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DENSITIES FOR SDES DRIVEN BY DEGENERATE
a-STABLE PROCESSES

BY XICHENG ZHANG!
Wuhan University

In this work, by using the Malliavin calculus, under Hérmander’s con-
dition, we prove the existence of distributional densities for the solutions of
stochastic differential equations driven by degenerate subordinated Brownian
motions. Moreover, in a special degenerate case, we also obtain the smooth-
ness of the density. In particular, we obtain the existence of smooth heat ker-
nels for the following fractional kinetic Fokker—Planck (nonlocal) operator:

fb(a) = A3/2+v~vx +b(x,V) - Vy, x,veRd,

where o € (0,2) and b: R? x R? — R¥ is smooth and has bounded deriva-
tives of all orders.

1. Introduction and main results. Consider the following stochastic difter-
ential equation (abbreviated as SDE) in R4:

aX, =b(X)dt +a(X)aWi + [ g(Xi DN @, da),
RY—{0}
(1.1)

X 0o=2X,
where b:R? - R?, 6 :R? - R? x R? and g:R¢ x RY — R? are smooth func-
tions, (W;);>¢ is a standard d-dimensional Brownian motion, and N (d¢, dz) is an
independent compensated Poisson random measure on R? — {0} with intensity
measure dfv(dz). Below, we always assume that b, o and g have bounded deriva-
tives of all orders. Let us define the vector fields

Vo= (bj—%alajkalk)aj and V;:=0;;0;, i=1,....,d,
where we have used the convention: a repeated index in a product will be summed
automatically. Set %y := {V1, ..., V4} and define recursively

Y= {[Vo, VI, [V1, V],..., [Va, V1, V € %1}, k€N,

where [V;, V] :=V;V — VV; denotes the Lie bracket. It is well known that when
g =0 (i.e., no jump part) and if (< 7 spans R? at all points x (called Hérman-
der’s condition), then the solution X;(x) of SDE (1.1) admits a smooth density
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p:(x, ¥), which was originally initiated by Malliavin [14] (see [15] for a systematic
introduction). Moreover, by Itd’s formula, p;(x, y) satisfies the following Fokker—
Planck equation:

3 pi(x, y) = 501k (x)0jk (x) By, Dy, pr(x, y) + dy, (bi () i (x, y))

with po(x, y) = 8x(y).

Malliavin’s probabilistic proof about Hérmander’s theorem is based on the
stochastic calculus of variations on the Wiener space invented by himself [14].
Since then, there are many works devoted to extending the Malliavin calculus to
the Poisson space case (see, e.g., [2, 4, 5, 13, 16], etc.). In these works, the exis-
tence and smoothness of the distributional densities for SDEs with jumps were ob-
tained, where various nondegeneracy conditions about g(x, z)v(dz) are imposed.
We particularly mention that Kusuoka in [12] developed the Malliavin calculus for
subordinated Brownian motions, and obtained the existence of smooth densities
for SDEs driven by nondegenerate subordinated Brownian motions. His argument
will be discussed later.

On the other hand, assuming that v(dz) = dz/ |z|91®, where « € (0,2), and
g(x, z) satisfies some boundedness and smoothness conditions, Takeuchi in [20],
Corollary 1, proved that the solution X, (x) of SDE (1.1) has a smooth density with
respect to the Lebesgue measure under some uniform Hormander’s conditions.
Notice that Takeuchi’s conditions allow pure-jump degenerate noises. In [7], Cass
obtained a similar result. It is remarkable that recently, Kunita in [11] proved the
analytic property of distributional density to SDE (1.1) under weaker Hormander’s
conditions. His proofs are based on the Malliavin calculus on the Wiener—Poisson
spaces developed in [8] and [10]. Moreover, an estimate for discontinuous semi-
martingales due to Komatsu and Takeuchi [9] plays a crucial role in Takeuchi and
Kunita’s proofs. It is emphasized that all these results assume that g is bounded or
the Lévy measure v has finite moments of all orders. Thus, the interesting «-stable
noise is ruled out.

In this work, we consider the following simple SDE:

(1.2) dX, =b(X,)dt + AdL,, Xo=x eR?,

where A = (a;j) is a d x d-matrix, and (L;);>0 1S a rotationally invariant
d-dimensional «-stable process, that is, its characteristic function is given by

(1.3) Eeltlr — 1117, o €(0,2).

We are interested in the problem that under what degenerate conditions on A to-
gether with b, X;(x) admits a smooth density with respect to the Lebesgue mea-
sure. Let us first look at the linear case of Ornstein—Uhlenbeck processes, that is,

(1.4) dX[:BXtdt'i‘Ast, XOZX,
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where B is a d x d-matrix. The generator of this SDE is given by ,Cf;x) + Bx -V,
where the nonlocal operator Eff) is defined by

@ poon . dy
(1.5) L, f(x) '_P'V'_/Rd[f(x—i_Ay)_f(x)]mT"‘“’

where P.V. stands for the Cauchy principal value. Recently, Priola and Zabczyk
[17] proved that X; has a smooth density under the following Kalman’s condition
(see also [6] for further discussions on this condition):

(1.6) Rank[A, BA, ..., B471A] =d.
In fact, the solution of (1.4) is explicitly given by
t
X, =e'Bx+ / eU=9BAdL, =:'Bx + Z,.
0
Using the approximation of step functions, by (1.3) it is easy to see that

ReizZt :Eexp[iz / e(t—s)BAdLS} :exp{—/ |z*e(t—s)BA’0‘ dS},
0 0

where * stands for the transpose of a column vector. Hence, for any m € N,

. t
/ |Z|mEelz-Zt dz :/ |z|™ exp{—/ |Z*e(tfs)BA{a ds}dz
Rd R4 0

t
< [ et expf—1el® inf. [[aer® Al as) gz
Rd lal=1Jo
Here and below, “a” denotes a row vector in R?. By (1.6), one has

t
inf / |ae“BA|a ds >0
0

lal=1

and so,
/d Iz|"Eei % dz < 400 Vm € N.
R

Thus, Z; admits a smooth density by [19], Proposition 28.1, and so does X;.

