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LOCAL UNIVERSALITY OF REPULSIVE PARTICLE SYSTEMS
AND RANDOM MATRICES

BY FRIEDRICH GOTZE! AND MARTIN VENKER2
University of Bielefeld

We study local correlations of certain interacting particle systems on the
real line which show repulsion similar to eigenvalues of random Hermitian
matrices. Although the new particle system does not seem to have a natu-
ral spectral or determinantal representation, the local correlations in the bulk
coincide in the limit of infinitely many particles with those known from ran-
dom Hermitian matrices; in particular they can be expressed as determinants
of the so-called sine kernel. These results may provide an explanation for
the appearance of sine kernel correlation statistics in a number of situations
which do not have an obvious interpretation in terms of random matrices.

1. Introduction and main results. This paper is motivated by the surprising
emergence of sine kernel statistics in many real world observations such as parking
cars, perching birds on lines and so on. In the field of random matrices, the sine
kernel describes the local correlations of eigenvalues in the bulk of the spectrum
of Hermitian random matrices. There it has been shown to be universal to a high
extent; that is, it appears for many essentially different matrix distributions. In this
article we show that the sine kernel describes the local correlations of more general
repulsive particle systems on the real line which only share the repulsion strength
exponent 8 = 2 with the eigenvalues of (unitary invariant) Hermitian random ma-
trices. We expect that this behavior extends to larger classes of invariant ensembles
of random matrices, with repulsion exponents g different from two.

To formulate our results, let us recall the so-called invariant S-ensembles from
random matrix theory. Given a continuous function Q:R — R of sufficient
growth at infinity and 8 > 0, set
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(With a slight abuse of notation, we will not distinguish between a measure and
its density.) For the “classical values” B =1,2,4, Py g g is the eigenvalue dis-
tribution of a probability ensemble on the space of (N x N) matrices with real
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symmetric (8 = 1), complex Hermitian (8 = 2) or quaternionic self-dual (8 = 4)
entries, respectively. For arbitrary B, only for quadratic Q, Py, g, is known to be
an eigenvalue distribution.

The notion of bulk universality is usually formulated via the correlation
functions of the ensemble. For a probability measure Py (x)dx on RN and
k=1,2,..., N, the kth correlation function p]]i, ‘R — R of Py is defined as

k —
phrcoxi= [ PaCo)daien .

The correlation functions ,olli, are the densities of the marginals of Py. The measure
,ojkV (1) dt on R¥ is called kth correlation measure.

It is known that under very mild conditions on Q, there is an absolutely contin-
uous probability measure g g(¢) dt on R, which is the weak limit of ,011\,’ 0.8 (t)dt
as N — oo.

Now, Py, o, 1s said to admit bulk universality, if for all a with g g(a) > 0
and all 7, ..., # the limit

. 1 4] Tk
) lim 7pk(a+4,...,a+ )
N—00 ,l,LQJg((l)k N Nug gla) Nug gla)

exists and coincides with the one for Py G,5, G quadratic (the so-called Gaussian
B-ensemble). Universality here should be understood as a coincidence of limit (2)
with the corresponding Gaussian 8-ensemble. This has been established for large
classes of Q. The scaling in (2) is chosen such that the asymptotic mean spacing
between consecutive eigenvalues is normalized to 1. Howeyver, it is known that the
limit depends on 8.

In the case 8 = 2, which appears frequently in “real world statistical studies,”
the limiting object (2) is determinantal of type

. f 173

lim 7,0]‘ <a+7,...,a+7)
N—o00 /,LQ’z(a)k N Nupg(a) Nl/«Q,Z(a)
sin(r (t; — tj)):|

n(ti—t;) li<ij<k

” — det|

involving the sine kernel

Sy = S0TD 0,80 = 1.
Tt

Universality for unitary invariant ensembles, that is, § = 2 invariant ensembles,
was proved in many papers, for example (naming only few) [10, 21, 23, 26,

27]. Recently universality (for general B-ensembles) was proved in [7, 8]. For
B =1, 2, bulk universality was also proved for Wigner matrices by two groups of
authors. Based on earlier work of Johansson [15], universality was shown for gen-
eral classes of Wigner matrices in a series of papers by Erdds, Yau, Schlein, Yin,
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Ramirez and Peche (see [12] for a survey on their results) and Tao and Vu; see [30]
for a survey on their results. We remark that bulk universality was proved in [13]
for the Hermitian fixed trace ensemble, a random matrix which is neither a Wigner
matrix nor determinantal.

Writing the density (1) in the Gibbsian form

@ Py g5 = =P Tijlothi—xjI =N EIL, 0
ZN.Q.p

we see that Py ¢ g can be interpreted as an interacting particle system on R in an
external field, interacting via a 2d Coulomb potential.

It is believed that many complicated, strongly correlated systems share the local
bulk scaling limit (defined again by correlation functions) with some random ma-
trix model. This was conjectured by Wigner who used random matrices to model
energy levels of nuclei. By the underlying matrix structure, physical requirements
(conserved quantities, time reversal,...) determine the value of B in the cases
B =1,2,4. The limits with 8 = 2 also seem to appear in statistics of distances
between parking cars [1], waiting times at bus stops in certain cities [18] (see [5]
for a determinantal model) and the pair correlation conjecture of Montgomery [24]
for the zeros of the Riemann Zeta function on the critical line. See, for example,
[17] for more relations between the Riemann Zeta function and random matrix
theory. A common cause for the appearance of sine kernel statistics in a number of
statistics about real world repulsive systems and in physics and mathematics still
remains to be identified.

We consider here a class of more general interacting particle systems, defined
by the density

(5) ! —xje N R 06,

where Q is a continuous function of sufficient growth at infinity compared to the
continuous function ¢ :R — [0, co). Apart from some technical conditions we
will assume that
(1)
(6) ¢(0) =0, o) >0 fort 20 and Ilim — =c¢ >0,
1—0 |t|P
or, in other terms, O is the only zero of ¢ and it is of order 8.

We expect that (at least under some smoothness and growth conditions) the
bulk scaling limit of (5) coincides with that of the B-ensembles, since in view
of the regular local distribution of eigenvalues/particles at 1/N spacings only the
exponents of the interaction kernel should determine the local universality class.

The purpose of this paper is to prove this for 8 = 2 and a special class of
¢ and Q. From now on, we will always deal with the case § = 2, therefore omit-
ting the subscript 8. To state our results, let & be a continuous even function which
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is bounded below. Let Q be a continuous even function of sufficient growth at
infinity. By Pf,’ o We will denote the probability density on RY defined by

1 N
D Pl o)== erm#mp—NZQap—ZmM—nﬁ
ZN,Qi<j j=1 i<j

where Z}](,’ 0 denotes the normalizing constant. The density Pf\’,, o can also be writ-
ten in the form (5) with ¢(¢) := 1% exp{—h(z)}. The first result describes the global
scaling limit of the correlation measures of P,{’,’ o- To formulate it, introduce for
a twice differentiable convex function Q the quantity ¢ := inf;eg Q" (r). More-
over, denote by pk;,kQ the kth correlation function of Pf\’,’ 0

THEOREM 1.1. Let h be a real analytic and even Schwartz function. Then
there exists a constant &" > 0 such that for all real analytic, strictly convex and
even Q withag > o, the following holds:

There exists a compactly supported probability measure ', having a nonzero
and continuous density on the interior of its support and for k = 1,2, ..., the kth
correlation measure of Pf\’,’ o converges weakly to the k-fold product (uf’Q)@’k, that

is, for any bounded and continuous function g : RF — R,
8 li o d"t:/ d(ul)®*.
(8) Ngmw/gpN,Q gd(pp)

REMARK. (a) If 4 is (additionally) positive semi-definite, then o’ in Theo-
rem 1.1 may be explicitly chosen as o’ = sup, g —h"(?).
(b) In general, the measure ,uhQ depends on /.

(c) Plhv, 0 does not seem to be either determinantal nor have a natural spectral
interpretation; therefore we will speak of particles instead of eigenvalues.

(d) We remark that in [9], macroscopic correlations have been studied in a more
general setup.

The next result states the universality of the sine kernel in the local scaling limit
in the bulk.

THEOREM 1.2. Let h and Q satisfy the assumptions of Theorem 1.1. Then for
k=1,2,..., we have

lim #ph’k (a—i—til,...,a—i-tik)
N=oe @k O Ny (a) N iy (a)
sin(m (t; — t5))

7 (t; —1tj) :|l§i,j§k

" — det|

uniformly in'ty, ..., ty from any compact subset of R and uniformly in the point a
from any compact proper subset of the support of uhQ
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REMARK. (a) If & is positive semi-definite, then o in Theorem 1.2 may be
explicitly chosen as o” = sup, g —h"(?).

(b) Bulk universality for ensembles of form (7) with arbitrary 8 > 0 replac-
ing the repulsion exponent 2 in (7) has been shown by the second author in [34].
The notion of universality is weaker than in the present paper. The proof of bulk
universality uses methods similar to the present work, combined with techniques
developed by Erd6s, Yau and co-workers; see, for example, [12] for a review.

