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Random walks in random scenery are processes defined by Z, :=
ZZ:I §X,+.+X,» Where basically (Xy,k > 1) and (§y, y € Z) are two in-
dependent sequences of i.i.d. random variables. We assume here that X is
Z-valued, centered and with finite moments of all orders. We also assume
that & is Z-valued, centered and square integrable. In this case H. Kesten and
F. Spitzer proved that (n3%z [nr]» t > 0) converges in distribution as n — 0o
toward some self-similar process (A;, t > 0) called Brownian motion in ran-
dom scenery. In a previous paper, we established that P(Z, = 0) behaves
asymptotically like a constant times n=3/4 as n — co. We extend here this
local limit theorem: we give a precise asymptotic result for the probability
for Z to return to zero simultaneously at several times. As a byproduct of
our computations, we show that A admits a bi-continuous version of its local
time process which is locally Holder continuous of order 1/4 —§ and 1/6 — 4,
respectively, in the time and space variables, for any 6 > 0. In particular, this
gives a new proof of the fact, previously obtained by Khoshnevisan, that the
level sets of A have Hausdorff dimension a.s. equal to 1/4. We also get the
convergence of every moment of the normalized local time of Z toward its
continuous counterpart.

1. Introduction.

1.1. Description of the model and of some earlier results. We consider two
independent sequences (X, k > 1) and (§,, y € Z) of independent identically dis-
tributed Z-valued random variables. We assume in this paper that X is centered,
with finite moments of all orders, and that its support generates Z. We consider the
random walk (S,, n > 0) defined by

n
So:=0 and S,:=) X; foralln>1.
i=1
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We suppose that &y is centered, with finite second moment o= E[SOZ]. The se-
quence £ is called the random scenery.
The random walk in random scenery Z is then defined for all n > 1 by

n—1
Z, = Z ";‘-Sk-
k=0

For motivation in studying this process and, in particular, for a description of its
connections with many other models, we refer to [5, 10, 14] and the references
therein. Denoting by N, (y) the local time of the random walk S,

Ny(y)=#k=0,...,n—1:85 =y},

it is straightforward, and important, to see that Z, can be rewritten as Z, =

2y EyNn(y).
Kesten and Spitzer [10] and Borodin [2] proved the following functional limit
theorem:

(1) (1734 Zpiot 2 0) 22X (5 A, 12 0),
n—>oo
where:

e Zy:=Z,+ (6 —n)(Zys1 —Zy), foralln <s <n+1,
e A is defined by

+00

Ay 3=/ L(x) dBx
—00

with (Bx)xer a standard Brownian motion and (L;(x), t > 0, x € R) jointly con-

tinuous in ¢ and x a version of the local time process of some other standard

Brownian motion (B;);>( independent of B.

The process A is known to be a continuous (3/4)-self-similar process with station-
ary increments, and is called Brownian motion in random scenery. It can be seen
as a mixture of Gaussian processes, but it is not a Gaussian process.

Let now ¢¢ denote the characteristic function of &y and let d be such that
{u:lgs(w)| =1} = (2 /d)Z. In [5] we established the following local limit the-
orem:

» da_lpl’l(x/o)n_yd'+0(n_3/4),
2) P(Z, = [n**x]) = if P(n&y — |n¥/*x| e dZ) =1,
0, otherwise,

with

e~ IL113x/2)

1 _
pri(x) = EE[IlLlllzl
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and ||L1]]2 := (Jg L%(y) dy)'/? the L?>-norm of L. In the particular case when
x =0, we get

do~'pi 1O~ 1 o(n34Y),  ifnedZ,

3 P(Z,=0)= .
3) ( ) {O, otherwise,

with dp := min{m > 1: ¢z (27 /d)™ = 1}.2

Actually the results mentioned above were proved in the more general case
when the distributions of the &,’s and X ’s are only supposed to be in the basin of
attraction of stable laws (see [4, 5] and [10] for details).

1.2. Statement of the results.

1.2.1. Local time of Brownian motion in random scenery. Let Ti,..., T, be
k positive reals. Set

Dr,,..1, :=det(M7,,..1,) with M7, 1, = (<LTi’ LT_i»lsi,jsk’

where (-, -) denotes the usual scalar product on L(R), and

..........

Our first result is the following:

THEOREM 1. Forany k > 1, there exist constants ¢ > 0 and C > 0, such that

forevery 0 < Ty < --- < Ty, with the convention that Ty = 0.

The most difficult (and interesting) part here is the upper bound. The lower
bound is obtained directly by using the scaling property of the local time of Brow-
nian motion and the well-known Gram—Hadamard inequality. Concerning the up-
per bound, we will give more details about its proof in a moment, but let us stress
already that even for k = 2 the result is not immediate (whereas when k = 1 it fol-
lows relatively easily from the Cauchy—Schwarz inequality and some basic prop-
erties of the Brownian motion; see, e.g., [5]).

A first corollary of this result is the following:

2Recall that, for every n > 0, we have

P(néyedZ) >0 <+ Pwmé&edZ)=1 <+ nedyZ.
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COROLLARY 2. Forallk>1andall0 < T < --- < Ty, the random variable
(A7, ..., Ar) admits a continuous density function, denoted by py 1, ... 1,, which
is given by

..........

nX-x)]  forallx e R,

Theorem 1 also shows that, for every t > 0, k > 1 and x € R, the following
quantity (corresponding to the kth moment of the local time of A in x at time ¢;
see Theorem 3 below),

4 Mk,t(x)3=/[0t ety T (X, x)dTy - d Ty

is finite. Define now the level sets of A as the sets of the form
AN x)i={t>0:A, =x}
for x € R. We can then state our main application of Theorem 1, which can be
deduced by standard techniques:
THEOREM 3. There exists a nonnegative process (L;(x),x € R, t > 0), such

that:

(1) a.s. the map (t, x) — L;(x) is continuous and nondecreasing in t. More-
over, for any § > 0, it is locally Héolder continuous of order 1/4 — 6, in the first
variable, and of order 1/6 — 8, in the second variable,

(i) a.s. for any measurable ¢ :R — R and any t > 0,

t
f o(Ay)ds = / 0 (0) Ly (x) o,
0 R

(iii) for any T > 0, we have the scaling property,

(Lor(x),t>0,x e R) L (TVAL,(xT74),1 > 0, x €R),
@iv) forany x e R, k> 1 and t > 0, the kth moment of L;(x) is finite and
(5) E[£:(0)"] = My (x),

(v) a.s. for any x € R, the support of the measure d;L;(x) is contained in
A1 (x).

The random variable L;(x) is called the local time of A in x at time t.

We believe that the exponents 1/4 and 1/6 in part (i) are sharp. One reason is
that our proof gives the right critical exponents in the case of the Brownian motion.
Another heuristic reason comes from a result proved by Dombry and Guillotin [8],
saying that the sum of #n i.i.d. copies of the process A converges under appropriate
normalization toward a fractional Brownian motion with index 3/4. But the Holder
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continuity critical exponents of the local time of the latter process are exactly equal
to 1/4 in the time variable and 1/6 in the space variable.

An original feature of this theorem is that it gives strong regularity properties
of the local time of a process which is neither Markovian nor Gaussian, whereas
usually similar results are obtained when at least one of these conditions is satisfied
(see, e.g., [9, 16]).

We should notice now that previously only the existence of a process satisfy-
ing (i), (5) for k <2 and (v) was known; see [19]. The original motivation of [19]
was in fact to study the Hausdorff dimension of the level sets of A. Khoshnevisan
and Lewis conjectured in [12] that their Hausdorff dimension was a.s. equal to
1/4, for every x € R. In [19] Xiao proved the result for almost every x and left
open the question to know whether this was true for every x. This was later proved
by Khoshnevisan in [11]. With Theorem 3 we can now give an alternative proof,
which follows the same lines as standard ones in the case of the Brownian motion:

COROLLARY 4 (Khoshnevisan [11]). For every x € R, the Hausdorff dimen-
sion of A=V (x) is a.s. equal to 1/4.

Actually, Xiao and Khoshnevisan proved their result in the more general setting
where the Brownian motion B is replaced by a stable process of index « € (1, 2].
But at the moment it does not seem straightforward for us to adapt our proof to
this case.