We now turn to the nonlinear case. Before stating our main results, we first
recall some notions about the subordinated Brownian motions. Let (S;);>0 be a
subordinator (an increasing one-dimensional Lévy process) on R with Laplace
transform:

Ee 55 — exp{t /(;Oo(e‘m — I)VS(dM)},

where vg (called the Lévy measure of S;) satisfies vs({0}) =0 and

/Oo(l Au)vs(du) < +o0.
0
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Below, we assume that (S;);>¢ is independent of (W;);>0 and
(1.7) P{w:3r > 0 such that S;(w) =0} =0,

which means that for almost all w, t — S;(w) is strictly increasing (see Lemma 2.1
below). Notice that the Poisson process does not satisfy such an assumption, but
the «-stable subordinator satisfies this assumption (see [3], p. 88, Theorem 11).
Essentially, condition (1.7) is a nondegenerate assumption, and says that the sub-
ordinator has infinitely many jumps on any interval. In particular, the process de-
fined by

(1.8) Li:=Ws, >0,

is a Lévy process (called subordinated Brownian motion) with characteristic func-
tion:

]EeiZ-Lr :exp{t\/Rd(eiZ'y _ 1 — iZ . y1|y|§])VL(dy)},

where vy, is the Lévy measure given by

(1.9) v (D) = /Ooo(zns)—dﬂ(/r e~ IP/2s dy)vs(ds).

Obviously, vy, is a symmetric measure.
The first aim of this paper is to prove the following existence result of distribu-
tional density to SDE (1.2) under Hérmander’s condition as in [20] and [11].

THEOREM 1.1. Let b:R? — R? be a C*®-function with bounded partial
derivatives of first order. For x € RY, let X;(x) solve SDE (1.2) with subordinated
Brownian motion L;. Assume that for some n =n(x) € N,

&) Rank[A, Bi(x)A, By(x)A, ..., B,(x)A] =d,
where By(x) := (Vb);j(x) = (a,-bi (x))ij, and forn > 2,
(1.10) By (x) := (b 3 Bu—1)(x) — (Vb - By_1)(x).

Then the law of X;(x) is absolutely continuous with respect to the Lebesgue mea-
sure. In particular, the density p;(x, y) solves the following nonlocal Fokker—Plack
equation in the weak or distributional sense:

(L.11) 3 pi(x,y) =Lapi(x,)(y) + 3y, (bi ) pi (x, y))

with po(x, y) = 8x(y), where

LA G)i=PN. [ [F(442) = F()]ou(d2).
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REMARK 1.2. If we assume that L, has finite moments of all orders, then
this result is contained in [11], Theorem 5.1. In fact, Kunita also obtained the
smoothness of the density. Nevertheless, our proof is simpler in this case. Notice
that if b(x) = Bx, then condition (J%,) reduces to (1.6).

For the smoothness of p;(x, y), we shall assume the following uniform Hor-
mander’s condition:

(UA) inf inf (|aA]> + |aVb(x)A|*) =:¢; >0

xeRd |a|=1

and prove the following partial result.

THEOREM 1.3. Let b:R? — RY be a C®-function with bounded partial
derivatives of all orders. In addition to (U 747), we assume that the Lévy measure
vs satisfies for some 6 € (0, %),

: 1 €
(1.12) 181?01@/0 uvs(du) =:cg > 0.
Then the density p;(x, y) is a smooth function on (0, 00) x R? x R?, and for each
t>0,

()C, y) = Pt(x» )’) € CgO(Rd S Rd)
In particular, for all (¢, x,y) € (0, 00) x RY x RY,

(1.13) 0 pi(x,y) =Lap: (-, y)(x) +b(x) - Vipi(x,y).

REMARK 1.4. Condition (U s#]), compared with (.77;,), is much stronger, and
will be used to prove the L”-integrability of the inverse of the Mallavin covariance
matrix defined by (2.6) and (3.6) below, where the key point is to prove a Norris’
type lemma (see Lemma 3.4 below). We conjecture that a similar (U 7%;) asin [11]
should imply the smoothness of p;(x, y). Nevertheless, the following stochastic
Hamilton system driven by a subordinated Brownian motion satisfies (U .74 ):

dX, = VyH(X,,Y,)dt, Xo=xeR4,

(1.14) d
d¥; = —ViH(X;, Y)dr + AdL,,  Yo=yeR’,

where A is a d x d-invertible matrix, and H : R¢ x R? — R is a C%-Hamiltonian
function so that y — H (x, y) is strictly convex or concave.

