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In this paper, we introduce a definition of BV functions in a Gelfand
triple which is an extension of the definition of BV functions in [A#fi Accad.
Naz. Lincei CI. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 21 (2010)
405-414] by using Dirichlet form theory. By this definition, we can consider
the stochastic reflection problem associated with a self-adjoint operator A
and a cylindrical Wiener process on a convex set I" in a Hilbert space H. We
prove the existence and uniqueness of a strong solution of this problem when
I is a regular convex set. The result is also extended to the nonsymmetric
case. Finally, we extend our results to the case when I' = K, where Ky =
{f €L?O.DIf = ~a}, = 0.

1. Introduction. A definition of BV functions in abstract Wiener spaces has
been given by Fukushima in [9], Fukushima and Hino in [10], based upon Dirichlet
form theory. In this paper, we introduce BV functions in a Gelfand triple, which
is an extension of BV functions in a Hilbert space defined in [2]. Here, we use a
version of the Riesz—Markov representation theorem in infinite dimensions proved
by Fukushima using the quasi-regularity of the Dirichlet form (see [13]) to give a
characterization of BV functions.

In this paper, we consider the Dirichlet form

1
& v =3 /H<Du, Dv)p(2)u(d2)

(where p is a Gaussian measure in H and p is a BV function) and its associated
process. By using BV functions, we obtain a Skorohod-type representation for the
associated process, if p = It and I is a convex set.

As a consequence of these results, we can solve the following stochastic differ-
ential inclusion in the Hilbert space H:

(1) {dX(t) + (AX (1) + Nr(X (1)) dt > dW (1),
) X(0) =x,
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where our solution is strong (in the probabilistic sense), if I' is regular. Here
A:D(A) C H — H is a self-adjoint operator. N (x) is the normal cone to I" at x
and W (¢) is a cylindrical Wiener process in H. The precise meaning of the above
inclusion will be defined in Section 5.2. The solution to (1.1) is called distorted (if
p = Ir, reflected) Ornslein—Uhlenbek (OU for short)-process.

Equation (1.1) was first studied (strongly solved) in [15], when H = L%, 1),
A is the Laplace operator with Dirichlet or Neumann boundary conditions and I"
is the convex set of all nonnegative functions of L2(0, 1); see also [23]. In [5], the
authors study the situation when I' is a regular convex set with nonempty interior.
They get precise information about the corresponding Kolmogorov operator, but
did not construct a strong solution to (1.1).

In this paper, we consider a convex set I'. If I" is a regular convex set, we show
that It is a BV-function and thus obtain existence and uniqueness results for (1.1).
By a modification of [9] and using [6], we obtain the existence of an (in the proba-
bilistic sense) weak solution to (1.1). Then, we prove pathwise uniqueness. Thus,
by a version of the Yamada—Watanabe Theorem (see [12]), we deduce that (1.1)
has a unique strong solution. We also consider the case when I' = K, where
Ko ={f € L?(0,1)|f = —a},a > 0, and prove our result about Skorohod-type
representation and that /¢, is a BV function, if o > 0.

The solution of the reflection problem is based on an integration by parts for-
mula. The connection to BV functions is given in Theorem 3.1 below, which is
a key result of this paper. It asserts that the integration by parts formula for p - u
gives a characterization of BV functions p, in the case where i is a Gaussian
measure. This is an extension of the characterization of BV functions in finite
dimension. But an integration by parts formula is in fact enough for the reflec-
tion problem. This we show in Section 6, exploiting the beautiful integration
by parts formula for K,,« > 0, proved in [23], which in case o = 0, that is,
Ko={f € LZ(O, 1): f > 0}, is with respect to a non-Gaussian measure, namely a
Bessel bridge. Theorem 3.1 applies to prove that Ik, is a BV function, but only if
o> 0.