Now let us give some rough ideas of the proof of Theorem 1. The first thing
we use is that M7, 7, is a Gram matrix, and so there is a nice formula for its
smallest eigenvalue (8), which shows that to get a lower bound, it suffices to prove
that the term L,/ T13/ % is far in the L2-norm from the vector space generated by
the terms (LT_/. — LTj_l)/(Tj — Tj,1)3/4, for j > 2. Now, by scaling we can always
assume that 71 = 1. Next, by using the Holder regularity of the process L, we can
replace the L2-norm by the L°-norm, which is much easier to control. Then we
use the Ray—Knight theorem, which says that, if instead of considering the term
L we consider L., with T some appropriate random time, then we get a Markov
process. It is then possible to prove that, with high probability, this process is far
in the L°°-norm from any finite-dimensional affine space, from which the desired
result follows.

1.2.2. Random walk in random scenery. Our first result is a multidimensional
extension of our previous local limit theorem. We state it only for return probabil-
ities to 0, to simplify notation, but it works exactly the same if we replace 0 by
[n3/%x], for some fixed x #0.

THEOREM 5. Let k > 1 be some integer and let 0 < T1 < --- < Ty be k fixed
positive reals. Then for any n > 1:
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o If[nT;] € doZ, for all i <k, then
P(Zppr = = Zizy =0) = (do Y gy 1.0, ..., 00K 4 o(n=3/4),
o Otherwise P(Z[nTl] =-...= Z[nTk] =0)=0.

Moreover, for every k > 1 and every 0 € (0, 1), there exists C = C(k,0) > 0, such
that

P[Zyy == Znyyotny, =01 < C(ny - mp) >/

foralln>1andallny,...,n; € [(n?, nl.

As an application we can prove that the moments of the local time of Z converge
toward their continuous counterpart. More precisely, for z € Z, define the local
time of Z in z at time n by

N, =#m=1,....,n:Z, =1z).

Then Theorem 5 together with the Lebesgue dominated convergence theorem gives
the following:

COROLLARY 6. Forallk > 1,

d k
E[N; (0)] ~ (U—do) M1 (0)nk*

as n — oo, with My 1(0) as in (4).

A natural question now is to know if we could not deduce from this corollary
the convergence in distribution of the normalized local time A, (0)/ n'/* toward
L1(0). To this end, we should need to know that the law of £ (0) is determined by
the sequence of its moments. Since this random variable is nonnegative, a standard
criterion ensuring this, called Carleman’s criterion, is the condition

3 My 1(0)7VC0 = 0o,
k

In particular, a bound for My 1(0) in k% would be sufficient. However, with our
proof, we only get a bound in k%, for some constant ¢ > 0. We can even obtain
some explicit value for ¢, but unfortunately it is larger than 2, so this is not enough
to get the convergence in distribution; see Remark 14 below. Note that this question
is directly related to the question of the dependence in k of the constant C in
Theorem 1, which we believe is an interesting question for other problems as well,
such as the problem of large deviations for the process L (see, e.g., [7] in which
the case of the fractional Brownian motion is considered).

Another interesting feature of Theorem 5 is that it gives an effective measure
of the asymptotic correlations of the increments of Z. Indeed, if we assume to
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simplify that k =2, 0 = 1 and d = 1, then (2) and Theorem 5 (actually its proof)
show that

P(Znim = Zn=01Zy =0) _ EQILIIZIL 3 — (L1, L)*} 2]
P(Znim — Zn =0) EL{I L1 2 L2} ]

as n — oo and m/n — ¢, for some ¢t > 0, where L and L are the local time pro-
cesses of two independent standard Brownian motions. In particular, the limiting
value in (6) is larger than one, which means that the process is asymptotically more
likely to come back to O at time n + m, if we already know that it is equal to O at
time 7.

The general scheme of the proof of Theorem 5 is quite close from the one used
for the proof of (3) in [5]. However, in addition to Theorem 1 which is needed
here and which is certainly the main new difficulty, some other serious technical
problems appear in the multidimensional setting. In particular, at some point we
use a result of Borodin [3] giving a strong approximation of the local time of
Brownian motion by the random walk local time. This also explains why we need
stronger hypotheses on the random walk here. Now concerning the scenery, it is
not clear if we can relax the hypothesis of finite second moment, since we strongly
use that the characteristic function of (Ar,, ..., Ar,) takes the form

(6)

Y O.....00) = E[e” Zhim %00

with (g;,j);, j some (random) positive symmetric matrix.

Finally, let us mention that in the proof of Theorem 5, we use the following
result, which might be interesting on its own. It is a natural multidimensional ex-
tension of a result of Kesten and Spitzer [10] on the convergence in distribution of
the normalized self-intersection local time of the random walk.

PROPOSITION 7. Letk > 1 be given and let T| < --- < Ty, be k positive reals.
Then

-3/2 L)
(n / <an+"'+ni’ Nn1+---+nj>)1§i,j§k == ((LT, > LTj>)1§i,j§k

asn— oo,and (ny+---+n;)/n— T;, foralli > 1, and where for all p, q,

(Np7 Nq) = Z Np(y)Nq(y)-
VEZ

The paper is organized as follows. In Section 2 we give a short proof of Corol-
lary 2. In Section 3 we prove Theorem 1. Then, in Section 4 we explain how one
can deduce Theorem 3 and Corollary 4 from it. Section 5 is devoted to the proof
of Theorem 5 and Section 6 to the proof of Corollary 6. Finally, in Section 7 we
give a proof of Proposition 7.

We also mention some notational convention that we shall use: if X is some
random variable and A some set, then K[ X, A] will mean E[X14].
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2. Proof of Corollary 2. Let k > 1 be given and let 7| < --- < T be some
positive reals. The characteristic function V7, 7, of (A7,,..., Ag) (with the
convention Tp = 0) is given by

1 (& 2
1/fT],...,T @) :E[GXP(—— ( QiLTi(u)) du)]
" FAp>

.....

with 0 := (01, ...,6;). In particular, this function is nonnegative. Moreover,
a change of variables (this change is possible since D7, . 7, is almost surely non-
null, thanks to Theorem 1) gives

,,,,,

T, < ©OQ.

.....

This implies (see the remark following Theorem 26.2, page 347, in [1]) that
(A7, ..., Ar) admits a continuous density function pi 7, .. 7; given by

.....

_ 12 1, _
= (2n) k/zE[DTl,./..,Tk eXP(_§<MT11 Tkx,x))],
which was the desired result.

3. Proof of Theorem 1. Letk>1and0<T7; <--- < T be given. Set t; :=
T; - T;_1, for i <k, with the convention that Tp = 0. For every i = 1,...,k, let
(L,(l)(x) =L7,_,+:(x) —L7,_,(x),t €[0, 1], x € R) be the local time process of
B® := (Br,_ ;44,1 €10, 1;]). Set

..... i) with My,,..4 := ((Lt(il)’ Lt(j)))lgi,jsk

and

5 ~—1/2
Co..n =E[D; 2],

.....

Since ZNDIIW’,,( = Dr,,....1» Theorem 1 is equivalent to proving the existence of
constants ¢ > 0 and C > 0, such that

(7 ety ) <Cy Ly <Cl o)
for all positive 71, ..., fx.
Let us first notice that D;,, _; is a Gram determinant and is thus nonnegative.

So 5t1 1 1s well defined as an extended real number.

,,,,,
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Now we start with the lower bound in (7). We use the well-known Gram-—
Hadamard inequality:

k
~ i)2
Dy, < HHLt(,-I)HZ'
i=1

By using next the scaling property of Brownian motion, we see that (ti73/ 4 L g) ll2,

i > 1) is a sequence of i.i.d. random variables distributed as || L1]|;. Therefore,

~—1/2 _
E[Dtl / tk] >c(ty - 1)

.....

with ¢ := (E[|| L1 ]|5 '1)¥ > 0.
We prove now the upper bound in (7), which is the most difficult part. For this
purpose, we introduce the new Gram matrix

34 ) <34 ()
My, ..o = (t; /Lg),lj /L,j ))i,j-

Note that all its eigenvalues are nonnegative and denote by A,
one. We get then

k k
~ 3/2 - 3/2 \+
DT] ..... T = Dtl ..... t — (1_[ t,’/ )det(Mtl,...,tk) = <1_[ ti/ )Xl;l ..... f "

i=1 i=1

.....