REMARK 1.5. Let vg(du) = u~ 119 dy be the Lévy measure of an «-stable
subordinator. It is easy to see that (1.12) holds for 6 = «/2.
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The argument for proving Theorems 1.1 and 1.3 is different from Takeuchi and
Kunita’s works. We shall follow Kusuoka’s method [12]. The advantage of which
is that it is not necessary to develop a new Malliavin calculus for jump processes,
and moreover, one can obtain some quantitive estimates about the semigroup (see
Theorem 3.8 below); while the drawback of which is of course the loss of general-
ity. It is noticed that in [12], Kusuoka considered the SDE driven by multiplicative
noises. However, it seems that there is a gap in the calculations about the Malliavin
covariance matrix (see [12], Theorem 3.3) since the solution of SDE (1.1) usually
does not form a stochastic diffeomorphism flow if there is no further restriction on
the jump size (cf. [18], p. 328). This is also why we have to confine ourself to the
additive noise.

Let us now describe the argument (see also [21]). Let (W, H, uwy) be the classi-
cal Wiener space, that is, W is the space of all continuous functions from R* to R?
with vanishing values at starting point 0, H C W is the Cameron—Martin space
consisting of all absolutely continuous functions with square integrable deriva-
tives, and wyy is the Wiener measure so that the coordinate process

Wi (w) == wy

is a standard d-dimensional Brownian motion.

Let S be the space of all increasing, purely discontinuous and cadlag functions
from Ry to R4 with €9 = 0, which is endowed with the Skorohod metric and the
probability measure ug so that the coordinate process

Si () :=¢;

has the same law as the given subordinator. Consider the following product prob-
ability space:

(2,7, P):=(W xS, BW) x BS), pw X us)
and define
Li(w, £) :=wy,.

Then (L;);>0 has the same law as the given subordinated Brownian motion. In
particular, the solution X,;(x) of SDE (1.2) can be regarded as a functional of w
and ¢ and

(1.15) E7(X00) = [ [ (X w0} @wips(@o).

The advantage of this viewpoint is that we can use the classical Malliavin calcu-
lus to study the Brownian functional w — X;(x, wy) (see [12]). Thus, in order
to prove Theorem 1.1, it is enough to prove that for each ¢ € S, the law of w
X (x, wg) under wyy is absolutely continuous with respect to the Lebesgue mea-
sure. In order to prove Theorem 1.3, the key point is to prove the L”-integrability
of the inverse of the Malliavin covariance matrix so that we can use the integration
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by parts formula to derive some gradient estimates (see Theorem 3.8 below), which
then implies the smoothness of the density by Sobolev’s embedding theorem.

This paper is organized as follows: in Section 2, we prove Theorem 1.1 by us-
ing the Malliavin calculus, where the main point is to prove the invertibility of
the Malliavin covariance matrix (Ef)gzs in (2.7) below. In Section 3, we prove
Theorem 1.3 by establishing a Norris’ type lemma as in [7]. In order to overcome
the nonintegrability of «-stable processes, we shall separately consider the small
jumps and the large jumps of the subordinator. In particular, the asymptotic esti-
mate of small times about the semigroup plays a crucial role.

2. Proof of Theorem 1.1. We need the following simple lemma about the
density of the jump number of the subordinator.
LEMMA 2.1. Fors > 0, set Aly :=L0; — €y and
So :={€ €S:{s: Als > 0} is dense in [0, 00)}.
Under (1.7), we have us(Sp) = 1.

PROOF. Let .7 be the total of all rational intervals in [0, 00), that is,
& :={I = (a,b):0 < a < b are rational numbers}.
For I € .Z, let us write
Sr:={teS:1C{s:Al;=0}}.
It is easy to see that

S—So= J S
les

Thus, for proving us(Sp) = 1, it is enough to prove that for each I = (a, b) € .Z,
us(Sr) = ps({€ €S:(a,b) C{s: Aly =0}}) =0,
which, by the stationarity of the subordinator, is equivalent to
(2.1) pus({€€S:(0,b—a) C{s: Al; =0}})=0.
Since
{€eS:(0,b—a)C{s:Al;=0}}={€eS:¢,=0, Vs €(0,b—a)}
by (1.7), we obtain (2.1), and complete the proof. []

For a functional F on W, the Malliavin derivative of F along the direction
h € H is defined as

F(w+¢eh)— F(w)
€

(2.2) DyF (w) := lim in L2(W, uw).
e—
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If h — Dy, F is bounded, then there exists a unique DF € L2(W, wyy; H) such that
(DF,h)yg = Dy F Vh € H.

In this case, we shall write F € Z(D) and call DF the Malliavin gradient of F
(cf. [15]).
For £ € Sy and x € R, let Xf (x)= Xf solve the following SDE:

t
(2.3) Xf=x+ / b(X%)ds + AW,,.
0

Let Jf = Jf (x):=VX f (x) be the derivative matrix of X f (x) with respect to the
initial value x. It is easy to see that

t
(2.4) JE=1+ / Vb(xY) - It ds.
0
Let K} be the inverse matrix of J£. Then K/ satisfies
t
(2.5) Kf=1- f Kt-vb(Xx?Y)ds.
0

Moreover, by definition (2.2) and equation (2.3), it is easy to see that X f (x) €
2(D) and for any h € H,

t
DpXt= /O Vb(X) Dy Xt ds + Ahy,.

The Malliavin covariance matrix is defined by

(2.6) (Ete)ij ::(D(Xf)i, D(Xf)j>H'

The following lemma provides an explicit expression of Ef in terms of Jf (cf.

