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CENTRAL LIMIT THEOREM FOR AN ADDITIVE FUNCTIONAL
OF THE FRACTIONAL BROWNIAN MOTION

BY YAOZHONG HuU!, DAVID NUALART? AND FANGJUN XU?
University of Kansas, University of Kansas and East China Normal University

We prove a central limit theorem for an additive functional of the d-
dimensional fractional Brownian motion with Hurst index H € (ﬁ, %), us-
ing the method of moments, extending the result by Papanicolaou, Stroock
and Varadhan in the case of the standard Brownian motion.

1. Introduction. Let {B(t) = (BY(#),...,B(1)), 1t > 0} be a d-dimensional
fractional Brownian motion (fBm) with Hurst index H € (0, 1). If Hd < 1, then
the local time of B exists (see, e.g., [4—6]) and can be defined as

t
Lt(x):/O6(B(s)—x)ds, t>0,xeR?,

where § is the Dirac delta function. The above local time is jointly continuous
with respect to 7 and x; see [4]. For any integrable function f:R¢ — R, one can
easily show the following convergence in law in the space C([0, 00)), as n tends
to infinity:

(1.1) (an—lfomf(B(s))ds,tzO> A (L,(O) /Rdf(x)dx,t zo).

In fact, making the change of variable s = nu, and using the scaling property of
the fBm, we see that the process (nfd=1 Om f(B(s))ds,t > 0) has the same law
as

t
an[O f(nHB(u))du —nfld /]Rd f(on)L,(x)dx

:‘/];Qd FEL (n " x)dx, t>0.

From here it is straightforward to verify (1.1).
If we assume that [ps f(x)dx = 0, then we see nfld=1 f(;” f(B(s))ds con-
verges to 0. It is interesting to know if there is a 8 > Hd — 1 such that
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nf fom f(B(s))ds converges to a nonzero process. This will be proved to be true.

In order to formulate this result we introduce the following space of functions. Fix
a number 8 > 0, and denote

HY = {feLl(Rd):/Rdyf(x)||x|ﬁdx < 00 and /Rdf(x)dxzo}.

For any f € H, b , and assuming S € (0, 2), by Lemma A.1, the quantity

(12) 0= [, FeOf s =y dxdy
R2d
is finite and nonnegative. The next theorem is the main result of this paper.
THEOREM 1.1.  Suppose d+L1 <H < % and f € HOI/H_d. Then

<n<Hd—1>/2 fo " F(Bs))ds.1 = o) = (yCrall £lym-aW (L), > 0)

. L] » Q9 £ »
in the space C([0, 00)), as n tends to infinity, where “— " denotes the conver-
gence in law, W is a real-valued standard Brownian motion independent of B and

2 ®  _Ha 1
CH,d = 7(27-[)‘1,/2 /0 w (1 — CXp(——2w2H>)dw

_ o attles (Hd—l—ZH—l)
(1= Hd)nd/? 2H '

Notice that % > Hd — 1 since H < 5 When d =1 and H = %, the

above theorem is obtained by Papanicolaou, Stroock and Varadhan in [14] with
C1/2,1 = 2. On the other hand, the constant Cp 4 is finite for any H > ﬁ. We
conjecture that our result also holds for dlﬁ < H< é. But we have not been able

to show our result in the case H < ﬁ. The main reason is that in the proof of
Proposition 3.4 we need H > #1; see the remark at the end of Section 3.

In the critical case Hd = 1, the local time does not exist. For the Brownian
motion case (H = % and d = 2), Kallianpur and Robbins [7] proved that for any

bounded and integrable function f:R? — R,

1
logn

n r Z
| r@oyds = = [ ruax

as n tends to infinity, where Z is a random variable with exponential distribution of
parameter 1. A functional version of this result was given by Kasahara and Kotani
in [9], where they also proved the second-order results when [p> f(x)dx = 0.
The Kallianpur—Robbins law was extended to the fBm by Koéno in [10], and the
corresponding functional version was obtained by Kasahara and Kosugi in [8].
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However, second-order results for the fBm in the critical case Hd = 1 have not
been yet proved. On the other hand, we refer to Biane [3] for some extensions of
these results to the case of functionals of k independent Brownian motions.

The limit theorem proved in this paper, where an independent source of noise
appears in the limit, might be connected to the central limit theorems for weighted
power variations of the fractional Brownian motion in the critical cases H = }‘
and H = % (see the works by Nourdin and Réveillac [12] and Nourdin, Réveillac
and Swanson [13]), where a similar phenomenon happens. However, the method
of proof in these papers relies on the techniques of Malliavin calculus, and it is
related to a general central limit theorem for multiple Skorohod integrals obtained
by Nourdin and Nualart in [11]. These techniques do not seem to work for the class
of additive functionals considered in this paper.

We would like to give a heuristic explanation of the fact that an independent
noise appears in the limit, and also to indicate the main ideas of the proof. First,
by the scaling property of the fractional Brownian motion, we can consider the
continuous process

(1.3) F,(t) :=nUHHD/2 /O[ f(nf B(s))ds

Making the change of variables u; = n(so> —s1) and u; = 5o, we can write formally

F, (z)2—2n1+Hd/ / F(nf B(s1)) f(n" B(s2)) dsy dsy

_Zan/O /0 f(nHB(uz— %))f(nHB(uz))dulduz
R

x f(n"2)8(B(uz) — z) dzduy dus.

The change of variable n'z = x yields

Fn(t)2:2/0t /OmfRdf(Bn(ul,uz)ﬂ)

(1.4)

by

X f(x)8<B(u2) — —H) dxduydusy,

n
where B, (ui,u) = nH(B(uz — %) — B(u»)). Notice that B, (u1,u2) is a d-
dimensional centered Gaussian vector whose components are independent and
with variance u 2H Using the covariance function of the fractional Brownian mo-
tion, it is easy to show that for any uy, uz, u3 >0, (B, (u1, uz2), B(u3)) (assuming
u1 < nuy) converges in law to

(Boo(u1, u2), B(u3z)),
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where B (11, uz) is independent of B(u3). As a consequence,
. X
Jim B £ (ByGur, ) +3)5( B — 7 )

=E(f(Boo(ut1,u2) + x))E(8(B(u2))).

Assuming that we can commute the expectation with the integrals, this formally
yields

2 t
lim E(Fy(1)%) = WE( /O 8(B(u2))du2)

o0
" f / Fa+yf)
0 R2d
% ul—Hd(e—lylz/(zu%H) —1)dydxduy,

where we can add the term —1 because the integral of f is zero. The right-hand
side of the above expression is equal to

2
(27[)d/2

> —Hd |y /@) _
X 0 Rde(x+y)f(x)u1 (e 1 l)dydxdm

_ 2
- (27T)d/2

[e.e]
x /0 w (1 — /) gy /RM—f(x+y>f<x)|y|‘/H*ddydx

E(W (L:(0)*)

E(W (L:(0))*)

= Crall I35 _aB(W (L1 (0))*),

and this shows the convergence of the moments of order two. Roughly speaking,
the term B(u;) appearing in (1.4) contributes to the local time at zero whereas
By, (uy1, uz) becomes independent of B in the limit and contributes to the constant
CH 4. The main technical difficulty is the commutation of the expectation with the
limit, and for this we will implement a convenient truncation argument. The idea
is to replace the interval [0, nuy] by a compact set [0, K], and then show that the
integral over [K, nus] converges to zero as K tends to infinity, uniformly in n.
However, this convergence holds only if we integrate over [K, ”52], and for this
reason, we need to show (see Proposition 3.3) that the integral over [%, nus]
tends to zero as n tends to infinity. We will make this heuristic computation rig-
orous when we compute the limit of the moments of even order of a vector of
increments of the process F, (¢). In this case, we will have an even product of fac-
tors, and for each couple of consecutive factors, we will make the above change of
variables.
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The basic idea of the approach used in this paper is to apply the method
of moments to an additive functional, and when dealing with an integral on
[0, t]zm, with respect to the measure ds; - - - dsy,;,;, we make the change of vari-
ables uo;_1 = n(sor — s2k—1) and uyr = sox, 1 <k < m. Then the increments of
B in small intervals will be responsible for the independent noise appearing in the
limit. This methodology could be applied to other examples of additive functionals
and processes.