- 2 1 _ de
<10 3/4{1+E/0 Plk,.... tksslgH—k/z}-

Therefore, Theorem 1 follows from the following proposition:

PROPOSITION 8. For any k > 1 and K > 0, there exists a constant C > 0,
such that

foralle € (0,1)andall tq,...,t > 0.
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3.1. Proof of Proposition 8. Note first that

n= inf Hultl_3/4L§11) +---+ uktk_

3/4, (k)2
2 2 Ltk “2
uptetup=1

(8) )\'ll

.....

Note next that if u% +--- 4 u,% =1, then umax := max; |u;| > 1/\/%. Thus, dividing
all u; by umax leads to

. 12

j#i

,,,,, th . m 1
ki=1,...k (vj)jzi.lvjl<1 2

Hence, it suffices to bound all terms

2
< ks}

9) ]P’[ inf
2

(j)ji,lvjl<I

7LD 4 Y ALY
J#

for i < k. By scaling invariance, and changing ¢; by #;/t; in (9), one can always

assume that #; = 1. It will also be no loss of generality to assume that i = 1, the

case i > 1 being entirely similar. We are thus led to prove that for any k£ > 1 and

K > 0, there exists a constant C > 0, such that for all ¢ € (0, 1) and all 7; > 0,

2
(10) ]P’[ inf 58] <cek,
2

(j)j>1,lvjl=1

() ~3/41 ()
Ly + ) v Ly
jz2

We want now to bound from below the L?-norm by (some power of) the L>-norm
using the Holder regularity of the Brownian local time. To this end, notice that by
scaling the constants

L) = L )

()]
C;;' :=sup
U LT

for j > 1, are i.i.d. random variables. Moreover, the constant of Holder continuity

of order 1/4 of the jth term of the sum in (10) is smaller than or equal to Cg)tj_y 5.

Since this can be large, we distinguish between indices j such that 7; is small from
the other ones. More precisely, we define J = {j:7; < ¢*}, and

gr=J supp(Lg)),
jeJ
where supp( f) denotes the support of a function f. Set also
& ={xeR:dx, &) <&l
To simplify notation, set now for all x € R and v = (v;) j>2,

1 —3/4,(j —3/4,(j
F,) =L@+ Y v L) and Gy()i= Y v L ().
j#lj=2 jel
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Notice that G, =0 on £ and that

F,(x) — F, ;
| Fy(x) 11/)9)' 58*3/22Cg).
X#y |x _yl j

Thus, if for some x ¢ £}, |Fy(x)| > &, and if in the same time ) ; c <
1/(2¢'/%), then

xtell xtell 2

IFy + Gyl > / Fo(y)2dy > f (s _ 83/2ZC1(4')811/4) dy
x—gll r—egll - 4
- 1813‘
-2

Moreover, it is known that the C g) have finite moments of any order. Therefore, it
suffices to prove that for any k > 1 and K > 0, there is a constant C > 0, such that
foralle € (0,1) and all 1o, ..., t; > 0,

(11) P( inf sup|F,(x)| <e) < CeX.
veRk-1 x¢&)

This will follow from the next two lemmas, that we shall prove in the next subsec-
tions:

LEMMA 9. Let (L;(x),t > 0,x € R) be a continuous in (t, x) version of the
local time process of a standard Brownian motion B. Then for any K > 0 and
k = 0, there exist N > 1 and C > 0, such that, for any € € (0, 1), one can find N
points x1, ..., xy € R, satisfying |x; — x| > el foralli + j, and

(12) P(#{j < N:Li(x;) > &%} <k) < CeX.

LEMMA 10. Forany K > 0 and k > 1, there exist a constant C > 0 and an
integer M > 1, such that forall x e R, e € (0, 1) and 1, ..., t; > 0,

P(L{"(x) =&, inf sup |Fy(y)| <e) < CeX.
vERFT |y —x|<Me

Indeed, we can first always assume that £; is included in the union of at most k
intervals of length ¢, since for any j € J and K > 1, by scaling there exists C > 0,
such that

Psup|BY — By | > £/2| < B[ sup |Bs| > £/2]
s<t; s<e*
(13) -
= ]P’[sup | Bg| > 8_1/2] <cek.

s<1
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Thus, among any k + 1 points at distance larger than &!/® from each other, at least

one of them must be at distance larger than Me from &', at least if ¢ is small
enough. Therefore, Lemma 9 shows that for any K > 1, there exists C > 0, such
that

P[irl}f sup |Fy(y)| < 8]
Y¢gj

N
<Ccef + Z P[Lil)(xm) >e!/4 inf  sup |Fo(y)| < 8],
m—1 Vo ly—xm|<Me
where (x1,...,xy) are given by Lemma 9. Then (11) follows from the above
inequality and Lemma 10. This concludes the proof of Proposition 10.
3.2. Proof of Lemma 9. We first prove the result for k = 0. Assume without

loss of generality that K is an integer larger than 1 and set

Xo={je'/®: —8K < j <8K}.
Set also sp := 0 and for every m > 1,

sm = inf{s > 0:|Bs| > me'/3}.

Note already that there exists C > 0, such that for all € € (0, 1),

P(ssx > 1) < P(sup 1B, | < 81@1/8) <CeK

s<1
by using, for instance, [17], Proposition 8.4, page 52. Thus, it suffices to prove that
(14) P(Lggy (x) < €'/* Vx € Xp) <&k

for all € € (0, 1). By using the Markov property, and noting that s,,, > 5,1 + 571 ©
0s,,_, (where 0 is the usual shift on the trajectories), we get a.s. for every m > 1,

]P)(LSm (Bsmfl) - Lsmfl (Bsmfl) = 81/4|‘7:Sm71) = IED(LSI (0) = 81/4)‘

By the scaling property of the Brownian motion, we know that Ly, (0) has the same
law as !/ 8L/1 (0), with L/1 (0) the local time of a standard Brownian motion taken
at the first hitting time of {£1}. Moreover, it is known that L/ (0) is an exponential
random variable with parameter 1 (see, e.g., [18], Exercise (4.12), Chapter VI,
page 265). Therefore, a.s. for every m > 1,

P(Ls,, (Bs,_,) — Ly,_,(Bs,_,) <& F, ) <P(Ly(0) <e'/8) <el/8,
Then we get by induction,
P(Lyg, (x) < &'/* Vx € X))
<P(Ly, (Bs,_,) — Ls,_, (By,_,) <&'/* Vm <8K) < ¥,
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proving (14). This concludes the proof of the lemma for k = 0.
Now we prove the result for general k > 0. For m € Z, consider the set
Xy i=m(16K + 1)e'/® + Xp.
Then the proof above shows similarly that for any 0 <m <k,
P(L1(x) <e'*Vx e X, UX_,) < CeK.
The lemma follows immediately.
3.3. Proof of Lemma 10. Let K > 0 be fixed, and assume without loss of gen-

erality that x > 0. Fix also M > 1 some integer to be chosen later.
For every affine subspace V of R¥, we denote by V, the set

Vei={veRM:d@w, V) <e},
where d(v, V) =min{|v — y|s : ¥ € V}. Then we can write

P(L{"(x) =&, inf sup |Fy(y)| <e)

veR y—x|<Me

<P[L{P ) > e (L +e), ..., LIV (x + Me)) e V] =P,
where
V.= Vect((L,(]j)(x +£8)),_;
with I :={j > 1:j ¢ J}. Set now
ti=infls > 0: LV (x) > &!/4)

.....

and for y >0, Y(y) := Lgl)(x + y). It follows from the second Ray—Knight theo-
rem (see [18], Theorem (2.3), page 456) that Y is equal in law to a squared Bessel
process of dimension O starting from ¢'/4. Moreover, with this notation, we can
write

(15) Pe=P[t <land (Y(¢),...,Y(Me)) € V}]
with
Vi i= (Y(le) — LV (x +€8)y  p V.
which is an affine space of RM, of dimension at most k — 1.
Observe now that even on the event {t < 1}, the space V* is not independent
of Y and t, since its law depends a priori on t. However, if this was true (and we

will see below how one can reduce the proof to this situation), then P, would be
dominated by

supP[(Y (), ..., Y(Me)) € V¢]
%

with the sup taken over all affine subspaces V € R™ of dimension at most k — 1.
This last term in turn is controlled by the following lemma, whose proof is post-
poned to the next subsections.
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LEMMA 11. Let Y be a squared Bessel process of dimension 0 starting from
el/4. For any M > 1 and k > 1, there exists C > 0, such that for all € € (0, 1),

(16) supP[(Y (e), ..., Y(Me)) € V] < Ce M —4*=1)/8,
\4

where the sup is over all affine subspaces V. C RM of dimension at most k — 1.

