmhmsupQ[ sup |[AN (@) —1| >8] 0.

0<t<T
To prove this claim, fix m > 1 and note that

sup [Ay (1) —t| < max {|TY(S{") = T (87")] v [PV (S]" =) = Ty (57" =)l

0<t<T 0<i<L7

By construction, the right-hand side is bounded above by

o, NF@y, Sim)
|Z§V—zy|TO+Z}Z,§V—zk| > T].k
= =1
(7.12) !
~ N*(uy, SLm) My Nk(uk S’”,,,)
+ > 4 Yy, Tr+ Yz > T
k=m+1 j=1 k=m+1 j=1

For each fixed m, the first two terms vanish almost surely as N goes to infinity. To
estimate the other two terms, note that L} > L7 +1 that § m,,,tll < 87’ and that N k.
T

{T;‘ : j > 1} are independent of ST? for k > m. In partlcular, for k > m and u > 0,

N*(u, S’"m>

EQ Z Tk:| —MEQ[SLm] <MEQ[SL1]
j=l1
Last expectation is bounded because S 11 is defined through a Poisson process.

Therefore, as Zju; is summable in k, the third term in (7.12), which does not
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depend on N, has finite expectation and converges to zero almost surely and in
L'(Q) as m tends to infinity. Similarly,

Nk(u,’(V,S'L",%)

My
EQ[ ozy Y Tf] <> Z,’(Vu,iVEQ[Si,T].
k=m-+1 j=1 k>m+1
By assumption, this expression vanishes as N 1 oo and then m 1 co. This proves
that (7.11) holds in fact in L' (Q).
As a consequence of (7.11), one can extract a sequence my growing slowly
enough such that

sup A" — | converges to zero in probability as N 1 co.

0<t<T
This, together with (7.10) provides the two conditions of Proposition 5.3(c) in [17].
Hence, X X, converges in probability to X” in the Skorohod’s J; topology as N
tends to infinity. [

8. Scaling limit of trap models. In this section, we join the results of the
last three sections to establish the asymptotic behavior of random walks on vertex-
weighted graphs.

Throughout this section, we restrict our attention to weights given by an i.i.d.
sequence of random variables in the basin of attraction of an «-stable distribution,
as in (1.1). Let us first collect some consequences of this choice of random vari-
ables. In particular, we obtain the convergence of the environment to a limiting
distribution.

Recall that o € (0, 1) is the parameter of the stable distribution. Let A be the
measure on R x (0,00) given by A = aw 119 dx dw. Denote by {(z;, w;) €
R x (0,00):i > 1} the marks of a Poisson point process of intensity A indepen-
dent of the sequence of graphs {Gy : N > 1} and defined on a probability space
(', F, P). Define the random measure ¢ on R by

(8.1) r=) W,
i>1
and let ¢ = ¢((0,¢]), t = 0, be the ¢-measure of the interval (0,7]. Let F:
[0, c0) — [0, co) be defined by
P[ai> F)]=P[WN >¢], t>0.

The function F is nondecreasing and right continuous. Denote its right-continuous
generalized inverse by F~! and let

(8.2) tN = F N (VY v — iy vl), 1<i<V.
Denote by tiN , 1 <i <V, the sequence fl.N in decreasing order: fl.N = ‘c{ﬁv(l.) for
some permutation o of {1, ..., V}and riN > rﬁ_l.
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By [18], Proposition 3.1, {fN 1 <i <V} has the same distribution as {WN X €
Vn}. Therefore, (rl - ) has the same distribution as (W .. WA,/\,)

Moreover, since Vy = |VN| — o0 PP-almost surely, the same result 1mphes that
(P x P)-almost surely,

(8.3) Jim z;|cwj.\’ —wj| =0,
Jj=

where W = {w; :i > 1} represents the weights in decreasing order of the measure ¢
restricted to [0, 1]:

wy = max{w; :z; € [0, 1]},
(8.4)
wj1 =max{w; :z; € [0, 1], W; & {w1, ..., wj}}, j=1,

and {cx : k > 1} is the sequence defined by (2.8).
Recall the definition of the function Wy introduced just before the statement of
Theorem 2.1.

THEOREM 8.1. Let Gy = (Vn, EN) be a sequence of finite vertex-weighted
graphs fulfilling assumptions (A.0)—(A.2) for some sequences My, £x. Assume,
furthermore, that there exist sequences Ly 1 oo, {By:N > 1} and {yny: N > 1}
such that

(8.5) lim «(Ly, My,2xn)=0
N—o0

and such that

W
(8.6) Nh_m(m, )/Nve(x])deg(x])> =(Zj,uj)  foral j=1,

MN WN
(8.7) hm lim sup ynve(x;j)deg(x;) =
N—>o0 Z,;, Bnve ( xj) ’ /
Suppose, finally, that ¥y (X (1)\/ ) converges weakly to k € N. Then, for every T > 0,
the Markov chain {\IJN(X/];’NI) :0 <t < T} converges to the K-process with pa-
rameters (Zj,uj) starting from k, in the topology introduced in Section 5.

PROOF. Repeating the arguments presented below (6.2), we obtain a new se-
quence M), for which (A.3) holds, as well as (8.6) with M}, instead of My. De-
note this new sequence by M. Under assumptions (A.0)-(A.3), Theorem 6.2 fur-
nishes a coupling between the random walk X ;]3\],\,: and a Markov process Yé\;v ‘
on {1,..., My} whose dr-distance converges to 0 in probability. In view of Re-
mark 7.2 and by Theorem 7.3, under conditions (8.6), the Markov process Yé\;v ‘
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converges to the K-process with parameters (Z;, u ;) in the Skorohod’s J; topol-
ogy. By Skorohod’s representation theorem, there exists a probability space in
which this convergence take place almost surely. It remains to apply Corollary 5.6.

0

In view of Remark 6.7, we may replace condition (A.0) by assumptions (6.6)
and (6.25).

THEOREM 8.2. Let Gy = (Vn, EN) be a sequence of finite vertex-weighted
graphs fulfilling assumptions (A.1)—(A.3) for some sequences My, €y, Ly. As-
sume that there exists a sequence of subsets By = {va .. .,x?}’v LI < My,
In 1 oo, satisfying (6.6), (6.25). Suppose, furthermore, that condition (8.6) is in
force and that ¥y (X(I)V) converges weakly to k € N. Then, for every T > 0, the
Markov chain {Wy (XY ):0 <t < T} converges to the K -process with parame-

BNt
ters (Zj,uj) starting from k, in the topology introduced in Section 5.

PROOF. By Remark 6.7, there exists a coupling between the random walk
X gNt and a Markov process Y, é\fv ;on{l,..., My} whose dr-distance converges
to 0 in probability. By Theorem 7.3, under conditions (8.6), the Markov process
Y é\]fv , converges to the K-process with parameters (Z;, u;) in the Skorohod’s J;
topology. By Skorohod representation theorem, there exists a probability space in
which this convergence take place almost surely. It remains to apply Corollary 5.6.

g

9. Pseudo-transitive graphs. We prove in this section Theorem 2.1, inspired
by Theorem 8.2, and we apply this result to some pseudo-transitive graphs. The
assumptions (A.1)-(A.3), (6.6), (6.25), (8.6) simplify in this context because the
degree and the escape probability from the deep traps do not depend on the specific
vertex.