After some preliminaries in Section 2, Section 3 is devoted to the proof of Theo-
rem 1.1, based on the method of moments. Throughout this paper, if not mentioned
otherwise, the letter ¢, with or without a subscript, denotes a generic positive finite
constant whose exact value is independent of » and may change from line to line.
We use ¢ to denote /—1.

2. Preliminaries. Let {B(r) = (B'(¢),..., B4(t)),t > 0} be a d-dimensional
fractional Brownian motion with Hurst index H € (0, 1), defined on some prob-
ability space (€2, F, P). That is, the components of B are independent centered
Gaussian processes with covariance

E(B'(1)B'(5)) = 5(t* +s*7 — |t — s|*).

We refer to [2] for a detailed analysis of this process.

The next lemma gives a formula for the moments of the increments of the pro-
cess {W(L;(0)):t > 0} on disjoint intervals, where W is a real-valued standard
Brownian motion independent of B.

LEMMA 2.1. Fix a finite number of disjoint intervals (a;, b;] in [0, 00), where
i=1,...,N and b; < ajy1. Consider a multi-index m = (m1, ..., mpy), where
mi>1land1 <i <N.Then

2.1) E(H[W(Lbl. 0)) — W(Ly, (0))]’”")

i=1

is equal to

N
m;! / ~1/2
det(A dw,
(H ZMi/Z(ij)mid/4(ml./2)!> TV [as by 12 et(A(w)) w

i=1

if all m; are even and 0 otherwise, where A(w) is the covariance matrix of the
Gaussian random vector

(B(wfc):lfifNandlfkf%).
PROOF. It is easy to see that when one of m; is odd, the expectation is O.

Suppose now that all m; are even. Denote by FZ the o-algebra generated by the
fractional Brownian motion B. Since W is a standard Brownian motion indepen-
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dent of B, we have

E]‘[ (Lb; (0)) = W (Lq, (0)]™
= EiE(ﬁ[W(Lbi (0)) — W(Lg, ()™ }f3>}

i=1

al i! N .
- [H m}@ [T[Le ©) — Lo, @™/
i=1 /<)

i=1

N
i / ~12
- det(A(w)) ™" dw.
(il:[l 2mi/2(2”)mid/4(mi/2)!> 1Y [a; b1 72 ( )

This completes the proof. [

We shall use the following local nondeterminism property of the fractional
Brownian motion (see [1]): for any n > 2 there exists a positive constant kg de-
pending on 7, such that forany 0 =sg <s1 <--- <s, <oocand uy,...,u, e R4,

2.2) Var(Z ui - (B(s;) — B(s,-_l))> >kp Y luil*(si — si—)*.
i=1 i=1

This can also be written as

n n n
(2.3) Var(Zu,- : B(s,-)) >ky Y |> uj
i=1 i=1lj=i
We claim that the law of the random vector (W (L, (0)) — W (L4 (0)):1 <
i < N) is determined by the moments computed in Lemma 2.1. This is a con-
sequence of the following estimates. Fix an even integer n = 2k, and set Dy =
{s € [0, 5:0<s;<sp <o <sp < t}. Let Ai(s) be the covariance matrix of
Gaussian random vector (B(s1), B(s2), ..., B(st)). Then the local nondetermin-
ism property (2.2) implies that

2H
(si —si—)7.

k
(24)  (detAg (s))fl/2 <k H(si N for some constant c.
i=1
As a consequence of (2.1) and (2.4),

E[W(L:(0)]" < ¢ n'fD sy sy —s)THE (s — sp—1) TH O dis
k
k

— cknl f [T " du
{O<wuy+-+ur<t} i=1

k(—Hd) k(1 — Hd)
Ck(l—Hd)+1)

cFnit
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Therefore, E[W (L;(0))]" is bounded by ckn!/ ['(k(1 — Hd) + 1), and this easily
implies the desired characterization of the law of the increments of the process
{W(L;(0)):t > 0} on disjoint intervals by its moments.

3. Proof of Theorem 1.1. By the scaling property of the fractional Brownian
motion we see that, as processes indexed by ¢ > 0,

nt t
(Hd—1)/2 L (1+Hd)/2 H
n '/(; f(B(s)ds=n '/(; f(n" B(s))ds.

Therefore, it suffices to show the theorem for the continuous process defined in
(1.3). The proof of Theorem 1.1 will be done in two steps. We first show tightness,
and then establish the convergence of moments. Tightness will be deduced from
the following result.

PROPOSITION 3.1. Forany 0 <a < b <t and any integer m > 1,

E[(Fu(b) — Fu(a))™"]

SC((b—a)lHd/de|f(x)f(y)||y|1/Hddxdy) ’

where C is a constant depending only on H and m.

PROOF. Define

(3.1) D={seR2m:a<s1<s2<~--<s2m<b}.

Using the following identity for f € HO1 /H~d

1

)= G

[t [ e rmayas,
R4 R
we then have

E[(F,(b) — Fu(a))™"]

2m
= (2m)!nm(1+Hd)E(/ l_[ f(nHB(s,')) ds)
D

_ (2(2’;12)’201 pm(—Hd)
T

2m 1 m
X/Rzmd /D /Rzmdgf(yi)exp<—§Var(§gi.B(si))

2m L
3.2) — > H§l>d§dsdy
i=1

n
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( 2(2’;121!151 pm—Hd)
T

2m 1 m
ol s ()

2m
X l_[(e—tyi'%'i/nH . l)df dey,
i=1

where in the last equality we used the fact that

/ f(x)dx =0.
R4

By the local nondeterminism property (2.3), with the convention so = 0 and
Nam+1 = 0, we can write

E[(F,(b) — Fu(a))™"]

< cypm(1-Hd)

X
%I;Zmd /[‘)

2m 2

D&

j=i

2m

KH
'AI;Zmd exp <_ 2 Z

i=1

2m
[Tro0
i=1

(si — Si—1)2H>

2m
x []le~2 /" —1]ag dsdy
i=1

= ¢ (U—Hd)

X
'/]RZmd /D

2m

[1500
i=l

2m
KH
fRzmd eXp<_7 2} Imi|* (s — Si—1)2H>
1=
2m
<]1

i=l

Yi
eXP<Ln—H “(Mit1 — 77:‘)) - 1‘d77ds dy,

where we made the change of variables

2m
ni=)_ &
j=i

fori =1,...,2m in the last equality.
Let

H
xi=ni(si —si—1)7 and u; =s5; — i1
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fori=1,...,2m. Then

E[(F, (b) — Fu(a))™"]

< Clnm(l—Hd)

2m 2m
—Hd
X i) u;
/RZmd /[‘a,b]x[O,b—a]zml \/];med l:l_[1|f yl |(11:[1 l )

K 2m
el )
2m
Yi Xi+1 Xi
XHeXP<‘—H'< i __H>)_1
i=1 n Uiyr Y

where x7;,+1 = 0 and the integral on [a, b] x [0, b — a]®"~! means that u; € [a, b]
and u; € [0,b —a]fori=2,...,2m.