So at this point we are just led to see how one can solve the problem of the
dependence between V* and t. To this end, we introduce the time 7’ spent by
B above x before time 7, which by the occupation times formula (see [18],
Theorem (2.3), page 456) is equal to

, T o0
T :=/0 1{3;1)2x}ds=/0 Y(y)dy.

Moreover, 7’ is also equal in law to the first hitting time of £!/4/2 by a Brownian
motion (see the proof of Theorem (2.7), page 243, in [18]). In particular,

(17) Pz’ < e¥/*) = O(eX).

Next, instead of using Lemma 11, we will need the following refinement:

LEMMA 12. Let M > 1 be some integer. Let Y be a squared Bessel process of
dimension 0 starting from g'/*. Set

Me
A, Z={|Y(M8)—81/4‘§81/2 and Y(y)dy<8}.
0

Then P(AY) = OX)Y. Moreover, for any M > 1 and k > 1, there exists C > 0,
such that for any affine space V of dimension at most k — 1, almost surely for all

e€(0,1),
o0
l{fooc Y(y)dyzgs/z;}]P’[(Y(s), o Y(Me)) e Ve, Ag /0 Y(y) dyi|

< CeBM—4G=1)/8,

We postpone the proof of this lemma to the next subsections, and we conclude
now the proof of Lemma 10. Let M be an integer larger than (4(k — 1) + 8K)/5.
According to (15), (17) and the first part of Lemma 12, we get

Pe<P(r<l1,7'> g3/4, (Y(e),....Y(Me)) € VI, Ap) + O(SK)
= E[l{r<l,r’zs3/4}E[f(Y7 V*)|T, ‘L'/]] + O(SK)
with

FOVY =16 yMepevanily(Me)—e 14|62 and JE y(s)ds<e)
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Now, since on the one hand Y and V* are independent conditionally to (z, t’), and
on the other hand Y and t are independent conditionally to 7/, we have

E[f(Y, V*)|T, 'L'/] = /E[f(Y, V)|T, 'L'/] dPV*l(t,r’)(V)

= [ELF (. V)IE 1 dPyr e (V).
Since, moreover, V* and t’ are independent conditionally to 7, we get

(18) E[f(Y. V¥)|r. '] = /E[f(Y, V)2 ] dPyse (V).

Hence, according to our choice of M,

P. < E[l{,<1’,/>83/4}/E[f(Y, V)|r'] dIPV*|,(V)] + 0(eX)

= El:l{t<1,t/>e3/4} / Ly ,er) dPV*lf(V):| + O(gK)
with
b(V.e,t) = {1 mE[f(Y, V)|t =1] > CeCM4E=I/EY,

The second part of Lemma 12 insures that, for every affine subspace V of dimen-
sion at most k — 1 of R™ | we have

1yv,ery=0 for IP,/-almost every t' > 0.

However, since b(V, ¢, t’) depends a priori on V, we cannot conclude directly. But
it is well known that " admits a positive density function on (0, +00) [see (24)
below for an explicit expression]. Therefore, for every V,

(19) 1,v,e)=0 for Lebesgue almost every ¢’ > 0.

Now it follows from the excursion theory that " and T — ¢’ are independent and
identically distributed. Therefore, (z, t) admits a continuous density function &
on (0, +00)% and we have

1/ pt
Pe fo(sK)JrfO (/0 (/ 1oy .0 dIP’V*h:,(V))h(t,t’) dt’) dt

(20) <O + /01 (/ (/O' Lyw.emh(t,t) dt’) d]P’V*|,:t(V)) dt
<0(e5),

the last term of (20) being equal to zero according to (19). This concludes the proof
of Lemma 10.

It remains now to prove Lemma 12. Its proof uses Lemma 11, so let us start
with the proof of the latter.
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3.4. Proof of Lemma 11. We first prove the following result:

LEMMA 13. Forevery K > 0and M > 1, there exists C > 0, such that for all
e€(0,1),

P[3¢e(l,..., M}:|Y(Le) —/*| > £1/?] < CeX.
PROOF. Recall that Y is the solution of the stochastic differential equation

y
Y(y)=61/4+2/ JYw)dp,  forally>0,
0

where g is a Brownian motion (see [18], Chapter XI). In particular, Y is stochas-
tically dominated by the square of a one-dimensional Brownian motion starting
from £!/8. Then it follows that, for some constant C > 0, whose value may change
from line to line, but depending only on K and M,

P[3Ce(l,...,M}:|Y(e) — /¥ > £!/7]
SIP’[ sup |Y(s) — /4| > 81/2]

s<Meg

< Cs‘4KIE[</OM8 Y (u) du)4K]

by the Burkholder-Davis—Gundy inequality,
Me Me 8K
< CS_I/ E[Y w)* | du < CE_I/ E[(e'/® + B,)"" |du < CeX
0 0

with B some standard Brownian motion. This concludes the proof of the lemma.
g

We continue now the proof of Lemma 11. Set
Boo(e/*, e1/?) := {G1 - ym) €RM |y, — e <elPveeq, o, MY
Lemma 13 shows that for any V of dimension at most k — 1,

P[(Y(e),...,Y(Me)) € V]
(21
<P[(Y(¢),....,Y(Me)) € Boo(sl/4, 81/2) NV,]+ ceX.

Next observe that Boo(al/4, e'/2) N V,, can be covered by (’)(sf(kfl)/z) balls of
radius ¢. It follows that

P[(Y (), ..., Y(Me)) € Boo(e'/*, e1/?) N V]
22 <Ce *=D2 gy P
< p [(Y(e),...,Y(Me)) € Boo(x, 8)].

x€Boo (e1/4,61/2)
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Now for y > 0, denote by Yy a squared Bessel process with dimension O starting
from y. An explicit expression of its semigroup is given just after Corollary (1.4),
page 441, in [18]. In particular, when y > £!/4/2, the law of Yy (¢) is the sum of a
Dirac mass at 0 with some negligible weight and of a measure with density

er> ge(y.2) = (Zerlﬁexp(—y—”)[] <@)
< 28 £

where I; is the modified Bessel function of index 1. Moreover, it is known (see
(5.10.22) or (5.11.10) in [13]) that I;(z) = O(e*/4/z), as z — oo. Thus,

sup sup ge(y,2) =O0(s%).

ly—el/4|<e1/2 |z—g /4| <1/
It follows that
sup sup  P[|Yy(e) — x| <e] = O(3).

\x—€1/4|§€1/2 \y—el/4|§€1/2
Then by using the Markov property and Lemma 13, we get by induction
(23) sup  P[(Y(e),...,Y(Me)) € Boo(x, 8)] < Ce>M/3,

x€Buo(el/4,61/2)
Since all the constants in our estimates are uniform in V, Lemma 11 follows from
(21), (22) and (23).
3.5. Proof of Lemma 12. Let K > 0 be given. Lemma 13 shows, in particular,
that
P[|Y (Me) — e'/4| > !/2] = O(eX).

Next, recall that Y is stochastically dominated by the square of a one-dimensional
Brownian motion starting from &!/3. It follows that

Me
IP( A Y(y)dy 28) =(’)(8K),

and this already proves the first part of the lemma.
It remains to prove the second part. We deduce it from Lemma 11. To simplify
notation, from now on we will denote the integral of ¥ on [0, 00) by [~ Y. Like-

wise, fOM °Y and [, Y will have analogous meanings. For any affine subspace
V C RM of dimension at most k — 1, set

ALV :={(Y(e), ..., Y(Me)) € Ve} N A,.