(c) Similar results hold at the edge of the support of MhQ An article on edge

universality of Pf\l,’ o 18 In preparation [20].

We shall demonstrate our approach to bulk universality by means of the follow-
ing example of functions /4 and Q.

THEOREM 1.3. Let y > 0 and o > 0 be arbitrary. Let h(t — s) := y(t — 5)?
and Q(t) = at?. Then (8) and (9) hold for (PI}\’,’Q)N uniformly as in Theo-

rem 1.2. Here MhQ will be the semi-circle distribution with support [—w, w],

w:= (Ja +y)_1.

A first step in the proof of Theorems 1.1 and 1.2 is to compare the correlation
functions of PN o With correlation functions of eigenvalues of some unitary in-
variant ensemble. To construct such an ensemble, we first determine w”, as the
equilibrium measure of some external field V (depending on 4 and Q) using a
fixed point argument. The difference between Ph and this unitary invariant en-
semble Py y consists of (up to normahzatlon) a factor exp{U/(x)}, where U is
a quadratic interaction energy which may be expressed as a mixture of linear inter-
action energy terms using Gaussian processes. This finally leads, after a truncation
procedure, to a mixture representation of PK‘,’Q by invariant ensembles with the
same bulk universality.

The paper is organized as follows. In Section 2, the asymptotics of PI}\I’,Q for

h(t —s) =y — $)? and o) = at? are investigated, and in particular Theo-
rem 1.3 is proved. In Section 3, we associate to P/hv 02 unltary invariant ensemble
which will turn out to have the same asymptotic behavior as P N. - Section 4 con-
tains concentration of measure inequalities. Section 5 deals with bounds on the
first correlation function of a unitary invariant ensemble. The proofs in this section
use established techniques which we decided to include in detail for the sake of
completeness of the exposition. Theorems 1.1 and 1.2 are proved in Section 6. In
the Appendix we recall a number of results on equilibrium measures.

A prior version of these results is based on the Ph.D. thesis of the second au-
thor [33].

2. A first example. In this section, we will study the probability measure

o 1
10 Py’ @ = ey ] |x,~—x,-|2exp{—aNMz<x)—yZ<xi—xjﬂ},

N l<i<j<N i<j
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using the potentials M, (x) := Z?]:l xf with p =2 and constants «, y > 0, where
Z?f,’y denotes the normalization factor. In the following we shall suppress the de-
pendencies on « and y .

We will reduce bulk universality of (Pg’y) ~ to the well-known bulk universality
of the GUE.

It is convenient to introduce the distribution GUE,,, depending on a parameter
w >0, as

2
PR (x) = ZGUE [T lxx —x; exp{——NMz(x)}
N,w j<k
Under this scaling the first correlation measure of PGUE will converge to the semi-
circle law supported on [—w, w]; for a proof see, for example [25]. First we rewrite
the density Py := Py” using

y Y (i —x))?=yNM(x) — yMi(x)* as

i<j
1 2
(11) PN(X)ZZ— 1_[ lx; — x;]
N 1<i<j<N
x exp{—(a + y)NMa(x) + y M1 (x)?}.

Using the simple identity

1
(12) exp{yt?} = 2—/ exp{e/yt}exp|—e?/4} de, we may write
m JrR

1 1
Py(x) = —/ — xi — x|
N( ) ' RZN 151-1;[-5N| i ]|
x exp{—(a + y)NMa(x) + /yeMi(x)}
x exp{—¢e*/4) de
1

ZE
(13) = — / Ze PG Ye~e4de  where
T

1
PR =—e [T li—xl
N 1<i<j<N
x exp{—(a + )N M (x) + /yeM;(x)},
2
Zy _/I:&N [T 1xi—xjl

I<i<j<N
x exp{—(a + y)NMa(x) + /yeM;(x)}dx
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We have thus expressed Py as a probabilistic mixture of the probability mea-
sures Py.
The next lemma deals with the ratio Z§,/Zy.

LEMMA 2.1. Foreach e, each N and all o, y > 0 we have

2 -1
Ve Y
N/ZN =exp da+y) a+ty

PROOF. We first expand the fraction
Z85/Zn = (Z5/Z8%5) ) (ZN/ZR0F)  where w = (a + )~ /2.
The diagonal elements of a GUE,, matrix are independent Gaussians with mean 0
and variance Wﬂ/) Using this, we get easily for any ¢, any N and any «, y > 0
—1
251255 =En.Gur, exple/y Mi(x)} = exp{ye” - (4 + 7))},
where Ey Gug, denotes expectation w.r.t. PS%E Similarly, we get for any N and
any o,y >0
—-1/2
Zn/ZS%E = By cue, exply Mi(0)*} = (1= y/@+y) "7 O

DEFINITION 2.2. For w > 0, the probability measure o, on R given by

2
0u(t)dt := ——=\@? — 121y ) (x) dt
T

is called (Wigner’s) semicircle law (with parameter w).

By equation (13), Py is a mixture of Py,. We show first that the statement of
Theorem 1.3 is true for each ¢ € R if we replace Plf’]’ o by Py,. Eventually we will
use Lebesgue’s dominated convergence theorem.

PROPOSITION 2.3. Let pfv’s denote the kth correlation function of Py, and

1

set w = m

(a) Forany ¢ € R, any k and any continuous, bounded g :R* —> R we have

. k,e k
lim dox =/ d(o,)".
N[ 89PN [_w’w]kg (0w)

(b) We have for any ¢ and any k,

. tk
1 L k,s( 71, ey )
N1—r>noo o (@)F oy la+ Now(@) a+ No,(a)
=det(St — 1)) 1< j«

locally uniformly for all t1, . .., ty and uniformly for a varying in a compact subset

of (—w, w).
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PROOF. A proof of the first part can be found in [14]. For the second part we
use orthogonal polynomials. Note that the polynomials orthogonal to a Gaussian

weight with nonzero mean are normalized shifted Hermite polynomials. Let 7N

denote the jth Hermite polynomial orthonormal w.r.t. the weight e = (@+)i?,
It is easy to check that the set of polynomials orthogonal w.r.t. the weight

e~ N @+ +e /7T are the polynomials (nj(.N)*) j» Where
(14) 7N (@) 1= @ PN N (¢ w'e/2N)

with o 1= /¥ /(¢ + y) and 0" := o' 2/4. The ensemble Py is determinantal,
that is,

(15) ,Ojliie(tl, ct) = (N = k)!/(NY) det(Ky (4, tJ)), =1
where K3, (¢, 5) = Z] 0 n(N)*(t)n(N)*(s) From (14) we get
(16) K5t s) =@ INKy(t —w'e/2N, s — e /2N),

where Ky denotes the kernel corresponding to the ensemble PI(\;’ILJUE Hence we
have

1 K ( + t + ) )
a+—,a
oo@ N\ " Noy(@)'~ ' Noy(a)
e@"e)/N ( t—weoy(@))2 s —wey(a) /2)
S VP a+

(17) _ ,
o0(@) Now(@) Now(@)
B e(a)”sz)/N p ¢ 5/
= Tou@ N<a T Now@ T Now(a))

where t’ .=t — w'e0,(a)/2 and s" := s — w'e0,,(a)/2. It is well known that
t/ s ) sin(w (¢’ — ')
,a—+ = .
No,(a) Noy,(a) m(t' —s’)

For a proof of (18) see, for example, [11], Chapter 8, or Theorem 6.1. Since
limy_ o0 exp{(w”e?)/N} = 1, we get from (17) and (18) that

(18)  lim

N—o0 0(a)

KN<a+

. 1 % 1 Ky
Nh_r)noo o,(a) Ky (a + Noy(a)’ at Naw(a)>
_ sin(w (' — ') _sin(w(t —s))
Cox@—-s)  wt—s)

(19)

Now, by (19) and (15), the second assertion of Proposition 2.3 follows. As (18) is
true locally uniformly in ¢’, s" and uniformly ina € I, I C [—w, @] compact, we
get (19) locally uniformly in ¢, s and uniformly ina € I. [
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PROOF OF THEOREM 1.3. By equation (13) and Lemma 2.1 we know that
20) Py(o) = [ P pe)de.

where p is an N-independent probability measure on R. Using Fubini’s theo-
rem, (20) implies [p gdol = [g fpr gdpffp(s)ds and pk(r1,...,00) =
fR p]]i,’e(tl, ..., tx)p(e)de, and hence for each compact K C R* and each com-
pact I C (—w,w)

sup |0, (a)_kpk (a—l— il a-—+ Ik >
teK,acl @ N Naw(a)"”’ Noy(a)
— det(S(ti — tj))lgi,jfk
= sup f p(@(%(a)"‘pfi;g(a + t—1, s a+ k )
teK.acll/R Noy(a) Noy(a)

2D
— det(S(1; — tj))lsi,jsk) de

—k phoe 1 Ik )
op(a)” (a + 7N0w(a)’ .,a+ Now(@)

5[%1?(8) sup

teK,acl

— det(S(t — 1)) <, jx | de

where we stick to the notation of Proposition 2.3. Theorem 1.3 will follow
from Proposition 2.3 if [p g dph® and sup,cx aep 0N (5150 s0)l, 80 == a +
ti/(Noy(a)), are uniformly bounded in €. The uniform boundedness of [« g d,of\;s
is immediate as g is bounded.

