The Annals of Probability

2013, Vol. 41, No. 6, 4002-4049

DOI: 10.1214/12-A0P831

© Institute of Mathematical Statistics, 2013

BROWNIAN EARTHWORM!

BY KRZYSZTOF BURDZY, ZHEN-QING CHEN AND SOUMIK PAL
University of Washington

We prove that the distance between two reflected Brownian motions,
driven by the same white noise, outside a sphere in a 3-dimensional flat torus
does not converge to 0, a.s., if the radius of the sphere is sufficiently small,
relative to the size of the torus.

1. Introduction. This article is partly motivated by a natural phenomenon.
We would like to analyze the effect of a randomly moving earthworm on the soil.
The soil is pushed aside by the earthworm. What is the asymptotic distribution of
soil particles when time goes to infinity? Is the soil compacted, or are soil particles
more or less evenly spread over the region, especially when the earthworm is small
compared to the size of the region? The answer seems to depend on the shape of the
earthworm; for example, we believe that the soil is compacted if the “earthworm”
is cubical. In our toy model, the earthworm is represented by a sphere following a
Brownian path. We conjecture that in this model, the soil particles will be more or
less evenly spread over the region. Our rigorous results in this paper partly justify
these heuristic claims. We will next state the model in rigorous terms and then
present a theorem and some conjectures. We will also briefly review related results.
The earthworm picture will be mathematically interpreted after Conjecture 1.6.

Let T be the flat d-dimensional torus with side length 2, that is, T is the cube
{(x1,...,x0) eR4: |xg| < 1fork=1,...,d}, with the opposite sides identified in
the usual way. Let B(x, r) denote the open ball with center x and radius r. For
0<r<l1,let D=T;\ B(,r). Let n(x) denote the unit inward normal vector at
x € 3D =0B(0, r). Let B be a standard d-dimensional Brownian motion, xq, yp €
D, xo # yo and consider the following Skorokhod equations:

t
(1.1) X,:x0+B,+/ n(X;)dLY  fort >0,
0

t
(1.2) Y; =y0+B;+f0 n(Ys)dLSY fort > 0.

Here LX is the local time of X on dD. In other words, LX is a nonde-
creasing continuous process which does not increase when X is in D, that is,
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fooo 1p(Xy) stX =0, a.s. Equation (1.1) has a unique pathwise solution (X, LX)
such that X; € D for all # > 0; see [11]. The reflected Brownian motion X is a
strong Markov process. The same remarks apply to (1.2), so (X, Y) is also strong
Markov. Note that on any time interval (s, ¢) such that X,, € D and Y, € D for all
ue((s,t),wehave X, — Y, = Xy, — Yy forall u € (s, 1).

For x, y € T, we use dist(x, y) to denote the geodesic distance between x and y
in the torus T;.

THEOREM 1.1. When the dimension d = 3, there is ro > O such that for every
r <ro and every xo # yo, we have limsup,_, . dist(X;, ¥;) > 0, a.s.

An analogous problem was considered in [5] for planar domains D. It was
proved that if D is a bounded domain with a smooth boundary and at most one
hole, then lim;_, o, dist(X;, Y;) = 0, a.s. It is not known whether there exists a
two-dimensional domain D such that we have limsup,_, . dist(X;, Y;) > 0 with
positive probability.

Note that by the pathwise uniqueness of the solutions to (1.1)-(1.2), O is an ab-
sorbing state for the distance process dist(X;, Y;); that is, if dist(X,, Y;,) = 0, then
dist(X;, Yy) =0 for all ¢ > t9. Theorem 1.1 says that dist(X;, Y;) never enters the
absorbing state 0 nor converges to 0 as + — oo. Since D is compact, this suggests
that dist(X;, ¥;) fluctuates and is a “recurrent” process. We suspect that (X, ¥;)
has a stationary probability distribution but this does not follow from recurrence
alone. Hence, we propose the following

CONIJECTURE 1.2. When the dimension d = 3, there is ro > 0 such that for
r <ro the process (X, Y) has a stationary distribution Q which does not charge
the diagonal {(x, x):x € D}. There is only one stationary distribution for (X, Y)
which does not charge the diagonal.

Since (1.1)-(1.2) have a unique pathwise solution, if xo = yg, then X; = Y;
for all ¢+ > 0, a.s. It follows that (X, Y) has a unique stationary distribution Q'
supported on the diagonal, characterized by the fact that the distribution of X under
Q' is uniform in D.

Our state space D for reflected Brownian motion is a subset of a torus because
three-dimensional Brownian motion is transient so the result analogous to Theo-
rem 1.1 for the complement of a ball in R3 is not interesting. Moreover, the bound-
ary of D has no other component besides d5(0, ) so the relative position of X and
Y is determined solely by the interaction of the processes with d5(0, r).

PROBLEM 1.3. Is Theorem 1.1 valid when the dimension d =27?

The reader may find it paradoxical that we can prove Theorem 1.1 in 3 di-
mensions, but the analogous result in 2 dimensions is stated as an open problem.
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The reason is that the proof depends in a crucial way on the sign of a certain
“Lyapunov exponent” A7 = 1 + 4, where p :=1/r and 1, is defined in Theo-
rem 3.1(ii) relative to the domain D. We prove in Lemma 3.2 that A; is positive
for D if d =3 and p is large. In the 2-dimensional case, the analogous expo-
nent is equal to O [5], Proposition 2.3, and this critical value makes the problem
harder. We could have defined the domain D as T; \ A, with A being not nec-
essarily a ball. It is easy to see that for many sets A, for example, those that are
bounded, smooth and close to a polyhedron, A* is negative. It was shown in [5] that
in 2-dimensional space, negative A* implies that lim;_, o dist(X;, ¥;) =0, a.s. In
such a case, (X, Y) does not have a stationary distribution with some mass outside
the diagonal. It is not known whether there is a 2-dimensional domain, bounded
or unbounded, with positive A*. This is related to another open problem that we
have already mentioned—it is not known whether there exists a two-dimensional
domain D such that limsup,_, ., dist(X;, ¥;) > 0 with positive probability. Theo-
rem 1.1 shows that this is the case for a subset of a three-dimensional torus. We
believe that the theorem also holds in some bounded subsets of R3, but we will
not provide a rigorous proof. We make this claim more precise in the following
conjecture.

CONIECTURE 1.4.  Suppose that B(xj,r) C B(0,1) for j =1,...,k, and let
Dy =B(,1)\ U/j‘-zl B(xj,r) C R3. If k is sufficiently large and (minj<j<x(1 —
|xj|) + minj<;<j<k |x; — xj|)/r is sufficiently large, then Theorem 1.1 holds
for Dy.

Suppose that Conjecture 1.2 is true, that is, for some rg > 0 and all r < rg, the
process (X, Y) has a stationary distribution Q which does not charge the diagonal.
This stationary measure Q depends on r, the radius of the ball deleted from the
torus T, so we can write Q, to emphasize this dependence.

CONJECTURE 1.5. The measures Q, converge to the uniform probability dis-
tribution on (T1)* as r — 0.

Next, we consider the flow X} of reflected Brownian motions, defined for x € D
by

t
(1.3) X;{ =x+B; —i—/o n(X})dL} fort > 0.

Here L* is the local time of X* on d D. Equation (1.3) have unique pathwise solu-
tions (X*, L*) for all x simultaneously because the construction of the solution to
the Skorokhod equation given in [11] is deterministic. Let | A| denote the Lebesgue
measure of a set A and Q,;(A) = [{x € D: X} € A}|. We note that Q,; is a ran-
dom measure. For the definitions of a random measure and weak convergence of
random measures, see, for example, [10]; we will not review these notions here as
they are not used in the core of our paper.
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CONJECTURE 1.6. The measures Q,; converge to a random measure Q, on
T\ B(O, r) when t — o0, in the sense of weak convergence of random measures.
Random measures Q, converge weakly to the uniform measure on T1 when r — 0,
in probability.

In the context of (1.3), the earthworm picture is obtained by interpreting
B(0, r) — B; as a Brownian earthworm and X; — B; as the location of a displaced
soil particle.

For an extensive review of related results, see [4]. Some of those results will
be recalled in Section 2.4. The present article is, philosophically speaking, a mir-
ror image of [5]. That article analyzed domains where dist(X;, ¥;) converged to 0,
while the present article analyzes domains where the opposite is true. It was proved
in [8, 9] that, under mild technical assumptions on the domain, reflected Brow-
nian motions X and Y do not coalesce in a finite time. A series of papers by
Pilipenko [13, 14, 16] discuss stochastic flows of reflected processes. The arti-
cle [15] is posted on Math ArXiv; it is a review and discussion of Pilipenko’s
previously published results.

We will now outline the idea of the proof of our main result, Theorem 1.1.
When the distance between the two solutions to the Skorokhod problem X and
Y is small, it changes in two distinct ways. It increases at a rate proportional to
the local time spent by the processes on 0D, due to the fact that d D is curved
and, therefore, the directions in which X and Y are pushed are slightly differ-
ent. The distance between the two processes has negative jumps at the ends of
excursions of X and Y from 0D because the difference between the two pro-
cesses is not (approximately) parallel to d D at the ends of excursions; hence the
local time push has a different effect on the two trajectories. A discrete version
of these ideas is expressed in a formal way in (2.3) below. The origin of these
ideas goes back at least to the paper by Airault [1]. The continuous rate of in-
crease of the distance between X and Y is greater than the combined effect of
negative jumps over long periods of time, on average, for the domain D—this is
the main estimate of this paper, derived in Section 3. The main body of the paper
is devoted to detailed arguments showing that all modes of behavior of the two
processes not captured by the above description but theoretically possible (such
as coupling of the two processes at a finite time) have negligibly small probabil-
ity.

The rest of the paper is organized as follows. Section 2 is a review of known
results needed in this paper, including a review of excursion theory in Section 2.3,
some technical estimates from [4, 6] in Section 2.4 and preliminary analysis of
the coupling. The paper is based in an essential way on the exact and explicit
evaluation of the Lyapunov exponent A ,. The calculation is presented in Section 3.
The proof of Theorem 1.1 is given in Section 4; it consists of several lemmas.
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2. Preliminaries.

2.1. General. For a process Z, a set A and a point a in the state space of Z,
let T? =inf{t > 0:Z, € A}, T? =inf{t > 0:Z, = a} and t{ = inf{t > 0: Z, ¢
A}. By the Brownian scaling, if {X;; ¢ > 0} is the reflecting Brownian motion on
Ty \ B(0, r) driven by Brownian motion B;, then {ri1 X,2,; t > 0} is the reflecting
Brownian motion on (#~!T;) \ B(0, 1) driven by Brownian motion r_lBrzt. For
notational convenience, throughout the remaining part of this paper, we fix p =
1/r > 1 and take T, to be the flat 3-dimensional torus with side length 2p > 2,
that is, T, is the cube {(x1, x2, x3) € R3: |xx] < p, k=1,2,3}, with the opposites
sides identified in the usual way, and let D =T, \ B(0, 1).

2.2. Linear structure in torus. In Section 1, we used notation normally re-
served for elements of linear spaces, such as vector sum (e.g., Xy — ¥5) and norm
(e.g., | X; — Y;]). We will now make this convention precise. Note that the torus
T, can be represented as the quotient (R/ (2pZ))3. For x € T, let Ay denote the
set of all points in R3 which correspond to x. For x,y € T), we choose x1 € A,
and y; € Ay with the minimal distance |x; — y;| among all such pairs. Then we let
x —y=x1—y and dist(x, y) = |x — y| = |x; — y1].

2.3. Review of excursion theory. This section contains a brief review of excur-
sion theory needed in this paper. See, for example, [12] for the foundations of the
theory in the abstract setting and [3] for the special case of excursions of Brownian
motion. Although Burdzy [3] does not discuss reflected Brownian motion, all re-
sults we need from his book readily apply in the present context. We will use two
different, but closely related, “exit systems.” The first one, presented below, is a
simple exit system representing excursions of a single reflected Brownian motion
from 0 D. The second exit system encodes the information about both processes
X and Y, but it is essentially equivalent to the first exit system. We will introduce
and use the second exit system in step 2.3 of the proof of Lemma 4.2. Our review
applies to general domains D with smooth boundaries, but we will assume that D
is the torus with the unit ball removed, as in Section 2.1.

Let P*0 denote the distribution of the process X defined by (1.1), and let [£*0 be
the corresponding expectation. Let P}, denote the distribution of Brownian motion
starting from x € D and killed upon exiting D.

An “exit system” for excursions of the reflected Brownian motion X from 9D
is a pair (L}, H") consisting of a positive continuous additive functional L} of X
and a family of “excursion laws” {H*},cyp. Let A denote the “cemetery” point
outside D, and let C be the space of all functions f : [0, c0) — D U {A} which are
continuous and take values in D on some interval [0, ¢), and are equal to A on
[£, 00). For x € dD, the excursion law H* is a o-finite (positive) measure on C,
such that the canonical process is strong Markov on (#y, 00), for every fy > 0, with
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the transition probabilities P;,. Moreover, H* gives zero mass to paths which do
not start from x. We will be concerned only with the “standard” excursion laws;
see Definition 3.2 of [3]. For every x € d D there exists a unique standard excursion
law H* in D, up to a multiplicative constant.

Excursions of X from 0 D will be denoted ¢ or ey, thatis, if s < u, X, X, € 0D,
and X; ¢ 0D fort € (s, u), then e; = {es(t) = Xy45,1 € [0, u—s)}and ¢(e5) =u—
s. By convention, es(t) = A fort > {(e5),s0e; = A ifinf{s > t: X, € 0D} =1¢.