This paper is organized as follows. In Section 2, we consider the Dirichlet form
and its associated distorted OU-process. We introduce BV functions in Section
3, by which we can get the Skorohod type representation for the OU-process. In
Section 4, we analyze the reflected OU-process. In Section 5, we get the existence
and uniqueness of the solution for (1.1) if I is a regular convex set. We also extend
these results to the nonsymmetric case. In Section 6, we consider the case when
I' = K, where Koy = {f € L*(0,1)|f > —a},a > 0.

Finally, we would like to mention that apart from contributing to develop the
theory of BV functions on infinite dimensional spaces, one main motivation of
this paper is to provide the probabilistic counterpart to results in [5] and [6], by
exploiting Dirichlet form theory and its associated potential theory.
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2. The Dirichlet form and the associated distorted OU-process. Let H be
a real separable Hilbert space (with scalar product (-, -) and norm denoted by | - |).
We denote its Borel o -algebra by B(H). Assume that:

HYPOTHESIS 2.1. A:D(A) C H — H is a linear self-adjoint operator on H
such that (Ax, x) > 8|x|*> Vx € D(A) for some § > 0 and A~ is of trace class.

Since A™! is trace class, there exists an orthonormal basis {e j}in H consisting
of eigen-functions for A with corresponding eigenvalues o; € R, j € N, that is,

Aej:ozjej, jGN.

Then a; > § forall j € N.

Below D¢ : H — H denotes the Fréchet-derivative of a function ¢: H — R.
By C g (H) we shall denote the set of all bounded differentiable functions with
continuous and bounded derivatives. For K C H, the space C g (K) is defined as
the space of restrictions of all functions in C ;(H ) to the subset K. p will denote
the Gaussian measure in H with mean 0 and covariance operator

0:=3A""

Since A is strictly positive, p is nondegenerate and has full topological support.
Let LP(H, u), p € [1, oo], denote the corresponding real L?-spaces equipped with
the usual norms || - || ,. We set

)\.j'

= VieN
20 J

so that
er=)‘jej VjEN.

For p € L (H, ) we consider

Ep(u,v)z%/H(Du,Dv)p(Z)M(dz), u,vng(F),

where F := Supp[p - 1] and LL(H , ) denotes the set of all nonnegative ele-
ments in L'(H, ). Let QR(H) be the set of all functions p € LL(H, W) such
that (€7, C; (F)) is closable on L%(F, p- ). Its closure is denoted by (£°, FP).
We denote by F? the extended Dirichlet space of (£°, FP), that is, u € FPif
and only if |u| < co p - pu-a.e. and there exists a sequence {u,} in F* such that
EP (U —up, Uy —up) —>0asn>m— ooand u, — u p - p-a.e. as n — Q.

THEOREM 2.2. Let p € QR(H). Then (E°, FP) is a quasi-regular local
Dirichlet form on L>(F; p - i) in the sense of [13], Chapter IV, Definition 3.1.
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PROOF. The assertion follows from the main result in [21].

By virtue of Theorem 2.2 and [13], there exists a diffusion process M* =
(2, M, {M;},6;, X;, P;) on F associated with the Dirichlet form (€7, F*). M”
will be called distorted OU-process on F. Since constant functions are in F* and
EP(1,1) =0, M” is recurrent and conservative. We denote by Ai the set of all
positive continuous additive functionals (PCAF in abbreviation) of M*, and de-
fine A” = Aﬁ — Ai. For A € A”, its total variation process is denoted by {A}.
We also define Ag :={A € A?|E,.,({A};) < ooVt > 0}. Each element in Ai has
a corresponding positive £°-smooth measure on F by the Revuz correspondence.
The set of all such measures will be denoted by Si. Accordingly, A; € A? cor-
responds to a v € §P 1= Sﬁ — Sﬁ, the set of all £°-smooth signed measure in
the sense that A; = A,1 — At2 for Af e A? k= 1,2, whose Revuz measures are
vk k=1,2,and v = v! —v? is the Hahn—Jordan decomposition of v. The element
of AP corresponding to v € SP will be denoted by A".