To show uniform boundedness of ,olli,’g(sl, ..., 5) uniformly in &, ¢ and a, we
proceed as in the paper by Pastur and Shcherbina [27]. Since all correlation func-
tions are nonnegative, we see by Sylvester’s criterion from the determinantal rela-
tions (15) that the matrix (Ky (t;,¢;))1<i, j<k =: A is positive semi-definite and can
hence be written as A = B2 for some matrix B. Now using Hadamard’s inequality
we get

kK k k
detA=(detB)? < [[ D 1B =[] Aj;.
j=li=1 j=1
In our case this reads

(22) Pkt i) < (N — k)'/<N'>1‘[KN<s,,s,><Ck1‘[pN (57).
j=1 j=l1
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where C is a constant such that C > N /(N — k). Using (14), we get
N-1

i=0
1 N-—1
- N Z jT.(N) (t — a)/g/ZN)Ze_N(“‘H’)(Sj—w/s/ZN)Z
N “ !
i=0

= p}v’GUE‘” (sj —w'e/2N),

where p}V’GUE‘” is the first correlation function of the GUE,. From Propo-

sition 2.3(b) for k = 1,6 = 0 we get that p}\;GUE‘“(s.,- — w'e/2N) converges

(locally) uniformly in #; and a toward the bounded function o,(a), hence
there is a constant C’ such that for all N and all t € K,a € I we have
p}\;GUE‘” (sj —w'e/2N) < C’'. To see the required uniformity in ¢ , either adapt
the arguments in Section 6 following (77) or use that p}v’GUE‘“ (s) is bounded
uniformly in N and s, as can be seen from its determinantal representation and
the well known asymptotics for the Hermite polynomials. This estimate together
with (22) finishes the proof of Theorem 1.3. [

3. The associated random matrix ensemble. In this section, we start with
the investigation of our main model. Let 4 be a continuous even function and Q
a strictly convex symmetric function and assume that

1 _NYN V=S h(—x;
@) Pho@i=p— [T b —xyPemm ST ),
N,Q 1<i<j<N
defines the density of a probability measure on R", where

H lxi —x;j Ize_NZ?]:1 QUe)=2icj hxi=xj) g

1<i<j<N

h -
ZN’ Q -— RN
denotes the normalizing constant. This is, for example, the case if / is bounded
below.

We will frequently use the notation

(24) hM(s):th(t—s)du(t), hW:=/ h(t — s)du(t) dus(s)

for a compactly supported probability measure p on R. For the statement of the
next lemma, M g, will denote the set of compactly supported (Borel) probability
measures on R.

LEMMA 3.1. Let h:R — R be even, twice differentiable, bounded and such
that h"'(t) > —aq for all t. Define Ty, ML — ML, Ty (w) as the equilibrium
measure to the external field t — Q(t) + h,(1).



LOCAL UNIVERSALITY OF REPULSIVE PARTICLE SYSTEMS 2217

Then Ty, has a fixed point, that is there exists a probability measure ,uhQ which
is the equilibrium measure to the external field t — Q(t) + [h(t — s)d [LhQ (s).

PROOF. We will apply Schauder’s fixed point theorem, which states that each
continuous mapping 7 : C —> C of a compact, convex and nonempty subset C of
a Hausdorff topological vector space has a fixed point.

We consider the topological vector space M(K) of all signed finite Borel
measures on some compact interval K of R, equipped with the topology of
vague convergence. This topology is metrizable and hence the space is Hausdorff
(see [28], Chapter 0). The subset MUY(K) of all Borel probability measures on K is
nonempty, convex and compact. The compactness follows from Helly’s Selection
theorem. We will further restrict to measures p which are symmetric around 0,
that is, £ (A) = u(—A) for all Borel sets A. It is easy to see that this subset still
fulfills the assumptions of Schauder’s fixed point theorem.

Now we show that since h”(r) > —a and h is bounded, the support of the
equilibrium measure to the external field Q(¢) + h,(?) is included in a compact
set which can be chosen to be independent of w. Indeed, by Theorem A.6, the
support of the equilibrium measure for Q(¢) + h,(¢) is the smallest compact set K
(w.r.t. inclusion) of positive capacity maximizing the functional

K+ Foin,(K) = logcap(K) —2/ O()dwk (1) —Z/hu(t)da)K(t)
(25)

= Fo(K) =2 [ hu 0 dox o),
in particular we have

Fon, (suppg) > Fo(supp o) —2|lhllec € R

since |h,| < [|h]loo-

(26)

As Q is convex and symmetric, supp ¢ is a symmetric interval; see Theorem A.6.
Because & is twice differentiable, A’ (and by assumption also &) are bounded
on any compact set. Hence, if we choose a probability measure p with com-
pact support, &, is two times differentiable and (h,)"” = (h"),. By the condition
h'(t) = —ag, Q(t) + h,(t) is convex for each compactly supported p. Theo-
rem A.6 implies that the support of the equilibrium measure to Q(¢) + h,(t) is
a symmetric interval, say [—{,,, [, ]. Using Lemma A.1, we can rewrite (25) for an
arbitrary symmetric interval [—/, [] as

1 1
F —1,1]) =log(1/2) -2 —
@n o+ (1110 =logt/2 =2 [ 00— s

! 1
—2/ h,(t)——=dt.
NN/
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Since Q is strictly convex and symmetric, we have Q(¢) > aQt2 + C for some
C € R, and (27) implies (using that the variance of w[_; jj is 12 /2) the inequality

(28) Foin, (I—1.11) <log(l/2) — agl* = C + 2|2 o,
which holds for any ©. Comparing (26) and (28), we see that

Foin, (supp prg) > Fon, ([—1,1])

for all / > L, where L > 0 does not depend on . Hence such an [—/, [] cannot be
the support [—/,, [,,] of the equilibrium measure for Q + h . Hence [, < L for all
compactly supported .

We have thus seen that 7; maps the set Mi(K ) of symmetric probability
measures supported in K into itself, if K is chosen large enough. It remains to
show continuity of this map. Since we deal with a metric space, it is enough to
show that by 7}, converging sequences are mapped to converging sequences. Let
(n)n C€ MI(K) be a sequence converging vaguely, or equivalently, weakly to
a probability measure p. Denote Tj(w,) =: v,. Define the sequence of external
fields V,,(¢) := Q(t) + hy,, () which converges pointwise to V (1) := Q(t) +h,(1).
We may assume that this convergence is uniform: by Theorem A.4, the equilibrium
measure does not depend on values of the external field outside of its support (from
which we know a priori that it lies in a certain compact set). Since 4’ is bounded
on this compact set by some constant, say C, we also have |h;in | < C. This implies
that the sequence of functions (4, ), is uniformly Lipschitz and hence equicontin-
uous. It follows that the sequence (V;,), is also equicontinuous. Since their domain
is a compact and V,, converges pointwise, the equicontinuity implies uniform con-
vergence by the Arzela—Ascoli theorem.

Since all v, are supported on the same compact set, it follows that (v,), is tight
and hence has a weakly converging subsequence (vy,,),. We will prove that this
limit measure, say V', is in fact v = Tj,(u), the measure belonging to the external
field V, and does not depend on the particular subsequence. It follows that the
sequence (v,), converges to v weakly as weak convergence is metrizable.

From the uniform convergence of V,, toward V/, it follows by Theorem A.5(1)
that

UV (s) = /log |t — s|—l anm ()

converges uniformly (on C) toward U"(s) := [log|t — s|~'dv(t). On the other
hand, by Theorem A.5(2) we have for almost all s € C

1 Vam — v/ _ _ —1 /
mll)mooU =U (s)_/log|t s dv'(e).

Hence UV(s) = U" (s) almost everywhere on C. Theorem A.5(3) yields that
v =/, implying that the sequence (v,), converges weakly to v. As T}, is a con-
tinuous mapping, Schauder’s fixed point theorem yields the existence of a fixed
point. [J
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REMARK 3.2 (Uniqueness). So far we did not prove that this fixed point of 7},
is unique. Uniqueness will follow for the class of ensembles from Theorem 1.1. For
those ensembles we will show that the first correlation measure converges weakly
to any fixed point, which shows uniqueness.

