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In this paper we propose a notion of viscosity solutions for path depen-
dent semi-linear parabolic PDEs. This can also be viewed as viscosity solu-
tions of non-Markovian backward SDEs, and thus extends the well-known
nonlinear Feynman—Kac formula to non-Markovian case. We shall prove the
existence, uniqueness, stability and comparison principle for the viscosity
solutions. The key ingredient of our approach is a functional It6 calculus re-
cently introduced by Dupire [Functional It6 calculus (2009) Preprint].

1. Introduction. It is well known that a Markovian type backward SDE
(BSDE, for short) is associated with a semi-linear parabolic PDE via the so
called nonlinear Feynman—Kac formula; see Pardoux and Peng [19]. Such re-
lation was extended to forward—backward SDEs (FBSDE, for short) and quasi-
linear PDEs; see, for example, Ma, Protter and Yong [17], Pardoux and Tang [21]
and Ma, Zhang and Zheng [18], and second order BSDEs (2BSDEs, for short)
and fully nonlinear PDEs; see, for example, Cheridito et al. [3] and Soner, Touzi
and Zhang [29]. The notable notion G-expectation, proposed by Peng [24], was
also motivated from connection with fully nonlinear PDEs.

In non-Markovian case, the BSDEs (and FBSDEs, 2BSDEs) become path
dependent. Due to its connection with PDE in Markovian case, it has long
been discussed that general BSDEs can also be viewed as a PDE. In particu-
lar, in his ICM 2010 lecture, Peng [25] proposed the question whether or not
a non-Markovian BSDE can be viewed as a path-dependent PDE (PPDE, for
short).

The recent work Dupire [6], which was further extended by Cont and Fournie
[4], provides a convenient framework for this problem. Dupire introduces the no-
tion of horizontal derivative (that we will refer to as time derivative) and vertical
derivative (that we will refer to as space derivative) for nonanticipative stochastic

Received November 2011; revised June 2012.
1Supported by the Chair Financial Risks of the Risk Foundation sponsored by Société Générale,
the Chair Derivatives of the Future sponsored by the Fédération Bancaire Frangaise, and the Chair
Finance and Sustainable Development sponsored by EDF and Calyon.
2Supported in part by NSF Grant DMS-10-08873.
MSC2010 subject classifications. 35D40, 35K10, 60H10, 60H30.
Key words and phrases. Path dependent PDEs, backward SDEs, functional 1t6 formula, viscosity
solutions, comparison principle.

204


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/12-AOP788
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

VISCOSITY SOLUTIONS OF PPDES 205

processes. One remarkable result is the functional It6 formula under his defini-
tion. As a direct consequence, if u (¢, @) is a martingale under the Wiener measure
with enough regularity (under their sense), then its drift part from the 1t6 formula
vanishes, and thus it is a classical solution to the following path-dependent heat
equation:

(1.1) du(t, w) + 5 95,u(t, w) =0.

It is then very natural to view BSDEs as semi-linear PPDEs, and 2BSDEs and
G-martingales as fully nonlinear PPDEs. However, we shall emphasize that PPDEs
can rarely have classical solutions, even for heat equations. We refer to Peng and
Wang [27] for some sufficient conditions under which a semi-linear PPDE admits
a classical solution.

The present work was largely stimulated by Peng’s recent paper [26], which ap-
peared while our investigation of the problem was in an early stage. Peng proposes
a notion of viscosity solutions for PPDEs on cadlag paths using compactness ar-
guments. However, the horizontal derivative (or time derivative) in [26] is defined
differently from that in Dupire [6] which leads to a different context than ours.
Moreover, Peng [26] derives a uniqueness result for PPDEs on cadlag paths. Given
the nonuniqueness of extension of a function to the cadlag paths, this does not im-
ply any uniqueness statement in the space of continuous paths. For this reason, our
approach uses an alternative definition than that of Peng [26].

The main objective of this paper is to propose a notion of viscosity solutions
of PPDEs on the space of continuous paths. To focus on the main idea, we focus
on the semi-linear case and leave the fully nonlinear case for future study. We
shall prove existence, uniqueness, stability, and comparison principle for viscosity
solutions.

The theory of viscosity solutions for standard PDEs has been well developed.
We refer to the classical references Crandall, Ishii and Lions [5] and Fleming
and Soner [11]. As is well understood, in path-dependent case the main challenge
comes from the fact that the space variable is infinite dimensional and thus lacks
compactness. Our context does not fall into the framework of Lions [13—15] where
the notion of viscosity solutions is extended to Hilbert spaces by using a limiting
argument based on the existence of a countable basis. Consequently, the standard
techniques for the comparison principle, which rely heavily on the compactness
arguments, fail in our context. We shall remark though, for first order PPDEs, by
using its special structure Lukoyanov [16] studied viscosity solutions by adapting
elegantly the compactness arguments.

To overcome this difficulty, we provide a new approach by decomposing the
proof of the comparison principle into two steps. We first prove a partial com-
parison principle, that is, a classical sub-solution (resp., viscosity sub-solution)
is always less than or equal to a viscosity super-solution (resp., classical super-
solution). The main idea is to use the classical one to construct a test function for
the viscosity one and then obtain a contradiction.
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Our second step is a variation of the Perron’s method. Let # and u denote the
supremum of classical sub-solutions and the infimum of classical super-solutions,
respectively, with the same terminal condition. In standard Perron’s approach (see,
e.g., Ishii [12] and an interesting recent development by Bayraktar and Sirbu [2]),
one shows that

(1.2) u=i

by assuming the comparison principle for viscosity solutions, which further im-
plies the existence of viscosity solutions. We shall instead prove (1.2) directly,
which, together with our partial comparison principle, implies the comparison
principle for viscosity solutions immediately. Our arguments for (1.2) mainly rely
on the remarkable result Bank and Baum [1], which was extended to nonlinear
case in [28].

We also observe that our results make strong use of the representation of the so-
lution of the semilinear PPDE by means of the corresponding backward SDEs [20].
This is a serious limitation of our approach that we hope to overcome in some
future work. However, our approach is suitable for a large class of PPDEs as
Hamilton—Jacobi—Bellman equations, which are related to stochastic control prob-
lems, and their extension to Hamilton—Jacobi—Bellman-Isaacs equations corre-
sponding to differential games.

The rest of the paper is organized as follows. In Section 2 we introduce the
framework of [6] and [4] and adapt it to our problem. We define classical and vis-
cosity solutions of PPDE in Section 3. In Section 4 we introduce the main results,
and in Section 5 we prove some basic properties of the solutions, including exis-
tence, stability and the partial comparison principle of viscosity solutions. Finally
in Section 6 we prove (1.2) and the comparison principle for viscosity solutions.

2. A pathwise stochastic analysis. In this section we introduce the spaces on
which we will define the solutions of path dependent PDEs. The key notions of
derivatives were proposed by Dupire [6] who introduced the functional It6 calcu-
lus, and further developed by Cont and Fournie [4]. We shall also introduce their
localization version for our purpose.

2.1. Derivatives on cadlag paths Let Q:= D([0, T, Rd) the set of cadlag
paths, @ denote the elements of €2, B the canonical process, [F the filtration gen-
erated by B and A := [0, T] x Q. We define seminorms on € and a pseudometric
on A as follows: for any (7, ), (t', &) € A,

A

ol == sup |al,

2.1) . . A A
o((t, @), (', &) ==t —t'| + sup |Dns — D) 54l

Then (fz, Il - l7) is a Banach space and (f\, d~) 1s a complete pseudometric space.
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Let ii: A — R be an I@‘—progressively measurable random field. Note that the
progressive measurability implies that i (¢, ®) = u(t, ®.5;) for all (¢, ®) € A. Fol-
lowing Dupire [6], we define spatial derivatives of u, if they exist, in the standard
sense: for the basis e; of RY i=1,...,d,

1
Oy (1, @) := 11mO [a(t, &+ hly 11ei) — u(t, @)].
2.2) ) i
Bunoryit 1= oy ), B j=1,....d,

and the right time-derivative of i, if it exists, as
A . .. . P
(2.3) 01t (1, @) := h—}%)r,rhl>0 Z[u(t +h, o) —U(t, @), t<T.