Then for any nonnegative bounded measurable function ¢ supported on [
we can write

ool [l [ ][ )
o[ )]

3/4’ w)’
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Now we recall that if Y, denotes a squared Bessel process of dimension 0 starting
from some y > 0, then [;° Y, is equal in law to the first hitting time of y/2 by
some Brownian motion, and thus has density given by

1/2

24 fr(t):= (27” )~ exp(—(y/2)%/21) forallz >0and y > 0;

see, for instance, [18], page 107. In particular,
Ht=1)
sup sup sup < 00
>3/ t'<e |y—el/A| <12 Se1/4(D)

Then by using the Markov property and Lemma 11, we get

AL ol o oo o ]
< CP[A;(V)]E[¢</OOO Y)]
< C8(5M—4(k—1))/8E|:¢(/000 Y)}

Since this holds for any ¢, this proves the second part of Lemma 12, as wanted.

REMARK 14. As mentioned in the Introduction, a careful look at the proof
shows that the constant C = C (k) appearing in the upper bound of the theorem
can be taken of the form k¥, for some universal constant ¢ > 0. Indeed, the main
estimate we use along the proof is that e~!/¢ is bounded by k*e*, and so, for
instance, the constant C in (13) is a O(K X).

4. Proof of Theorem 3 and Corollary 4. We start with the proof of Theo-
rem 3. We follow the general strategy which is used in the case of the Brownian
motion, as, for instance, in Le Gall’s course ([15], Chapter 2).

Consider the regularizing function

1 y2
= —— 0, eR,
ps()’) mexp( 28>8> y

and recall that by Fourier inversion
1 ) | B
per) =5 [ exp(ive - Jelel?) .
2m JR 2
Define then for all ¢ € (0, 1], > 0 and x € R,

t
L(g t,x):= / Pe(Ag —x)ds.
0
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As explained in [15], it suffices to control the three terms
E[(L(e, t,x) — L(e, 1, x’))zP], E[(L(e, 1, x) — L(¢, 1, x))zp],
E[(L(e. 1, x) — L(e. ', x))*"].
For the first term, some elementary computation shows that

E[(L(e, 1, x) — L(e. 1, x")) ]

2p
25) < [, der-eday []le 8 — e8|
j=1

X dsy - -dszp|E[eiZ€jA‘f]|
P

=
[

with ¢;, some positive constant (whose value may change in the following lines)
and E, := {51 <--- < 52, <t}. We use next that for any y € (0, 1] and any y,
y €R,

|eiy _eiy/| 56|y—y/|y

for some constant ¢ > 0. Moreover, if n; =&; +---+&,,and t; =s; —s;_1, for
all j > 1 (with the convention so = 0), then

E[e 68y = g2 %1 mn;<L§f’,L§j)>] — ey 2)
with n = (1, ..., m2p). Therefore, a change of variables in (25) gives
E[(L(e, 1, x) — L(e, t,x/))ZP]

<cplx =7

with the convention 77,41 = 0. Now we make another change of variables:

M1, ... m2p) — (m/t13/4, . 772,,/[23[/74). Then we fix some T > 0, and by using
also that for all j,and ¢t < T,
—3/4 —3/4 —3/4 —3/4 —3/4,-3/4
o e — 17 g < emax(e 2t Yl < e T

for some constant ¢ > 0, we get forall r < T,
E[(L(e, t,x) — L(e. 1, x"))*F]
<cprlx—x 7

2p _
—=3/4(1+2y) Mty 1y, 1) /27,12
X dty---dt ||t dnEle 1sf2p Yp
—/[O,z]zl’ : 2p< / ) R [ Jim

j=1
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for some constant ¢, 7 > 0. Now Proposition 8 shows that all moments of
/Ay, 1, are bounded by positive constants, uniformly in (1, ..., #,). There-

.....

E[(L(e, 1, x) — L(e, 1, x’))zP] <cpr|x— x/|2yp

forallt <T.

A similar computation leads to an analogous estimate for the second term, ex-
cept that this time we need to choose y < 1/12:forall p > 1,7 > 0and y < 1/12,
there exists some constant c;’,T > 0, such that for all x ¢ R, all ¢, ¢’ > 0 and all
t<T,

B[(LGe, 1,00 = L{e', 1, 1)) < ¢, rle — &7

Now the estimate of the last term is easier. After some calculation and by using
Theorem 1, we get for r < ¢/,

dsy---dsyp

E[(L(e. 1, %) — L(e. 7', x) ] <cp /

1<s1<- <53, <t/ [1(sj — Sj—1)3/4’
which shows that
E[(L(e. 1, x) — L(e. 1, x))*"] < cplt’ — t|P?,

Then parts (i) and (ii) in Theorem 3 follow from Kolmogorov’s criterion (see [15]
for details). For (iii), first observe that (ii) implies that a.s. for any # > 0 and x € R,

.1t
L (x) =€11_13%%/0 LA elx—ex+e1) ds.

Then (iii) immediately follows from this equation and the property of self similar-
ity of A. For (iv), we can observe that by using the above computations and the
dominated convergence theorem, we get

E[L,(x)] = lin})E[ﬁ(s, 1, 0.

Part (iv) follows. Part (v) is immediate and was already observed in [19].

Concerning Corollary 4, the upper bound was already proved in [19] and [11]
and was considered there as the easiest part. So we only care about the lower
bound here. For this we can use Frostman’s lemma together with Theorem 3, which
directly proves the result (see [15], e.g.).
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5. Proof of Theorem 5. In most of this section, f1, ..., f; are fixed positive
reals. Moreover, by convention a function f(ny,...,nx) is said to be a ox(g(n)),
for some function g, if it converges to 0 after multiplication by 1/g(n), when
n — oo and n; /n — ¢; for all i > 1. Analogous convention is used for the notation
Ok(g(n)).

Recall that (S,,, m > 0) denotes the random walk. For every i =1, ...,k, let
(Nn(f)(x), 1 <m <n;, x € Z) be the local time process of (S,gi) = Snyetni_4ms
0 <m <n; — 1). In other words,

ND(x) :=#{k=0,....m —1:8y, . sn_,+k =X}

= n|+~-+n,-,1+m(x) - Nn1+-~~+n,~,1 (X)
for all i <k. Set also

..... = de(ND. )

1<i,j<k’

where here (-, -) denotes the usual scalar product on £ (Z).

5.1. Inverse Fourier transform and a periodicity issue. The first step in local
limit theorems is often the use of the Fourier inverse transform. This is essentially
the content of the next lemma. Before stating it, let us introduce some new nota-
tion. Recall that ¢z denotes the characteristic function of &y. Let now ¢y, .. ,, be
the characteristic function of (Z,,+...4n; — Zn\4+-tn;_)i=1,....k- Since (§y)yez is
a sequence of i.i.d. random variables, which is independent of S, we have for all
@, ...,00) eRF

k
Dnq,..., nk(ela e 0/() = ]E|:l_[ Ye (Z ej(N}’l]-F'“-Fnj (y) - Nn1+~~+nj,1 ()’))):|

yeZ  \j=1

= IE|:1_[ Pe (i ejN,g)(y))].

YEZL j=l1
‘We can now state the announced lemma.

LEMMA 15. Ifn; € doZ for all i <k, then

]P)(an == an—i—---—l—nk =0)
d k
() [ Ot OO Oy - dO.

4 [—m/d, 7 /d]F

Otherwise, P(Z,, =+ = Zy,4..q4n, =0) =0.
PROOF. Since Z is Z-valued, we immediately get
P(an == Zn1+~-~+nk =0)= P(an == Zn1+-~~+nk - Zn1+-~-+nk_1 =0)
1

= W gk
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Notice now that e%7é/d — @e (2 /d) almost surely and that ¢ Qr/d)? = 1.
Hence, for any integer m > 0 and any u € R,

e m/d + u) = e (2 /d)" g ().