[12]), which is crucial in the Malliavin’s proof of Hérmander’s hypoellipticity the-
orem.

LEMMA 2.2. We have
t
2.7) xt=Jt ( / K!AA*(KY)® dzs) (J5,
0
where * denotes the transpose of a matrix.

PROOF. Fore € (0, 1), we define

1 rtt+e 1
(2.8) 0= —/ £y ds :/ Lestyds.

g Jt 0
Since ¢ +— ¢, is strictly increasing and right continuous, it follows that for each
t>0,

(2.9) 04 ase | 0.
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Moreover, ¢ — £¢ is absolutely continuous and strictly increasing. Let y® be the
inverse function of £¢, that is,

Z;f:t, t>¢; and yftszt, t>0.

By definition, y, is also absolutely continuous on [£{, 00). Let X fa solve the fol-
lowing SDE:

t
28 £
X, =x +/O b(Xs )ds + A(Wpe — Wes).
Let us now define
£ . ¢
Y, (x):= Xy[s(x), t> (.

By the change of variables, one sees that
vV =x+ f; b(YS)pe ds + AW, — Wee).
0
It is well known that [cf. [15], p. 127, (2.60)]
(DYtes» DYteg)H = VYtE‘E </E

By the change of variables again, we obtain

:(VYfE)_lAA*((VYfS)_l)*ds)(VYfg)*.

0

€
et
&

X! DX =V ([ ()T AT (91 0 ) (VXY

0

(2.10) =vx" (fot(Vst)lAA*((VXfE)1)*d£§>(VXfS)*

£ ! & € £
ARV SORT VAR
From equation (2.3), it is easy to see that for each t > 0 and w € W,

lim| X! (w) — XE(w)| < C lim|Wes (w) — W, (w)| = 0.
el0 £l0

Thus, by equations (2.4) and (2.5), we also have
lim sup |J& (w) — JE(w)| =0

e30 5¢10,1]

and

lim sup |[K¢ (w) — Kf(w)|=0.
€40 5¢[0.1]

Taking limits for both sides of (2.10), we obtain (2.7) (see [21]). U

The following lemma is a direct application of Itd’s formula (cf. [18], p. 81,
Theorem 33).
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LEMMA 2.3. Let V:R? — M be a d x d-matrix valued smooth function. We
have

Kv(xH=v) + /, Kib-VV —Vb-V)(XY)ds
0

+ D0 Ki(V(X[) = V(X{ ) = VV(X{ ) - AX])

O<s<t
+f0t KL (VV)(XE) - Adwy,,
where AX%:= X" — Xt = A(Wy, — Wy, ).
We are now in a position to give the following.

PROOF OF THEOREM 1.1. By Lemma 2.1 and (1.15), it is enough to prove
that for each £ € Sy, the law of X! under uyy is absolutely continuous with respect
to the Lebesgue measure. By [15], page 97, Theorem 2.1.2, it suffices to prove that
Ef is invertible. Since Jf is invertible, by (2.7) we only need to show that for any
row vector a # 0 € R4,

t
2.11) f laKtA|* deg > 0.
0
Suppose that

t
/ ak!APdes= Y |akiAP AL =0,
0 se0.1]
then by Lemma 2.1 and the continuity of s — [a K fAl, we have
¢
aK;A=0 Vs €10, t].
Thus, by (2.5) we get

0=aKiA=aA— /Ot ak (Vb)(xHAds V' €[0,1],
which in turn implies that
(2.12) aA=0
and by the right continuity of s — X¢,
(2.13) ak!Bi(XY)A=aK!(Vh)(X)A=0  Vse[0,1].
Now we use the induction to prove that for each n € N,

(2.14) ak!B,(XH)A=0  Vsel0,1].
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Suppose that (2.14) is true for some n. By Lemma 2.3, we have
K!'B,(X5) = B,(x) + /Ot K!Byi1 (X5 ds + M, + V,,
where
M, = [Oz K- (VB)(XE) - Adwy,

and

Vir= ) K (Ba(X() = Ba(X,_) — (VBW)(X,_) - A(AWy)).

O<s<t

Thus, by (2.14) we have

t/
(2.15) /aKanH(Xf)Ads—l—aMﬂA+th/A=0 vt' € [0, ].
0

By the inductive assumption (2.14), we have
ak!B,(XY)A=aK!B, (X! )A=0.
Hence,

aVyA=— Y aK{ - (VB)(X! ) A(AW,) - A
O<s<t’
t/
= —[ akt (VB (X! ) - AdW,, - A= —aM,A,
0
which together with (2.15) implies that
ak!B, 1(XHA=0  Vsel0,1].

The assertion (2.14) is thus proved. Combining (2.12) and (2.14) and by letting
s — 0, we obtain

aA=aB (x)A=---=aB,(x)A =0,

which is contrary to (7). The proof is thus complete. [J
3. Proof of Theorem 1.3.

3.1. Norris’ type lemma. In this section, we use the following filtration:
Fri=0{Ws,, Sg:5 <t}.

Clearly, for r > s, W5, — Wg, and S; — S, are independent of .%;.
Let us first prove the following estimate of exponential type about the subordi-
nator S;.



1896 X.ZHANG

LEMMA 3.1. Let f;:Ry — R4 be a bounded continuous nonnegative
F-adapted process. For any ¢, 8 > 0, we have

! t
0 0

where

A [0022)/(H] fll)
i

P(A) = uvs(du), A>0,

and vg is the Lévy measure of the subordinator S;.