For the final time T, we define

. du(T = i dqu(t, w).
(2.4) u(T, ) . hu(t, w)

We take the convention that @ are column vectors, but d,,u denotes row vectors,
and 92, denote d x d-matrices.

DEFINITION 2.1. Letii: A — R be I@‘—progressively measurable.

(i) Wesay u € Co(zi\) if i is continuous in (7, @) under dyg.
(i) We say i € CY(A) C CO(A) if @t is bounded.
(iii) We say &t € Cy*(A) € CO(A) if 8, dyit, and 92,4 exist and are in
CH(A).

REMARK 2.2. To simplify the presentation, in this paper we will consider
only bounded viscosity solutions. By slightly more involved estimates, we can
extend our results to the cases with polynomial growth. However, the boundedness
of the derivatives 9;i, 0, and af)wﬁ is crucial for the functional Itd’s formula
(2.6) below.

2.2. Derivatives on continuous paths. We now let Q2 := {w € C([0, T], R%):
wo = 0}, the set of continuous paths with initial value 0, B the canonical process,
[F the filtration generated by B, Py the Wiener measure, and A := [0, T] x 2. Here
and in the sequel, for notational simplicity, we use 0 to denote vectors or matrices
with appropriate dimensions whose components are all equal to 0.

Clearly © C Q, A C A, and each w € Q can also be viewed as an element
of Q. Then Il - ll: and dso in (2.1) are well defined on 2 and A, (2, - ||7) is a
Banach space, and (A, d) is a complete pseudometric space. Given u: A — R
and i : A — R, we say u is consistent with u on A if

(2.5) u(t,w) =u(t, w) forall (r,w) € A.
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DEFINITION 2.3. Letu: A — R be F-progressively measurable.
(i) Wesayu e C O(A) if u is continuous in (¢, @) under duo.
(i) We say u € C)(A) C CO(A) if u is bounded.
(iii)) Wesay u € C;’Z(A) if there exists i € C;’Z(IA\) such that (2.5) holds.

By [6] and [4], we have the following important results.

THEOREM 2.4. Letu € Cp>(A) and ii € Cp*(A) such that (2.5) holds.
(1) The following definition
du:=0ilt,  Opu:=0dpit, 02 u:=03>,4  onA

is independent of the choice of u. Namely, if there is another i’ € C bl’z(f\) such
that (2.5) holds, then the derivatives of it’ coincide with those of it on A.
(11) IfIP is a semimartingale measure, then u is a semimartingale under P and

(2.6) du, = dyu, dt + $t0(32,u, d(B),) + dou, dB;,  P-as.

We note that, for any given P, the quadratic variation (B) is well defined. In
fact, although not used in this paper, one can construct (B) in a pathwise manner,
see, for example, [29]. Here and in the sequel, when we emphasize that u is a
process, we use the notation u;(w) := u(f, @) and often omit w by simply writing
it as u;. Moreover, when a probability is involved, quite often we use B which by
definition satisfies B;(w) = w;.

2.3. Localization of the spaces. For our purpose, we need to introduce the
localization version of the above notions. Let

T := {[F-stopping time t: for all € [0, T),
(2.7)
{w:7t(w) >t} is an open subset of (2, || - [|I7)}.

The following is a typical example of such t.

EXAMPLE 2.5. Let u € CO%(A). Then, for any constant c,

r:=inf{r:u(t,w)>c}ATisinT.

PROOF. Forany t < T, {t >t} = {supy,, s < c}. Fix v € {t > t}, and
set € 1= %[c — SUpg<s<; U(s,w)] > 0. For any s € [0, 7], since u is continuous at
(s, w), there exists a constant 4, > 0 such that |u(r, ®) — u(s, w)| < ¢ whenever
doo ((r, @), (s, w)) < hg. Note that the open intervals (s — %hs, s+ %hs), s €10,1],
cover the compact set [0, ¢]. Then there exist 0 =59 < §1 < -+ < s, =t such
that [0, 1] C Up<i<n(si — 3hs;. Si + 3hy,). Now set h := J ming<; <, by, > 0. For
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any @ € 2 such that | — w||7 < h, for any s € [0, t], there exists i such that
s —si| < %hs,-- Then

doo((5, @), (5, w)) <|s —si| + [|& — |7 < %hsi +h < hy for all s € [0, ¢].
Thus

u(s, ) <u(si,w)+e=< sup u(s,w)+e<c for all s € [0, ¢].
0<s<t

This implies that 7 (&) > t, and therefore t € 7. [

Denote
28) A(r):={(t,w)eA:t<t(®w)} and A(r):=]|(t w)eA:t <t(w)}.
Then clearly A(7) is an open subset of (A, dwo).

DEFINITION 2.6. Let 7 € 7 and u: A(t) > R. We say u € C,l’z([_\(r)) if
there exists i € C bl’z(A) such that

(2.9) u=1u on A(7).
The following result is the localization version of Theorem 2.4.

PROPOSITION 2.7. Let t € T, u € C,*(A()), ii € Cp>(A) such that (2.9)
holds.

(i) One may define
(2.10)  du:=dil,  dpu =i, O u=02,i0  on A(T),

and the definition is independent of the choice of u.
(ii) Let P be a semimartingale measure. Then u is a P-semimartingale on [0, 7]
and (2.6) holds on [0, t].

PROOF. First, for the derivatives defined in (2.10), (2.6) follows directly from
Theorem 2.4. Next, assume &' € Cg’z(A) also satisfies (2.9). Denote & ;= — ul'.
Then i = 0 on A(z). Now fix (f,w) € A(t). Since A(r) is open, there ex-
ists h := h(t,w) > 0 such that (s, ®) € A(t) whenever du((s, ®), (t,w)) < h.
Now following the definition of the time derivative we obtain immediately that
d:u(t, w) = 0. Moreover, let P = Py, and applying (2.6) to u, we have

0= %tr(aiwﬁ,) dt + 0y, d By, 0<t<rt,Py-as.
Thus, since 3, and 32 i are bounded,

dpit =0, 32, i=0,  dt xdPp-as.on A(T).
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Since A(t) is open, and d,u and 83)wﬁ are continuous in (¢, w) under dyo, it is
clear that

dpii =0, 32, ia=0  onA(r).

This implies that the definition in (2.10) is independent of the choice of . [l

2.4. Space shift. We first fix ¢t € [0, T] and introduce the shifted spaces on
cadlag paths:

SLet Q= D[z, T, ]Rd) be the shifted canonical space; B! the shifted canoni-
cal process on Q; [ the shifted filtration generated by B'; and A’ := [z, T] x .

- Define || - || and d’ in the spirit of (2.1).

- For [ -progressively measurable i : A! = R, define the derivatives in the spirit
of (2.2) and (2.3), and define the spaces CO(A"), C,?([\t) and C,l’z(f\t) in the spirit
of Definition 2.1.

Similarly, we may define the shifted spaces on continuous paths:

-Let Q' :={w e C([t, T],R?%) : w; = 0} be the shifted canonical space, B the
shifted canonical process on €, F’ the shifted filtration generated by B’, PP, the
Wiener measure on Qf and A! :=[t, T] x Q.

- Define CO(AY), CY(A) and Cbl’z(Af) in an obvious way.

- Let 7" denote the space of F’-stopping times t such that, for any s € [z, T),
the set {w € Q" : 7(w) > s} is an open subset of Q' under || - ||.

- For each 7 € 77, define A’(z), A’(t), and C;’Q(z_\’(t)) in an obvious way.
We next introduce the shift and concatenation operators. Let 0 <s <t <T.

- For c?)Ae Q5,0 e Q and w € Q°, w € Q', define the concatenation paths
@ Q@ €Q and w ®; v € Q° by
(& ®; &) (r) := dp 1,1y (r) + (& + &)1y, 71(r);

, , forallr e[s, T].
(0 ®; @) (r) = w115 1(r) + (0 + o)) 1, 71(r);

-Let & e Q. For ]A-'; -measurable random variable é and [ -progressively mea-
surable process X on & , define the shifted .7A-"’T-measurable random variable § 1o
and " -progressively measurable process X”*® on Q' by

éz,é)(&)/) — é(&) ®: &), )A(f@(d,’) = }A(((Z) ®: @) forall &' € €.