Let \/kp X1, ..., /krXom be independent copies of a d-dimensional standard
normal random vector and X»,,+1 = 0. Then the above inequality can be rewritten
as

E[(F, (b) — Fu(a))™"]

< o (1—Hd

(3.3) )
—Hd
X i) |U;
,A;szd /[‘u,b]x[o,b—a]z’"_l (11:[1|f(y )| ! )

2m
Vi  Xit1 i+ Xi) ‘
x E expl ¢ —1 —1{)dudy.
(H p( WH H HH y

i=1 Uity n-u;

Notice that
|ei/n™) Kia fuff =Xi/u) _q

<2A (|e‘)’i'Xi+l/(nHMﬁ1) _ 1| + ‘ezyi~Xi/(n”u{’) _ ID

For each factor in the product inside the expectation in (3.3), we choose the upper
bound 2 when i is even and the upper bound

|e‘yi'Xi+1/(nHu,-H+1) — 1]+ }ezyrx,v/(nﬂuf’) —1],
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when i is odd. Thus we have

E[(F,(b) — Fu(a))™"]

1—Hd . NI(,—Hd —Hd
= /RW /[a,b]X[O,b—a]Zml E[H(” [ O2i1) f 0200 (3,5 u3,™)

i=1
< (|ety2i_1'X2i/("H“Z) — l|

i |ezy2i_1~Xzi—1/(nHuZ—1) — 1|)):| dudy.

Since the above random factors are independent, we have

E[(Fy(b) — Fu(a))™"]

m
n!=Hd| —Hd
=¢3 uy; 19y
/]Rzmd /[a b]x[0.h—a]2m 1:[ f(YZz 1)f(y2!)’( 2, 142; )
s B(|e2i-1-Xa/nuz) |

4 {ezyzi_eri—l/(nH“g—l) — 1|)) dudy.

With the change of variables x = yy;_1, ¥y = y2;, 4 = up; and v = us;_1, the above
inequality can be rewritten as

E[(F,(b) — Fu(a))™"]

b rb—a
sa [, [ [ ol

E(|ety~X2/(nHuH) —1
(3.4) o
+ e X/ TV 1) dudv dx dy

X <2A;2d /Ob—a /Ob_aand|f(x)f(y)|(uv)Hd

m—1
X E(|e‘y'X‘/(”H“H) —1|)dudvdx dy) .
Notice that fab uHd gy < ca(b — a)l_Hd. Then, by Lemma A.2, we obtain
bt ha —Hd
Lo [ [ n @l
R2 Ja Jo
(3.5) x B(|er X2/ M) _q| ey X1/ _ ) ay dv dxe dy

<estb—a)' = [ 17 fo)liyY A dxdy
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and

/RM /Ob—a/Ob—anl—Hd|f(x)f(y)}(uv)—Hd

(3.6)  B(|e” X1/ "™ _ 1)) du dv dx dy
<cotb =)= [ 17000y dxdy,

Now Proposition 3.1 follows from (3.4), (3.5) and (3.6). [

Now we prove that the moments of F},(¢) converge to the corresponding mo-
ments of W (L, (0)).

Fix a finite number of disjoint intervals (a;, b;] withi =1,..., N and b; < a;41.
Letm= (mq,.. mN) be a fixed multi-index with m; e Nfori =1,..., N. Set
vazl m; = |m| and ]_[ —;m;!=m!. We need to consider the followmg sequence
of random variables:

G = [[(Fa(bi) — Fula))™

=

i=1

and compute lim,,_, o, [E(G},). Notice that the expectation of G, can be written as
N m;
Gy =m0 [ TTTT 0 5 as).
mij=1j=1
where

3.7) Dm:{selel:ai<si<-~-<siA<b,~,1§i§N}.

mj

Here and in the sequel we denote the coordinates of a point s € RM a5 5 = (sj),
where 1 <i <Nand1<j<m,.
For simplicity of notation, we define

Jo={G, ):1<i<N,1<j<m}.
For any (i1, j1) and (i2, j») € Jo, we define the following dictionary ordering:
(i1, J1) = (2, j2),

if i1 < i or il._ ir» and j; < jo. For any (i, j) in Jy, under the above ordering,
(i, j) is the (Z}c my + j)th element in Jy, and we define #(i, j) = Zk LM+
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PROPOSITION 3.2. Suppose that at least one of the exponents m; is odd. Then

lim E(G,) =0.

PROOF. The proof will be done in several steps.
Step 1. Using a similar argument to that in (3.2), we obtain

m!
_ M m|(1-Hd)/2
E(G,) = (27r)|m|d” m

* /le\d / m /leld (llji[l f (yj'))

X exp(—%Var(Z %51’ : B(sj))

i=1j=1

N m; i

yi. g-‘
—LZZ#)dédsdy

i=1j=1

m!mi(-Had)2
Q2m)mid"

Lo Lo (11 I )

« exp(—%Var(i Sl B(sj-)))

i=1j=1

where we used the fact [pa f(x)dx = 0 in the last equality. .
By the local nondeterminism property (2.3), with the convention sp = s,,- 1 , for

2§i§Nands6=0,

va( L3 #6)) 0 3

i=1j=1 i=1j=1

2

(si~ —st

2H
j j—l) :

o o&

=3, ))

Let F(y) = lNzl ]_['}1;1 f (y;'.), and make the change of variables

ni= > &

€.k)=(@, J)
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for1 <i <N and 1 < j <m;. Then we can estimate E(G,) as follows:

[E(Gy)| < cjnmI(=Hd)/2

N m;
_KH P20 _ i \2H
X/me/leJF(yﬂeXP( 3 ;;m (s —s5-1) )

<(1

i=1j=1

exp(_ _I/{ (' J 77§'+1)> - ]') dndsdy.
Making the change of variable 173- = (s§ — sj._l)H & j’ yields

[E(Gn)|

< ¢yn/mIA-Hd)/2

) ./H‘%lmld /Dm ,/R\mld|F(y)|

. (ﬁ [T =5} )" )eXp(__i"’z’|g )

i=1j=1 i=1j=1

(i

i=1j=1

exp(L Vi 5j+1
H(q  _ ¢i\H
n (sjJrl sj)

)
t H(s —s 1)H 1>d$dsdy

with the convention SnIYNH =0,§,,41 = ’+1 for 1 <i < N — 1. For the prob-

abilistic argument to be used below it is convement to express the integral with
respect to d§ as an expectation. In this way we can write

[E(G)|

< copimI(—Hd)/2

N m;
(3.8) x /le‘d /DmyF(y)\<i]:[ ];[ si—si Hd)

i i
eXP(L yj.XjH
H(ql  _ ¢i\H
n (sjJrl sj)

i yi
—1 yJXJ )—1‘ dsdy,
nfl (s —st_pH

(A

i=1j=1
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where \/ky X i (1 <i<N,1< j<m;)areindependent copies of a d-dimensional
standard normal random vector, and as before, we use the convention XY my+1 = =0,
Xh =X forl<i<N-1

Denote the expectation in (3.8) by /. That is,

N m; »d i,.Xi,
j+1
- -1
(Hnexp( o ) )

i=1j=1 j+1
=E< I Ii,j),
@i, /)edo
where
i i i
Iij:eXp( Xy PR )—1‘
B nH(sJJrl — sj)H nH(s; — s}_l)H

forl<i<Nand1<j<m;.