Note that for each / € H the function u(z) = (I, z) belongs to the extended
Dirichlet space 72 and

1
2.1 Ep(l(-),v):Ef(l,Dv(Z)),O(Z)d,u(z) Vvng(F).

On the other hand, the AF (I, X; — Xo) of M” admits a unique decomposition into
a sum of a martingale AF (M;) of finite energy and CAF (V;) of zero energy. More
precisely, for every l € H,

(2.2) (X, —Xo)=M'+ N Vt>0P,-as.

for £P-qe.z € F.
Now for p € L'(H, ) and [ € H, we say that p € BV;(H) if there exists a
constant C; > 0,

(2.3)

/(l,DU(Z))/)(Z)a’M(Z) <Cilvlls  YveCy(F).

By the same argument as in [10], Theorem 2.1, we obtain the following theorem.

THEOREM 2.3. Letpe Ll andl € H.
(1) The following two conditions are equivalent:

(i) p €BVi(H).
(ii) There exists a (unique) signed measure vy on F of finite total variation such
that

1
R f (I, Dv(2))p(2) dpu(z) = — / v@udz)  YveCL(F).
F

In this case, v; necessarily belongs to SP+1.
Suppose further that p € QR(H). Then the following condition is also equiva-
lent to the above:
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(iii) N* € Ay.
In this case, v; € SP and N = A",
(2) M' is a martingale AF with quadratic variation process

(2.5) (MY, =112, t>0.

REMARK 2.4. Recall that the Riesz representation theorem of positive lin-
ear functionals on continuous functions by measures is not applicable to obtain
Theorem 2.3, (i) = (ii), because of the lack of local compactness. However, the
quasi-regularity of the Dirichlet form provides a means to circumvent this diffi-
culty.

In the rest of this section, we shall introduce a special class of p € QR(H),
which will be used in Section 4 below.

A nonnegative measurable function /4(s) on R! is said to possess the Hamza
property if h(s) = 0 ds-a.e. on the closed set R! \ R (k) where

st+e ]
R(h):{seIRiI:/ —dr<oof0rsomes>0}.
s—e h(r)

We say that a function p € LL(H , 1) satisfies the ray Hamza condition in direction
[ € H (p € H; in notation) if there exists a nonnegative function p; such that

p1 = p pn-a.e. and p;(z + sl) has the Hamza property in s € R! for each z € H.

We set H:= ", H,,, where ¢ is as in Hypothesis 2.1. A function in the family H
is simply said to satisfy the ray Hamza condition. By [1] H C QR(H), and thus
we always have p + 1 € QR(H), since clearly p + 1 € H.

Next, we will present some explicit description of the Dirichlet form (£°, F°)
for p € H.

For ej € H as in Hypothesis 2.1, we set H,; = {sej :s € R'}. We then have the
direct sum decomposition H = H,; & E,; given by

z=s€e; + X, s=(ej,z).
Let 7; be the projection onto the space E.; and u.; be the image measure of

w under 7;: H — Ee;, that is, Me; = L0 nj_l. Then we see that for any F €
L'(H, p)

o [ Feuan=[ [ Foej+0piedsi @,

where p;(s) = (1/ 27r)uj)e_32/2kf. Thus by [1], Theorem 3.10, for all u,v €
D(&P),

o
2.7 EP(u,v) =Y EP%(u,v),

j=1
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where

Ep’ef(u,v)=l/ / duj(sej+ x) 8 dvj(sej+ x)
2 e; JR(p(-ej+x) ds ds

(2.8)
X p(sej +x)p;(s) ds jue; (dx),

and u, u; satisfy i; =u pu-a.e. and i j(se; + x) is absolutely continuous in s on
R(p(-ej +x)) for each x € E;.v and v; are related in the same way.