- Let w € Q°. For F7-measurable random variable £ and [F*-progressively mea-
surable process X on *, define the shifted F7.-measurable random variable &
and F’-progressively measurable process X on ' by

EM(0) = E(0 @ @), X)) =X(w® o)  foralle € Q.
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It is clear that all the results in previous subsections can be extended to the
shifted spaces, after obvious modifications. Moreover, for any 7 € 7, (t,w) €
A(t)and u € Cg’Q(z_\(t)), it is clear that t°® € 7' and u"® € C,l’z(z_\t(t“‘))).

For some technical proofs later, we shall also use the following space. Denote

(2.11) T, ={reT' v >1} fort<TandT+T:={T}.

DEFINITION 2.8. Letr €[0,T], u: A" — R and P be a semimartingale mea-
sure on Q'. We say u € CEID’Z(AI ) if there exist an increasing sequence of FF’-
stopping times t = 19 < 71 < --- < T such that:

(1) Foreachi >0 and w € Q',
tl.i(lw)’w € Tf(w) and u%(@e ¢ Cbl’z(z_\f"(w) (rirj'r(fo)’w));
(i) Foreachi > 0 and w € 2, u.(w) is continuous on [0, 7; (w)];
(iii) For P-a.s. w € ', the set {i : 7;(w) < T} is finite.

We shall emphasize that, for u € C_‘H],,’Z(A’ ), the derivatives of u are bounded
on each interval [7; (w), tirjr(f” )’w]; however, in general they may be unbounded on
the whole interval [z, T']. Also, the previous definition and, more specifically the
dependence on P introduced in item (iii), is motivated by the results established in
Section 6 below.

The following result is a direct consequence of Proposition 2.7.

PROPOSITION 2.9. Let P be a semimartingale measure on Q' and u €
CH]],’Z(A’ ). Then u is a local P-semimartingale on [t, T] and

dug = d;usds + %tr(af)wus d(B'),) + d,us dBj, t<s<T,P-as.

3. PPDEs and definitions. In this paper we study the following semi-linear
parabolic Path-dependent PDE (PPDE, for short):

(Lu)(t,w) =0, 0<t<T,we;
(3.1) where (Lu)(t, ®) = —du(t, w) — 5 tr(d2,u(t, ))
— f(t, o, u(t, ®), d,u(t, w)).

We remark that there is a potential to extend our results to a much more general
setting. However, in order to focus on the main ideas, in this paper we content our-
selves with the simple PPDE (3.1) under somewhat strong technical conditions,
and leave more general cases, for example, fully nonlinear PPDEs, for future stud-
ies.
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REMARK 3.1. In the Markovian case, namely f = f(t,w;, y,z) and u(t,
w) = v(t, wy), the PPDE (3.1) reduces to the following PDE:

(Lv)(t,x) =0, 0<t<T,xeR?,
(3.2) where (Lv)(¢, x) := —0,v(t, x) — %tr[D)%xv(t, x)]
— f(t,x,v(, x), Dyv(z, x)).

Here D, and D%x denote the standard first and second order derivatives with
respect to x. However, slightly different from the PDE literature but consistent
with (2.3), d; denotes the right time-derivative.

As usual, we start with classical solutions.

DEFINITION 3.2. Letu € Cbl’z(A). We say u is a classical solution (resp.,
sub-solution, super-solution) of PPDE (3.1) if

3.3) (Lu)(t, w) = (resp., <, >)0 for all (¢, w) € [0,T) x Q.

It is clear that, in the Markovian setting as in Remark 3.1,

u is a classical solution (resp., sub-solution, super-solution) of PPDE (3.1)
if and only if v is a classical solution (resp., sub-solution, super-solution) of
PDE (3.2).

Existence and uniqueness of classical solutions are related to the analogue re-
sults for the corresponding backward SDE. In order to avoid diverting the attention
from our main purpose in this paper, we report these properties later in Section 5.1,
and we move to our notion of viscosity solutions.

Forany L>0andt < T, let Z/{IL denote the space of F’-progressively measur-
able R?-valued processes 8 such that each component of A is bounded by L. By
viewing B as row vectors, we define

S 1 )
M!-P ::exp(/t ,B,dBﬁ—E/t |ﬁ,|2dr>,

(3.4)

Pl-as., dP"P .= My’ dP,
and we introduce for all ¢ € [0, T] two nonlinear expectations: for any & €
L*(F}, P,

EL1E) = inf{EF"[£]: B e UL}
(3.5) i L
EF1E1 = sup{E" "[£1: B e U/}
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Moreover, for any u € C?(A), define

Alu(t, ) = {(p € C;’Z(At): there exists 7 € 7 such that

0=.0) —u(t.w) = min &/ [(¢ —u"*); .. ] :
36) .
ALut, w) = {(p € C, " (A"): there exists t € 7 such that

0=g(t,0) — u(t, ) = max & (¢ — u"),, ]}
TeT!

DEFINITION 3.3.  Letu € C)(A).

(1) Forany L > 0, we say u is a viscosity L-subsolution (resp., L-supersolu-
tion) of PPDE (3.1) if, for any (¢, w) € [0, T) x €2 and any ¢ € ALu(t, w) [resp.,
¢ € ALu(t, w)), it holds that

(LM)(t, 0) < (resp., >)0,
where, for each (s, @) € [t, T] x €,
(L529)(s, @) == —0p(s, @) — %tr[af)wsﬂ(& )] = f1(s, @, p(s, @), 0 (s, @)).

(i) We say u is a viscosity subsolution (resp., supersolution) of PPDE (3.1)
if u is viscosity L-subsolution (resp., L-supersolution) of PPDE (3.1) for some
L>0.

(iii)) We say u is a viscosity solution of PPDE (3.1) if it is both a viscosity
subsolution and a viscosity supersolution.

In the rest of this section we provide several remarks concerning our definition
of viscosity solutions. In most places we will comment on the viscosity subsolution
only, but obviously similar properties hold for the viscosity supersolution as well.

REMARK 3.4. As standard in the literature on viscosity solutions of PDEs:

(i) The viscosity property is a local property in the following sense. For any
(t,w) €[0,T) x Q and any ¢ > 0, define

7o :=inf{s > 7:|Bl| > e} A (t +¢).

To check the viscosity property of u at (7, ®), it suffices to know the value of u"®
on [¢, ] for an arbitrarily small & > 0.

(ii) Typically ALu(r, w) and ALu(r, w) are disjoint, so u is a viscosity solution
does not mean (L"?¢)(t,0) = 0 for ¢ in some appropriate set. One has to check
viscosity subsolution property and viscosity supersolution property separately.

(iii) In general ALu(z, w) could be empty. In this case automatically u satisfies
the viscosity subsolution property at (¢, ®).
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REMARK 3.5. (i) For 0 < L, < L,, obviously U*' c u*?, g < gh

and AL2u(t, w) ¢ AMu(t, w). Then one can easily check that a viscosity Li-
subsolution must be a viscosity Ly-subsolution. Consequently,

u is a viscosity subsolution if and only if there exists a L > 0 such that, for
all L > L, u is a viscosity L-subsolution.

(i) However, we require the same L for all (¢, ). We should point out that
our definition of viscosity subsolution is not equivalent to the following alternative
definition, under which we are not able to prove the comparison principle:

for any (7, w) and any ¢ € (> ALu(t, w), it holds that (L£!®¢)(t, 0) < 0.

REMARK 3.6. We may replace AL with the following (A’)’ which requires
strict inequality,

Arut, w) = o€ C;’Z(At): there exists 7 € 7 such that
(3.7
0= 0) —ut, o) <E (¢ — ut?)., |forall ¥ € T}}.

Then u is a viscosity L-subsolution of PPDE (3.1) if and only if
(L92)(1,0) <0 for all (f,w) €[0,T) x Qand ¢ € Atu, w).

A similar statement holds for the viscosity supersolution.