Notice that the random variables /; ; for (i, j) € Jo are dependent. We are going
to choose a proper subset of Jy in the following way. Assume that m, is the first
odd exponent. Then we choose all the factors I; ; such that #(i, j) < #(£, m¢) and
#(i, j) is odd. Then we choose all the factors /; ; such that #(i, j) > #(£,mg) + 1,
and #(i, j) is even. Notice that all these factors are mutually independent, and they
are also independent of the product Iy ;,,I¢41,1. The lack of independence of the
two factors Iy ,,, and Ir11,1 will be compensated by the fact that the integral of
(sZJrl — sZ )_ﬁ is finite for any 8 < 2 because we have the constraint s,f” < by <

”1 . To make this argument more precise, let us define
Je=Je1 U Jeo,
where
Je1=1{3, j) € Jo:#(, j) < #(€, mg) and #(i, j) odd}
and
Je2 =1{G, j) € Jo:#(, j) > #(,my) + 1 and #(i, j) even}.
Notice that /; ; <2 for all (i, j) € Jo. Then

CzE(Ie,mgleJru I1 Ii,j), ifl#N,
I< (17])6‘][

- CQ]E(ILW I Il-,j>, if¢=N

(i, ))ele
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Step 2. We first consider the case £ # N. In this case, the number of elements in
Jy 18 [%] — 1 and

IE(G,)] ECw\mul—Hd)/zlemmfD yF(y)|< ]_[ (sj —sj.l)_Hd>

@.)ed

xE(lgmder1) [ EUij)dsdy.
@i, j)ee

In the last inequality, we used the fact that all random variables Iy ,,,I¢+1,1 and
1; j for (i, j) € J; are independent.
Since [et@1732) — | < |e!¥t — 1| 4 |e%2 — 1| forall z;, 22 € R,

¢yl Ho 1 0 \H
E(IZ,mZIE—H,l) = E{(|etymz X1/ (n7 (s Sme)™) _ 1|
¢yl Hit _ L H
+ |etym£ Xong/ (07 (s smz_l) ) 1|)
« (|elyf+1'X§+1/(nH(S§+l—sf+l)H) _ 1|

+ }e[yll+1.Xf+1/(nH(sf+l_sfné)H) _ 1|)}

Notice that Xﬁ“, X f“ and X fn , are independent. As a consequence, we can write

E(Tom,Iov11) < If + 15,
where

0yl Ho 4+l 6 \H
116=E|etym‘.xl [ (s =s,) )_1’E}ezyf+1-X§+1/(nH(s§+l—sf+1)H)_1|

T E|ety,€,z'Xﬁw/(nH(sﬁ1[ _Sﬁw—l)H) _ 1|E|ezyf+l.X§+l/(nH(x§+l—Sf-H)H) _ 1|
e Xine/ O G50y X0 6 )™

and

041 o1 (41 it 041
(3.9) Ize :E(|elyf€%'xl+ S (st —sﬁ,[)H) . 1||ely1+ X7 sy —s,‘;ll)H) _ 1|)

Therefore,

(3.10) IE(Gp)| < cnmIA=HD/2 fR |[FO) (G + Gan)dy,

|m|d
where
j i \—Hd
Gk?n:_/ ( [T Gs5—s)) " )1,5 [] Ed:ds
Dm N, jrer (i, )eds
fork=1,2.
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We claim that
Gl,n < C4n([|m|/2]+1)(Hd*1)|y15+1 |1/H_d|yr€;@|l/H_d 1—[ |y;|1/1—1_d'
(i,j)ede

In fact, making the change of variables v; = s} — S;-_l
defining

oo v,+1) B ), i G, ) € Jeand G, ) # (N, my);
T @Y )T U ), i G, J) € Jeand G, ) = (N, my),

for all (i, j) € Jo, and

andaf:(vZJrl f“ ¢ ) Hd 1t e obtain
Gl,nf/ ai [ aijdv
L3I e,
_ 041 5. 0+1 g
@11y = o aldvz dvitdvl, ] /Ob Pa,,,dvjdvjﬂ
ON (i)l N

([|m|/2]+1)(Hd—1)|yf+1’1/H—d‘yé ‘I/H—d H ‘y§‘1/H—d_

=csn me
(.))ely

Here we used Lemma A.2 in the last inequality [%] + 1 times.
For any B € [0, 1], we have |e'* — 1| <cg |z|P for all z € R. Recall the definition
of IZZ in (3.9). We then have

I¢ < cen 2Hﬂ’ym(}‘ﬁ‘y€+l‘ﬂ( e+1 Sme)—ZHﬁE‘Xf_H}z,s

|,3 Z+l| (st e+ _ (e )—21‘1/3.

—2HB
<c7n |ym[ my

|y s

So

Gon < C7n_2Hﬂ}y,fu |ﬁ|ye+1 |/3

<[ 6 =si) P (TT sl )i TT B

.)€l @, ))ele
Define J; 3 ={(i, j) € Jo: #(i, j) <#(£, my)} and
Dﬁﬂ:{ai <si <---<s£ni <b,~,15i§£—1;ag<sf<---<s,f”_1 < b}

Integrating the above integral with respect to sj- for (i, j) € Jy2 and using
Lemma A.2,

Gz,nSCsn_ZHﬂn#J"Z(Hd_l)|y,fW{ﬂ|ye+1|ﬂ l—[ |y;’_|1/H—d
(i, j)€Jen

/ EOT] h=sio)™™ [T Edijds,

@, j)GJm (i, )€1
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where #J¢ 2 is the cardinality of Jy 2 and

b b b
% ! R R z+1 e+1) Hd( 1t )—Hd—ZHﬂ
3 g+] sl sl’n[

ag+1

4 14 —Hd 5 0+1 5 L+1 5 €
X (S, = Smy—1) dsyT ds| T ds

We observe thatif 1 — Hd <2HB <2 —2Hd,

by bi41
¢ \—Hd-2HB ¢ ¢ —Hd ; ¢+1 ;¢
C9/ / mg) (smg - smg—l) dsl ds mg
a

41

SCIO/SZ (ac1 —st,) THPP(sE — st )T s,

mp—1
2-2Hd—2H
< cr(ae+1 —ar) P
As a consequence,

G2,nf012”_2Hﬁ”#Je'2(Hd_l)|y£,£|ﬂb’e+1|ﬂ 1—[ }y;}l/H—a’

@i, j)ede2
—Hd
/ [T 6=si)™ 1 Edipds
312 D (i,j)€de3 (i, j)eden
(3.12) —2HB #J,(Hd—1)|.¢ |B|.t+1|B i|l/H—d
< cianPn 07 TT 195
@i, J)ede
=Cl3n—2H;3n([|m\/2]—1)(Hd—1)’y’f“|5‘y€+1|5 1—[ }y§}1/H—d_
@, )€
Choosing 8 = 7 —d in (3.12),
_ 1/H—d 1/H—d
Gop < cy3nImI/2HD(HA 1)|yr£;”| / yf“} /
(3.13) U H—d
X H |yj| .
(i, )€

Substituting (3.11) and (3.13) into (3.10) yields
[E(Gp)| < cran™17HO2

(3.14) XfR\m\d’F(y)H)’fW!l/H d‘ye-i—l‘l/H —d

« 1—[ |y;|1/H—ddy
@i, ))ede
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Step 3. Now we consider the case £ = N. In this case, Jy = Jy,1 and
[E(Gn)| < crsn™II=HO2

/led/Dm Fl T (s§—5s) )Hd

(i,))edo
xE(nmy) [] Eij)dsdy.
(i.)eIN
Define Jy 3 ={(i, j) € Jo:#(i, j) <#(N,mp)} and
DN={al~ <si <---<s,’;1i <bj,1<i<N-1;a <s{v <~-<s,1,\l] _, <bn}.
Integrating the above integral with respect to s  and using Lemma A.2 yield

IE(G)| < cign(MI-20-HA/2

/Im\d/ (y)HymN 1/H—d

[T 6i-si)™ I Ewjdsdy.

