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We consider n x n Hermitian matrices with i.i.d. entries X;; whose tail

probabilities IP’(lX,-jl > t) behave like =9 for some @ > 0 and & € 0, 2).
We establish a large deviation principle for the empirical spectral measure
of X//n with speed n1te/2 with a good rate function J(w) that is finite
only if p is of the form u = ugsc B v for some probability measure v on R,
where H denotes the free convolution and pgc is Wigner’s semicircle law.
We obtain explicit expressions for J(usc B v) in terms of the ath moment
of v. The proof is based on the analysis of large deviations for the empirical
distribution of very sparse random rooted networks.

1. Introduction. Let 7, (C) denote the set of n x n Hermitian matrices. The
empirical spectral measure of a matrix A € ‘H,,(C) is the probability measure on R
defined by

1 n
ma=— Z Sri(A)s
2

where A1(A) > --- > A, (A) denote the eigenvalues of A counting multiplicity.
Below, we consider the empirical spectral measure of a Wigner random matrix
X described as follows. Let (X;;)1<;j<; be i.i.d. complex random variables with
variance E|X 12 — EX12|> =1, and let (Xii)i>1 be an independent family of i.i.d.
real random variables. Extend this array by setting X;; = X jifor1 <j <i,and
consider the sequence of n x n Hermitian random matrices

(D X(n)=Xij<i,j<n-

For ease of notation, we often drop the argument n and simply write X for X (n).
The space P(RR) of probability measures on R is endowed with the topology of

weak convergence: a sequence of probability measures ((,),>1 converges weakly

to w if for any bounded continuous function f:R+ R, [ fdu, — [ fdu as
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n goes to infinity. We denote this convergence by u, ~» p. Wigner’s celebrated
theorem asserts that almost surely,

2) KX/ n ™ Hscs

where pg is the semicircle law, that is, the probability measure with density
# 4 — x2 on [—2, 2]; see, for example, [3, 4, 19].

We consider large deviations, that is, events of the form py NS B where B
is a measurable set in P(IR) whose closure does not contain the limiting law .
Clearly, (2) implies that P(uy JJn € B) — 0, n — oo. It follows from known con-
centration estimates that if the entries X;; are bounded, or if they satisfy a log-

arithmic Sobolev inequality, then P(uy, 5 € B) decays to 0 as fast as e~ for
some constant ¢ > 0; see Guionnet and Zeitouni [17] or [3]. Further, if the X;;
have a Gaussian law such that X belongs to the Gaussian unitary ensemble GUE
or the Gaussian orthogonal ensemble GOE, then a full large deviation principle
for puy, sz with speed n? has been established by Ben Arous and Guionnet in [7].
However, apart from the GUE and GOE cases, we are not aware of any case for
which the large deviation principle for 1y, /; has been obtained. We refer to the
recent work of Chatterjee and Varadhan [13] for the large deviations of the largest
eigenvalues of X/n. For other models of random matrices where the joint law of
the eigenvalues has a tractable form, large deviation principles have been proved;
see, for example, [3], Section 2.6, or Eichelsbacher, Sommerauer and Stolz [16].

In this paper, we prove a large deviation principle under the assumption that X;;
has tail probabilities P(|X;;| > ¢) of order e~ for some a > 0, and « € 0,2).
Before stating our assumptions and results in detail, let us make some preliminary
remarks.

It is not hard to see why n is the natural speed for large deviations in our
setting. For instance, for a fixed x € R, consider the event |X;;| ~ x./n, for all
i =1,...,n, which has probability e_C”HM, for some ¢ > 0. This event forces
all eigenvalues of X /4/n to shift by x and, therefore, produces a shift by x of the
limiting spectral measure pg.. Similarly, by considering deviations on the scale
J/n of few elements X; j in each row of the matrix X, one expects to be able
to produce more general deformations of jg at a cost of order n!**/2 on the
exponential scale. It turns out that this picture is correct, provided the deformations
of wgc are of the form u = ug. B v for some v € P(R), where HH denotes the free
convolution. Roughly speaking, the idea is that the entries of X that are visible
on a scale /n form a very sparse weighted random graph or random network
G, that is asymptotically independent from the rest of the matrix, and a large
deviation principle for uy, s can be deduced from a large deviation principle
for the law of the random network G,. This approach also allows us to obtain
explicit expressions for the rate function. The strategy of proof developed in the
present work for Wigner matrices could certainly be generalized to other models
such as random covariance matrices or random band matrices with the same type

1+a/2



2456 C. BORDENAVE AND P. CAPUTO

of tail assumptions on the entries. Large deviations with speed n* of the largest
eigenvalue may also be handled with similar techniques.

Main result. We recall that a sequence of random variables (Z,),>1 with val-
ues in a topological space X with Borel o-field B, satisfies the large deviation
principle (LDP) with rate function J and speed v, if J: X + [0, oc] is a lower
semicontinuous function, v:N - [0, 00) is a function which increases to infinity,
and for every B € B:

1 1
— inf J(x) <liminf ——logP(Z, € B) <limsup ——logP(Z,, € B)
3) xeB° n—0o00 y(n) n—oo V(1)

< —inf J(x),
XEB

where B° denotes the interior of B and B denotes the closure of B. We recall
that the lower semicontinuity of J means that the level sets {x € X : J(x) < ¢},
t € [0, 00), are closed subsets of X. When the level sets are compact, the rate
function J is said to be good.

We now introduce our statistical assumption. Let a, o € (0, 00). We say that a
complex random variable Y belongs to the class Sy (a), and write Y € Sy (a), if

N B
“4) lim —t"logP(|Y| 2 1) =a,

and if Y/|Y| and |Y| are independent for large values of |Y|, that is, there exists
fo > 0 and a probability ¥ € P(S') on the unit circle S such that for all # > 1o, all
measurable sets U C S, one has

(5) P(Y/|Y| €U and |Y|>1) =0 (U)P(|Y| > 1).

For instance, if Y is Weibull, that is, Y is a nonnegative random variable with
distribution function F(z) = 1 — e~ %", with @ > 0, and a@ > 0, then Y € S,(a),
with ¢ = §1, the unit mass at the point 1. Clearly, if ¥ € S,(a) is real valued,
then the associated measure ¥ must have support in {—1, 1}. It will be convenient
to allow the value a = oo in (4). Namely, for &« > 0 we write ¥ € Sy (0c0) when-
ever (4) holds with a = oo. We do not require (5) in this case. For instance, if Y is a
bounded random variable, then Y € S, (00), for all « > 0, and if Y has a Gaussian
tail, then Y € S, (00), for all o € (0, 2). Moreover, if Y € S, (a) for some o, a > 0,
then Y € Sg(oo) forall B € (0, o). We remark that (5) is a mild technical condition
that we do not expect to be crucial. However, it will turn out to be convenient for
the analysis of random networks in Section 3 below.

Throughout the paper, we assume that the array {X;;} is given as above, that
is, we have two independent families of random variables: the off-diagonal entries
Xij, i < j, which are i.i.d. copies of a complex random variable X, with unit
variance, and the on-diagonal entries X;;, which are i.i.d. copies of a real random
variable X11. The matrix X = X (n) is defined as in (1). Moreover, the following
main assumption will always be understood without explicit mention.
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ASSUMPTION 1. There exist a € (0,2) and a, b € (0, oo] such that X €
Sy (a) and X1 € Sy (b).

The main result can be formulated as follows.

THEOREM 1.1. Fix o € (0,2) as in Assumption 1. The measures Wx ) /n Sat-
isfy the LDP with speed n'+t®/% and good rate function

{<I>(v), if w = psc By for some v € P(R),

00, otherwise,

(6) J(n) =
where © : P(R) — [0, oo] is a good rate function.

More details on the rate function ® will be given in Theorems 1.2 and 1.3 below.
We anticipate that ®(v) = 0 if and only if v = &g, where § is the Dirac mass at 0.
Moreover, as one should expect, in the case a = b = 0o, one has @ (v) = oo for all
v # §p.

The proof of Theorem 1.1 consists of two main parts. The first part, the “random
matrix theory part” of the work, is discussed in Section 2. Here, we show that at
speed n!7%/2 the large deviations are governed by the sparse n x n random matrix
C = C(n) defined by

Cij=1 /n —Jn "
0, otherwise,

where ¢(n) is a cutoff sequence that for convenience will be set equal to 1/logn.
In particular, we show that as far as the LDP with speed n!t/2 is concerned,
KX/ Jn behaves as us. B e, where e is the spectral measure of the matrix C;
see Proposition 2.1 below. As a consequence, the LDP for jx, 5 will be obtained
by contraction if one has the LDP for j.c with speed n!*t%/2 and rate function ®.

The second part, the “random graph theory part” of the work, is presented in
Section 3. Here, we prove the above mentioned LDP for the spectral measures .
By viewing the matrix C as the adjacency matrix of a weighted graph, one runs
naturally into the analysis of large deviations for sparse random networks. This
is best formulated within the theory of local convergence for networks that was
recently developed by Benjamini and Schramm [5], Aldous and Steele [2] and
Aldous and Lyons [1]. Let us briefly sketch the main ideas—all details will be
given in Section 3. Let G, be the sparse random network naturally associated
to the n x n matrix C, that is, G, is the weighted graph with n vertices whose
adjacency matrix is given by C. Notice that the weights can have a sign, and there
are loops corresponding to nonzero diagonal entries of C. Take a vertex at random,
call it the root, and consider the connected component of G, at that vertex. This
gives rise to a random connected rooted network, we call p, its law. By identifying
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two networks which differ only by a permutation of the vertex labels, the law p,, is
regarded as an element of the space P(G,) of probability measures on G, where
G. is the space of equivalence classes (under rooted isomorphisms) of connected
rooted networks. The essential point is that the eigenvalue distribution ¢ can be
identified with a suitable “spectral measure” w,, associated to the law p,; see
also [9—-11] for recent works based on the same idea.

Since the network G, is very sparse, one has that almost surely p, converges
(under the weak local convergence [1]) to the Dirac mass on the trivial element
of G, namely the network consisting of a single isolated vertex (the root). We
introduce a suitable weak topology on P(G,), and prove that the measures p,
satisfy a LDP with speed n!7%/2 and a good rate function I (p). The latter is finite
only if p belongs to the so called sofic measures, that is, if p is the weak local limit
of finite networks, and if the support of p satisfies some natural constraints. Call
Ps(Gy) the set of such probability measures. We find that for p € P,(G,), one has

(7) 1<p>=bEprwc<o)|"‘+§Ep 3 oo, v)

veVg\o

o
)

where [, denotes expectation w.r.t. p, the law of the equivalence class of a con-
nected rooted network (G, 0), o denoting the root; wg (o) denotes the weight of
the loop at the root, and wg (0, v) denotes the weight of the edge (o, v) if v is an
element of the vertex set Vs of the network. We refer to Proposition 3.9 for the
precise result.

It turns out that the choice of a “myopic” topology on P(G,) is crucial to have
the desired result. On the other hand, we want this topology to be fine enough to
have that the map p — 1, defining the spectral measure associated to p is contin-
uous. If all this is satisfied, then a LDP for the spectral measure ;¢ =, can be
obtained by contraction from the LDP for p,; see Proposition 3.14. In particular,
we find that the function ® in Theorem 1.1 is given by

8) @ (v) =inf{I(p), p € Ps(Gs) 1 pp = v}.