Let o; =inf{s > 0: L} >t} and &, = {es:5 < 0,}. Let I be the set of left end-
points of all connected components of (0, 00) \ {r > 0: X; € d D}. The following is
a special case of the exit system formula of [12]. For every x € D, every bounded
predictable process V; and every universally measurable function f:C — [0, 00)
that vanishes on excursions e; identically equal to A, we have

£ [Z Vi - f(e»} =E* /0 Vo, HX ) (f) ds
tel

2.1 o
= EX/ V,HX1 (f)dL?.
0

Here and elsewhere H*(f) = [, f dH*. Intuitively speaking, (2.1) says that the
right continuous version &+ of the process of excursions is a Poisson point process
on the local time scale with variable intensity H (f).

The normalization of the exit system is somewhat arbitrary. For example, if
(LY, HY) is an exit system, and ¢ € (0, 00) is a constant, then (cL}, (1/c)H”) is
also an exit system. One can even make ¢ dependent on x € dD. Theorem 7.2
of [3] shows how to choose a “canonical” exit system; that theorem is stated for
the usual planar Brownian motion, but it is easy to check that both the statement
and the proof apply to the reflected Brownian motion. According to that result, we
can take L} to be the continuous additive functional whose Revuz measure is a
constant multiple of the surface area measure dx on dD and H*’s to be standard
excursion laws normalized so that

1

for any event A in a o-field generated by the process on an interval [#y, 00), for
any to > 0. The Revuz measure of LX is the measure dx/(2|D|) on 3D, that is,
if the initial distribution of X is the uniform probability measure p on D, then
EH fol IA(Xs)de = [4dx/(2|D|) for any Borel set A C dD. It has been shown
in [5] that L} = L.

2.4. Differentiability of stochastic flow of reflected Brownian motions. It was
proved in [2, 4, 15], in somewhat different settings, that the stochastic flow of re-
flected Brownian motions is differentiable in the initial condition. We will use this
result, and we will also need a key estimate from [4] that was partly developed
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in [6]. First, we will recall some notation from [4]. The notation may seem some-
what awkward in the present context because it was developed for complicated
arguments. We leave most of this notation unchanged to help the reader consult
the results in [4].

We consider dD to be a smooth, properly embedded, orientable hypersurface
(i.e., submanifold of codimension 1) in R3, endowed with a smooth unit normal
inward vector field n. We consider d D as a Riemannian manifold with the in-
duced metric. We use the notation (-, -) for both the Euclidean inner product on
R3 and its restriction to the tangent space 79D for any x € 3D, and | - | for
the associated norm. For any x € 3D, let w,:R> — 7.3 D denote the orthogo-
nal projection onto the tangent space 7,9 D, so myzZ =z — (z, n(x))n(x), and let
S(x):7,0D — 7T, 0D denote the shape operator (also known as the Weingarten
map), which is the symmetric linear endomorphism of 7,9 D associated with the
second fundamental form. It is characterized by S(x)v = —dyn(x) for ve 7,9 D,
where dy denotes the ordinary Euclidean directional derivative in the direction of v.

Recall that A is an extra “cemetery point” outside D, so that we can send
processes killed at a finite time to A. For s > 0 such that X; € 9D we let
C(es) = inf{t > 0: X4, € dD}. Here e, is an excursion starting at time s, that
is, es = {es(t) = Xi45,1 €10, S (e5))}. We let es (1) = A for t > ¢(es), so e, = A if
{(es) =0.

Let o/ be the inverse of local time LY, that is, 0¥ = inf{s > 0:LX > ¢}, and
Ep={es:s < alf(}. For b,e > 0, let {ey,, ey,, ..., ey, } be the set of all excursions
e € &, with |e(0) — e(¢—)| = . We assume that excursions are labeled so that
ur < ug41 forall k, and we let £ = in(k fork=1,...,m. Wealso let ug = inf{r >
0:X; €0D}, Lo =0, £;y41 = b and Aly = £yy1 — €. Let x; = ey, ({—) be the
right endpoint of excursion e, fork=1,...,m and xo = X,,,.

For vg € R3, let

(2.3) vy =exp(AlmS(xm))y,, - - exp(AL1S(x1)) 7y, exp(ALoS (x0))7Tx, Vo

Note that all concepts based on excursions e,, depend implicitly on & > 0, which
is often suppressed in the notation. Let A} denote the linear mapping vo — vj.

It was proved in Theorem 3.2 in [6] that for every b > 0, a.s., the limit
Ap = limg_9 A} exists and it is a linear mapping of rank 2. For any vy, with
probability 1, A7vo — A,vp as ¢ — 0, uniformly in b on compact sets.

Recall the stochastic flow X; of reflected Brownian motions defined in (1.3).
By Theorem 3.1 of [4], for every x € D, b > 0 and compact set K C R>, we have
a.s.,

(2.4) lim sup}(xjgbj” — Xj;g) /e — Apv| =0,

e—>0yek

where o} = inf{r > 0: L,XX > b}. Informally speaking, the last formula says that
y—> X (yf x is differentiable, that is, the stochastic flow X is differentiable in the
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space variable. Formula (2.3) represents a discrete approximation to the deriva-
tive Ap. According to that formula, the approximation to the derivative is a com-
position of two types of linear mappings. After the k-th excursion, the projection
on the tangent plane to d D at the endpoint of the kth excursion is added to the com-
position. Between excursions, the derivative expands or contracts (in the sense of
the exponential function of a linear mapping) at the rate proportional to the curva-
ture of d D at the point where the most recent excursion ended.

Consider some b > 0, and let o, = inf{t > 0: L v LY > b}. Thus defined o is
different from the random variable denoted by the same symbol in [4]. Article [4]
is concerned with a stochastic flow, and o, denotes in that paper, roughly speaking,
the time when at least one of the local times corresponding to reflected Brownian
motions in the flow exceeds a certain level. The results and arguments given in [4]
can be applied in our paper with our definition of o, because we are concerned
only with two reflected Brownian motions X and Y.

For ¢, > 0, let

25) e e e ) = e €Eile0) — et )| Z et < o).

These excursions are labeled so that ¢ < ;' 4 for all k. We let £} = Lf}% for k =
1,...,m* Wealso let tj = inf{t > 0: X; € 9D}, £§ =0, E**_H =L§>k and AL} =

m
G — € Letxg =ep(¢—) fork=1,...,m* and xj = X,s. Let

Ii = exp(ALS (xg)) oy

The arguments in [4] were given only for b = 1, but it is easy to see that they
apply equally to any fixed value of b > 0.

Let [P*0-Y0 denote the distribution of the solution (X, Y) to (1.1)—(1.2), and let
[£*0-%0 denote the corresponding expectation.

Fix an arbitrarily small ¢z > 0. By (3.161) and (3.167) of [4], there exist
c4,¢5,¢6,80 >0, 81 € (1,4/3) and B, € (0,4/3 — B1) suchthatif Xg=x, Yo=1,
|x — y| =€ < &g and &, = c4¢, then

(2.6) |(Yo, = X5,) = L 0--- 0 Zo(Yo — Xo)| < |A| + E,
where |A| < c3e, P¥Y-a.s., and
(2.7 P (|B] > cs5eP) < coe?.

The meaning of A and E is not important in the present paper. These random
variables arise in the decomposition of the difference on the left-hand side of (2.6).
The random variable A is “large” because it is bounded by a constant multiple of ¢
to power 1; on the positive side, this bound is deterministic. The random variable
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E is “small” because it is (typically) smaller than ¢! with g1 > 1, but this bound
does not hold with probability 1.

2.5. Some path properties of couplings. 1f no confusion may arise, xo and yg
will be suppressed in the notation [P*0-Y0 [£X0-0 gnd [P*0-Y0-3.s., and we will use
the notation “P,” “E” and “a.s.”

The next lemma says that if the two processes X and Y are close to each other
and almost parallel to d D then they will stay almost parallel to 9 D as long as they
do not move far away from the current position. The proof is based on an idea that
will be used several times in this article; see steps 2.1, 2.2, 2.4 and 2.6 of the proof
of Lemma 4.2. The argument is concerned with an interval where only one of the
processes can have some local time push. The analysis of the relative positions of
the two processes at the beginning and the end of the interval, and the direction
of the local time push, leads to a (desired) contradiction. The idea is graphically
illustrated in Figure 2 below (step 2.2 of the proof of Lemma 4.2) because that
implementation yields the most convincing picture.

LEMMA 2.1. Suppose that x1 € dD, c1 € (0,1/100), and let D =
D N B(xy, c1/4). Assume that xo, yo € D1 and |{xg — yo,n(x1)}| < c1lxo — yol.
Let T) = ‘Egl A tgl. Suppose that X and Y solve (1.1)—(1.2) with X¢ = xo and
Yo=yo. Then a.s., |{X; — Y¢,n(x1))| <c1|X; — Y;| forall t <T.

PROOF. Observe that for x; € D N D; and y, € D; we have (x; —
y2,n(x1)) < cilxa — y2|/2. Moreover, for any x3 € dD N Dy, the angle between
n(x) and n(x3) is less than ¢ /2 radians.

Assume that [(X; — Y;,n(x1))| > c1|X; — Y| for some r < T7. We will show
that this assumption leads to a contradiction. Let

T2 =1nf{t ZO |<Xl‘ - Y[,n(XI))| > C1|X[ - Yl|}

By assumption and the pathwise uniqueness of solutions to (1.1)—(1.2), 7> < Ty
and | X7, — Y1,| > 0. We have (X7, — Y7, n(x1))| = ¢1| X7, — Y7,| so at most
one of the points X7, and Y7, belongs to the boundary of D. At least one of these
points belongs to dD because ¢ — |(X; — Y;,n(x1))|/|X; — Y;| is constant over
intervals where neither X nor Y visit 0 D. Suppose without loss of generality that
X1, € 0D. Then, by the opening remarks, (X7, — Y7,,n(x1)) < c1| X1, — Y1,1/2,
and therefore,

(28) Tzzinf{tZO:(XI—Yz,n(x1)><—C1|Xt—Yt|}.
In particular, (X7, — Yr1,,n(x1)) = —c1|X1, — Y7, |. Let

Iz =inf{s > T,: Y, € 0D} A Tj.
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Then T» < T3 and L% = Lé. Hence, for t € [T>, T3], we have
(X, — Y, n(x))) = <XT2 — Y7, + fT: n(X,)dLY, n(x1)>
> —c1|Xp, — Yp| + 1 (LY — LY)

t
> 1| X, — Yol +¢1 / n(X,)dLX

T

= —C1

t
X1, — Yr, + /T n(X,)dL¥
2

=—c1|X; = Y4l,

contradicting the definition of 73 in view of (2.8). This completes the proof of the
lemma. [

LEMMA 2.2. Ifx,ye D and x # y, then P*Y(X; £ Y;, for everyt >0) = 1.

PROOF. The proof of the lemma consists of two main steps. The first step uses
a result on differentiability of the stochastic flow of reflected Brownian motions.
According to this result, under some assumptions, the derivative of the stochastic
flow is a nontrivial linear mapping. Hence, different trajectories in the stochastic
flow do not collide. This argument applies directly only when the starting points of
X and Y are “almost parallel” to d D. The general case, presented in step 2 below,
is dealt with by reducing it to the first case at an appropriate stopping time.

Assume that for some distinct x, y € D, X, =Y, for some ¢ < 0o, with positive
probability. A standard application of the strong Markov property shows that there
must exist » € (0,1/200), x; € dD and y; € D such that if we write D; = D N
B(xi,r/8) and Ty = 15 At} , then P*'¥1(3r € [0, T1]: X, = ¥;) > 0. Note that
necessarily y; € Dj.

Step 1. Suppose that r € (0, 1/100), x; € 9D, y; € D and x| # y;. In this step,
we will consider the case when |{(x; — y;, n(x1))| < (#/2)|x1 — y1l.

Let K5 = (x1 + 7,,0D) N aB(x1, ) and K{? =T7,,0D N 3B(0, §). Recall the
stochastic flow X7 of reflected Brownian motions defined in (1.3), and note that
(X, Y) = (X;", X{") under P¥1:V1, Let 6, = inf{r > 0: LX"" > b}. According to
Theorem 3.2 of [6] and its proof, for any fixed » > 0, A, has rank 2. In fact, the
proof shows more than that, namely, P*!-a.s., inf, K? |Ap(v)| > 0. This and (2.4)

imply that for any b > 0,

Jim B int | X317~ X3 |/1v] > 0) =1.
§

Since the stochastic differential equation (1.1) has a unique strong solution, if
X} = X; for some ¢, then X¥ = X; for all s > ¢, a.s. Hence, the last formula
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can be strengthened as follows:

lim IP’XI( inf inf |Xlerv X/ vl > O) =

§—0 VGKO 0<t<a)
For every k > 1 find &; > 0 such that

(2.9) P (inf inf XY= X[/ )V > 0) = 1-27K,

ve [(0 0<t<0y

It follows from Lemmas 3.3 and 3.4 of [4] and their proofs that there exist
stopping times Sy such that Sy — oo as k — oo, and | X} — X7 | < k|X} — X}
foral x,y e D and 1 € [0, S], a.s. We can assume without loss of generality that
dx — 0 as k — o0o. We make §; > 0 smaller, if necessary, so that |X;C1 — X7 <r/8,
forallk > 1,z € K5, and t € [0, S], a.s. By passing to a subsequence, if necessary,
we may assume that

(2.10) P(Sk > 6) > 1 —27%,
If welet 7o = T A Gp,
={|X;' — X?| <r/8,¥z € K5, t €0, 11},

2 x1+v xl
Fi = [Vél}fo 0<1tn<fT | X X'/vi> O}’

then, by (2.9) and (2.10), P(Fy) > 1 — 2 k+1,
We will argue that if Fy holds, then for all # € [0, T>] and z € K5,

2.11) (X = Ye,n(xn)| < (/D)X = Vi,
(2.12) (X, — X3, n(x)| < r|X, — XF,
(2.13) (XF — Y, n(x))| < r|XF - Y.