(l,J)EJN,3 @, )eln 1
Using arguments similar to those in step 2,
[E(Gp)| < cpgn17HO2
N (|1/H—d i 11/H—d
< [ FOI Ty,
RImld ..
W, ))EIN.I

Step 4. Recall that f € H, . Then from (3.14) and (3.15), we see that

|E(Gy)| is bounded by a multlple of n=(=Hd/2 Oyr result now follows from
taking the limit. [J

(3.15)

1/H—d

In the sequel, we consider the convergence of moments when all exponents m;
are even. Recall the definition of Dy, in (3.7). For 1 <¢{ <N and 1 <k < %, we
define

Sék _Sgk 2
¢ - ¢ ¢
Oy =DmN {T <52k _Szk—l}-

The following result tells us that the integrals over the domain Of do not contribute
to the limit of the moments. This result will play a fundamental role in computing
the limits of even moments.

PROPOSITION 3.3. Foranyl <{ <N and 1<k <3¢,

N m;
i lm|(1+Hd)/2 H
Jlim n IE( LT 7" B(Gs ) 0.

Of i1 j=1
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PROOF. Using the arguments and notation in the proof of Proposition 3.2, we
obtain

pmIA+HD /2| g

(L i)

Okl 1j=1

< ¢ n/mIA—Hd)/2

X/le\d 0£|F(Y)}<i]1_:[]m:[ () — s} H)

. xi
exp (L Vi X

N m;
xE(HH ”H(SJH s.)H

i=1j=1
Xl
— — 1| )dsdy,
nH(s —sj 1)H> D Y

where X' =0, X}, =X{" for 1 <i <N —1 and JkzX} (1<i<N,
1 < j < m;) are independent copies of a d-dimensional standard normal random
vector.

We make the change of variables vi- = S; - 53—1

for all (i, j) € Jo. The integral
domain OIf becomes

¢ [m| i ‘ ‘
Dk={veR+ tap < Z v}<bN,v2k_1<v2k}.
(.))edy

For (i, j) € Jo, define

Ii j= exp(t i]] X;H — y;XlJ )—1‘.
n (Uj+1)H nf (v)HH
Then
pmlA+HD2|1p < l_[ 1_[ f HB )
Of i1 j=1
(3.16)

< ¢n/mIA—Hd)/2 d/éF(y)E( 1_[ (v;)_HdIi,j>dvdy.
Rimie Dy e

Next we estimate the expectation in (3.16). We are going to use an argument simi-
lar to the one used in the proof of Proposition 3.2, based on the selection of some
factors in the above product. Here, the dependent product that will play a basic
role will be Iy 241y 211, due to the definition of the set O,f. Define

¢ g ¢
Je =1 Yo
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where
sz,l ={(, j) € Jo:#(, j) < #(£, 2k — 2),#(i, j) odd},
Jlf,2 ={(i, j) € Jo:#(i, j) > #(£, 2k), #(i, j) even}.
Since all exponents m; are even, the number of elements in J,< is |m| 2 ‘ml

1. From the definition of /; j, we know that random variables Iy 7 I, 2k 1 and I
for (i, j) € Jk are independent. Then

(L o)

Of =1 j=1

|m\(l+Hd)/2

Scznlm‘(l_Hd)/zfl ‘d/ F()E¢21¢,2k—1)

X l_[ _Hd H E(l;,j)dvdy.

(i,))eo (i, j)elf
For (i, j) € J{ and (i, j) # (N, my), define
aij = (vivh, ) MEWUL )
and ay my = (vn’;’N)_HdIE(IN,mN). From Lemma A.2, we obtain

R A Hd—1|i|1/H-d
/[O’bN]za,,jdvjdv]H_cw |yj|

for all (i, j) € J,f. Therefore,

N m;
pml(+HD2|p ( nl—[f HB )
(3.17) oz
. 1—Hd i11/H—d ,¢
scn M) JFOTT G o dy,
E
where

bv by bN Hd ¢ N
I = / /v _/ (V51 V5eV5k—1)Ee ke ok—1) dvy, dvs, dvs,_ ;.

2k—1

Notice that |¢!@17%2) — 1] < |e'?1 — 1] 4 |€'22 — 1] for all z1, z € R. Using the
independence of ng_l, X Sk and X gk 41s We obtain

E(leok—11e,21) < Af 1 + Af .
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where

Ai | = }E‘etygk—l'xgk/(nH(vgk)H) — 1‘E‘etygk‘xgkﬁ/(”H(U§k+1)H) — 1‘
+]E|ety§k—l'ng—l/(nH(vgk—l)H) — 1|E|e‘y§k'X£k+1/("H(”§k+|)H) —1|

+ |-t XKoot/ 0 Wy ™) _ ||ty Xa/ (T 030" _ |

and
AL = B(|eYa-Xa/ " 03)™) _ | X/ 30" )y
Now we have
(3.18) If =1 + I,
where

bn by by
¢ _ ¢ o0 \-Hd s oy ¢ g0
I _/o fl fo (Va1 Vo V—1) Ay dVUgppg AV dvg_
Vok—1

fori =1,2. By Lemma A.2,

1/H—d|ye }I/H—d‘

(3.19) Iy <esn207HD L o

For any § € [0, 1], we have |e'* — 1] < c,glzlﬂ for all z € R. Then
1/ —2HB(, ¢ \—2HB| ¢ By L (B
Af 2 < con P (vy) V217 [v2el -
Therefore, if 1 — Hd <2HB <2 —2Hd,
[ —2HB | L Byt B
£y < con P15 1|y
by by by
¢ —Hd; ¢ \—Hd-2HB
X / /z / (V2s1) (v2x)
0 vy Y0

—Hd
X (Ufk—l) dv§k+1 dvgk dvék—l
_ by |—2Hd—2H
=cn 2Hﬂb§k—1|ﬂ|y§k‘ﬁf0 (ng—1) ﬁd”ﬁk—1

< Csn_ZHﬂ\yfk—ﬂﬂUﬁk‘ﬁ-

Choose 8 = 73(14_:‘1),

¢ 3(—Hd)2| 0 BU-Hd)/EH)| ¢ 30—Hd)/(AH
(320) Iy <cgnUTHORYG  PUTHOIGID L SAZHOIED,

Substituting (3.19) and (3.20) into (3.18), we obtain

I,f < 69”_3(1_Hd)/2(|y§k—1|3(1_Hd)/(4H)|y§k’3(1_Hd)/(4H)
(3.21) ]
/H—d|y2 |1/H—d).

+ 51| 2%
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Our result now follows easily from (3.17), (3.21) and the assumption f €
gl/H=d
0 .