PrROOF. For A > 0, set
A o A
ghim [ (1= ug(an)
and

t t
MF = —x/ fodSs + / g ds.
0 0
Let (¢, du) be the Poisson random measure associated with S;, that is,

p,U):=) 1y(ASy),  UeZBRy).

s<t

Let (¢, du) be the compensated Poisson random measure of (¢, du), that is,

a(t, du) = u(t,du) — tvs(du).

'/(;[ fsdS; = /Ot/()oo fsup(ds, du).

By Itd’s formula, we have

M L M —afu ~
et =1+[/ e"s— e — 1]/(ds, du).
0 Jo

Then we can write

Since for x > 0,
l—e*<1Ax,
we have
N o0
g = [ (A G llowt)) s

and

t e¢]
M}g/o gi‘dsft/(; (1A (Al flloott))vs(du).
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Hence, for any A > 0 and ¢ > 0,
EeM = 1.
On the other hand, since for any « € (0, 1) and 0 < x < —logk,
1—e™ >«knx,

we have

(1- e_}‘ff")vs(du)

(og2)/(A I flloo)
.

)Lfs (log2)/ (Al flloo)
> 7/0 wvs(du) = $(0) f.

Thus,
! ! M} —re+ [0 ghds L
/(;fstsfs;/Ofsds>8 Cc et >e 08&s ;/Ogsds>¢()x)8
- {eM,x > e—)»s—l—qﬁ()L)B}’
. . . P . : _ 1
which then implies the result by Chebyshev’s inequality and letting 2 = . [J

Let N (¢, dy) be the Poisson random measure associated with L; = Wy,, that is,
N@ T)=> Ir(Ls— L), I e A(RY).
s<t
Let N (t, dy) be the compensated Poisson random measure of N (¢, dy), that is,
N(1,dy) = N(t,dy) — v (dy).

where vy, is the Lévy measure of L; given by (1.9). By Lévy-Itd’s decomposition
(cf. [1]), we have

G.1) Li=Ws=[ yNadan+[ sNG.ay.
lyl<1 [yI>1
We recall the following result about the exponential estimate of discontinuous
martingales (cf. [7], Lemma 1).

LEMMA 3.2. Let f;(y) be a bounded %;-predictable process with bound A.
Then for any §, p > 0, we have
t - T
Plsw [ i\ zo [ [ A0 reiyas <o)
1€[0,711/0 JR? 0 JRI

82
<2 —_ .
= exP( 2(A<s+p))
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The following lemma is contained in the proof of Norris’ lemma (cf. [15],
p. 137).

LEMMA 3.3. For T > 0, let f be a bounded measurable R?-valued function
on [0, T]. Assume that for some ¢ < T and x € R,

T t 2
(3.2) f x—i—/ fids| dr <&.
0 0
Then we have
t
sup | [ fds| <21+ £l
te[0,711/0

PROOF. By (3.2) and Chebyshev’s inequality, we have

Leb{t e[0,T]:

t
x+/ f,ds
0

Thus, for each ¢ € [0, T], there exits an s € [0, T'] such that

N
x—l—/ frdr
0

/Stfrdr

x| <& +ell flloos

ZS}§8<T.

|s —t| <e and <eé&.

Consequently, for such #, s,

t
x4 [ frar
0

In particular,

S
< x+/0 fodr| + <etelflloo

hence,

t
<Ixl + x+f0 fods| <2(e + ¢l flloo)-

[0

The proof is finished. [

We now prove the following Norris’ type lemma (cf. [7, 15]).

LEMMA 3.4. LetY;=y+ fé Bs ds be an R¢-valued process, where B; takes
the following form:

ﬂz=ﬁo+/0tysds+/(:/Rdgs(y)ﬁ(ds,dy),

where v, and g;(y) are two .F;-predictable R -valued processes. Suppose that for
some nonrandom constants C1,Cy >l and all s >0,y € R,

(3.3) |Bs| + 5] < Ci, |gs(y)| §C2(1A|y|)-
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Then for any § € (0, %), there exists eg = e9(C1, C2, v, 8) € (0, 1) such that for
all T € (0,1) and € € (0, T3 A gg),

£—(1/3) }

T T
(3.4) P{/ |Ys|2ds<s,/ |ﬁs|2dsz9clzs‘3}§2exp{—
0 0 9C,

PROOF. Let us define

¢ t ~
mi= [ pds, M= [ [ e g 0))geN (s dy)

and

T
E| = {/ |Ys|2ds<8}, E; :={ sup |h,|§2(1+C1)81/3},
0 t€[0,T]

E3:={(M)r < C3¢*3), E4:=[s[13p]|M,|§s‘3},
tel0,T

T
Es:— {f 1B, 2 ds < 901285},
0

where C3 is determined below.
First of all, by Lemma 3.3, one sees that for ¢ < T3,

(3.5) Ey CEx CEs,

where the second inclusion is due to

T
My = [ [ fhoe 800l Pvr @) ds

<41+ Cl)zcg(fRd 1A |y|2vL(dy))82/3 =: C3¢?/3.

On the other hand, by the integration by parts formula, we have

T ) T T
[0 1B dr=f0 <ﬂ,,dh,>Rd=<ﬂT,hT>Rd—/o (. yi)ga dt — M.