We obtain (2.11) from our assumption that |(x; — y1,n(x1))| < (r/2)|x1 — y1l
and Lemma 2.1. If Fkl holds, then X7 € B(x1,r/4) forallz € [0, T>] and z € Ks,.
Hence, (2.12) follows from Lemma 2.1 applied with ¢; = r. The claim holds for all
z € K5, simultaneously because Lemma 2.1 is deterministic. We can make §; > 0
smaller, if necessary, so that |[(z — y1, n(x1))| <r|z — yi| for all k and all z € K5, .
Once again, we apply Lemma 2.1 with ¢; = r and conclude that (2.13) holds true.

Estimates (2.11)—(2.13) have the following topological consequences. Recall
that 7, z denotes the projection of z on 7, 0 D. Assuming that Fj holds and t < 7>,
the set I'; = 7, { X}, x € K5, } is a closed loop that contains 7y, X; inside. When ¢
goes from 0 to T3, 7y, X;, my, ¥; and I'; evolve continuously. If X; = Y; for some
t < T», then we must have 7y, Yy =y, X7 forsome k > 1, x € K5, and 0 <5 <.
This and (2.13) imply that Yy = X}. Hence, X; = ¥; = X;. But this means that
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F kz does not hold. Since P(F;) > 1 — 27%*1 we conclude that the probability that
there exists 7 € [0, T»] such that X, = Y, is less than 2~%*!. Since k and b are
arbitrarily large, P*'Y1 (3t € [0, T1]: X; = Y;) = 0.

Step 2. Suppose that r € (0, 1/200), x; € 9D, y; € D1 and x| # y;. In this step,
we no longer assume that |(x; — y1,n(x1))| < (r/2)|x1 — y1|. Also, note that we
assume that r € (0, 1/200) while in step 1 we assumed that r € (0, 1/100).

Suppose that P*1-Y1(3¢ € [0, T1]:Y; = X;) = p1 > 0. We will show that this
assumption leads to a contradiction. Let

A={yeD:|xi —y|=Ix1 — yil, {x1 — y,n(x1)) = {x1 — y1,n(x1))}.

The set A is a circle, possibly with a zero radius. If the radius of A is 0, that is,
if A contains only yj, then x| — y; is parallel to n(xp). It is easy to see that for
any to > 0, with probability 1, there exists time ¢ € (0, 79 A T1) such that X; # Y;,
X; € D, X; —Y; is not parallel to n(X;), and ¢ is the terminal time of an excursion
of X from dD. Let U, be the smallest such ¢ greater than r > 0. We can apply the
strong Markov property at time U,, for every rational time » > 0, and the result
proved below for the case when A does not reduce to a single point to show that X
and Y will not meet before 77.

Hence, we will assume from now on that the set A is a circle with a nonzero

radius. Choose n distinct points yi, ..., y, in A, with n > 2/p1. Let lej = rgl A

rglyj. By our assumption and symmetry, P*1-Y/ (3¢ € [0, lej] Xy = X,yj) =p;. It
follows that for some j # k,

P(3r e[0,7,7]: X, = X;’, and 3s € [0, T{*]: X; = X2¥) > 0.

If the event in the last formula holds, then for u = s V¢ we have X Zj =X¥andu <
), = rgl’vj = 75" In other words, we have shown that if 7} = tglyj 7
then PY7-% (3¢ € [0, lej’yk] : Xtyj = X;*) > 0. We will prove that this leads to a
contradiction. If the processes XY/ and X” do not hit 9 D before lej % then of
course they do not meet before le 7% "If one of them hits 3 D before time le ok
then we can suppose without loss of generality that 73 := Ta)gj < Ta}gk A lej E
Then [(X7] — X35, n(X7))| < (r/4)|X7] — X3¥|. Since T3 < 777", B(x1,7/8) €

Yj X Xk . . .
B(X T; ,r/4). Let Ty = TB(X; g,r/4) A IB(X’;Z,rM)' By step 1, applied with 2r in place

of r, and the strong Markov property applied at 73,
PYiY (3 e [0, 7,77 ]: X7 = X*) < PV (3r € [0, Tu]: X, = X;¥)
=PY% (3 € [T3, Tyl X;’ = X]*) =0.
This contradicts our earlier assertion and finishes the proof. [
The next lemma is almost the same as a lemma that appeared in [5]. It says that

at the time when the local time reaches a fixed level, the difference between the
processes X and Y is very likely to be “almost parallel” to 0 D.
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LEMMA 2.3._F0r any b > 0 and B € (0, 1) there exist cg, B2, €1 > 0 such that
ife<er,x,yeDand|x —y|=c¢,then

@.14) px,y<'<Yozf — o %))

z COSIB]) S 852.
[Yox — Xox]

PROOF. The proof is similar to the proof of Lemma 4.6 in [5], so we only
sketch the main ideas. The paper [5] is concerned with 2-dimensional domains,
but it is easy to see that the results from that paper that we use here apply to
multidimensional domains.

By Lemma 4.1(ii) of [5], IP’(L;;X > a) < c1e~ 2, Hence, for any B3 > 0 and

B4 > 0 depending on f3,

P(LYy > B3| logel) < c1exp(—cafBs|loge|) = c1P4.
o)

If the event A| := {LZX < B3|loge|} holds, then by Lemma 3.8 of [5],
b

sup |X, — ¥;| <|Xo — Yolexp(ca(l + B3|loge|)) < cse! 74P = c5e! =P

1e[0,0%]

where S5 is defined as c483. Choose 83 > 0 so small that 85 < 81, and we can find
Be such that 81 < Bg <1 — Bs.

Let 7} = inf{t > 0: X, € 9D} and {V;,0 <t <o/ — T1} = Xpx_0=1=
abX — T1}. If we condition on the values of X7, and X o the process V is a re-
flected Brownian motion in D starting from X X and conditioned to approach X7,
at its lifetime. It is easy to see that P(| X7, — X%X| < Py < ¢gebr.

Suppose that the event Aj := {dist(X7,, X be) > ¢P1} holds. Conditionally on
this event, the probability that V does not spend at least £#6 units of local time on
the boundary of 3 D before leaving the ball B(Vj, #!) is bounded by c7e#6 =1 Let
A3 be the event that V spends €6 or more units of local time on the boundary of
dD before leaving the ball B(Vy, ef1). Let T» = sup{r < abX X, ¢ B(Vp, eP1)).
If Ay and A3 hold, then Y must hit 0D at some time ¢ € [Tz,ahx ] because
gPo > cse!=Ps for small ; that is, the amount of push given to X exceeds the
maximum distance between the two processes. We also have X of € aD. The

maximum angle between normal vectors at points of dD N B(Vy, eP1) is less
than cgeP!. A modification of Lemma 2.1 shows that |<ngx — ngx, n(XUg()H <
|X0hx — YGbX|C98ﬂl. Recall that, by Lemma 2.2, |ngx — Yglg(l > 0, a.s. We have
shown that the complement of the event in (2.14) occurs if A; N Ay N A3 holds.
Since P((A1 N Az N A3)) < c1eP4 + ceeP' + c76PsP1 | the lemma follows. [
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3. The sign of the Lyapunov exponent. This section is devoted to the calcu-
lation of the “Lyapunov exponent” for the exterior of a three-dimensional ball. In
our model, the Lyapunov exponent is represented by 1+ A, where A, is defined
in Theorem 3.1(ii). This is a three-dimensional analogue of an exponent defined
in [5] for two-dimensional domains. The sign of this exponent—positive for the
domain D—has the fundamental importance for this article.

Recall that H~ is the excursion law for X in D, and 77, denotes the projection on
the plane tangent to D at x € 3 D. For an excursion e and nonzero vector v € R3,
we let fv(e) =log|me—) (V)| —log|v|. Note that fy(e) <0.Let D; = R3 \B(0, 1),
and let (Lt, H* ) be the exit system for reflected Brownian motion X in D;.

THEOREM 3.1. (i) Forevery x € 0Dy and v € 1T,0D, |v| > 0,
H*(fy(e)) = V2 =1 —log(l +v2).

(i) Let Ay(x,v) = H*(fy(e)). We have uniformly in x € 9D and v € T,dD,
[v| >0,

Jim 3, (x,v) = Jim H*(fy(e)) = V2 41og2 — 2 —log(1 + v/2) ~ —0.774013.

The actual value of the Lyapunov exponents comes from a computation pre-
sented in the Appendix, which leads to the following lemma.

LEMMA 3.2. We have

2 sina 12
/ / ———log(sin? B + cos’ Bcos> )/ * da dp
a1 0 167 sin (oc/2)
' =2 —1—1log(1 ++/2)
and

ool .9 > 2 \1)2
(3.2) / / 4—(s1na) log(sin” B 4 cos” Bcos” ) ' “dadBf =log2 — 1.
o Jo 4m

PROOF OF THEOREM 3.1. (i) We will derive a formula for the expectation of
a random variable under the excursion law from the well-known formula for the
density of the harmonic measure.

Lett jf =inf{r > 0: X; ¢ A}. Recall that IP”‘ denotes the distribution of Brow-
nian motion starting from x and killed at the time rD Let u, denote the uni-
form probability distribution on the sphere B(0, r); we W111 abbreviate ;1 = 1. An
explicit formula for the harmonic measure in D; is given in [17], Theorem 3.1,
page 102. That formula implies that

(3.3) Py (X(rh,—) €dy) = a@)|x — y| > u(dy)
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F1G. 1. The spherical coordinates « and B used in the derivation of length reduction of the vector v.

for x € Dy and y € dB(0, 1), where a(x) is such that for x, y € d5(0, 1),
s
. Pyt n(x)(X(‘L'gl —edy) ‘
510 28|x 4 dn(x) — y| 3 u(dy)
We use this and (2.2) to see that for x, y € B(0, 1),

34 H}, (e(¢—) € dy) =2|x — y| 7 u(dy).

Note that, by symmetry, H* (fv(e)) does not depend on x € 0Dy and v €
T.0D1, so we can fix arbitrarily x € dD; and v € 7, D1 with |v| > 0. We will
express u(dy) and fy(e) using spherical coordinates. Let o denote the angle be-
tween the radii of 5(0, 1) going from O to x and y in dB(0, 1). Let M be the plane
that contains v and 0, and let M> be the plane that contains 0, x and y. Let 8 be
the angle between M| and M>; see Figure 1. The uniform probability measure on
the sphere dB(0, 1) can be represented as

(3.5) w(dy) = (2m)~" ' dB(1/2) sina de.
We have |x — y| =2sin(«/2), so (3.4)—(3.5) yield
ﬁgl (e(¢—)edy)=2(2 sin(o¢/2))_3(271)_l dB(1/2)sina da

3.6) .
1 sino

167 sin’ (a/2)
It is elementary (although somewhat tedious) to check that

|7T|y(|v)| = (sin® B + cos® B cos® a)l/z.
v

adp.
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Ife(¢—) =y, then
(37 fvle) =log|mec—y (V)| —log|v| = log(sin? B + cos” B cos? a)l/z.

We combine this formula with (3.6) to see that

2
HD1 fv(e) / /O 60 smSl?ao;Z) log(sin2 B + cos? B cos? oz)l/2 dadp.

Part (i) of the theorem follows from this formula and Lemma 3.2.

(i1)) We will divide excursions into two families—these that return to 0 D rela-
tively soon, and those that travel far away from 90 D. The first part of the following
argument shows that the excursions which travel far away are likely to hit 9D at
a random point distributed almost uniformly over d D. Excursions from d D which
do not travel far away contribute to the estimate about as much as excursions from
aD;.

First, we will show that the harmonic measure in a spherical shell has a density
very close to a constant, under some assumptions. Let S(r, R) = B(0, R) \ B(0, r)
denote the spherical shell with center O, inner radius r and outer radius R. Let
h(r, R; x, y) be the density of harmonic measure in S(r, R) restricted to d3(0, r);
more precisely, let

S(r R)(X x €dy)

r,R)

h(r,R;x,y) =
Y Mr(dy)

for x € S(r, R) and y € 0B(0,r). For fixed r, R and y, the function x —
h(r, R; x, y) is harmonic in S(r, R). By the Harnack principle, there exists ¢ >
0 such that for any positive harmonic function f in B(0, 1), we have ¢; <
fW)/f(@) < 1/c; for all v,z € B(0,1/2). By scaling, for any r > 0 and for
any positive harmonic function f in B(0,r), we have ¢ < f(v)/f(z) < 1/c1
for all v,z € B(0,r/2). We can find a finite number N such that there exist
xy € 0B(0,2r),k=1,..., N,suchthat 05(0, 2r) C U <<y B(xk,r/2). Then the
standard chaining argument shows that for R > 3r and e_very positive harmonic
function f in S(r, R), we have c1 < fw/f(2) < 1/c1 for all v, z € B(0, 2r).
Let ¢ = c1 Consider a large integer m. As a particular case of the last formula,
we obtain that

(3.8) ca < h(25, 2™ x,y)/h(2K, 2™ v, y) < 1/ca
for0<k<m—2,yedB0,2% and x, v € 3B(0, 2**1). By the strong Markov
property for Brownian motion applied at the hitting time of d8(0, 2Kt1),
h(2k, 27 x, :/ h(2%, 2 v, )2, 27 x v dv
( y) 02t ( Y)h( )ik (dv)

for0 <k <m —3,yedB(0,2% and x € 3B(0, 2¥*?). This, (3.8) and Lemma 6.1
of [7] imply, using the same argument as at the end of the proof of Theorem 6.1
in [7], that for any ¢3 < 1 arbitrarily close to 1 there exists mq such that for m > my,

c3<h(1,2";x,y)/h(1,2™;v,y) < 1/c3
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for y € 8B(0,1) and x,v € 3B(0,2"~"). By applying a rotation, we obtain the
following variant of the above result. For any c3 < 1 arbitrarily close to 1 there
exists mgq such that for m > my,

(3.9) c3<h(1,2™;x,y)/h(1,2™;x,2) < 1/c3

for y,z € B(0, 1) and x € B(0,2"1).
Suppose that p used in the definition of D satisfies 2! < p < 2"*2 for some
m > my. Let

T, =0,

U = inf{t > Ty : X, € 35(1,2™)}, k>1,

Ty =inf{t > Up_1: X, € 0B8(0,2" 1)},  k=>2.
Then for x € 3B(0,2" ") and y € D = 35B(0, 1),

o0
Ph(Xrx €dy) =) Pp(Xu, €dy: Xu; € 0B(0,2"), j <k)
k=1

o0
X,
=D Ep (Pt omy(Xu, € dy)lixy coB0.2m).<k)
k=1

M

Ep(r(1,2"; X1, )’)M(dy)l{xUjeaB(0,2m>,j<k})-

~
Il
—

This and (3.9) imply that
3 < IP“{)(XTS% € dy)/IP’xD(XTa;% edz) <1/c3

for y,z € aB(0, 1) and x € 9(0, 2=1) The last estimate and the strong Markov
property of excursion laws applied at the hitting time Ty om-1y of dB(0, 2m=ly
show that

c3 < HX(E(é——) S dy, TBB(O,Z'"*l) < é‘)

/HX(E(K—) S dZ, TaB(O,Z"’*l) < {) < 1/C3

for x, y,z € 0B(0, 1). Informally speaking, for sufficiently large m (and p), the
density of H*(e(¢—) € dy; T, B(0.2m-1) < ¢) is arbitrarily close to a constant
on dD.