We proceed by decomposing the additional interaction term. Let /& be as in
Lemma 3.1. Choose a fixed point //’Q as in Lemma 3.1. We will stick to this mea-

sure from now on and write y instead of ,uhQ. We set using the notation (24)

N? N N
> h(xi—xj) = — > huw = S hO) + N > hpu(x)
i<j j=1

|/ N
+ 5( Z h(xi —xj) = [hu (i) + Ry (xj) — hw])
ij=1

N2

N N
=~ Iy = h(0) + N hu(xj) — UK,

j=1
where
1 N
(29) Ux) = —5( Z h(xi —xj) —[hu(xi) +hy(xj) — h,m])
ij=1
Now we can rewrite PI}\’,’ 0 as

1

INVU |,

N .
l_[ |xi —Xj|26_NZj=l V(xJ)-H/{(x)’

<j<N

(30) Pl o(x) =

where we defined the external field

V() :=0@) +h,@)

and absorbed the constant exp{—(N 2 /2 — (N/2)h(0)} into the new normal-
izing constant Zy v 4. We will from now on work with this representation of the
density of P11\1/, o- The proofs of Theorems 1.1 and 1.2 rely on comparison with the
unitary invariant matrix ensemble

_NYN .
[T =PV 2=V,
<j<N

(31) Py v(x) =
ZN’V 1<i

We will show that in the large N limit, the correlation measures in the global
scaling as well as correlation functions in the local scaling, are the same for
Pf\l,’ o and Py v In this sense the quantity ¢/ will turn out to be negligible.

4. Concentration of measure inequalities. We will frequently use the fol-
lowing well-known concentration of measure inequality ([4], Section 4.4).
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THEOREM 4.1. Let Q be an external field on an interval I = (a, b) (possibly
unbounded) with Q" > ¢ > 0 on I. Then we have for any Lipschitz function f on I
and any ¢ >0

ce?
Py o > & 526xp{—2|f|52}

N N &\ f1z
En,pexpye Z f(xj)—Eno Zf(xj) SeXp{ 2c }
j=1 j=1

where for any Lipschitz function f we denote its Lipschitz constant by | f| (on I).

N N
D Fx)—Eng ) flx))

j=1 j=l1

and

REMARK 4.2. In [4], only the case (a, b) = R is stated. As the proof for gen-
eral (a, b) is completely analogous, we do not give it here.

Theorem 4.1 yields a concentration inequality for linear statistics around their
expectations. However, we rather need concentration around their “limiting ex-
pectations.” It is well known (see, e.g., [14], Theorem 2.1) that for bounded and
continuous functions

1 N
(32) Jim, B Y )= [ roduo.

where 1o denotes the equilibrium measure to Q. We need to quantify the rates
of convergence in (32). The following is a special case of a result in [29]; see
also [19].

PROPOSITION 4.3. Let Q be a convex external field on R which is real ana-
Iytic in a neighborhood of supp(jLp). Let f be a function whose third derivative is
bounded on a neighborhood of supp(u o). Then

N
Evo Y £xj) - N/fdMQ <C(If oo+ 1 £,

j=1

where C does not depend on N or f, and || - || denotes the bound on the neigh-
borhood of supp(iLg).

From Theorem 4.1 and Proposition 4.3 we immediately get the following con-
centration inequality.

COROLLARY 4.4. Let Q be a real analytic external field with Q" > ¢ > 0.
Then for any Lipschitz function f whose third derivative is bounded on a neigh-
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borhood of supp(ug), we have for any € > 0

N
EN,Qexp{s<Z fx)) —N/f(t)dMQ(t)>}
j=l1

e fI%
2¢

<exp] TLE 4 eC (11 + 1500 )

REMARK 4.5. Proposition 4.3 and Corollary 4.4 remain true up to an error
of order e~V if we replace R by an interval I which covers the domain of the
equilibrium measure w1 g. It is well known (see, e.g., [6, 27]) that changing the
external field outside a small neighborhood of the equilibrium measure results in
a change of the first correlation function of order e~V for some ¢ > 0. We will
prove this in Lemma 6.3 provided that [ is large enough.

The next lemma gives, using Fourier techniques, a representation of the bivariate
statistic ¢/ in terms of certain linear statistics. A similar idea is used in [22].

LEMMA 4.6. The following holds:

Ux) = —;/{&N(t,x)fﬁ(t)dt,
242

where

N N
ln(t,x) = cos(tx;) — N / cos(ts)dpu(s) + /=1 sin(tx;)),

h(t) = ~iSp(s)ds.

1
y—— e
2 /l;
PROOF. Recall from (29) that

1 N
Ux) = —5( Z h(xj —xj) — [hu(xi) + hy(xj) — huu])-

i j=1
Note that

1 1 A 1 5a
SN h(x;i—x )=—/ e i xk)’h(t)dt:—fu (¢, )|°h(t) dt
2%} J k 2V %{: 2 ’ N }

with uy (¢, x) := zyzl e!™i. Writing ity (t, x) := un(t,x) — N [ 'S du(s), it is
not hard to check that
1

(33) UX) = ——F=

o 24
Wor uN(t,x){ h(t)d:.
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Note that we can write
EY o f %)= (ZN.v/ZN.vi)ENv f(x)e™).
With the help of representation (33), we shall bound this ratio of normalizing con-
stants.
PROPOSITION 4.7. If the constant o is large enough, then there exist con-
stants C1, Cp > 0 such that for all N
0<Ci<Znvu/Znyv=Enyexp{U(x)} < Ca.

PROOF. We start with proving the lower bound. By Jensen’s inequality we see
En,vexp{U(x)} = exp{En vU(x)}.

Using Lemma 4.6 we show that the expectation of U/ is bounded in N. Fubini’s
theorem gives

1 ) .
—En.yUE) = Wi /EN,VyuN(r,x)Fh(t)dt

1 N
zm/ ( v| 2 costn) [ costes)ducs)

N 2
> " sin(tx;) )ﬁ(z) dt.
j=1

By Corollary 4.4, the terms in the parentheses are bounded by a polynomial
function in 7, as | cos(t-) ., | sin(t+)|z < 7 and [[cos(t)@ [|oo, [Isin(t)P o < C13.
Hence, / being a Schwartz function, we have Ey yU(x) > —C’ for some C’ > 0.
Thus the lower bound follows choosing Cj :=exp(—C’).

For the upper bound we will again use the representation of Lemma 4.6. Recall
that since h is even, his real-valued, Define h+(y) = max{0, h(y)} and h_ (y) =
max{0, h(y)} such that i = h+ h_.For h_ =0, which corresponds to the case
of a positive definite 4, there is nothing to prove, so assume that h_ #0.

Introducing H_ := (h-)'/2 > 0, we obtain by Jensen’s inequality and Tonelli’s
theorem

Env exp{—(Z«/ﬂ)l

+Enyv

<Envy exp{(zx/zn)l

|

(34)
=EN,vexp{<2ﬂ>—1nH_nLl [ - -

Vi

< f (H_(t)/ H= | 1) En.v exp| 2v/2m) V|| H_
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Abbreviating Kj, := (2+/27) "' || H_|| ;1 and using the Cauchy—Schwarz inequality
and representation (33), we find
| }

(35)  En.vexp{KyH_(t)|iin(t, x)|*)

(36) <EVy exp{ZKh H_(1)

N
> cos(tx;) = N / cos(ts) du(s)
=1

o

Since by Corollary 4.4 the distributions of levzl cos(txj)— N [cos(ts)du(s) and
Zj-vzl sin(rx ;) are sub-Gaussian, we obtain, for example, for the first term for any
e>0,

N
> sin(rx;)

(37) xEy% exp{ZKh H_(1)
j=1

N
Env exp{e . ,/2KhH_(t)<Z cos(tx;) — N/cos(ts) du(s))}
j=1

<exple? - 2KnH_()t*Qay) ™ + &, 2K  H-(1)C (1 + %)},

where oy :=min; V”(t) > 0, C does not depend on ¢ or N. For «( large enough
(hence ay large enough), we have 2KnH_ ()12 Qay)~! < 1/4 for all ¢. Since
H_(t) = le_/z () is decaying rapidly, /2K, H_(¢)C (1 + #3) is bounded in 7. Sum-

marizing, if «¢ is large enough, we can bound (38) by

(38)

exp{ce® +&C}

with 0 < ¢ < 1/4 and ¢, C do not depend on N or t. We conclude that (36) and (37)
and hence (35) are bounded in N. Finally, since 4 is a Schwartz function, it follows
from (34) that

En.v exp{—/ﬁ(t)m;v(r,x){zdt} <C

for some constant C > 0 independent of N. This proves the upper bound and hence
the proposition. [

REMARK 4.8. The proof of Proposition 4.7 actually shows that for each A > 0
there is a threshold " (1) > 0 and constants C;, C» (depending on A and o™ such
that

0<C)<Eyvexp{ld(x)}<Cy  ifag=a().
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5. Bounding the first correlation function. This section deals with proper-
ties of the first correlation function. We give information on its decay and depen-
dence on additional external fields of lower order.