We now turn to more explicit characterizations of the rate function in Theo-
rem 1.1. From the approach discussed above, we will see that the rate function &
depends on the laws of X | and X only through «, a, b and the supports of the
associated measures on S!. While the variational principle (8) is not always explic-
itly solvable, there is a large class of v € P(R) for which ®(v) can be computed.
This allows us to give explicit expressions for the rate function J(u) in Theo-
rem 1.1. Recall that the free convolution with g is injective: for any u € P(R)
there is at most one v € P(RR) such that u = psc Bv. Let Psym (R) denote the set of
symmetric probability measures on R. If i = usc B v, then o € Psym (R) is equiv-
alent to v € Py, (R). For more details on free convolution with the semicircular
distribution, we refer to Biane [8]. For v € P(R), we use the notation

©) Mo (v) = f X [% dv(x)
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for the ath moment of v. If X1 € S, (b) for some b < oo, then we write ¥, for the
associated measure given in (5). Recall that since X is real, ¥} is a measure on
{—1, 1}. The following theorem summarizes the main facts we can establish about
the rate function.

THEOREM 1.2. (a) Forany v € P(R),

D) > (% /\b)ma(v).

(b) If b < oo and supp(P¥p) = {—1, 1}, then for any v € P(R):
D (v) <bmg(v).
(¢) If b < oo and supp(¥p) = {—1, 1}, and v € Peym(R), then

() = <% A b)ma(v).

Some remarks about Theorem 1.2. Part (a) shows clearly that ® (v) = 0 is equiv-
alent to v = dg, that is, J(u) = 0 is equivalent to u = . It also shows that J is a
good rate function since the level sets {m,(-) < t}, t € [0, c0) are compact in P(R).
Concerning the remaining statements, the fact that the moments m (v) appear nat-
urally in the rate function and the special role played by symmetric measures v can
be understood as follows.

As one could expect, there is a natural way to achieve a large deviation
Kx;n ~ Msc B v by tilting only the diagonal entries of X, namely by consid-
ering events of the form wp, 5 ~ v, where D denotes the diagonal matrix with
entries X1, ..., Xun, and

1 n
N DN
i=l

In view of (5), one can consider an arbitrary v € P(R) here if b < co and
supp(9p) = {—1, 1}. If b < 0o and supp(p) = {41} (or {—1}) then only v whose
support is R (or R_) can be considered. If » = oo, then no measure v # §y will
have a finite cost on the scale n!+*/2,

Similarly, one can try to reach a large deviation py, s ~ isc B v by tilting
only the off-diagonal entries of X. For instance, for n even, let .4 denote the block
diagonal matrix made up of the 2 x 2 blocks

<_0 Xi,i-l—l) P n/2
Xl’l_;’_l O [} b} 9

That is, A is defined by A;i—12i = Xi.i+1, Azioi-1 = Xii+1,i=1,...,n/2,and
A; ; =0 for all other entries. It is straightforward to see that the empirical spectral
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measures of .A4//n is given by
n/2
s = 21, i T 81Xl )
i=1

Notice that 1 4, /; is a symmetric distribution. Thus, if we try to obtain y, s ~
Wsc EH v by requiring 4 i~V we are forced to restrict to v € Pgym (R).

In view of this discussion, it is natural to look for upper bounds on the rate
function @ in terms of the rate function associated to large deviations of up, s
and [ 4 /- Our results will show in particular that if the variables X;; are as in
Assumption 1, with b < oo and supp(dp) = {—1, 1}, then:

1) pp i satisfies a LDP on P(R) with speed n1*%/2 and rate function
I (v) = bmy (v), for all v € P(R);

(2) w4y satisfies a LDP on P(R) with speed n't%/2 and rate function equal
to I, (v) = 5mq(v), for all v € Pyym(R), and I;(v) = +00 if v ¢ Psym(R).

Since up, N and [y, Jn are the empirical measures induced by i.i.d. ran-
dom variables rescaled by +/n, the statements above can be seen as extremal in-
stances of Sanov’s theorem, in the case of variables with exponential tails of the
form (4). Thus, roughly speaking, part (b) in Theorem 1.2 can be interpreted as
the bound obtained by adopting the strategy up, 4 ~ v to reach the deviation
Mx ) m ™ Msc Hv. When b < a/2, parts (a) and (b) above yield the expression

Q(v) =bmg(v),

showing that this strategy is optimal. Similarly, to illustrate part (c), observe that if
v € Psym(R), then for the deviation 1y i~ Msc H v one can also use the strategy
KAy gn ™ V- This reasoning will produce the bound ® (v) < (a/2 A b)m,(v). The
general bound in part (a) then shows that this is actually an optimal strategy if
a/2<b.

If the support of ¥ is only {+1} (or {—1}) then the above scenario changes in
that one can use the diagonal matrix D only to reach deviations v whose support
is R4 (or R_). In this case, we have the following estimates. Without loss of
generality, we restrict to supp(vp) = {+1}.

THEOREM 1.3.  Suppose b < oo, and supp(¥p) = {+1}.
(a) Ifsupp(v) C Ry, then

P (v) < bmg(v).
(b) Suppose a € (1,2). If v € Psym(R), then

o) = &
(v) = Ema(‘))-
(c) Suppose o € (1,2). If [ x dv(x) <0 then ®(v) = +o0.



LARGE DEVIATIONS PRINCIPLE FOR WIGNER MATRICES 2461

The above result can be interpreted as before by appealing to the large deviations
of up, m and w4, s In particular, part (b) shows that since one cannot realize
a symmetric deviation v € Psyy(R) using the matrix D only, it is less costly to
realize it using the matrix .4 only. Similarly, in part (c), one has that neither D
nor A, nor any other matrix with vanishing trace, can be used to produce a measure
v with [ xdv(x) < 0 and, therefore, the rate function must be +o0o0. We believe
that results in parts (b) and (c) above should hold without the additional condition
ae(l,2).

The proofs of Theorems 1.2 and 1.3 are given in Section 3.10.

2. Exponential equivalences. Throughout the rest of the paper, we fix the
cutoff sequence e(n) as

(10) e(n) =

logn’
We decompose the matrix X as
(11) X o A+B4CHD
N ’
where the matrices A, B, C, D are defined by
Xij X;;
Aij = 1|Xij|<(10gn)2/aﬁ, BzJ = l(logn)2/a§|xij|§8(n)n1/2%,
Cii=1 12 -1 1/2ﬁ D;i=1_\-1,1, ﬁ
i e(mn'/=<|X;jl<e(n)~'n «/ﬁ’ tj e(n)~'n'/=<|X;j| ﬁ

The matrix A represents the bulk of the original matrix, while the matrix C yields
the elements that are visible on the scale /n. The starting point of our analysis
(see Lemmas 2.2 and 2.3 below) is to show that the contribution of both B and D
is negligible for large deviations with speed n'+t%/2,

We define the distance on P(R) as

(12) d (e, v) = sup{|g.(2) — gv(2)|: Im(z) = 2},

where g, is the Cauchy-Stieltjes transform of u, that is, for z € Cf = {z €
C:Jm(z) > 0},

d
(13) gu(2) = / ldx)

x—z

Recall that this distance is a metric for the weak convergence; see, for example, [3],
Theorem 2.4.4. Let also dks denote the Kolmogorov—Smirnov distance and let
W), denote the L”-Wasserstein distance; see Appendix B below for the relevant
definitions. The introduction of the distance dks is mainly due to the use of the
rank inequality of Lemma B.1. The Wasserstein distance on the other hand can
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be controlled in terms of the matrix elements thanks to the Hoffman—Wielandt
inequality in Lemma B.2. We shall relate these distances to the distance (12) via
the following estimate, which is a consequence of (75) and (77):

(14) d(p,v) <dgs(m,v) A Wi(u, v).

The following proposition is the first major step on the way to prove Theo-
rem 1.1.

PROPOSITION 2.1. The random probability measures s B uc and KX/ Jn
are exponentially equivalent: for any § > 0,

lim sup nTlo,/z log P(d (1 /s tsc B pc) = 8) = —oc.

The rest of this section is devoted to the proof of Proposition 2.1. The strat-
egy is as follows: we start by showing that the contribution of D in (11) can be
neglected (Lemma 2.2), then we show that B can also be neglected (Lemma 2.3).
The last step will then consist in proving that p 4 ¢ and usc B ¢ are exponentially
equivalent. We note that the assumption (5) is not needed for the proof of Propo-
sition 2.1. Actually, a careful look at the proof shows that it is sufficient to replace
condition (4) by the weaker assumption limsup,_, ¢ %logP(|Y| > t) < O; see
Remark 2.7 below.

2.1. Preliminary estimates.

LEMMA 2.2 (Very large entries). The random probability measures LA+ B+C
and s are exponentially equivalent: for any § > 0,

. 1
limsup —-—-5 logP(d(wx, /s ha+B+C) = 8) = —00.

n—»oo N

PROOF. From (14), it is sufficient to prove that for any § > 0,
_ 1
h,,“lsoli,p TTa2 log P(dks (i x/ /m> kA+B+C) = 8) = —00.

Then, using the rank inequality Lemma B.1, it is sufficient to prove that for any
6>0

1
lim sup ——— log P(rank(D) > 8n) = —o0.

n— o0 n1+0‘/2

However, since the rank is bounded by the number of nonzeros entries of a matrix,
one has

]P(rank(D)z%n)flP( > 1(|X,-j|28(n)_1n1/2)28n>.

I<i<j=zn
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The Bernoulli variables 1(|X;;| > 8(71)_1711/2), 1 <i < j <n, are independent.
Also, by assumption (4), their mean value p;; = P(|X;;| > e(n)~'n'/?) satisfies

—ce(n)"%n%/?

pij < pn):=e

for some ¢ > 0. For our choice of ¢(n) in (10), one has p(n) = o(l/nz). Hence, it
is sufficient to prove that for any é > 0:

. 1 _
hmsupmlog}?( Z 1(1Xij| = em)~"'n'?) = pi)) = 5n> = —00.
oo I<i<j<n

Recall Bennett’s inequality [6]: if W;,i =1, ..., m are independent Bernoulli(p;)
variables, and h(x) = (x 4+ 1) log(x + 1) — x, then one has

o S se(o(5)
i=1

o

with 02 = > pi(1 — p;). In our case, for all n large enough,

nn+ 1pn)

o’ = Z pij(1 = pij) < >

l<i<j=n
Therefore, using 2(x) ~ xlogx as x — oo,
)
P g 1, 1/2y _ _ 20
( Z (1(1Xijl = e(m)"'n'/?) — pij) = dn | <exp| —o“h =
1<i<j<n
< exp(conlog (np(m))

for some constant ¢y > 0 depending on 8. Now, since n < p(n)~'/? for n large,
we find that for some ¢ > 0, for all n large enough the last expression is upper
bounded by

1
exp(icon logp(n)) < exp(—clnH“/zs(n)_“).
This proves the claim. [

We now show that the contribution of B in (11) is also negligible. While
Lemma 2.2 would work for any o > 0, the next results use the fact that « € (0, 2).