The probability that 3-dimensional Brownian motion starting from x + dn(x),
x € dB(0, 1), will never return to d5(0, 1) is equal to 1 — (1 +8)~!. This and (2.2)
imply that for any c4 > O there exists m such that for m > m and x € 9D,

(3.10)

1-— Ccq4 < Hx(TaB(O?zm—l) < ;) <1 + c4.
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It follows from this and (3.10) that for any ¢5 > 0 and sufficiently large p, we have
forx,ye€ oD,

(3.11) 1 —c5 < H*(e(¢—) edy; Ty m-1) < £)/m(dy) < 1+cs.
We have by continuity of probability that

(312) mh_)moo HX(E(g—) € dy, TBB(O’Zm—l) > ;) = ﬁx(e({—) (S dy)

Note that the above limit is monotone.
We have

H (fy(e) = /8 (g, )| ~log IV H* (e(c =) < d)
(3.13) = /aD(log|rry(v)| —log |[VI)H* (e(¢ =) € dy; Ty om-1) > &)

+ AD(log}ﬂy(V)‘ — log |V|)Hx(e(§_) €dy; TE)B(O,Z’”*l) < {)

It follows from (3.12), monotone convergence theorem and part (i) of this theorem
that

lim (log|my (v)| —log [V|) H (e(¢ =) € dy; Typ(.am-1y > &)

m—0o0 aD
(3.14) = /BD(logyny(v)| —log|v|)H* (e(¢—) € dy) = H*(fv(e))

=v2—1—log(1+2).
We combine (3.5), (3.7), (3.11) and Lemma 3.2 to obtain

m—0o0

lim_ | (log|y(v)| —log V) H*(e(& =) € dy: Ty 1) < ¢)
:/ (log|y (v)| —log |V]) (dy)

2 1/2
= —51na10g sin ,B—l—cos ,Bcos o) “dadf =log2 —1.
Part (ii) of the theorem follows from this formula, (3.13) and (3.14). [

4. Recurrence of synchronous couplings in 3-dimensional torus. The nat-
ural scale for our arguments is the combination of the local time scale and the
logarithmic scale. The reason is that when the “real” time reaches a fixed level,
the vector between X and Y is not parallel to d D in any reasonable sense. On the
contrary, when the local time reaches a fixed level, the vector between X and Y is
approximately parallel to d D, in a sense. The last observation is used repeatedly
in our arguments. The following definitions introduce the “local time scale.”
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Let crtX =inf{s > O:Lf > t}, a,Y =inf{s > O:Lf >t}and o, = alf‘ A abY. The
random variable cr,; was denoted oy in Section 2.4 for consistency with the notation
of [4]. The new notation, o,, is more appropriate for this paper. An alternative
formula is o, = inf{r > 0: LtX vV LtY > b}. Let

Olesryp = inflr = o1 (LY — Lféb) V(LY - Lg,;b) > b}

for k > 1. Note that, typically, o,éb is not equal to inf{r > 0: LtX \% LtY > kb}. Let

R =|X; =Yy, M; =log R;, t>0,
4.1)
Vike=M,

" k=0,1,....
The following lemma shows that over a long time interval, the distance be-

tween X and Y is unlikely to decrease.

LEMMA 4.1. For any co > Ojl € (0,1) and p < 1 there exist c1,b,e1 >0
such that if e <e1,x9€0dD, yo € D, |x9 — yo| = ¢, Xo = x0, Yo = yo and

4.2) |{yo — x0, n(x0))| < coePt,

|yo — xol

then

P-Y0 (Vi — Vo > c1) > p.

PROOF. It suffices to prove the lemma for co = 1. To see this, choose any
B; € (0, B1) and note that coebr < eP1 for some e« >0andall ¢ € (0, &,). Hence,
if the lemma is proved for B in place of B, with 1 in place of ¢ and for & < ¢y,
then it also holds for 81, co and & < &1 A &,.

Step 1. In this step, the distance between X and Y is approximated by a sum of
increments related to excursions. The rate of increase (or decrease) of the distance
is expressed using excursion theory-based calculations from Section 3.

Recall the results from [4] reviewed in Section 2.4. Suppose that &, > 0, xg €
0D, veT,dD, [v| =1, Xo = xo and let e, be the first excursion of X from
oD with |e, (0) — e, ({—)| > e4. Let x; = ¢,(¢—) and o = 3/4. We will estimate
P (lxo — e, (0)] > &F) and E*O[[log [y, V|| 1{|xg—e, (0)|<e2}]-

Let Uy =9, Uy = B(xg, &x) N 0D, Uy = (B(xg, kex) \ B(xg, (k —1)e,)) NdD
for k > 2 and Tp = 0. Set jo =1 and for k > 0, set

Ti+1 :inf{t >Tr: X, €0D\ (Ujk,1 U Ujk U Ujk+1)}’
Jkr1=min{i > 0: X7, € U;}.

Recall that # denotes the starting time of the first excursion of X from d D with
le, (0) —e, (£ —)| > e«. Let py be the probability that |xg —e, (0)| < &4 and note that
p1 > 0. The strong Markov property applied at T} shows that P*(y < Tyy1 | u >
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Ty) > pi. It follows that P*(u > Ty) < (1 — p1)k. For the event {|xg — ¢,(0)| >
€%} to occur, we have to have u > T with k > % /(2¢,). It follows that, setting

c1 = —(1/2)log(1 — py) > 0,
43)  P(lxg — e, (0)| > &%) < (1 — p1)®+/@%) = exp(—cie27 ).

B

Let 8 =5/8 and note that if |x; — xg| < 85, then |log |7y, V|| < czsi . Hence,

E*[[log |7, VI 1{xg—e, (0)1<e2}]

= B[ |log [, VI[11x0—eu 01 =o)Ly <efy]
4.4)
+EX0[|10g |7TXIV||1{|x0_€“(0)|58g}1{|x1—xo\zsf}]
< 26 + E[[log |7, VI[Lisg—e, 01 =e) L 1ot )
It follows from (3.4) and (3.11) that for large p, small e, |x; — xp| > Sf and
lxo — x| < e&f,

HY (et ) edx)) _ lx—xi| _ (e —ef)~?

< < <1+682 P,
H*(e(t—) €dx1) ~ |xg — x1| 3 e P .

4.5)

Let ¢, = v/2410g2 —2 —log(1 ++/2) &~ —0.77 be the constant in the statement
of Theorem 3.1(ii). Theorem 3.1(ii), the exit system formula (2.1) and (4.5) imply
that for any ¢4 € (—cx, 1) and ¢3 € (0, ca + c4), all large p and small €, > 0,

E* [|10g |70, VI |1{|X0—€u(0)|§8$}1{|x]_XO‘ng}]

Xu
o H (|10g |7ec VI |1{|x0—Xu|S€§f}1{|e({,),x()‘zgf})

H% Uje(e—)-x,1ze.)
(1+ 685~ )H (| log|me(c—VII1,
<

)

le(¢—)—xo|>¢f)
H¥ (e —)—xo|=e.))

_a + 6627 P)(c3 4 |v2 +1og2 — 2 —Tog(1 ++/2)|)
- H*0(L{je(¢—)—xol>e4})

< ca/H™ (Lje(c —)—xo|=eu})-

We combine the last estimate and (4.4) to obtain
(4.6) E*[[log |7, VI[1{x—e, 0)1=e2}] < €267 + ca/ H (Aje(c—)—xglze.)-

Recall the notation from the paragraph containing (2.5). Consider an arbitrary
vo € R3. Since D is a sphere with the unit radius, S(x) is the identity operator so
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Ir = exp(AZI)nx;: and, therefore,
L+ o+~ 0Zp(vp) = exp( Z Aﬁz)n’x** OOy (vg)
0<k<m*
4.7 = exp(Epry 1)z, © -+ 0 s (Vo)
= exp(LffI;)nx;* 0+ 0T (Vo).
We will estimate the above quantity, starting with the composition of projection
operators. We have

log|ms 0+ 07 (Vo)

(4.8) = Y (log|my o oy (vo)| —log|myr o0 (Vo))

1<k<m*
+ 10g|71x8 (vo)|.

By the strong Markov property applied at the excursion endpoint s; 1 :=#_; +
g“(e,;_1 ), the conditional distribution of

log|m,s 0+ 0 mex (Vo) | —log|myr 0+ 07 (Vo)

given Fy, | is the same as that of |log |my, V||, introduced at the beginning of the
proof. Let

Fie = {[x{_1 — ez (0)] = &5}
We see that the events Fy, k > 1, are independent and so are the random variables
4.9) log|mr,z 0 -+ 0 M (Vo) | — log|mr o0 (vo)|[1F.
It follows from (4.6) that
Ex°[|log|nx;; 0--+0 nxék(vo)| — log|nx;(«_1 0-+-0 ﬂxg(Vo)Hle | F 1]
< 26’ + ca/ HO (e ) s ze.)-

Thus the process

Ny = n(c263? + ca/ HO (Lje(c—)—sxolze.))

— Z ‘log’ﬂx;{ﬂo---onxg(Vo”—log‘nxlf_lo---OT[xaf(V())Hle
1<k<n

is a submartingale. By the optional stopping theorem, E* N,,x > 0, so

IE’“O[ Y Jloglmys o0y (v0)| —logly: o+ onxg(vo)ka]

1<k<m*
(4.10) e 2 )
<Em*(c26;” + ca/ H (N{je(c —)—xpl2¢4)))-
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Formula (3.4) implies that H* (1{je(;—)—xo|ze,}) < ¢5/&x. It follows from the def-
inition of m™ and the exit system formula (2.1) that m™* has the Poisson distribu-
tion with the expected value b H** (1{j¢(; —)—xy|>¢,})- These observations and (4.10)
yield for some cg > 0, any c7 € (c4, 1) and small ¢,

Exo|: Z |10g}ﬂx,jo---oﬂxg(vo)|—10g|ﬂx;710~--07Txg(Vo)|| 1_[ 1Fj]

1<k<m* 1<j<m*
4.11) < E[ Y |logmyz o0 (vo)| —log|my; o onxg<vo>||1Fk]
1<k<m*
< (c68£ﬂ_1 + c4)b < c7b.
In addition, since we are dealing with a sum of i.i.d. random variables given
in (4.9), and the sum has a Poisson number m* of terms with large mean, it is

easy to see that for any cg € (¢7, 1) and p > 0O there exist b1 and gp such that for
b>b; and g, < g9,

IP’X()( Z |10g}71x;: 0--- oﬂxg(vo)| - 10g|71x;571 o--- Oﬂxg(VO)Hle
1<k<m*
“4.12) —
> Csb) < p2.

A similar argument based on the strong Markov property applied at times s; and
the optional stopping theorem for submartingales, combined with (4.3), gives

(4.13) }P’x“( U ch) <Em*exp(—c1627") < cobexp(—cie¥)e, L.

1<k<m*

Step 2. We will use a result from a different paper to show that the discrete
approximation of the distance between X and Y employed in the previous step is
sufficiently accurate for our purposes.

Recall the notation from Section 2.4. We copy below (2.6)—(2.7) because these
estimates are crucial to the present argument. Fix an arbitrarily small c19 > O.
There exist c11, ¢12, 13, &9 > 0, B1 € (1,4/3) and Br€(0,4/3 — B1) such that if
Xo=x,Yo=y,|x —y|=¢€ < &g and &, = cy1¢, then

(4.14) {(Ya};—XU};)—Im*o-'-oIo(Yo—Xo){f|A|+E,
where |A| < cjoe, P¥7Y-a.s., and

(4.15) P (|8 > c126P!) < c136P2.
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We have
10g|7rx;1* O--+0 nx(’)‘(YO — X())‘
= Y (loglme o 0w (Yo — Xo)|
1<k<m*
(4.16)

— log|7rx;71 o ome(Yo— Xo0)|)
+log| 7+ (Yo — Xo)|.
Note that x§ = xo. It follows from (4.2) that
(4.17) loge —log|myx (Yo — Xo)| =loge — log|my, (yo — x0)| < c1ae”".