First of all, we need to introduce some notation from [14]:

Knox):= > ko(xi,x)),
1<i#j<N
(39 1 1
ko(r,s) :=log|t —s| 7' + 5Q(t) + 5Q(s),
Fo:=1p(), Yol(t) = Q(t)—log(t2+l)
(40)

where I () is defined in (82).

From the simple inequality | — 5| < +/t2 + 1+/s2 + 1 we conclude log |t —s| ™' >
—% log(t2 + 1)(s2 + 1) and hence

(41) ko(t,s) = (1/2)Yo(t) + (1/2)¥o(s).
We also note that since Q is an external field, there is a constant cg such that
(42) Vo(t) >cq.

We define a generalized unitary invariant ensemble on R" (or some compact
[a, b]V) via

! - N . N .
M [T Ixi—xjle MY QUNFEL f&)),

N,O.f I<i<j<N

(43) PJ{‘,’{Q’f(x) =

where N, M € N and f is a continuous function with | f(¢)| < Q(¢) for ¢ large
enough. Usually we have M =N or M =N — 1.If M = N, we will write Py ¢, ¢
instead of Pf\‘,’{ 0.7 - If f =0, we write PIC,’{ o- The following result is due to Johans-
son.

PROPOSITION 5.1. Let
1
AN,S = {X € RN : WKN’Q(X) < FQ ‘JFS}
Then there is some constant C such that, if imy_.oo N/My — 1,

PIQ/{’ZQ(RN \ AN e4a) < Ce_“N2 forall N > Ny(e) and all a > 0.
PROOF. See[14], Lemma4.2. [

We now deal with the decay of p 11\/,Q- The following lemma can be found in
several papers including [14, 27]. We follow [14].
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LEMMA 5.2. Let Q be a continuous function satisfying Q(t) > (1+38)log(1+
12) for some 8 > 0 and all t large enough. Then there is a constant C > 0 such that
forallt,

- — 2
p}\”Q(t) < N = NIQ)—log+1D)]

PROOF. We will from now on drop the subscript Q, defining
1 M5V A
T N L
N 1<i<j<N
and abbreviating p ]1\, =p }\, > We compute

N N—1

ZN—IENfl 1—[ (x; — t)2 e NOW®

ZN N J ’
N Jj=1

oy () =

(44) N
z
N-1
Since adding a constant to Q does not change the ensemble, we will assume that

Q > 0, which corresponds to considering the potential Q + C ¢, where C¢ denotes
a lower bound of Q. Setting Z := [ ¢~2") dt we get by Jensen’s inequality

ZI/ 2N_11 | t|—NQ(t) ¢ dt
— [ ex > loglx; — 1] —
V4 P j=1 e

N—1
> Zexp{%/(Z > loglxj —t| — (N — 1)Q(z)>e—Q(”dr}.
j=1

Since Q > 0, we get

X

+1
/1og|t—x,-|e—Q<f>dzz/ " log|t — xj|dt = —2.
xj—l

Summarizing we see that
(45) ZN/ZN_| > Zexp{—CN} for some constant C > 0.

Using the inequality (x; — £)* < (1+x7)(1 + ) gives

N—1 N-1
(46) E%*(H (x; —r)Z) <(1 +t2)NE%—1(]"[ (1 +x§)>.
j=1 j=1
As before, we can assume (otherwise we add a constant) that Q satisfies Q(t) >
(146)log(1+ 12) for all ¢ and some § > 0. Using notation (39)—(40) and inequal-
ity (41), this condition yields
N—1
Kn—1,0(x) =8(N —1) Y log(1 +x;)%.
j=1
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Proposition 5.1 shows that for A large enough we have

N-1

H¢¢Q<Z:bgl+xp22AN>
j=1

47) i

< P{_| o(Kn-1,0(x) = SA(N — 1)N) < e~V

for some constant ¢ > 0. From this we conclude that for A large enough
N—1 N-1
N-—1 2 AN N—1
Ex <H(1+x1)>5e +Ey (H(1+x )1 H71(1+x2>>eAN>-
j=1 j=1
Equation (47) gives that

N-1
P]C’_LQ<Z log(1 4 x;)* — AN > Iyl) <exp{—cAN? —c|y|N}.
j=1

From this bound it is easy to see that IE% 1(]_[N 11(1 + x5 )]].HN l(1+x2)>exp{AN})

is of order exp{—CN 2} for some C > 0. Hence we have

N—1

(48) ]E%_1 < l_[ (1+ x?)) <exp{cAN} for some c.
j=1

In view of (44) we find combining (45), (46) and (48),

py.o(t) < exp{CN}exp{—N[Q(r) —log(1 + 1%)]}. O

From the previous lemma we easily deduce the following important corollary;
cf. [11, 14, 27].

COROLLARY 5.3. Let Q be as in Lemma 5.2. Then there are L, C > 0 such
that for all t with t > L, we have

pr () < exp{—CNQ(®)}.

We finish the section with a useful bound on the first correlation function p 11\, 0.f
of the unitary invariant ensemble Py ¢, r; see (43).

LEMMA 5.4. Let f be bounded. Then we have
PN, 0.r (D) < py oI,
PROOF. We use the identity

e~ NO+S
’ONQf()_N)L (e=NC+/ 1)’

(49)
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where An(e N2+ ) is the so-called Nth Christoffel function to the weight
e N2t/ (see [32] for references and more information on Christoffel functions)

(50) aw(W.6):= inf /|PN_1(s)|2W(s)ds,
Py_1(1)=1

where the infimum is taken over all polynomials Py_; of at most degree N — 1
with the property that Py_(¢) = 1 and W denotes a weight function on R. It is ob-

vious from (50) that Ay (Wy, ) < Ay (W, -) if Wi < W,. Then the lemma follows
easily by e V@~ Ifllo < o=NO+/ < o=NO+Iflle ]

6. Proofs of Theorems 1.1 and 1.2. We first cite a general result by Levin
and Lubinsky ([21], Theorem 1.1) about bulk universality for unitary invariant
ensembles. Recall the definition of pfv’ 0.f following (43).

THEOREM 6.1. Let Q be a continuous external field on the set ¥ C R, which
is assumed to consist of at most finitely many intervals. Let f be a bounded con-
tinuous function on X. Let Ky denote the kernel

N-1

Kn(t,s)= Y vV 0y ),

j=0

where (wj(-N)) j are the orthonormal functions to the weight e NCWO+IO Let J be
a closed interval lying inside the support of jLg. Assume that |1 is absolutely
continuous in a neighborhood of J and that Q" and the density |1 are continuous
in that neighborhood, while g > 0 there. Then uniformly for a € J and t,s in
compacts of the real line, we have

. Kn(a+(t/(Kn(a,a))),a+(s/(Ky(a,a))) sin(m(t —s))
(1)) lim = .
N—oo Ky(a,a) w(t—s)

We use a notion of bulk universality which slightly differs from (51); namely
we scale by the limiting density (¢ instead of using the N-particle density. The
following obvious corollary is a translation of Theorem 6.1 into this setup.

COROLLARY 6.2. Let Q, f and 1o be as in Theorem 6.1. Then bulk univer-
sality as defined in (2) holds for the unitary invariant ensemble Py ¢ f.

PROOF. The corollary follows from the well-known determinantal relations
for unitary invariant ensembles, the local uniformness of the limit (51) in ¢, s and
the fact that by [32], Theorem 1.2, we have uniformly in compact proper subsets

of supp o

.1 . 1
Nh_r)nooﬁKN(a,a)=Nll_l)noopN,Q,f(a)=/¢LQ(a)' 0
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We will prove Theorems 1.1 and 1.2 together by comparing the correlation func-
tions of the ensembles Ph N.O [see (30)] and Py, v; see (31). We start with plli, v

the kth correlation function of Py y. We obtain ,oN v(a+ Nu(a), co,a+ Nu(a))
as k-marginal, integrating the density
1 Ik
(a+N (a) .,a—l—N'u(a),ka,...,xN)
over Xi+1,...,XN. We have k fixed eigenvalues at positions a + m, oa+

m anq N — k random eigenvalues. We first rewrite ,05‘\,’ v interms of these N —k
random eigenvalues as follows:

ok <a+f_1 a+f7k)
NV Nu(@' 77 " Nu(a)

1 N
=/ exp{—N YooVap+2 ) 10g|xJ-—xi|}

RNk ZNv ekt 1 i<jiij>k
(52) Xexpi—NXk:V<a+ I >+2 Z log ti —tj }
o Np(a) D)
t
X exp{ZiS§>kloga+ Nul(a) —x; }dxk+1 coodxy
(53) =F(a,t)Z%kVEN kvexp{2 > logla + il
ZNy i<k ok Nu(a)

where

(54) F(a,t):= exp{—N

V(o i)+, 2

ti —t }
og
j=1 i<jii,j<k Nu(a)

is the factor (52), which depends only on the fixed particles, and

1 —NYV 4
e
ZN kV k+1<i<j<N

N .
PN—k,V(xk+1’ ...,xN) =

As before, the subscript N — k indicates that PN kv 1s a probability measure in
N — k variables, whereas the superscrlpt N indicates that the factor in front of the
external field term Z]=k+1 Vi(x;) of PN—k,V is N and not N — k. We keep the
labeling xx41, ..., xn. Setting

N
Lka via,t,x)

=2 Z log

i<k,j>k

N

z
Xj +1og[F(a, ) N’“V],
ZNv

(55)

a—+

N (a)_
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we get from (53) the equality

Ik

I
(56) pk <a+— a+—5
PN.v Nyu(a)

Np(a)'

Similar to (53), we see that the kth correlation function pf{,’”‘Q of P,}\’,’Q at a +
51

) =EN_;vexp{Ly_; y(a,t,x)}.