We deduce that, for every (I1,...,[) € 7K, we have

20w 2w
©Ony, ..., nk<91+7,---,9k+—>

d
k 21 .
= E[H s <Z<9j + —len)Nrﬁf)(y)ﬂ
VEZL

j=1

kN ud .
=E|:1_[ (pg(zn/d)zjzll]Nnj (y)%(Z GJNrE{)(y)>:|

yez j=l1
k .
= e Qr/d)=i=1 1M gy (O1, L 6,

since Y2, NSV (y) = n;. But,if n; € doZ forall j < k, then ¢ (27 /d)=i=1"1"1 =1,
for all (1, ...,Ix) € ZF, and the result follows with a change of variables. If not,
let j be such that n; ¢ dyZ. Then ¢ (27 /d)"/ is a nontrivial dth root of unity and
we can write

]P)(an == Zn1+-~'+nk =0)

1 d—1
T 2n) (Z ¥ Qﬂ/d)njlj)

1;=0

X 01,...,0 d9~]d9 cid®: 1dOii 1 --dO
‘/[_n’n]k—l [/—[ﬂ/d,n/d](pm ..... n (01 ) j 1 i—1d0j11 ;
:O.

This concludes the proof of the lemma. [

5.2. A typical behavior for random walks. We want to argue that typically the
simple random walk visits roughly 4/n sites before time n, spends time of order at
most /n on each of them, and that its local time process is Holder continuous of
order 1/2, with a Holder constant in O(n'/#). This is true with high probability if
we allow some correction of order n”, with y > 0. This is the content of the next
lemma, which can be proved as Lemma 6 in [5] and is standard. Set for all i <k,

N/ :=sup N,g)(y) and R;:=#{y: N,gf)(y) > 0}.
y



ON THE LOCAL TIME OF RANDOM PROCESSES IN RANDOM SCENERY 2439

.....

where

.....

and

(@) @)
N, — N,
Bl -={ p M () ¥ @ _ 7 fk}.
o y#z ly —z|

Then, for every p, P(Q, )= o(min; n; 7).
Note that on €2,

N <n and v =3 (NO () <0
y

ni» for every i, we have

5.3. Scheme of the proof. We follow roughly the same lines as for the proof
of Theorem 1 in [5]. However, the situation is more complicated here, since we
consider multiple times in a non-Markovian context. Moreover, we want upper
bounds which are uniform in ny, ..., ng, and this also requires some additional
care.

First we have to see that the main contribution in the estimate comes from the
integral near the origin. Recall, in particular, the notation from (26).

PROPOSITION 17. Let n € (0,1/8) be given. Then, for every ti,...,t €
(0, 1), we have
V2 \k _ _
[ @ 0001ty = (S0 ) €™ 0 7),
n

where U (n) :={|6;| < ni_l/z_)7 Vi < k}. Moreover, for every 6 € (0, 1),

k
sup sup (1_[ n?“)
ng<n

n=1nf<n i=1

.....

The next two propositions show that the rest of the integral is negligible.

PROPOSITION 18. Let n € (0,1/8) be given. Then, for every ti,...,tx €
(0, 1), we have

[ ‘(pnl ,,,,, nk(gla---,ek)‘del d@kzok(n_3k/4)’
40

where V(n) :={|6;] < nl._l/2Jr77 Vi <kyn{3j:16;] = n}l/z_n}. Moreover, for ev-
ery0 e (0,1),

k
3/4
sup sup (l_[ni/ )/V( )}(pn] ,,,,, g (O1, -, 0p)| dOy - - - dby < o0.
n

n=1nf<ny,..ng<n \j=1
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PROPOSITION 19. Letn € (0,1/2) and 6 € (0, 1) be given. Then there exists
¢ > 0 such that

sup sup /{3 71/2“}}(;),,,,_“,,,,( O1,...,00)|dO;---do =o0(e™™).

n>1nf<ny,..nx<n i:16i|>n;

This last proposition can be proved by using exactly the same argument as in the
proof of Proposition 10 in [5]. The only difference is that, if say |6;| > ni_l/ 2+’7,
then after having defined peaks for ), we need to work also conditionally to all
N,Ej:), for j #i. But this does not change anything to the proof. Since it would be
fastidious to reproduce the argument, we will not prove this proposition here and
we refer the reader to [5] for details.

Note that Theorem 5 readily follows from these propositions and Lemma 15.

5.4. Proof of Proposition 17. We will use Borodin’s result [3] on approxima-
tions of Brownian local time by random walks local time. He proved, in particular
(see Remark 1.3 in [3]) that under some moment condition on the random walk,
and on a suitable probability space, for all 7 > 0 and all y > 0, there exist con-
stants C > 0 and § > 0, such that forall n > 1,

P(ES) < Cn™ 170

with

E, ;:{ sup | Ny (Iv/nx]) — /nL,(x)| < Cn'*1nn,
(t,x)€[0,T]xR

’

-
1 \/ﬁ

Snl/4+y}

where N and L are the local time processes, respectively, of the random walk S
and of the Brownian motion B. But a careful look at his proof shows actually that
if the random walk increments have finite moments of any order, then the above
holds for any é > O [see Formulas (3.8), (3.9) and Lemma 3.2].

By using now this result, Lemma 16 and the Markov property of the random
walk and of Brownian motion, we deduce the following:

LEMMA 20. Lety €(0,1/4) and k > 1 be given. Then for every n > 1 and
every 0 <ny,...,ni <n,itis possible to construct the Brownian motion and the
random walk on a suitable probability space, such that for all p > 0,

P(Fnc,nl ..... nk) = O((Inl.inni>_p),
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where Fy . = F1(n,ny,....n0)N---NFy(n,ny, ..., ng), and (witht; =n; /n
fori <k)

Fi(n,ny,...,ng) = [sup\N,Ef)(«/r_wC) — \/EL,(;)(X)‘ < nil/4+y Vi < k},
xeR

Fy(n,ny, ..., ng) = {sup{|x — Séi)\ :N,Ef)(x) #0} < ti1/2n1/2+” Vi <k},

1/2

Fy(n,n1,...,mp) = {sup{|x — B | L (x) #£0} <10 Vi <k},

Fi(n,ny, ..., n) = {supN,gf)(k) < ti1/2n1/2+7’ and
k
sup Lt(l.i)(x) < til/zny Vi < k}.
X

The proof of this result is elementary and left to the reader. Define now for all
& > 0, the set

k
~ —3/2
27) in,...,nk(e):={(1'[n,- />Dm ..... nkzs}.
i=1

We then obtain the following:

LEMMA 21. Let 0 € (0,1) and 6y € (0,6/4) be given. Then for every L > 0,
we have

sup  sup sup & FP(QS . (8) <00
n=1nf<ny,...ng<ne>n=%

and for every p > 0,

k
3p/2 — ~ _
sup sup E|:<H nip/ )Dm{)...,nk’ Q”l,-nank(n 90):| < Q.
i=1

n=1nf<ny,...nk<n

PROOF. Let y > 0 be such that 6y < (8/4) — 3yk and let L > 0 be fixed.
Thanks to the previous lemma, we can assume that the Brownian motion B and
the random walk § are constructed on a space, where

P(FS, )=

NAL,..., nk
for all p > 0. Now for all i, j, set
A" = in )Y NP OIND ()
y

and

Aij= (titj)_3/4/};@Lg)(x)Lg)(x)dx
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with t; =n;/n and t; = n;/n. First, we rewrite Algnj) as follows:

NﬁuwhnMWaJﬁndx
NG NG

ne» forall i, j and n;, nj <n, we have

(n) —3/4
Al = @)™ .

Observe next that, on Fj, ,,

.....

(28) A =0, A=Y

-3/2
i @

Hence, with the use of the Cauchy—Schwarz inequality, we get

and

(i) 2
Ny, : _
n; (Lv/nx]) —L;l.’)(x)’ dx < 1292y (12 =124 2y

Jn

< 2ti_1/2n_1/2+3”.

