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CONVERGENCE IN LAW OF THE MINIMUM OF A BRANCHING
RANDOM WALK

BY ELIE AiDEKON!
Eindhoven University of Technology

We consider the minimum of a super-critical branching random walk.
Addario-Berry and Reed [Ann. Probab. 37 (2009) 1044-1079] proved the
tightness of the minimum centered around its mean value. We show that a
convergence in law holds, giving the analog of a well-known result of Bram-
son [Mem. Amer. Math. Soc. 44 (1983) iv+190] in the case of the branching
Brownian motion.

1. Introduction. We consider a branching random walk defined as follows.
The process starts with one particle located at 0. At time 1, the particle dies and
gives birth to a point process L. Then, at each time n € N, the particles of genera-
tion n die and give birth to independent copies of the point process L, translated to
their position. If T is the genealogical tree of the process, we see that T is a Galton—
Watson tree, and we denote by |x| the generation of the vertex x € T (the ancestor
is the only particle at generation 0). For each x € T, we denote by V(x) € R its
position on the real line. With this notation, (V (x), |x| = 1) is distributed as L.
The collection of positions (V (x), x € T) defines our branching random walk.

We assume that we are in the boundary case (in the sense of [8])

(1.1) E[ > 1] > 1, E[ > eVW] =1, E[ > V(x)ev(x):| =0.
lx|=1 lx|=1 lx|=1

Every branching random walk satisfying mild assumptions can be reduced to this

case by some renormalization. We assume that } |, 1 < 0o almost surely, but

we allow E[Z| x|=1 1] =00. We are interested in the minimum at time »n

M, :=min{V (x), |x| =n},

where min @ := co. Writing for y € R U {£o00}, y+ := max(y, 0), we introduce
the random variables

(1.2) X:=>) e VW Xi=) Ve "W

[x|= [x]=1

We assume throughout the remainder of the paper, including in the statements of
theorems and lemmas, etc., that:

Received December 2010; revised February 2012.

1Supported in part by the Netherlands Organisation for scientific Research (NWO).
MSC2010 subject classifications. 60J80, 60F05.
Key words and phrases. Minimum, branching random walk, killed branching random walk.

1362


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/12-AOP750
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

MINIMUM OF A BRANCHING RANDOM WALK 1363

e the distribution of £ is nonlattice;

e we have

(1.3) E[ > V(x)ze_v(x)] <00,
lx|=1

(1.4) E[X(In; X)’)] <00,  E[XIng X] < o0.

These assumptions are discussed after Theorem 1.1. Under (1.1), the mini-
mum M, goes to infinity, as it can be easily seen from the fact that 3, _, eV
goes to zero [22]. The law of large numbers for the speed of the minimum goes
back to the works of Hammersley [16], Kingman [19] and Biggins [6], and we
know that % converges almost surely to 0 in the boundary case. The second or-
der was recently found separately by Hu and Shi [17], and Addario-Berry and
Reed [1], and is proved to be equal to %lnn in probability, though there exist
almost sure fluctuations (Theorem 1.2 in [17]). In [1], the authors computed the
expectation of M,, to within O(1), and showed, under suitable assumptions, that
the sequence of the minimum is tight around its mean. Through recursive equa-
tions, Bramson and Zeitouni [11] obtained the tightness of M,, around its median,
when assuming some properties on the decay of the tail distribution. In the partic-
ular case where the step distribution is log-concave, the convergence in law of M,
around its median was proved earlier by Bachmann [4]. The aim of this paper is to
get the convergence of the minimum M,, centered around % Inn for a general class
of branching random walks. This is the analog of the seminal work from Bram-
son [10], to which our approach bears some resemblance. To state our result, we
introduce the derivative martingale, defined for any n > O by

(1.5) Dy:= ) V(x)e "W,
|x|=n

From [7] (and Proposition A.3 in Appendix A), we know that the martingale con-
verges almost surely to some limit D, which is strictly positive on the set of
nonextinction of T. Notice that under (1.1), the tree T has a positive probability to
survive.

THEOREM 1.1. There exists a constant C* € (0, o0) such that for any real x,

1 3 _(*aX
(1.6) nll)néoP<Mn > Elnn +x> —E[e C*e DOO].

REMARK 1. We can see our theorem as the analog of the result of Lalley and
Sellke [21] in the case of the branching Brownian motion: the minimum converges
to a random shift of the Gumbel distribution.

REMARK 2. We assumed the number of children to be finite almost surely.
We think that this assumption is superfluous, but our proof does not seem to work
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without this assumption; see equation (5.3). The condition of nonlattice distribu-
tion is necessary since it is hopeless to have a convergence in law around % Inn in
general. We do not know if an analogous result holds in the lattice case. If (1.3)
does not hold, we can expect, under suitable conditions, to have still a convergence
in law, but centered around « Inn for some constant « # 3/2. This comes from the
different behavior of the probability to remain positive for one-dimensional ran-
dom walks with infinite variance. Finally, condition (1.4) appears naturally for
Do not being identically zero; see [7], Theorem 5.2.

The proof of the theorem is divided into three steps. First, we look at the tail
distribution of the minimum MX! of the branching random walk killed below
zero, that is, M,ll‘ill :==min{V (x), V(xx) > 0,V0 < k < |x|}, where x; denotes the
ancestor of x at generation k.

PROPOSITION 1.2. There exists a constant C1 > 0 such that

lim sup lim sup =0.

Z—> 00 n—oo

- 3
eZP(M,lf111 < 2 Inn — z) -

This allows us to get the tail distribution of M,, in a second stage.

PROPOSITION 1.3.  We have

e’ 3

—P(Mn < —=Inn— Z) —Cico
Z 2

lim sup lim sup =0,

—> 00 n—oo

where C| is the constant in Proposition 1.2, and co > 0 is defined in (2.13).

Looking at the set of particles that cross a high level A > 0 for the first time, we
then deduce the theorem for the constant C* = Cjcy.

The paper is organized as follows. Section 2 introduces a useful and well-known
tool, the many-to-one lemma. Then, Sections 3, 4 and 5 contain, respectively, the
proofs of Propositions 1.2, 1.3 and Theorem 1.1. A sum-up of the notation used in
the paper can be found in Appendix D.

Throughout the paper, (c;);>o denote positive constants. We say that a, ~ b,
as n — oo if lim, 00 Z—Z = 1. We write E[ f, A] for E[ f14], and we set ) , :=0,

[z :=1.

2. The many-to-one lemma. For a € R, we denote by P, the probabil-
ity distribution associated to the branching random walk starting from a, and
E, the corresponding expectation. Under (1.1), there exists a centered random
walk (S,,n > 0) such that for any n > 1, a € R and any measurable function
g:R" — [0, 00),

@2.1) Ea[ 3 gV, ..., V(xn))} =E,[e%g(S1..... 5],

|x|=n
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where, under P,, we have So = a almost surely. We will write P and E in-
stead of Py and Eq for brevity. In particular, under (1.3), S; has a finite variance

2 : = E[S}] = E[X ;=1 V(x)’¢~"™]. Equation (2.1) is called in the literature
the many-to-one lemma and can be seen as a consequence of Proposition 2.2 be-
low.

2.1. Lyons’s change of measure. We introduce the additive martingale

2.2) Wyi= ) eV,

|u=n

The fact that W), is a martingale comes from the branching property together with
the assumption that E[Z|x\:1 e~ V®1] = 1. From [22], we know that W, converges
almost surely as n — oo to 0 under our assumption (1.1). For any n > 0, let .%,
denote the o -algebra generated by the positions (V (x), |x| < n) up to time n, and
Foo =\ p=0Fn- For any a € R, the Kolmogorov extension theorem guarantees

that there exists a probability measure f’a on %, such that for any n > 0,
(2.3) Pz, =c'W,eP,| %,

We will write P instead of Py. We associate to the probability P, the expecta-
tion Ea. .

We introduce the point process £ with Radon—-Nykodim derivative } ;. €
with respect to the law of £, and we consider the following process. At time O,
the population is composed of one particle wg located at V(wg) = 0. Then, at
each step n, particles of generation n die and give birth to independent point pro-
cesses distributed as £, except for the particle w,, which generates a point process
distributed as £. The particle w,1 is chosen among the children of w,, with prob-
ability proportional to e~V ™ for each child x of w,. This defines a branching
random walk B with a marked ray (wy)n>0, which we call the spine. On the space

V@)

of marked branching random walks, let F, be the o - algebra generated by the posi-
tions (V (x), |x| < n) and the marked ray (or splne) (wg, k <n)up to time n. Then,
B is measurable with respect to Froo 1= V=0 F. We call B the natural projection
of B on the space of branching random walks without marked rays; in other words
B is obtained from B by forgetting the identity of the spine. In particular, B is
measurable with respect to .%,. Notice that 5 is a branching random walk with
immigration. We use the notation a + B or a + B to denote the branching random
walk which positions are translated by a.

PROPOSITION 2.1 ([22]). Under f’a, the branching random walk has the dis-
tribution of a + B.

Hence we will identify from now on our branching random walk under P, to the
marked branching random walk a + B. Notice that by doing so, we introduce in our
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branching random walk a marked particle, the spine, and we extend the probability

f’a to ﬁoo. We stress that in the filtration (.%,,, n > 0), we do not know the identity
of the spine. For £ > 1, we call Q(wy) the siblings of the spine at generation ¢:
they are the vertices which share the same parent as w,. We will often use the
o -algebra

(2.4) Gri=clw;, V(w,), Qw)), (V)equy) J € 11,41},

(2.5) Goo = {wj, V(w;), Q(w,), (V@) yeoq)J = 1)
associated to the positions of the spine and its siblings, respectively, up to time ¢
and up to time oo.
PROPOSITION 2.2 ([22]). (i) For any |x| = n, we have
—V(x)
W

(ii) The process of the positions of the spine (V(wy,),n > 0) under f’a has the
distribution of the centered random walk (S, n > 0) under P,,.

2.6) Polwy = x| 7} = =

This change of probability was used in [22]. We refer to [23] for the case of the
Galton—Watson tree, to [13] for the analog for the branching Brownian motion and
to [7] for spine decompositions in various types of branching. Before closing this
section, we collect some elementary facts about centered random walks with finite
variance. We recall that we deal with nonlattice random walks.

There exists a constant oy > 0 such that for any x >0 and n > 1,

2.7) P, (min$; > 0) <ei(1+x)n~"72
j=n

There exists a constant ap > 0 such that forany b >a >0,x >0andn > 1,
2.8) P, (Sn €[a,b], minS; > o) <ar(1+x)(1+b—a)(1+bn 32,
Jj=n

Let 0 < A < 1. There exists a constant &3 = ®3(A) > 0 such that for any b > a > 0,
x,y>0andn >1

P, (S ely+a,y+b], mlnS >0, min Sj>y>

An<j<n

<az(1+x)(1+b—a)(l+bn>>

Let (a,, n > 0) be a nonnegative sequence such that lim,,_, o
a constant a4 > 0 such that for any a € [0, a,] and n > 1

(2.10) P(S €la,a+1], mlnSj >0, min S, >a) > aun"3/2.

n/2<j<n

(2.9)

> = 0. There exists
n

Equation (2.7) is Theorem 1a, page 415 of [14]. Equations (2.8) and (2.9) are, for
example, Lemmas 2.2 and 2.4 in [3]. Equation (2.10) is Lemma 4.3 of [2]: even if
the uniformity in a € [0, a,] is not stated there, it follows directly from the proof.
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2.2. A convergence in law for the one-dimensional random walk. We recall
that (S,)»>0 1S a nonlattice centered random walk under P, with finite variance
E[Slz] =02 € (0, 00). We introduce its renewal function R(x) which is zero if
x <0,1ifx =0 and for x >0,

2.11) R(x) := IgP(Sk > —x, S < min | Sj).

If H, denotes the nth strict descending ladder height (where by strict descending
ladder height, we mean any S; such that Sy < ming<;<x—1S;), then we observe
that for x > 0,

(2.12) R(x) =) P(Hy = —x),

n>0

which is E[number of strict descending ladder heights which are > —x]. Simi-
larly, we define R_(x) as the renewal function associated to —S. Since E[S;] =0
and E[Sf] < 00, we have that E[|H|] < oo; see Theorem 1, Section XVIIIL.5,
page 612 in [14]. Then the renewal theorem [14], page 360, implies that there
exists co > 0, such that

R(x) —

(2.13) lim

X—> 00 X

Moreover, there exist C_, C4 > 0 such that

(2.14) P( min S; > o) ~ G
l<i<n = N
(2.15) P( max S; < 0) ~ &
1<i<n ﬁ

as n — 0o (Theorem 1la, Section XII.7, page 415 of [14]).

LEMMA 2.3.  Let (rp)n>0 and (Ay)n=0 be two sequences of numbers, respec-
tively, in Ry and in (0,1) and such that, respectively, lim,_ oo nrﬁ =0, and
0 < liminf, oo Ay <limsup,_, . An < 1. Let F:Ry — R be a Riemann inte-
grable function. We suppose that there exists a nonincreasing function F : R, — R
such that |F (x)| < F(x) for any x > 0 and fx>0xf(x) < 00. Then, as n — o0,

E[{F(S, —y), min Sy >0, min S;>
[ (Sn =) kel0n] K = kelinn] k_y]

(2.16)

a\/i /xzo F(x)R_(x)dx

uniformly in y € [0, rp,].
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PROOF. Lete > 0. Since |F(x)| < F(x) and F is nonincreasing, we have for
any integer M > 1,

E[|F(Sn Jnin S >0, min Se>y,S$,>y+ M]

ke[iyn,n]

< ZF(])P( mm Sk>0, min Sy>y,S,€ [y+j,y+j+1)).
i>M ke[ipn,n]

For j > 1, we have by (2.9) and the fact that limsup, _, . A, <1,

J
P Sk >0, Sk >y, Sn 1 .
(g[lllk] keg}g}n] k=Y, ely+j,y+j+ )) 3/2
This yields that
[ n mm Sk >0, kel[lkl;nn]Sk>y Sn >y+M] 3/2 Z F(J,

=M

which is less than en~3/> for M > 1 large enough by the assumption that
Jes0 xF(x)dx < oco. Therefore, we can restrict to F with compact support. By
approximating F by scale functions (F is Riemann integrable by assumption), we
only prove (2.16) for F(x) = 1{x¢[0,q1}, Where a > 0. Let a > 0 be a fixed constant
in the remainder of the proof. We have for such F,

E[F(Sn y), II[lén Sk >0, ke{nglln] Sk >y]

=P Sk >0, Sk>y,5: <
(imin S620: i, 528 < +).

Let
¢y,a,n (x) =Py (

For F(x) = 1{x¢[0,a}, applying the Markov property at time A,n (we assume
that A, n is an integer for simplicity), we obtain that

E[F(S,, y), II[lén Sy >0, keﬁljﬂn]s" > y]

min St >y, S <y+4a).
Ke[0 U] k=Y, 9(-a)n =Y )

(2.17)
= E[d’y,a,n(SAnn) {gln Sk > O]

Ann]

We estimate ¢y 4 ,(x). Reversing time, we notice that

218) fyan()=P(_ min (=S5 = =S — (=)= —a).