PROOF OF THEOREM 2.1. Fix an increasing sequence £y and a sequence of
pseudo-transitive graphs Gy with respect to the sequence £ . We first derive some
consequences of assumptions (B.0)—-(B.2) and (2.7).

It follows from these hypotheses that there exists an increasing sequence My 4
oo such that

B, 2¢
lim M]%,E[il (’: N”]:o,
N—o00 Vw
N]i_)moo MNP[(x, B(x,€n)) # (v, By, £n))] =0,
lim MYE[ sup P[Fl < Lytmixl|=0,  lim M3275v =o0.

N=eo YEB(.LN) N=eo
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Let 21{,, 1 < j <3 be the events

sv= ) (B&Y . en)nB() . tv) =2},
l<i#j<Mn
My

3= NN BEY, o) = (&, B, en)),
j=1

Sy ={My max  sup Py < Lytmi] < My'}.
SIEMN yepa ey

In the places where the vertices of the graph appear, as in the definition of the
set X le’ the sequence My obtained above has to be replaced by min{My, Vy},
where V stands for the number of vertices of the random graph G y. It is easy to
see that all three events have probability asymptotically equal to one. We prove this
assertion for X 11\/ and leave to the reader the proof for the other two. By definition,
]P’[(E}V)C] is bounded above by

Y PB(Y.en)NB(x) . ty) # 0] < MYP[B(x . ty)NB(x) . Ly) # 2]
I<i#j<My
because va ey x{,\’ is uniformly distributed. By this same reason, conditioning

on x{v , we obtain that the right-hand side is equal to

1B, 2¢w)| — 1]
Vy—1 '
which vanishes as N 1 oo in view of the definition of the sequence M.

Let Ay = {va, ...,xAA,;N}. By hypothesis (B.0), vy (A%) converges to 0 in IP-
probability. In particular, there exists a deterministic sequence Iy 1 0o, Iy < My,
such that Iyvy(A%) converges to 0 in P-probability. Let By = {x{v . .,x;\[{, }.
Since Iy 1 oo, by hypothesis (B.0), vy (BY) converges to 0 in IP-probability.
Therefore, there exists a sequence ¢y | 0 for which

MIZ\,E[

lim P[UN (BICV) + INUN(AR,) > SN] =0.
N—o00

Let X% = {vn (BS) + Invn (AS) < en).

We turn now into the proof of the theorem which relies on Theorem 8.2. Recall
the definition of the random weights fJN , 1 < j <Vy, introduced at the beginning
of Section 8. Since {ij :1 < j < Vy} has the same distribution as {WJN 1<j<
N}, we may replace the latter random weights by the former and assume that the
random walk X ,N evolves among random traps with depth © JN instead of Wg .

To show that the pair (thN Ay (X{)’BN)) converges weakly to (w, K;), it is
enough to show that any subsequence {N; : j > 1} possesses a sub-subsequence n
such that (¢y ", Wn(X ;‘ﬁn)) converges to (w, K;). Fix, therefore, a subsequence N;.
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By (8.3), the ordered sequence (cn; rlN T, CN; T\I}/ ) converges almost surely
in LY(N) to w = (w;, wa, ...). This proves the weak convergence of the first co-
ordinate. Let Xn; = (<=4 E;‘\,j. There exists a sub-subsequence, denoted by n,
for which

P[U ﬂzn}:l.

np>1n=ng

We affirm that all assumptions of Theorem 8.2 hold on the set Uy >1 [nzn, Zn-
Indeed, recall that 8 L=, v?n (x1). Condition (A.1) follows from the definition of
the set E}l. On the set Eﬁ, the escape probabilities vy, (x;‘) and the degrees deg(x}?)
are all the same for 1 < j < M,,. In particular, by definition of the sequence fy,
condition (A.2) becomes
=1 Cn(T}l)z . 1
— g . <% hmsupﬁ<oo
e XN e i1 6T

for all sequences J,, such that J,, < M,,, J, 1 co. Since the sequence tj‘.‘ is decreas-
ing in j, the first ratio is bounded by c,7}', and these bounds are a consequence
of (8.3). Condition (A.3) follows from the definition of the sequence My and from
the definition of the set ES. Conditions (6.6), (6.25) follow from the definition of
the set Zﬁ. Finally, on the set E%, Vg (x}‘) deg(x}?), 1 < j < M,, is constant and
the hypotheses (8.6) with y, = [ve(x]) deg(xi‘)]_1 and (Z;,u;) = (wj, 1) follow
from (8.3). This proves the affirmation.

We may now apply Theorem 8.2 to conclude that the Markov chain ‘I’n(XBnt)
converges to the K-process with parameters (w;, 1) starting from k, in the topol-
ogy introduced in Section 5. This concludes the proof of Theorem 2.1. [

We conclude this section with some examples of graphs satisfying the assump-
tions of Theorem 2.1.

9.1. Hypercube. We prove in this subsection the convergence of the trap
model on the n-dimensional hypercube toward the K-process associated to con-
stant entrance measure. This result has been established in [19] under the stronger
Skorohod’s J; topology with a different approach. Here, we give a proof as an
application of Theorem 2.1.

Let N =2",n>1, and let Gy be the n-dimensional hypercube {0, 1} with
edges connecting any two points that differ by only one coordinate. By esti-
mate (6.15) in [26], tY. < n®.

PROPOSITION 9.1. The assumptions of Theorem 2.1 are in force for the hy-
percube Gy with £y =log,(N)/10=n/10.



UNIVERSALITY OF TRAP MODELS IN THE ERGODIC TIME SCALE 2537

PROOF. Since the graph is transitive, condition (2.7) is satisfied and (B.0) fol-
lows from (8.3). To estimate the ratio in (B.1) note that |B(0,2¢y)|/Vy is equal
to the probability that the sum of n Bernoulli(1/2) independent random variables
is less than or equal to 2¢ = n/5. By the law of large numbers, this probability
vanishes as n 1 oco.

To show that (B.2) is in force, we could compare the distance d(0, X;) with
an Ehrenfest’s urn; see [26], Section 2.3, and proceed with a calculation based on
a birth and death chain. For simplicity, we give instead a reference implying the
result. By Lemmas 3.6(i) and 3.2(i) of [11], with m(N) = N? and a = 1, there
exists a finite constant Cq independent of n such that

-
sup Py[Hp < nz] < C0<n2/N + ( " ) n'/? log(n)>
VEB(O.Ly) n/10

< Co(n*/N + (10)~"/1%2 2 log(n)),

which vanishes as n 1 oo, proving (B.2). U

To complete the description of the asymptotic behavior of the trap model on
the hypercube, it remains to determine the time scale 8. By a computation based
on a birth-and-death chain, the escape probability converges to 1 as N 1 oo and,
therefore, limy Bycy = 1.

9.2. Discrete torus for d > 2. In this subsection, the graph Gy stands for the
d-dimensional discrete torus Tj{, =(Z/N Z)d, d > 2, endowed with nearest neigh-
bors edges. By [26], Theorem 5.5,

9.1) N < CoN?

mix
for some Cog = Co(d). This constant may change from line to line, but will only
depend on d.
We proved in [24] that in this context the trap model converges to the K -process.
The next proposition shows that this result follows from Theorem 2.1.