3. BV functions and distorted OU-processes in F'. As in [10], we introduce
some function spaces on H. Let

* 12
Aqp(x) ::/(; (log(1+s)) '~ ds, x>0,

and let i be its complementary function, namely,

a1 _ [’ 2
)= [ @ od = [ (expa ~ 1)dr.
Define
L(logL)"/?(H, 1) := {f : H — R| f Borel measurable, A1 ,2(|f]) € L'(H, w)},

LY(H, ) :={g: H — R|g Borel measurable, ¥ (c|g|) € L' (H, i)

for some ¢ > 0}.

From the general theory of Orlicz spaces (cf. [20]), we have the following proper-
ties:

(1) L(log L)% and LY are Banach spaces under the norms
11 ogiye =intla = 0] [ vty <1,

ey =intfa=0] [ yigl/ardn <1},
(ii) For f € L(logL)!/? and g € LY, we have
G.1) £l <21 £l Lgogyvallglzy-

(iii) Since u is Gaussian, the function x — (x, /) belongs to LY.

Let cj, j € N, be a sequence in [1, 00). Define

o0
H = {x € H‘ Z(x,ej)zcﬁ < oo},
j=1
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equipped with the inner product
o
(X ¥ m =) ci{x.ej)(y.e)).
j=1

Then clearly (Hj, (-, -)m,) is a Hilbert space such that H; C H continuously and
densely. Identifying H with its dual we obtain the continuous and dense embed-
dings

H CH(EH*)CHI*.
It follows that
Hi (2, V) pr = (2, V)H Vze Hj,ve H,

and that (Hy, H, H{") is a Gelfand triple. Furthermore, { i—j} and {cje;} are or-
thonormal bases of H| and H;, respectively.
We also introduce a family of H-valued functions on H by

m
(CHpwynm, = {GiG(Z) = Zgj(z)lj,z €H,gje C}(H),l’ € D(A)N H; }
=1

Denote by D* the adjoint of D : C,l(H) c L*(H, w) — L*(H, w; H). That is

Dom(D*) := {G e L*(H, u; H)’

C,l Sur> /(G, Du) du is continuous with respect to L*(H, ,u)}.
Obviously, (Cbl)D(A)mH1 C Dom(D*). Then

/ D*G(2) f(2)u(dz) = f (G(2). Df @))u(d2)
(3.2) " "
YG € (C))pwynm,, f € CL(H).

For p € L(log )'2(H, W), we set

V()= sup fH D*G(2)p@)u(dz).

Ge(Cg)D(A)nHl MGl H =1

A function p on H is called a BV function in the Gelfand triple (H;, H, H{")
[0 € BV(H, H}) in notation], if p € L(log L)'2(H, ) and V(p) is finite. When
Hy = H = H{, this coincides with the definition of BV functions defined in [2]
and clearly BV(H, H) C BV(H, Hy). We can prove the following theorem by a
modification of the proof of [9], Theorem 3.1.
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REMARK 3.0. The introduction of BV functions in a Gelfand triple is natural
and originates from standard ideas when working with infinite dimensional state
spaces. The intersection of BV;(H), when [ runs through D(A) N Hj, describes
functions which are “componentwise of bounded variation” in the sense that their
weak partial derivatives are measures. In contrast to finite dimensions, this does
not give rise to vector-valued measures representing their total weak derivatives or
gradients. Therefore, one introduces an appropriate “tangent space” H{ to H, in
which these total derivatives can be represented as a H|-valued measure. This
approach substantially extends the applicability of the theory of BV functions
on Hilbert spaces. We document this by including the well-studied case of lin-
ear SPDE with reflection, more precisely, the randomly vibrating Gaussian string,
forced to stay above a level o > 0 (see [15, 23]), which (in the case of o > 0) is
then just a special case of our general approach.

THEOREM 3.1. (i) BV(H, H1) C(\iepaynn, BVi(H).