We introduce the strict descending ladder heights and times (H, , T, ) of —§
defined by H, = 0, T, = 0, and for any £ > 0,

T, :=min{k >T, +1:(=5) < H, },
H, = _STe_H'
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Since E[S1] =0 (and o > 0), we have T, < oo for any £ > 0 almost surely.
Similarly to equation (2.12), we have now R_(x) =} 4o P(H, > —x). Splitting
the right-hand side of (2.18), depending on the value of the time ¢ for which H,” =
minge(o, (1-a,)n](—Sk), we then have

Gy.an) =D P(T, < (1= d)n, Hy = =Sq 0 — (x —3) = —a,
>0
(2.19) -

min (=8 = Hy ).
kelT,,(1=Ay)n]

By the strong Markov property at time 7, , we see that for any 4 € [—a, 0] and
1[0, (I —2)n)l,

P(Hz_ = —=St-pn —(x —y) = —a,

min (=80 = Hy |(H 1) = (h,1))
kelT;,(1=hn)n]

= l{hz—a}P< (—Sj) >0,

min
J€l0,(1=Ap)n—t]

—St-sn—t €[ =) —a—h, (x=)]).

Let ¢ (x) := xe‘xz/zl{xzo}. By Theorem 1 of [12] and equation (2.15), we
check that

l{hz_a}P(je[O’(rlx%n_”(—sj) >0, =S € [(x =) —a —h, (x = y)])

Vo = HW(U

X
V(= An)n

uniformly in x e R, t < n'’2, h € [—a,0] and y € [0, r,]. Here we used the fact
that limsup,,_, .o A, < 1. We mention that the cut-off t < n!/? is arbitrary since the
statement is valid for any t = o(n). To deal with ¢ € (n'/2, (1 — A,)n], we see that

=1ln>-a ) +1{pz—ajo(n")

1jp>—a)P (=S§;) =0,

P P2
—S(1-r)n—t € [(x —y)—a—h,(x— y)])
=1p>-a)Oh+a+1)((1—r)n—1+1)"

again by Theorem 1 of [12]. The last equation is valid uniformly in x,y € R,
t €[0, (1 — Ay)n] and h € [—a, 0]. Going back to (2.19), this implies that, for any
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xeRandyel0,r,],

byan(x)=o(n"")+ < w(a - )

o(l—An = X)n
x Y E[(Hy +a)liy-o o 1<)

>0

Hy +a+1
o eX(:)E[(I — =T, + 1I{He_>‘“~Tz_€(””2’“‘“>”“}’
>

where we used the fact that Y ,-oP(H, > —a) = R_(a) = O(1) since a is a
constant. Observe that

ZE[(HE_ +a)1{H[Z—a,T[>nl/2}] <a ZP(HZ_ > —a, TZ_ > n1/2) — 0(1)
>0 >0

as n — oo by dominated convergence. Therefore,

. _1 C_ X _
¢y,a,n(x) = 0(” ) + o(1—an W(Gm> ZE[(HZ + a)l{H[Z—a}]

>0

H +a+1
Z ¢
i 0(1)15 OE[(I —An—T, + 11{Hz_>—“’Te_e(”l/z’(l_k”)”]}]'
>

We want to show that the last term is o(n~!) as well. We observe that

H[ +a+ 1
A=tn—T, +1 {Hy z2—a,T; €@'/2,(1=hy)n)

1{H[>—u,T[e(nl/z,(l—xn)n]}}

§(a+1)E[ =
(1= dn— T, +1

Since } >0 P(H, > —a, T, =k) <P(S; €[0,a], min;< S; > 0), we obtain
by (2.8) that

S P(H; > —a, T, =k) <ax(l+a)’k /2,
>0

which yields that

H, +a+1
ZE — = l{Hz_z—a,T[e(nl/z,(l—)nn)n]}
= (I=A)n—T, +1
>

L(A=Ap)n] 1

<wm(l+a) Y k2 =
k=[n'/2|+1 (I=2pn—k+1

o(n™)
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as we require. Therefore,

. _1 C_ X _
¢y,a,n(x) - 0(” ) + 0(1 — )\-n)n w<0_m> ZXZE)E[(HZ + a)l{H[Z—a}]

uniformly in x > 0 and y € [0, r,]. By (2.7), we know that P(ming¢(o,] Sk > 0) <
oin~ /2 1t follows from equation (2.17) that

E|F(S, —vy), min S; >0, min Sk >
[ (Sn =) kelom] K = kel(i—n)nn] k_y]

C_ S
—on 3L g (—“” ) in >0}
ol )+a(1—/\n)n [w oS (L= T ) kelOomm ** =

X Z E[(H, + a)l{H[z—a}]‘
£>0

We know (see [9]) that S,/ (on'/?) conditioned on minge[o,»] Sk being nonneg-
ative converges to the Rayleigh distribution. Therefore,

. Sknn . . An
i B (i 2] = L v 75, o

= VA (1 =2 )f
In view of (2.14), we get that, as n — 00,

Sonn ) ] Ci(1—2p)
E P , S >0~ —-—"7
[w<m/(1 —An)n) kelOhnm) K = Jn

We end up with

E|F(S, — >0, >
[F = i S: 20, g 5i=]

Cc_C,

n3/2\/>ZE H; +a)l H>a}]

uniformly in y € [0, r,]. We recall that } .o P(H, > —a) = R_(a) by definition
and we took F(x) = 1j0,4](x). By Fubini’s theorem, it follows that

=o(n?) +

> E[(H +a)1{H - al= F(x)R_(x)dx,
>0 x=0

which completes the proof. [J
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3. The minimum of a killed branching random walk. It turns out to be
useful to study first the killed branching random walk. Let

TR = {u € T: V(ug) > 0,VY0 < k < |ul}
be the set of individuals that stay above 0. We investigate the behavior of the min-
imal position
(3.1) M= min{V (u), |u" = n},
where we write |u|ki“ to say that u € T8 and |u| = n. If M}fi“ < oo; that is, if
the killed branching random walk survives until time n, we denote by mNill (1) 5
vertex chosen uniformly in the set {u: |u["! = n, V(u) = M,lflu} of the particles

that achieve the minimum. It will be convenient to use the following notation: for
z=0,

3.2) an(z) :=3Inn —z,
(3.3) Iy(2) :=[an(2) — 1, an(2)),
andforz>0,0<k<nand A € (0, 1),

0, if 0 <k < An,
34 d“makf:{mmmﬁz+nﬂy if in < k <n.

We will see later that, as n — oo, conditionally on being in I, (z), a particle that
achieves the minimum at time »n did not cross the curve k — di(n, z + L, A) with
probability tending to 1 when the constant L goes to oo [and X is any constant in
(0, 1)]. The section is devoted to the proof of the following proposition.

PROPOSITION 3.1. For any & > 0, there exist a real A > 0 and an integer
N > 1 such that for any n > N and z € [A, (3/2) In(n) — A],
eP(MS € 1,(2)) — Ca| <,

where C, is some positive constant.

COROLLARY 3.2. Let Cy:= l_cez,l. For any € > 0, there exist a real A >0

and an integer N > 1 such that foranyn > N and z € [A, (3/2) In(n) — A],
EP(MM < 3Inn—z) - Cy| <e.

Proposition 1.2 immediately follows from Corollary 3.2. Assuming that Propo-
sition 3.1 holds, let us see how it implies the corollary.

PROOF OF COROLLARY 3.2. Let ¢ > 0. We have by equation (2.1), for any
integer n > 1 and any real r > 0,

E|: Z I{V(u)fr}:| =E[CS”,Sn <r, min Sj ZO]

- 0<j<n
|u|k111=n

< e’P(S,, <r, min S; 20).

O<j=n
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By (2.8), we have P(S, <r,ming<;j<, S; >0) <> (1’:%)2 We deduce that

(3.5) P(MN! <) < c(ryn=>/?

with ¢(r) := c2¢" (1 + r)2. Let A; and Nj be as in Proposition 3.1. We have for
n> Njandz € [A1, (3/2)In(n) — Aq],

IP(MN € 1,(2)) — Cae ™| < ge™*.

Summing this equation over z + k such that z +k € [A1, (3/2)In(n) — A1], we
get that for any n > Ny and z € [A1, (3/2) In(n) — A{],

i lan (z+A1)] lan(z+A1)]
‘P(Mrl;lu € [rn,z» an (Z))) — Cre™ ¢ Z ek <ge ¢ Z ek
k=0 k=0
< £ e <,
T 1-e7!

where ry, ; == a,(2) — la,(z + A1)] < A1. By (3.5), we get that

. lan(z+AD)]
‘P(M};l“ <ap(@) —Coe™® > ek
k=0

e T4 c(A) + Hn 32

=

1 —e!

Let A» > Aj large enough such that Zk>A2—A1 ek <¢, and c(A1+ 1) < ge’2.
Then, for any n > Ny and z € [A1, (3/2) In(n) — A2],

e
1—e!

<e((1—e") " +1)e? +eet2n3/?

<e((1— e_l)_1 +1)e™* +ee %,

which completes the proof. [

3.1. Tightness of the minimum. Our aim is now to prove Proposition 3.1. In
other words, we want to estimate the probability of the event {M}f” € I,(2)}. The
first lemma gives information on the path of particles located in 7, (z).

LEMMA 3.3. Let 0 < A < 1. There exist constants c3, c4 > 0 such that for any
n>1,L>0,x>0andz>0,
P, (Elu e T u|=n, V(u) € I,(z), min V(u) € L,(z + L))
ke[in,n]
(3.6)
<c3(1 +x)e 4le™2,

PROOF. Let E be the event in (3.6), and write dy = dir(n, z + L, A) as defined
in (3.4). Considering the time when the minimum minge[y,, 2 V (4k) is reached,
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we observe that E C Ugepn,n Ex Where we define Ex := U=, Ex(u) and for
any u € T with |u| =n,

Ex(u):={V(ue) 2 de, VO <L <n, V() € I(2), V(uk) € In(z + L) }.
Similarly, let
Ex(S) :={Se>dy,Y0O<l<n,S, € I(2), Sk € In(z+ L)}.

We notice that P, (Ey) < Ex[Zm\:n 1£, ] whichis E, [es'l_xlEk(S)] by (2.1).
In particular,

(3.7) P, (Ey) <n’2e™72P, (E(S)).
We need to estimate Py (E(S)). By the Markov property at time k,
P, (Ex(S)) <Py(Se >di, YO <L <k, Sy € I,(z+ L))

XP(SielL—1.L+1], min S >-1)

For the second term of the right-hand side, we know from (2.8) that there exists
a constant ¢5 > 0 such that

P(Sn_k elL—1,L+ 1],66&% Sy > —1)
(3.8) .
<csm—k+ D720+ L.

To bound the first term, our argument depends on the value of k. Suppose that
221n <k <n. We have by (2.9),

1
(3.9) P, (S¢ >dp, YO < £ <k, SkEIn(Z+L))§C67( ;r/;)
n

Ifan<k< %n, we simply write
Px(Sg >dy,VO<C<k,S el,(z+ L))
1 >
(3.10) SPX(Sk € In(e+ L), min S, _0)

<c7(14+x) ln(n)rf3/2
by (2.8). From (3.8), (3.9) and (3.10), there exists a constant cg > 0 such that

P - _ In(n)
E E.(S X [ 3/2 1/2
ke[in,n—al X( 8 )) = 1 ) ( ﬁ )

for any a > 1. By (3.7), this yields that

eaf — In(n)
(.11 P (Ex) <cs(1+x)(1+ Lye (a2 + —).
ke[k%—a] ( ﬁ >
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It remains to bound P, (Ey) for n — a < k < n. We observe that
P.(Ex) <P (lul =k: V() = dg, YO < £ <k, V() € I,(z + L)).
By an application of (2.1), we have
P (Ey) <n?Pe™ 7P (S 2 dp, YO < L <k, Sp € I(z + L)),
which is < cge™* 7L (1 + x) by (2.9) [for k > (1 4+ A)n/2, e.g.]. It follows that,
fora e[1,(1 —M)n/2],
(3.12) > Pu(E) <co(l+a)(1+x)e 7 7F,
ke[n—a,n]
Equations (3.11) and (3.12) yield that, for any n > 1, z, L > 0 and a € [1,
(1 =2)n/2],

Px(E)f Z Px(Ek)
ke[in,n]
(3.13)

1
<+ x)e_x_Z{Cg(l + L)(a—1/2 + M) + co(1 + a)e_L}.
Jn
Notice that (3.6) holds if L > (3/2)Inn since the left-hand side is 0. If L <

(3/2) Inn, take a = max(1, aefl) with o, B > 0 small enough and use (3.13) to
complete the proof. [J

We deduce the following corollary.

COROLLARY 3.4.  We have for any z, x > 0 and any integer n > 1,
P (M, < a,(2)) < cro(l +x)e* 7,

Recall that a,(z) := %lnn -2z, I,(2) ' =[a,(2) — 1,a,(z)) and dy(n,z+ L, )
is defined in (3.4).

DEFINITION 3.5. For u € T, we say that u € Z>L if
lul =n, V(u)€ly(z) and V(ux) =dk(n,z+L,1/2)  Vk<n
(see Figure 1).

Notice thatif u € Z%L, then necessarily u € T*!. In words, u € 2%~ means that

a particle is located around %lnn — z, and did not cross the curve k — di(n,z +
L, 1/2). We deduce from Lemma 3.3 that for any ¢ > 0, there exists Lo > 0 such
that forany n > 1, L > Lg and z > 0,

(3.14) PEu e TN ju| =n,u ¢ 251, V(u) € I,(z)) < se™*.
Equivalently, with high probability, any particle of the killed branching random
walk located around %lnn — z stayed above the curve k — dy(n,z + L, 1/2).

We show now that P(M,lfill < %lnn — z) has an exponential decay as z — oo.
Corollary 3.4 gives an upper bound. The following lemma gives a lower bound.
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P In(2)

\an(z +L+1)

F1G. 1. Path of a vertex in Z,ZI’L.

LEMMA 3.6. There exists c;; > 0 such that for any n > 1 and z €
[0, (3/2)Inn — 1]

kill 3 -z
P(M," < 5Inn —z) > crie .

PROOF. The proof relies on a second moment argument. Let z €
[0,(3/2)Inn —1]and n > 1. For 1 <k <n, let

K112, ifl1<k<2
(n) .__ 2

ek:ek —
-2, itk <n
2

and write for brevity dy = di(n, z, 1/2). In order to have good bounds in our sec-
ond moment argument, we will restrict to “good” vertices which do not have “too
many” descendants. This leads us to the following definition. We say that |u| = n
is a z-good vertex if u € 2% and

(315 > e VO (14 (V(v) —dp), ) <Be™*  Vl<k<n,
ve (ug)

where Q2 (y) stands for the set of siblings of y, that is, the particles x # y which
share the same parent as y in the tree T. The number B > 0 is a constant that we
will fix later on. The reason for such a definition becomes clear in the computation
of the second moment in (3.18). Such conditions on the behavior of the children off
the path of the spine in a second moment argument are not new, and were already
used in [15].

Remember the probability measure P that we introduced in Section 2.1, which
is associated to the expectation E. We recall that wy, is the spine at generation n,
and we know from Proposition 2.2(ii) that (V (wg), k > 0) under P has the law
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of the centered random walk (Sk, k > 0) under P. By (2.10) with a,, = (3/2) Inn,
there exists ¢13 > 0 such that P(wn €Zy 0y > 2¢13n73/2. Then, by Lemma C.1,

we can choose B > 0 such that for any n > 1 and z € [0, (3/2) Inn — 1],
f’(wn is a z-good vertex) > c13n_3/2.