We combine this with (4.12), (4.13) and (4.16) to see that for any c15 € (¢7, 1) and
p2 > 0, there exists by such that for any b > b», there exists €] > 0 such that for
E=¢p,

(4.18) ]P’(|10g|nx;;* oo (Yo — Xo)| —log|Yo — Xol| > c15b) < pa.
A special case of (4.7) is
Tps 0 - 0 To(Yo — Xo) = exp(Lf};)nx;* o+ 0 (Yo — Xo).
This implies that
10g|Zyu+ o - - - 0 To(Yo — Xo)| = Lfé +log|myr, 00 (Yo — Xo)|.
Recall that | Xo — Yo| = |xo — yo| = €. On the event {0, = o*bX} we have Lffb =b
s0, in view of (4.17) and (4.18), for any ci6 € (c15,1), c17=1 — c16 > 0 and

p3 > 0, there exists b3 such that for any b > b3, there exists €3 > 0 such that for
£=é,

PX0Y (log|Zy+ o -+ - 0 To(Yo — Xo)| — b — loge < —ci6b and oy = o)
=PY(log|Zyx o --- 0 Zo(Yo — Xo)| < (1 — c16)b +loge
4.19) and o = o)
= PY0X0(| L 0 - - 0 o (Yo — Xo)| exp(ci7b) and o}, = o)
= p3.

Recall from (4.14) that we can assume that |A| < cjge, a.s. It follows from (4.15)
that for small ¢, P(|E| > cj9¢) < p3. These remarks and (4.19) imply that

P*Y(|Zns 0 - - 0 To(Yo — Xo)| — |A| — || < e(exp(c17b) — 2¢10) and o), = 0 )
<2ps3.



BROWNIAN EARTHWORM 4025

‘We combine this estimate with (4.14) to see that

PY00(|(Y, x — X_x)| < e(exp(ci7b) — 2c10) and o), = o)
(4.20) oo
_ IP’XO’YO(KYGZ; — Xal;)‘ < e(exp(c17b) — 2¢19) and 0, = alf() <2ps.

We choose large by so that for b > by, c1g = ¢13(b) := exp(c17b) — 2¢190 > 1. We
can now write (4.20) as

P00 (|(Y,y — Xo)| < c1ge and o = o)
4.21)
=P (|(Y,x — X,0)| < c136 and 0 = 0) < 2p3.

Recall that xo € 3D, yg € D, and let T’ = inf{t > 0:|X;| = |Y;|}. Note that the
distributions of {(X;, Y;),t > T’} and {(Y;, X;), t > T’} are symmetric. Moreover,
Y, ¢ 0D for t < T’ and, therefore, L;, = 0. It follows from this and (4.21) that

PO (((¥,y — X,1)| < crse, T' <of and o} = )

= ]P’"O’YO(\(YGZQ - Xaé)| <cige, T' <oy and oy = o)) < 2p3
and
PO (| (Ypy — Xo1)| < ci186)

422)  <PON(|(Y, — X,)| < cise. and of = o)

—i—IPxO’yO(](Yal; — Xgé)| <cig6,T' <oy and o), = O’bY) <4ps.
Let cj9 =logcig > 0. Then
P00 (V) — Vo < c19) = IPXO’yO(logKYGé — Xab/)\ —loge <logcig) <4ps.

Since p3 > 0 is arbitrarily small and c19 > 0O, the lemma is proved. [J

The following lemma estimates the distribution of the increment of the loga-
rithm of the distance between X and Y. The assertion of the lemma has two parts.
One part says that the distribution is close to the distribution of an integrable ran-
dom variable. The other part shows the that error of approximation is small in an
appropriate sense. Recall notation from (4.1).

LEMMA 4.2. For any B1 € (0, 1/2) there exist B2, b, c1, &1 > 0 and a cumu-
lative distribution function G : R — [0, 1] satisfying ffooo laldG(a) < o0 and such
that if e < &1, x0 € 9D, yo € D, |x0 — yol = &, Xo = xo, Yo = yo and

30— x0. 000 _

(4.23) ,
|yo — xol

then there exists an event F such that

(4.24) PY0-Y0(FC) < ¢16P2,

(4.25) P01V — Vo|lp <a) <G(a), acR.
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PROOF. Step 1. This step is devoted to a review of upper bounds on the rate
of growth of the distance between X and Y. It also contains a list of definitions
(notation) used throughout the rest of the proof.

Fix b as in Lemma 4.1, some B3 and B4 such that §; < B3 < B4 < 1/2, and
consider the condition

4.26) [{yo — x0, n(x0))| e

[yo — xol

where ¢, =200 - 274 Note that c,e#4 < ¢#1 for small & > 0. It follows from (4.22)
that for some p; € (0,1), &1 > 0 and ¢3 = ¢c3(b) > 0, if |[xg — yo| = € < &1 and
either (4.23) or (4.26) holds, then

4.27) Px()ay(](|Y0}; — Xa,il < C38) < p1.

Lemma 3.4 of [4] and its proof show that there exists c4 > 0 such that for all
x,y € D and t >0, we have P*V-a.s.,

(4.28) 1X; — Y;| <exp(ea(L +L)))lx —yl.
By the Markov property, for any fixed ¢, s > 0, a.s.,
(429) [ Xips — Yigs| Sexp(ea(Ly, — LY+ LY, — L)X, = Y.

Since the last formula holds for all rational 7, s > 0 simultaneously, a.s., and X and
Y are continuous, the inequality actually holds for all random times ¢, s > 0 (not
necessarily stopping times). We obtain from (4.28),

(4.30) inf X, = Y| > exp(—2¢4b)| X oy — Y.

0<t<oy
Let ¢s = exp(2c4b) and cg = c3¢5 ! Tt follows from (4.27) and (4.30) that

(4.31) PO (inf 1Y - Xi| < eqe) < i,

0<t<oy,
and for any random time 7" € [0, o, ],

(4.32) sup Yy — X;| <cs|Yr — X7, ProYo_gs,

T<t<o,
In particular,

(4.33) sup |Y; — X;| < cse, PX0-Y0_g.s.

0<t<o,,
We set ¢; = (—1 — 2c4b) Alogcg and ¢y = e“7. Hence,
(4.34) cgcs <exp(—1—2cab + 2¢4b) < 1/2.
Obviously, (4.31) implies that, assuming that either (4.23) or (4.26) holds,
(4.35) IPMO( inf |Y, — X,| < Cge> < p1.

/
0<t=oy,
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Let Uy =0 and
Sy =inf{t > 0: M; — Mo < c¢7} =inf{r > 0:|X; — Y;| < cg|Xo — Yol}.

Here and later, inf @ = co. Note that at least one of the processes X and Y must

belong to 9D at time S;. We proceed by induction. First assume that X, € dD.

. Ys, —X
Let zx € 9 D be the point such that n(zx) = ﬁ, and for some c¢9 > 0 (to be
k k

specified later) and k£ > 1, let
Uy = inf{t > Si: Y; € dD},
Sk =1inf{t > Uy_1: M; — My, , <c7}
=inf{t > Up—1:|X; — Y| < 31Xy, — Yu,_, 1},
Fr ={Sk <o},
Gk =0 (B, t < Up),
Jy =n € Zsuchthat 27" < [Xg, — zx| <27,
dr = Xv,_, — Yu,_,| (hence, dy = | Xo — Yo| =¢),
Ie={2"" =),
S =inf{r > Sp:|X; — X5, > d},
Cr = {Ur <S¢},
Gr = {I1Xu, — Yu,| = c02” *dy},

{Xu, — Yu,, n(Yu))|
Kk={ L0 BN o xy, — vy P,
|XUk_YUk|
Ar=F.NLNCy NG N K,
A=A
i<k

If X5, ¢ 0D, then we must have Y5, € 9D, and we apply all the above definitions
with the roles of X and Y interchanged. In the rest of the proof, we will discuss
only the case when X, € 0D. Our arguments hold in the other case by symmetry.

Step 2. In this step we will prove that, for some c1g, c1; < 00, k > 1 and m such

that 2™ > d on A,
(4.36) P(AS N Fi | Giet) < cr0d)”,
(4.37) P({Jk =m} N Fy | Gr—1) <cni27".

Informally speaking, we will show that some events are unlikely. Given that they
do not happen, we will find good estimates for the distance between X and Y.
This step is subdivided into further substeps because we have to analyze several
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families of “unusual” events and show that they all have small probabilities. The
first substep will show that “long” excursions are unlikely.

Step 2.1. Let U, = S} A Ug. Note that U; = U on Ci and U, = S} on Cf. If
Fy holds, then di < cs¢, by (4.33). By the definition of Sk, |Xs, — Y5, | = cgdk,
if S < 0o. We have assumed that X5, € dD so dist(Ys,, D) < cgdx. We apply
Lemma 3.2 of [5] to the process Y at the stopping time Sk to see that for some
ci2 >0,

(4.38) P(\Ys, — Yo | = df*/3) < crod ™.

We will show that if 1 > 0 is sufficiently small and ¢ < ¢1, then Lg, — L?k <
k

311 + cs)cl,fg *. Suppose that the last inequality does not hold, and let 7;* = inf{r >
Sy :LtX - qu(k =301+ C5)d£4}. Then by assumption we have 7" < U; < S}. As-
suming that Fj holds and using (4.33),

(4.39) [Xs, — Y5, | = cgdi < cse.

Hence, if ¢ is sufficiently small, then cgdj < d,’f * /3 and, therefore,

(4.40) IXs, — Y5, | <df*/3.

It follows from the definitions of Uy and U ,i that LE}2 — Lgk = 0. If £ is small then
di is small and 3(1 + cs)d,i34 < b A1/100. So the definition of 7}, (4.40) and (4.28)
imply that

(4.41) | X7e — Yro| < esdf.

For all ¢ € [Sk, TF] C [Sk, S§] such that X; € 9D, the angle between n(X,) and
n(Xg,) is less than 2d£4. It follows that the angle between f St n(Xt)st and

n(Xg, ) is also smaller than de4 < 1/50. Moreover, the length offSi" n(X,)dL,X is
greater than 2(1 + cs)d,’f“. Recall that Y, ¢ 0D for t e [S, T]. Thus
fSTk" n(Y;)dL}Y = 0 and, therefore,

Xrx —

X Yre

k

Tk*
= X5, — Vs, +f n(X,)dLYX.

This relation, the fact that X s, € 0D, (4.40), (4.41) and our observations about the

direction and length of f s n(X d L imply that Y 7 must be at least (1 + C5)d
units inside the ball B(0, 1). This is impossible so the claim that LX, — L§k
k

3(1 4 cs5)d]* is proved.
Recall that, assuming that Fj holds, cgdi < cse. Hence, if 1 > 0 is sufficiently
small and & < 1, then 3(1 +cs)df* < b. Since LY, — L¥ <3(1+cs)df*, L), -
k k



BROWNIAN EARTHWORM 4029
LY =0and |Xg, — Ys, | = cgdy, we have by (4.29), for all 7 € [Sk, U}],
(4.42) 1X; — Y,| < escsdy < di*/3.

In particular, |X v, — Y, U/i' < d,’f * /3. This, the definitions of Sy and U; and (4.40)
imply that, assuming that Cy does not hold, |¥Ys, — YS,j| =|Ys, — YU/Q' > d£4/3.
This and (4.38) imply that, on A} |,

(4.43) P(C{ N Fi | Gio1) <ciad, ™.

We record, for future reference, the following variants of (4.42). If Cy N Fy
holds, then U,i = Uy and for any random time R € [ Sy, Uy] and all ¢ € [R, Ug],

(4.44) | X; — Yi| < cseg|Xg — YRI.
It follows from (4.29) that if C; N Fy holds, then for all ¢ € [Ug_1, U],
(4.45) IX; = Y| <cs| Xy, — Yy | = csdk.

Since | X5, — Y5, | = cgdy, if Fy holds, then we have by (4.29) and (4.34), for all
t €[Sk, 03],

(4.46) | X: — Y| < cscgdi < di /2.

Step 2.2. The intuitive meaning of the technical estimate in this step is that if the
vector between X and Y is close to the normal to d D, then Y must have traveled a
long distance since it last visited 0 D. _

Assume that Fj holds. Let l[lf =sup{t <U:Y;€dD}and Uy = U1 VU . Tt
is easy to see that, a.s., U} < Uy < Sg < U, for k > 2. (We will limit our discus-
sion to the case k > 2; the case kK = 1 requires minor modifications so we omit the
proof.) Random times U’ and Uy, are the endpoints of an excursion of Y from d.D.
Suppose that Jy > m and 27" > d£3. By (4.32), di < cs¢ so, assuming that ¢1 > 0
is small and ¢ < g1, we have cgd; < d£3 <27 Wehave | X5, —zk| < 2-m+1 and,
using (4.39),

(4.47) |Ys, — 2kl <|Xs, — 2| + | X5, — Vs, | <27 gy <272,

Suppose that supg, <, <, x,cap 1Yt — 2kl < c14 :=1/400. We will show that this
assumption leads to a contradiction. The assumption and (4.33) imply that, for
small &, SUP{, </<S,.X,€0D |X: — zk| < 2cy4. This in turn implies that for all t €

[l7k, Si] such that X; € 9D, the angle between n(X;) and n(zy) is less than 4cy4. It
follows that the angle between [ g’; n(X;)d LtX and n(zy) is also smaller than 4c¢14.

Note that Y, ¢ 0D for ¢t € [ﬁk, Sk] by the definition of l~]k. Thus fg: n(Y;) stY =0
and, therefore,

Sk
(4.48) X5, —Ys, =Xp — Yy + /(7 n(X;)dL¥X.
k
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FI1G. 2. In analysis of possible locations of X and Y , we can ignore Brownian oscillations because
they are common to both X and Y and hence do not affect their relative position. Consider the case
l7k = U]f. On the interval [Ul:k’ Si], only X gets “local time push” on 0D because Y does not visit
d D between these times. The direction of the push is always close to n(zy). The picture represents an
impossible configuration—it is impossible for X Uy to be “above” Y, Ut and for X, to be “below”
Y, if X is pushed in the “upward” direction between times Ulf and Sy.