Al(nj) < n3y, .,4,'7]' < 7Y and
{A(n) Ai,j| < zﬁti_l/4n—l/4+3y < 4n—9/4+3y‘

We use next that

(29)

k
(]‘[ ni3/2) Dyy....my =det((A"), ) and  detM,, ., = det((A;)ij)-

i=1

Furthermore, for any matrix M,

det (Ml j)l j Z (= l)qgn(o) an o(i)s

o eSSk

where Sy is the group of permutations of {1,...,k} and sgn(o) is the signature
of o. Therefore, using (29), on Fy, ,,,...n,» When n; <n, forall i <k, we get forn
large enough,

k
(H”i_3/2>l)n1 ..... e —detMy | < ) Z”Mk V1A ) = Aio)]

geSri=1

.....

<4k + D3 rkn=0/% < =%,

according to our assumption on y .
Thus, for n large enough and every & > n~%, we get by using Proposition 8

sup P(sz,,...,nk () < sup P(Fy )—i—]l”(detﬁt1 o <2¢)

AL,
n"fnl ..... ng<n n9§n1 ..... ng<n
< O(n~%) +P(x,
=0(sh)

.....

.....
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with Xn,..., # as in Proposition 8. So we just proved that for any L > 0, the constant

Cp:=sup sup ¢ sup P(Ezgl

n>1g>5=% nf<ny,...ng<n

.....

is finite, which gives the first part of the lemma. Then we get for any p > 0,

k
3p/2 — =~ _
sup E|:<l_[ nip/ )Dnll,).“,nk’ Q”l ~~~~~ ”k(n 90)j|
ng<n

i=1

+o0 k de
—6, -3/2
= sup p/n_g0 IP’(n 0 < (U n; >Dn1 ..... e < 8) prasy

nf<ny,...,ng<n

+0o dg
<p/ Cp+1d8+p/ p+l< ,

where for the third line we have used the change of variables t = ¢~ 7. This con-
cludes the proof of the lemma. [

The next step is the following:

LEMMA 22. Letn € (0,1/4) and 6 € (0, 1) be given. Then
. 3/4
o, (1)
= = 1
X [ @1 80 = B O 0002 gy gy =0,
U@

Ot 01,00 =Y (OIND () + -+ GNP (1)
y

PROOF. Recall that U () ={|6;| <n; "*7" Vi <k}. Set
B @102 00 = (oD ) + -+ + NP ()
y

_ e_GZQ"l"“*”k (91 aaaaa 91()/2.

We have to prove that

k
/;/( )E[‘Enl,...,nk ©1,...,600)|]dO1 -~ dOx = (1—[ —3/4)
n :
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Observe that

2
o 2
— Z(]‘[ exp<—7(01N,E})(z) +o 0N (2) ))
(1) 0 (v)) — o= 2ONS) )+ 0N, ()22
X (@ (1N, (V) +--- + 0N, () —e ! k )
x (]‘[ 0 (01N (2) +~-+9kN,5’,j>(z))).

z<y

Recall now that, since § is square integrable, we have 1 — ¢g(u) ~ o2|u)? /2, as
u — 0. It follows that

e () — e 2 < uPh(jul)  forallu e R

with & a continuous and monotone function on [0, +00) vanishing in 0. In partic-
ular, there exists a constant g9 > 0, such that

(30) |os ()| < exp(—o?|ul?>/4)  forall u € [—ep, &o].
Fix now y € (0, n) and 6y € (0, 6/4). Next recall (27) and observe that on
Q(y, 00) ==y,

.....

if 16;] < ni_l/ 270 for all i <k, then (see the remark following Lemma 16) for all
z€Z,

NP (@) + -+ G NE ()] < kn? 71,
which is smaller than &g for n large enough. Then we get

|En1 ..... nk(gla '-'79k)|19()/,‘90)

.....

Finally, Proposition 17 is deduced from the following lemma.
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LEMMA 23. Letty,...,tx € (0,1) and n € (0, 1/8) be given. Then

]E[e_az Oy @10--00/2] 40, .. A
U

/2 k
= <—7T> Ctl,‘..,tkn_3k/4 + Ok(n_?’k/4)'
o

PROOEF. First write

where I, ., is the integral over R¥ and Jny,....n;. 1s the integral over {3 :10,] >
—1/2—n

J

.....

n }. A change of variables gives

..........

According to Proposition 7, we know that

- L) =
n 3k/4Dn1 ..... ny - DT] ..... Ty
asn — oocandn;/n — t;,fori =1, ..., k. This, combined with Lemma 21, shows

that

V2 \k N ~
Ell,,...n ] = (?) — 3k/4+0k(n 3"/4),
and it just remains to estimate E[J,, ., ].

First consider the matrix A,, ., := ((N,Ei), Nr%)»i,jfk, and denote by [tn,.. .n,
its smallest eigenvalue.

Let now 6 € (0, 1), 0 < 6y < & and y > 0 be such that 25 + 6y + 3y (k — 1) <
1/4. We know that on 2, . »;»

k

i=1y
We deduce that all eigenvalues of A, ., are smaller than the right-hand side of

the above inequality. In particular, on 52,11,,“,,,,( (n_g(’), there exists a constant ¢ > 0
(depending only on k and the ¢;’s), such that

> Dn1 ..... ngk
M (kn3/2H3Y (1 4 0 (1)))k 1

> en/27 073 E=D (1 o (1)).

.....

Then we get
Myt 21 = ! 220 EED (1 (1))

>n'4 (1= or(1)),
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since 21 + 6y + 3y (k — 1) < 1/4 by hypothesis. Note, moreover, that

Therefore, a change of variables gives

—k/2

21,.12
—a“|r|5/2
,,,,, nk[ 12 . e Irlz/ dr
{|r|22Hn1,A..,nkn ']}

and it then follows from the first part of Lemma 21 that E[J,, . ] =0k (n_3k/ 4).

This concludes the proof of the lemma. [
5.5. Proof of Proposition 18. Let 6y € (0, 1/4) be fixed. Consider the events
H@O1,....00 ={|oiNP ) + -+ NP ()| < gg forall y € Z},
where ¢ is as in (30) and
H@O1,....,00) :=H@O1,...,00) Ny, (n7%).
Then by using (30) and the argument at the end of the proof of Lemma 23, we get

[ ( )E[n‘(ﬂé(elNrEP()’)+"'+9kNrE/,:)(}7))
n y

,ﬁ(el,...,ek)]del---dek

= ok (n—Sk/4)
and, thanks to Lemma 21,

k
sup sup (1_[ I’l?/4)
ng<n

nz1nf<n, i=1

.....

va( )E[| ||¢§(91N,E:)(y)+-..+9kNr£]]:)(y))},ﬁ(@l,...,ek)}del...d@k
g y
< OQ.

On the other hand, by using the Holder continuity of the local time (see Lem-
ma 16), we get

P[H@©1....00°  #{y € Z:|O\NS (3) + -+ + NP ()] € [e0/2. 801} <n'/*]

= o (n—3k/4)’

uniformly in (61, ...,6;) € V(n) and
k
sup sup sup (H nf/ 4)
01,--,00)€V () n>1 nf <ny i
x P[H (61, ...,60)¢,
#ly e Z:|OIND ) + -+ 8NP ()] € [e0/2. 201} < n'/*] < 0.

77777
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Finally, by using again (30), we obtain

P[H(el, LB

_ 2, 1/4
[Toe NG + -+ GNP ()| > e e/ /4]
y

and

k
sup sup <l_[ n?/ 4)

n=1nf<ny,...ng<n \j=1

X P[H(@l, e 006,

_ 2,1/4
[Tes @NLD @)+ + NP ()] > e~ e0/2n /4} - oo,
y
The proposition now follows with Lemma 21.

6. Proof of Corollary 6. We first observe that for k = 1, the result follows
from (3), since we can write

n [n/do]

EN(O)] = Y P(Zi=0)= Y P(Zig,=0)
i=0 i=0

[n/do] 34
oo g go P1.1(0)(ido)
4d d
~ onl/4=_"_ oy l/4
o adopl,l( n O_dOMl,l( n

and

1 1
Mia© = [ pri@ydr= [ pra©r i =4p.1(0)
We prove now the result for some general k > 1. Fix some 0 € (0, 1/4) and write

n KR[N, (0)F]

_ n—k/4 Z P(an N an =0)
iy, ng<n
:n—k/4 Z IP’(ando:--:ando:O)

Niyeeny nkf[”/dOJ

= k!nsk/4f P(Z iy 1do = = Z|nugydy = 0) duy - - - duy
O0<u)<---=<ur<l/dy
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e k'n3k/4/ P(Z\_nuljdo —_— .= ZLanJdO = O)dul .o 'dl/ik
nf=l<uj<--<ur<1/dy

+o(1).