Let Good,, be the number of z-good vertices at generation n. We have by definition
of the measure P then Proposition 2.2(i),

E[Good, ] = E[L Z L is a z-good Venex}] = E[ev(w”), wy, is a z-good vertex|.
" Jul=n
On the event that w,, € ngo, we have that V(w,) > (3/2) In(n) — z — 1. Therefore,
(3.16) E[Good,,] > ns/ze_z_lf’(wn is a z-good vertex) > cp3e L
We look at the second moment. We use again Proposition 2.2(i) to see that
E[(Good,)?] = E[e" “Good,, w, is a z-good vertex]
< n32eE[Good,,, w, is a z-good vertex]

since V(w,) < (3/2)In(n) —z when w,, € Zj’o. Let Y;, be the number of vertices u
such that u € Zg’o. ‘We notice that Y,, > Good,,, hence

E[(Good,,)z] <n32e2R[Y,, w, is a z-good vertex].
We decompose Y, along the spine. We get
n
Yo=1, czz0) F > 2 hw,
k=1ue(wy)

where Y, (1) is the number of vertices v which are descendants of u and such that
v E Zﬁ’o. Therefore,

E[(Goodn)z] <n3?e? (lA’(w,, is a z-good vertex)
(3.17)
n
+ ZE[ Z Y, (1), wy is a z-good vertex]).

k=1 “ueQ@wp)

Recall from (2.5) that Goo is the o -algebra generated by the spine and its siblings.
Recall that the branching random walk rooted at u € Q(wy) has the same law
under P and P. For u € Q (wy), we have Y, (1) = 0 if there exists j < |u| such that
V(u;) < d;j. Otherwise, we have by (2.1),

E[Yn(u)|goo]:EV(u)[ > 1{V(v_,~)zdk+_i,V05j§nk,V(v)eIn(z)}]

|v|=n—k

= efv(“)EV(u) [eS""‘, Sj>dr4j,V0<j<n—k,S,« € In(Z)].



1378 E. AIDEKON

Consequently,
E[Y,()|Goo] < 032 5" VWOPy () (S; > disj, VO < j <n —k, Sy € I,(2))
=:n32e "V Wp(V (), k,n, z),

the latter inequality consisting of the definition of p(V (u), k, n, z). Hence, equa-
tion (3.17) gives that

E[(Good,)?]

<n?e? (f’(wn is a z-good vertex)
(3.18) )
+n2e Y E[ > eV Wp(V), k,n,z),

k=1 ueQ (wy)
wy, is a z-good vertexD.

We want to bound p(r, k, n, z) for r € R. We have to split the cases k < n/2 and
n/2 < k < n. Suppose first that k <n/2. Then p(r,k,n,z) =0ifr <0.If r >0,
we apply (2.9) to see that foranyn > 1,k <n/2,r >0and z > 0,

p(rv k9 n, Z) S 014(}’ + 1)”73/2
This implies that, forany n > 1, k <n/2,r >0and z > 0,

[n/2]
> E|: > e VWp(V(u), k,n,z), wy is a z-good Vertex]
k=1 ue2 (wy)
n/2)
< cpn3? > E[ > e V(1 + V(u)y), w, is a z-good Vertex]
k=1 ue (wy)
2l
<cuuBn3? Z e “P(wy, is a z-good vertex),
k=1
where the last inequality comes from the property (3.15) satisfied by a good vertex.
When n/2 < k <n, we simply write p(r, k,n,z) <1 and we get

n

Z ]:]|: Z e_v(”)p(V(u),k,n,z),wnisaz-goodvertex]
k={n/2]+1 “ue(wy)

n

< Z ﬁl[ Z eV w, is a z-good Vertex}
k=1n/2)+1 “ueQ(wy)
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n
= p /23t Z E[ Z e~ (VW= 4, s a z-good Vertex}
k=ln/2]+1  “ue(wy)
n
< Bn3/2ert] Z e “*P(wj, is a z-good vertex)
k=|n/2]+1

by (3.15). Going back to (3.18), we deduce that for any z > 0 and n > 1,

n
E[(Goodn)z] <n3?e? {1 + 15 Z e % }f’(wn is a z-good vertex)
k=1

<cign’?e T P(w, is a z-good vertex).

Now, observe that IA’(w,1 is a z-good vertex) < f’(wn € Zj’o) < cpn 32 by Defi-
nition 3.5 and equation (2.9). Hence

(3.19) E[(Good,)?] < c15e77.

By the Paley—Zygmund inequality, we have P(Good, > 1) > 1;&227231122] which

is greater than cjoe” “ by (3.16) and (3.19). We conclude by observing that if
Good,, > 1, then M,lf‘“ < %lnn —z. O

3.2. Proof of Proposition 3.1. Corollary 3.4 and Lemma 3.6 already give the
right rate of decay, but we want to strengthen it into an asymptotic as z — co. We
recall that m*!-( is chosen uniformly among the particles in TX!! that achieve
the minimum. We introduced the notation Zj’L in Definition 3.5. By (3.14), we
have that with high probability m"! ¢ ZZL whenever MK € I,,(z), where L
is a large constant. The first step of the proof is to give a representation of the
probability P(M,];“l € I,(z), mNlh-(W ¢ Z=L) in terms of the spine decomposition
presented in Section 2.1. Recall that the notation |u|N!! = n is a short way to say
that u € T"! and |u| = n.

LEMMA 3.7. Foranyz>0,L >0,andn > 1, we have

P(MNY ¢ 1, (z), mMI-™) ¢ zol)
(3.20)

_ E[ "y g, g

L
,wy € Z% i|
2 ufkii=p Ly )= pgkiny "

PROOF. We observe that

P(Mll,:lll c In(Z), mklll,(n) (= Z;’L) = E[ Z l{u:mki”’(”),ueZ;:’L}]

|u|=n

E[Z“":n l{V(u):M},‘i“,uez;}L} ]
Z|u|ki11:n l{V(u):M};i“}
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Using the measure P, it follows from Proposition 2.2(i) that

E[Z|u|=n l{V(u):M}fi“,uer,’L} ]
Z|u|km:n 1{V(u):M},‘i“}
oV wn)

= E|: 1 i L i|,
> kit = Ly = prkin) {V (w)=M" wye 2"}

which completes the proof. [J

We now study our branching random walk under P, which we identified with
the branching random walk B by the mean of Proposition 2.1. For b < n integers
and z > 0, we define the event &,(z, b) € %, by

(321) &,(z,b) := {Vk <n—bVYoeQ), min V) > a,,(z,)},

u>v, |ukill=p

Whe;e, as before, Q2 (wy) denotes the set of siblings of wy. On the event &, (z, b) N
{M,lf111 € I,(z)}, we are sure that any particle located at the minimum separated
from the spine after the time n — b. The following lemma will be proved in Sec-
tion 3.3.

LEMMA 3.8. Letn > 0and L > 0. There exist A > 0 and B > 1 such that for
any integers n > b > B and any real 7 > A,

(3.22) P((E:(2, b)), wy € Z2F) < qn=3/2,

Let, for x > 0, L > 0 and any integer b > 1

s A,

Frp(x):=E [
L e Lva=m)
(3.23)

in V >—-1,V L—1,L)].
kle%%] (wg) > (wp) €[ )}

We stress that M}, which appears in the definition of F ;(x) is the minimum at
time b of the nonkilled branching random walk. Then define

C_Ci 7
3.24 Crp=—TY
(3.24) L.b oz o

where C_, C4 and R_(x) were defined in Section 2.2. We recall that, by Proposi-

tion 2.2(ii), the spine has the law of (S,,),>0. In (3.23), we see that %
u|l= u)=My,

is smaller than 1, and e”®»~L < 1. Hence, |FLp(x)| <P(Sp <L —x)=: F(x)

Frp(x)R-(x)dx,
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which is nonincreasing in x, and fxzof(x)x dx = %E[(L — Sb)zl{s,,gL}] < 00.
Moreover, changing the starting point from x to 0, we observe that
Fr p(x)
—¢'F [eV(wb)_Ll{V(wb)=Mb}
2 lul=b Jv wy=my)

l{minke[o_b] V(wk)z—x—l,V(wb)e[—x+L—1,—x+L)}] .

The fraction in the expectation is smaller than 1. Using the identity |1 — alp| <
1 —a+ |1 — 1F]| for a € (0, 1), this yields that for x > 0, ¢ > 0 and any y €
[x,x +el,

|FLo(y) — Fr p(x)]
< B[ Lminco 4y Si=—y—1.S+y—Lel-1.0)}
- ex_yl{minke[o,h] Sk=—x—1,5,+x—Le[—1,0)} H
<e(1—e7)

+ € ElLiming (0.4 Sc+x+1e[—e.0)) T L{Sp+x—Le[—1—e,—1)U(—e.01}]
from which we deduce that x — F, ,(x) is Riemann integrable. Therefore, F7, j
satisfies the conditions of Lemma 2.3 for any L > 0 and integer b > 1.

We want to prove that the expectation in (3.20) behaves like e™* with some
constant factor, as z — co. By Lemma 3.8, we can restrict to the event &,(z, b).
The next lemma shows that the expectation on this event is then equivalent to
Cr, pe <.

LEMMA 3.9. Let L >0andn > 0. Let A and B be as in Lemma 3.8. For any
integer b > B, we can find a constant H > 0 such that for n large enough, and
z€[A,(3/D)In(n) — L — HJ,

(3.25)

V(wn)l .
~ € — kil
ezE[ Vo) =My} < 3.

Jwn € 258 60, b)} —Cry

2 jupsin=n Ly uy=paiiny

PROOF. Let L, n, A, B be as in the lemma. Throughout the proof, b is a fixed
integer which is greater than B. We denote by E(3_25) the expectation in (3.25). Re-
call that under P, our process is identified with B. Applying the branching property
at the vertex w;,_p to B, we have for any n > b and z > 0,

Eias) = E[F(V(w,-p)). V(we) = de. YE <1 — b, £z, b)),
where dy :=do(n,z+ L, 1/2) [see (3.4)] and FNI s defined for x > 0 by

V(wp .
ey )= mapity

il x):=I:Z [ , min V(wg) >a,(z+L+1),
( ! Z|u‘killzb1{v(u):M[l:ill} ke[0,b] = an(

(3.26)
V(wp) €I, (z)]
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Notice that Fki”(x) < n3/ze_zf’x(mink€[oyb] Vwg) = an(z+ L+ 1), V(wp) €
1,,(2)). Hence
[EGos) — E[FAY(V (wa—p)), V(we) > de, Ve < n —b]|
= E[FNY(V (wy—p)), V(we) = de. V€ <n — b, (£,)°]

3/2.—2f [P -
<n¥e B[Py, o (min V) 2 an+ L+ 1), V) € 1)

X 1{V(wz)zdz,Vﬂfn—b}ﬂ(t‘?n)“]v

where we wrote &, for &,(z, b). By the Markov property, the term

B[Py, (min Vo) zanc+ L+ D, V) € L)

X 1{v<we>zdz,vesn—b},(&»c]

is equal to IA)(w,, € Zj’L, (&, (z, b))°) which is at most nn_3/2 when z > A and
n > b by Lemma 3.8 and our choice of A and B. Therefore, for any n > b and
Z>A,

(3.27)  [E@aas) —E[FNY(V (w,_p)), V(we) > dy, Ve <n —b]| <ne.

Recall the definition of Fj , in (3.23). We would like to replace F kill () by
n3/2e=2 Fr p(x —ay(z+ L)). We notice that

n3/ze*ZFL,b(x —an(z+1L))

Viwp)q

~ [e _ .

- Ex[ V@RI=Mb} * min V(wg) > an(z + L + 1), V(wp) € In(z)].
Ylui=b Ly y=m) kel0.b]

We observe that the only difference with (3.26) is that the branching random walk

Vwp=My) 1<V(wb)=M,‘§“'>

=b Lvy=Mp) kil I(V(u)=Mgi“}

. . . 1 .
is not killed anymore. Since | S | is at most 1 and
u

is equal to zero if no particle touched the barrier 0, we have that, for any H > 0
such that H <a,(z+ L),

Ly (wy)=my) B l{V(wb):M};i“}
Z|u|=b l{V(M)=Mb} Z|u|kﬂl:b 1{V(u)=M}§i”}

< 1gu|<b: V) <an(c+L+H)}-
Consequently,
|Fklll(x) — nS/ZG_ZFL,b(x - an(Z + L))i
<E, [ev(w”)l{3|u|sb: V(u)<an(z+L+H)}

in V > L+1,V I
krer[l(l)g] (wp) =ay(z+L+1),V(wp) € n(Z)]
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<n’/?e 7K, [1{3|u|§b: V(u)<an(z+L+H)}»

in V(we) > L+1),V I
(min V(w) 2 an(z + L+ 1. V(wp) € n(Z)]

=n’2e "Gy (x —an(z + L))
with for any y > 0,

Gu(y) =Py ({3lul <b: V@) < —H}
N {kg[l(i)g)] Vwe) > —1,V(wp) €L — 1, L)}).

We do not write the dependency on L and b > B because they are fixed in this
proof and so are considered as constants. This shows that, for any z > 0,n > 1 and
H €[0,a,(z+ L)],

E[|FAY(V (wa—p)) — 1% 2 Fp p(V (Wn—b) — an(z + L)) L1 (wp)d, Ve<n—b) ]
<n*2eEB[G u(V(Wn—p) — an(z + L)1y wy)>dy Ve<n—b})-

We choose H such that % fyzo Gy (Y)R_(y)dy <n/2. We can check that

the function Gy satisfies the conditions of Lemma 2.3 as we did for Fr . By
Lemma 2.3, this yields that

E[|FY(V (w,_p)) = n* e Fp p(V(Wnep) — an(z + L)) |11y (wp)=dy ve<n—b) ]

<ne*

for n large enough and z € [0, (3/2)Inn — L — H]. The cut-off at (3/2) In(n) —
L — H is here only to ensure that H < a,(z + L). Combined with (3.27), we get
that for n large enough, and z € [A, (3/2)In(n) — L — H],

[Eas) — 122 K[ Frp(V (wn_p) — an(z + L)), V(wy) > dy,

(3.28) VO </{¢<n-b]|

<2ne °.

Recall the definition of Cy, 5 in (3.24). We apply again Lemma 2.3 to see that
N C
B[FLp(V(Wap) = an(z + L)), V(we) 2 dp, VO < £ <n = b] ~ =53

n

as n — oo uniformly in z € [0, (3/2) In(n) — L]. Consequently, we have for n large

enough and z € [0, (3/2) In(n) — L],

322 E[Fp 5 (V (Wn—p) — an(z + L)), V(we) = de, YO < £ <n — b] —e *Cp |
Z

<ne *.

The lemma follows from (3.28). [
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We now have the tools to prove Proposition 3.1.

PROOF OF PROPOSITION 3.1. Let 131(3.25) be the expectation in the left-hand
side of (3.25). We introduce for any L > 0 and any integer b > 1,

o L= lérgéréfl}irgmfezE@ 25)s

C+ [.p -=limsuplimsupe E(_o, 25).
—> 00 n—oo

In particular, taking the limits in n — oo then z — oo in (3.25), we have, for any
L>0,7n>0andb > B(L,n) [with B(L, n) as in Lemma 3.8],

(3.29) Crp—3n=<Cp,<Cf,<CrLy+3n.