From this, one sees that on E; N Ey4,
T
/ B 12dt <2C (14 Ce'P1+T) +¢°
0

< (4C1(1+C) +1)e® <9C3ed.
This means that
ExNE4 C Es,
which together with (3.5) gives
EINESCEINE;C E2NE3NE].
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Thus, by Lemma 3.2 we have

268
e
P(EiNES) <2 —
SRS e"p( 201+ Ce/IT ¢ c382/3)>
and (3.4) follows by choosing g¢ with C3e(()1/3)_5 =1. O

Below we set
(3.6) ¥ =2 s, K;:=K!|o=s, Jr =T e=s.

The following lemma is a key step for proving the smoothness of p;(x, y).

LEMMA 3.5. Let 6 € (0, %) be given in (1.12). Under (U 741) and (1.12), for
any p > 1, there exist Co = Co(p,0) > 0 and Cy = C1(p, 0) > 0 such that for all
t€(0,1) and € € (0, Cot8/9),

t
(3.7) sup PU laK,Al>dSs < e} <CeP.
0

lal=1

PrROOF. By Lemma 3.1 and (1.12), for the given 6 in (1.12), there exists an
&0 = ¢&0(0) > 0 such that for all € € (0, gg9) and ¢ € (0, 1),

t
P{/ laK;A|*dSq 58}
0

t t
SP{/ |aKsA|2dSS§g,/ |aKsA|2ds259}
0 0

!
(3.8) + P{/ laKsA|?ds < 89}
0
Ce t
fexp{l— / qu(du)}+P{/ |aKsA|2ds<89}
2610 Jo 0

t
<exp{l —8_0/2} + P{/ laK A% ds < 89}.
0
Notice that by (3.1),

t ~
X,:x+/0 b(xs)der/|| ANy + [ AYNG.ay).
V=

[yl>
If weset Y; :=aK,A and

Br :=aK;Vb(X,)A, g (y) :=aK;(Vb(X,_ + Ay) — Vb(X;))A,
Vo= /H;d aK,(Vb(X, + Ay) — Vb(X,) — 1y<1 Ay - VZb(X,)) Av (dy)

+aK;By(X,)A,
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then by equation (2.5) and It6’s formula, one sees that Y; =aA + fé Bs ds and
t t -
pr=abA+ [ yeds+ [ [ g0 s ay).

By the assumptions, it is easy to see that

181+ 171 < C1(IIVD oo, | V7B oo A1)

and

2| < C2(I1Vblloos | V2D oos AT (1 A TYI]).

Fix § € (0, %). Define now
E; = {/Ot laK,Al>ds < 89}, Ff = {/Ot]aKst(XS)A\zds < 9C12898}.
Then, by Lemma 3.4, there is an g9 € (0, 1) such that for all r € (0,1) and ¢ €
(0,13 A £0),
P(Ef) = P(E{ N (F)))+ P(E; N Fy)
< 2exp|—?@=13) ) 9C))} + P(EE N FF).
Define
T:=inf{s > 0:|K, — I| > 1} At
Then
P(EENFE) < P(ESNES N T > &%92)) 4+ P(r < £%/7).

By Chebyshev’s inequality, we have for any p > 1,

1
P(T<839/2)SP{ sup |KS—I|>—}

5€(0,6%9/2 A1) 2

<2’E( sup |K,—1II")

5€(0,8%0/2 A1)
< C(e%2 A1)?

and by (U74),

t
ESNFf C / (laKsA|> + |laK,Vb(X)A|?) ds < &° +9C%e59}
0

c /f laKsAl> + |aK;Vb(X)A|?
0

2 2\ .00
T laKg|”ds < (14+9C7)e }

t
C 01/ |aKs|2ds<(1+9C12)859}.
0
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Since on {t > 889/2},

laKs| = 1=K, —11>5,  lal=1, se[0,6"7? 1],

- 2/86 cl 2/(86)
it is easy to see that for any ¢ < ¢ A (4(1+9C12)) ,

ESNFEN |t =%} c{er (%2 A1) /4 < (1 +9CH)e%) = 2.
Hence, for any p > 1, if one takes § = le and Co = Co(eo, p, 0, c1) being small
enough, then for all # € (0, 1) and ¢ € (0, Cot8/?),
P(Ef) < CeP/8,

which together with (3.8) yields (3.7) by resetting p = 87”/. U

3.2. S; has finite moments of all orders. In this subsection, we suppose that S;
has finite moments of all orders and b € C*®°(R%) has bounded derivatives of all
orders. The following lemma is standard.

LEMMA 3.6. Foranym,k € {0} UNwithm +k > 1and p > 1, we have

(3.9) sup sup E(| D" V¥X[(x)|P onle=s) < +00.
xeRd 1€[0,1]

PROOF. Noticing that

DX (x) = /O t Vb(X(x))DXE(x)ds +- A €,

and
VX[(x)=1+ /Ot VbH(XE(x))VXE(x)ds,
we have
DX}l < 190l [ DXL s+ 21
and

t
IVXE(x)| <1+ ||Vb||oo/0 |VXE(x)|ds.
By Gronwall’s inequality, we obtain
t
e

and

| VX () | g < VPt
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Hence, for any p > 1,
t
E(|DX{|le=s) < CEISI?2 +C [ BIS, |2 ds < +oo.
0

Thus, we obtain (3.9) for m 4 k = 1. For the general m and k, it follows by similar
calculations and the induction. [J

We recall the following main criterion in the Malliavin calculus that a random
vector admits a smooth density (cf. [15], pp. 100-103).