Indeed, for the last equality, we use Theorem 5 which implies that for any ¢ > 1,

n3k/4/ P(Z iy jdo = = Znug )dy = 0) duy - - - duy
O<uy<--<up=n’"'<upi<--<ug=1/do

< Cn3e/4+(971)z/ osr - un) "4 = o(D),
O<ugqi<--=<ux=l/dy

since & < 1/4 and where C is the constant appearing in Theorem 5. Then, by using

again Theorem 5, we can apply the Lebesgue dominated convergence theorem, and

we get

nk/A Z ]P(Zm:"':an:O)

d k
:k'(_> / DPk,uidy,urd, ..., ukd()(oa ,0) du +0(])
o O0<ui<up<--<up=<l/dp

d k
= (_) /[0 1dolF DPk,uidy,urdy, ..., ukd()(oa ,O)du—i—o(l)
s 0

o

d k
N <d()—<7> /[0,1]k Py .z, (05 ..., 0)du +o(1)

- (d;ia)kMk,l(m +o(1).

This concludes the proof of the corollary.
We notice that similar calculations show that for any » > 1, any k1, ...,k > 1
andany 0 <t <--- <ty

E[Nni 100 -+« Ning, 1 (0)%]
(31)

d ki+-+ky otk ) /4 L i
~ <_> pkitetke)/ E[L;, (0)F1 - £, (0)%]
ody

as n — oo.

At this point, it is also not difficult to see that the sequence (/\/[m](O) / nl/4,
t > 0) is tight in the Skorokhod space D(RR). For this, notice that for any 7 > 0
and p > 1, there exists a constant C = C(T, p), such that forall ¢t € [0, T], h > 0
and n > 0,

P(Nn+m)1(0) — Niur) (0) = nn ') < 7 PnPIAE[(Mn4m)1(0) — Nur) (0)7]
< Cn"”hp/“.
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Indeed, the second inequality follows from the proof of Corollary 6. Since N{,1(0)
is a nondecreasing process, the tightness follows, for instance, from Lemma (1.7),
page 517, in [18].

7. Proof of Proposition 7. It was proved by Kesten and Spitzer [10] that the
normalized self-intersection local time of the random walk converges in distribu-
tion to its continuous counterpart. A similar convergence is proved for the mutual
intersection local time in Chen’s book [6]. We prove Proposition 7 by following
carefully their proof.

Forj=1,...,kanda < b, let

. 1 .
T @by=— Y NP,
J a<n=1/2y<b
denote the time spent by Sf,jli 1/ V/n in [a, b) before time n ;. The mutual intersec-

tion local time of S[(r{ ,) 1/+/n and S[(,{;f 1/ +/n before time 1 is defined by

T = Vn VNGO, Nu )
nj, / f’ljn// nj

njl’l/

- Z 22 Vs sy

"J”J xeZk=1t=1

For any ¢ > 0, consider the regularizing functions p,(x) := e x"/2 /~2me and set

n;r

G 1 J S(]) Sé]/) —x
Ts,{{;,nj e \/—nj ZZZPS( n )ps( «/ﬁ )

nj S eZi=11e=1

Similarly, let
Lo
Aj(a,b) = F/ LTj (x)dx
J Ja
denote the time spent by BY) in [a, b) before time T;, and let

A /L(])( )L(])(x)dx

]J/_TT

denote the mutual intersection local time of B% ) and B;J /?. Finally, set for every
J
e >0,

A&jqj’ = A;(/[;) P pe(BsTj _x)ps(BtTj/ —x)ds dl‘) dx.

We will use the following lemmas:
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LEMMA 24 (Lemma 5.3.1 in Chen). Forall j # j’,

lim lim sup lim sup [|Tn(J é,)/ ;Jnfr)l 2]:0.
=0 n—o0 nj/n—Tjny/n—>Ty P

LEMMA 25 (Theorem 2.2.3 in Chen). For all j # j', the sequence (Ag,jjrs
e > 0) converges in L? to Aj jr,as € goesto 0.

We can then already deduce the following:

LEMMA 26. For any my,...,my > 1 and any —o0 < ajy < bjy < 00
(G=1,....kandt=1,...,mj),

((T(f)(a] 6:05.0) 21 ki=t...m,

J

c

’ (Tn(j{:éj)/)lfj<j/§k)

converges in distribution to

yyyyyyyy

asn— +oo,andnj/n— T forall j <k.

PROOF OF LEMMA 26. Let6;, (forj=1,...,kand¢=1,...,m;)and8;
(for 1 < j < j’ < k) be some fixed real numbers. It suffices to prove that

komj

]E(exp(i > Zé’j,eTn(f)(aj,z, bio+i Y, 6, Tn(,j rf}))
j=le=1 I<j<j'=k

converges to

k mj
(eXp< YooY biehjlajebio+i Y 5j,j'Aj,j'>>-

j=l1e=1 1<j<j'<k

Lemmas 24 and 25 show that we can replace the Tn(j] ,{ 3 and A j, respectively, by

Ts(]n]jr)l , and As JoJ'

Observe now that the map

k mj

(J) A
J<k ~ Z Z 91 Z/- laj, ZSXS(/)<bj,£] ds
j=1t=1
* Z 51] / / P (/) x)pg(xt(j,) —X) dsdtdx
1<]<]/<k 0 1]

is continuous on D([0, 1], R¥) for the Skorokhod topology. Observe, moreover,
that for all fixed ¢ > O,

Sins Sin
G.J) = nisl iy
Tg,nj,nj/ _v/HQv/[\0,1]2 Pe( ﬁ x)pg( ﬁ X) deth+0(1).
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Therefore, the weak convergence of (S ( ) / J/n, j < k) toward (B(Tj: ?, j <k) im-
plies that

mj
ZZQH’TJ(“M bj.e) + Z 0. s(ﬁ,j)
j=1t=1 I<j<j'<k

converges in distribution to

k mj
D> Oiehiaje b+ Y B A
j=1¢=1 I=<j<j'<k

The result follows. [

We finish now the proof of Proposition 7. Let 6; (for j =1, ..., k) and 8; ; (for
1 < j < j' <k) be some fixed real numbers. We proceed like in [10] by decom-
posing the set of all possible indices into small slices where sharp estimates can be
made. Define, in the slice [t€+/n, T(£ + 1)4/n), an average occupation time by

Ti(z.0,n) = %Tn(]j)(rﬁ, (0 +1)).

Set also

k
Ur,M,n):=3 0in~ > 3" NP2,

j=1 lx|=Mzt/n
V(r, M,n) —Z L Y meen)’+ Y 00D
—M<t<M I<j<j'<k "

and
k .
AT, M,n) =3 023 N (x)?
j:] X€Z
nin; P
+ ) ej,j/%T,f]!;g} —U(t,M,n) —V(zt, M,n)

I<j<j'<k

k
=Y on Y > (N,Ej?(x)z
j=1

—M<tl<M a(l,n)<x<a(l+1,n)

_n*x (Tj(r,e,n))2>
(r/n)?
+o0(1).
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It follows from computations in [10] (see, in particular, Lemmas 1, 2 and 3) that
A(z, M, n) converges in probability to zero as Mt/ — 0. Moreover,

P(U(x, M,n) #£0) <P(3j <k: sup |S)] > Mz/n),

m<n

and it is well known that the right-hand term goes to 0, as Mt — oo, and n;/n —
T;,forall j <k.
Now, Lemma 26 shows that V (z, M, n) converges in law to

e+
Z M (/ : L(f)(x)dx> + ) ejjfL(”( LY @) dx.

—M<t<M T 1<j<j'<k

But the map x — L;j )(x) being a.s. continuous with compact support, this last
sum converges, as T — 0 and Mt — oo, to

k
N0 L9y
jz_:le,/ L x)dx+ Y 0, /};{LTJ_ (L7, (x)dx.

1<j<j'<k

The proposition follows.
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