Indeed, since A’ Lu(t, w) C ALu(t, w), then only the if part is clear. To prove
the if part, let (¢,w) € [0,T) x Q2 and ¢ € ALu(t, w). For any ¢ > 0, denote
©e(s, ®) := @(s,®) + (s —t). Then clearly ¢° € A'tu(t, w), and thus

(L"“9%)(1,0) = —319(t,0) — & — S tr(32,0(, 0))

- ft’w(t’ w, (P(f, O)s aw(P(ta 0))
<0.

Send £ — 0, we obtain (L"?¢)(t,0) <0, and thus u is a viscosity L-subsolution.

REMARK 3.7. Consider the Markovian setting in Remark 3.1. One can easily
check that u is a viscosity subsolution of PPDE (3.1) in the sense of Definition 3.3
implies that v is a viscosity subsolution of PDE (3.2) in the standard sense.

REMARK 3.8. We have some flexibility to choose ALu(t, w) and ;lLu(t, )
in Definition 3.3. In principle, the smaller these sets are, the more easily we can
prove viscosity properties and thus the existence of viscosity solutions, but the
comparison principle and the uniqueness of viscosity solutions become more dif-
ficult.
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(i) The following A” Lut, w) is larger than AL u(t, w), but all the results in
this paper still hold true if we use A” Ly (t, w) [and the corresponding A"l u(t, w)l,
A ut, w) = lo e C;’Z(AI): forany t € 77,
(3.8) 0=0(,0) —u(t,0) <& (¢ —u")z ]
for some 7 € 7 }.

(ii) However, if we use the following smaller alternatives of ALu(t, w), which
do not involve the nonlinear expectation, we are not able to prove the comparison
principle and the uniqueness of viscosity solutions,

A°u(t, w) :=|{g € C}*(A"): there exists T € 7 such that
0=¢,0 —u(t,w) <(p—u"?)., forany 7 € T|};
or
A%u(t, w) := {p € Cp*(A"): forall (s, @) € (t, T] x ',
0=0(,0) —u(t,w) < (¢ —u"?)(s,®)}.
See also Remark 3.5(ii1).

REMARK 3.9. (i) Let u be a viscosity subsolution of PPDE (3.1). Then for

any A € R, ii; := ¢ u; is a viscosity subsolution of the following PPDE:
(3.9) Lii := —d,i1 — 3 tr(32,0) — f(t, w, 1, Bpil) <O,
where

f0.y,2)=—dy+e flt.w, ey, e™z).

Indeed, assume u is a viscosity L-subsolution of PPDE (3.1). Let (¢, w) € [0, T) x
Q and ¢ € ALi(t, ). For any € > 0, denote

gl i=e Mgy +e(s —1).
Then, noting that ¢; = e* u(z, w),
gy —up? — e M (gs — iy ?)
= (e —e ™) gy + ("7 — Dus +e(s —1)
= (e — e ™M) (@s — @) + (T — 1) (uy — uy)
+ (677D 4 270 D)y, 4 e(s — 1)
>e(s —1) = C(s = )(I@s — @r| + |us — us| + (s = 1)).

Let 7 € 7 be a stopping time corresponding to ¢ € ALii(t, w), and set

rg:=f/\inf{s>t2|<,5s—‘/~’t|+|us_”’|+(s_t)z%}/\T.



216 EKREN, KELLER, TOUZI AND ZHANG

Then 7, € 7}, by Example 2.5, and for any v € 7" such that v < 7, it follows
from the previous inequality that

o~ = [ — ).
By the increase and the homogeneity of the operator £L, together with the fact that
@ € ALii(t, ), this implies that

g0l —up®) = EF e (fr —iy?)] = e M E @ — i) = 0= —u.

This implies that ¢° € ALu(t, w), then L1%e8(t,0) < 0. Send € — 0, and similar
to Remark 3.6 we get £“¢%(¢,0) < 0, where ¢ := e~**@;. Now by straightfor-
ward calculation we obtain

—3,¢(t,0) — 2 tr[32,6(t,0)] — f(t,w, §(t,0), 3,¢(t, 0)) <O.

That is, u is a viscosity subsolution of PPDE (3.9).

(i) If we consider more general variable change: u (¢, w) := ¥ (¢, u(t, w)), where
¥ € C12([0, T x R) such that dyy¥ > 0. Denote by ¥ := ¥~ ! the inverse function
of i with respect to the space variable y. Then one can easily check that u is a
classical subsolution of PPDE (3.1) if and only if « is a classical subsolution of the
following PPDE:

1 _
Lit := — i1 — Etr(af)wﬁ) — f(t, @, i1, 8,it) <0

F N R Py 1., - 2
(3.10) where f(t,w,y,z) = ay¢(t, S |:8,1p(t, y) + zayyw(t, )|z]

+f0&n¢myx%¢aynﬂ.

However, if u is only a viscosity subsolution of PPDE (3.1), we are not able to
prove that u is a viscosity subsolution of (3.10). The main difficulty is that the
nonlinear expectation é’tL and the nonlinear function ¢ do not commute. Conse-
quently, given ¢ € ALii(t, w), we are not able to construct as in (i) the correspond-
ing ¢ € Alu(t, w).

We conclude this section by connecting the nonlinear expectation operators to
backward SDEs, and providing some tools from optimal stopping theory which
will be used later.

REMARK 3.10 (Connecting £ L and EL to backward SDEs).  For readers who
are familiar with BSDE literature, by the comparison principle of BSDEs (see,
e.g., El Karoui, Peng and Quenez [10]), one can easily show that <_€,L []= ) and
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E’ZL [E]= Y, where (Y, Z) and (), Z) are the solution to the following BSDEzs,
respectively:

T T
V=6~ [ LiZlar- [ za8].
(3.11) * *

_ T _ T _
Vo=g+ [ LZlar— [ ZdB.  1ss=T.Fyas
N N
Moreover, this is a special case of the so called g-expectation; see Peng [22].

REMARK 3.11 (Optimal stopping under nonlinear expectation and reflected
backward SDEs). The definition of the set AL is closely related to the follow-
ing optimal stopping problem under nonlinear expectation

e L
Yi:= inf £7[Xzn]

for some stopping time 7 € 7 and some adapted bounded pathwise continuous
process X . For the ease of presentation here, we provide only heuristic arguments,
and we refer to Section 7 of [7] for a rigorous argument and to [8] for the optimal
stopping problem under more general nonlinear expectations.

For later use, we provide some key results which can be proved by following
the standard corresponding arguments in the standard optimal stopping theory, and
we observe that the process Y is pathwise continuous; see (iv) below.

Following the classical arguments in optimal stopping theory, we have:

@) §IL[Y5M] > Y, forall T € T/, that is, Y is an £X-submartingale.
(ii) If 7* € 7' is an optimal stopping rule, then

Y, =& Xpindd = inf EfXzncl= inf EFYinl=E [Yornel,
TeT’® TeT’

where the last inequality is a consequence of (i), and the third inequality follows
from the fact that X < Y on one hand, and inf cf,’,L[-] > §,L [inf -] on the other hand.
This implies that Y+ = X+ and, by (i), that Y. ..+ is an §L—martingale.

(iii) We then define t,l = inf{s > t:Y; = X;}. Since Yr = X7, we have
rtl < T, a.s. Moreover, following the classical arguments in optimal stopping the-
ory, we see that {Y Az }s>¢ 1S an gL -martingale. With this in hand, we conclude
that ‘L'tl is an optimal stopping time, that is, ¥; = §tL[X o] ].

(iv) For those readers who are familiar with backward stochastic differential

equations, we mention that ¥ = )°, where ()°, Z°, K°) is the solution to the
following reflected BSDE:s:

T T T
(3.12) y;:xr—f L|z;’|dr—f g;’dB;—f K,
N N N

(3.13) Yo<X, and ()9 —X,)dK;=0, s € [1, T], Py-as.;

see, for example, [9]. In particular, it is a well-known result that the process Y is
pathwise continuous.
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(v) Similar results hold for supz 7 E1X iazl
4. The main results. We start with a stability result.

THEOREM 4.1. Let (f%,& > 0) be a family of coefficients converging uni-
formly toward a coefficient f € C°(A) as ¢ — 0. For some L > 0, let u® be a vis-
cosity L-subsolution (resp., L-supersolution) of PPDE (3.1) with coefficients f¢,
for all ¢ > 0. Assume further that u® converges to some u, uniformly in A. Then u
is a viscosity L-subsolution (resp., supersolution) of PPDE (3.1) with coefficient f.