Recall that X5, — Y, is a positive multiple of —n(zx) and X5, € d D. Assume that
K1 holds. If l7k = U}, then Yy, € o D. Next consider the case lNJk > U} In this
case, Xy, , € D and, assuming that ¢ > 0 is small, the vector Yy, , — Xy, , isal-
most orthogonal to n(Xy, ). More precisely, Ky implies that dist(Yy,_,, D) <
202d,: TP+ These observations and the fact that the angle between | g}’: n(X;)d LtX
and n(zx) is smaller than 4c14 show that (4.48) cannot be true; see Figure 2.
This contradiction implies that SUP{, </ <S;.X,€9D |Y; — zx| > c14. We combine
this with (4.47) to see that SUP{, </ <S;.X, €D |Y; — Y, | > c15 := c14/2, for some
m1 and all m > m. Suppose that s is such that l7k <s1 < Sk, X5, € 9D and
|Ys, — Ys;| = c15. Then either Y, — Y5, | = c15/2 or [Y — Y| = c15/2. Since
X5, € 0D, it follows that there exists s, such that l7k <82 < Sk, X5, € 9D and
Y, b, — Y5, | > c15/2. We record this for future reference. There exists m such that

if m >my, Fp N Kx_; holds, J; > m and 27" > d™* then

(4.49) _sup 1Y — Y, | = c15/2.
Ur<t<S,X;€dD

Step 2.3. We will show that if ¥ comes close to d D, then it is not likely to hit
d D far from this point.

Assume that C; N Fy holds. Recall notation related to excursions from Sec-
tion 2.3. We will apply excursion theory to excursions of the Markov process
(Y, X) from 3D x D. From the intuitive point of view, the exit system representing
these excursions is equivalent to the exit system for excursions of ¥ from d D. We
use the “richer” version of excursion theory so that we can discuss the relation-
ship of excursions of Y and the process X. We will use the same notation H* for
excursion laws of the process (Y, X) as for excursion laws of the process Y since
the two families of excursion laws can be clearly identified with each other. All
estimates of H?-measures of events given in this proof hold uniformly in z € 3D,
so we will write H" for such uniform bounds.
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Consider an arbitrary cj6 € (0, c15/2), and for the moment, consider d a fixed
number. In the following definitions, e will represent excursions of the second
component of (X, Y) from dD. Let

T =inf{t > 0:dist(e(r), dD) < csdx, |e(0) — e(r)| > c16, X; € ID},
A= {T <, sup |e(¢—) —e(r)| > d£4/4}-
T<t<¢
An application of Lemma 3.2 of [5] and (2.2) give
(4.50) H(T <) < H( sup [e(r) = e(0)] = c16) < er7.
O<t<¢

Another application of Lemma 3.2 of [5] and the strong Markov property applied
at the stopping time 7 yield

HA|T <) = H'(Tsup le(¢—) —e(t)| =d*/4| T < ;) <cigd, ™,
<t<¢

We combine this and (4.50) to see that
(4.51) H'(A) < crod, ™.

Now we go back to the original definition of dy—we treat it again as a random
variable. Note that t — |X; — Y;| is a predictable process, so } ; dil;c,_,.u,] 1S
a predictable process. This, (4.51) and the exit system formula (2.1) imply that the
probability that there exists an excursion of Y belonging to the set A and starting

in the time interval [Ux—_1, U A o] is less than bclgd,!_ﬁ“.

Assume that J; = m for some m > m1 such that 27" > d,’f 3. Recall that we have

assumed that C; N F; holds. Let

Sp =inf{t > Up: X, € 9D, Y, — Y, | > ci6}.

S§ =inf{t > S} : X, — e d’ 2},

Ci ={Ur = 57}
Note that S,l < 8¢ < Ug because of (4.49) (recall that c1¢ < c15/2). This implies
that S < S}

If (C,i)" holds, then |XSk+ — YS;rl < c¢s5dy, by (4.42), (4.45) and the fact that
S,j < S,j‘. Under the same assumptions, we also have | X sl Y 5] | < c¢sdy because
Sk1 < S,j. Suppose that £ > 0 is so small that for ¢ < 1 we have csd; < d,’f“/S.
Then [Y 1 YSk+| > df * /4, by the definition of S,j and the triangle inequality.

Suppose that Uy = U,;"N. Since |YS£ - YS;rl > d£4/4, the excursion of Y starting
at U} belongs to the set A. We have proved that the probability that there exists an
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excursion of Y belonging to the set A and starting in the time interval [Uy_1, Ux A
o}] is less than bclgd,l_m. Thus, on A} |,

P({Tk = Uf} N {Je =m} N (C) N Cx N Fy | Gr1) < crobd, ™.

Now suppose that ﬁk = Uy_1. If we replace ﬁk with Ug_1 in the definition of
S,i, then this random time becomes a stopping time, and we can apply the strong
Markov property at such modified S,i. By Lemma 3.2 of [5] and the strong Markov
property applied at the modified S,}, the probability of {SuPs,ze[S,l, ug1lYs = Yil =

df* /4} is bounded by cx0d, ™. Since (C})° N Cy N Fy implies {|¥g) — Y| >

df* /4}, we obtain on A},
P({Uk = Uk—1} N {Je =m} N (CH N Cx N Fi | Gr—1) < Czodkl_’g“-
Combining this with the previous case yields
1—
P({Jy =m} N (CH N CrN Fy | Giot) < end, ™.

If we apply this estimate with m defined by 27" < dkﬁ 3 <27m+!1 then we obtain,
on A}
k—1>

(4.52) P(I{ N (CY)° N Cu N Fi | Giot) < candl ™.

There is no b on the right-hand side of the last estimate because b was fixed, so it
can be absorbed into the constant c;1. There will be some other places in the proof
where we absorb b into the constant.

Step 2.4. We will show that the process Y is unlikely to hit the boundary close
to the point where the normal vector is parallel to the original vector from X to ¥,
assuming that X is in d D at the initial time.

It is elementary to check that if v, w € R? are nonzero vectors, then the angle
Z(—v,v — w) is greater than the angle Z(v, w).

Suppose that the event {Jy =m} N C, N C ,1 N Fy occurred for some m such
that 27" > d,’f 3. Note that S,l < Sk because of (4.49). Let oy be the angle between
Xsli — YS/! and X, — Yg,.

Suppose that o > 16 - 27/, We will show that this assumption leads to a con-
tradiction. For all 1 € [S,}, Sk] such that X; € dD, the angle between n(X,) and

n(Xg,) is smaller than df“ because C ,1 holds so S < Ui < S,j , and therefore, the
definition of S,j implies that SUD; crs), 5] | X — XS,l' < d]'f“/z. It follows that the

angle between fSS]:" n(X;) dL,X and n(X,) is also smaller than d,f“. Since Jy =m,

the angle between n(zx) and n(Xg,) is smaller than or equal to 2-m+2 This is
equivalent to saying that the angle between Y5, — X, and n(Xs,) is smaller than

or equal to 2-m+2 Tt follows that the angle between [ Sslk n(X;)d th and Y5, — X,
k
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is smaller than 2712 + df“ <2 m+2 4 d,’?3 < 2—m+2 4 p-m - 2=m+3 Note that
Y;¢0Dfort e [S,i, Sk]. Thus fSSf‘ n(Y,)dL,Y = 0 and therefore,
k

Sk
X
(4.53) Xg —Yg, = XSI% — YS,! + /:?,% n(X;,)dL;.

We will identify some elements of the above formula with vectors v and w
in the opening remark in this step, namely, v = Xg — Y5, and w = X s~

S,
Yg1. Then fs,lk n(X)dLY =v —w and o = Z(v, W) = L(Xg = Y. Xs, —
Ys,) > 16 - 27/ = 27™+4 This and the fact that Z(—v,v — w) = /(Ys, —
Xs,, [ ;lk n(X;d LtX ) < 2-m+3 yield a contradiction. Hence we must have oy <
k
27IF4if {J = m} N Cx N C} N Fy holds.
cr=u, 1Ko — Xg| < d /2. Since Sy €[S}, Ul it

follows that | Xy, — Xg,| < df“. Recall that | Xy, — Yy, | < csdi by (4.32). This
implies that, for small & > 0,

1
If C; occurred, then sup

4.54) Yy, — X5 | = | Xy, — X | + 1 Xy, — Yyl < d;’f4 +csdy < 2d£4-
Let z,i € D be defined by n(z]i) = (Ysll — XS,i)/|YS,} — XS,}|~ Since o < 27k +4,

we have |zx —z} | < 22277k = ¢227™. We have assumed that 2~ > d£3 ,50(4.54)
implies that

Yy, — 24| < 1Yy, — X1 +1Xs, — 26l + |26 — 22
<2dP* 427 pp2 7 = 2af 27 L pp2 T < 0327
We have shown that the event {J; = m} N Cy N C,l N Fy implies
(4.55) {|1Yu, — 24| < c2327™).

Suppose that Uy = Uf. In this case, we will estimate the probability of the
event in (4.55) using excursion theory. Recall the remarks and conventions from
the beginning of step 2.3. Let T! = inf{t > 0:|e(t) — e(0)| > c16}, 2> € 3D be the
point such that n(z%) = (e(T') — X71)/|e(T') — X 71| and

A=le:T! <, |e(t—) — 2| < c2327™).

The number of excursions starting before o and such that T! < ¢ is Poisson with
the mean bounded by c4b, by (2.1) and the right-hand side of (4.50). We can as-
sume that cj¢ > 0 is arbitrarily small. If cy¢ is sufficiently small, then it is easy to
see that the angle between e(TH — X 71 and n(e(0)) must be bounded below by a
strictly positive constant, and therefore the distance between z> and e(T'!) must be
bounded below by c5 > 0. By the strong Markov property applied at !, given the
values of e(T!) and z2 and assuming that le(T1) — 22| > ¢»s, the probability that
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e(¢C—)eB (22, ¢2327™) is smaller than c262~"", by (3.3). Hence the expected num-
ber of excursions in A starting before o7, is bounded by c26b2~". This implies that
the probability that such an excursion will occur is less than or equal to coeb27"".
We have shown that {Jx = m} N Cx N C} N Fy implies {|Yy, — z}] < c2327™}, so
if {l7k =U YN {Jk=m}NCrN C,} N Fy occurs, then the excursion of Y starting
atU ,f belongs to A. We conclude that, on A,f_l,

(4.56) ]P)({ﬁk = U,j} N{Jr=m}NCrN C]i N Fy | gk_l) <cpeb27 ™.

Next suppose that {lNJk = Ug—_1} N Ki—1 holds. It is easy to see that if cj¢ >
0 is sufficiently small, then we can find &; > 0 such that for ¢ < 1, the angle
between YSIl - X s and n(X 511) is bounded below by a strictly positive constant.

Then the distance between z,lC and Yslf is bounded below by c¢26 > 0. By the strong
Markov property applied at S,l, given the values of YSk‘ and z,i and assuming that
|YS;§ — z}{| > )6, the probability that Yy, € B (z}{, ¢2327™) is smaller than cp727™,

by (3.3). We have shown that {Jy = m} N Cy N C,l N Fy implies {|Yy, — z}(| <
¢2327™} so, on A,f_l,

P({Ux = U1} N {Je =m} N Ce N CE N Fie | Gre1) < 727"

We combine this with (4.56) to see that

P({Jr =m}NCi NCLN Fi | Geo1) < c2827™.
Summing over m > m’, we obtain, on A,'C';l s
(4.57) P({k =m'}NCyNCl N Fe | Giot) < c027™.
We combine (4.43), (4.52) and (4.57) to see that if 27" > a’ﬁ3, then on AZF_I,
P({Jk = m} N Fi | Ge—1) < P(C{ N Fi | Geot) +P(IE N (C) N Cie N Fie | Gir)

+P({Jx =m)NCe N CE N Fi | Gi—1)
< C13d;1_ﬂ4 + Cz1d,§_ﬁ4 + 2927 <3027

that is, (4.37) holds.
The following follows from (4.57), with m’ defined by 2—m'=1 < df 3 o,
We have on A,j_l,

(4.58) P(I N Ce N CLN Fi | Giot) < caod)™.

Step 2.5. We will show that the vector from X to Y is very likely to be almost
parallel to d D at the time Uk.
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Assume that C; N Fj holds. Let
S/ =inf{r > S |X, — Y| <27/},
U] =inf{r > §/:1X, - Xgl =277,
Cl ={Un =T}
‘The following argument is very similar to that in step 2.1. By the definition of
:S'\,f, for large j,
Y =0
(4.59) |X§]{ Y§1f| =277,
Suppose that {§,{ <UlnNn (6,{)6 holds. Then ng € dD and dist(ng, aD) <27/,
k k
By Lemma 3.2 of [5],
(4.60) ]P’( sup Vg — Y| =279 /3) < 327/ U=P),
i k

Si<t<U
It follows from (4.44) that for all ¢ € [:S'\,i , Url,
(4.61) | X, — Yy §C5|X§]{ —Y§]{|.
In particular, for large j, |XUA{- — Yﬁ]{| <5270 < 2‘fﬁ4/3. This, (4.59) and the
definitions of :S‘Z and C ,{ imply that, assuming that C ,i does not hold, |Y§/{ —Y, i | >
27/P4 /3. This and (4.60) imply that, on A;" ,,
(4.62) P((C) N {8/ < U} N Ci N Fy | Gry) < e3p27 /079,

Assume that éli N {S\Ii < Ui} holds. Since XEI{ € 0D and Yy, € 9D, there is
te [S/, Ux] such that dist(X;, dD) = dist(¥;, dD). Let S/ be the smallest ¢ >
§,{ with this property. Let 7 € D be the point closest to X 5 among all points
equidistant from X 5}{ and Y§If' By the definition of 6,{, forallt € [§,{, U], we have
Xi — Xl < 2+, By (4.61), for all t € [S], Ui], we have |X; — Y| < 527/,
This implies that, for large j, |7 — XS‘,{ | =17 — YS‘,{' < 10-27/P+ We also have for
re [§,{, Ul, IZ— X;| <20-27P+ and |7 — ¥;| <20 - 2_1:/34. Hence we can apply
Lemma 2.1 with ¢; /4 = 20 - 27754 at the stopping time E,ﬁ to see that
(4.63) (X, — Yu,,n@)| <8027/ Xy, — Yy,l.