PROPOSITION 9.2. The assumptions of Theorem 2.1 are in force for the d-
dimensional torus Gy with

1/2
N N d>3, 10g2 .
= — T d=2, bv= log!/4 N
log!/* N ’

U X
D W

PROOF. Since the graph is transitive, condition (2.7) is satisfied and (B.0) fol-
lows from (8.3). On the other hand, assumption (B.1) is clearly in force by def-
inition of £y. It remains to check hypothesis (B.2). Recall the definition of the
sequence Ly. The case d > 3 follows directly from Lemma 3.1 of [33], and we
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focus on the case d = 2. Fix x € Tj{, and z ¢ B(x, £y). If I1 stands for the canon-
ical projection from Z? to ’]I‘,ZV and P, for the probability corresponding to the
symmetric nearest neighbor discrete time random walk on Z2,

PZ [Hx < LNIIII\IIIX] = ':PZ [anl(x) < LNtI]I\IIlX]

We may bound the previous probability by

9.2) P [Hp .y 1ogh* wye < Lyt ]+ > P [Hy < Lyth, ],

1

where the sum is performed over all sites x; in the preimage of x which belong to
the ball B(z, N log!/* N).

The first term can be bounded using the estimate (9.1) for the mixing time and
an exponential Doob inequality since each component of the random walk is a mar-
tingale. This argument shows that the first term is bounded by 4 exp{—a log!/* N}
for some a > 0. Since there are no more than Cp+/log N terms in the sum, the
second expression in the previous decomposition is bounded above

Co,/log NfPo[Hx < LNtrlr\llix]’
where x is a site at distance £y from the origin. Decomposing this probability
according to whether the random walk reached the boundary of the ball with ra-
dius N log!/* N before time CoN?log'/* N or not, and recalling the argument em-
ployed to bound the first term in (9.2), we conclude that the previous expression is
bounded by

_ 1/4
CO\/ log Ne alog TN + Co 1Og NPo[H, < HB(O,N10g1/4 N)c]

for some finite constant Cp and some positive a. By [25], Proposition 1.6.7, and
the reversibility of the random walk, the second term is less than or equal to

log ¢y Co _1/4
Coy/lo N(l— + >§C10 /N,
oy o8 log(Nlog'/*N) = log?> N 0708

which proves condition (B.2). [

To complete the description of the asymptotic behavior of the trap model on the
discrete torus ']I‘fv, it remains to determine the time scale By . Let vy, d > 3, be the
escape probability of a simple random walk on Z¢, and let

el (@/m)log(N),  d=2,

C.g UV, , d > 3.
%14 -

In view of the definition of 8y and of [25], Theorem 1.6.6, limy_ oo ,BN/,BEV =1.
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9.3. Random d-regular graphs. In this subsection, we consider a sequence of
graphs Gy with N vertices satisfying the following three assumptions:

(G1) Gy is d-regular for some d > 3;

(G2) There is a constant o > 0 such that for any vertex x of Vy, the ball
B(x, alog N) contains at most one cycle;

(G3) The spectral gap Ay of the continuous time random walk on Gy is
bounded below by some positive constant: Ay >y > 0 forall N > 1.

It follows from [12], Remark 1.4, that these three hypotheses hold, with prob-
ability approaching 1 as N 1 oo, for a sequence of random d-regular graphs on
N vertices. They are also satisfied by the so-called Lubotzky—Phillips—Sarnak
graphs [28].

By [32] page 328, under conditions (G1) and (G3), the mixing time tnl‘{ix is
bounded above by Cylog N for some finite constant Cy.

PROPOSITION 9.3.  Let {Gn : N > 1} be a sequence of random graphs defined
on some probability space (2, F,P) satisfying the assumptions (G1)—(G3) with
a P-probability converging to 1 as N 1 oo. Then the conditions of Theorem 2.1
are fulfilled with Ly =log N and £y = a'log N for some o’ < min{e, [21log(d —
D1~YY, where « is the constant appearing in condition (G2).

PROOF. Condition (B.0) follows from assumption (G1) and (8.3). The rest of
the proof is based on estimates obtained in [12].

By [12], Lemma 6.1, with A = £, the probability that a ball B(x, ) is not a
tree is bounded by (d — 1)_("‘_"‘/)l°gN . Let X be the event

(9.3) Ty = {B(x{v, ¢y) and B(xév, ) are disjoint trees}.

We claim that P[X ] converges to 1 as N 1 co. Indeed, if iN stands for the
event that B(va AN, B(xév , £n) are trees, in view of the estimate of the previous
paragraph, IP’[ii;;,] is bounded by 2(d — 1)~ @=@)102N \which vanishes as N 1 co.
On the other hand, since |B(x1,r)| <4(d — 1)" for any ball in a d-regular graph

and since va , xév are uniformly distributed,

_ 261\/
BB, ) N Blxa, £y) £ 0] <4 94— D"

As o' < [2log(d — 1)]7!, this expression vanishes as N 1 oo. This proves the
claim and assumption (2.7), which clearly follows from the claim. Condition (B.1)
is also in force because |B(x1, 2¢x)| < 4(d — 1)%¢V.

It remains to examine the escape probability appearing in condition (B.2). It
follows from the bound for the mixing time presented just before the statement of
the proposition and from our choice of the sequence Ly that

P.[H, < LytN.] <P.[H, < Co(log N)*].

mix
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By [12], Lemma 3.3, with r =0 and s = o’log N, the previous expression for
z ¢ B(x, £y), is bounded by Co N ~¢ for some finite constant Cy and some positive
a > 0. This concludes the proof of the proposition. [l

We conclude this section computing the scaling factor 8y in the context of

graphs satisfying assumptions (G1)—(G3). On the event (9.3), which has asymp-
totic probability equal to one, B(x1, £y) is a d-regular tree so that

d—2 1
wN(xi)Zd—](l—(d—l)—fN)

In particular, limy_. o Byey = (d — 1)/(d — 2).

10. Graphs with asymptotically random conductances. We prove in this
section Theorem 2.2. The proof follows the one of Theorem 2.1. However, the
absence of regularity of the graph requires some extra effort in establishing (A.2).

Recall the coupling Qp defined in (B.3) between the random graph G y and the
sequence of i.i.d. random vectors {(D;, E;): j > 1}. We extend this coupling Qy
to a coupling Q between all random graphs Gy and the sequence of i.i.d. random
vectors {(Dj, E;): j > 1} using Qy as the conditional probability:

Q[GN =G|{(Dj, Ej)lj > 1}] =QN[GN =G|{(Dj,Ej)2j > 1}],

with the further condition that the graphs Gy, N > 1, are conditionally indepen-
dent, given {(Dj, E;):j > 1}. Include in the probability space just defined the
random measure ¢ introduced in (8.1) which is associated to the marks of a Pois-
son point process independent from the variables (D;, E;) and from the random
graphs G y. The probability measure on this new space is still denoted by Q.
Recall the definition of the random weights ij , 1 < j <Vy, introduced in
Section 2. Since {fN :1 < j < Vy} has the same distribution as {WJN 1<j<
|Vn|}, we may replace the latter random weights by the former and assume that
the random walk X tN evolves among random traps with depth ]N instead of Wg .
Since w; is a.s. summable, since by (B.3) D;/E; has finite Q-expectation and
since the sequences {w;} and {(D;, E;)} are independent,
D; . .
(10.1) Z w; =L is Q-almost surely finite.
=i E