LEMMA 2.3 (Moderately large entries). The random probability measures
Wa+c and wy, s are exponentially equivalent: for any § > 0,

. 1
lim sup ) log P(d(x, s ha+C) = 8) = —00.

n—oo N
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PROOF. From (14), Lemma 2.2 and the triangle inequality, it is sufficient to
check that for any § > 0,

) 1
hnnl)solép a2 log P(W2 (a4 B+Cs hA+C) = 8) = —00,

where W, > W, is the L2-Wasserstein distance defined by (76). From the
Hoffman—Wielandt inequality Lemma B.2, it is sufficient to prove that for any
6 >0,

li L togP(Lu(8?) = 5) =
imsup 77 log <Etr( ) > )_—oo.

We write

1 2
—w(B*) <= Y 1XiP1(dogn)¥ < |X;j| <e(m)n'’?).
n n I<i<j<n

Thus, from Markov’s inequality, for any A > 0,
P(%tr( B> 23> <o ] E[e" Ml ogn?/e<ixyleen! Py
1<i,j<n

To estimate the last expectation, we use the integration by part formula, for p €
P(R) and g € C',

b
/ g0 dp(x) = g(@p(la, 00)) — gBYu((b, 00))
(16) ¢

b
+ / g (X)u([x, 00))dx.
a
Define the function
(17) Fx)=n"2ax? — ex®.

—24,2 . .
Let u denote the law of |X;;|, and g(x) =€" A" By Assumption 1, there exists
a constant ¢ > 0 such that

(18) u([z, 00)) =P(|X;j| > 1) < exp(—ct?)

for all ¢ large enough. In particular, g(#)u([¢, 00)) < e/ @ From (16), it follows
that
E[e" “HXi P 1ogm < |Xij|<e(mn' /)]

1/2

e(n)n
<1 +f( g(x) dp(x)

1 )Z/a
(19) e .
<] 4 of (ogm¥) | / O
- (logm)?/« n?
2
<1 4 of (ognyley | A0V max oS

n xe[(logn)?/® e(n)nl/?]
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We choose A = %cs (n)*2n'*+%/2_ with the constant ¢ > 0 given in (18). Simple

computations show that f(x) reaches its maximum for x € [(log )2 e(myn'/?]
at x = (logn)?/*, where it is equal to

1
Ecs (n)*2p2/2~1 (log n)He — c(log n)2.

Using (10), for n > ng this is smaller than —5 (log n)2. Therefore, using 1 +x < ¢*,

x > 0, one has that (19) is bounded by exp[e~(¢/ 4)(1015’”)2] for n large enough. It
follows that

1

nlta/2 10%19)( uw(B?) >28) < —Ecée(n)“ 2 4 pl-a/2,~(c/4)(logn)*

The desired conclusion follows. [
For s > 0, we define the compact set for the weak topology
K, = {M € P(R):/xzd,u fs}.
For a suitable choice of s, we now check that ¢ is in K with large probability.

LEMMA 2.4 (Exponential tightness estimates).

1
limsup — a2 loglP(ic ¢ Kogny?) = —

n—oo

Moreover, if I ={(, j):|X;j| > (logn)*/*}, for any 8 > 0,

: 1 14a/2
nli)ngo o /zlogP(|I|>6n *%) = —o0.

PROOF. Notice that

1 2 _
/xzd,uc = ;tr(Cz) == Y 1Xi1P1(emn'? < X5 <e(m)~'n'/?).

I<i<j=n

We may repeat the argument in the proof of Lemma 2.3. This time we take A =

%cs(n)z_“n”“/z, where c is as in (18), and then define f asin (17). For any s > 0,
one has
n2
P(uc ¢ Kag) <e M<l+e fletm 4 cn"/ze(n) max ef(x)>
2 xele(mn'/2,6(n)~1n1/2]

Simple considerations show that f(x), for x € [e(m)n'/2, e(n)~'n'/?] is max-
imized at x = e(n)n'/%, where it satisfies f(e(n)nl/z) < —%cs(n)“n“/z. This
gives, for n large enough,

1 __1 9 o
) logP(uc ¢ Kos) < 2CS8(n)2_D‘ + pl=@/2p=(/Hcem)*n ”
n
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We choose finally s = 1/(2¢ (n)?). For our choice of £(n) in (10), this implies the
first claim.
For the second claim, we have

P11 = 200" R) <P Y 111 = Qogn)e) = on' ).
1<i<j<n

The Bernoulli variables 1(|X;;| > (logn)*/%),1 <i < j < n, are independent.
Also, by Assumption 1, their average p;; = P(|X;;| > (log n)2/®) satisfies

pij < pl(n) = e eloen”’

for some ¢ > 0. We argue as in the proof of Lemma 2.2. From Bennett’s inequal-
ity (15),

IP’( Z (1(1Xij1 > (logn)?/®) — pij) = 8n1+°‘/2>

I<i<j=zn
a/2—1
< e)<p<—C()111+O‘/2 log<n,—)>
p'(n)
for some constant co = co(8) > 0. Since p'(n) = o(n®/?=1), this gives the claim.

g

2.2. Auxiliary estimates. 'To complete the proof of Proposition 2.1, we shall
need two extra results. The first is due to Guionnet and Zeitouni [17], Corollary 1.4.

THEOREM 2.5 (Concentration for matrices with bounded entries). Letx > 1,
letY € H,,(C) be a random matrix with independent entries (Y;;)1<i<j<n bounded
by k,and let M € H, (C) be a deterministic matrix such that fo duy < k2. There
exists a universal constant ¢ > 0 such that for all (cx*/n)*> <t <1,

cK n’t3
PWi(iy, ymrms Bty frpm) = 1) < 7372 &XP (—m)

In [17], Corollary 1.4, the result is stated for matrices ¥ in H,(C) such that
the entries have independent real and imaginary parts. The extension to our setting
follows by using a version of Talagrand’s concentration inequality for independent
bounded variables in C. Also, the matrix M is not present in [17]. It is, however,
not hard to check that its presence does not change the argument in [17], page 132,
since one can use the bound

fxzduy/ﬁ+M S2/x2duy/ﬁ+2/x2duM <4y

The latter is an easy consequence of, for example, Lemma B.2.
The second result we need is a uniform bound on the rate of the convergence of
the empirical spectral measure of sums of random matrices.
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THEOREM 2.6 (Uniform asymptotic freeness). LetY = (Y;j)1<i j<n € Hn(C)
be a Wigner random matrix with Var(Y13) = 1, IE|Y12|3 < 00 and E|Yqq |2 < 0.
There exists a universal constant ¢ > 0 such that for any integer n > 1 and any

M € H,(C),
VEIY11 12+ ElY)3

i

A striking point of the above theorem is that the constant ¢ does not depend
on M. The result is a variation around Pastur and Shcherbina [19], Theorem 18.3.1.
The detailed proof of Theorem 2.6 is given in Appendix A below. We are now
ready to finish the proof of Proposition 2.1.

d(EMY/ﬁ+M’ mse Bup) <c

2.3. Proof of Proposition 2.1. By Lemmas 2.2 and 2.3, it is sufficient to prove
that w4+ and ug B e are exponentially equivalent: for any § > 0,

. 1
(20) nll)ngo itz log IFD(d(llsc BHuc, ma+ce) = 5) = —0Q.
Let F be the o-algebra generated by the random variables
{XijL1x, 1= ogmy2re -

Then the random matrix C is F-measurable. Define the event
E= {/xzd,uc < (logn)z}.

Then E € F. Lemma 2.4 implies that for some sequence s1(n) — oo and all n
large enough,

1) P(ES) < g=s1n' "

Conditional on F, ./nA is a random matrix with independent entries
(V/nAij)1<i<j<n bounded by (logn)?/%. Thus, we may apply Theorem 2.5 with
Y//n replaced by A, and M replaced by C. Using (14) to replace Wi(-,-) by
d(-,-), taking t =4, and x = (log n)z/"‘ in Theorem 2.5, one has that for all § > 0,
there is a sequence s2(n) — 00, n — 00, such that

(22) 1EPr(dErpasc, arc) = 8) <e 20

where Pr and E £ are the conditional probability and expectation given . Notice
that Theorem 2.5 can be applied here since on the event E one has [x?duc <
(log n)2 < k2. Moreover, (22) holds uniformly within E, since the bound of Theo-
rem 2.5 is uniform with respect to M satisfying [ x?duy < «2.

From (21) and (22), using the triangle inequality one has that (20) follows once

we prove that for any 6 > O:

1+a/2
9

. 1
(23) lim ———7 logP(d (iuse B pc, Erpeayc) = 8) = —oc.

n—-oon
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Next, we use a coupling argument to remove the dependency between A and C.
Let P, be the law of X > conditioned on {|X 2| < (log n)z/"‘}, and Q, be the law
of X11 conditioned on {|X1]| < (logn)?®}. We also define I = {G, ) :1Xij| =
(logn)*®}. Given F, if (i, j) € I, then A;; = 0 while, if (i, j) ¢ I and 1 <i <
J <n, then /nA;; has conditional law P, or Q, depending on whether i < j or
i=j.

On our probability space, we now consider Y an independent Hermitian random
matrix such that (¥;;)1<;<j<n are independent, and for 1 <i <n, ¥;; has law Q,,
while for 1 <i < j <n, Y;; has law P,. We form the matrix

.. . Yij

A =1(G, ) ¢ DA +1(G, ) € I)ﬁ.

By construction, /nA’ and Y have the same distribution and are independent of F.
Also, by Lemma B.2 and Jensen’s inequality,

tr(A — A)2
Erd(ua+c, mayc) < EfT

1
SJ”_Z Yo Ex1(G, ) € D)IYijI> <co

I<i,j=n

i
n
where we have used the fact that, for some constant ¢ > 0,
max (E[Y11]%, E|Y12]?) < c5.
Define the event
F={|Il <8n?/c).

Then F € F and
(24) 1rExrd(pna+c, masc) <6.
From Lemma 2.4, for some sequence s3(n) — oo, for all n large enough,
(25) P(F€) < e~ ™",
Observe that by definition of the distance (12),

dErpuatc, Erpare) SErd(uasc, hatco)-

Since A’ and Y //n have the same distribution, we deduce from (24), (25) and the
triangle inequality that the proof of (23) can be reduced to the proof of

) 1
(26) lim ez 108 P(d(use B e, Erpy) fmyc) = 8) = —oc.

n—oo
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Clearly, IEE|Y12|3 < co(log n)6/°‘ and 02 = Var(Y12) — 1. We may apply the uni-
form estimate of Theorem 2.6, applied to Y/(o4/n) and M = C, which is F-
measurable. We find for any § > 0,

IED(d(,usc Huc, E]—'MY/(aﬁH—C) > 5) =0

for all n > ng(8) where ng(8) is a constant depending only on §.
On the other hand, arguing as above, from Hoffman—Wielandt’s inequality
(Lemma B.2) and Jensen’s inequality, for any é > 0,

d(Efﬂy/ﬁ+C’ EIMY/(gﬁ)+c) = Efd(ﬂy/ﬁ+c, MY/(gﬁ)+c)

—1/0)2
=< E]:\/i(l nlz/a) tr(Y?)