Consider now the convergence of moments when all exponents m; are even. On
each portion of the coordinates a; < s <--- <s,, < b; we make the following
change of variables:

uék = sék and ugk_l = n(sék — sék_l) where 1 <k <m;/2

with the convention uf, = sé = a;. The idea is to couple each variable with an odd
subindex with the next one. In this way we obtain

N m;/2

E(G,) = m!nKE< fD ) 1;[l kl;[l £ (" Buby))
X f(nHB<u§k — Mé}’;l )) du),

lm|Hd
K =
2

(3.22)

where K and Dj;, are as follows:

and

Dl’]’ﬂz{ueleI:a,~<u’2<uﬁ‘<---<u§m < bj;

0 <uy_y <nuy —uy 5),1<k= 71}

We compute the expectation (3.22) in the following way. Define the m-
dimensional Gaussian random vector X (u) by

. . . , ub, .
X (u) = B(uy) and X’zk—l(”)Z”H(B(“lzk— 2; 1>—B(“lzk))’

where 1 <k < % The covariance matrix and the probability density function of
the Gaussian random vector X (u#) are denoted by O, (1) and

Pa(x) = 27) ™2 (det 0, ) T exp(—1x Q)" xT),

respectively. With the above notation we can write

N mi/2 )
E(G,) = m!nX /le\d,/D TTTT £ x3) f(n" x5y + X3y pu(x) dudx.
mi—] k=1
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Making the change of variables yj- =nf x; if j is even, and yj. = xj- if j is odd,
we then obtain
N mz/2

62) BG=mt[ [ TTTT £0301 0%+ ) palym) dudy.
=1 k=1

where y} (n) = n_Hy; if j is even and y} (n) = y} if j is odd.

PROPOSITION 3.4. Suppose that all exponents m; are even. Then

N
G24)  lim E(Gn) = Clg I 1h—a (H<W<Lb,-<o>>—W<La,.<o>>>’"i)'

i=1

PROOF. Notice that we can find a sequence of functions fx, which are in-
finitely differentiable with compact support, such that [pa fn (x)dx =0 and

Jim %};Jf(x) — v (x| v 1) dx = 0.

So, by Proposition 3.1, we can assume that f is infinitely differentiable with com-
pact support and [pa f(x)dx =0
The equation (3.23) can be written as

(3.25) EGy=m! [ [ Fe)payon)duay.

where
N m;/2
F)=[TT1 £ f O + ya_1)-
i=1 k=1
The proof will be done in several steps.

Step 1. Let us compute the limit of the density p,(y(n)) as n tends to infinity.
We split the random vector X («) into two random vectors X (1) = (Y (1), Z,(u)),
where Y (u) contains the components of X (u) with even subindices, and Z, ()
contains the components with odd subindices. That is, Y (1) is an ‘ml -dimensional
random vector, such that Yk (u)=~8B (u2k) forl<i<Nandl <k 5 ";’ . We denote
by A(u) the covariance matrix of ¥ (u#), which does not depend on n. On the other
hand, the covariance matrix between the components of Z,, (1) and Y (1) converges
to the zero matrix, and the covariance matrix of the random vector Z,, (1) converges
to a diagonal matrix with entries equal to (uék_l)ﬂi, 1<i<N,and 1 <k < %
Therefore,

Tim_p,(y(m) = 2m) "™ (det AGy) T2

N ml/2 |yék 1|2
i=1 k:l 2(“121(—1)2H
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On the other hand, the region D}, converges, as n tends to infinity, to
R\ml. . i i b 0 i .1<k<mi 1<i<N
u e .al<l/l2<“‘<umi< i, <I/l2k_1<oo, = _7, <1 = .

Notice that we can add a term —1 because fRd F(y) dyék_1 =0 for any i, k, and

/ [ PR ) gy
0

. o)
=~ [ - e g,

Therefore, provided that we can interchange the limit with the integrals in the
expression (3.25), we obtain

. 2
nli{goE(G”) —m!2- |m|/2(27.[) |m|d/4c|m|/ ”f”lll}l}lf{—d
3.26)
( 12

X /Om/2 (det A(w)) dw,

where
Omp = {weR™/2:q; <wi <~--<w£ni/2<bi,1§i§N},

and A(w) = A(u) with the change of variable w}C = uék. Finally, the right-hand
side of (3.26) can also be written as

l i! m
(Hm Hffnfnl/ﬂ_d)

(3.27) ’

1/2

X 27)~MId/4 (det A(w)) ™" dw,
Ji e @ et Ac)

and, taking into account Lemma 2.1, this would finish the proof.
Step 2. In order to justify the passage of the limit inside the integrals, we de-
compose the region Dy, into two components as follows. For K > 0, we define

. _ m
DI"n’K’l:{ueD:’n:0<u’2k_1<K/\n(u’2k wh )i 1<k < 2:}
and Dy, g o = Dy — Dy, - Then, E(G,) = I,%,K + I,%,K, where

pe=mif | FGpa(y)dudy,
Rimid :,n,K,l

a=mt [, [, FOmMEm)dudy

The region Dy, | is uniformly bounded in n, and we can then interchange the
limit and the 1ntegral with respect to u, provided that we have a uniform integra-
bility condition. To do this we need the following estimate of the density p, (y(n)).
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For any & € RIMI with components (Sj-), 1<i<N,1<j<m;, wecan write

m; /2
Z(Z 52] uZJ

i=1
m; /2

"‘Zfzk P ( (”ik %)—B(’ék—z)))

N m;/2 i

Z Z( Z §2€j> : <B<”§k - u22_1> - B(”ék—Z))

i=1 k=1 (£,2j)>(i,2k)

k

N mi/2 , . U
>3 X e-ntehn ) (Bld - B(uh - 2L)),
i=1 k=1 “(£,2j)>(,2k)

Here we have used the ordering (¢,2j) > (i,2k) if { >ior{ =i and j > k.
By the local nondeterminism property (2.3),

+

N mi/2 2 ' uék | ) 2H
CUSTETE1) 95 3 J0 S Y Sy
i=1 k=1"(£,2))>(i,2k) "
N m;/2 ' Hoi 2 ”ék 1 2H
Y21 > & —ntEy ( " ) }
i=1k=1(£,2j)=(i,2k)

N mi/2 (. “ék 1 ) 2H
(3.28) = ki {Z 724 (u’zk . u’zk_z)
, n
i=1 k=1
N mi/2 5 Mék X 2H
: o B
+ D02 I ="y ( ) }
n
i=1 k=1
=:knR(n),
where we have made the change of variables
. ¢ . .
Mop = Z §,; and Mok—1 = Ex_1-

(€,2))=(i,2k)
This implies that

(det Q)% = (2m)~ 'm‘dﬂ/

RImld

< (2m)~Imid/2 /RW CXP(—k—HR(n)) dn

exp(—% Var (&, X)) d&

m;/2 i

3 w1
—_ l — 4
=1 H ”2k 1) < Upp — n ”2k2) .
i=1 k=

—_
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Therefore,

N haf by T
(329 palym) 2 [ [ (ube) (uék - u‘zk_z) :
i=1 k=1

As a consequence of (3.29) and the inequality (A.5) in Lemma A.5,

/Dn Pa(y(m)) du

m,K,1
N m;/2 i —Hd
< : i Udg—1 i d
zcaf Hnuzk 1 ok — = T k2 u
Dkt i=1 k=1
= ¢4,

where c4 is a constant independent of n and y. Thus, taking into account that the
function F(y) is integrable, by the dominated convergence theorem we obtain

nlggo In K= m' %;@m\d F(y) (nll{go /Dll Pn (y(n)) du) dy.