By the strong law of large numbers, almost surely

1 n
10.2 — D:/E; <C
(10.2) n; JEj=Ci

for all large enough n, where C{ =2FEq[D1/E1].
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By hypotheses (B.1)-(B.3), there exists an increasing sequence My 1 oo such
that
lim M3 Eq

N—o0

B, 2¢n)|T
[M =0, lim MI?{IZ*LN =0,
VN N—oo

lim Q| max {[vg(;j)]_l - E]_1| > Mﬁz_ =0,

N=c0 szsMN
My T

ngnooQ[U{degm)#D,-} =0,
j=1 i

lim My Eo| sup Py[H < Lytmix]] =0.
N=e0 VEB(.ty) -
As before, in the places where the vertices of the graph appear, as in the def-
inition of the set Z}\,, the sequence My obtained above has to be replaced
by min{My, Vy}, where Vy stands for the number of vertices of the random
graph Gy.
Let ©%,, 1 < j <4 be the events

v= [\ (B&'.ty)nB(}Y. ty) =2,
1<ij<My
2 _ Ny1—1 _ -1 -2
=, max (o)) - 51 = M7},
My
213\1 = ﬂ {deg(xjv) = Dj},
j=1

sh={M3 omax sup Pyl < Livimix] < my'}.
=I=HN yg Bl ew)

Similarly to what was done in the proof of Theorem 2.1, we can show that these
events have probability asymptotically equal to one.

By (8.3), we may replace the sequence My by a possibly random increasing
sequence My < min{My, Vy}, M) 1 oo Q-as., still denoted by My, for which
all the previous estimates hold and such that for all N > 1,

(10.3) Y leve) —w;| < My

izl
By hypothesis (B.0), even though the sequence My is random, the expectation
Efvy({x), ..., xAA,;N}C)] vanishes as N 1 co. Let Ay = {x{", .. .,xAA,;N}. As in the
proof of Theorem 2.1, presented in the previous sections, using again hypoth-

esis (B.0) we construct a set By = {x{v,...,x}\fv}, |By| = Iy, and a sequence
en | 0 for which

lim Q[UN(BIC\,) + INVN(ARI) > SN] =0.

N—o0
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Let 3 = {vn (Bf) + Invn (A%) <én}.

To show that the pair (cytV \IIN(X )) converges weakly to (w, K;), it is
enough to show that any subsequence {N j:J =1} possesses a sub-subsequence n
such that (¢, ", n(X )) converges to (W K;). Fix, therefore, a subsequence N;.

By (8.3), the ordered sequence (en; 71 soeos CN; ‘EVJ ) converges almost surely in

LY(N) tow = (w;, wa, . ) This proves the weak convergence of the first coordi-
nate. Let Ty, = ﬂ1<k<5 Z . There exists a sub-subsequence, denoted by n, for

which

Q[U ﬂzn}:l.

ng>1n=ng

We affirm that all assumptions of Theorem 8.2 hold on the event
Ung>1azn, Zn intersected with the ones in (10.1), (10.2) and (10.3). Indeed,
condition (A.1) follows from the definition of the set X!. Similarly to the proof of
Theorem 2.1, condition (A.3) follows from the definitions of the sequence M,, and
the set Eﬁ. Conditions (6.6), (6.25) follow from the definition of the set 22.

We turn to condition (A.2). Recall that 8, = ¢ I Fix a sequence J, 1 oo such
that J, < M, and let B, = {x], ..., xﬁn}. Since we replaced the weights W;;.‘ by

r]‘?, the first expectation appearing in this hypothesis can be rewritten as

lejgjn [Cnf}l]z(deg(x?)/vﬁ (X?)) .

(10.4)
Zlfjf]n CnT; deg(x?)

By definition of the set Eg we may replace deg(x}‘) by D;. Since tj‘.’ is decreasing,
by definition of the set 212\, the numerator is bounded by

n Jn

In i c T
n n 1 n
CnTy E CnT; E CnT; D;.
j=1 n j=1

The second term divided by the denominator in (10.4) is less than or equal to
CnT1 2 which goes to 0 as n — oo in view of (10.3). Also, by (10.3), the first
term is bounded by

D .

1
J
cntl E w +C‘L’ max —-.
“‘J]’E " My 1= E;

Since the denominator in (10.4) is bounded below by cy7{'D1 > cntf, the first
condition in (A.2) follows from (10.1), (10.2).
The second condition of assumption (A.2) can be written as

1 Yi<j<u, ve(x})deg(x})
Jn Zlgjf]ncnf}?deg(x;)
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By definition of the set 23 we may replace deg(x}‘) by D;. The sum in the denom-
inator is bounded below by c,7{'D| > c,7', which is uniformly bounded. Since
the escape probability is bounded by one and since by (B.3) E; is bounded by one,
the numerator is less than or equal to 3, < ;; (D;/E ), whose average by (10.2)
is bounded.

It remains to establish (8.6) with yy =1, Z; = w;/Ej and u; = E;D;. The
convergence of the first term follows from (10.3), the definition of X2 and X3 and
the fact that the variables E; are bounded by one. The second part of (8.6) amounts
to estimate

M M M

n n n 1
Y centideg(xt) =) catiDj < Y wi(D/Ej) + 2 max (D;/Ej),
j=m j=m j=m oS

where the identity follows from the definition of 23 and the inequality from (10.3)
and the boundedness of E;. The first term on the right-hand side vanishes in view
of (10.1) and the second one by (10.2). This concludes the proof of the theorem.

11. Supercritical Erdés—-Rényi random graphs. We show in this section
that supercritical Erd6s—Rény random graphs satisfy the assumptions of The-
orem 2.2. Let ¥y be the set of vertices ¥y = {1,...,N}. For A > 1 fixed,
let {&cy:x,y € ¥y} be iid. Bernoulli(A/N) random variables constructed in
a probability space (€2, A,P). The Erd6s—Rényi random graph is defined as
9N = (Vn, EN), where &y is the random set of edges given by {{x, y}; &, , =1}.
Throughout this section, c¢;, C;, j > 0, represent positive constants depending on
A and sometimes on further parameters, the first ones being tipically small and the
last ones large. The next result can be found in [16], Theorem 2.3.2.

THEOREM 11.1. There is a constant co such that with P-probability converg-
ing to one as N tends to infinity, there is a unique component Cpax in (Vy, EN)
with |Cmax| > colog N. Moreover, there exists 0 < v < 1 such that

e
lim P[ [Crma| —m‘ >s]:0
N—o0 N

forall e > 0.

We will be interested in analyzing the trap model in Cpax, providing another
interesting example for which our theory can be applied. For the sake of simplicity,
we shall assume that the common distribution of the traps { WJN :j > 1} is a-stable.
More precisely, recall the definition of the variables fiN , 1 <i <V, introduced
in (8.2) with V=N and F(¢r) =t. We assume in this section that WiN = fiN ,
1<i<N.

Let Vy = Cpax be the random set of vertices and let Ey = {{x,y} C
Cmax : {x, y} € &n} be the random set of edges of the random graph G . In contrast



2544 M. JARA, C. LANDIM AND A. TEIXEIRA

with the previous examples presented in Section 9, the number of vertices of the
random graph Gy is also random. The weights are distributed as follows. Given
Vn, reenumerate the weights WN 1 < j <|Vnl|, in decreasing order and denote

by WN the new sequence, so that WJN >whN i1 1<j<|Vnl, W (J) = WN for
some permutatlon o of Vy. Randomly enumerate the vertices of Vy, obtammg a
vector (x{v e xR’,Nl), and set W;Y = WJN . Given this random vertex-weighted
J

graph, we examine the continuous-time random walk X ,N on Gy with generator
given by (1.2).