_t=1/o] "
B n

tr(¥Y?) <$

for all n > n1(8) where n1(8) is a constant depending only on §.
This concludes the proof of (26) and of Proposition 2.1.

REMARK 2.7. In the proof of Proposition 2.1, we have only used the follow-
ing assumptions on the Wigner matrix X: (i) Var(X2) = 1 and (ii) there exists
¢ > 0 such that foralli < j,

1
limsup —logP(1X;;| > 1) < —c.
t—>oo ¥

3. Large deviations of very sparse rooted networks. In this section, we start
by adapting to our setting the notion of local weak convergence of rooted networks,
introduced in [2, 5] and [1]. Next, we introduce a suitable projective limit topology
on the space of networks. Then we prove the LDP for the network G, induced by
the very sparse matrix C. Finally, we introduce the spectral measure associated to
a network and project the LDP for networks onto a LDP for spectral measures.

3.1. Locally finite Hermitian networks. Let V be a countable set, the vertex
set. A pair (u,v) € V2 is an oriented edge. A network or weighted graph G =
(V,w) is a vertex set V together with a map w from V2 to C. We say that a
network is Hermitian, if for all (u, v) € V2,

w(u,v)=w,u).

For ease of notation, we sometimes set w (v) = w (v, v) for the weight of the loop
at v. The degree of v in G is defined by

deg(v) = 3 |, w)|*.

ueV
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The network G is locally finite if for any vertex v, deg(v) < oo.

A path 7 from u to v in V is a sequence w = (uo, ..., ux) with ug =u, upy =v
and, for 1 <i <k, |o(u;_1,u;)| > 0.If such 7 :u — v exists, then one defines the
£, distance

k 1/2
Dy (u,v) = (Z|w(ui—1, Mi)|2> -
i=1
The distance between u and v is defined as
D(u,v)= inf Dy (u,v).
T:U—v

Notice that weights are thought of as inverse of distances. If there is no path
7 :u — v, then the distance D(u, v) is set to be infinite. A network is connected if
D(u,v) <ocoforanyu£veV.

All networks we consider below will be Hermitian and locally finite, but not
necessarily connected. We call G the set of all such networks. For a network G € G,
to avoid possible confusion, we will often denote by Vi, wg, deg the correspond-
ing vertex set, weight and degree functions.

Clearly, any n x n Hermitian matrix H, € H,(C) defines a finite network G =
G (H,) in a natural way, by taking

For simplicity, we often write simply H,, instead of G(H,).

3.2. Rooted networks. Below, a rooted network (G,o0) = (V,w, o) is a Her-
mitian, locally finite and connected network (V, w) with a distinguished vertex
o € V, the root. For t > 0, we denote by (G, 0); the rooted network with vertex
set {u € V:D(o,u) < t}, and with the weights induced by w. Two rooted net-
works (G;, 0;) = (Vi, w;, 0;), i € {1,2}, are isomorphic if there exists a bijection
o : Vi — Vs such that 0 (01) = 03 and 0(G1) = G3, where o acts on G through
o(u,v)=(o(u),o()) and o (w) =woo.

We define the semidistance djo. between two rooted networks (G, 01) and
(G3, 07) to be

1
1+7T’
where T is the supremum of those ¢ > 0 such that there is a bijection o :
ViGy,01). = V(Gy,00), With o (01) = 07 and such that the function wg, o 0 — wg, is
bounded by 1/¢ on V(2G1,01)f'

The rooted network 1somorphism defines a space G, of equivalence classes of
rooted networks (G, 0). On the space G., dioc becomes a distance. The associated
topology will be referred to as the local topology. We write g for an element of G,.

dic((G1,01), (G2,02)) =

We shall denote the convergence on (G, dioc) by dioc(gn,g) — Oor g, log 8.
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The space (G, dioc) is separable and complete [1]. Let P(G,) denote the space

of probability measures on G,. For u, u, € P(G,), we write , S W when w,
converges weakly, that is, when [ fdu, — [ fdu for every bounded continuous
function f on (G, dioc). This notion of weak convergence is often referred to as
local weak convergence. See [1] for more details and examples.

For a network G € G, and v € Vg, one writes G (v) for the connected component
of G at v, that is, the largest connected network G’ C G withv € V. If G € G is
finite, that is, Vi is finite, one defines the probability measure U(G) € P(G,) as
the law of the equivalence class of the rooted network (G (0), 0) where the root o
is sampled uniformly at random from Vg:

1
U(G) =~ Y g

veVg

where g(v) stands for the equivalence class of (G(v),v). If G,,n > 1, is a se-

quence of finite networks from G, we shall say that G, has local weak limit
loc

p € P(Gy) it U(Gy) ~ p.

3.3. Sofic measures. Following [1], a measure p € P(G,) is called sofic if
there exists a sequence of finite networks G,,n > 1, whose local weak limit is p.
We shall need to identify a subset of the sofic measures. Let ©,, ¥, denote the
laws of X12/]|X12| and X11/|X11], respectively, for X2 € Sy (a) and X11 € Sy (b);
see Assumption 1, and let S,, Sp C S! denote their supports. Let A, C H,(C) be
the set of n x n Hermitian matrices H such that either H;; =0 or H;;/|H;;| € S,
for all i < j, and such that either H;; =0 or H;; /|H;;| € Sp for all i. We say that
o € P(G,) is admissible sofic if there exists a sequence of matrices H, € A, such

that U (H,) log 0, where H,, is identified with the associated network G (H,,) as
in (27). We denote by P,(G,) the set of admissible sofic probability measures.
Measures in Ps(G,) will often be called simply sofic if no confusion can arise.

Let g stand for the trivial network consisting of a single isolated vertex (the
root) with zero weights. We refer to g as the empty network. Clearly, the Dirac
mass at the empty network p = g, is sofic (it suffices to consider matrices with
zero entries). Let us consider some more examples.

EXAMPLE 3.1. Suppose that S, = {—1, +1}. Let Y1, Y», ... be i.i.d. random

variables with distribution v € P(R). Consider the random diagonal matrix H,
loc

with H, (i, i) = Y;. Then, by the law of large numbers, almost surely U (H,) ~> p,
where p is given by

p= | b dvio),
R

if g, is the network consisting of a single vertex (the root) with loop weight equal
to x.
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EXAMPLE 3.2. Suppose that Z1, Z3, Zs, ... are i.i.d. complex random vari-
ables with law v € P(C) such that u-a.s. one has either Z; =0, or Z/|Z1] € S4.
Consider the n x n matrix H such that H,(j, j + 1) =Z;, H,(j + 1, j) = Z;,

for all odd 1 < j <n — 1, and all other entries of H,, are zero. By construction,

H, € A, almost surely. From the law of large numbers, almost surely U (H,) log 0,

where p is given by

1
p=7 [ (e +8e)dnca).

if g, denotes the equivalence class of the two vertex network (V, w, 0), with V =
{o,1}, w(o,1) =2z, w(1,0) =z and w(0,0) =w(l,1) =0.

EXAMPLE 3.3. For any fixed n € N, if H, € A,, then U(H,) € Ps(G,). In-
deed, take a sequence of m x m matrices A,, € A,, defined as follows. Letk, r > 0,
with r < n, be integers such that m = kn + r, and take A,, as the block diag-
onal matrix with the first £ blocks all equal to H, and the last block of size r
equal to zero. Then U (A,,) = #r/k)U(H") + m%g. Asm — oo, r/k — 0,
kn/r — oo and, therefore, U (A,,) converges to U (Hp).

3.4. Truncated networks. 1t will be important to work with suitable trunca-
tions of the weights. To this end we consider, for 0 < # < 1, networks G € G such
that for any (u, v) € Vé,

(28) degs(v) <672 and |wc(u, v)| = 01(wg (u, v) #0).

We call GY the set of all such networks. Clearly, any G € G is locally finite and
has at most #~* outgoing nonzero edges from any vertex. As before, one defines
the space gf by taking equivalence classes of connected rooted networks from G?.
We define P(gf ) as the sets of p € P(G,) with support in gf, and set P;(Qf ) =
PG NPs(Gy).

LEMMA 3.4. (i) Ps(Gy) is closed for the local weak topology.

(ii) Forany @ >0, G¢ is a compact set for the local topology.

PROOF. For (i): by definition, Pg(G*) is the closure of the set of U(G) such
that G is an admissible finite network [i.e., for some integer n > 1, H € A,, and
G =G(H) asin (27)].

For (ii): let g € Qﬁ and (G, o) be a rooted network in the equivalence class g.
Observe that each edge of G has a weight bounded above by 6~!. This implies
that in G each path whose total length is bounded by ¢ > 0, contains at most > /62
edges. Moreover, G has at most #~* outgoing edges from any vertex. Hence, G

292 . . :
has at most n(r) = 6~4"/%" vertices at distance less than ¢ from any given vertex.
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Now, we denote by Qﬁ I the set of equivalence classes of (G, o), such that the
equivalence class of (G, o) is in gﬁ . There is a finite number, say m(¢), of equiv-
alence classes of rooted connected graphs with less than n(¢) vertices (without
weights). Since all weights of g € gﬁ are in [0, 6~'], there is a covering of gf o+

with balls of radius 1/(1 + 7) of cardinal at most k(t) = m(t)(t§~1)"®’.

Notice that for any rooted network djo:((G, 0), (G, 0);) < 1/(1 + t). Hence,
from the definition of djo., we have proved that, for any ¢ > 0, there exists a finite
covering of G¢ with balls of radius 1/(1 + ¢). This proves that G¢ is precompact.
The fact that gﬁ is closed follows directly from (28). [J

Next, we describe a canonical way to obtain a network in G¥ by truncating
a network from G. This will allow us to introduce a topology on P(G,) that is
weaker than the local weak topology. In particular, a topology for which Py (G,) is
compact; compare Lemmas 3.4 and 3.8. For 0 < 8 < 1, define the two continuous
functions

0, if x €10,6),
xo(x) =13 (x—0)/0, if x €[6,20),

1, if x € [20, 00),

1, ifxe[0,672 1),
Xo(x)=160"2—x, ifxe[02-1,072),

0, if x € [072, )

that will serve as approximations for the indicator functions 1(x > 6) and 1(x <
672).

If G = (V,w), we define 59 = (V, wp) as the network with vertex set V and,
forallu,veV,

(29) g (u, v) = w(u, v)xp(degs () v deg (v)).

Next, we define Gy = (V, wp) as the network with vertex set V and, for all
u,veV,

(30) we (u, v) = @ (u, v) o (|@o (u, v)]).
Clearly, Gy satisfies (28), and for any u, v € V, |wg, (u, v)| < 61, and
1) degg, (u) <degs(u) and |wg,(u,v)| < |wg(u, v)|.

If g € G, and the network (G, o) is in the equivalence class g, then gy € gf is
defined as the equivalence class of (Gg(0), 0), where Gg is defined by (30). This
defines a map g > gy from G, to GZ. If p € P(G,) and g has law p, the law of gy
defines a new measure pg € P(gf).

The next lemma follows easily from the continuity of xg, Xp and the fact that as
6 — 0, for any for x > 0, xg(x) — 1 and Xp(x) — 1.
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LEMMA 3.5 (Continuity of projections).