Notice that &,(z, b) (hence 133(3,25)) is increasing in b. This implies that CL_’ » and
CZL’ , are both increasing in b. For any L > 0, let C; and CZL be, respectively, the

(possibly zero or infinite) limits of CL_’ ,» and CZF’ » When b — oco. By (3.29), we
have for any L > 0 and n > 0,
limsupCpp —3n<C; < C < hmlnfCL b+ 3.
b—00

Letting n go to O, this yields that Cy, , has a limit as b — oo, that we denote by
C(L)y=C, = CL+, this for any L > 0. Similarly, we see that E3 »s) is increasing
in L. This gives that C (L) admits a limit as L — oo, that we denote by C,. Beware
that at this stage, we do not know whether C» € (0, 00). Let ¢ > 0. By (3.14), there
exists Lo > 0 such that forany L > Ly, z>0and n > 1,

P(mkill,(n) ¢ Z]g,L’ M’];ill c In(Z)) < ge*Z'
By Lemma 3.7, this yields that for L > Lo, z > 0 and any n > 1,

V(wy .
ey (=g

‘P(M}f” € ,(2) — E[ , Wy € zg’L] <ege %

2 jupsit=n Ly (uy=paiiny

Take againn >0and L > Lg,andlet B=B(L,n)>1and A=A(L,n) > 0asin
Lemma 3.8. We have

V(wy .
A|: (S} (w )I{V(wn)zM,]f'“}
2 jufkil=pn 1{V(u)=M}§i‘1}

,we%k&mwﬂ

<n¥?e T P(w, € 25, £, (2, b)) <ne”*

for any n > b > B and z > A. Consequently, for any L > Lo, n > b > B and
z> A,

V(wy .
"y g, g

P(MN € 1,(2) _]:3[ Jwn € 251 6,2, b)]’ <(etme*

2 ufkit=p gy )= priiny
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By Lemma 3.9, we get that for L > Lo, b > B(L, n), n large enough and z €

(3.30) | P(MyM € 1,(2)) — CLp| < (e +47).

We stress that Cy, , depends actually on n and ¢ through the choice of Ly and
B(L, n). By (3.30) and Corollary 3.4, we know that for L > Lo and b > B(L, n),
we have Cp p < cjo + ¢ + 4n. Taking the limit b — oo, this implies that for any
L > Ly, we have C(L) < c19 + € + 4n. Taking the limit L — oo, we deduce that
Cr <c190 + & + 4n hence C, is finite. Let L > Lo such that |C, — C(L)| <
and b > B(L) such that |Cr , — C(L)| < n. Then, by (3.30), we have for n large
enough and z € [A(L, n), 3/2)In(n) — L — H(L,n, b)],

e P(MN € 1,(2)) — Ca| <e+6np<2e

if we take n := £/6. It remains to show that C; > 0. We see that, necessarily,

)
1—e

lim sup lim sup =0.

Z—> 0 n—oo

3
eZP<M:l‘111 <3 logn — Z) —

-1

We know then that C, > 0 by the lower bound obtained in Lemma 3.6. [
3.3. Proof of Lemma 3.8. We present here the postponed proof of Lemma 3.8.

PROOF OF LEMMA 3.8. We follow the same strategy as for Lemma 3.6. Let
n > 0. To avoid superfluous notation, we prove the lemma for L = 0 (the general
case works similarly). Recall the definition of &,(z, b) in (3.21). We want to show
that f’(z‘fn (z,b)¢, wy € Zg’o) < nn—3/? when b and z are large enough. Let dj =
dy(n, z,1/2) as defined in (3.4) and

K112, fo<k<2
(3.31) e =elV = " 2
(n—k)l/12, ifE <k<n.

We recall that |u| = n is a z-good vertex if u € Zj’o and
Yo e VO 4 (V(v) —di), ) <Be ™™ Vli<k<n
ve(uy)

with B such that, forn >1and z > 0,

(3.32) P(w, € 2%, w, is not a z-good vertex) < 3L/2;

n
see Lemma C.1. Recall that 2 (wy) is the set of siblings of wy and QAOO is defined
in (2.5). Recall the law of the branching random walk under P which we identified
with B by the mean of Proposition 2.1. For &,(z, b) to happen, every sibling of
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the spine at generation less than n — b must have all its descendants at time n at
position greater than a,(z). In other words,

f’((Sn(z, b))", wy is a z-good vertex)
(3.33)

E[l - 1_[ 1_[ @klll (V(u),z2)), wy, is a z-good Vertex:|,

k= lueﬂ(wk)

where d>k‘u(V(u) 7) = PV(M)(Mk‘Hk < a,(z)) is the probability that the killed
branchmg random walk rooted at u has its minimum greater than a,(z) at time
n —k. By Corollary 3.4, we see that if [u| <n/2 [hence a,,(z) = a,—,(2) + O(1)],
then

klll(V(u) Z) <620( + V(u)_*_)e—z—V(u).
On the event that w, is a z-good vertex, we have for k < n/2 (hence dy =
0), X ueqyl + V) )e V™ < Be=% = Be K" Using the inequality x >

e@=D/2 for x close enough to 1, we deduce that there exists Ag > 0 such that for
72> Ap,n>1and 1 <k <n/2, on the event that w, is a z-good vertex, we have

[T (1= of(vw,2) = exp(—care?e ™)
ue (wy)
with ¢p1 := cp0B/2. This yields that
n/2] [n/2]
[T JI Q-of(vw,z) >exp<—c21e Z ek )zexp(—czze—z).
k=1 ueQ(wk)

Therefore, there exists A; > Ag such that for any z > A; and n > 1,

[n/2]
(3.34) [T 1 =@, 2)=a-n'2
k=1 ueQ(wk)

If k > n/2, we simply observe that if MFH < x, a fortiori M; < x. Since W,
[defined in (2.2)] is a martingale, we have 1 = E[W,] > E[e Mt] > e *P(M; < x)
forany £ > 1 and x € R. We get that

DEN(V (), 2) P(My—juy < an(z) — V() <e@@eV,

We rewrite it CI>',22(V(M), z) < e~ V=4 for n/2 < k < n. On the event that
wy is a z-good vertex, we get that ]_[ueQ(Wk)(l — <I>1,21,{(V(u), 7)) > e—cse

N 1/12
e=en=h2 for g greater than some constant b1. Consequently, for any b > by,

1—[ 1—[ klll V(u) Z)) —c23 Z:Z;ILJrl/ZJJrl €

k= Ln/2J+1ueQ(wk)

—(—y}/12
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This yields that there exists B > 1 such that for any » > B and any n > 1, we have

(3.35) ﬂ [T 1-ofh(Vw,2)=d-m'"2

k=|n/2)+1 ueQ(wk)
In view of (3.34) and (3.35), we have forb> B,z > Ay andn > 1,

1‘[ [T (=@ (Vw.z2)) =1 —n.

k=1ue (wy)
Plugging it into (3.33) yields that
f’((Sn (z,b)), wy is a z-good vertex) < nP(w, is a z-good vertex)
< nP(w, € Z9).
It follows from (3.32) that
P((£.(z, b)), wy € Z20) < n(P(w, € Z2°0) +n73/2).

Recall that the spine behaves as a centered random walk. Then apply (2.9) to see
that P(w,, € Z,ZZ’O) < coun3/2, which completes the proof of the lemma. [J

4. Tail distribution of the minimum of the BRW. We prove a slightly
stronger version of Proposition 1.3.

PROPOSITION 4.1. Let Cy be as in Proposition 1.2 and co as in (2.13).
For any ¢ > 0, there exist N > 1 and A > 0 such that for any n > N and
z€[A,(3/2)Inn — A],
eZ

3
—P(Mn < —lInn —z) —Cico| <e¢
Z 2

We introduce some notation. To go from the tail distribution of M5! to the one
of M,,, we have to control excursions inside the negative axis that can appear at the
beginning of the branching random walk. For any real r, we define the set

4.1 S = [ue']I‘: min V(uy) > V(u)z—r}
k<|u|—1
(see Figure 2). Notice that S = @ when r < 0. Let for |v| > 1,
(4.2) Ew = > (14 (V(w) - v(?))+)e—<ww>—wv»,
we2(v)

where v denotes the parent of v [and y4 = max(y,0)]. Notice that &£(v) is
stochastically smaller than X + X as defined in (1.2). To avoid some extra inte-
grability conditions, we are led to consider vertices u € S” which behave “nicely,”
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FIG. 2. The set S".

meaning that & (uy) is not too big along the path {uy, ..., u), = u}. Hence, for any
real r > 0, we introduce

(4.3) T ={ueT:V1<k<l|u|:&u) <eVW-1F/2}

For any integer k > 0, we denote by Sy, respectively, 7, the set S" N {|u| = k},
respectively, 7" N {|u| = k}. Finally, for any integer n > 1, any z > 0 and any
u €T, define

1, ifJv>u:|v|=n, min V(vg) > V(u),
Z Le(|ul,n]
(4.4) B, (u) := and V(v) < a,(2),
0, otherwise

(see Figure 3). Notice that B:(u) = 0 if |u| > n. In words, B:(u) = 1 if there
exists a descendant of # which stays above V (1) and is below level a, (z) at time n.
Observe that if M,, < a,(z), then necessarily we can find such vertices u and v. The
first subsection controls the set S”. Proposition 1.3 is then proved in Section 4.2.

4.1. The branching random walk at the beginning. We will see that P(M,, <
%lnn — z) is comparable to the probability that there exists u € S° such that
B} (u) = 1. The lemmas in this section are used to give an asymptotic of this prob-
ability. As usual, we will use a second moment argument. Lemmas 4.2 and 4.3
give bounds, respectively, on the first moment and second moment of the number
of such vertices u. We recall that M¥!! is the minimum at time n of the branching
random walk killed below zero. For any integers n > 1, k € [0, n], and any reals
x,r, we recall that

4.5) @1211,1 (x,r) =P, (M::i_uk <a,(r)).

By Corollary 3.2, there exists No > 1 and Ag > 0 such that for any n > Ny, k <
n'/2 and r € [Ag, (3/2) In(n) — Ao,

(4.6) e @0 (0,7) — Cy| <&,
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= ap(z)

FIG. 3. Particles in S~ such that Bi(u)=1.

where we used the fact that k = o(n), thus In(n — k) = In(n) + o(1) [the same
statement holds when replacing n'/? by any sequence o(n)]. Moreover, we know
by Corollary 3.4 that for any integers n > 1, k € [0, n] and any reals x, r > 0,

3/2
4.7 Ol (1) < eps(1 +x)e—x—’<L> / .
g - n—k+1

LEMMA 4.2. (i) Fix ¢ > 0 and let C be the constant in Proposition 1.2. There

exists A > 0 such that for all n sufficiently large, and all z € [A, (3/2) In(n) — A],
eZ

‘mE[ Z Bé(u)1{|u|§nl/2}i| - Cl

ueS—A

(4.8)

<e.

(ii) There exists a constant c such that for anyn > 1 and any z € [0, (3/2) In(n)],

E|: Z Brzl(l/l)l{u>nl/2}:| < ce ¢,

ueS?

(iii) Uniformly in A > 0 and n > 1, we have

E|: Z B;(M)l{lulfn/Z}:| =o(z)e "

ueSTAN(Ti—A)e

as 7 — oo, where the set (T*~4)¢ denotes the complement of the set T*~4 in the
set of vertices of T.

REMARK. In (i) and (ii), we could replace n'/? by n® with a € (0, 1).
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PROOF OF LEMMA 4.2. Let k < n. By the Markov property at time k, we have

(4.9) E[ > B,i(u)] [ > @, z+V(u))]
ueSi4

z—A
Sk

with CIDI,E‘E as defined in (4.5). We want to apply equation (4.6)tor =z+ V(u). We
observe that z+ V (1) € [A, z] when u € S*~4. Hence, equation (4.6) holds for n >
No, k <n'? and r = 7+ V (), with u € S*~40 and z € [Ag, (3/2) In(n) — Ag]. It
follows from (4.9) that for n > Ny, k <n'/? and z € [Ag, (3/2) In(n) — Ao],

eZE[ > Bz(u)} [ > e—VW)HseE[ > e‘”“)}

z A 7—A —A
0 ueSk 0 0

(4.10)

From the definition of S} k_ and (2.1), we observe that, for any integer k, and any
z2>A>0,

(4.11) E[ Yo eV =P(Si > A—z, S < S, YO<t<k—1).

ueSi_A

Summing over k£ > 0 yields that

(4.12) E| > e_V(”)] = R(z — A).

“ueS—A

In particular, summing equation (4.10) over k < n!/? gives that for n > Ny and
z € [Ao, (3/2)In(n) — Aol,

ZE[ 2 Bﬁ(”)lumsmm}—ClE[ 2 e_v(")1{|u|5n1/2}]‘

MESZiAO MGS;7A0

(4.13)

<eR(z— Ap).
Using the fact that P(Sy > —x,S8; < minp<j<x—1S;) = P((—=8) =< x,
minp<;<x—1(—3S;) > 0), we have by (2.8), for any integer kK > 0 and any real
x>0,

(4.14) P(Sk > —x, 5 < i S, j) <@l + 1)1+,

Therefore, we have for n greater than some Ny and x € [0, (3/2) In(n)],
D P(Sk>—x, Sk < S, YO<l<k—1)<e.

k>nl/2

1/2

Going back to (4.11) with A = Ag, and summing over k > n"/“, we obtain that for

n > N and z € [Ag, (3/2) In(n) — Ap],

E Z e_V(u)1{|u|>nl/2}i| 58.

ueS4o
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In view of (4.13) and (4.12), this yields that for any n > max(Ng, N1) and any
z € [Ag, (3/2) In(n) — Ao,

< S(R(Z — Ag) + C]).

eZE|: Z B,Zl(u)l{|u|<n1/z}]—C1R(Z—A0)

ueS—40

Since R(x) > 1 for any x > 0, this completes the proof of (i). Let us prove (ii). The
notation ¢ denotes a constant whose value can change from line to line. Using (4.9)
with A =0, we find that

ln/2]

(4.15) E[Z B;(u)1{n/22|u|>n1/z}]: > E[Z q>}§f‘,{(o,z+V(u))]
ues? k=|n12]4+1 TueS;
Equation (4.7) yields that
E[ > Bﬁ(”)l{nﬂzlulml/z}}
Sz
(4.16) “e
[n/2] n 3/2 Vo
< —z — | E —ru
scse™t D (n—k+1) [Ze ]
k=|n1/2 |41 ueS;
Equations (4.11) and (4.14) imply that
E[ > Bﬁ(”)l{n/zaubn‘/z}}
ueS*?
, n A3 .
4.17 < he 2 (1 <7> 14+ k)~
(4.17) <csepe t(14+2° Y rei) 4R
k=n1/2]+1

<ce *©
for any n > 1 and any z € [0, (3/2) In(n)]. We deal now with vertices u € S such
that |u| > n/2, and split the case depending on whether V (u) is greater or smaller

than —z + %ln(n—IZ\Jrl)' Using the fact that BX(u) < 1, we get

E[Z Bﬁ(u)1{|u|>n/2}]

ueS?

(4.18) < E[ > BEW s n/2.v )= -2+ G/2) 1n(n/<n—u|+1>>}}

ueS?