The proof of this result is reported in Section 5.3. For our next results, we shall
always use the following standing assumptions, where g is a terminal condition
associated to the PPDE (3.1).

ASSUMPTION 4.2. (i) f is bounded, F-progressively measurable, continuous
in ¢, uniformly continuous in w, and uniformly Lipschitz continuous in (y, z) with
a Lipschitz constant Ly > 0.

(ii) g is bounded and uniformly continuous in w.

To establish an existence result of viscosity solutions under the above assump-
tion, we note that the PPDE (3.1) with terminal condition u(7, w) = g(w) is
closely related to (and actually motivated from) the following BSDE:

T
Yt0=g(B.)+f f(s,B., Y0, 7% ds
4.1 !

T
—f 7%d By, 0<t<T,Pyas.
t

We refer to the seminal paper by Pardoux and Peng [20] for the well-posedness of
such BSDESs. On the other hand, for any (¢, ®) € A, by [20] the following BSDE
on [¢, T'] has a unique solution,

T
Yo = gh@(B') + f fre(r B YO, 220 dr
(4.2) . ’
—/ VANRE )1 Pj-a.s.

N

By the Blumenthal 0-1 law, Y,O’t’w is a constant and we thus define

(4.3) u(t, w) =Y.

THEOREM 4.3. Under Assumption 4.2, u® is a viscosity solution of PPDE
(3.1) with terminal condition g.
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The proof is reported in Section 5.2. Similar to the classical theory of viscosity
solutions in the Markovian case, we now establish a comparison result which, in
particular, implies the uniqueness of viscosity solutions. For this purpose, we need
an additional condition:

ASSUMPTION 4.4. There exist f: A x R x R? — R satisfying:

6) f(t w,y,2) = f(t,0,y,2) forall (,w, y, z)eAxRde
(i1) f is bounded, f G,y,2) € CO(A) for any fixed (y, z) and f is uniformly
Lipschitz continuous in (y, z).

REMARK 4.5. In the Markovian case as in Remark 3.1, we have a natural
extension: f f(, ay,y,z) forall ® e 2. In this case Assumption 4.2 implies
Assumption 4.4.

THEOREM 4.6. Let Assumptions 4.2 and 4.4 hold. Let u' be a viscosity sub-
solution and u* a viscosity supersolution of PPDE (3.1). Ifu1 (T, )<g< u*(T, "),
then u' <u® on A.

Consequently, given the terminal condition g, u® is the unique viscosity solution
of PPDE (3.1).

The proof is reported in Section 6 building on a partial comparison result derived
in Section 5.4.

REMARK 4.7. For technical reasons, we require a uniformly continuous func-
tion g between u} and u%; see Section 6. However, when one of u! and u? is in

C ;’Z(A), then we need neither the presence of such g nor the existence of f ; see
Lemma 5.7 below.

5. Some proofs of the main results. In this section we provide some proofs
of the main results, and provide some more results. We leave the most technical
part of the proof for the comparison principle to next section.

5.1. Properties of classical solutions. We first recall from Peng [23] that
an F-progressively measurable process Y is called an f-martingale (resp., f-
submartingale, f —supermartingale) if, for any F-stopping times 71 > 12, we have

(resp (R ) >)y‘[1 (TZa Y12)7 ]P)O_a-s-,
where (), Z) .= (y(rz, Y:,). Z(12, Yr,)) is the solution to the following BSDE on
[0, ©2]:

19) 12}
Vi=Yot [ fe BV Z)ds— [ ZaB,  0=t=uPeas
t t

Clearly, Y is an f-martingale with terminal condition g(B.) if and only if it satis-
fies the BSDE (4.1).
Applying It6’s formula to Proposition 2.9, we obviously have the following:
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PROPOSITION 5.1. Let Assumption 4.2 hold and u € C;’Z(A). Then u is a
classical solution (resp., subsolution, supersolution) of PPDE (3.1) if and only if
the process u is an f-martingale (resp., f-submartingale, f-supermartingale).

In particular, if u is a classical solution of PPDE (3.1) with terminal condi-
tion g, then

5.1 Y =u, Z = 0y,u
provides the unique solution of BSDE (4.1).

PROOF. We shall only prove the subsolution case. Let (Y, Z) be defined by
(5.1).

(i) Assume u is a classical subsolution. By Itd’s formula,

dut = (atut + %tr[af)wut])dl‘ + 3wu; dB[
(5.2)
—(f @, B., us, dpur) + (Lu);) dt + dyu; d By, Py-a.s.

Then for any 11 < 12, (Y, Z) satisfies BSDE

Y, = un, + / P (f (s, B, Yy Z) + (Cu)(s, B)) ds
t

1)
—/ Z,dB;, 0<t<m1,Pyas.
t
Since Lu < 0, by the comparison principle of BSDEs (see [10]) we obtain u,, =
Yz, < Vr (12, uq,). Thatis, u is an f-submartingale.

(i) Assume u is an f-submartingale. Forany 0 <t <r+h < T, denote §Y; :=
ys(t +h, MH—h) — Y, 075 := Zs(t +h, ut—f—h) - Zs. By (52) we have

t+h
Y, =f [, 8Y, + (B.8Z), — (Lu),]dr

t+h
—/ 67, dBs, t<s<t+h,Pya.s.,
S

where |«|, |8] < Lg. Define

(5.3) roi=exp( [ pras+ [ (- 3162 ) ar),

and we have

_ _mwPo o
8Y; = —E, Is(Lu)sds |.
t

Since Y = u is an f-submartingale, we get

1 B[ 1 [t
0<-8Y, =-F, |:—/ Fs(Lu)sds].
h hJe



VISCOSITY SOLUTIONS OF PPDES 221

Send & — 0, and we obtain
Lu(t,B) <0, Pp-a.s.

Note that Lu is continuous in w and obviously any support of P is dense, and we
have

Lu(t,w) <0 for all w € Q.

That is, u is a classical subsolution of PPDE (3.1).

(iii)) When u is a classical solution similar to (i), we know Y is a f-martingale,
and thus (5.1) provides a solution to the BSDE. Finally, the uniqueness follows
from the uniqueness of BSDEs. g

REMARK 5.2. This proposition extends the well-known nonlinear Feynman—
Kac formula of Pardoux and Peng [19] to non-Markovian case.

We next prove a simple comparison principle for classical solutions.

LEMMA 5.3.  Let Assumption 4.2 hold true. Let u' be a classical subsolution
and u? a classical supersolution of PPDE (3.1). Ifu1 (T, <u*(T,-), thenu' < u?
on A.

PROOF. Denote Y :=u', Z' := 3 u’,i =1,2. By (5.2) we have
dY; =—[f(t,B.,Y', Z")+ (Lu'),)dt + Z!dB,,  0<t<T,Ppas.

Since Y Tl < Y% and Lu' <0 < Lu?, by the comparison principle for BSDEs we
obtain Y! < Y2, That is, u! < u?, Pp-a.s. Since u! and u? are continuous, and the
support of Py is dense in €, we obtain u! <u?>on A. O

5.2. Existence of viscosity solutions. 'We first establish the regularity of u° as
defined in (4.3).

PROPOSITION 5.4. Under Assumption 4.2, u® is uniformly continuous in A
under do.