(1) For 6 > 0, the map g+ gp from G, — (]f is continuous for the local

topology;
@ii) for 6 > 0, the map p — pg from P(G,) to P(gf) is continuous for the
local weak topology;

(iii) as 8 — 0, one has gg log g and pg o o, forany g € G, and p € P(Gy).

3.5. Projective topology for locally finite rooted networks. In order to circum-
vent the lack of compacity of P, (G,) w.r.t. local weak topology, we now introduce
a weaker topology, the projective topology. For integers j > 1, set

0j=2"".

Let pj:Gy — gff be defined by p;(g) = gp,. Similarly, for 1 <i < j, p;; :gfj —
gfi is the map p;;(g) = gp,, g € gf-". The collection (p;j)i<i<; is a projective
system in the sense that for any 1 <i < j <k,
(32) Dik = Dij © Pjk-
The latter follows from 261 < 6; and 01._2 < 0]._+21 —1.

Define the projective space G C [Tj>1 gf" as the set of y = (y1,y2,...) €
szlgfff such that for any i < j, p;;j(y;) = yi; see, for example, [14], Ap-
pendix B, for more details on projective spaces. One can identify G, and G

LEMMA 3.6. The map 1(g) = (p;(8)) j>1 from Gy to G is bijective.

PROOF. The fact that ¢ is injective is a consequence of Lemma 3.5 part (iii).
It remains to prove that the map ¢ is surjective. Let y = (y;) € G,. One can repre-
sent the y;’s by rooted networks (G, 0) = (Vj,w;, 0) such that V; C V; ;. Set
V:=Uj>1 Vj. By adding isolated points, one can view (G, 0) as the connected
component at the root of the network G ; = (V, w;), where w; (u, v) = 0 whenever

either u or v (or both) belong to V' \ V;. Moreover, one has that é,- = (é j)e; for
all i < j. This sequence of networks is monotone in the sense of (31).
For fixed u,v € V, and j € N, if w;(u,v) # O then the degree of u and v is

bounded by 22/ in any network Gk, k > j and, therefore, wi(u, v) = w;ji1(u,v)
for all k > j + 1. In particular, for all u#, v € V the limit

ou,v)= lim w;(u,v)
J—>00

exists and is finite. The same argument shows that forany u € V, lim;_, oo deg s (1)
J
exists and equals

X:\a)(u,v)]2 < 00.

veV
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To prove surjectivity of the map ¢, it suffices to take the network G = (V, w), and
observe that it satisfies Gg, = G forall j e N. U

With a slight abuse of notation, we will from now on write G, in place of g~*
The projective topology on G, is the topology induced by the metric

dproj (g= g/) = Z 2_jd10C(g9j ) g/ej)-
j=1

The metric space (Gs, dproj) is complete and separable. Also, g, Y g, that is,

dproj(8n, 8) — 0, if and only if for any 6 > 0, (g,)s ]35 gy. The projective weak
topology is the weak topology on P(G,) associated to continuous functions on

(G dproj). We denote the associated convergence by %Y. Notice that Pn oy p if
and only if for any 6 > 0, (o)e g pg. The topology generated by dpyj is coarser
than the topology generated by djoc, and the weak topology associated to s

. 1
coarser than the weak topology associated to 5.

EXAMPLE 3.7. Consider the star shaped rooted network (G, 1) = (V;, wp, 1)
where V, = {1,...,n}, with w,(u,v) = w,(v,u) =1,if u =1 and v # 1, and
w(u, v) = 0 otherwise. Let g, denote the associated equivalence class in G,. Then
g, does not converge in (G, dioc) because of the diverging degree at the root. How-

ever, in (G, dproj), 8n oy gx where g4 is the empty network. Moreover, U (G,,)

does not converge in P(G,) for % however U (G,,) po Ogy -

LEMMA 3.8. (i) G4« is compact for the projective topology.

(ii) Ps(Gy) is compact for the projective weak topology.

PROOF. Statement (i) is a consequence of Tychonoff theorem and Lem-
ma 3.4(ii). It implies that P(G,) is compact for projective weak topology. Hence,
to prove statement (ii), it is sufficient to check that Py (G,) is closed. Assume that

pn € Py(Gx) and p, 3 p. Then forany 6 > 0, (o) € Ps(Gx) and (p,)g o5 po- By
Lemma 3.4(i), we deduce that py € P;(G,). However, as § — 0, using Lemma 3.5,

we find pg % p. By appealing to Lemma 3.4(i) again, we get p € Ps(G,). U

3.6. Large deviations for the network G,. For a rooted network (G, 0), G =
(Vi, wg), define the functions

o l o
(33) v (G,0) = |a)(;(0)| and ¢(G,0) = 7 Z |a)G(0, v)| .

veVg\o
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Since these functions are invariant under rooted isomorphisms, one can take them
as functions on G. Then, if p € P(G,) we write E,y, and E,¢ to denote the
corresponding expectations. We remark that for any 6 > 0, the restriction of ¢, ¥
to (gﬁ , dioc) gives two bounded continuous functions. Therefore, as functions on
(Gx dproj), ¢ and Y are lower semicontinuous.

We now come back to the random matrix C = C(n) defined in (11). For integer
n > 1, consider the associated network

(34) G, =V, wp) with V, = {1, ...,n} and w, (i, j) = C;;.

From the first Borel-Cantelli lemma, almost surely the matrix C has no nonzero

entry for n large enough. Therefore, almost surely, U(G,,) log g, the Dirac mass

at the empty network.
For ease of notation, we define the random probability measure

on =U(Gy).

Notice that, by definition one has
1 " _
(35) Ep ¥ = o7z 21 Xl “Uem)v/n < 1Xiil <e(n)™'vn)
i=1

and

1
G6)  Epd=—rom 2 IXil"lemVi < Xl <o) Va).

I<i<j<n

The next proposition gives the large deviation principle for p, = U(G},) for the
projective weak topology.

PROPOSITION 3.9. U(G,) satisfies an LDP on P(G,) equipped with the pro-
jective weak topology, with speed n't%/? and good rate function I:P(Gy) >
[0, o] defined by
bEP‘/’ +aEP¢v lf,OEPS(g*),

00, if p & Ps(Gs).

If a or b is equal to 0o, the above formula holds with the convention oo x 0 =0.

(37) 1=

PROOF. By construction, p, = U(G,) € Ps(G:); see Example 3.3. Since
Ps(G,) is closed (see Lemma 3.4), it is sufficient to establish the LDP on the space
Ps(Gs) with good rate function I (p) = bE, ¥ + a0, p € Ps(Gs).

Let Bproj(p, 8) [resp., Bioc(p, 8)] denote the closed ball with radius § > 0 and
center p € Ps(G,) for the Lévy metric associated to the projective weak topology
(resp., local weak topology).
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Upper bound. By Lemma 3.8(ii), P;(G,) is compact. Hence, it is sufficient to
prove (see, e.g., [14]) that for any p € Py(Gy)

. . 1
(38) 111811:(1)1p hnnl)solép Tra3 logP(pn € Bproj(p, 8)) < —bE, ¥ —aE,y¢.

Assume first that £,y and E,¢ are finite. From standard properties of weak
convergence, and the fact that ¢, ¥ are lower semicontinuous on (Gx, dproj), it fol-
lows that the maps p +— E, ¥ and p — [E, ¢ are lower semicontinuous on Py (Gy)
w.r.t. the projective weak topology. Hence, we have for some continuous function
h(-) with h(0) =0,

P(pn € Bproj (0. 8)) < P(Ep, ¥ = Byt — h(8): Ep ¢ = Epp — h(8)).
Since (35) and (36) are independent random variables,
P(pn € Boroj (0. )
<P(E,, v >E,¥ —h())P(E,, ¢ >E,¢ — h(3)).

To prove the part of the bound involving ¢, one may assume E,¢ > 0. Take §
small enough, so that s :=E,¢ — h(§) > 0. From (36), using Markov’s inequality,
for any a; > 0,

(39)

_ I4+a/2 S
P(Ep, ¢z s) e S(Eexp(al|X12|a18(n)\/’7§|X12|58(n)*1\/ﬁ))n(n 2

Take 0 < a; < a. By assumption, there exists a> € (ay, a), such that for all r > 0
large enough,

P(1X 12| > t) < exp(—axt®).
Using (16), one deduces that

Eexp (a1] X121 Xe ) i1 <e(m)-1 /)

-1
<1+ e*(az*a])6(11)“11‘)‘/2 + aay /s(n) ﬁxaflef(azfal)x“ dx
£

(m)v/n

an (m— /2
<14 —= ¢ (@mapem)yn®=
ar —ai

Therefore,

P(Epn¢ > S) <exp (_a1n1+o{/2s + a—2n26—(02—a1)g(n)ana/2>.
2(az — a1)

We have thus proved that for § small enough

. 1
lim sup TTa logP(E,, ¢ >s) < —ai1(Eyp — h(9)).

n—oo



2478 C. BORDENAVE AND P. CAPUTO

Since the above inequality is true for any a; < a, it also holds for a; = a. Similarly,
one has

1
lim sup T /zlog]P’(IEpnw>s)< —b(E, ¢ — h(3)).

n—oQ0
From (39), it follows that (38) holds under the assumption that both E,v, E ;¢ are
finite.

If, for example, [, is infinite, then the above argument can be repeated, re-
placing £, v by a large number K, and then letting K — o0 at the end. The same
reasoning applies to the case where [E,¢ = oo. Similarly, if, for example, b = 0o
and E,v > 0, one can replace b above by a large number K and then let K — oo
at the end. The same applies to the case a = oo and E,¢ > 0. In particular, in all
these cases one has that the left-hand side of (38) is —o0. [

Lower bound. 1t is sufficient to prove that for any p € P;(G,) and any § > 0,

1
(40) liminf ——7 a7 logP(pn € Bproj(p0, 8)) > —bE, ¥ — aE .

In order to prove (40), we may assume without loss of generality that I (p) =
bE,y + al,¢ < oo. By monotonicity (31), one has that

lim 1 (pg;) = 1(p).
j—o00

Therefore, since the projective topology is generated from the product topology

on [];>; gff', it is sufficient to prove (40) for all p € P (gf), forall 0 <6 < 1.
Finally, since the local weak topology is finer than the projective weak topology, it
is enough to prove that for any 0 <6 < 1, p € Ps(G?) and § > 0,

. 1
41) l}ln_l)mf TTar2 logP(py € Bioc(p, 8)) > —bE, ¥ — aE,¢.