Note that to define the random weights WN =V ;owe divided the interval [0, 1]
in N subintervals instead of dividing it in |VN| intervals. In particular, in contrast
with the examples of Section 9, N1/« W;V does not converge to a Fréchet distri-

“1/a !

bution, but so does v, "~ N —l/e W;\f\,, where v, is given by Theorem 11.1.

1
In the rest of this section, we prove that the assumptions of Theorem 2.2 are
fulfilled. By Theorem 11.1, the number of vertices converges in probability to
+00. To establish (B.0), fix a sequence Jy 1 oo and denote by #/V, ..., WJ\I,V the

sequence whN .., Wf\)' enumerated in decreasing order. Note that “//jN > WJN s
1 <j <|Vy|.By(8.3) and (2.8), for every ¢ > 0,

lim P[Z|N Vel — w,-|ze]:o.

N—o0

Since }_ ;- ;, w; vanishes almost surely as N 1 oo, if E?, stands for the event
Ejmn NV <1,

lim P[2%]=1.

N—oo
Denote by Z}\, the event {|Vy — v, N| < &N} for some 0 < ¢ < min{v,, 1 — v, }.
By Theorem 11.1, }P’[E}\,] — 1. In conclusion, to prove (B.0) we need to show that
lim E[vy ({x1, ..., Xmin(y, vy ) H{EN NSy} =0.
N—o00
By definition of vy, and since all vertices in Vy have degree at least equal to one,

v,
ZIj:NJlNH W;\; deg(x;)

N
Wi

VN({Xl, e, Xmin{JN,IVNI}}C) =

SinceVﬂNzWN, 1<j<|Vyl,

VNI VNI
Yo Widegep < Yo W deg(x)) < Z #V deg(x;),
j=Jn+1 j=Jn+1 Jj=JIn+1
if X|vy|+1, ..., xy represents a random enumeration of the vertices of ¥ which
do not belong to the largest component. On the set >l W)ﬁ\{ > max|<k<e, N ngv s
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where ¢, = v, — ¢. This latter variable as well as the variables # N depend only
on the Poisson point process defined at the beginning of Section 8. Hence, if we
denote by 2 the o -algebra generated by this process and let 22,’] = ER, nx }V we
obtain that

.
E[Zf A eg(x’)l{z?v"}]

E[ZLNH 7" destxy) 1{20*1}]

= N

max <k<e, N W;'

1{=9) N }

E W NE[deg(x)1{Z ) }120] |.
- [mN TR R

We first estimate the conditional expectation and then the remaining expression.
Since the law of the graph ¢y is independent of the o-algebra 2, the previous
conditional expectation is equal to E[deg(x j)l{E}V}]. By construction if j < |Vy],
deg(x;) has the same distribution as deg(xy) for 1 <k < |Vy/|, with a similar fact
if j > |Vy|. Therefore, for a fixed j, the previous expectation is bounded by

> B[t =t ¥ e+ L E[1{vn =l X dean]
{<j—1 y¢V >j yeVy

where the sum is carried over all £ such that | — v, N| < eN. Estimating the
denominators by the worst case, we get that the sum is less than or equal to

1 N
E{N yZZldeg@)}-

1
min{v), —¢&,1 — & — v}

This expectation is equal to A.

It remains to estimate the expectation involving the weights. On the set E?\,,
2 Iy+1<j<N "//jN < N On the other hand, using the notation introduced
in (8.1), maxj<g<¢, N N—1/e W,fv > w()), where w(A) = max; w;, and where the
maximum is carried over all indices i such that z; < ¢,. Hence,

129 ; [ 1 ]
E 7/
|:max1<k<cAN Wk i Z i| w(A)

=Jy+1

Since w’ = w(k)/ck/a has a Fréchet distribution, P(w’ < 1) = exp{—1/r*}, this
expectation is finite, which proves condition (B.0).

The results of this section should still hold if we require the variables W to
belong to the domain of attraction of an «-stable law and to satisfy the bound

limsupIE[<cN sup W-N)il] < 400,

l
N—o00 1<i<N
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where ¢y has been introduced in (2.8).

To understand the asymptotic law of the escape probabilities, we need to in-
troduce a related branching process. Let T be the random tree obtained by the
Galton—Watson process with offspring distribution Poisson(1) and denote its law
by P. Since A is assumed to be greater than one, the event that T is infinite has
positive P-probability, [16], Theorem 2.1.4. We denote by & the root of 7.

We first show that the neighborhood of a random point in the Erd6s—Rényi graph
looks like the neighborhood of & in 7. This is made precise as follows. We write
(x, G) for a graph with a marked vertex x. We say that (x, G) is isometric to
(x’, G") if there exists an isometry between G and G’, sending x to x’. As an abuse
of notation, we consider A C ¥ both as a set of vertices and as the corresponding
induced subgraph of ¥y .

PROPOSITION 11.2. Let 0 <y < (3log X)L, There exist constants C; and
No = No(A, v) such that given a random point z € ¥y, we can find a coupling Q n
between the random graph 9y under P and the Galton—Watson tree T under P
such that for all N > N,

OnN|[(z, B(z, y log N)) is isometric to (&, B(&, ylogN))] > 1 — C N3vlogr=1,

PROOF. We follow an argument similar to the one in [16], Section 2.2. As-
sume, without loss of generality, that z = 1 and define an exploration of the clus-
ter C; containing 1 in the following way. Let So = {2,3,..., N}, Ip = {1} and
Ry = . These sets represent respectively the “susceptible,” the “infected” and the
“removed” sites. Define a discrete time evolution by

Riy1 =R/ U,
L1 ={y € Si; &,y =1forsome x € I},
St41 =58\ I+1.

Note that the cluster C; is given by ;2 I; and that B(1,r) =U;_, I;.

In order to couple the above exploration process with a Galton—Watson branch-
ing process, we introduce a new set of independent Bernoulli(A/N) random vari-
ables ¢g \,t>1,x>1,1<y<N.LetZp=1and

N+Z—|I;| N
(11.1) Ziji=) Ey+ D L+ Y Db
xel; xel; x=N+1 y=l1

YES; YEIN\S:

The first term in the above sum can be written as |l;41| + C;41, where Cy1| rep-
resents the number of “collisions” occurring in the exploration process, that is,
individuals in /;1 connected to more than one individual in /;. The second term
stands for the “immigrants” introduced to compensate the fact that |S;| < N, and
the third term for children of individuals that are not in /;.
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It is easy to check that the process {Z;:t > 0} is a branching process with
offspring distribution Binomial(N, A/N). Let T’ be the random tree associated
with Z;. More precisely, if x is the ith individual in the ¢th generation of J7, the
number of offsprings of x will be given by

Dbyt > Ly ifisInl,

YES; YEIN\S;
N
t .
Z Cxy otherwise.
y=I1

It is immediate to check that Z; is the size of the rth generation of 77 and that
Z: > |1

On the event Z; = |[;|, 1 <s <t, there were no collisions and no immigrants.
Therefore, in this event the subgraph (1, B(1, t)) of ¥y is isometric to the subgraph
(@, B(2,1)) of 7. Hence, by [16], Theorem 2.2.2, with # = y log N, there exist a
constant C; < oo and a coupling Q’ between ¥y and T’ such that with probability
at least 1 — CyN2v1g2=1 (1 B(1,1)) is isometric to (&, B(2, 1)).