173 .
a4+ Nu@ can be written as

Nup(a)’*
1
(57) — RN vexplUt,x)+ LN _, v(a,t,x)),
where we abbreyiated U(a + m.’ .,a+ W, Xk+1,--+,XN) DYy U(t, x).
In the following we shall abbreviate (¢1, ..., fx, Xk+1, ..., Xn) by (¢, x), and by

(¢, x); we will denote the jth component of the vector (#, x). Furthermore, for the
sake of brevity, we set

(58) Ri:=LN_iy(a,t,x) and R:=Ly_; (0, Nu(0)t,x).

Note that R arises in the global scaling, whereas R, appears in the local scaling.
It will later turn out to be convenient that all the x;’s lie in a compact set. To this
end we formulate the following truncation lemma. This procedure is well known
for invariant ensembles; see, for instance, [14] or [9].

LEMMA 6.3. For ag large enough, the following holds: for each k there are
L, C > 0 such that for all N and for all t1, ..., t

1

_ E —CN
En,v,rexp{Ud(x)}

%—k,V,L exp{UU(t,x)+ R} <e ,

h,k
pNyQ(tla 7tk)

where IEJA\}' v.1, denotes expectation w.r.t. the ensemble P]’\‘,/{ v, obtained by normal-
izing the ensemble P,(‘,’{ v restricted to [—L, LN and Ry is the analog of R in
which all integrations over R have been replaced by integrations over [—L, L].
Furthermore, for any external field Q on R, the following holds: for each k there
are L', C > 0 such that for all N and all ty, . .., .

k k —C'N
}ION,Q(tlvytk)_pN’QvL’(t17vtk)|§e )

where ,ojli, oL is the kth correlation function of the ensemble Py ¢ ' obtained by

normalizing the ensemble Py g restricted to [—-L', L']".

PROOF. We will use representation (57) and show that the restriction of inte-
grals to [—L, L1V C R, respectively, [-L, L]V 7% ¢ R¥~* results in an asymp-
totically negligible error. For Ey ye¥ we use Holder’s inequality to estimate

EN’V(CXP{Z/{(X)}I].([_L’L]N)C(X))

< (En.y expl{(1+ &)U x)}) I (Py v ([-L. L1V))
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where 1/(1 +¢)+1/¢’ =1 and ¢ > 0 is fixed. Now EN,ve(HS)U(X) is uniformly
bounded in N by Proposition 4.7 provided that «¢ is large enough. Furthermore,
by Corollary 5.3 we get for the L defined there

Puv((-L. 1)) <N [l y@ds
[t|>L
(59)

!/
<N e~ CNVW) g < g=C'N
lt|>L

for some C’ > 0. In fact, C’ can be chosen arbitrarily large by increasing L. We
conclude that
En,v(exp{U(x)}1_1 1) (x)) <exp{—C"N}

for some C” > 0, if L is large enough. It follows by (59) as well that the exchange
of the normalizing constants Zy v and Z %_ LV by their counterparts Zy v 1, and
Z 1]\\,7_ x.v.. and hence also the exchange of R by Ry, is asymptotically negligible.

In order to bound E%_k’v(exp{Z/{(t, x) + RYL_p vy (x)), first use Holder’s
inequality as above. It remains to estimate E%i KV exp{(1 +e)U(t,x)+ (1 +¢e)R}
for some fixed ¢ > 0. Again by Holder’s inequality we reduce this to bounding
E%—k,v exp{(1 + &")U(t, x)} and E%_k", exp{(1 + &”)R} for some ¢, &” > 0. Re-
call from (33) that

_ 1 ° 2A
Ux) = —Zm/|u1v(s,x)| h(s)ds,

where
N N
un(s,x) = Z cos(sx;) — N/cos(st)d,u(t) + \/—_IZ sin(sx;).
j=1 j=1
For any a and any ¢, ..., t; we get
1 N
U, x) < 2@/ j:Xk;rlCOS(SXj) — (N —k)/cos(su) du(u)
k 2
+ > cos(st)) —k/cos(su)d,u(u) h_(s)ds
j=1
1 N k 2
60 + — i i)+ in(st;i)| h—(s)d
(60) 2@_/ j:Zk;rlsm(sx]) ;sm(s i) (s)ds
1 N ?
< E/ jZXk;—lcos(sxj) — (N—k)/cos(su)du(u) ﬁ_(s)ds
1 N 2 5k [
+E/ j§+151n(sx,~) h_(s)ds + E/h_(s)ds,
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where we used the inequalities (a + b)* < 2(a® + b?) and | cos|, | sin| < 1. From
this we conclude as in the proof of Proposition 4.7 that E%_ kv exp{(1 + eHU(t,
x)} < C provided that o is large enough (which does not depend on k), and

C does not depend on 71, ...,# or N. To see that Theorem 4.1 also applies for
Py kv 18 obvious, and for Proposmon 4.3 we use that P} Ky = P,C’ ,fv ¢ with

f(t) :=kV(t), and the notation introduced in (43). Proposmon 4.3 is proved in
[29] also for the case of Py ¢, for real-analytic Q and f, hence it can be applied
as in the proof of Proposition 4.7. We may now bound IE]\NF,QV exp{(1 + &")R} as
in the arguments following (46). Recall that

N

z
Ri=2 Y 10g|t,~—le—{—log[F(O,N,u(O)t) N""V},
i<k,j>k ZNv

where F'(a, t) was defined in (54). Using the same Jensen type trick as in the proof
of Lemma 5.2, we find that Zﬁ,’_k’V/ZN,V < exp{CkN} for some C. As in (46)
we get

E%_k’vexp{(2+28”) > log|t,-—xj|}
i<k,j>k

©1) < exp{(N o1 +e") Y log(l +t,.2)}

i<k
xEN_iv exp{(l +¢") ) log(1+ sz)}
j>k
Analogously to (48) we conclude that E%—k,v exp{(2 +2¢&") 3" 4 log(1 + sz)} <
exp{cN} for some ¢ > 0. Using (42), it is straightforward to bound

exp{(N — k) (2+2¢")Y log(1 +17) +log[F (0, N/L(O)t)Z%kvv/ZN,v]}
i<k

(62)

k
< exp{—clN Y [V(t:) — calog(l +17)] + CkN},
i=1

where c1, ¢ are absolute positive constants. Since V' is strictly convex, this yields
EN_.vexp{(1+¢&")R} < e
and hence
EN_i v expl(1+e)U(t, x) + (1 +e)R} < eV
for some C, C’. From (59), we get that for L and N large enough

E%—k,V(exp{u(tv x) + R}]l([_L,L]N)c ()C)) < eic//N
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for some C” > 0andall 7y, ..., .
From (57), (60) and (61) we also obtain similarly as in Lemma 5.2

k
oot ) < exp{CN — N Y [V(#) — ealog(1 +17)]
i=1
for some positive C, cy, c2. As before, this implies that we can assume all 11, . . ., #
to lie in some compact set.