Let us start with some simple consequences of Assumption 1. From (4), there
exists a positive sequence 7,, converging to 0 such that, for any s > e(n) = 1/logn,

(42) e_(a+7]n)sa”a/2 < ]P)(|X12| > S«/ﬁ) < e_(a_nn)sotna/Z‘
In particular, if s > e(n), then for any y > 0, for all n large enough,

P(1X12| € [s,s +y)v/n) > %e_(aﬂ”)sana/z-
Therefore, using (5), one finds that there exists a sequence a, — a such that for
every y > 0, for all n large enough, for every z € C, with |z| > e(n), z/|z| € Sq,

I(X /2

(43) P(X12/+v/n € Be(z, y)) = e kI,

where S, denotes the compact support of the measure 9, € P(S!) associated to
X12, and Bc(z, y) is the Euclidean ball in C, with center z and radius y > 0.
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Similarly, there exists a sequence b, — b such that for every y > 0, for all n
large enough, for every x € R, with |x| > e(n), x/|x| € Sp,
(44) P(X11/v/n € Be(x,y)) = e b,

We remark that (43) and (44) are the only places where the assumption (5) is used
in this work.
Since p € Ps (Qf ), there exists a sequence of matrices H, € A, such that the

associated network as in (27) is in G? and such that U (H,,) S p. In particular, for
n sufficiently large one has

U(H,) € Bioc(p, 8/2)-

From Lemma 3.10, there exists y =y (8, 6) > 0 such that if |wg, (i) — H, (i, i)| <
y and |wg, (i, j) — Ha(i. )| <y forall 1 <i < j <n, then p, = U(Gy) €
Bioc (U (Hy), 8/2). Then, by the triangle inequality, for all n large enough,

P(pn € Bioc(p, 9))
> P(pn € Bioc(U (Hy), 8/2))
= P(max log, () — HyG, D] <y, max_ |, i, /) = HaG )] < ).
Independence of the weights wg, (i, j) = C; j, 1 <i < j < n then gives
P(pon € Bioc(p, 9))

>[1P(Ci — HaGi, D) <v) ] P(Cij — HaGi, )| < ).
i=1

I<i<j<n

Notice that whenever H, (i, j) # 0 one has |H, (i, j)| > 6, and thus using (42)
and (44) one has foralli =1, ..., n:

P(Cii — Ha(i, D)] < 7)
> b IO (1| H, (i, )] > 0)
1= | =0)

> e—hnn“/len(i,i)l"(l _ e—ce(n)“n“/z)

El

where the constant c satisfies ¢ > b/2 > 0. Similarly, using (43), for all i < j and
for some ¢ > a/2 > 0:

P(ICij — Hali, j)| < y) = e 1HnGDI (1 — gmeetn™n®?),

Observe that

1 1
y 2 GO =Buay, = 2 [HaG DI =Euaig-

1<i<n I<i<j<n
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—ce (n)‘)‘n‘)‘ﬂ)n2

Summarizing, using (1 —e > 1/2 for n large enough, one finds

(45) P(pn € Bioce(p, 8)) = Le~bnn "By gmann P By i

Since ¥ and ¢ are continuous and bounded on G?, one has Ey g, — E, ¢ and
Ev )¢ — Ep¢, as n — 0o. Moreover, a, — a and b, — b. Therefore, (45) im-
plies the desired bound (41). This concludes the proof of the lower bound. [J

The next lemma was used in the proof of the lower bound of Proposition 3.9.
While the estimate is somewhat rough, it is crucial that it is uniform in the cardi-
nality n of the vertex set.

LEMMA 3.10. Let 0 <6 < 1 and § > 0. There exists y = y(8,60) > 0 such
that for any integer n > 1, for any networks G € G, H € Gg with common vertex
set V=A{1,...,n} such that

(46) max_|wg (U, v) — oy, v)| <y,
(u,v)evV?

then

47) r;flea\)/(dloc((G(u)’ u), (Hu),u)) <8.

In particular,

U(G) € Bioc(U(H), ).

PROOF. Each edge of H has a weight bounded above by #~!. This implies
that in H each path whose total length is bounded by ¢ > 0, contains at most >/
edges. Moreover, H has at most #~* outgoing edges from any vertex. Hence, H
has at most m = 6~4°/9> vertices at distance less than ¢ from any given vertex. Fix
the root u € V and ¢ > 0. Therefore, there must exist #yp > O such that /2 < 19 < ¢,
and an interval I = [fg — t/(8m), tg + t/(8m)], such that there is no vertex within
distance s € I from u in H.

If ey, ..., er are the edges on a path in H, then provided that 0 < y < 6/2, one

has
()" e ]

i=1 i=1

_ 12 4y
(jonen|™ = loaten| ) = =

1

=

k
1=
The first inequality follows from the convexity of [0, oo)2 5,y (WVx— ﬁ)z,
which yields ((X; u)'/2 — (X v)/)2 < ¥ w)? — v}/*)?2, for any u, v € RE.

i i
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The second inequality follows from |wg (¢;)| > 6 and the assumption (46). In the
worst possible case, one can take k = r2/62 for the number of edges at distance
to from u. Together with the previous observation, this shows that if 2y v/k /62 <
t/(8m), that is, ¥ < 63/(16m), then the neighborhood of u consisting of vertices
within distance #y in G and in H have the same vertex set. From the definition of
dioc, this choice of y in (46) implies that
1 2

dloc((G(M)’ u), (H(M)’ u)) = m < .
Thus, taking r = 2/8, one has (47), as soon as, for example, y < 93/(16m) =
g3+16/(%0%) /16. From the definition of the Lévy distance, it immediately follows
that U (G) € Bioc(U(H), ). 0O

REMARK 3.11. In the proof of Proposition 3.9, we have not appealed to gen-
eral results, such as Dawson—Girtner’s theorem, that are available for projective
topologies (see, e.g., [14], Section 4.6). We have, however, crucially used the com-
pactness of Py (G*) for the projective weak topology. It is not hard to check that
the rate function 7 (p) in (37) is not good for the weak topology (level sets are not
compact).

3.7. Spectral measure. For a network G = (V,w) € G?, we may define the
bounded linear operator T on the Hilbert space ¢£%(V) by

(48) Te,=Y w(u,ve,
ueV

for any v € V, where {e,,u € V} denotes the canonical orthonormal basis of
22(V). T is bounded since

2 —
(49) ITesll3= ) lo@, )| = deg(v) <672
ueV
Also, since G is Hermitian, 7" is self-adjoint. We may thus define the spectral

measure at vector e,, see, e.g., [20], as the unique probability measure uj on R
such that for any integer k > 1,

(50) / K dpb = (ey, Tke,).

Notice that for rooted networks (G, 0) with G € G, then the associated spectral
measure (7 is constant on the equivalence class of (G, 0), so that % can be
defined as a measurable map from G¢ to P(R). Thus, if p € P(G?) for some 6 > 0,
one can define the spectral measure of p as

(51) Hp :Epl/«(%-
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In particular, consider a Hermitian matrix H, € H,(C), let G, = G(H,) be the
associated network as in (27), and let p, = U(Gy). Then, if (Y1, ..., ¥,) is an
orthonormal basis of eigenvectors of H,, with associated eigenvalues (Ag, ..., A,),
by the spectral theorem, for any v € {1, ..., n},

n
1y =i, )8,
i=1

where /,L}’,n stands for the spectral measure at v; see (50). Moreover, the empirical
distribution of the eigenvalues of H, satisfies

1 1 &
(52) P, = =D 8 =D Wy, =,
i=1 v=1

Hence, our definition of spectral measure for a sofic distribution coincides for finite
networks with the empirical distribution of the eigenvalues.

We turn to the definition of 1, for the case where p € P(G,) but there is no
6 > 0 such that p € P(gf ). In this case, (51) allows one to define the spectral
measures [4,,, where the truncated network py is defined as in Lemma 3.5. Next,
we shall define the spectral measure 1, as the limit of u,, as & — 0, provided
some extra assumptions are satisfied. More precisely, for a rooted network (G, o),
G € G, and for 8 > 0, let

(53) £5(G,0)= Y |wc(o,v)[".
veVg

Since &g is constant on the equivalence class of (G, 0), it can be seen as a function
on G,. For 8 > 0, T > 0, define

Ps,ﬂ,r(g*) = {;0 € Ps(g*) :Ep%-ﬁ < 77}-

Lemma 3.12 below is an extension to the weighted case of analogous statements
in [10, 11], where spectral measures are defined for random rooted graphs (with
no weights). The first result allows one to define the spectral measure 1, of any

pE Ps,ﬁ,r (g*)

LEMMA 3.12. Let0< B <2,t > 1and p € Py g :(Gx). Then the weak limit
= 1i
Hp == JH0 Fpo
exists in P(R).

PROOF. To prove the lemma, we are going to show that the sequence 1,
6 — 0, is Cauchy w.r.t. the metric (12).
By assumption, there exists a sequence G, of networks on {1, ..., n} such that

On S 0, where p, = U(Gy). Call T, the associated Hermitian matrix. The em-
pirical distribution of the eigenvalues of 7, satisfies w7, = u,, by (52) applied to
H,=T,.
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The truncations (p,)g and py satisfy (on)e o pe by Lemma 3.5(ii). Moreover,
forall 8 > 0,

(54) M(Pn)e ~ /’LIOG'

To prove (54), let T? denote the random bounded self-adjoint operator associated
to pg via (48) and let Tn@ be the matrices associated to (p,)g. One can realize

these operators on a common Hilbert space 22(V). Since (on)o s pg, from the
Skorokhod representation theorem one can define a common probability space
such that the associated networks converge locally almost surely, so that a.s.
Tneev — T?%,, in £>(V), for any v € V. This implies the strong resolvent con-
vergence; see, for example, [20], Theorem VIII.25(a), and in particular that for
anyv eV, as.

v v
el .
MTHG :UJTG

Then (54) follows by applying this to v = o and taking expectation.

Let Tne , Tne be the matrices associated to (G,)g and (én)g, respectively, where

(5,1)9 is defined according to (29), and (G, )g according to (30). From (14), using
the triangle inequality, Lemmas B.1 and B.2,

1 " 1 ~ 1/2
d(pre, kr,) < - rank(Tne —T) + (; tr(T,? - Tne)Z)

From the definition (29), one has

1 ~ 2
“rank(T¢ — T,) < 5 1(degg, (1) = 072 — 1) = 2P, (degg (0) = 072 — 1).
n n i=1

From (30), one finds

| 1 &
(T = 1)) < = 3 |wg, (. ) (|wg, . )] <20)1(degg, () <67%)
i,j=1

= E,, 1(degg (0) < 072) Y |wg (0, v)|*1(|wg (0, v)| <26).

Letting n go to infinity, using ji76 = [i(p,),» and (54), one has d(uzs, pye) —
d (i py» p, )- Therefore, by the triangle inequality and the dominated convergence
theorem, for any 0 <6’ <6 < 1/+/2,

d(1py, Ihp,) < 4P (degs (0) = 072/2)

1/2
+ 2<Ep1(degc(0) <67 > |wc 0, ) 1(|wg(o, v)| < 29)) .

v
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Notice that, for 8 € (0, 2)
B/2
(55)  degg(0)? = (Z\we(o, v)\z) <Y |wg(o. 0| =£(G. o),

where we use that Zle a; < (Zle a;) foralla; > 0,r > 1 and k € N. Moreover,
Y lwc (0. v)[*1(|jwc(o, v)| <0) <07 PE4(G. o).
v

Hence, from Markov’s inequality,
(56) d(lpgs py) < 40PE E5 + 20" PR(E, £5) /2.
By assumption E, &g is finite. Hence, the sequence 1, is Cauchy. [

LEMMA 3.13. Forany B €(0,2), T > 0, the map p + , from Py g :(Gs) to
PR) is continuous for the projective weak topology.