+ E[ Z L(u|>n/2,vu)y<—z+G/2) ln(n/(n—lul—l—l))}]-

ueS?
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We bound the first term of the right-hand side. Equation (4.7) shows that

E[ > Bﬁ(u)1{|u|>n/2,v<u>z—z+(3/2>1n<n/<n—|u|+1>>}}

ueS?

n n 3/2
< case Z <n —k+ 1>

k=[n/2]+1
x E[ DS P SEy) 1n<n/<n—k+1>)}]-
ueS;
From (2.1), we observe that

E[ > e_v(”)l{V<u)z—z+<3/2>1n(n/<n—k+1>>}]

ueS;

P<S> +31< "
= —_ —n|{ ——
k=72 2 n—k+1

whichis O if —z + %ln(n_"TH) > 0. Using (4.14), we see that

),Sk<Sg,V0§€<k—1>,

E[ > Bé(u)1{|u|>n/2,V<u>z—z+<3/2>1n<n/<n—|u|+1))}}
ueS?

n

n 3/2 3
< ce ¢ Z (m) (1 + k)i /

k=1n/2]+1

(- 3n(msr))

x max|z — = In[ ———— |, .
VR

Since 7z < %ln(n), we get that max(z — %ln(n_”TH), H<1+ %ln(n —k+1).
Consequently,

E[ > Bﬁ(u)1{|u|>n/2,V<u>z—z+<3/2>1n(n/(n—|u|+1)>}}

ueS*
n 1 3/2 5
<ce * _ l+In(n —k+1))" <ce™ .
<c k_z (n—k+1> (1+In(n + 1) <c
=[n/2]+1
Finally, let us consider the last term of (4.18). Equation (2.1) implies that, for any &,
E[ ) 1{|u|>n/2,V<u><z+<3/2>1n<n/<n|u|+1>>}}
ueS;
(4.19) (€51 (5 e[z, 2+(3/2) In(n/ (i—k 1)), S¢ <S¢ V0= <k—1} ]

=K
< E[eskl{sk<—z+(3/2) I/ (n—k-+1)), Sy <S¢, YO<t<k—1} ]-
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‘We notice that

E[eSk1{5k<_Z+(3/2) In(r/(n—k+1)), Se <S¢, ¥0<<k—1}]

<Y e Y TIP(Sk > —, Sk < 8¢, VO < € <k — D 1{y=z—(3/2) In(a/(i—k-+1))}»
y=0

which, in view of (4.14) leads to

E[e% 1(S, <—243/2) In(n/(n—k+1)), S <S¢, Y0<t<k—1} ]

<) Z e+ 021+ k)_3/21{y>z—(3/2)ln(n/(n—k—l-l))}
y>0

3/2 3 2
< Ce_z(n—nT-i-l) maX<Z — 5111(#]{4_1), 1) (1 +k)_3/2

- —Z( ! )3/2(1+31 ( k+1))2
ce _— —Inn —
- n—k+1 2

for k € [n/2,n] and z < %ln(n). Going back to (4.19), it yields that

E[ > 1{u>n/2,V<u><—z+<3/2>1n(n/(n—|u|+1>>}]

ues?
i 1 3/2 3 2
<ce*? <7> <1 +—-In(n —k+ 1))
k=n/2) 41 n—k+1 2
<ce .

Finally, by (4.18), E[}_, cs: B (u)1{ju|>n/2}] < ce™* which, combined with (4.17),
proves (ii). We prove now (iii). We have by the Markov property at time &,

E[ 3 Bﬁ(u)} = E[ 3 F(0,z + V(u))},
ueSiTAN(T Ay ueSiTAN(TA)e
where GDEIE is defined in (4.5). By (4.7), this implies that

E[ > Bﬁ(u)lnmsn/z}]

ueszfAm(TzfA)c

= C26e_ZE[ > eV 1{|u|5n/2}]-
ueSZ—Aﬂ(’TZ_A)C

(4.20)

At this stage, we make use of the measure P, introduced in Section 2.1. We recall
that under P, we identified our branching randomly with B. By definition of P then
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Proposition 2.2(i), we have for any k <n/2,
1

E eVﬂ - ﬁ:[— eV(“)}
[ ,,AZ: Wi ,AX:
ueS;AN(T4)¢ ueSAN(TA)¢

=P(wy € SN (T74)9).

The right-hand side is equal to 0 when k = 0 since wy € 72~ by definition. For
k > 1, we observe that l{wke(Tz—A)c} < ZIZ=1 l{é(wz)Ze(V(w[,l)+z—A)/2}. It follows
that

(4.21)

k
P(wk €S An (T A Z w € 84, E(wy) > e(V(weq)-l-z—A)/Z)‘

Together with equations (4.20) and (4.21), this gives that
E[ > Bﬁ(u)1{|u|<n/2}}
ueST—AN(TI—A)e

1n/2) 1n/2)
<cxpe Y Y Plug € A £ (wy) = Vw2

=1 k=t
In order to prove (iii), it is enough to show that
(4.22) Z Zf)(wk c SZ*A’ E(wp) > e(V(w/é—l)JrZ*A)/z) =0(z2)

>1k>t

uniformly in A > 0 as z — o0. The left-hand side of (4.22) is 0 if z < A. Therefore,
we will assume that z > A. For k > ¢, notice that if wy € S*~4, then necessarily
minj<, V(w;) > A—z, V(wg) > A—zand V(wy) < ming<;<x—1 V(w;) [in par-
ticular, k is a ladder epoch for the random walk started at V (w¢)]. This implies
that

P(wi € S74, £ (wy) = eV we-D+:-4)/2)
< f)(g(ww > oV A2 i (w)) = A — 2,
j=t
¢= Vi) < (<jsk-1 (wf))

Summing over k > £, we get

Zf)(wk € SZ?A, E(we) = e(V(wl—l)JerA)/Q)
k>t

=< E[l{g(we)Ze(V(wl—l)‘HA)/z}l{minjfl V(wj)>=A-z}

X Y L{A—z<V (wp) <ming< <1 V(w,->}]
k>¢
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By the Markov property at time £, we recognize in the term
2 LAz <y <minsj i V)
k>0

the number of strict descending ladder heights above level A — z when starting
from V (wy). Consequently,

Z f)(wk € SZ_A, E(we) = e(v(wl—l)-l-Z—A)/Q)
k>t
<E[1;,,)seVw+-02)Lming < vwpza- R(z — A+ V(wo)].

We know from (2.13) that there exists cp7 > 0 such that R(x) < c7(1 + x)4 for
any real x. Thus, R(z— A+ V(wp)) <co7(14+z2—A+V(we—1))++c27(V(wy) —
V(wg—1))+. Also, we obviously have minj<, V(w;) < minj<¢_; V(w;). This
yields that

S P(wy € STTA E(wy) = VDAY < 02 (£(0) + 8(0)),
k>t

where

f0) = E[l{s(wl)zeww,l)+z—A>/2}1{min,-§g,l vwpza—z)(1+2— A+ V(we-1))],

g(ﬂ) = E[l{g(wE)Ze(V(w[q)+Z—A)/2}1{minj§z,1 V(wj)ZA—Z}(V(wE) - V(U)( - 1))+]
Equation (4.22) boils down to

(4.23) D (0 +g@®) =0(2).
=1
Let (&, A) be a generic random variable independent of all the random variables

used so far, and distributed as (¢§(w1), V (w1)) (under f’). Using the Markov prop-
erty at time £ — 1 in f(£), we get

f) = E[1{§Ze<v<wz_1>+zfm/2}l{minjﬂ,l VwpzA—z) (1 +2— A+ V(we-1))].
Summing over £ (and replacing £ — 1 by £) yields that

Y f= E[Z Ly (wo)+z—A<2in@)} Lminj < Vwj=a—z (1 +2— A + V(we))]-
=1 =0

By Lemma B.2(i), there exists cpg > 0 such that for any x > 0

E[Z Ly (w)+2—A<x}minj <, Vwj)za—) (1 +2 — A+ V(wﬁ))}
>0

<U+0) Y P(Vw) +z-A<x.minV(w)=A-z)
>0 J=

< cag(1 4+ x)(1 +min(x, z — A))
< cag(1 4 x)*(1 + min(x, z)).



1396 E. AIDEKON

We deduce that, with the notation of (1.2),

3 f(0) < esE[(1 +21ny £)*(1 + min(21Iny £, 2))]
=1

(4.24) < eE[X (1 + 21y (X 4+ X))*(1 + min(21n, (X + X), 2))]
=0(z2)
under (1.4) by Lemma B.1(ii). We now consider g(£). We have similarly
Y gy = E[A+ > Ly (w)+z2—A<2in@)} Lmin, < V(w]-)ZA—z}jI-
£>1 £>0
From Lemma B.2(i), we get

> 8(0) < exsB[AL(1+2Iny )(1+minIn &, 2))]
>1

(4.25) < e2sE[X (14 2In4 (X + X)) (1 + min(2Iny (X + X), 2))]

=0(2)
by Lemma B.1(ii). Equations (4.24) and (4.25) imply (4.23), and so complete the
proof of (i1)). O

REMARK. Equations (4.9), (4.7) and (4.12) imply that for any » > 1 and
z>0,

(4.26) E[ > Bg(u)l{lulfnl/z}} < 252°?R(z)e 2.
ueS?

We compute the second moment in the following lemma.

LEMMA 4.3. There exists a constant cy9 > 0 such that for any z > A > 0, and
any integer n > 1,
(4.27) E[U?] - E[U] < caoe %e™4,

where U := 3, c se-ange—a By () L{juj<n/2}-

PROOF. Let U be as in the lemma. We observe that
U? = U= BXw)B:()1y, yes— Ly ver—a 1l lvj<n/2)-
u#v
It follows that

E[U?-U]= E[Z Bﬁ(u)Brzi(v)l{u,UGSzA}l{u,veTZA}1{|M|y|v|5"/2}:|
u#v

SZE[ > Bﬁ(M)Bﬁ(U)l{u,vesz—A}l{ueTz—A}1{|u|5n/2}]-

uFv, lu|=|v|
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For |u| > |v|, and u # v, notice that B} (u) depends on the branching random walk
rooted at u, whereas B (v)1y, ,es:-4)1{,e7:-4) 1s independent of it [even if v is a
(strict) ancestor of u]. Therefore, by the branching property,

E[U? - U]
< ZE[ > ]|(1;1|1n(0 2+ V() By (W1, yese—a L erea 1{|u|<n/2}}
utv, ul>[v]
where @klll is defined in (4.5). By (4.7), we have d>]|21|1n(z + V() <cpe VW
for |u| < n/2 This gives that

E[U2 _ U] < Cz6e_ZE[ Z e_v(”)Bﬁ(v)l{u,veSZA}l{ueTzA}l{lulin/z}]

uFv, |u|=|v]

(4.28)
[n/2]
< C26eiz Z E[ Z efv(u) Z Bé(v)l{UGSZA}i|‘
k=1 ueS]ffAﬂTz*A v#£u,|v|<k

The weight e~V hints at a change of measure from P to P. For any k € [0,n/2],
we have by Proposition 2.2(i),

E[ Z Q) Z Bé(v)l{veszA}]

ueS;_AﬂTZ*A v#u,|v|<k

(4.29)
:E[l{wkESZAﬂTZA} > Bﬁ(v)l{veszA}]-

vFEWE, [v|<k

We have to split the cases depending on the location of the vertex v with respect to
wy. We say that u »~ v if neither v nor u is an ancestor of the other. If v # wy and
|v| <k, then either v ~ u, or v = wy for some £ < k. In view of (4.28) and (4.29),
the lemma will be proved once the following two estimates are shown:

ln/2]

(4.30) Z E[ Y BiW)1egeny wp €STANT A} <czre”?,
VX Wg
[n/2] k—1 N
@30 Y Y E[Bi(we), we e ST wp e STANTA] < czpe
k=1 ¢=0

Proof of equation (4.30). Decomposing the sum }_, ., along the spine, we see
that for any k € [1,n/2],

k
(4.32) Y BiW sy =Y. Y. > BiW g4y

VWi l=1xeQ(wy)v=x
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The branching random walk rooted at x € 2(w,) has the same law under P and P.
Recall the definition of G, in (2.5). We have for £ <n/2 and x € Q (wy),

E[Z B:(0)1(yes:-4) ]goo} = E[Z Ol (0,24 V(W)L jes-4) ‘gm]

v>x v>x

with the notation of (4.5), and (4.7) implies that

(4.33) E[Z B:(v)1jyese-4) ]goo] < c%e—zﬁ:[z S PRSI

V=X v>x

g;o].

We observe now that if v > x and v € S*~4, then minjy|<j<p—1 V(vj) > V() >
A — z. Therefore, by the Markov property,

E[Z e_V(v)l{vesz—A} ‘gooi| <Eyu |:Z e—V(v)1{mianM_1 V(v_,')>V(v)ZAZ}i|-

v=x veT
By (2.1) and the definition of the renewal function R(x) in (2.11), we observe that
Ev () [Z e M min; V(vj)>V(v)>A—z}:| =e "ORGEZ-A+V()).
veT
Going back to (4.33), we get that for any £ <n/2 and x € Q(wy),
EI:Z B;(U)I{UESZ‘A}‘QAOO] = 626e_ze_V(X)R(Z —A+ V(x)).
v>X

In view of (4.32), we obtain that

Ln/2]
> E[ > BiWpesi-ay. wk €8540 TZ_A}
k=1 VW
k A
(4.34) <epe Ty N E[ Yo e VORE-A+ V),

k>1¢=1 xe€Q(wy)
we e STAN TZ‘A].

We look at R(z — A + V(x)) for x € Q(we). If V(x) < V(wg_1) and z — A +
V(we—1) > 0, we have
Rz—A+ V@) <R(z—A+V(we) <car(l+z— A+ V(we1)).
IfV(x)> V(we—1) and z — A+ V(we—1) > 0, we write that
Riz—A+VX)<cu(l+z—A+ V)
<c(l+z—A+V(we1)(1+ V) — V(we—1)).
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Therefore, for any £ < k, we have on the event that wy € S* —A,

> eVIRE-A+ V()

xeQ(wy)

<c(l+z— A+ V(we1)) Z (14 (V(x) — V(we—l))+)e_v(’c)

xeQ(wy)
=crr(14+2— A+ V(we—1))e "V PDg(wy)
by definition (4.2). On the event that wy € S*=AN T4 we conclude that

Yo e VORE-A+ V(™)) <"V (1 42— A4 V(wp_p))e” VD2,
xeQ(wy)

Therefore, we have by (4.34),
n/2)
> E[ Y BiW1jesiay wp €54N TZ‘A}

k=1 VW

k
435)  <caeeore” TS SCEB[(1 42— A+ V(we—p))e @02,
k>1¢=1

Wi € SZ_A].
Proposition 2.2(ii) says that
E[(z — A+ V(we_1) + 1)e”V @072 yy e §574]

:E[e_S“‘/Z(l +2z—A+S8¢-1), min §; > S§>A— z].
j<k—1
We observe that

k
3 ZE[e_S‘—l/z(l +z—A+S1), min §;> 8 >A— z]
k>16=1 j=k=1

= ZE[G—Sel/Z(l +z—A+Si_1) Z 1{minj§k—l Sj>SkZA—Z}:|'
=1 k>¢

Since

Z l{minjsk—l §;>Sp>A—z}
k>t

= 1{minj§£—l Si>A-z} Z l{minjewz-l,k—l] Sj>Sk>A—z}>
k>t
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we deduce by the Markov property at time £ — 1 that

k
3 ZE[e_S‘—l/z(l +z—A+S1), min §;> 8 >A— z]
k>1¢6=1 j=k=1

<D E[e™ (1 £ 2= A+ S-)R(Se-1 +2— A), min §;= A~z
o

=1
<en ) B[e 21 +2— A+ S’ min 8= A4z
Using this bound in (4.35) yields that
n/2)
> E[ > Bi(Wpegay, wk €8574N TZ—A]
k=1 “uew
(4.36) < capchre” CHVZY B[S 2 (12— A+ S

>1

min §; > A —z].
j=e-1

By Lemma B.2(iii), we have

ZE[G_S[’I/Z(I +z2—A+Se1)’ min §;>A— z] < 3362,
=1 J=t=

Consequently, by (4.36)
Ln/2]

Z I::|: Z Bé(v)l{UGSZ_A}’ Wy € SAn Tz—Ai| < C34e—(z+A)/26(z—A)/2
k=1 VW
= C3467A.
Equation (4.30) follows.
Proof of equation (4.31). We have
/20 k=1
Z Z E[B;(U)g), wy € SZ_A, Wi € SN TZ_A]
k=1 £=0
ln/2]=1 [n/2]
(4.37) = > > E[Bi(wp),we e ST wre STANTA]
=0 k=¢(+1
ln/21-1 [n/2]
= > E[Bﬁ(we)l{wgesz—f\} > l{wkesz—AmTz—A}]
£=0 k=£0+1
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Let 7, be the first time 7 after £ such that V (w;) < V(wy). If k > £ and wy € 874,
then V(wy) < V(w¢), which means that necessarily k > t,. Moreover, if k > t,
and wy € 7% 4, then wy, € T3=4 Thus, for any £ > 0,