Sinpe |7 —Yy,| <20- 27784 the angle between n(7) and n(Yy;, ) is less than 40 -
2774 for large j. This and (4.63) imply that, for large J,

(4.64) (X, — Yu,, n(Yy,))| <200-277P4 Xy, — Yy,|.
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Let jo be the largest j such that :S\,ﬁ < Uk. Then | Xy, — Yy, | > 2—J0=1 and if the
event in (4.64) holds with j = jo, then the following event holds:

Xy, — Yu,,n(Yy,))|
|XUk - YUkl

Kk={ §C2|XUk_YUk|ﬂ4},

with ¢3 = 200 - 284 Tt follows from the definitions of Sy and §,{ that 2770 < 2¢gd.
Thus

K,fkaﬂch U (6]{)cﬂ{§k.§Uk}ﬂCkﬂFk.
ji27 <2cgdy

This and (4.62) imply that, on A,j_l s

P(Kg N Ci N Fi | Gk—1)

(4.65) <p( U (©E)n(s 5Uk}mckka|gk_1)
ji27J <2cgdy
< > 2 U <oy TR
j:270 <2cgdy
Step 2.6. We will find a lower bound for the distance from X to Y at the time Uy.
Suppose that Iy N Cy N Fy holds. Recall that 4 > B3. Since I; holds, we
have 2~/ > d,’f3. Assume for now that a’f3 < n, where n > 0 is so small that
df“ < (1/100) A d£3/(47r) < (1/n)2*J’<*1. Since Cy is assumed to hold, we have
X — Xg, | < d,’f“ for all r € [ Sk, U] such that X; € d D, and therefore, for such ¢,
the angle between n(X;) and n(Xg,) is smaller than nd,’f“. It follows that the
angle between fsik n(X,)stX and n(Xg,) is also smaller than nd,f“. The angle
between n(Xg, ) and n(zx) is greater than 2~k This implies that the angle be-
tween |, SZ k n(X,)dL,X and Y5, — Xg,, which is the same as the angle between
SIZ" n(X,)dL} and n(zy), is greater than 277k — nd,f}“ > 2N = Il ===l
Note that Y; ¢ dD for t € [ Sk, U] by the definition of U. Thus fsli" n(Y;) stY =0
and, therefore,

Uk
(4.66) Xy, — Yy, = Xs, — Vs, + /S n(X,)dL¥X.
k

If v, w € R? are nonzero vectors and the angle Z(v, w) is greater than « then the
length of v — w is at least |w|sina. In view of (4.66), we can apply this observa-
tionto w =Yg, — Xg, and v= fsllf" n(Xt)stX, and conclude that | Xy, — Yy, | >
3427k X s — Y| = 342" cgdy,. We now specify the value of the constant in
the definition of G to be cg = c34c¢g. With this definition of G, we see that we
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have shown that G holds. Hence, assuming that df * < (1/100) A df */(4m), we
have on A,f_l,

4.67) P(Giﬂ]kﬂckﬂFk | gk_l) =0.

Since inf{a > 0:a?* > a3 /(47)} > 0 and the probability of any event is bounded
by 1, we have for some constant ¢35 < oo, on the event {df4 > (1/100) A
dP/(4m)yn Af,

(4.68) P(GS N I N Ci N Fi | Gio1) < c35dl.

In view of (4.67), we see that (4.68) holds on A,j'_ 1
It follows from (4.43), (4.52), (4.58), (4.65) and (4.68) that on A,f_l,

P(AS N Fi | Gio1) = P((IE U CS UGS U KE) N Fe | Git)
<P(C{ N Fic | Gr—1) + P(I{ N (C}) N Ci N Fic | Gr—1)
+P(IENCENCeN Fi | Ge—1) +P(KE N C N Fie | i)
+P(G; NI N Cx N Fi | Gr—1)
<cizdy Pt end, P+ ca0d + c33dl T + c35d
< C36d£3-

This completes the proof of (4.36).

Step 3. The last step of the proof combines the estimates obtained above. Al-
though this part of the proof looks complicated, its beginning consists mostly of
elementary combinatorial arguments. The second part is a more or less straight-
forward translation of the earlier estimates into the language of distributions and
stochastic domination.

If Fi holds, then (4.46) shows that sup, (g, o/1|Y: — Xi| < di/2. It follows that

if Fi N Fy41 holds, then Uy € [ Sk, 01;] and, therefore,

dk-H = |XUk - YU/<| = sup |Y; — X | < di/2.
telS.0}]

Hence if the event (), ;_; F; occurred, then dj < do2*+1 = ¢2=k+1 This, the
fact that A" | C j<k—1 Fj and (4.36) imply that

(4.69) P(A§ N F NAL)) < crodf® < cipef2= =P,

Let

o0
F=F U J(FnFi,NAY).
k=1
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If NZ2 Fx holds, then

(4.70) liminf | Xy, — Yy,| =liminfd;_; < lim £27%"2 =0,
k— 00 k— 00 k— 00

SO infof,fgé |X; —Y;| <liminfy_, » | Xy, — Yy, | = 0. The last event has probabil-
ity 0, according to Lemma 2.2, so P((Mp2; Fx) = 0. Since Fi41 C Fg, there exists
at most one N such that F X/I U Fp, 41 fails (in other words, Fy, N F 1‘{,1 41 holds).
We will write (72, Fx = {N1 = 00} so P(N| = 0o) = 0. There exists at most one
N> such that A; holds for all j < N>, and Ay, does not hold. Using these defini-
tions of N1 and N>, and (4.69), we obtain

P(F€) =]P’(F1 N ﬁ (F,f U Fer U A;))

]P’(F] N {Nq =OO}) +P<ﬂ(FkCUFk+1 U U A;) N{N; < OO})

k=1 j<k

ZO—FP(m(FkCUF]H_l U UA;)H{NI <OO})
k=1

Jj=<k

(F,f UF,1U U Aj.) N{N; = n}))
(

j=n

=]P>(fj O ((U Aji) N{N; =n,N2=m})>

n=1m=1 j<m

()=o)

j=m

'@
T

< ]p( (AL NnASN Fm)>
m=1

o0

IA

> B4 N A N Ey)

m=1

o0

< Z 108/332—("1—1)/33 56378/33.
1

m

This proves (4.24).
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Since Fy4+1 C Fy and (Fr41 N Ak+1) C (FrN A,f), we have

F:Fqu (F, N ES NAY)

n=1
=F{U|J(FaNFi NATY) U (Frm1 N FENAL)

(0.0)
4.71) UlJFENFL NAD
n=k
k—2 o0
CFUlJF L U(FainFENAL DU (F N A
n=1 n=k
C FE_ U(Froi NFEN AL ) U (Fe N AY).
Let T, = U A 0’1;. We make the following three claims:
|10g |XTk - YTk| - log |XTk,1 - YTk,1||

4.72) o
=0, if Fi_, holds;
<c3g:=c7 Vlogecs, if F_ 1 NF;N A,j_l holds;
< c3om, if {Jx =m} N FN A} holds.

The first claim follows from the definitions of Tj;_1, Sx—; and Fj_;. The second
claim follows from the definition of Sy and (4.32) applied with T = Uj_. The last
claim follows from the fact that G, C Ag.

If Ay holds, then Ky holds. Then condition (4.26) is satisfied with xo = Xy,
and yo = Yy, . By the strong Markov property applied at the stopping time Uy, we
obtain a formula analogous to (4.35) which implies that

P(Fe N A | Gi—1) <P(Fk | Ge—1) < p1

on A,J[_l. By the repeated application of the strong Markov property at Uy, Us, ...,
we obtain

(4.73) P(F, N Af) < pt.
This and the second claim in (4.72) imply that
4.74) P(Jlog| X1, — Y1, | —log|X7,_, — YT,H||le_lm,-kcm‘zr_1 > c33) =0,

P(|log | X7, — Y| —log| X7, — YTk71||1Fk_lmF,fmA,j_1 € (0, C38])

4.75)
<p

P(|log|X7, — Yr,| —log| X7, — Y7, _, ||1Fk_lka"ﬁA,;[1 =0)
(4.76) i
>1-p; .
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Since D is bounded, there exists mg > —oo such that J; > mg, a.s. It follows
from (4.37) that on A},

P({Jx =m}N Fr N Ag | Gr—1) < ca027™,
so we obtain for m > mg, using (4.73) and the third claim in (4.72),
4.77) P(llog|Xz, — Y| —log|X7,_, — YTk—1||1{Jk:m}ﬂFkﬂA,‘: > c3om) =0,

P(|log | X7, — Y| —log| X7, — YTk—1||1{Jk:m}ﬂFkﬂA;: € (0, C39m])
4.78) el .
<py ca027",

P(|log| X7, — Yr,| —log|X7,_, — YTH||1{Jk=m}ﬁFkﬁAZr =0)
(4.79) .
>1-p c402” ™.

Recall from the paragraph following (4.70) that only a finite number of events
Fi, kK > 1, hold, a.s. Hence, for some random kg < oo and all £k > kg, we have
U = 0. It follows that T,, = Ty, = o}, for all n > ko, and therefore,

Vi — Wl =

o0
ZlOg|XTk - YTk| - 10g|XTk_1 - YTk_1|
k=1

This, (4.71) and the first claim in (4.72) imply that

o
Zloglek - YTkl —IOglek_l - YTk_1| lF

k=1

Vi —Wllr =

o0
=< Z“Og|XTk - YTk| - 10g|XTk,] - YTk,1 ||1Flf—1
k=1

o0
+ Z|log | X7, — Y1 | —log|X7,_, — YTk—l||1Fk_1ﬂFk"ﬁA2;1
k=1
o0
+ Z’log | X7, =Yg | —log|Xp,_, —Yr,_, HleﬁAk+
k=1

(4.80)

o0
= Z‘log | X7, — Y1 | —log|X7,_, — Y7, ”le,ka‘hA,:[]
k=1

(0. 0)
+ Z Z log | X7, — Y7, | —log| X7, — Y1, _, Hl{Jk:m}ﬂFkﬂAZ"

k=1m=mg

Let ko be such that pi~' + p{ ™'Y, c402™™" < 1 for k > ko, and let m; be
such that 3, -, 4027 < 1. Let ¢’ > 0 be such that ¢ + 3, ca02™" =1,
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and let g > 0 be such that g + p]f_l + plf_l > m>mg €4027" =1, for k > ko. Let
Zi, k > 1, be independent random variables with the following distributions; for
1<k<ky—1,
7. — { c38 + c3omy, with probability ¢’;
T esom, with probability c42~" for m > m,
and for k > ko,

0, with probability gy ;
Zp = { 38, with probability p’f’l;
ciom,  with probability csopt 127" for m > my.

By (4.74)—(4.76), (4.77)—(4.79) and (4.80), the random variable

[ee)
Y log| X7, — Y| —log|X7,_, — Y7,
k=1

Vi —Wllr = 17

is stochastically dominated by Z, :=3 ;- | Zx. We have

EZ,= ), <(038+C39m1)q/+ > C402m639m>

1<k<ko—1 m=nmj
04 pk=1 k—1 y—m
+ Z gk - O+ py 38+ py Z €392 Tc39m | < 00.
k>ko m=mo

If we take G(a) to be the cumulative distribution function of Z,, then the last
estimate shows that (4.25) is satisfied. [

The next result is an elementary lemma involving distributions and expectations.
Recall the notation from (4.1).

LEMMA 4.3. For any co > 0;'31 € (0,1/2) there exist B3,c1,c2,b,61 >0
such that if e <e1,x9 €9D, yo € D, |xg — yo| =&, Xo = x0, Yo = yo and

4.81) [{yo — xo0, n(xp))| < coeP,
|yo — xol

then there exists an event F such that

(4.82) PY0Y0(FC) < ¢16P2,

(4.83) Exo’yo[(vl — Vo)lF] > ).

PROOF. It suffices to prove the lemma for ¢y = 1, by the same argument as
the one at the beginning of the proof of Lemma 4.1.

First we prove a general claim. Suppose that a cumulative distribution function
G :R — [0, 1] satisfies ffooo laldG(a) < oo. Then for every c3 > O there exists



4042 K. BURDZY, Z.-Q. CHEN AND S. PAL

p1 > 0 such that if W is a random variable which satisfies P(|W| < a) < G (a) for
a € Rand P(W < ¢3) < p1, then EW > ¢3/2. To see this, let a; > —oo be such
that f(_oo’al] laldG(a) < c3/8. We choose p; > 0 so small that |a{|p; < ¢3/8 and
c3(1 — p1) > 3c3/4. Then

EW= [ adG@ ~lailpi+ el - po)
(—00,a1]
(4.84)

> —c3/8 —c3/8+3c3/4 =c3/2.
We will apply this observation to W = (V] — Vp)1Fr. By Lemma 4.2, there exists
an event F such that P(F¢) < &2 and P(|V) — Vo|1r <a) < G(a) for a € R
for some G with ffooo laldG(a) < oo. We can choose small ¢, c3 > 0 and apply
Lemma 4.1 to obtain

P((Vi — Vo)l < c3) <P(Vi — Vo < c3) +P(F) < p1/2 + &P < py.