PROOF. For any 6 > 0, from (56),
(57) d(fpy, o) < c(0F +0'7P/7),
with a constant ¢ = ¢(t) > 0. Hence, from the triangle inequality, if p, p’ €

Ps,ﬂ,r(g*),
d(pp, 1) < 20(0F +0'7P2) 4 d gy, 1)

Consider a sequence o’ such that p’ o p.If o’ Eo p then pj % pp and, therefore,
with the same argument used in the proof of (54) above one finds

Hopy ~ Hpg-
We deduce that
limsupd (i, ty) < 2c(0 +0'7P/2).

,proj
PP

Since 0 > 0 is arbitrarily small, the statement of the lemma follows. [J

3.8. Large deviations for the empirical spectral measure uc. We can ap-
ply the previous results to the empirical spectral measure pc, where C = C(n)
is the random matrix defined in (11). So far, we have defined u, for every

pE U0<ﬁ<2 Ut>1PS,ﬂ,T(g*)- If p € Ps(Gy) but p ¢ UO<5<2 Ur>1PS,ﬁ,T(g*)>
then we set

Mp = 8.
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PROPOSITION 3.14. The empirical spectral measures ¢ satisfy an LDP on

P(R) equipped with the weak topology, with speed n'+*/? and good rate function
® given by
(58) O (v) =inf{1(p). p € Po(Ga) 1t = v},

where 1(p) is the good rate function in Proposition 3.9.

PROOF. Recall that by (52) the network G, in (34) satisfies p, = U (G,,) and

Mlon =Hc.
Notice that if ¢ = (5 A b), then

(39) 1(p) = cEpéq,

where &, is defined by (53). Hence, by Lemma 3.13, the map p +— ., is continu-
ous on the domain of 7(p). We would like to apply a contraction principle to get
the LDP for u,, from the LDP for p,; see, for example, [14], Theorem 4.2.1(a).
However, a little care is needed here because p + ), is continuous on the set
I1(-) < oo only.

We start with the lower bound. Assume that B is an open set in P(R). For
each T > 0, by Lemma 3.13, the function f; : p = u, from Py o (Gx) = P(R) is
continuous. Hence, fr_1 (B) is an open subset of Ps , 1 (Gs), and

P(p, € B) = P(py € f7'(B)).

From Proposition 3.9, it follows that

1
— inf I(p) <liminf —— logP € B).
Py s (p) <limin Trays 108 (p, € B)
Using (59), one has for some ¢ > 0:
1
- inf 1 < (—ct vhmmf lo P €B
P (p) < (—c1) gP(up, € B).

Letting 7 tend to infinity, we obtain the desired lower bound:

_ ngfa d(v) < h;risup Ta/2 logP(p, € B).

To prove the upper bound, assume that B is a closed set in P(R). By
Lemma 3.13, f,‘l(B) is a closed subset of Ps ¢ (G,). Write

]P)(Mpn €B) < P(//Lpn €B;pn € Ps,a,r(g*)) + IP)(lon ¢ Ps,a,r(g*))-
Proposition 3.9 yields

1
li logP B; <-— inf 1
imsup - log (Up, € B; pn € Psa,1(Gx)) < peP;,a,,l(rgl*):upeB (p),
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and, for some ¢ > 0:

. 1
lim sup ta2 logIP’(pn ¢ Ps,a,t(g*)) < —cT.

n—oo N

We have checked that
) 1 .
llrlfisolép Tran2 logP(up, € B) < —[(CT) A ;IelfB ‘D(M)]-

Letting t tend to infinity, we obtain the desired upper bound. The fact that ® is a
good rate function can be seen as in [14], Theorem 4.2.1(a), or, more directly, it
follows from Lemma 3.15 below. [

3.9. Proof of Theorem 1.1. Thanks to Proposition 2.1, all we have to show is
that is that the sequence of measures pg H e satisfies a LDP in P(R) with speed
n!+®/2_ with the good rate function ® defined in Proposition 3.14. Since the map
V = g B v is continuous in P(R), the above is an immediate consequence of
Proposition 3.14 and the standard contraction principle. This completes the proof
of Theorem 1.1.

3.10. On the rate function ®. We turn to a proof of the properties of the rate
function listed in Theorems 1.2 and 1.3.

LEMMA 3.15. Forany B €(0,2), t > 1, for any p € Py g (Gx«), one has
(60) [ 161 diay ) <.

PROOF. We use the following Schatten bound: for all 0 < p <2,

1 n n p/2
61) /|x|PduA(x) <- Z(Z |Ak,~|2)

i\

for every Hermitian matrix A € H,,(C). For a proof, see Zhan [21], proof of The-
orem 3.32. For p € Ps g :(G+), there exists a sequence of matrices H, such that

pn = U(Hy) % p. Let T,f be the Hermitian matrix associated to (H,)g, the trun-
cated network. From (61) and (55), one has for all 6 > O:

B/2
f xIP dpro(x) <E,, [(9—2 A (o, v)|2> } <E,, (077 A&s(G, 0)).

For 6 > 0, the spectral measures KT8 = K(pa)g have compact support uniformly
in n. Thus, letting n go to infinity, from (54) one has

62) f 118 dpap, () < Epép.
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On the other hand, by definition of u, (see Lemma 3.12), one has u,, ~ 1y,
6 — 0 and, therefore,

/|x|ﬂ du,(x) < liéni(r)lf/ 1x1P dip, (x).

This proves the claim (60). U

PROOF OF THEOREM 1.2(A). The proof is an immediate consequence of
Lemma 3.15. Indeed, from (59) and the definition of ®, it suffices to show that
for any t > 1, for any p € Ps 4. (G«), one has

63) / 1% dptp (6) < E pka.
This is the case « = 8 in (60). [

PROOF OF THEOREM 1.2(B). For x € R, let g, € G, denote the network con-
sisting of a single vertex o with weight w (0, 0) = x. If v € P(R), let p € P(Gx)
denote the law p = [ 84, dv(x). Notice that

E,ty = /}R X[ dv(x) = ma(v).

Thus, we can assume K&, < 0o, otherwise there is nothing to prove. Since we
assume supp(d¥,) = {—1, 41}, one has that p is admissible sofic; see Example 3.1,
and p € Py o,r(Gx) for some 7 > 1. The spectral measure 1, of p, defined as in
Lemma 3.12 is easily seen to be 1, = v. Then ®(v) < I (p) = bE &, = bmy(v).

]

PROOF OF THEOREM 1.2(C). Thanks to parts (a) and (b), all we need to prove
is that

(64) () < %ma(vx

for all symmetric probabilities v on R.

For z € C, let g, € G, denote the equivalence class of the two vertex network
(V,w,0), with V = {0, 1}, w(o,1) =z, w(1,0) =z and w(0,0) = w(1,1) =0.
Fix some e'¥ € S, = supp(¥,), let T be a nonnegative random variable with some
distribution 4 on [0, 00), and let 1 € P(C) denote the law of Te'?. The law

1
p=3 /{c (8. +85) dpn(2),

is sofic; see Example 3.2. A simple computation shows that the spectral measure
of p satisfies (t, = tsym, Where sym denotes the symmetric probability on R such
that

1 (o
[ F@dngme =3 [ (700 + F0) dur )
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for all bounded measurable f.
To prove (64), let v € Pgym(R) and write w4 for the law of |X| when X has
law v. Then v = usym and the associated p satisfies u, = v. Therefore,

o0) =10 =5 [ dpu ) = Smav). 0

PROOF OF THEOREM 1.3(a). We proceed as in the proof of Theorem 1.3(b).
Here, S, = {+1}, and thus the law p = [ 85, dv(x) that we used there is not
necessarily admissible sofic. However, it is so if one assumes supp(v) C R. The
rest of the argument applies with no modifications. [

For the remaining statements, we use the following observation.
LEMMA 3.16. If p € Py g :(Gs) for some B € (1,2), T > 1, then

(65) /Rxdp,p(x) =E,ws(0).

PROOF. By definition of the spectral measure i, [see (50)], for every 6 > 0
one has

[ xdig, () = Epy06(0) = By, o).

where Gy is the truncation of G; see (30). The weights wg, (0) satisfy |wg, (0)| <
lwg (0)| and, since B > 1, E,|wg (0)] < (E,&p)1/# < t!/P. Thus, by the dominated
convergence theorem,

Qli_%/Rxdupg(x):Epwg(o).

From (62), and the fact that 8 > 1, we know that the identity map x > x is uni-
formly integrable for (14,,)9>0. Therefore, by definition of 1, (see Lemma 3.12),
the limit above also equals [ x du,(x). O

PROOF OF THEOREM 1.3(b). In view of the bound (64), it suffices to show
that if p € Py(Gy) with u, = v, then

(66) 2 i) < 100,

Thanks to (59), one may assume that p € Py ¢ (Gx) for some v > 1. Moreover,
by (59) and (63), we know that (66) holds if b > a/2. If b < a/2, we proceed as
follows. Since « > 1 here, we may apply Lemma 3.16, and obtain that

0= Aéxdv(x) =E,w5(0),
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where we use the symmetry assumption on v. Since S, = {41}, one has that
wg(0) > 0 and, therefore, wg(0) = 0 p-a.s. In conclusion, I(p) = aE,¢p =
%Epéa, and the claim (66) follows from (60). [

PROOF OF THEOREM 1.3(c). Suppose that I (p) < co. Then by (59), one has
p € Ps,ar(Gs) for some v > 1. Since o > 1, Lemma 3.16 yields [pxdv(x) =
E,w¢ (o) which, together with the assumption [ x dv(x) < 0, implies

Ey g (o) <0.

However, S, = {+1} implies that E,ws(0) > 0, a contradiction. Thus, I(p) =
+00, for all p € Ps(G) such that u, =v. O

APPENDIX A: UNIFORM ASYMPTOTIC FREENESS

A.l. Proof of Theorem 2.6. Recall the definition (13) of the function
8u:Cy— Cy4, for a given u € P(R). Theorem 2.6 is a consequence of the fol-
lowing result.

THEOREM A.l1 (Uniform bound in subordination formula). Let Y =
(Yij<i,j<n € Hn(C) be a Wigner random matrix with Var(Y12) =1, E|Y12]? < o0
and E|Y11|* < 0o. There exists a universal constant ¢ > 0, such that for any integer
n>1,any M € H,,(C), any z € C1, Tm(z) > 1,

12 3
_ _ EY1 27+ EY|
18(2) — guy(z+3@)| =c Y ’

where g(2) =Egu,, -,/ (2).

Theorem A.1 is a small generalization of Pastur and Shcherbina [19], Theo-
rem 18.3.1: the main difference here is that we do not assume that the real and
imaginary parts of Y;; are independent. We also allow the mean of the entries to
be nonzero. Note that the rate 1/4/n in Theorem A.1 is not necessarily optimal
with stronger assumptions; see, for example, [12], equation (3.8). We postpone the
proof of Theorem A.1 to the next subsection. We first check that it implies Theo-
rem 2.6. This is done by a simple contraction argument. For z € C, we define the
C4 — C4 map,

(67) ¢ h— guy(z+h).