[n/2] n/2]
Z l{kaSZ*AﬂT«’»*A} = Z l{wkeSZ*AﬂTZ*A}
k=¢+1 k=t,

=< L, 1A spzny2y D Liming <) Vw))>V(w) = A—z)-
k>ty

We observe that BX(wy) is a function of the branching random walk killed be-
low V(w¢) and therefore is independent of the subtree rooted at wy,. As a result,
applying the branching property, we get that for any £ € [0, n/2],

X n/2]
E|:B;§(w€)1{u)g€SZA} Z l{wkESZAﬂTZA}j|
k=¢+1

=< E|:Brzz(w€)1{wg651A}l{wtzeTZA,tgsn/Z} > Lyming V(wj)>V(wk)ZA—Z}:|
k>ty

=E[B; (wo)ly,cs:-1) L, e7e-4 1y <nyny R(2 = A+ V (wy)))]-
By equation (4.37), we deduce that

/2] k-1
Z ZE[B,i(we), we € ST wp e T4
k=1 =0

n/2)—1
< Y E[B;(wo) Ly, ese- L, 14 1 <nm Rz — A+ V(wy))].
=0

We have V (w;,) < V(wg). Since R is a nondecreasing function, we obtain that

/2] k=1
Z ZE[B;(UJZ), wy € SZ‘_A, wy € S4nN TZ_A]
k=1 ¢=0
(4.38)
1n/2]—1

= 2 E[Biwolyesa) ki, ereszn R — A+ Vo).
£=0
Recall from (2.4) that Gy is the o -algebra generated by the spine and its siblings
up to time £. The Markov property at time £ shows that
E[ B (we), wi, € T4 10 <1n/21Ge] = 1y,eqe-a @50 4 (2 + V (we))

< 5N (24 V(wp)),
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where, if 7, :=min{j > 0: V(w;) < 0}, then for any integers n > 1, £ <n/2, any
A, r >0, we defined
O A1) =Pty < (1/2) = £, M}y < an(r), §(w)) <V W=,
Vi<j<t).
We deduce that, forany n > 1, any £ <n/2,any z > A > 0,
E[B(wo) Ly esi-a L, 14 <Rz — A+ V(wo))]
<E[lpyeson Rz — A+ V(wo) D 4(z+V(w)]

= E[Lmin; vy >vwo=Aa- Rz — A+ V(we) PN 4 (z+ V(wp)].
By Proposition 2.2(ii), this implies that
E[B; (wo) 1y, ese-a L, e1:-4. 1 <nm Rz — A+ V(w0))]
(4.39)
<E[Limin;_; 5;>5=4-2) Rz — A+ SOPY) 42+ So)].
Let us estimate d>k‘“ a(r) for £ < n/2. We have to decompose along the spine.
Notice that if Mkll Sy <an(r), and 7, < |n/2] — ¢, then there must be some j <

T, < [n/2] — ¢ and x € Q(w;) such that there exists a line of descent from x
which stays above 0 and ends below a,, () at time n — €. Therefore, for any n > 1,
f<n/2and A,r >0,

il
Dyl a(r)

ln/2]—¢

)3 E[ Y okl ( V(x),r),é(wj)se(’+"(w-"‘“‘A)/2,]’gro]

xeQ(w;)
with the notation of (4.5). By (4.7), we get that

| /2t |
BYna) <cse™ E[ > (L V@)e ",

j=1 xeQ(w;)
(4.40)

Ewj) < e HV =A< ,0—]

We observe that

Y (14 V@E)4)e VW

xe€Q(w;)
< (1 + V(wj_1)+)e—V(wj—1)

X Z (1 + (V(x) — V(wj_1))+)e*(v(x)*v(wj—1))
xeQ(wj)

= (L4 V(w4 )e” W Ew))
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by definition (4.2). We deduce from (4.40) that
Ot 4 ()
ln/2]-€
<cyse” Z E[e—V(w_i—l)(l + V(UJj_l))e(r+V(wj_l)_A)/2,j < T(;]
j=1

It follows that, forany n > 1, £ <n/2 and A,r >0,
PN (1) < case” e AN E[e 21+ S500), j < 1]
Jj=1
= cyge e A2,
by Lemma B.2(ii). Going back to (4.39), we obtain that for any n > 1, £ <n/2,
z>A>0,
E[B} (W), ese4) L, ere4 <ny2y R (2 = A+ V (w0))]

= CS6C_AE[1{minj<g s;>S=a-7)R(z — A+ Sg)e_(sl'i_z_A)/z],

Equation (4.38) yields that forany n > 1,and z > A > 0,

[n/2] k—1 R
> D E[Bi(we), we € ST wr e STANTA]
k=1 £=0

< C36G_AE[Z Limin;_, $;>8,>A-7)R(z — A+ Se)e_(S”Z_A)/Z]
>0

Applying Lemma B.2(iii) implies (4.31) and thus completes the proof of the
lemma. [

4.2. Proof of Proposition 4.1. 'We can now prove Proposition 4.1.

PROOF OF PROPOSITION 4.1. Let ¢ > 0. For any r > 0, we observe that
by (2.1),

P(Elu eT: V(u) = —}") =< Z E|: Z l{V(u)f—r,V(uk)>—r,\7’k<n}i|

n>0 |lu|l=n

_ Sn

= ZE[e ,Sp < —r, Sk > —r,Vk <n]
n>0

<e™ .

Therefore

PEueT: V() <A—z)<er ™
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For any z > A > 0, we observe that on the event {Vu € T, V (u) > A — z}, we have
M, < %lnn —zifandonly if ), g:—a B5(u) > 1 [recall the definition of §” and
B} in (4.1) and in (4.4)]. Therefore, forn > 1 and z > A, we have

3
0< P(Mn < Elnn - z) - P( Z Bi(u) > 1) <eA 2,
ueSi—A
We notice that P(}", cg:-4 B (1) > 1) <E[),c5:-4 BZ(u)]. Hence,
3
P(Mn < Elnn — z) <ed? +E[ Z B,f(u)].
ueSi—A
Lemma 4.2(i) and (ii) implies that for n > Ny and z € [A1, (3/2) In(n) — A{],
et 3 edl 4 ¢
—P(M < lnn—z> Cil<—+e¢
Rz—Ap \""~2 "= R@—Ap
Since R(x) ~ cox at infinity by (2.13), we have for n > N; and z € [A»,
(3/2)In(n) — A1,

eAl +c
€02

et 3
—P<M,, < —Inn —Z) —C <
02 2

+ 2e.

We deduce that for n > Ny and z € [A3, (3/2)In(n) — Ay],

et 3
—P(Mn < —Inn— z) —C| <3e.
oz 2

This proves the upper bound. Similarly, we have for the lower bound,

P(M,, < %lnn —z) > P( > Biw) = 1)

ueS—A

21’( Y Bilju=ny = 1)-
ueS—ANT—A

If we write U(A) := ), cs:-an7e-4 Bi(u)1y (lul<n/2)> then by the Paley—Zygmund
formula we have P(U(A) > 1) > E[ZEQ;Z] By Lemma 4.2, we know that
R(z A4) E[U(A4)] = C1 — ¢ for n = Ny and z € [As, (3/2)In(n) — A4]. By
Lemma 4.3, we have that E[U (44)*] < (1 + S)E U(Ayg)] if As is taken large
enough Hence, z-S45PWU(As) > 1) > 55551 + ) 'ElU(A)] = (1 +
&)~ 1(Cy —¢). This yields that

et 3
— PIM,<—-—Inn — > (1 L, — o).
RG A1) ( n_znn z)_( +&) 7 (Ci —¢)
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From here, we proceed as before to see that for n > Nj and z € [Ag, (3/2) In(n) —
Ayl,

et 3
—P<Mn < —Inn— Z) > Cy — c37€.
€0z 2

The proposition follows. [

5. Proof of Theorem 1.1. For 8 > 0, we look at the branching random walk
killed below —pB. The population at time n of this process is {|u| =n:V (ug) >
—B, Yk < n}. We define the associated martingale (see Appendix A)

5.1 D,(lﬁ) = Z R(,B + V(u))e_v(u)l{v(uk)z_ﬂ’ks,”.

|u|=n

Since D,(,ﬂ ) is nonnegative, it has a limit almost surely that we denote by Dé’g).
Under (1.3) and (1.4), we know by Proposition A.3 that Dég) > 0 almost surely on
the event of nonextinction for the branching random walk killed below —g. For
A >0, let Z[A] denote the set of particles absorbed at level A, that is,

ZIAl:=={ueT:V(u) > A, V() < A, Vk < |ul}.

In the words of Section 6 in [7], this set is a very simple optional line.
By Theorem 6.1 (and Lemma 6.1) of [7], we know that } ,czia R(B +

V(u))e_v(”)l{v(uk)z_ﬁ} converges to Dég) almost surely as A — oo. Recall that

R(x) ~ cox at infinity by (2.13). Recall from (2.2) that the martingale W,, is de-
fined by

W, = Z e VW
lx|=n

and we know from [22] that W, converges to O almost surely as n — 0o un-
der (1.1). On the event {min,cT V() > —f}, we see that necessarily Df,g) =
c0Doo  almost surely, and > ,cza)R(B + V(u))e_v(“)l{v(uk)z_ﬂ} ~
o X_yezia)(B+ V(u))e V™ as A — oo. Again by Theorem 6.1 (and Lemma 6.1)
of [7], we have lima— 00 ) _,c Z[A] eV = W, =0 almost surely. We deduce that
52 lim Ve '™ =D

(5.2) A%Ou;w (u) oo

on the event {min, 1 V (1) > — B}, and therefore almost surely by making 8 — oo.
We can now prove the convergence in law.

PROOF OF THEOREM 1.1. Fix x € R, and let ¢ > 0. For any A > 0, we have
for n large enough,
P(Ju € Z[A): |u| > n'/?) <,

(5.3)
P(3u € Z[A]l: V() > (3/2)Inn — A) <e.
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Again, we could replace nl/2 by any o(n). Take A > 0. Let V4 := {max,cz(a] lu| <
nl/2, max,ez(a] V(1) <Inn}. We observe that

P(M, > (3/2)Inn+x) > P(M, > (3/2)Inn + x, Va)

= E[ [T (0= @ua(Vw —x)), yAi|»

ucz[A]
where for any integers n > 1, k € [0, n] and any real r > 0,
Oy n(r) :=P(My_i < (3/2)In(n) —r).
By Proposition 4.1, there exists A large enough and N > 1 such that foranyn > N,
k<n'?andze[A—x,(3/2)In(n) — A —x],

Z

(&
(5.4) ?qu,n(Z) — Cico

<e.

We get that

P(M, > (3/2)Inn +x) > E[ [T (1 - (Cico+e)(Vu) —x)e V@), yA}.
uezZ[A]

Since P()4) < 2¢ for n large enough, we have for n large enough,

P(M, > (3/2)Inn +x) > E[ [T (1= (Cico+&)(V(u) — x)ex—W”))} — 2e.
ueZ[A]

In particular,

liminfP(M, > (3/2)Inn + x)

zE[ I (1—(Clco—l-s)(V(u)—x)ex_v(“))}—28.
uczZ[A]

We let A go to infinity. We have almost surely by (5.2) and the fact that
D uez[A] e~V ® vanishes,
(5.5) lim Y In(1—(Cico+e)(V(u) —x)e* V™) = —(Cico + £)e* Des.
A—o00
ueZ[Al
By dominated convergence, we deduce that
l’iqﬁiO%fP(Mn > (3/2)Inn + x) > E[exp(—(Cico + €)e* Do) | — 2e,

which gives the lower bound by letting ¢ — 0. The upper bounds works simi-
larly. Let A be such that (5.4) is satisfied for n > N, k <n'/? and z € [A —
x,(3/2)In(n) — A — x]. We observe that, for n large enough,

P(M, > 3/2)Inn +x) <P(M, > (3/2)Inn +x, V4) + 2¢

=E[ [T (1= @V —x)),yA} + 2e.

ucz[A]
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Using (5.4), we end up with
limsupP(M, > (3/2)Inn + x)

= E[ l_[ (1=(Cico—e)(V(u)— x)ex_v(“))i| +2¢.
uez[A]

From here, we proceed as for the lower bound. [J

APPENDIX A: THE DERIVATIVE MARTINGALE

We work under (1.1), (1.3) and (1.4), but we drop the assumption that £ is
nonlattice. We recall from (2.11) that the renewal function R(x) is defined by

R(x) =I§)P<Sk > v S< min S;)-

The duality lemma says that R(x) is also the expected number of visits of the
random walk (S,),>0 to the interval (—x, 0] before hitting [0, co) (after time 1).
For any 8 > 0, we introduce for n > 0,

DY =3 RV +B)e” "y uz—pvkzn)-
|ul=n

The following lemma is Lemma 10.2 in [7]. The analog in the case of the Brownian
motion is Theorem 9 in [20].

LEMMA A.1 ([7]). Forany B > 0, the process (D,(,ﬂ), n > 0) is a nonnegative
martingale with respect to (Z,,n > 0).

PROOF. We recall that under P,, the branching random walk (V (v),v € T)
and the one-dimensional random walk (Si, k£ > 0) start at a. By the Markov prop-
erty, we have

E[Dr(z/?ﬂyn]

Y R(V() +:3)ev(v)1{V(v)zﬂ}]

lv|=1

=) 1{V(uk>zﬂ,Vk5n}EV<u>[

|ul=n
By (2.1), we see that for any 4 € T with |u| =n,

Ev(u)[ Y RV + ﬁ)e_v(v)l{V(v)z—ﬁ}}

lv]=1

=Evw[R(S1 + B)lis;=—ple V™,
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which is R(V (u) + ﬂ)e_v(“) by Lemma 1 of [24]. Therefore,
[ D(ﬁ)1 |\, ]

- Z Ly wps—pvk<n R(V () + B)e™V ™,

|u|=n

which completes the proof. [J

Since (D,(Lﬂ ), n > 0) is a nonnegative martingale, we can define for any a > 0 a

probability measure 1383 ) on Z o such that for any n > 1,
A df)(ﬂ) D’gﬂ)
' dP Fn R(a + ﬂ)e_a

and we write as usual P® for P(()’B ), and l:lflﬂ ) (resp., 133(/3)) for the expectation as-
sociated with 135/3 4 (resp., P®). Let l’;'(ﬂ ) be the branching random walk with a

) starts at V(w(ﬁ)) =a. At time 1 it gives

spine defined as follows: The spine w
birth to a point process distributed as (V (x), |x| = 1) under f’éﬁ ) Then the spine
elementw(ﬁ ) at time 1 is chosen proportionally to R(V (u) + B)e™V ™1y w)>_p)

among the children u of w(()ﬂ ) At each time n, the spine element w,gﬁ ) produces

P(ﬂ)

an independent point process distributed as (V (x), |x| = 1) under Wy while

the other particles |#| = n generate independent point processes dlstrlbuted as
(V(x), |x] =1) under Py ). The spine w(ﬂ )1 attime n + 1 is chosen proportionally
to the weight R(V (u) + B8)e™ Viu )1 {V (up)>—pB.Vk<n) among the children of w,(f}) We
write .7, 7P for the o- algebra obtained from .%#, by including the information on
the spine up to time n. We write szﬂ ) for the (nonmarked) branching random walk

obtained from 5’5’3 ) by ignoring the location of the spine, and note that Bflﬂ ) s
measurable with respect to .% .

LEMMA A.2 ([7]). The branching random walk under 135,‘3 ) is distributed as
B
Ba .