m,K,1

On the other hand, again by (3.29) and Lemma A.5, there exists p > 1 such that
(3.30) sup/ |pn (y(n))|? du < oo,
which implies

| i n
tim 1} =m! [ [ FO) lim oy 0pa(00) dudy.

n—oo

With the same notation as above we get

Tim 1, ¢ :m!(2n)_|md/2<f (detA(w))l/zdw>
’ 0,

m/2

N . . .
(3.31) X A;\mw ]_[ (f(yék)f(yék + Y1)

% _
y / M—Hd(e—lylgk1|2/(2“2H)—1)du>d)’-
0

The right-hand side of the above equality converges to the term in (3.27) as K
tends to infinity.
Step 3. Now it suffices to show that

(3.32) lim hmsupI K_O

—>0 n—00

First we observe that

N m;/2
DﬁnK = U U DInn,K,i,k’
i=1 k=1
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where

m.K.ik = {ue Dﬁf”ék—l > K A ”(”ék - “ék—Z)}'

So we only need to show that

(3.33) hm lim sup /R‘m‘d/N mrp F(y)pn(y(n))dudy =0.

”—’Oo S1Uklt Pk
As a consequence of Proposition 3.3, we can replace Df’n, k.ik 10 (3.33) with
i i
n,1 n. i n(uyy =y o)
Dy kix= {” €Dy K supy = 3
and just show that

(3.34) hm hmsup/‘m‘d -/UN mirt F(y)pn(y(n))dudy =0.

K—00 n—o0 Uil sz,k

To do this we need more refined estimates of the density p,(y(n)). By Fourier
analysis

1
pa(y(m) = @m)~m fR . exp<_§ Var(g, X)

N il gy
_LZZ< 2j 2j +$2j 1° yzj 1))d€:

i=1j=1

We choose a set J of indexes of the form (i,2j — 1), where 1 <i < N and
1<j< % For each index in J we introduce the operator

Ai,zj—lF()’éj—l) = F(yéj—l) — F(0)
and set A ;= [162j—1)es Ai2j—1. Taking into account that the integral on the

variable y2 _ 18 zero, we can replace p,(y(n)) in (3.34) by Ajp,(y(n)). Using
(3.28), we obtam the following estimate:

|A s pn(y(m))]

< kH -
_CS/R‘m‘deXP —72

i=1 j=1

m;/2 i

(1 (s = 2= = )

i H_i 2 ”éj—l 2H
+[ny; —n 772]1‘( ) )
n
N ml/2

(3.35) X 1_[ H |e ”72J 1y2/ (- l|dn

i=1j=1
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— csp~mIHA/2

) /R\mld (_%H XN:

l:l ]:

mi/2

( ”é' 1 2H
i— i
|’72]| ( —_u2j—2)
1 n
i 2H
2 M2j-1
+oaP(5) )
|’72] 1] n
N m;/2

Xl_[ 1_[|€ l(’lzj 772] 1))’2] 1/" 1|d77
i=1j=1

This shows that

N m;/2
030 [ [ g FOPOO)duds| <c63 S i
=1 Vik=1 mKl,k i=1 k=1
where
Im,K ik

j—ImIHd/2

* /D;;;y',(yi,k /Rmmu [FO)

N
X exp(—TH Z

i=1 j=1

m; /2

uéj—l ~ H
("h;‘( T, _u12j2)
i 2H
i 2 U2j—-1
+ 34| ( " ) ))
N m;/2

X l_[ H‘e (=)o /" —1|dndydu.
i=1j=1

To estimate Im k ik on the right-hand side of (3.36), we first consider the inte-
gral in the variables u = u’;, v =ub;,_|, w =n, and z =n5,_ ;. Set uy,_, =ug

and y2k_1 = y. That is, we have the integral
11 (uo, bi, y)

bi rn(u—ug)/2
= [f L5 (= ()
uy JK R2d 2 n
5 v 2H
+lwl“ |\ —up— —
n

x (|e*‘z'y/”H -1+ |eilw'y/"H —1|)dwdzdvdu.

2H
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We see that

I (uo, bi, y) = I (uo, bi, y) + I3(ug, bi, y),

where

I>(up, b, y)

bi rn(u—up)/2 2H
=t [ Lo (-5 (R ()
uy JK R2d 2 n
5 v 2H
+lwl(u—ug -~
n

X \e_‘z'y/”H —1|dwdzdvdu
and

I3(uo, b, y)

bi prn(u—ug)/2 K v 2H
= [ Laen(=5 (e (7)
uy JK R2d 2 n
5 v 2H
+|wl |\ u —up— —
n

X |e*”"'y/”H —1|dwdzdvdu.

Integrating with respect to w and using the inequality (A.4) in the Appendix lead
us to

I (uo, bi,y)

bi rn(u—ug)/2 —Hd
:cn_Hd/ / / (u—uo—g)
ug JK R4 n
(3.37) s e~/ gmizy/n" g1 gz gy du
b;
< K118y P [ o)~ d
uo
< CKI_Hd_H‘B(bi _ uo)l_Hd|y|ﬁ.
In a similar way, but with the application of (A.3) instead of (A.4), we obtain
13(uo, bi, y)

b; - 2
:C/ /-n(u up)/ v_Hd/ e_(KH|w|2/2)(u—uo—v/n)21-1
ug JK R

(3.38) s le=wy/m™ _ 1| dw dv du
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b;
- Cnl—Hd—Hﬂ|y|ﬂ/ (u — ug)! 2HA~HB 4y,
uo
< Cnl_Hd_H‘B(b[ . MO)Z_ZHd_Hﬂ|y|‘B.
Combining (3.37) and (3.38) gives

I (uo, bi, y)
(3.39) < cK'THI=HB (p; _ g1 =Hd)|yP
+en! THATHP (b — g;)>2HAHP P,

Once thls is done we proceed to consider the integrals in the Varlables u= ”21’
v = u21 »Z= 7721 and w = ’721 | with indices (j, 1) # (i, k). Set also ”21 ) =UQ
and y;,_; = y. That is, we have the integral

I4(uo, bj, y)

bj prn(u—uop) 2H
= [ Lo (= ()
ug JO R2d 2 n
5 v 2H
+|wl\u —up— —
n

% (|e—tz~y/nH o 1‘
H
+[emw ¥/ —1|)dwdzdvdu.
We can decompose this integral into two components,

I4(uo, bj,y) = Is(uo, bj, y) + Is(uo, bj, y),

where

Is(ug,bj,y)

bj prn(u—ug) 2H
= [ Lo ()
uy J0 R2d 2 n
2H
P (u—u-2) "))
n

X |e_LZ'y/"H —1|dwdzdvdu

bj - —Hd
_ cn_Hd/ J /n(u uo)/ (u g 2) e—(KH|z|2/2)(v/n)2H
uo 0 R4 n

X }ef‘z'y/”ﬂ —1]dzdvdu
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and

Is(uo, bj, y)

bj rn(u—ug) K v 2H
=t [ (=5 (e ()
ug J0 R2d 2 n
5 v 2H
+lw| | —up— —
n

X |e*‘w'Y/”H —1|dwdzdvdu

b —
:c/ f/"(“ ”‘))U—Hd/ o~ w2 w—ug—v/m?!
ug JO R4

X |e_‘w'y/"H —1|dwdvdu.