It is Lipschitz with constant 1/Jm(z)2. In particular, if Jm(z) > 2, ¢, is a contrac-
tion with Lipschitz constant 1/4. Now, it is well known that if u = s B pgc, we
have for all z € C,. the subordination formula,

8u(2) = 8uy (2 + 81 (2)) = (8, ().
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see Biane [8]. In particular, if for some probability measure v € P(R) and ¢ > 0,

|80 (2) — guy (2 + 8v(@)| <&,
then

181 (2) — &v(@)| <& + [¢:(24(2) — b2(v(2))| <&+ |8u(2) — gv(@)].

1
Jm(z)?
So that, if Jm(z) > 2,

|gu(2) — gv(2)| < 5¢
Hence, from the definition of the distance d(u, v) in (12), we see that Theorem 2.6
is a corollary of Theorem A.1.
A.2. Proof of Theorem A.1: The Gaussian case. In this subsection, we as-
sume that:

(1) G = (Re(Y12), Im(Y12)) is a centered Gaussian vector in R? with covari-
ance K e Ho(R), tr(K) = 1.
(2) Y1 is a centered Gaussian in R with variance 1.

The proof is a variant of Pastur and Shcherbina [19], Lemma 2.2.3 (the main
difference is that in [19], Lemma 2.2.3, the covariance matrix K is diagonal). We
first recall the Gaussian integration by part formula (see, e.g., [19]): for any con-
tinuously differentiable function F :R? — R, with E||VF(G)|» < oo,

(68) EF(G)G = KEVF(G).

We identify H,,(C) with R™. Then, if ®:H,(C) — C is a continuously differen-
tiable function, we define D j; ®(X) as the derivative with respect to Re(X jx), and
for1 <j+#k<n, D;.kCIJ(X) as the derivative with respect to Jm(X ).

Define the resolvent R(X) = (X —z)" ',z € C.. From the resolvent formula,

(69) R(X + A) — R(X) =—R(X + A)AR(X),

valid for any matrix A € H,,(C), a standard computation shows thatif 1 < j, k <n,
and 1 <a # b <n, then

DapRji = —(RjaRpk + RjpRax) and D, Rjx = —i(RjaRpk — RjpRak),
while if 1 < a <n, then
DuaRjr = —RjqRuk.
Set X =Y/\/n+ M, so that
R=Y/Jn+M—-2)"".
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Using (68) we get, for0 <a #b <n,and all j, k:

1 . .
—E[K11DapRji + K12D), Rjx +iK21Dap R ji + i K2o D)y R ji |

Jn

—E[(K11 — Kn+iK12+iK21)RjaRpi

N

ERjxYap =

(70)
+ (K11 + K2 —iK12 +iK21)Rjp Rak |

1
=——=E(RjaRpk + RjpRar),

Jn
where at the last line, we have used the symmetry of K and tr(K) = 1, together
with the notation

y =K1 — Kn +2iK;p =EY>

Notice that |y| < 1. Similarly, for a = b one has

1
—ERqRuk.

N

(71) IE:RjkYaa =

Next, set
Giz)=M —z)~ L.

Notice that in this case the dependency of G(z) on z is explicit in our notation.
From the resolvent formula (69),

1
R=G(z) — —=RYG(2).

Jn

Hence, for 1 < j, k <n, using (70)—(71),

ERjk = G(Z)jk Z R]aYab G (2)pk

1<a b<n

1
=G(z),~k+g > ElRjaRpalG@uk+— Y. E[RjpRualG(@)pk.

1<a#b<n 1<a,b<n
We set

g g/’LY/\/ﬁ+M ZRa(lv ngg, gzg_Eg,

and consider the diagonal matrix D with Dz =1;—R ;. We find

ER = G(z) + E[gRIG(2) + %E[R(RT — D)]|G().
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Multiplying on the right-hand side by G(z)~' = M — z and subtracting gR, one
has

ER(M —z—%) =1+EgR+ ZER(R" — D).
= n
Multiplying on the right-hand side by G(z + g),
ER=G(z+2) +EgRG(z+73) + %IER(RT —D)G(z+7).
Finally, multiplying by % and taking the trace,
_ _ 1 _ Y _
2=8u,z+9+ ;Egtr[RG(z +9)]+ ;IEU[R(RT —D)G(z+9)]

As a function of the entries of Y, g has Lipschitz constant O (n~! Jm(z)~2). This
fact can be seen, for example, as in [3], Lemma 2.3.1. Since the entries of Y satisfy
a Poincaré inequality, a standard concentration bound [18] implies

Elgl= O(n~' Im(z)~?).
Also, since |tr(AB)| <n||A|||B]||, we find

1
—trRG(z+38)| <Im(z)™> and [wR(R" — D)G(z+2)| <2nTm(z)~>.
n

This concludes the proof of Theorem A.1 in the Gaussian case.

A.3. Proof of Theorem A.1: The general case. LetY; i =Yij— EY;12. Then
Y — Y has rank at most 1. Hence, by Lemma B.1,

ity e D) = Buay s D] = O((1Tm(2) ™),

where we have used (14) and the fact that f(x) = (x — z)~ ! has a bounded vari-
ation norm of order Jm(z)~'. Also, we recall that the map ¢. defined by (67)
is Lipschitz with constant 1/ Jm(z)?. Hence, in order to prove Theorem A.1, we
assume without loss of generality that the off-diagonal entries of the matrix are
centered: EY;» = 0.

We now check that the diagonal entries of Y are negligible. Let Y’ be the matrix
obtained from Y by setting the diagonal equal to zero: Yi/j =1;%,Y;;.

LEMMA A.2 (Diagonal entries are negligible). Forze C,, Jmz> 1,
1/2
210y, 10 @ = Bty oy @] = O(EIY 11 /) %),

PROOF. From (77), we find

EW] (My/ﬁ+M7 MY’/ﬁ+M)
(Omz)?

Bty s @ —E8uy, sion D] =

- EWZ(MY/JE—',—Mv Wy Ja+m)
- (Jmz)? '
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Then by Lemma B.2 using Jensen inequality,

12
EWZ(MY/[+M Wy’ /[+M) < - (ZE|YH| )

12
I(E'Y‘ i)Y .

As a consequence of Lemma A.2, we can assume without loss of generality
that the diagonal entries of Y are independent centered Gaussian with variance 1.
By Section A.2, the conclusion of Theorem A.1 holds for the matrix Y whose
off-diagonal entries are centered Gaussian random variables with covariance is K,
where K is the covariance of Y, and with diagonal entries centered Gaussian with
variance 1. Therefore, since the map ¢, defined by (67) is Lipschitz, in order to

prove Theorem A.1, it is sufficient to establish that

72 E E - E[Y1o|?
(72) | gMY/ﬁ+M(Z)— g“?/ﬁ+M(Z)|—CW

We may repeat verbatim the interpolation trick in Pastur and Shcherbina [19], The-
orem 18.3.1. Consider the random matrix Y, independent of Y, and for 0 <t <1,
define the matrix

Y(1)=1Y +/1—1Y.
Set R(1) = (Y (¢)//n+ M — zI)™'. Then, using the resolvent equation (69)

8y firm (@) - 817/ yarm @)

1 rld
=—/ ZwR()dt
nJo dt

1 1 ,
(73) = —m/ trR()Y (t)R(t) dt

:_ﬁf tR(t)(\/_ \/A_)R(t)dt

——L/I[t Rz(t)——t R2(1) Y ]dt
=257 J, r 7i r — .

Next, consider the extension of (68) to arbitrary centered random variable G
with covariance K. Namely, for any twice continuously differentiable function
F:R? > R, with E[[VF(G)||» < oo and sup, g2 || Hess F'(x)|| < 0o, a Taylor ex-
pansion gives

EF(G)G = KEVF(G) + O(IE||G||2 sup HHessF(x)”)

xeR2
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Since Y and Y have the same first two moments, we get for all ¢ € [0, 1]

Etr R*(7) Y g R%(1) Y
r —_— — r
Jt V1=t
Yk Yir
= Y ER*(ij—4 —ER*(t)j—2
1< Fn t V11—t
E| Y12 :
=c > sup ,|D§k jk(R(X)z)kﬂ’

1<j,k<n XeH,(C),e,e

where ¢ > 0 is a constant, and D;kDi;c ranges over Djz.k, D/?k and D ji D}k. How-
ever, it follows from (70)—(71) that

|D§kD§k(R(X)2)kj|

is a finite linear combination of products of 4 resolvent entries of the form
?:1 R(X)y;v; . Since for any X € H,(C), |R(X) jx| < (Jmz)~!, one has for some
new constant ¢ > 0 and for all ¢ € [0, 1]:

L—EtrRz(t) <cnIE|Y12|3
Vi JT=tl 7 (Jmg*

Plugging this last upper bound in (73) concludes the proof (72) and of Theo-
rem A.1.

Etr R*(r)

APPENDIX B

In this section, we collect some standard facts that are repeatedly used in the
main text. For probability measures ., u’ € P(R), the Kolmogorov—Smirnov (KS)
distance is defined by

(74) dgs(p, n') = suﬂg!u(—oo, 1] — p'(—o0,1]|.
te

The KS distance is closely related to functions with bounded variations. More
precisely, for f:R +— R the bounded variation norm is defined as

I £y =sup Y| f(xks1) — f(x0)

keZ

’

where the supremum is over all sequence (xi)xez With x, < x,41. If f =
1((—o0, 1)), then || f|l gy = 1 while if the derivative of f is in L'(R), we have
| fllBv = [ | f'(x)|dx. The KS distance is also given by the variational formula

(75) des (o) =supf [ fan— [ fan'siflay <1},
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[Indeed, the functions H; = 1((—o00, t)), t € R, are the extremal points of the con-
vex set of functions f with || fllpv <1 and the map f — [ fdu — [ fdu'is
linear].

For p>1and u, ' € P(R) such that [ |x|? du(x) and [ |x|” du'(x) are finite,
their L?”-Wasserstein distance is defined as

I/p
76 W (1, /:(inf/ —ylPdn(x, ) :
(76) pl, )= inf | 1x—ylPdm(x.y)

where the infimum is over all coupling 7 of « and i’ (i.e., 7 is probability measure
on R x R whose first marginal is equal to « and second marginal is equal to u’).
Holder’s inequality implies that for 1 < p < p’, W, < W,

For any p > 1, if W, (u,, u) converges to O then w, ~» w. This follows, for
example, from the Kantorovich—-Rubinstein duality

7 Wi(w, 1) =Sup{/fdﬂ —/fdM'I I fllLip = 1},

where || f[|Lip denotes the Lipschitz constant of f (see, e.g., Dudley [15], Theo-
rem 11.8.2).

The following inequality is a standard consequence of interlacing; see, for ex-
ample, [4], Theorem A.43.

LEMMA B.1 (Rank inequality). If A, B in H,(C), then
1
dgs(a, up) < p rank(A — B).

Next, we recall a very useful estimate which allows one to bound eigen-
value differences in terms of matrix entries. For a proof see, for example, [3],
Lemma 2.1.19.

LEMMA B.2 (Hoffman—Wielandt inequality). If A, B in H,(C), then
1 2
Wa(pa, up) < ;tr[(A — B)?].
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