PROOF. We give a sketch of the proof. Let n > 1 and T}, be a deterministic tree
of height less than n. We denote by T), the (random) tree T truncated at level n.
35(4’3)

Let P ;) be a probability measure associated with . We want to prove that the
a

projection of P on the space of nonmarked branching random walks is f’éﬂ ),
Given deterministic infinitesimal intervals (dz,, u € T,,), we compute that

PBA(@ (T)y =Ty, V() €dzy,Yu € Ty)

= Y Pup(Tp =T, V(W) €dz,,Yue T, w =u).

uely,|u|l=n
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For any u € T, with |u| = n, we check that, by construction of our process B’éﬁ ),
Pégﬂ) (T, =Ty, V) € dzy, Yu € Ty, w'? =u)
=P,(Ty,=T,, V(u) €dzy,Yu € T,)
ROV )+ BV U Lmin . vuy=—p)

R(a+ ple~
where u ; denotes the ancestor of u in 7, at generation j. Therefore,

B)
D
Pap (Tin =Ty, V(u) € dzy, Yu € Ty) = Eq| Y, =7, v (0 edzu VueTy) — - |-
B PP

which is B (T|, = T,., V(1) € dz,Vu € T;) by definition. O

From now on, we will identify our branching random walk under f’é’g ) with
Z’S’C(,ﬂ ) Notice that the proof shows that, for any vertex u € T such that |u| = n,
RV @)+ B)e™V “min,_, viuj)=—p)

PO () = u17,) = o
n

For F a measurable function from R"*! to R, we notice that

EL[F(V(w). ... V()]

A R(V(u)+ ,B)e_V(”)l{ ini o V)= —B)
:Ec(zﬂ)[ Z F(V(uo), ..., V(up)) - minj<, V(u; :|
|u|l=n Dn

1
_ WEQ[ S F(Vwo), ... Viuy)
0

lul=n

x R(Vw) + B)e™" “1min, ., v<u,)2_ﬁ}].
Therefore, (2.1) yields that
A2 EOTFVP). ... V()]
— mEa[F(So, -+ SOR(S, + B min s, = 5]

Under f’;ﬂ ), the spine process (V (w,),n > 0) is distributed as the random walk
(Sn)n=0 conditioned to stay above —f, in the sense of [24] or [5]. It is the Markov
chain with transition probabilities, for any x > —§,

R(y +B)

5B) (x_ dv) -—
P (x,dy) R+ )

1yy>_pyp(x,dy),
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where p(x,dy) =P, (S1 € dy). The fact that this defines a transition probability
comes from the equality E,[R(S1)1{s,>0;] = R(x) for any x > 0 by Lemma 1
in [24]. This Markov chain then never hits the region (—oo, —8), hence its name.

Since (D,(l’3 ), n > 0) is a (nonnegative) martingale, it has a limit that we denote

by Dég). The question of the convergence in L' was addressed in [7], where the
authors give almost optimal conditions for the convergence to hold. However, we
deal with slightly weaker conditions, so we have to prove the convergence in our
case.

PROPOSITION A.3. Assume (1.1), (1.3) and (1.4). Then:

(i) Forany B >0, D,gﬁ) converges in L' to Dég).
(i) We have Dég) > 0 almost surely on the event of nonextinction of the
branching random walk killed below — .
(iii)) We have D, > 0 almost surely on the event of nonextinction of T.

PROOF. We adapt the proof of [7]; see [22] for the case of the additive martin-

gale. We observe that if sup,,_, o, D,(,ﬂ ) < 00, IS(ﬂ)-a.s, then the family (D,(,’g ))nzo
under P is uniformly integrable, hence converges in L'. Let

G = J{w;ﬂ)v V(w;‘ﬂ))’ Q(w;ﬂ))’ (V(u))MEQ(w;ﬂ))’j > 1

be the o-algebra of the spine and its brothers. Using the martingale property of
D,gﬂ ) for the subtrees rooted at brothers of the spine, we have

A ~ (B)
BO[DPIGE] = R(V () + p)eV @)

n
+Y Y RV + B OLy)=—pvi<k)-

k=1 xGQ(w,(Cﬂ))

It is well known (see, e.g., the construction available in [24] for the random walk
conditioned to stay positive) that V(w,(f )) — oo P®-almost surely; therefore
R(V(w,(/g)) —I—,B)e_v(w'(’ﬂ)) goes to zero as n — 0o. Furthermore, we see that l/D,(,ﬁ)
is under P a positive supermartingale, and therefore converges as n — oco. We

still denote by Dé’g) the (possibly infinite) limit of D,(,’3 ) under P®). We already
know that there exists co7 > 0 such that R(x) < c27(1 +x)+ < c27(1 + x4) for any
x € R. Then, by Fatou’s lemma,

E® [Dc(g) |gé§)] < lilgio%fE(ﬂ) [D’(lﬁ) |gég)]

<cy. Y. (14 (B+VE),)e V™.

k=1 e

(A.3)



MINIMUM OF A BRANCHING RANDOM WALK 1411

To prove (i), it remains to show that the right-hand side of the last inequality is

finite P(®)-almost surely (which implies that Dég) is finite P®®)-a.s). We observe
that

(A.4) Yooy 1+ (B+V@) eV <A+ 4,
kZ‘er(w,ﬁﬁ))
with
(AS5) A=) (1+8+ V(® ))e V@i > e~ (VO-VwZ)),
k>1 er(w,(f))

(A6) Ari=Y e Viln ¥ (V(x)—v(w,ﬁﬂ_)l))+e—<V<X>—V(wi‘f)l>>,

k>1 rew®)

Let us consider Aj. We recall that X := 3", e VW X .= 2 ixj=I V(x)pe VO,
and we introduce X' := 2 ix=1 R(B + V(x))e_v(x)l{v(x)z_ﬁ}. We observe that,
for any a > —8,

X' <e Y eVINA+a+p)+ (V) —a),).
[x]=1

Therefore, we have for any z € R and a > — g,

pgﬁ)( T e Vo Z)

|x]=1

1 /
- WE" (X Lz ooy

. v4 (V(x) - LZ)+
(A7) < C4()CaEa|: Z e ) <1 + m I{Z\x\:l e~ (V)—a)> 7}

lx|=1

= c0E[X1{x~]+ ca0 E[XI{X>z}]

l+a+p

1
=: hi(z —h ,
c40 I(Z)+C401+a+ﬂ 2(2)

where /| and hj are defined by the last equation. We deduce by the Markov prop-
erty at time k — 1 that
PO T e e-valy o eV(w}fﬁ)/z)
xeQ)

1
1+ v ) +p

< cqoE® [hl(ev(w,iﬂ),)ﬂ) n hz(e\/(wg‘”l)/z)]
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Hence,
TEO( T VOVl s v )/2)
k=1 xeQ(w)
(A.8) <ca Y EP[n (e @/2)]
>0

ha(e V(wf>)/2)]

. 1
+C4oZE(’3)[

= L+ve)+s
A B
We next estimate ) ;- E®[h, (eV(wé ))/2)]. By (A.2), we have

N ®B) .
EO [y (") = 2 E[RGB + S0 /%) mins; > 5]

R(B)

R(,B) I:R('B+S£)X1{Si<21nX mmS]> 5]

where X and the random walk (S,,n > 0) are taken independent. Conditioning
on X, then using Lemma B.2(i), we get that

3 B[, (GV(wﬁ)/z)]

>0
1
(A.9) =< F,B)E[XR('B + ZIH(X)) Z 1{55521nX,minj§g sz—ﬁ}]
£>0
C41
< E[X(1+Iny X)?
which is finite by (1.4). Similarly,
1

A B ~ .
E(ﬂ)[ hz(eV(w/g )/2):| < C42E[X1{S@§21nX}, I’Jn<121 S; > —,3]

1+ V) +p

Lemma B.2(i) implies that

. 1
(A.10) ZE(ﬂ)[
= 1+ VW) +8

hz(evwé‘”)/z)] < c3E[X(1 +1Ing X)] < 00

under (1.4) by Lemma B.1(i). Equations (A.8), (A.9) and (A.10) give that

(A.11) fo(ﬂ) Z —V -V ) . ev(wk 1)/2) .

k>1 er(w('B))
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By the Borel-Cantelli lemma, we obtain that

(14 B+ V(w®))e V@D 3 (V@ -vw®)
xeQ)

(8)
< (14 B+ V (w)e v =72
for k large enough almost surely. It is known that, for any a € (0, 1/2), we have

V(u),gﬂ )) > k“ for k large enough. From (A.5), we deduce that A| < co. We pro-
ceed similarly for A», replacing in (A.7) 1{x~} by 1{5(>z}‘ By analogy, we find
that A> < oo if E[X (1 +Iny X)2] and E[X (1 + In,. X)] are finite. This is the case
by (1.4) and Lemma B.1(i). Equations (A.3) and (A.4) yield that Dé’? < oo PA-
a.s., which ends the proof of (i). We prove now (iii). We see that, for any x € T
with x| =1,

Dy > e_V(X)Doo,x >0,

where for any x € T, Dpx := > j=puzx (V@) — V(x))e~ VW=V and
Doo x :=lim,— o0 Dy x. We used the fact that the martingale Z\u\:n,MZx e~ V)
converges to 0 as n — oo. This implies that if Do, = 0, then Dy x = 0. No-
tice that Dy x 18 distributed as Doo. Therefore, writing p := P(Dy = 0), we
have that p > 0 implies that p < E[pz\x\:l . Consequently, p =1 or p <
P(extinction of T). On the other hand, observe that p > P(extinction of T), since
the sum in (1.5) is empty for large n when the tree T is finite. Finally, we get
that P(Dy, = 0) is P(extinction of T) or 1. Now, notice that P(Dc(g) >0)>0
by (i). Since R(x) < cp7(1 + x4), we see that Dé%) < ¢37D0, and therefore
P(Ds > 0) > 0. Hence, we have Dy, > 0 P-a.s. on the event of nonextinction.
We can now prove (ii). Let 8 > 0. On the event of nonextinction of the branching
random walk killed below B, we can find a vertex « (in the killed branching ran-
dom walk) such that there is an infinite line of descent from u# which stays above
V (u). For such a vertex u, we have
Z R(V(v) + ﬁ)eiv(v)l{V(vk)z—ﬁ,ngn} = Z R(V(v) + ﬁ)efv(v),

v>u,|v|=n v>u,|v|=n

The sum .~ )= R(V (v) + Bre=V® converges to coe ™V “ Dy, as n — o0 .
We know from (iii) that D, > 0; hence
> RB+HV®)e "y wyz—pvksn)
v>u,|v|=n
has a positive limit as n — oo. Since

D > > RB+VW)e " DLy z—pvizn),

v>u,lvl=n

we have that Dfﬁ) >0. O



1414 E. AIDEKON

APPENDIX B: AUXILIARY ESTIMATES

LEMMA B.1. Let X and X be nonnegative random variables such that (1.4)
holds.

(i) We have
E[X (Iny X)?] < oo, E[X Iny X] < oo.
(i) As z — oo,
E[X (In; (X 4+ X))* min(In (X + X), 2)] = 0(2),
E[X In} (X + X) min(In (X + X), 2)] = 0(2).

PROOF. We first prove (i). We claim that for any x, x > 0,
(B.1) x(Iny ¥)? < 4x(Ing x)? + 2% Ing &.

We can assume that ¥ > 1. If ¥ < x2, then x(Iny. )% < 4x(Iny x)2. If ¥ > x2, we

check that x (In4 ¥)? < 2% In_. ¥ since In(y) < 2,/y forany y > 1. This gives (B.1).
It follows that

E[X (Iny X)?] < 4E[X (Iny X)?] 4 2E[X Iny X],

Whi~Ch is finite under (1.4). Also, X Inp X < max(f( Ing X , XInt X), hence
E[X Iny (X)] < co. We turn to the proof of (ii). Let ¢ > 0. We observe that

E[X(Iny (X + )~())2min(ln+(X +X),2)]
= E[X(In (X + X))’ min(Iny (X 4 X), 2), In, (X + X) > &z]
+ E[X (Ine (X + X))* min(Ing (X + X), 2), In (X + X) < ez].
On one hand,
E[X(In} (X 4+ X))* min(Iny (X + X), 2), Iny (X 4+ X) > ez]
< ZE[X(Iny (X 4+ X))*, Iny (X + X) > £2]
=zo.(1)
since E[ X (In4 (X + )?))2] < 00. On the other hand,
E[X(In, (X + X))* min(Iny (X + X), z), In}y (X + X) < ez]
<ezE[X (Iny X + X)?].

Thus E[X (In4 (X + X))? min(In; (X + X), 2)] < (1 + E[X (Iny. X + X)?])ez for
z large enough, and is therefore o(z). We show similarly that E[X Iny (X +
X)min(Inp (X + X),2)]=o0(z). U

Let (S,)n>0 be a one-dimensional random walk, with E[S1] = 0 and E[(S; 2] <
0.
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LEMMA B.2. (i) There exists a constant c45 > 0 such that for any z > 0 and
x>0

3P, ( ¢ <xmins >o) < c45(1 4 x)(1 4 min(x, 7).
>0

(i) Let a > 0. We have
E[Z e‘“SZl{minjsz sjz()}] = c46(a) < oo.
>0
(iii) Let a > 0. There exists a constant cq7(a) > 0 such that for any z > 0,

E, [Z e Limin; <, 5 20}} <c47(a).

£>0

PROOF. Suppose that x < z. If 7~ denotes the first passage time below level
x of (Sy)n>0, we have

> P (Sz =x, mlnSj > 0) Ez|: > Lis,<x.minj < 5,30}}
>0 0>17

< E[Z Lis,<x,minj sz—x}},
>0
where we used the Markov property at time 7,”. We have
ZP(SL’ <ux, mlnS > —x) <l+x>+ Z P(Sg <x, mlnS > x)
>0 £>x2

(B.2) <1+x?+ag Y (+x)7°e3?

£>x2
< cqo(1 +x)?
by (2.8). Suppose now that x > z. Then

ZP (Se <x, mlnS >0)
>0

<Y P, (rjnlnSJ >0)+ Y Po(Se<x, min S, >0).
£<x? £>x2

From (2.7), we know that P,(minj<,S; > 0) < cso(1 + 2)(1 + 0)~Y2 whereas,
by (2.8),

PZ(Sg <x.minS; = o) <csi(l+2)(1+x)21 + 07372,
J=
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We get
P,(S;y<x,minS; >0
ZP(5 = omins; =)
(B.3) <cs0 1—+Z tost Yy I+ +x)>A+077
1<x? I+ {>x2

<cs2(1+2)(1+x).
From (B.2) when x < z and (B.3) when x > z, we have for x, z > 0,

> P(Se < x.minS; = 0) < (cag +es2)(1+x)(1 + min(x, 2).
>0 /=
This ends the proof of (i). We turn to the statement (ii). Without loss of generality,
we assume that @ = 1 [in (ii) and in (iii)]. We have

> E[e S Mimin,_ 5,20 = > > e PS¢ € [i,i + 1), min §; > 0).

=0 =00 J=t
By (2.8), P(S; € [i,i + 1), minj<, S; > 0) < cs3(1 +i)(1 + £)~3/2, which com-
pletes the proof of (ii). Finally, we prove (iii). Let (T¢, Hi, k > 0) be the strict de-
scending ladder epochs and heights of (S,),>0, that is, Ty := 0, Hp := Sy, and for
any k > 1, Ty :=min{j > Ty 1 :S; < Hr_1}, H := St,.. By applying the Markov
property at the times (7%, k > 0), we observe that

E, [Z € X min, _, szo}] = c46E; [Z e_Hkl{szO}},
>0 k>0
where c4¢ is the constant of (ii). The fact that Z(z) := E;[Y ;¢ e*Hkl{szo}] is
bounded in z > 0 then comes from the renewal theorem: let U(dy) denote the
renewal measure of (Hy, k > 0), thatis, U(dy) := Y ;> P(Hy € dy). Then Z(z) =

fﬁ’z e_(Z”)U(dy). In Section XI.1 of [14], combine lemma, page 359, with the
renewal theorem, page 363, to conclude that Z is bounded. This completes the
proof of (iii). [J

Fora >0,a>0,n>1and 0 <i <n, we define

{i"‘, if0<i<|[n/2],
k,’ =

(B.4) a+m—i  if|n/2] <i<n.