We now apply (4.84) to W = (V| — Vp)1F to see that E[(V] — Vp)1F] > c3/2. We
take ¢y = c¢3/2 to finish the proof of the lemma. U

PROOF OF THEOREM 1.1. Step 1. In this step, we will define, using induction,
a pair of stochastic processes similar to X and Y on a sequence of random intervals.
At the end of each interval, we check whether the processes have a typical (and
desirable) behavior. If so, we let them continue according to the original stochastic
differential equations. Otherwise, we insert a jump which brings the processes to
a convenient position. We will later argue that the probability of inserting even
a single jump is very small. We note that this part of the proof could have been
presented in a different way. Instead of inserting jumps, we could have killed the
processes at the time when we insert the first jump. This would have made the first
step of the argument more natural, but it would make the remaining part of the
proof more awkward to present.

Recall that o) = 0X Ao} and

Olesnp =inflr = op (LY = L5 YA (L] = Ly, ) = b)

for k > 1. Fix co, €1, b, B1 > 0 and p < 1 such that Lemmas 2.3, 4.1 and 4.3 hold
with this choice of parameters. Below, the constant cg will be denoted c;.

We will define processes X; and Y;* for # > 0 in an inductive way. Let X = X;
and Y =Y, fort € [0, ;). By Lemma 2.2, Yo # Xo7, P*7-as., forany x,y € D
such that x # y. Fix an arbitrary p; > 0 and choose c; > 0 such that
(4.85) ]P)x’y(|Yaé — Xaé| < Cl) < p1.

Let F1 = {|Y(,1; — Xy | > c1}. Recall from Section 2.4 that 7, denotes the projection

on the plane tangent to d D at x € 3 D. Suppose that o}, = crbx ,recall ¢p = cg defined
above and let

A { (Y = X 0(X))|

<aolYy— Xolﬁ‘},
1Yo — X
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Y =Y, if A1 N F1 holds,
|Xaé — Y"él V ¢y

|7TXU}/7 (Ycré - Xcrl;)l

(4.86) v

/:
9

Xg[; +nXaé (Yaé— — XU,;)

otherwise.

Let {Y*,t € [0}, 05,)} be the solution to (1.2) with the initial condition given
by (4.86) and driven by Brownian motion {B;,? € [0}, 0,,)}. Let X; = X, for
t € [0}, 05,). Note that, no matter which part of the definition (4.86) is applied, we
have |Y;“}: — X;};| > |Yaé — Xaél and

(7, = X2, m(XE )]

4.87 b < oY — XalPr.

(4.87) V- X < c2|Yo — Xol
% %

We have

(4.88) Ex’ylog|Y:é — X::,;| >logcy > —o0.

If o, = aby, then we exchange the roles of X and Y in the above definitions.
The following formulas are a part of the inductive definition, to be continued
below. Let

og =0,
oy =inf{t = oy, (L] - Lfg;{_l)b) AL - LZ&_l)b) >b}, k=1,
R =X} -V} M} =1log R/, t>0,

Vi=M5, k=01,

In view of (4.87), we can apply Lemma 4.3 to the process {(X[, Y;*),t € [0}, 03},)}
to conclude that there exist c3 > 0 and an event [, € o (B;, t € [0, 00)) such that,
on the event {R:Z <er},

B(FS | X5, V2) < (R3)™.

E[(V3 = ViNg | X5x, Vo] = cs.
We proceed with the inductive definition. Suppose that Fi, X and Y;* are
already defined for some k > 2 and ¢ € [0, 0},). Suppose that o) = inf{r >

o LXT—LXT > p), and let
Tk—1)b - 1 o1y, = D) andle

(YD = X5e (X7, )
kb kb kb < |V _ XU&—1)b|ﬁl }’

¥ - X, v
kb b

-]
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Y* =Y* on Ay N Fy,
”kb Ty
= X* TT % Y, —X*,
(4.89) Gkh - Xop,- ( %~ %~ )
) |X:* —Y* |V|X* —Y*
kb k= Db Tk=1)b ;
| 7 Y , otherwise.
T * *
Xﬁg— e ‘Ub_

Let {(X[,Y/),t € [0f},, a(*;(_i_l)b)} be the solution to (1.1)—(1.2) with the initial
conditions given by X ;22 = XZI?};— and (4.89), and driven by Brownian motion
{B;,t € [0}y, 0(7( +1)b)}' No matter which part of the definition (4.89) is applied,
we have

(490) | Gkb Ukb | | Oy — - Xj;ljb_ |
and
[(Yr — X7, (X2, )|
b o'kb Okb * Bi
4.91) ] <elYor = Xou 1T
If o), = inf{r > 0{’;{7% : LIY* Lgk . > b}, then we exchange the roles of X and
)

Y in the above definitions.

In view of (4.91), we can apply Lemma 4.3 to the process {(X},Y,"),t €
[0}, (’Z " 1)b)} to conclude that there exists an event Fyy| € o(B;,t € [0}, 00))
such that, on the event {R* <e1},

B2
B(FE, 1 | X Y0 ) < (RE )2,

(4.92) )
E[(Vii = Vi Lag, | X5p  You 1= 3.

Step 2. We will show that the probability of the undesirable events F; and Af
is very small.

Definition (4.89) implies that on Fy ;, we have V|, | > V/*. This and the strong
Markov property imply that on the event {Rj:b <e1},

E[Vi — Vi 1o (X7, Y7), t <o)
=BV -V IX5, . Yor ]

(4.93) =E[(Viy — ViR, | X5

o Gkb]

+E[(Vi = Vi Lre, [ XGe Yo ]

%’ " %
>c34+0=c3>0.
Let Ky =inf{k > 1: SUP;elofy.ari 1)) R; > ¢1} and Vi = V[, . It follows from
the definition of V,*’s that all these random variables are bounded above by a finite
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constant because D has a finite diameter. The estimate (4.88) 1mphes that IEV1
—0o0. It follows from thls and (4.93) that E| Vkl < oo for all £k and {Vk, k>1}isa
submartingale. Thus, Vi cannot converge to —oo with positive probability.

For any fixed j, we will estimate the number of k such that Vk elj,j+1]

Let ¢4 = sup, \ plog|x — y| and note that c4 < co. We will argue that for any
¢5 € (—00, ¢4), one can choose €1 > 0 so small that if |x — y| < e, then sup, ‘7/( <
c5, P¥Y-as. Let S =inf{t > 0: R} > ¢1} and note that S € [o}lb,o(*KlH)b].
By (4.29) and the remark following it, for some cg < 00,

sup R} <ejexp(ce(L XZ o LY + Lf::K o LY
ZG[O’G(*K1+1)b] +1) (K1+1)
<e¢jexp(ce(b + b)).
It follows that, for small ¢, a.s.,
(4.94) sup Vi <loge| + 2¢6b < cs.
k

Consider any c5 € (—00, c4), assume that loge; + 2c6b < c¢5 and fix an integer
j<cs.LetUy =0and

Ue=infln > UV, ¢[j—1,j+21}, k=1,
Ug=infln > Ux:V, elj, j+ 11},  k=>2,
K% = sup{k: Uy < oo},

with the convention that inf & = oco. The random variable K 2] is bounded above by
the sum of the number of upcrossings of the interval [j — 1, j] and the number of
downcrossings of the interval [j + 1, j + 2] by the process V. By the upcrossing
inequality, in view of (4.94),

4.95) EK] <E(Veo— G = D) +EV =G+ )T +1<2(c5— j +2).

Suppose that VU}( € [j, j + 1] for some k. Let ko be the smallest integer greater
than 3/c¢7, where c¢7 has the same value as ¢y in Lemma 4.1. Let p, have the same
value as p in Lemma 4.1. We will apply Lemma 4.1 to estimate 17n+ | — V,; this
can be done because of (4.90) and (4.91). By Lemma 4.1 and the strong Markov

property applied at the stopping times o, n = Uy, Uy + 1, ..., we see that for

c7, p2 > 0 as chosen above and p3 := pk0+1,

IP’(V,H-I —Vy>c.n=U, U+ 1,...,Ux+ ko | X"< ,Y:U b) >p12<o+l = p3.
If the event in the last formula occurs, then the process V will leave the interval
[j—1,j+2] in at most kg + 1 steps, so Uy — Uy < ko+ 1 in this case. If the process
{Vin, m >k} does not leave [j — 1, j 4+ 2] in kg + 1 steps, then we apply the same
argument again, this time using stopping times Uy + ko + 1, ..., Ur + 2ko + 1.
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By induction, the probability that the process {(Vip,m > k) does not leave [j —
1, j 4+ 2] in r(kg + 1) steps is at most (1 — p3)". It follows that (Uy — Uy)/ (ko +
1) is majorized by a geometric random variable with mean 1/p3 and, therefore,

E[ﬁk — U | X;; E Y;‘;; b] < (ko + 1)/p3. Let K3j be the number of k such that
N k k
Vi € [j, j + 1]. We combine the last estimate with (4.95) to see that

(4.96) EK] <2(cs — j +2)(ko + 1)/ p3.
This, (4.85), (4.92) and (4.94) yield

]P’(U F,g') < E[Z 1ch} =Elpe + ) Elge

k=1 k>1 k>2

<pi+ E[ > E(1ge | Vici€lj, j+ 1])]
Jjges Tk Vi_ielj, j+1]

<pt Y E[ )3 e(j+1)ﬂ2]

iges Tk Vi_ielj, j+1]
<pi+ Y eUTVP2(cs — j+2)(ko + 1)/ 3.
Jj=cs
By (4.96) and Lemma 2.3, for some 3 > 0,

IP’(U A;) < E[Z 1A2} — Yl

k>1 k>1 k>1

=3 E[ Yo B | Vi€l i+ 1])}

Jiges Tk Viliel), j+1]

SZE[ ) e(j+1)ﬁ3]

J=cs Vi_1€lj,j+1]
< > eUtDP2(es — j+2) (ko + 1)/ ps.
J=cs
We combine the last two estimates to obtain

IP’(U AiUF,f)

k>1
4.97)

< pr+ ) (UFDR 4 UFDRY(es — j+2) (ko + 1)/ ps.
Jj=cs
Consider an arbitrarily small ps > 0. The probability p; in (4.85) may be chosen
to be smaller than p4/2. We make the sum in (4.97) smaller than p4/2 by taking



BROWNIAN EARTHWORM 4047

¢5 > —oo sufficiently small. Then, assuming that loge| + 2c¢b < cs,

(4.98) IP’(U AL U F,f) < pa.
k>1

Step 3. This step contains soft arguments translating estimates that show that
the distance between X and Y has a tendency to grow into a statement about the
almost sure behavior of the distance process.

Recall that R, = | X; — Y;| and let TaR =inf{r > 0: R; = a}. Recall that Vk does
not converge to —oo at a finite or infinite time, a.s. If all events Ay N Fy, k > 1,
hold, then X} = X; and Y;* =Y; for all # > 0. This and (4.98) imply that for any
p4 > 0, there exists &1 > 0 such that for any x, y € D, x # y, we have IP’x’y(Tglf <
T =1 - pa.

The process R; is continuous for all > 0, a.s. because the processes X; and Y;
are continuous.

Suppose that for some x # y, ps := IF’x’y(TOR < 00) > 0. We will show that this
assumption leads to a contradiction. For j > 1,let §; =inf{r > 0: R; < 27 } and

G;={inf{t > S;: R, = &1} <inf{r > §;: R, =0}}.

Fix any jjo such that 0 <27/ < Ry A g1. If TOR < 00, then §; < oo forall j > jp.
It follows from the strong Markov property applied at S; that P*Y({S; < oo} N
Gj) = ps(1 — py) for j > jo. Since {Sj11 <00} NGy C{Sj <0} NG, we
have P*Y( ;> ;,({S; <00} N G;)) = ps(1 — pa) > 0. If the event ;= ;, ({S; <
00} N G ) holds, then R has a discontinuity at TOR. Since R is continuous a.s., we
have a contradiction which proves that for any x # y, P*-” (TOR <00)=0.

Now suppose that pg :=P(lim; oo R, =0) > 0. If lim; .o R; =0, then §; <
oo for all j > jo. We can argue as above to show that

Px7y<{l1_i>rgo R, =0} N () ({S; <oo)n Gj)) > pe(1 — pa) > 0.

Jj=Jo

If the events {TOR < o0}¢ and ﬂjzjo({Sj <00} NGj) hold, then limsup, _, , Ry >
0. Hence, P(lim;—, o R; = 0 and limsup,_, ., R; > 0) > 0. We have a contradic-
tion which proves that for any x # y, P*Y(lim;.oc Ry =0) =0. O

APPENDIX

PROOF OF LEMMA 3.2. We have

a 2 2 2 \1/2
/ log((sin” B + cos” Bcos” ) ') dB
0

a 2 .2 2 172
:/ log((cos™ B + sin” Bcos” ) '7) dB
0
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T pcosla sin2 B
- / / ——dudp
0o Ji cos? B+ usin“ B

Cos™ o.¢] 1 1 1
(A.1) =/1 /_Ool_u<x2+u—x2+1)dxdu(x=cot,8)
COSZ(X 1 X o
= | m[arctan<ﬁ) — ﬁarctan(x):|_oo du
COSzol 1
=7

———du
1 Ju(l+/u)
1 1
=2r log(i + §| cosal),
which implies

2 12
—s1n(xlog((sm B+ cos® Beos’a) /%) da dp
0
/2
=/ sinalog((1 4+ cosw)/2) do
0

1

:/ 2logydy(y = (1 +cosa)/2)
1/2

=log2 — 1.

This proves (3.2).
We use (A.1) again to see that

2m sina 12
——— log((sin?® B + cos® B cos / dod,
f /0 167 sin (a/2) g(( P P ) ) P

cos(a/2) 1 1
4 / s1n(oz/2)2 (5 + 5' cosal) da

/4 /2
= / cosu log(cosu) du + cosu log(sm wydu(u =a/2)
0

sin?u 7/4 sin?
log(cosu 1+ sinu\77/4 log(sinu 1 77/
[ ([,
sinu cosu 0 sinu sinu Jz/4

=v2—1—1log(1 ++2).
This proves (3.1). [
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