PROPOSITION 3.7.. Let F = (F!,..., F%) be a smooth Wiener functional and
(2F)ij :=(DF', DF/)y be the Malliavin covariance matrix. We assume that for
all p > 2,

E[(detZF)~7] < o0.

Let G be another smooth Wiener functional and ¢ € Cp° (R4). Then for any multi-
index o0 = (oq,...,0,) €{1,2,...,d}",

E[04¢(F)G] =E[p(F)Hy(F, G)],
where 0y = 0, - - * 0g,,» and Hy (F, G) are recursively defined by
Hi)(F.G) =) D*(G(S5),; DFY).

J

Ha(Fa G) = H(otm)(F’ H(al ,,,,, am_l)(F, G))

As a consequence, for any p > 1, there exist py, p2, p3 > 1 and ny,ny € N such
that

|Ho(F, G, < C|@et=p) " [ IIDFI , 1G lm, ps-

m, pa
In particular, the law of F possesses an infinitely differentiable density p € S(R?),
the space of Schwartz rapidly decreasing functions.

Now we can prove the following gradient estimate.

THEOREM 3.8. Under (U5A) and (1.12), for any k,m € {0} U N with
k+m > 1, there are v > 0 and C = C(k,m) > 0 such that for all f € Cgo(Rd)
andt e (0,1),

(310 sup [V¥E((V" f) (X1 (x)))] < Cll flloot 7.

xeRd
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PROOF. We first prove that there exists a constant y > 0 such that for any
p>1,some C=C(p)>0andallz e (0,1),

(3.11) H(detEt)_lnp <Ct77,

which, by (2.7), is equivalent to prove that

t —1
det(f K AA*K? dSs)
0

Since the determinant of a matrix is greater than d-times its smallest eigenvalue,

that 1s,
d
(mf/ laK;A| dS) <det</ K;AA*K} dS;),

it suffices to prove that for some y’ > 0,

—1
H<|1nf/ laK, Al dSs>
ot

which will follow by showing that for all p > 1 and ¢ € (0, C ﬂ’/),

<Ct77.
P

<cr 7,
P

{mf/ laKsAl>dS, <8}<C8p

lal=1

Since S; has finite moments of all orders, this estimate follows by (3.7) and a
compact argument (see [15], p. 133, Lemma 2.3.1, for more details).
Next, by the chain rule, we have

VEE((V" f) (X1 ()

E((V" £)(X,(x))G (VX (x), ..., VEX,(x)))

Il
.M”

<
I
—_

EE((V"H ) (X[ )G (VX[ (), ..., VX[ (0))le=s),

Il
.M»

I
—_

J

where {G;,j =1,...,k} are real polynomial functions. By Proposition 3.7,
Lemma 3.6 and Holder’s inequality, there exist integer n and p > 1, C > 0 such
that for all € (0, 1),

[VEE((V" ) (X, ()| = CIlF looB(|(det =) " le=s)
< Cl flloo| (et z) 7',
Estimate (3.10) now follows by (3.11).
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3.3. Without the finiteness assumption of moments. Let S; be a subordinator
with Lévy measure 1o, 1)(#)vs(du) and independent of (W;);>0. Let py(x,y) be
the distributional density of X;(x), where X, (x) solves the following SDE:

t
X)(x) = x +/ b(X,(x)) ds + AWg.
0
Let us write
PLF)=EF(X0) = [ F0)pi0x )y,

We first prepare two simple lemmas for later use.

LEMMA 3.9. Let f € Cl‘)’o(Rd). For any m € N, there exists a constant
Cn.b = 1 such that for all x € RY andt e [0, 1],

(3.12) [V"Pf ()| < Cup Y PYIVEF|(0).
k=1

PROOF. By the chain rule, (3.12) follows by the following estimate:

(3.13) sup sup |V"X;(x)| < Cp.p,
1€[0,1] xeR4

which has been proved in estimating (3.9). [

LEMMA 3.10. Let J/(x) := VX, (x) and K|(x) be the inverse matrix of J/(x).
Let f = (fu) € C}° (RY) be an R™ x R™ valued function. Then for any
j=1,....,dand k,l=1,..., m, we have the following formula:

(3.14) P fu)(x) = div Q) (¢, x; f) — Gy (1, x3 f),
where
(3.15) Q. x5 ) = E(fia (X[ () (K[ (1)),
(3.16) Gyt x: f) = E(fia (X[ () div(K])_; (x)).
Moreover, for any m € {0} UN, we have
(3.17) sup sup |[V"K/(x)| < Cm.p,

1€[0,1] xeRd

where ém,b > 1.