LEMMA B.3. Leta €(0,1/6) and ¢ > 0.
(i) There exist d > 0 and c53 > 0 such that for any u > 0, a > 0 and any integer
n>1,

P[0 <i<n:S <k—dminS;>0, min_S;>a,5,<a+ul

j=<n [n/2]<j<n
(B.5) 5
o € n%+a)
(4w eI,
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where k; is given by (B.4).

PROOF. We treat n/2 as an integer. Let E be the event in (B.5). We have
P(E) <> "_,P(E;) where

E; = [S,‘ <ki—d,minS; >0, min §;>a,S$, §a+u}.

j=<n n/2<j<n

We first treat the case i < n/2, so that k; = i*. By the Markov property at time
i >1and (2.9), we have

esa(1 +u)?
P(E;) < TE[(I + S (s <i min; ; §;0}]>

which is smaller than 655;13%)2 (1;i3)3 by (2.8). It yields that, if K is greater than

some constant K¢ (which does not depend on d), we have
n/2 e

(B.6) > P(E) = (14w —7.
i=K

(Zf:x :=0if x > y.) We treat the case n/2 < i < n. We have by the Markov
property at time i and (2.8),

cs6(1 + Lt)2

P(E;) < it 1)3/21*3[(1 + Si — @) 1{5;<a+(1—i)*,minj; §;=0.min, o< < S;=a}]-

If i > 2n/3, we use (2.9) to see that P(E;) < cs7(1 + u)2 S0 Therefore,
if K > K1 (K does not depend on d),
n—K e
(B.7) > PE)=U+w)' s
i=|2n/3]

Ifn/2 <i <2n/3, we simply write

cs6(1 +u)?
P(E;) < mE[(l + Si — a)l{a<s; <a+(n—i)® min; ; S_iZO}]
2 (l’l - i)a . .
§C59(1 +M) ml)(a < Si <a + (l’l _l)a’rjnfll;lsj ZO)
oz(a +na)2

n
=< ceo(1 +u) 3
n

by (2.8). We deduce that

12n/3]

(B.8) > P(E) <cer(l+u)
i=n/2

2 (n(l + a)2
n2—o '
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Notice that our choice of K does not depend on the constant d. Thus, we are
allowed to choose d > K“, for which P(E;) =0ifi € [1,K]U[n — K, n]. We
obtain by (B.6), (B.7) and (B.8)

" e (n® + a)?
SPE) = (w2 ben

i=1

hence P(E) < (14 u)*(2:£; + c61 259"}, indeed. [

APPENDIX C: THE GOOD VERTEX
Letz>0and L > 0. Letdy =di(n,z+ L, 1/2) as defined in (3.4). Let also

K112, ifOfkfg,
ey =e;, =
¢ (n — k)12, if%<k§n.

We recall from definition 3.5 that u € Z,Zl’L if lu| =n, V(ur) > di for k <n and
V(u) € I,(z). We say that u such that |u| =n is a (z, L)-good vertex if u € Zfl’L
and forany 1 <k <n,

(C.1) Y e VW 4 (V(v) —di), } < Be™%.
ve (uy)

Note that a (z, 0)-good vertex is a z-good vertex as introduced in Section 3.1. We
defined the probability P in (2.3) and the spine (w,, n > 0) in Section 2.1.

LEMMA C.1. Fix L > 0. For any € > 0, we can find B large enough in (C.1)
such that P(w, is not a (z, L)-good vertex, w,, € Zﬁ’L) <en3/2 for any n > 1
and z > 0.

PrROOF. Fix L >0 and let ¢ > 0. We have

ls(wn is not a (z, L)-good vertex, w, € Zj’L)

(C.2) 5f’<5|ke[1,n]: Yo e VW 4 (V(v) —di), } > Be %,

veQ (wg)
wy, € Zj’L )
We want to show that we can find B large enough such that

f’(ake[l,n]: Yo e VO (V) —dy), } > Be™™,
veR (wg)

(C.3)

&
z,L
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We see that, for any 1 < k <n,

{ Yo e VO (V) —di), } > Be™™, V(wi—1) > di + 2ex — C62}

ve(wg)

| ¥ evo-wp g v —a,) > Be—(V(wkl)—dk‘f'Céz)/z}.
veQ (wy)
By Lemma B.3, there exists cg» = ce2(L) > 0 and N = N (L) such that for n > N
and z >0
e

IA’(wn €Z¥ 30<j<n—1:V(w)) <djs1+2ej41 —ce2) < Tk

Consequently, it is enough to show that for B large enough,

Xn:i\)< Z C_(V(U)—dk){l + (V(v) — dk)+} - Be_(v(wkfl)—dk)/z’
k=1

ve(wy)
(C4)
w, € Zj’L) <en32,
‘We see that
Y VO 4 (V) —di),)
ve(wg)
< e~ (V(wr—1)—di) Z e~ (V) =V(wr-1))

ve(wy)
x {1+ (V(wg—1) — dk)Jr +(V(v) — V(wk_l))+}
< e—(V(wk—l)—dk)(l + (V(wk—l) _ dk)+)
x Yy en VOV 4 (V) = V(wg-1), }-

veQ (wy)
With the notation of (4.2), we have then
Yo e VW (14 (V(v) — di),)
veQ (wy)
< e VO0=d0 (] 4 (V(wr—1) — di) )& (wp).
Equation (C.4) boils down to showing that, for B large enough,

no e(V(wk-1)—di)/2
Zp(g(wk) > B , Wy € Zf;L> <en3/2,
= 14+ (V(wi—1) — di)+

Actually, we are going to show that, for B large enough,

n
(C.5) S P(E(wp) > BeV =By e Ziky < o3/,
k=1
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First, we deal with the case k € [1, 3n/4]. We notice that
P(£(wy) > BeY Wi-D=d/3 ) e Z2L) < P(g(wy) > BeV W13y, € Z21),
By the Markov property at time k, we get

P(&(wp) > BeV W03y, € Z3E)

= E[A(V(wk), k, n)l{g(wk)>BeV(wk—1)/3,V(wj)20,\7’j5k}]’

where A(r,k,n) := IA’r(V(wj) >djip,Vj <n—k, V(wy—x) € I,(z)). We get
by (2.9), A(r, k, n) < ce3n—>/*(1 + ry) (since k < 3n/4). This yields that
P(&(wy) > Be" W03y, € 231
(C.6) 3
< ce3n” TR+ VW) g5 pe? -7 v ) 20.vj <k}

On the other hand, we have
1+ V(w)s <14+ V(wi—1)+ + (V(we) = V(wk-1)) ;.-

Let (§, A) be generic random variables distributed as (§(wp), V(w1)+) under f’,
and independent of the other random variables. By the Markov property at time
k — 1, we obtain that

E[(1 4+ VW01 g ) peV @08 v 20,21

< E[ic(V we—1)) 1y (wj)=0,vj <k—1)]
with, for x > 0, k(x) := (1 + X)L z. gers3y + Aylies perssy. In view of (C.6), it
follows that
3n/4 R
Y P(E(wr) > BeV B, € Z0E) < cqyn (D1 + D),
k=1

where

Dy = Zﬁ[(l + V(wi))1{v (wy) <3(In&—In B)} I}lgilV(wj) > 0],
k>0 -

D; = Z I::I:A+1{V(wk)§3(ln$—lnB)}, minV(w;) > 0].
k>0 J=k
We recall that by Proposition 2.2 (V (w,), n > 0) is distributed as (S,, n > 0) (un-
der P). Notice that in the definition of D1, the term inside the expectation is O if
B > &. Therefore, we can add the indicator that B < &. By Lemma B.2(i), we get
that

Dy < cesE[1(p=g) (1 + (In& — In B),)*] < cesB[1p=e) (1 +Iny £)7].
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Observe that £ < X + X with the notation of (1.2). Going back to the measure P,
we get

Dy < cesE[XLp_y, 5y (1 + Iy (X +X))*] <&
for B large enough since E[ X (1 +1In (X + )~())2] < 00 by (1.4) and Lemma B.1(i).
Similarly,

Dy < c66E[}~(1{B§XH~(}(1 +In (X +X))]<e
for B large enough. Therefore, for B large enough,

3n/4
(C.7) Z P(&(wyp) > Be™(Vm-D=d)/3 o) e z2L) <9
k=1

&
032

In order to prove (C.5), it remains to treat the case 3n/4 < k < n. We want to show
that for B large enough,

n
(C.8) 3 P(E(wy) > BeV O3 4y e ZEL) <o
k=3n/4

We want to condition the point process u(wi) := 3 ,cqw,)9v @) on the value of
V(wy). To do this, we make a disintegration; see, for example, 15.3.3, page 164
of [18]. This gives the existence of probabilities Q, on the space of locally finite
measures M on R, such that:

e For any set A in the canonical o-algebra of M, the map r € R — Q,(A) is
measurable with respect to the Borelian o -algebra of R. Here, the canonical o -
algebra of M refers to the one generated by the mappings u € M — u([l) for /
intervals of R; see Chapter 1 of [18].

e For any bounded measurable function F, we have

B[P (uwn)., V)] = [ B @) edr) [ FounQu @,
We deduce that
P(&(wy) > BeV W=/ ) ¢zl
=PE(V(wp) — V(wi_1)) > BeV WO ) ¢ zL)

where, given (V (wy), k < n), the random variable &(V (wy) — V(wi_1)) € R has
the distribution of [ _r (1 + xy)e " u(dx) under Qv (y;)—v(w;,_,)(dw). The last
line is equal to

P(E(Sk — Sk—1) > Be W5 5, € 1,(2), 8, 20,5, 2.,1 = an(z+ L + 1)),

where S, :=min{S;, k < n}, Q(h’gz] :=min{S, £1 < k < {3}, and, under P, and
conditionally on (S, k < n), the random variable & (S — Sy_1) has the distribution
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of [,cg(1+x4)e ™ u(dx) under Qg,—s, ,(dp). We return time, that is, we replace
Sk by S — Sn—k. We check that

PE(Sk — Si1) > Be® 5 S, € (), S, > 0,8, 0.y = an(z+ L + 1))
<PESu—rs1— Sp—i) > BeH ™43 5, € I,(2), =5, = —au(2),
=Siony = —L— 1),

where =S, := min{—S8, k < n} and —_S[[1 b)) = min{—Sk, £1 <k < £,}. We use
the Markov property at time n — k 4 1. There exists a constant ce7 > 0 such that,
foranyr <L 4+ 1,any n > 1, and any k € [3n/4, n],

Pr(Skfl € I,(2), _—Sk—l > —ay(2), _—S[O,k—l—n/Z) >—-L— 1)
<ce7(2+ L — r)n_3/2.

The last inequality comes from (2.9), after a time reversal. This yields that, for any
n>1andk € [3n/4,n],

PE(Sk — Si—1) > BeS W3 8, € 1,(2), 5, > 0,800 = an(z+ L+ 1)
<comn PE[Q 4L = Su—rDlg(s, o s, 0o e ks, z—L-1))
=cern PE[(2+ (L = V(Wn—i+1)),)

x 1{s<wn_k)>ée—”wn—k>/3,—v<wj>z—L—1,VJSn—k+1}]’

where B := Belt!. Beware that we reintegrated the measures (Q;, 7 € R) in the
last line. We find that, for any k € [3n/4, n],

IA)(E(wk) > BC(V(wk)_dk)B’ wy, € Zﬁ’L)
< con PE[2+ (L — V(Wa—ks1) )

x l{s(wnfk)>ée*”“’n—k’“,—V(wj)z—L—l,vJ'sn—kH}]'

This is the analog of (C.6), replacing there V (w;) by —V(w;), k by n —k + 1 and
{V(w;j)>0,Vj <k}by {—V(w;)>—L—1,Vj <n—k+1}. Then (C.8) follows
as in the case k € [1, 3n/4]. This with (C.7) prove (C.5) and hence the lemma. U

APPENDIX D: NOTATION
Branching random walk:

L: the point process;
X, X: defined in (1.2);
T: the genealogical tree;
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V (x): position of particle x;
|x|: generation of vertex x;
Xk: ancestor at generation k of vertex x;

M,,: minimum at generation n of the nonkilled branching random walk;

Fy: o-algebra of the branching random walk up to time 7;
£(x): defined in (4.2);

Qe (r) :=P(My— = (3/2)In(n) —r);

Z[A]: set of particles frozen when going above level A.

Killed branching random walk:

Tl the genealogical tree of the killed branching random walk;

lu|¥1: generation of a vertex u when u € T¢I,

M, Kill: minimum at generation n of the killed branching random walk;
kl“ ": uniform particle in TK!"' among those achieving M, kill,

c1>1,§{}1 (x,7) :=Py (MM < (3/2)In(n) — ).

Random walk:

1423

(Sn)n>0: nonlattice centered random walk with finite variance, defined by (2.1).

The nonlattice assumption is dropped in the Appendix;
o2: variance of Sj;

R(x): renewal function of §;

R_(x): renewal function of —S;

Many-to-one lemma: equation (2.1);

Hy, Ty: strict descending ladder heights and epochs of S;

H, ", T, : strict descending ladder heights and epochs of —S.
Martingales:

W,,: additive martingale at time n;
D,,: derivative martingale at time n;

D(’6 ). martingale of the branching random walk killed below —8.

Probability measures:

P,: probability under which the branching random walk (V (x)),eT and the

random walk (Sy,), starts at a (Pp = P). Expectation Ea,
P,: tilted probability I defined by (2.3). Expectation E.;
Péﬁ ). tilted probability II defined by (A.1). Expectation EL(,"L} ),

Spine decomposition I:

wy: Spine at generation n;
(V(wn))n centered random walk distributed as (Sy,),;
£: Radon-Nykodim derivative Y, < e~ V@ with respect to £;
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B: branching random walk with a spine. Under P, we identify (V (x))xeT
with B;

J,, o -algebra of B up to time n;

Gn: 0- algebra of the spine and its siblings up to time n (Gn C )

Spine decomposition II:

wiP: : spine at generation 7;

(V(w(’3 ))),,. random walk conditioned to stay above —f;

B branching random walk with a spine;
o‘*(ﬂ)

(ﬂ)

- o-algebra of B#) up to time n;

: o -algebra of the spine and its siblings up to time n (G, 5P 4, ,f’g )).

Paths of particles:

an(z) = 2 In(n) — z;

dy(n, z, 1): defined in (3.4);

ey defined in (3.31);

1,(z) = lan(z) — 1, an(2));

Zj’L: in Definition 3.5, see Figure 1. Particles of generation n that stayed above
dy(n,z+ L,1/2) and end in [,,(z);

S defined in (4.1), see Figure 2. Set of particles that achieve a new minimum
(on their ancestral line);

B} (u): defined in (4.4), see Figure 3. Equal to 1 if there is a line of descent from
u to a vertex at generation n which stays above V (1) and ends below a, (z);
7" defined in (4.3);

z-good vertex: defined in (3.15);

En(z,b): defined in (3.21). Good event on which the particles at generation
n which are located below a,(z) have a common ancestor with the spine at
generation greater than n — b;

Fr p: defined in (3.23);

Cr p: defined in (3.24).
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