Claim A: Let 0 < y < (3log)~!. There exist ny and a coupling Q" between
the tree J” with Binomial(N, ./ N) offsprings and the tree T with Poisson(A) off-
springs, such that, with probability at least 1| — C{N 3ylogi—1 (o B(w, y log N))
(in 77) is isometric to (&, B(Z, y log N)) (in T) for N > ny.

It is well known that a Poisson(A) random variable Y can be coupled with a
Binomial(N, A/N) random variable Y’, in a way that

(11.2) P[Yy=Y']>1-22>N"",

see, for instance, [15], Chapter 2.6, or [27], Theorem 1, for a bound on the total
variation distance and [26], Chapter 4, for a connection between total variation dis-
tance and coupling. On the other hand, by [1], Theorem 4, there exist § =6 (A) > 0
and C3 such that for and any ¢, A > 0,

P2,z AN] = O[HE1) 5 9] < PAE[H AN < Cre0A,

This bound permits to estimate the volume of the subgraph B(&, y log N) of 7.
Fix y € (0, 1). Since |B(&, ylogN)| = ZOgtgylogN Z;, we have that

THB(@, )/logN)| > N3V10gk]

ylogN ylog N
< Z :P[Zt > N2}/10g}»] < Z :P[Zt > Nylogkkt]
t=0 t=0

for all N greater than some constant No = No(X, ). Therefore, applying the pre-
vious estimate, we conclude that for every 0 < y < 1, there exist C3 < oo and
No(A, ) < oo such that

(11.3) P[|B(2, y log N)| > N371°¢%] < C3exp{—O N7 1°¢*}
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for all N > Ny.
Claim A follows from (11.2) and (11.3), which concludes the proof of Proposi-
tion 11.2. O

In the proof of the previous lemma, we also obtained a bound on the size of a
ball B(z, y log N) around a typical point z.

COROLLARY 11.3. Forany 0 <y < (3log)~!, there exist a finite constant

C, and an integer Ny, depending only on ) and y, such that for any random point
zef{l,..., N},

P[|B(z, y log N)| > N3 10e*] < ¢, N37logh=1
forall N > Ny.

As required in (B.3), we extend the local isometry obtained in Proposition 11.2
to various balls in the random graph ¥y .

COROLLARY 11.4. Fix positive numbers b and y such that 0 < 2b +
6y logh < 1. There exist constants Cg, No, depending only on A and y, and a
coupling Q' = Q' between the random graph 9y and N b independent Galton—
Watson trees T;, 1 <i < NP, such that for all N > Ny,

Ql[ﬂc] < CON2b+6}/ logk—l
where 2B is the event “The balls (z;, B(zi, ylog N)), 1 <i < N?, are disjoint and

isometric to (&;, B(&;, ylogN)),” and z1, ..., zy» are sites randomly chosen in
{1,...,N}.
PROOF. Choose randomly N? sites on {1,..., N}, denoted by z1,...,Zyb.

By Proposition 11.2, for N large, there is a coupling Q' between independent
Erds—Rényi random graphs ¢, 1 <i < N”, and independent Galton—Watson
trees J; in a way that with probability at least 1 — C;N?N3719¢2=1 each ball
(zi, B(zi,ylogN)) in %}v is isomorphic to (&;, B(;, y logN)) in TJ;.

We construct an Erd6s—Rényi-distributed graph ¢y which is partially deter-
mined by the above %,’;,’s. We first explore the ball B(z1, y log N) in %,3, Every
edge {x, y} revealed during this exploration is open in ¥y if and only if it is open
in %{, Then we proceed by exploring B(z2, ¥ log N) in ¥y observing only that
we do not reassign values to edges in ¢y that were already established in the pre-
vious step. After proceeding with this exploration fori =1, ..., N”, we assign the
remaining edges of ¥y independently.

It is clear from the above exploration procedure that the graph ¢y is distributed
as an Erd6s—Rényi random graph. Moreover, on the event .7 defined as “the balls
B(zi,ylogN),i=1,..., Nb, are pairwise disjoint in {1, ..., N},” we have that
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(zi, B(zi, ylog N)) in ¥y is isomorphic to the corresponding pair in %’V Con-
sequently, they will be isomorphic to (;, B(J;, ylog N)) in T;. Therefore, to
conclude the proof of the corollary, it remains to estimate Q'[.27“].

Since all the vertices are indistinguishable, Q'[.<7¢] is bounded by

N*’Q'[B(z1, 7 log N) N B(za, y log N) # @] = N**Q'[21 € B(z2, 2y log N)].
Since z; is independent of zj, this latter probability is bounded by

1
Q'[|B(z2,2y log N)| > Néylogk] + NN6ylog)L'

By Corollary 11.3, for N large, the first term is bounded above by C,N6710gA=1
for some finite constant C,. Hence,

Q/[szc] < C2N2b+6y logi—1

which proves the corollary. [

It is a well-known fact that
(11.4) conditioned on being infinite, T is P-a.s. transient;

see Theorem 3.5 and Corollary 5.10 in [30]. We denote by vy the probability that
a simple random walk starting at & never returns to this site, the so called escape
probability. As we will show, the distribution of vz under P is close to that of the
probability that a random walk on the giant component Cp,ax of the random graph
@y escapes from a certain neighborhood of a random vertex.

Since the isometry obtained in Corollary 11.4 is local, we need a tool to show
that looking at a neighborhood of @ € J we can obtain precise estimates on the
escape probability vg. The next result plays a central role in this respect. Denote
by A;, [ > 0, the points of the /th generation of a tree: A; = B(&,[) \ B(J,[—1).

For a fixed tree 7, we denote by P, = P;, y € T the probability induced by the
discrete-time simple random walk on T starting from y.

PROPOSITION 11.5. There exist constants c1, c2, depending only on A, such
that, for every l > 1,

fP[ sup Py[Hy < 00] > exp{—cll}] < exp{—cal).
YEA

PROOF. Throughout the proof of this lemma, given a rooted tree J and a ver-
tex y € 7, we denote by T, the subtree formed by the root y together with the
descendants of y in 7.

The idea is to show that in the path between y and & there are many tunnels
from which the random walk can escape to infinity. In order to properly define
these tunnels, we need to introduce some extra notation. For an arbitrary tree J
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rooted at &, we define the tree T2 obtained by adding a vertex @’ which is
connected to @ by an edge. This extra element should be regarded as the ancestor
of &. In the proof, we use the notation Pg to specify on which tree the random
walk is defined.

For a given § > 0, we say that a tree T with root & satisfies the property Q° if

PL" [Hy = o00] = 6.

In other words, the property Q° is saying that a random walk on T%i! has probability
at least § of never hitting the ancestor @’ of the root &.

It is clear from (11.4) that for every ¢ > 0, there exists a § = d(¢, A) > 0 such
that

(11.5) P[T does not satisfy Q%] < g + ¢,

where ¢ is the extinction probability: ¢ = P[T is finite].