PROOF. Noticing that

V(£ (X,x)) = (VX)) VX, (x) = (V) (X](x)) T, (x),
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we have
(VX (x)) = V(f(X;(x)) K/ (x) =div(f(X;)K;)(x) — f(X;(x))div K[ (x),

which in turn gives (3.14) by taking expectations. As for (3.17), it follows by
equation

t
K/(x)=1-— / K (x) - Vb(X:(x))ds
0
and estimate (3.13). O

Below, let € :={t1, 10, ..., Ty, ...} and & :={&1, &, ..., &,, ...} be two inde-
pendent families of i.i.d. random variables in Rt and R, respectively, which are
also independent of (W;, S});>0. We assume that 7; obeys the exponential distri-
bution of parameter

X :=vg([1, 00))
and & has the distributional density
1 00
- / Q2rs) "2~ ¥1P/25 o (ds).
vs([1,00)) J1

Set 79 := 0 and &y := 0, and define

oo
Niy:=max{n:to+11+ - +71, <t} = Z Vgt <1)
n=0

and
Ny
Ho:=&+&+ - +&y =) &
j=0

Then H; is a compound Poisson process with Lévy measure

o0
vy (T) = / Qrs)~/? (/ e 1P/2s dy) vg(ds).
1 r
Moreover, it is easy to see that H; is independent of W/, and

d
(3.18) (AWs)iz0 L (AWg + AH) 120,

Let 7, be a cadlag purely discontinuous R?-valued function with finite many
jumps and kg = 0. Let X th(x) solve the following SDE:

t
X! =+ [ b(xle0)ds + AW + .

Let n be the jump number of & before time . Let0 =19 <t <th <--- <t, <t be
the jump time of /. By the Markovian property of X ?(x), we have the following
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formula:
Ef(X](x))
/ /
= LL L (L P yoph on + Al )
P Ot + Ay, yn)dyn_l)
X Pl O+ Ay 2) dyn)f@ dz
= Pl{l e ﬁAh’n—l P;n_tnfl ﬂAﬁfﬂ Pt/_tn f(x)’
where

Dyg(x) :=g(x +y).
Now, by (3.18) we have
d
X)L X hean
and so,

Prf (@) =Ef(X;(x)) = E(Ef (X)) l=ar.)
= Z E(P‘I/fl T ﬂAénflP‘;y, 0Aén7jt/—(‘[()+l’|+-~--|—‘L’n)f(x); Nt = n)
n=0

In view of
{(Ne=n}={no+--+m=t<t+ -+ T}
and that % is independent of ¢, we further have

o0
Ptf(x) = Z{/ )\‘n+le_)‘-(tl+"'+ln+ln+l)
n=1 [ttty <t <ty +-+iny
x E(Plll T ﬂASn—IPt/n ﬁA‘i:"Pf/—(l‘l-Fm-Hn)f(x)) dtl e d[n+1}
(3.19) + P, f(x)P(N; =0)

o0
=Z{A"e_“/ IEI?E(tl,...,tn,t,x)dtl---dtn}
= Aoty <t

+ Pl f(x)e,
where & := (£1,...,&,), and
Bt et 0, %) =P Oy, Py 93, Pl ey [ ()
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withy := (y1, ..., Yn)-
Now we can complete the proof of Theorem 1.3.

PROOF OF THEOREM 1.3. We first establish the same gradient estimate as
in (3.10).

If we let t,41 :=¢t — (t1 + --- + t,) > 0, then there is at least one j €
{1,2,...,n+ 1} such that

(3.20) tj >
Thus, we have

v, I3 <1 cl v, 7> P o, P
\Val3(t, .ot 1)) N Dy 1 P 0w Py f o

(3.10) »
CC{b J leHPZ{ “1‘9)7;1717);”0)% l‘n+1fH
< CCLu(t/mn+ D) fllco-

Here and below, the various constant C is independent of ¢ and n. Hence, by (3.19)
we have

VP, f(x)] < Cll flloot 7106

oo
x (1+anc?b(n+1)yl-0/ dtl---dt,,)
o ' 1+t <t

t

(3.21)
0 tn
=C| flloct 0™ (§ ACT,(n + 1)”.05)

n=0
< C|l flloct™1"0.
Thus, we obtain (3.10) with k =1 and m = 0.
For k,l =1,...,d, set Fk(?)(x) = ly—; f(x) and RI(O)(x) := 0. Let us recur-
sively define form =0, 1,...,n

d
+1 j
Fk(;n )(x) = Z Qf{ll (tn+1_m’ X3 0yn+lfmF(m))’
i=1

d
{ :
R V@) 1= 3 Glytn1-me i 0y, F ),
i=1

where y,41:=0, Qfl’ and Gf ; are defined by (3.15) and (3.16). From these defini-
tions and by (3.17), it is easy to see that

1 ~
[ < d||Fz§z"”|| E| ;)] = Cosl £

o ED oo < Co I Flloo
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and
IRV < 1ES” | Eldiv K[ ()] < ity Crpl fllso-

By repeatedly using Lemma 3.10, we have

|Ia);f(tlv--~,tn,t,x)|
- n+l—j
=P ...ﬁyj_lP;j div F.§n+ “Dx) — DA L N Rl(m)(x)
=1
G10) I n+l—j
T L RS D 1 v
m=1

(3.20) _ ~ ~
< C(t/mn+D)CH Ll flloo + CCGpll f lloo-
As in estimating (3.21), we obtain (3.10) with k =0 and m = 1. For the general m
and k, the gradient estimate (3.10) follows by similar calculations and the induc-
tion.

Lastly, by estimate (3.10) and Sobolev’s embedding theorem (see [15],
pp- 102-103), one has that for each ¢t > 0,

(x,y) = pi(x,y) € CE°(R? x RY).

The smoothness of p;(x, y) with respect to the time variable ¢ follows by equa-
tion (1.11) and the standard bootstrap argument. As for equation (1.13), it fol-
lows by

d— = ,CAP[f(X) +b(x) : vxptf(x)’

where f € Cgo(]Rd). O

dP; f (x)
t
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