Inequalities (A.2) and (A.1) imply that

bj
L(uo, b, y) < c/ (1 — ug)~Hd |y 1/ H=d gy
ug

= c(bj — ug)' ~Hd |y ! /H~d

< c(by —ap)'Hy

The remaining integrals can be dealt with in the same way as I4(ug, bj, y). Thus
statement (3.34) follows. The proof is complete. [

PROOF OF THEOREM 1.1. This follows from Lemma 2.1, Propositions 3.1,
3.2 and 3.4 by the method of moments. [J

REMARK. Although the constant CH.4 is finite for H > diz, the proof of
Theorem 1.1 only works for H > - +1 The reason for this is that for any y € R¢,

2\ lyI?
2 2H Léy d —Hd 1 — (_ ))
Jueo(=ier = e2yae = (S) a1 = e~ ) )
which is bounded by c|y |2u_H (@+2) ' while, on the other hand,
/ exp(—5|g|2u2h’>|e‘5'y — 1| d& < c|y|lu=H@+D,
R4 2

So, any type of estimation procedure, like the one based on the local nondetermin-
ism property used in this paper, will lead to an upper bound of the form &~ @+1)
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APPENDIX

Here we give some lemmas which are necessary in the proof of Theorem 1.1.

LEMMA A.l. Let0< B <2.If f e Hﬂ, then ||f||[25 given in (1.2) is well
defined and

_ 21— f
113 =zl [ 1Fr@[1e 4 ag = o
where F f(§) denotes the Fourier transform of f, and
Cpd = /Rd(l —cos(x - §))[&] 7P~ dg > 0
is independent of x if |x| = 1.

PROOF. For any x € S9! and any d x d orthogonal matrix Q, the change of
variable £ = QO yields

fRd(l —cos(x - £))[g| P dg = /Rd(l —cos((QTx) - n))InI=#~dn > 0.

This shows that fpa (1 — cos(x - £))|&]|7#~¢ d& depends only on |x|. The substitu-

tion £ = Iln gives us fpa (1 — cos(x CE))|E|TPdE = clg,dlx|ﬁ. Then an elemen-

|
tary result from Fourier analysis [15] yields

2 _ 1 —y)- —p—d
191 =i [, 70 [ (€ = Diel#de ) dxay
_ 2 _B_
— i [ | FS©F 161 ag =0, -
LEMMA A.2. Assume that 1 — H < Hd < 1. Let X be a d-dimensional cen-

tered normal random vector with covariance matrix o> 1. Then, for any n € N and
y € R, there exists a constant ¢ depending only on H and d such that

o0
—Hd y-X >
E —1
\/O u eXp([nHuH

PROOF. It suffices to show the above inequality when y # 0. Making the
change of variable v = |y|~"/H nu gives

(0,0
E —1
/0 u exp(LnHuH

o0
:an—1|y|1/H—df v—HiR
0

Hd—1

1/H—d

du <cn |yl

du

exp(ty }il)—l‘dv
lylv

o
§an_1|y|]/H_d/ v HA2 AvTHE(X ) dv

0

=CI’lHd71 l/Hfd. 0

|yl
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LEMMA A.3. Assumel — H <Hd <1and0<pB <1with H8 <1 — Hd.
Then, for all n € N, there exists a constant c independent of n such that

f " ~HA-HB g, / o IEP s g _ e/ g
0 Rd

(A.1)
< cn~HBg—Hd—HB|\ 1/H~d

and

A —Hd—Hp
o~ Hd—Hp /'”(s _ Z) du/ e PG/ ) piyin®| g
0

d
(A2) " K
< en~HBg—HA=HB 1 /H~d

where K is a positive constant.

PROOF. We first note that (A.1) follows easily from (A.2) by the change of
variable. So, it suffices to prove (A.2). Denote the left-hand side of (A.2) by /. We
then have

—Hd—Hp
[ — p—Hd—Hp f’” <S _ E) du/ o HIEPw/m | v/ | g
0 n R4

ns —Hd—HB
=n_Hﬂ/ (s—z> u_Hd/ e_"lx|2|1—etx'y/””|dxdu,
0 n R4

where we made the change of variable é(%)H =x.
By Lemma A.2, we obtain

ns/2 —Hd—Hp
/ (s—z> u_Hd/ e_K|x|2|l—e‘x'y/”H|dxdu
0 n R4

—Hd— S 2 o H
<cpsH4 Hﬁ/ u Hd/de el |1—e”‘y/” |dx du
0 R

—Hd—HB, |1/ H—d
=028 By /A,

On the other hand,

—Hd—HB
/ns (s—z) u_Hd/ e_"‘xlz\l—e‘x'Y/“H|dxdu
ns/2 n R4

ns —Hd—Hp
< / (s - Z) W f ey du
R

ns/2 n

—Hd—HB 8 ns u
<c3(ns) Hyl™! §—— du

ns/2 n
lfdeHﬂlslfHﬂf2deHﬂ1 |y|ﬂ1

>—Hd—H,B

< c4n
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where B can be any constant in [0, 1], and we used HB < 1 — Hd in the last
inequality. Our result follows by choosing 81 = % — d. This is possible because
l1-H<Hd<1. [O

LEMMA A.4. ForneN, we assume that 1 — H < Hd <1and 0 < K < 3.
Then there exists a constant c independent of n and K such that

2
/"S/ u*Hddufde*K‘¥|2<S*“/”>2”|1 — " | g
R

(A3) K
5Cnl—Hd—H}ffsl—ZHd—Hﬁ|y|/3
and
2 —Hd
n_Hd/’”/ (S_Z) du/ e IR @M | pieyin | g
(A4) K " R

< cs~HAg1=Hd=HB| B

where k and B are positive constants with 1 — Hd < HB < H A (2 —2Hd).

PROOF. Inequality (A.3) follows easily from the proof of Lemma A.3. We
shall show (A.4). Denote the left-hand side of (A.4) by /. Then we have

2
I :nl—Hd /S/ (S _ u)—Hd du/ e—K|§|2M2H‘1 - elé')’/nH‘d%-
K/n R4

s/2
< C|y|ﬂn1—Hd—Hﬂ/ (s — u)~Hdy—Hd—HB g,
K/n

Since % <5and 1 — Hd < HB, we have

s/2 5/2
/ (s — u)~Hdy~Hd=HB g, Cs—Hd/ u—HA=HB g,
K/n K/n
K\ 1-Hd—Hp
<es H (—)
n

Therefore,
I Scs—HdKl—Hd—Hﬂlﬂﬂ.

This proves the lemma. [J

LEMMA A.5. Forany K > 0 and n € N, there exist constants c| and c> inde-
pendent of n such that

K Anu v —Hd
(A.5) / v_Hd(u — —> dv < c K'~Hdy—Hd
0 n
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and
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u
(A.6) f vin(u—v)fHddvzczulszd.
0

PROOF. Inequality (A.6) follows easily from

u 1
/ pHd gy _ ) Hd gy ul—Zde wHA (| _ ) Hd gy
0 0

We only need to show (A.5). Notice that

Kanu 4 v~ Ha, ~i—Ha [T _py Hd
f v <u— —) dv=u""“(nu) ~ / v Y1 —v)” " dv.
0 0

If nu < 2K, then

K /(nu)Al 1
/ v—Hd(l—v)—Hddvgf v HA (1 —p)y~Hd gy,
0 0

If nu > 2K, then

K /(nu)nl K /(nu) 2 K\ 1-Hd
/ U_Hd(l —v)_Hddv§2 v_Hddv<7(_> .
0

Therefore,

(2]
(3]
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