PROOF. Since f and g are bounded, clearly u? is bounded. To show the uni-
form continuity, let (#;, ®') € A, i = 1,2, and assume without loss of generality
P
1 »
thtat Y 0.11,0! can be viewed as the solution to the following BSDE on [#;, T']: for
P, -a.s. B,

that 0 < <t, <T. By taking conditional expectations [E,’ , one can easily see

T
1 1 1 1 1
YSO’tl’w _ gtz,a) ® Bl (sz) / flz,w ®; Bl (I’, B,tz, Yr(),tl,w , Z?Jl,w )di’
s

T
1
—f Z?’“"“ dB2, Hh<s<T, IP’E)Z-a.s.
N
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Denote
Swi=0'—w?, 8V =y0ne _yone sz Z0nel _ 70007
Then
T
§Y, =8Yr +/ (vr + o, 8Y, +(B,8Z),)dr
S
r 14
—/ 8Z.dBp, rh<s<T,Pj-as.,
N
where
@l <Lo, Bl
and

= (f2 OB fe)(r B, YO, Zpiel),

Define I' as in (5.3) with initial time #,, then

T T
8Y,, =Tr8Yr + | T,y,dr— | T,[8Z, +8Y,B,1dB®, Pg-a.s.
53 15
Let p denote the modulus of continuity function of f and g with respect to w. Note
that

8Y7| = |g(e' @1 B" @1, B?) — g(w* ®y, B?)]
< p(lo' ®, B" —0?],) < p(deo((t1, ®"), (12, @) + | B"|11)-

Similarly,
17l < p(doo((t1. @), (2. %)) + | B"|}}).
Then
. T
¥l =B [rravr + [ Tuyeds]| = Coldu(n.0). 120 0) + B
2

Thus, noting that f is bounded,

gy (@') = up, ()]

|Y0t1w 01‘20)2{

19}

15} 2
(54) ‘EP [ ye £ s, B.’l,YS’“"“I,Z?”"“’I)ds—Y‘“”””
n

<C[t,— 1]+ EFo [18Y4,1]

<Cltr—t]+ CEPo [0(doo((t1, @"), (2. %)) + | B" ”2)]-
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For any ¢ > 0, there exists 2 > 0 such that p(h) < % for the above C. Since f, g
are bounded, we may assume p is also bounded and denote by | o|co its bound.
Now for doo ((t1, @), (t2, %)) < %, we obtain

e (@") — ) ()]

h
< Cdoo((11. "), (2. ) + Cop(h) + Cllpll P [HB" o> 5}

& 1

< 5+ Cdos((11.0"). (12, %) +4C | lloch™ 0 [(| B1)]
& —

=5+ Cdoo((11, @), (12, ) +4C | plloch ™ (12 = 11)

<24 C(1+4lpllch™2)d Y. (12,

By choosing dw ((21, a)l), (2, ?)) small enough, we see that |u91 (a)l) — u% (a)2)| <
. This completes the proof. [

However, in general one cannot expect u” to be a classical solution to PPDE
(3.1). We refer to Peng and Wang [27] for some sufficient conditions, in a slightly
different setting.

PROOF OF THEOREM 4.3.  We just show that u° is a viscosity subsolution.
We prove by contradiction. Assume u” is not a viscosity subsolution. Then, for
all L > 0, u¥ is not an L-viscosity subsolution. For the purpose of this proof, it is
sufficient to consider an arbitrary L > L, the Lipschitz constant of f introduced
in Assumption 4.2(i). Then, there exist

(t,w)€[0,T)x Q2 and ¢ e AXu’(r,w)  such that ¢ := (L"“¢)(z,0) > 0.
Denote, for s € [, T],
Yy :=¢(s, B'), Zy = 0,9(s, B'),
8Yy =Y, —yote sz =7 — 7000

Applying It6’s formula, we have
d(8Ys) = —[(L"“¢)(s, B') + (s, B', Y5, Z) — £"“(s, B!, Y21, Z291-®)] ds

+8Z;dB!

= —[(L"“¢)(s, B!) + as8Ys + (B, 8Z)s|ds + 8 Z; d B, Py-a.s.,

where |o| < Lo and B € U C UE. Observing that §Y, = 0, we define

10:=T /\inf{s >1:(L“9) (s, BY) — Lo|8Y;| < %}
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Then, by Proposition 5.4 and Example 2.5, 7o € 7] and

(5.5) (L190)(s. B) + as8Y; > % for all s € [1, o].
Now for any T € 7" such that T < 7, we have

T T
0=248Y, =8Y; +/ (L") (s, B") + as8Ys 4+ (B, 8Z)s ] ds — f 8ZsdB!
t t

T
> p(c B) = u® (e, B) + (1) - / 5Z,(dB! — B, ds).
t

Then EF[(p —u®"*)(r, B)] < E]f’ﬂ [(¢—u®"®)(z, B')] < 0. This contradicts with
pe ALul(t,w). O

Following similar arguments, one can easily prove the following:

PROPOSITION 5.5. Under Assumption 4.2, a bounded classical subsolution
(resp., supersolution) of the PPDE (3.1) must be a viscosity subsolution (resp.,
supersolution).

5.3. Stability of viscosity solutions.

PROOF OF THEOREM 4.1.  We shall prove only the viscosity subsolution prop-
erty by contradiction. By Remark 3.6, without loss of generality we assume there
exists ¢ € A'Lu(0,0) such that ¢ := Lp(0, 0) > 0, where A'“u(0,0) is defined
in (3.7).

Denote

X% =g —u, X®:=¢—u® and
(5.6)
70 :=inf{t >0:Lp(t,B) < %} AT.

Since f € CY(A), it follows from Example 2.5 that 79 € Tf. By (3.7), there exists
7] € Tf such that 7 < 19 and

& (n, X2) > 0=X{.
Since u? converges toward u uniformly, we have
(5.7) §0L (t1, Xil) > X§ for sufficiently small & > 0.

Consider the optimal stopping problem, under nonlinear expectation, together with

the corresponding optimal stopping rule,
(5.8)  Y,:=Yf:= inf EF[XE
TeT!

san] and  tyi=inf{r >0:Y, = X7};
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see Remark 3.11. We claim that
(5.9) Po[ty <71] >0,

because otherwise X > Yo = §0L[X 7,1, contradicting (5.7).

Since X® and Y are continuous, [Py-a.s. there exists E C {r) < 71} such that
Po(E) = Po(ry < 71) > 0, and for any w € E, denoting ¢ := 75 (w) we have
X! (w) = Y;(w). Notice that rlt Y e T, {. By standard arguments using the regular
conditional probability distributions (see, e.g., [30] or [28]), it follows from the
definition of 7 together with the £ L _submartingale property of Y that

X8 () =Yi(w) =Y/ (w) < EF[YE°]) < EF[XE]  forallt e T, T <1]°.
This implies that

0 <& [X7" = X[ ()]

t,w

= é’tL[goé’w —o(t,w) +u’t,w) —ul"?] forallte7,t <ty

Define
¢l =g — ot 0) +u°(t, w).

Then we have ¢® € ALu®(t, ). Since u® is a viscosity L-subsolution of PPDE
(3.1) with coefficients f¢, we have

1
0> —0,¢°(t,0) — Etr[aaz)w(pe](t, 0) — f8(t, w, 9°(2,0), 0,9° (2, 0))

=00, w) — %tr[af)wgo](t, w) — fE(t, 0, u®(t, w), A (t, ®))
= (Lo)(t,w) + f(t, 0, u(t,w), dpe(t,w)) — (1, 0, u’(t, w), dpp(t, w))

c
> 3 + f(t, o, ut,w), d,0(t, ®) — fE(t, 0, u’(t, ®), Jpp(t, w)),

thanks to (5.6). Send ¢ — 0, we obtain 0 > £, a contradiction. [

REMARK 5.6. (i) We need the same L in the proof of Theorem 4.1. If u® is
only a viscosity subsolution of PPDE (3.1) with coefficient f¢, but with possibly
different L., we are not able to show that u is a viscosity subsolution of PPDE
(3.1) with coefficients (3.1).

(i1) However, if u® is a viscosity solution of PPDE (3.1) with coefficient [, by
Theorems 4.3 and 4.6, it follows immediately from the stability of BSDEs that u
is the unique viscosity solution of PPDE (3.1) with coefficient f.
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5.4. Partial comparison principle. The following partial comparison princi-
ple, which improves Lemma 5.3, is crucial for this paper. The main argument is
very much similar to that of Theorem 4.1.

LEMMA 5.7. Let Assumption 4.2 hold true. Let u' be a viscosity subsolution
and u? a viscosity supersolution of PPDE (3.1). Iful(T, Y < u*(T,-) and one of
ul and u® is in C;’z(A), then u' <u? on A.

PROOF. First, by Remark 3.9(i), by otherwise changing the variable we may
assume without loss of generality that
(5.10) f is strictly decreasing in y.