If y is in the /th generation of 7T, we write & = yg, y1, ..., y; = y to denote the
unique simple path connecting & to y. Moreover, we denote by I"(y) the number
of elements y, 0 < k < [, having at least one descendant y; 7 yi1 such that ‘Iyi

satisfies Q7.
We can now use (11.5) together with [23], Lemma 1, to conclude that there exist
constants c¢3 and ¢4 such that

P[Fy € A; such that T'(y) < ¢31] < exp{—cal}.

To conclude the proof of the lemma, it remains to show that there exists ¢; > 0 for
which the event “Jy € A; such that P, [ Hy < o0] > exp{—c/}” is contained in the
event “dy € A; such that I'(y) < ¢31.”

Assume that all points z in generation / of T are such that I'(z) > ¢3/ and fix a
point y € A;. Recall the definition of yy, ..., y; given above and consider a subse-

quence kj, 1 < j < ¢3l, for which yj; has a descendant y,/(j # Yk;+1 such that ‘Iy}(,
J

satisfies Q°. These points are the entrance to the tunnels (‘TYJQ that we have referred
J
to in the beginning of the proof.

Let T_ be the subtree of T with all the descendants of y : removed, 1 < j <c3l,
with the exception of yk;+1 and y,/cj. An argument based on flows or capacities

shows that PJ[Hy < 0o] < Py~ [Hy < 0o] < Py, [Hp < 00] where m = c3l. By
the strong Markov property,

P;fkfm [Hy < 00] < ng;n [Hy,

< oo]ng*Wl [Hy < o0].

Since ’J'y;c_ satisfies Q% and since we removed all descendants of Yk; with the excep-
J

. T T
tion of y,/(j and yg, 41, Py, [Hy, — =o00]> (1/3)Py£m [Hy,, = oo]>§/3. Hence,
the previous expression is bounded by

[1- (5/3)]1’3?,”4 [Hy < .
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Iterating this argument m — 1 times, we finally get that Pg[Hg < oo] is bounded
by [1 — (8/3)]°!~!, which concludes the proof of the lemma. [J

Proposition 11.5 permits to approximate the inverse of the escape probability vy

by a local quantity. Fix a infinite tree 7 and m > 1. Let v(@m) be the probability to

escape from B(&, m), vg") = P@[HQJJr > Hp(z,m)c]. Recall from [26], Chapter 9,
the notion of flow and energy of a flow. Since |T| = oo, we can define a trivial unit

flow from @ to B(&, m)¢ which has energy equal to m. Hence, by Proposition 9.5
and Theorem 9.10 of [26],

(11.6) v > (dgm) ™",

where d is the degree of the root.

COROLLARY 11.6. There exist positive constants c| and c», depending only
on A, such that

PlIAI] < exple1l}| A # 8] < exp{—cal}
foreveryl > 1.

PROOF. For a tree with at least / generations, let §; be the graph obtained by
identifying all points in A;, naming this vertex z;. All other sites are left untouched,
and the number of vertices of this new graph is |B(&,[)| — |A;| + 1. Since the
stationary measure of a simple random walk is proportional to the degree of the
vertex,

|Arl/de = 7 (21) /7 (D),

where 7 stands for the stationary measure of a simple random walk on G;. The
ratio in the right-hand side of the above equation can be estimated using the escape
probabilities from these two points. Let Pg, x € G stand for the probability on the
path space induced by a discrete-time random walk on G; starting from x. Recall
that the resistance between & and z; is the same as the resistance between z; and &,
so that

n(z) _ PHIH, < HJ]
(@)  PI[Hy < H]

We may couple the random walk on §; with a random walk on the tree in
such a way that PJ[H,, < H}| = Py[Ha, < H}] and that PS[Hy < H] <
maxyen, Py[Hg < HXI]. By (11.6), Pg[Hp, < Hg] > (dyl)~'. Putting together
all previous estimates, we get that on the set A; # @,

(11.7) |A) 7! <lmaxP,[Hy < HY ] < max Py[Hy < o0].
yeA ! yEA
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Since there is a positive probability that a super-critical tree survives, the proba-
bility appearing in the statement of the lemma is bounded by CoP[|A;| < exp{cil},
A; #@]. By (11.7), this probability is bounded by CoP[l maxyea, Py[Hy < 00] >
exp{—c1!}], which is bounded by exp{—c»!/} by Proposition 11.5. [

COROLLARY 11.7. Forany 0 < y < 1, there exist positive constants cy and
No > 1, depending only on y and A, such that for all N > Ny,

1o
i

— |z dyN
where dg represents the degree of @ and vy = Py[HS > Hp(z,ylog Nyl

7] = oo] <N,

PROOF. Fix 0 < ¥y < 1 and an infinite tree J. To keep notation simple, let
B = B(9, ylog N) and let d B be the set of points in B¢ which have a neighbor in
B. By the strong Markov property,

Py[HY > Hpe]| > Py[HS = 00| > Py[HS > Hpe| inf, P,[H = o0].
xe

Inverting these terms, we obtain

1 1 1 1
b=l Lol )
vy Vg vy \infyepp Pr[Hy = 0]
By Proposition 11.5 with [ = y log N, there exists constants c1, ¢c2 > 0, depending
on X, such that on a set with probability at least 1 — N =72 the previous infimum is
bounded below 1 — N~7¢!_ Since (1 —x)~! < 14 2x for x € (0, 1/2), there exists
No = No(y, A) such that for N > Ny,

1 1

vy Uy

2 1

< 7
- c
NYer ygy

Estimate (11.6) permits to conclude the proof of the corollary, changing the values
of the exponents if necessary. [

COROLLARY 11.8. Let T be a Galton—Watson tree with Poisson(}) off-
springs, A > 1. Then there exist finite constants cy, Co and sg < 00, depending
only on A, such that

Plwe) ™" = s|T| = 00] < Coexp{—cov/s)
forall s > sg.
PROOF. Since T is supercritical, the probability appearing in the statement of

the lemma is bounded by C3P[(vy) ™! > s, |T| = 0o] for some finite constant C3
depending only on A. Fix an integer n > 1. By the strong Markov property, v
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is bounded below by Pg[Hpe < Hg]infyege P,[Hy = o], where B = B(J, n).
Therefore, P[(vy)~! > s, |T| = oo] is less than or equal to

?[P@[HBC < Hg]_l

> 5/2,|T] = o00] + fP[ inf Py[Hy =o0] < 1/2].

yeB¢
By (11.6), Pxz[Hp: < Hg] > (dgn)~!. The previous expression is thus bounded
by

Pldgn > 5/2] + :P[ sup Py[Hy < 00] > 1/2].
yeB¢
Set n = /s, recall that dy has a Poisson(A) distribution. Apply an exponential
Chebyshev inequality to estimate the first term. By Proposition 11.5 with [ = /s,
the second term is bounded by exp{—cy+/s} provided s is large enough. [J

The following corollary allows us to bound the quantity ¢y appearing in (6.5)
and (6.7). This corresponds to the probability of entering the neighborhood of a
deep trap before Ly times the mixing time.