The second assertion of the lemma follows analogously from (59), (62) and (61)
with ¢’ =0. O

PROOF OF THEOREMS 1.1 AND 1.2. We first outline the main idea of the
proof. Recall from (29) that

N
Ux) = —(1/2)( > h(xi —xj) = [hu(xi) 4+ hyu(x)) — hw])

i,j=1

Assume for a moment that —//2 is positive semi-definite, or in other words,
the covariance function of a centered stationary Gaussian process (G;)re[—L,L]»
that is, —h(t — s)/2 = E(G;Gs). We may linearize the bivariate statistic
—(1/2) 2,y h(x; — x;) via

N N
exp{—(l/Z) > hxi — x,-)} = Eexp{z Gy, }

ij=1 j=1

where [E denotes expectation w.r.t. the underlying probability measure. By defini-
tion we conclude that

N
(63) exp{U(x)} :Eexp{Zij —NfG.du},
j=1

provided that G. is a.s. integrable w.r.t. u. Since we would like to apply Corol-
lary 4.4 to the linear statistic in (63), we need that G. is sufficiently smooth with
probability one. To see this, we use the well-known Karhunen—Log&ve expansion
of G. By a classical result due to Mercer, the covariance function /4 admits an
expansion, converging uniformly on [—L, L],

(64) —h(t —s)/2="7_%i6;(1)6;(s).
i=1

where (6;); denotes an orthonormal system of eigenfunctions of the integral ker-
nel & with real and positive eigenvalues (A;);, that is,

/L —(1/2)h(t — )6 (s)ds = 1i6;(t)  Vi.
-L
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The Karhunen-Loeve expansion of G is then given by

(65) G =Y 1611,
i=1

where (§;);, & = ()\i)*l/ 2 f_LL 0;(t)G, dt, are independent standard normal vari-
ables. The convergence in (65) is a.s. uniform on the compact interval [—L, L];
see [3], Theorem 3.1.2. The a.s. continuity of G; used for this theorem follows, for
example, from the Kolmogorov—Chentsov theorem ([16], Theorem 3.23). Since
h is analytic on some domain containing the compact set, say A :=[—L, L] X
[-6,8] C C, § > 0, its eigenfunctions (with nonzero eigenvalues) are analytic
on A. Hence the uniform convergence in (65) implies that G,,, w € A is analytic
with probability one. Furthermore, recall that the derivative process (G})e[—L,1]
of G is a centered (real-valued) Gaussian process with covariance function i”/2;
see, for example, [2], Theorem 2.2.2.

To summarize, if —# is positive semi-definite, ¢/ admits the linearization (63) in
terms of linear statistics with random test functions which fulfill the prerequisites
of Corollary 4.4 if we restrict ourselves to a compact [—L, L]. In the following we
sketch the main strategy in this case. Let k € N be fixed. Eventually we will prove

)—S"(z):O

(66) lim ok <a+t71 at+ =%
N—oo' V.2 Nu@)' " Nula)

locally uniformly, where
sin(rr (t; — tj)):|
n(t —t;) li<ij<k

By the boundedness of E N,Ve“ (Proposition 4.7) and Lemma 6.3, (66) converges
to zero if and only if

sk@) := M(a)kdet[

131 " T
Nu(@)' 7 Npu(a)
tends to 0, where the L > 0 was introduced in Lemma 6.3. But this means, us-

ing (56), (57) and the abbreviation R, , which denotes a version of R, which is
truncated to [—L, L] [see (58)] and Lemma 6.3 that

(67) EN_¢ v explU(t,x) + Ra. 1} — Ey v o expd}St () — 0
as N — oo. The linearization procedure then gives
EN_t.v.. exp{U(t,x) + Ra.1.} —En, v, exp{d}S*()

En,v..e’ oy’ (a + > —En.v..e"S @)

N
(68) = E[E%_k’v’ L exp{ > G(.x); + Ra, L}
j=1

N
— EN,V,L expiz ij }Sk(l‘):|

j=1
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We find similarly as in (57) that

N -1 N
(EN,V,L GXP{ Z Gy; }) E%—k,V,L GXP{ Z G, + Ra,L}

j=1 j=1

_ <a+’71 a+’4k>
VHGET T Nu@) T Nu@) )

(69)

where Py v . 1 denotes the determinantal ensemble on [—L, L1V with external
field exp{—NV (t) + G;}.

With representation (69), we can use the bulk universality of Py v . 1 to show
convergence of

N

N
(700 EN_iv.r exp[ Y G, + Ra,L} —Env.e exp: Y Gy }S" (1)
j=1 j=1

to 0 almost surely. To show that convergence to 0 also holds for the expectation,
we will bound (70) in terms of G.. Here we can use that G is a Gaussian process
and quantities like ||G.||co and ||G’||s have sub-Gaussian tails.

We now turn to the detailed proof. As —# is in general not positive semi-definite,
we may extend the previous case by means of the following argument. Recall
the decomposition OQAI into nonnegative functions h= (fz)+ — (h)_. By setting
ht = (h)4, h~ = (h)_, we get a decomposition & = h* — h™ of h into positive
semi-definite, real-analytic functions. Define for a complex parameter z € C

N
(71) U (x):= %( ot —xp) —[Bf(x) + R (xg) - h,ju]>
i,j=1

1 N
(72) +§(Z h_(xi—xj)—[h;(x,')—l-h;(xj)—h;u]).

i j=1
Note that &/_; = U{. Similar to (67), we have to show that for z = —1,
EN_tv . exp{Ue(t, x) + Ra.1} — En,v,p expitd}SE(1) — 0

as N — oo. As the linearization procedure only works for nonnegative z, we shall
use the following result, known as Vitali’s convergence theorem, which can be
found, for example, in [31].

THEOREM 6.4 (Vitali’s convergence theorem). Let f,(z) be a sequence of
analytic functions on a region D C C with | f,(z2)| < M for all n and all z € D.
Assume that lim,,_, « f,(z) exists for a set of z having a limit point in D. Then
lim,,_, » fn(2) exists for all z in the interior of D and the limit is an analytic
function in z.
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We will apply Vitali’s convergence theorem to the sequence (in V) of the fol-
lowing analytic functions of z:

(73)  Wn(a.t) =EN_; v, exp{Us(t,x) + Ra.r} — En,v,L exp{U}St@).

Introduce the domain D :={z =x +iy € C:x,y € R,x < C(ap)}, where
C(ag) > 0 is a sufficiently small constant such that the following quantity is
bounded by some constant C:

En,v,Lexp{Uc@p)} =C

(the existence of such constants follows from the proof of Proposition 4.7). First
we shall show uniform boundedness of Wy ;(a, t) forall N, a,t and z € D. By the
definition of U/, in (71) and the positivity of (72) and (71) for positive z (being vari-
ances of Gaussian random variables) it is clear that it suffices to bound Wy ;(a, 1)
for real, positive z, since for negative real parts of z the boundedness of Wy ;(a, 1)
is obvious. Hence we restrict ourselves to 0 < z < C(ag) only. Let GT and G~
denote two independent, centered and stationary Gaussian processes on a proba-
bility space (2, A, P) indexed by A :=[—L, L] x [—¢, ¢] C C with covariance
functions (z/2)h™" and h~ /2, respectively, where " and h~ are analytic on A.
Writing G; = G — [ GTdu+ G; — [ G du and denoting by E the expectation
w.r.t. P, we can rewrite

EN_t.v.L exp{Us(t, x) + Ra,} —En, v, exp{U}S* (1)

(74) N N
= E[E%k,V,L eXP{ Y Guw, + Ra,L} AN GXP{ > Gy }Sk(t)}-
=1 =1

Similar to (69), we have

N -1 N
(EN,V,L exp{Z ij }) E%—k,V,L exp{z G(t,x)j + Ra,L}

=1 =1
(75) J J

= P (a+t71 a+ tk )
NV.G.L Nu@' =7 Nua))’

where Py v, . 1. denotes the determinantal ensemble on [—L, L1V with external
field exp{—NV (t) + G + G; ).
Fix compact sets E C R* and I C supp u°. We have

N
E[E%—k,V,L expi > Gux); + Ra,L>
j=1

N
(76) —Env.L exp{ Y Gy, }S"(r)]‘

j=1

sup
teE,ael
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<E sup

teE,ael

N
EN_ kVLeXplZG(tx)/ + Ra L}
j=1

N
—Env,L CXP{Z Gy; ]Sk(t) :

j=1

Since (75) converges by Theorem 6.1 to Sk (1) locally uniformly and the term
Env, Lexp{z —1 Gyx;} is bounded in N by Corollary 4.4 and bounded away
from O by Proposmon 4.3 and Lemma 6.3, we see that the term

(77) sup

teE,acl

N
E%—k,V,L CXP{ Z Gux; + Ra,L} —Enyv,L CXP{ Z Gy, }Sk(f)
Jj=l1 j=1

converges to 0 a.s. wr.t. P. To show convergence of (76) to 0, it remains
to show that (77) is uniformly integrable w.r.t. P. We first consider the term
Envv.L exp{zyzl Gy j}. In view of Corollary 4.4, we need to determine the dis-

tribution of the Lipschitz constant of GT + G~ and of
(78) 16 +67 [+ 16T +67)

on [—L, L]. The derivative processes (GT)" and (G~)" are Gaussian with covari-
ance functions —(z/2)(h")” and —(h™)" /2, respectively. Furthermore, it is well
known that sup,¢;_r, 1 |G;F| and sup,e(—r.1) |G | are sub-Gaussian with certain
means and variances —(z/2)(h™)”(0) and —(h™)"(0)/2, respectively. By the same
argument, ||GT + G |loo and [|[(GT + G7)® ||« are sub-Gaussian with certain
means and the variances given in terms of derivatives of (2*) and (k™). For a ref-
erence, see, for example, [3], Theorem 2.1.1. From the sub-Gaussianity of these
quantities and Corollary 4.4, it is easy to see that

N
(79) En.v.L exp{ > Gy, }
j=1
has a P-integrable dominating function, provided that oo (and hence ay) is large

enough. Note that the estimates above are uniform in z varying in a small interval.
It remains to show that