We assume u?2 € C;’Z(A) and u' is a viscosity L-subsolution for some L > (0. We
shall prove by contradiction. Without loss of generality, we assume
—c:=u%—u(1)<0.

For future purposes, we shall obtain the contradiction under the following slightly
weaker assumptions:

u? € C_'I%DQ)Z(A) bounded and
(5.11)
(Lu?) =0,  u*(T,)zu(T.),  Ppas.

Denote
X:=u>—u' and 1 =inf{t >0: X, >0} AT.
Note that Xg = —c < 0, X7 > 0, and X is continuous, Py-a.s. Then
(5.12) 1 >0, X; <O, t€[0,7), and X =0, Pp-a.s.

Similar to Remark 3.11, define the process Y by the optimal stopping problem
under nonlinear expectation,

Y= inf EF[Xepgl, 1 €10, 0],
teT!

together with the corresponding optimal stopping rule,
7y :=inf{r > 0: Y, = X,}.

Then 7§ < 79, and we claim that

(5.13) Po[zy < 0] > 0,

because otherwise Xo > Yy = é’OL[X ], contradicting (5.12).

As in the proof of Theorem 4.1, there exists E C {rj < 7o} such that Po(E) =
Po[ry < T0] > 0, and for any w € E, by denoting ¢ := 7§ (w) we have ré’w eT!
and

. L
X (0) =Y () =r1€n; & [X ¢ prte]s Pj-a.s.
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Let {7;,i > 0} be the sequence of stopping times in Definition 2.8 corresponding
to u2. Then Pol{ry < 7i} N E]> O for i large enough, and thus there exists w € E
such that ¢ := 7§ (w) < 7;(w). Without loss of generality, we assume 7;_1(w) < 1.

It is clear that (19 A 7;)"*? € 7! and (u?)"® € Cg’z(z_\’((ro A 1;)"?)). In particular,
there exists 1% € C;’z(A’) such that (14?)"® = 1% on (19 A 7;)"®.
Now for any t € 7, Jﬁ such that T < (19 A 7;)", it follows from Remark 3.11 that

X/(w) = Yy () = Y)* < EF[YE] < EF[X1).
Thus
0< &M@ — ")y — Xi(@)].

Denote ¢ := (#%)"? — X,(w), s € [t, T]. Then ¢ € Alu'(t, w). Since u' is a
viscosity L-subsolution, and u? is a classical supersolution, we have

0> (Lo)(t,0) = =i (t,0) — 532,71, 0)] — f(t,w,u' (t, ®), 3,4, 0))
= —u’(t,w) — %tr[af)wuz(t, w)] - f(t, o, ul(t, w), d,u’(t, w))
= (Lu?) (1, ) + (1, 0, u*(t, w), Y’ (1, w)) — f(t, 0, u' (1, ), Jpu® (1, )
> f(t, 0, u?(t, ), Jpu?(t, ) — f(t, 0,u'(t, w), Jou*(t, w)).
By (5.12), u?(t, ) < u'(r, w). Then the above inequality contradicts with (5.10).
O
6. A variation of Perron’s approach. To prove Theorem 4.6, we define

ii(t, w) := inf{p(t, 0) : p € D(t, w)},
(6.1)
u(t, w) :=sup{e(t,0):¢ € D(t,w)},

where, in light of (5.11),
D(t,w):=|pe C_'HIDE)Z(A’) bounded: (Lg):® > 0,
s €[t, T]and o7 > g~ , Pj-as.};
2 D(t,w) :={p € (_?Elpéz(A’) bounded: (Lg)5® <0,

s €[t, T]and oy < g"”, Pj-as.}.

By Lemma 5.7, in particular by its proof under the weaker condition (5.11), it is
clear that

(6.3) u<u’<a.

The following result is important for our proof of Theorem 4.6.
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THEOREM 6.1. Let Assumptions 4.2 and 4.4 hold true. Then
(6.4)

=1u.

IS

PROOF OF THEOREM 4.6. By Lemma 5.7, in particular by its proof under the
weaker condition (5.11), we have u!' < & and U< u?. Then Theorem 6.1 implies
that u! < u?.

This clearly leads to the uniqueness of viscosity solution, and therefore, by The-
orem 4.3 u? is the unique viscosity solution of PPDE (3.1) with terminal condi-
tiong. [J

REMARK 6.2. In standard Perron’s method, one shows that u (resp., u) is a
viscosity super-solution (resp., viscosity sub-solution) of the PDE. Assuming that
the comparison principle for viscosity solutions holds true, then (6.4) holds.

In our situation, we shall instead prove (6.4) directly first, which in turn is used
to prove the comparison principle for viscosity solutions. Roughly speaking, the
comparison principle for viscosity solutions is more or less equivalent to the partial
comparison principle Lemma 5.7 and the equality (6.4). To our best knowledge,
such an approach is novel in the literature.

We decompose the proof of Theorem 6.1 into several lemmas. First, let t < T
and 6 € (C)(A")? satisfy

there exists 8 € (Cg(f\’ )4 such that 6 = 6 in A and 0 is uniformly con-

6.5 . A .

6.5 tinuous in ® under the uniform norm || - [|-.

Define
N N

(6.6) Zy=1z +f 0, dr, Vg :=/ Z dBﬁ, t<s<T, ]P’f)—a.s.
t t

By It6’s formula, we have
N
vy = ZsB! —/ 6, BLdr.
t
Denote

A S A
7,@) =27+ / 0, (&) dr,
t
6.7) )
(5. &) 1= 2y (&)by — / 0.y dr.  Hedy.
t

Now for any w € Q and x € R, let #"® denote the unique solution to the following
ODE (with random coefficients) on [z, T']:

S A A
A0(s. &) == x — / FoO(r o, 7 (r, &), 2,(@)) dr
t

(6.8) A
+ (s, @), t<s<T,oe,
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and define
(6.9) ut?(s, @) = u"%(s, @) for (s, @) € A.

We then have the following:

LEMMA 6.3. Let Assumptions 4.2 and (6.5) hold true. Then for each
(t,w) € A, the above u"® e Cg’z(A’) and L1Pu’® =0,

PROOF. We first show that u#"® € C;’z([\t), which implies that u”® €
Cg’z(A’). Fort <s; <s» <T and &', »? € Q', we have

A A s A~ s A A~
246" = Zo(@?)| < [ 16.@)]dr + [16.@") — 6@ ar
S1
s A A
< Cls2 —s1] +f 10:(@") — 067 ar.
t

Note that d’_((r, ®"), (r, &%) < d’ ((s1,®"), (s2,®?)) for t <r < s;. Then one
can easily see that Z € C(b)(f\’). Similarly one can show that 0, " € CO(A").
Next, one can easily check that, for all ® € Q! ,
0 Zs(®) =605(@),  uZs(®)=0;

3 0(s, @) = b5 (D)5 — O5(d) 5 =0,

(s, @) = Zs(@),  02,0(s.0) =0;
it (s, @) = — (s, @, 0" (5, D), Zs(@)),
0l (s, @) = Zg(@),  02,0"“(s,d) =0.

Since A and f are bounded, it is straightforward to see that " € C ;’2(2\’).
Finally, from the above derivatives we see immediately that £“u"® =0. O

Our next two lemmas rely heavily on the remarkable result Bank and Baum [1],
which is extended to BSDE case in [28].

LEMMA 6.4. Let Assumption 4.2 hold true. Let T € T, Z be F-progressively

measurable such that EF [fTT |Zs|2ds] < oo, and X+, )~(f e L*(F,,Py). For any
& > 0, there exists F-progressively measurable process Z¢ such that:

(i) For the Lipschitz constant Lg in Assumption 4.2(ii), it holds that

(6.10) Po[ sup e M'[XF - X,| > e+ e MK, — Xo|| <,

T<t<T
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where X, X¢ are the solutions to the following ODEs with random coefficients,
t t
Xo=Xc— [ 68X Z0ds+ [ ZdB,,
T T
o t
©.11) X = X, —f (s, B. X2, Z°) ds
T
t
+/ Z: d By, <t <T,Pya.s.;
T

(i) 67 == %Zf exists fort € [t, T), where 0; is understood as the right deriva-
tive, and for each w € Q, (0°)T@-® satisfies (6.5) with t := T(w).