(ii) Suppose p € BV(H, H)) N Lfr(H, W), then there exist a positive finite
measure ||dp| on H and a Borel-measurable map o,:H — H{ such that
lop @l uy = Llldpll-a.e, ldpl|(H) =V (p),

[ P*6@p@udd = [ (6@, 0@ ldpld2)
(3.3) " "
YG € (CHpaynm,

and ||dp|| € SPH.

Furthermore, if p € QR(H), ||dp|| is EP-smooth in the sense that it charges no
set of zero Ef -capacity. In particular, the domain of integration H on both sides of
(3.3) can be replaced by F , the topological support of pJi.

Also, o, and ||dp|| are uniquely determined, that is, if there are 0;) and ||dp||’
satisfying relation (3.3), then ||dp|| = ||dp||" and 0, (z) = 0,(2) for ||dp|-a.e. z.

(iii)) Conversely, if equation (3.3) holds for p € L(log L)'2(H, W) and for some
positive finite measure ||dpl|| and a map o, with the stated properties, then p €
BV(H, Hy) and V (p) = ||dpl|(H).

(iv) Let WY-1(H) be the domain of the closure of (D, Cg (H)) with norm

If1l = fH(|f<z>| +1Df @D (d2).

Then WYY (H) c BV(H, H) and equation (3.3) is satisfied for each p € WH1(H).
Furthermore,

1
dol|| = |Dp| - 1, \% :/ D dz), o,=——Dpl .
ldpll = |Dp| - (p) Hl olu(dz) *= 1Dp] 01 Dp|>0)
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PROOF. (i)Letp € BV(H, H1) and! € D(A)N H;. Take G € (Cg),;)(A)nHl of
the type

(3.4) G(z) =g, z€H,geCL(H).
By (3.2)

f D*G(2) f(2)uldz) = / (G(2), Df (2))1e(dz)
H H
— /H (I, Dg(@) f (2)u(d2)

#2 [ (AL2g@ f@rED  Yf e Cl:
consequently,
(3.5) D*G(z) = —(l, Dg(z)) +2g(2)(Al, z).

Accordingly,

f (I, Dg(@)p@u(dz) = — f D*G(2)p(2)u(dz)
(3.6) " "

+2/H(Al,z>g(z)p(z)u(dz)-

Forany g € Cg (H), satisfying ||g]lco < 1, by (3.1) the right-hand side is dominated
by

Vo)l 44 ollLaog Ly2 ICAL Ml Ly < 00,

hence, p € BV;(H).

(ii) Suppose p € LL(H, w) N BV(H, Hy). By (i) and Theorem 2.3 for each
[ € D(A) N Hy, there exists a finite signed measure v; on H for which equation
(2.4) holds. Define

D p(dz) := 2vy(dz) +2(AL, 2)p(2) ju(d2).
In view of (3.6), for any G of type (3.4), we have

(3.7) /H D*G(2)p@)u(dz) = fH 22D p(d2),

which in turn implies

(3.8) V(Di'p)(H) = sup /g(Z)DlAP(dZ)SV(P)”l”Hl,
g€CL(H),lIglloe=<1

where V(DIA p) denotes the total variation measure of the signed measure DlA 0.
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For the orthonormal basis {i—j} of H;, we set
oo .
yAi=>"27 V(D;“j/cj,o),
j=1
A
dDej/ij(z)
dy(2)

y/f is a positive finite measure with y;‘(H ) < V(p) and v; is Borel-measurable.

(3.9)

vj(z) = , z€H, jeN.