N
(80) E%_k’V,L exp{ Y G, +Rar }
j=1

is uniformly integrable and bounded in z for z varying in a small interval. To this
end we use that (80) is equal to

N
1 15
En,v,L exp Gy, ¢ pk <a+7,...,a+7).
; HEVEETT Nua) Nu(a)
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As in the proof of Theorem 1.3, we get

pk (a—i-itl a—+ L )
NREET T Nu@) T Na)

k
t.
Scknpll\’VG.L<a+ / )
2 Nu@)

where C is such that C > N /(N — k). By Lemma 5.4 we have

t; t;
1 J 1 J 2[G lloo
0 ] (a+ ) <p (a—l——)e s
N,V,G.,L N (a) N,V,L N (a)

where [|G .|l = sup,e(_p 1)|G:|. Bulk universality for k = 1 gives that

p}v’v’ (a+ %) converges (locally) uniformly toward the bounded func-
tion w(a). We conclude that there is a constant C > O such that for ¢, ..., 7 € E,
a € I we have

k 4l Ik ) — 2KIG oo
pN’V’G"L<a+NM(a)"”’a+Nu(a) <Ce .
As ||G. || is sub-Gaussian, we get in combination with (79) that (77) is uniformly
integrable w.r.t. P, provided that o is large enough. It is clear that this bound is
uniform in z € [0, &) for some small & > 0.

To summarize, we have shown that (76) converges to O for (small) positive z,
or in other terms, locally uniform convergence in a and ¢ of Wy ;(a, t) (for small
positive z) as N — 0o. We have also shown uniform boundedness of Wy ;(a, )
for arbitrary N, a, t and z € (—00, ¢) x R C C and as locally uniform convergence
implies pointwise convergence, we get by Vitali’s convergence theorem that the
sequence (in N) of functions Wy ;(a,t) converges to 0 for z = —1 pointwise in
a and t. To get locally uniform convergence in ¢ and a for z = —1, recall that
by Arzela—Ascoli’s theorem, a sequence of continuous functions on a compact
set has a uniformly converging subsequence if and only if the sequence is uni-
formly bounded and equicontinuous. Thus it remains to show that (Wy ;(a,t))n
is equicontinuous in a and # (boundedness has already been shown). As the conver-
gence of Wy ;(a, t) is uniform in a, t for small positive z, Arzela—Ascoli’s theorem
implies equicontinuity (in a, ¢t) of (Wy ;(a,t))y for small positive z. To see that
this implies equicontinuity (in a, t) of (Wy ;(a, t))n also for z = —1, observe that
a (real-valued) sequence of functions ( fy)x on some compact K C RY is equicon-
tinuous in x € K if and only if for each sequence (x;,),, C K, limy,;,_s o0 X = x
and each sequence (N,,), C N we have lim,,—  fn,, (Xxm) — fn,, (x) = 0. Us-
ing this characterisation, equicontinuity for z = —1 is easily seen by apply-
ing Vitali’s convergence theorem to deduce limy,,— o0 Wy, —1(am, tn) = 0 from
limy,— 00 Wh,, 7 (am, t,,) = O for small positive z. This completes the proof of The-
orem 1.2.
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To prove Theorem 1.1, take g:R¥ —> R bounded and continuous. With the
same arguments as above, we arrive in analogy to (74)—(75) at proving

N
E[EN,V,LeXP{Z Gx,»}ka ,Ojlif,V,GA,L(tl,---,tk)g(tl,---,fk)dfl ceediy
=1

N
_EN,V,LGXP{ZG)C]-]/Ing(tl,---,lk)M(fl) - () dty ---a’tk:| — 0.
j=1

All the boundedness and integrability arguments above for Ex v 1 exp{Z?’:1 Gy}
can be used again. The convergence of [p« pf\l,V,G. (t)g(t)dt toward
[ g@)u(ty)--- u(t) dt is given by [14], Theorem 2.1. Lemma 6.3 enables us to
transfer Johansson’s result to the correlation function pjli,’V’G‘, - This finishes the
proof of Theorem 1.1. [

APPENDIX: EQUILIBRIUM MEASURES WITH EXTERNAL FIELDS

In this appendix, we recall some results about equilibrium measures, mainly
from the book by Saff and Totik [28], Section I.1. The following can be found
in [28], Section I.1.

Let M () denote the set of Borel probability measures on a set X. Define for
¥ C C compact the logarithmic energy of u € M () as

81) 1(u) = f/log|z—r|“du(z>du(r>

and the energy V of £ by V :=1inf . \1(x) I (). It turns out that V is finite or oo
and in the finite case there is a unique measure wy which minimizes (81). This
measure wy is called equilibrium measure of ¥ and the quantity cap(X) 1= e~V
is called capacity of . For an arbitrary Borel set £, we define the capacity of X as

cap(X) :=sup{cap(K): K C T compact}.

LEMMA A.1. If X =[-1,1],1 >0, then cap(X) =1/2 and the equilibrium
measure is the arcsine distribution with support [—1, 1],

1
d )= ———dt, tel-1,1].

ws. has mean 0 and variance 12 /2.
PROOF. See [28], Section I.1. 0O

DEFINITION A.2. Let ¥ C R be closed. Let Q : ¥ — [0, o] satisfy:

(a) Q is lower semicontinuous;
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(b) Zp:={r € X:Q(t) < oo} has positive capacity;
(c) if X is unbounded, then lim;|— 0 rex Q(f) — log |t| = c0.

If Q satisfies these properties, we call it external field on ¥ and W = e~ < its
corresponding weight function.

Furthermore, define for . € M!(X) the energy functional
62 lowi= [ 0wduw + [ [logls — 17 duts)duo).

REMARK A.3. In [28] the authors define the energy functional to be (in our
notation) I instead of /. It is more convenient for our purposes to use this
definition. We note that under this change qualitative results from [28] remain the
same but quantitative results involving Q have to be changed by a factor 2 or 1/2,
respectively.

Io (1) might be oo, but the following theorem holds. The support of a measure
w will be denoted as supp(u).

THEOREM A.4. Let Q be an external field on X.

(a) There is a unique probability measure g € M) with

83 1 = inf [ .
(83) o(o) e o(n)

(b) g has a compact support. _
(¢) Let Q be an external field on ¥ such that Q = Q on a compact set K with

supp(pg) C K and Q(t) = oo fort ¢ K. Then jug = pq.

PROOF. Statements (a) and (b) can be found in [28], Theorem 1.1.3, (c¢) fol-
lows from [28], Theorem 1.3.3 (also see the remark on page 48 in [28]). [J

o is called the equilibrium measure for Q. The next theorem summarizes
properties of the logarithmic potential

UM (2) :=/10g|z — 17 ().

THEOREM A.5. (a) Let Q and Q be external fields on ¥ such that
|Q — Q| <¢onX. Thenforall z €C,

|U"e(z) — U0 (2)| < 2e.

(b) Let K C R be compact and (), be a sequence in MU(K) converging
weakly to a probability measure . Then for a.e. z € C (w.r.t. the Lebesgue measure

on C),

liminf UM (z) = U*(2).
n—oQo
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(¢) If w and v are two compactly supported probability measures and their
logarithmic potentials U* and UV coincide almost everywhere on C, then u = v.

PROOF. Statement (a) is contained in [28], Corollary 1.4.2, statement (b)
is [28], Theorem 1.6.9, and assertion (c) is [28], Corollary 11.2.2. [

THEOREM A.6. Let Q be an external field on .

(a) For a compact set K of positive capacity, define the functional

Fg(K) :=logcap(K) —Zf Odwg.

For any compact K of positive capacity, we have Fo(K) < Fo(supp(ug)). Fur-
thermore, if K is compact and of positive capacity and such that Fo(K) =
Fo(supp(ig)), then supp(iup) C K.

(b) If Q is convex, then supp(Lg) is an interval.

(c) If Q is even, then supp(iLg) is even.

PROOF. For statement (a), see [28], Theorem IV.1.5, for statements
(b) and (c), see [28], Theorem IV.1.10. [

THEOREM A.7. (a) Let Q be an external field on . If Q is finite on supp(iLg)
and locally of class C'*¢ for some & > 0 (which means that Q is continuously
differentiable and the derivative Q' is Holder continuous with parameter ¢), then
1o has a continuous density on the interior of supp(jLg).

(b) If Q has two Lipschitz derivatives and is strictly convex, then supp(pLg) =:
la, b] and the density of (g can be represented as

d
(84) ’;E’) — (O — @) — D Lap (1),

where r can be extended into an analytic function on a domain containing [a, b)
and r(t) > 0 for t € [a, b]. In particular, the density is positive on (a, b).

PROOF. Statement (a) is [28], Theorem IV.2.5, and for assertion (b), see, for
example, the appendix of the paper by McLaughlin and Miller [23]. O

Acknowledgment. The second author is grateful to L. A. Pastur for a helpful
discussion.
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