COROLLARY 11.9. Fix an arbitrary vertex y € {1,...,N} and 0 < y <
(3logA)~!. Then there exists positive constants ¢y and Ny > 1, depending only
on y and A, such that for all N > Ny,

Pl sup  P[H, <logN]> N0 <N
z€B(y,y log N)¢

PROOF. Denote by 0;A the internal boundary of a set A: 9;A = {x €
A:d(x, A°) =1}. Fix 0 < y < (3logA)~!. By Propositions 11.2 and 11.5, there
exist positive constants c1, ¢ and Cy, depending only on A, such that

IP’[ sup P,[H, < Hpc] > N_Vcl]
z7€0; B

<CIN“+ ?[ sup P,[Hy < Hpe] > N—VCI] <CIN T+ N,
z€0; B
where ¢ =3y logh — 1 and B = B(y, y log N).
Assume that sup, 5 p P:[Hy < Hpe] < N 7Y€, We claim that in this case
(11.8) sup P,[H, <log* N] < N77! + sup P,[H, <log* N — 1].

zeB° zeB¢

Iterating this estimate log* N times, we conclude the proof of the corollary. It
is enough, therefore, to prove (11.8). By the strong Markov property, P,[Hy <
log* N1 is bounded by Supy,eg, B PwlHy < log* N1. If {Hy < Hpc}, by the initial
assumption we may bound the probability by N~V¢l. This gives the first term
on the right-hand side of (11.8). On the other hand, on the set {H, > Hpc},
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Hy = Hpc + Hy0o0y,. and Hy o0y, < log4 N — 1. Hence, by the strong Markov
property, for every w € 9; B,

P,[H, <log* N, Hpe < Hy] <P, [Hpc < Hy] sup P,[H, <log* N — 1],

zeBC¢

which proves (11.8) and the corollary. [J

We conclude this section deriving the scaling limit of the random walk X tN on
the giant component of the supercritical Erd6s—Rényi random graph.

THEOREM 11.10. Consider the trap model XtN on the largest component
Cmax of the Erdds—Rényi random graph with traps W;V , X € Chax, as described
in the beginning of this section. Assume that Wy (Xév ) converges in probability to
some k € N. Let By = (0, N)'/*. Then

(By'WN, wy (X%N)) converges weakly to (w, K;),

where w is the sequence defined in (8.4) and where, for each fixed w, K; is
a K-process starting from k with parameter (Z,uw), where Z; = wi/Ex and
ux = Dy Ex. Here, (Dy, Ex), k > 1 is an i.i.d. sequence, distributed as (dg, vz)
under P[-||T| = o). The above convergence refers to the L'-topology in the first
coordinate and dr-topology in the second.

PROOF. We need to establish conditions (B.0)—(B.3) for the above sequence
of graphs and to apply Theorem 2.2. Condition (B.0) has been proven in the be-
ginning of this section. The main difficulty in checking the remaining hypotheses
comes from the fact that we are dealing with the giant component Cpax, Which
has a random size, instead of the whole set {1, ..., N} as in the above lemmas and
propositions.

In order to prove (B.1), let £ = (y/2) log N with y satisfying the conditions of
Corollary 11.4. Since the term inside the expectation in (B.1) is bounded by one,
the expectation in (B.1) is less than or equal to

1 |B(x,2EN)|]
ot 2, el
|Gmax| Z |emax|

x€Cmax

= P[|emax| < (UX/Z)N] +

4 N
(DAN)ZIEL;]B(X,%NH}.

By Theorem 11.1, the first term vanishes as N 1 oo, while by Proposition 11.2
and Corollary 11.3 the second term vanishes. This proves that condition (B.1) is
fulfilled.

By [3, 21, 22], with high probability the mixing time of a random walk on
Cmax is less than or equal to Colog?> N for some finite constant Cy. Choosing
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Ly=Cy ! log? N, the hypothesis (B.2) becomes a direct consequence of Corol-
lary 11.9. It is indeed enough to condition the event appearing in the statement of
Corollary 11.9 on the set that y belongs to Crpax and to recall from Theorem 11.1
that the giant component has a positive density with probability converging to 1.

It remains to check (B.3). Let Q' be the coupling between the random graph
¢y and N” independent Galton—Watson trees T; constructed in Corollary 11.4.
We assume that these trees are the first N” trees of an infinite i.i.d. sequence of
Galton—Watson trees.

Fix K > 1 and let t1, 12, ..., tx be the first K points z; which belongs to Cpax:
r1 =2z if zj € Cax and z; ¢ Cpax for 1 <i < j, and so on. It is clear that
I1,...,Lx is uniformly distributed among all possible choices and that the prob-
ability of not finding K points in Cpax among N points uniformly distributed in
¥n converges to 0.

Lety;, 1 < j < K, be the first K indices of trees J; which are infinite and
let (Dj, E;) be the degree and the escape probabilities (dz, vy) in ‘J'U Note
that the Vectors (Dj, E;) are independent and identically distributed and that
QN[(Dl, E)) e Al= iP[(d@, Vg) € A||T| = oo]. In particular, by Corollary 11.8
and Schwarz inequality the last two conditions in (B.3) are fulfilled.

Let Ay be the event “The graphs (x;, B(x;, vlog N)), 1 <i < K, are isometric
to the graphs (y;, B(y;, ylogN)), 1 <i < K.” In view of Corollary 11.7, on the
set Ay, the first two condition in (B.3) are fulfilled. To conclude the proof of
condition (B.3), it remains to show that

(11.9) Jim PIA}] =0.

We define six sets Xy j, 0 < j <5, such that ﬂ0<j<5 Yy,; C Ay and then
prove that each of this set has asymptotic full measure. Recall that b and y satisfy
the assumptions of Corollary 11.4 and let £ o = Z be the set introduced in that
corollary. Since {(}:,)l | = (t),-)iK: 1} N % C Ay, it is enough to find conditions
which guarantee thatr; =1;, 1 <i < K.

Let Xy,1 = {diam(Cyax) > y log N}, let Ty 2 = {I{z1, ...,ZlogN} N Cmax| >
K} and let Xy 3 be the event “Every three T;, 1 <i <logN, with diameter
greater or equal to y log N survives.” On Xy 0N Xy,1 N Xy 2 N Xy 3, the graphs
(ri, B(zi, ylogN)), 1 <i < K, are coupled to infinite trees.

It remains to guarantee that there is no infinite tree coupled with a graph
(zi, B(zi, y log N)) whose root z; does not belong to Cpax. Let Xy 4 be the event
“Every tree J;, 1 <i <log N, with diameter greater of equal than y log N has
at least N° elements among the first y log N generations,” and let Xy 5 be the
event “Every connected subset of #y with more than N° elements is contained in
Cmax.” On Xy 0N x4 N Xy 5, all infinite trees T;, 1 <i <logN, are coupled
with graphs whose root belongs to Cpax-

Putting together the previous assertions, we get that (o< <5 Zn,; C Ay, as
claimed. We next show that each event introduced above has asymptotic full prob-
ability. By Corollary 11.4, P[X ;] vanishes, by Theorem 11.1 and by Corol-
lary 11.3 P[Z§, .11, and by Theorem 11.1, IP’[EN »1 vanishes. By Corollary 11.6,
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PIZg 4] vanishes for some 6 > 0, and by Theorem 11.1 P[XY 5] vanishes. Finally,
by Corollary 11.6, there exists § = 4(y, 1) > 0 with the followmg property. A tree
which has diameter y log N has at least N° elements at generation y log N with
probability converging to 1. Since from each element of the generation y log N de-
scends an independent super-critical tree which has positive probability to survive,
IP’[EJCVJ] vanishes. [
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