PROOF. First, let 4 := h, > 0 be a small number which will be specified later.
By standard arguments there exists a time partition 0 =7 < --- <t, = T and
a smooth function v : [0, T] x R"*d _5 R4 guch that Y and its derivatives are
bounded and

T
EPOU | Z, —Zt|2dt] <h
T

(6.12) ~
where Z;(w) := Y (t, Oy ars - - s Opynr) for all (7, w) € A.

Next, for some h:=h ¢ > 0 which will be specified later, denote
| R

(6.13) Z; = :/ Zoysds fort e[z, T].

t—h
By choosing /& > 0 small enough (which may depend on /), we have

r 2
6.14) EPO[/ 1Z8 — Z,| dt} <2h.
T

Now denote
8§78 :=27%—-7Z, §X¢:= X - X.
Then

axf:axg—f

T

t t

[as8X§+(ﬁ,828)s]ds+/ 8Z; d By,
T

where |a| < Lg and B € L{,LO. Denote I'y := exp(ff agds). We get

t t
FféXf:éXi—/t Ff(,B,SZ‘g)sds—i-/t [652¢ dBy.
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Then

0= sup e 0'|sxF| — e ho|axt| < e[ sup TF[8X;| - [8XE]
T

T<t<T T<t<

< sup |[I¥6X5 —8XE|= sup

T<t<T t<t<T

t t
— [ ritp.oze) s+ [ riszidn,
T T

T
SC/ |8Z5|ds + sup
T

T<t<T

t
/ I®8Z° dB,
T

Thus

Po| sup e M|X] — X;| > e+ e H7 X, - X
t<t<T

:]P’o[ sup e LM XE — X,| —e o7 |X, — X, | > s]

T<t<T
> ]

t
/T 282 dB,

T
SIF’O[C/ |6Z|ds + sup
T

T<t<T

C T 2
< —ZEPO[(/ |8Z§|ds) + sup
& T

T<t<T

thanks to (6.14). Now set h := %, and we prove (6.10).
Finally, by (6.13) and (6.12) we have

t
fr 282 dB,

]

1 -
00 =512~ Z( el sEITTL

Fix w € Q and set 7 := 7(w). For each & € ', set @ := w ®,; & € €2, and define
Z;,a)(d\)) = 1//(5, CZ)[]/\S? ey &)tn/\s)»

69)-% (@) = %[29‘”(@) — 22’“ @)]. selr, Tl

s—h)vit

Then we can easily check that (6°)"® satisfies (6.5). [

LEMMA 6.5. Assume Assumption 4.2 holds. Let x € R and Z be F-progres-
sively measurable such that EPo[ fOT |Zs|?ds] < oo. For any ¢ > 0, there exists
F-progressively measurable process Z¢ and an increasing sequence of F-stopping
times0=19 <7t <---<T such that:
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(1) It holds that
(6.15) sup | X7 — X;| <e, Py-a.s.,

0<t<T

where X, X¢ are the solutions to the following ODEs with random coefficients
t t
Xt='x_/ f(SaB’X55ZS)dS+/ ZSdBS’
0 0
t
(6.16) XF—x —/ (s, B, X, Z8)ds
0
t
+/ Z: dB;, 0<t<T,Py-a.s.
0

(ii) Foreachi, 6 = %Zf exists for t € [t;, Ti+1), where 6% is understood as
the right derivative. Moreover, there exists 6% on [t;, T] such that étl € = o7 for
t €[, Tiy1), and for each w € Q, (678)% @ satisfies (6.5) with t := 7 (w).

(iii) For Pg-a.s. w € Q, for each i, 1; < tj41 whenever t; < T, and the set
{i:ti(w) < T} is finite.

PROOF. Lete > 0be fixed, and set g; := 2" ~2¢~LoT¢ | > 0. We construct ;
and (Z"¢, X"#) by induction as follows.

First, for i =0, set 7o := 0. Apply Lemma 6.4 with initial time 7, initial value
x and error level gy, we can construct Z%¢ and X%¢ on [10, T'] satisfying the
properties in Lemma 6.4. In particular,

IP’O[ sup e_L0t|X?’8 - X > 80] < gp.
T0<t<T

Denote

(6.17) 71 ;= inf{r > toze_L°t|X?’8 — Xi| = e} AT.

Since X and X%¢ are continuous, we have 7| > 10, Pp-a.s. We now define
78:=7°,  XP:=X)f,  telw, ).

Assume we have defined t;, Z¢, X¢ on [19, 7;) and Xi=V¢ on [1;_1, T]. Apply
Lemma 6.4 with initial time 7;, initial value X ’{178 and error level g;, we can con-
struct Z"¢ and X" on [1;, T] satisfying the properties in Lemma 6.4. In particular,

— i,e —Loti | yi—1,
Po| sup e D0 X)° — X;| > e +e LO"\X%“—X,A]fs,-.
7 <t<T

Denote

iy = inf{r > 1 e O XPE — X, | > g 4 e LT XM — X |V AT,
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Since X and X*"¢ are continuous, we have t;11 > t; whenever t; < T. We then
define

Z8 =7, XE=Xp®, telt, Tiv1)-

From our construction we have Py(z;+1 < T) < ¢&;. Then

o0 0,0
> Po(tip1 <T) <Y & <oo.
i=0 i=0

It follows from the Borel-Cantelli lemma that the set {i : 7; (w) < T} is finite, for
Py-a.s. w € 2, which proves (iii).
We thus have defined Z¢, X¢ on [0, T'], and the statements in (ii) follow directly

from Lemma 6.4. So it remains to prove (i). For each i, by the definition of 7; we
see that

—LoTit1|ye o . —Loti|ye _
e T XE = Xy | Se e X — Xq, Pp-a.s.

Since X7 = X, = x, by induction we get

o o0
Lot il L
supe”FOT| X — Xg <) e 27 e L°T8=§e Lole,  Po-ass.
! i =0 i=0

Then for each i,

sup | X7 — X, < e [e; + [ X, — Xq ]

Ti=I=Tj41
< eloT |:2_i_ze_L°T8 + %e_LOTs] <e, Py-a.s.,
which implies (6.15). U

PROOF OF THEOREM 6.1. Without loss of generality, we shall only prove
uy = u8. Recall that (Y9, Z%) is the solution to BSDE (4.1). Set Z := Z° and
X = Y(? in Lemma 6.5, we see that X = Y% = 4° and thus X satisfies the regularity
in Proposition 5.4.

From the construction in Lemma 6.5 and then by Lemma 6.4 we see that 9~to €=
%Z?’e exists for all # € [0, T') and satisfies (6.5). Then by Lemma 6.3 we see that
x0¢ ¢ C;’Z(A) and £X%¢ = 0. This implies that, for the 7; defined in (6.17),
71(w) > 10 for all w € 2 and, by Example 2.5, 71 € 7.

Fori =1, 2, ..., repeat the above arguments and by induction we can show that,
for each i and each w € Q, riﬁ(f‘) )@ e T o @) Moreover, by Lemma 6.5, {i : 7; < T’}
is finite, Pp-a.s.
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We now let u® be the solution to the following ODE:
t t
uf = X5+ etole — /0 f(s,B,u$, Z{)ds +/0 Z; dBy.

Fori =0, 1,..., by the construction of Z¢ in Lemma 6.5 and following the argu-
ments in Lemma 6.3, one can easily show that

(6.18) u® € Cp((0.T]) and Luf =0.

Moreover, note that

t
€ e _ LoT e e
uf — Xl =e 8—/0 og[ul — Xi]ds,

where || < Lg. By standard arguments one has

sup [uf — X¢| <e*oTe and uf — X5 > e LT [uf — X5] =e.
0=<t<T

Therefore, by (6.15) and noting that «° is bounded, u* is bounded and
U () > X5 (@) + & > Xr(0) = Y2(w) =g(w)  for Pp-as. w.

This, together with (6.18), implies that u® € Z_D(O, 0). Then, by the definition of i,

LoT L()Tg‘

i <ufy=X§+e"Te<ul +ete

Since ¢ is arbitrary, we obtain uy < ug. O
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