Since Dg‘/,/cj,o belongs to SP*!, so does yﬁf. Then for

n
e
(3.10) Gn:=) 8= €(Cpwnm,  neN,
=t

by (3.7) the following equation holds:
3.11) | P*Gu@p@udn =3 [ ¢ @.
j=1

Since [v;(z)] < 2/ )/pA—a.e. and C,l(H) is dense in L' (H, yfg“), we can find v; ,, €
Cg(H ) such that

mll)moO Vjm =V Y, -a.e.
Substituting
vjm(2)
(3.12) gjm(2) = f’"

JEh vem @2 + 1/m
for g;(z) in (3.10) and (3.11) we get a bound

n
> [ gim@ui@y @ = Vi),
j=1
because |G, (2) 13, = Y} gj.m(2)* <1 Vz € H. By letting m — oo, we obtain
n
/ Y vj@%rd) <V(p)  VneN
H .
j=1

Now we define

(3.13) ldpll == | > v;(@)2y; (dz)
j=1
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and 0, : H — H{ by

v;(z) . { = 2
Z— cjej, ifze ka(z) >0¢,
(3.14) o0,(2) = j=1 1/Zk lvk(z k=1
0, otherwise.
Then

(3.15) ldpll(H) <V (p), lop@my =1 ldpll-a.e.,

lldp]| is SP+1_smooth and o0, is Borel-measurable. By (3.11) we see that the de-
sired equation (3.3) holds for G = G, as in (3.10). It remains to prove (3.3) for
any G of type (3.4), thatis, G =g -1, g € Cé(H), [ € D(A) N H;. In view of (3.6),
equation (3.3) then reads

- / (I, Dg(2)p(@)u(dz) +2 / g(@(AL 2)p(2)u(dz)
(3.16) " "

= [ e@mlt.0,@) ;I dpl @2

We set

Z l, €J ej= Z<l’e_J> ﬂ’ Gu(z) = g(Z)kn-

j=1\ CilTH €j
Thus, k, — [ in H1 and Ak, — Al in H as n — oo. But then also

lim [ (Dg.ky)pdu = / (Dg. l)pdp
H H

n— oo
and
‘fH g(2)(Akn, ) p(2)p(dz) — /H g(2)(Al, z) p(z)u(dz)
< 2|Igllooll ol Laog y1/2I(AKkn — AL Ml v
Furthermore,

1im / 2@ a1, ks 05 (D)) e lldp 1 (d2) = f 2@, (L 0p(2) e ldpll ().

So letting n — oo yields (3.16).

If p € QR(H), we can get the claimed result by the same arguments as above.

Uniqueness follows by the same argument as [10], Theorem 3.9.

(iii) Suppose p € L(log)l/ 2(H, ) and that equation (3.3) holds for some posi-
tive finite measure ||dp| and some map o, with the properties stated in (ii). Then
clearly

Vi(p) < lldpll(H)
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and hence p € BV(H, H}). To obtain the converse inequality, set
e / .
0j(2) :=(cjej, 0p(2)) uy =H, <C—j Gp(Z)>H*’ JjeN.
J 1

Fix an arbitrary n. As in the proof of (ii), we can find functions

vim €Co(H),  1im vim(@)=0;()  ldpl-ae.

Define g; ,(z) by (3.12). Substituting G () = Z’}:lgj’m(z)i—; for G(z) in
(3.3) then yields

,gl /H ¢im@0; @ dplldz) < V(p).

By letting m — oo, we get

| | X oierldeln <vip)  vnen.
j=1

We finally let n — oo to obtain ||dp||(H) < V(p).

(iv) Obviously the duality relation (3.2) extends to p € wbLl(H) replacing f €
C bl (H). By defining ||dp|| and o,(z) in the stated way, the extended relation (3.2)
is exactly (3.3). U

THEOREM 3.2. Let p € QR(H)NBV(H, Hy) and consider the measure ||dp||
and o, from Theorem 3.1(ii). Then there is an E°-exceptional set S C F such that
Yz € F \ S under P, there exists an M;-cylindrical Wiener process W<, such
that the sample paths of the associated distorted OU-process MP on F satisfy the
following: forl € D(A) N H;

t 1 t
<ler—Xo>=f0 <l,dW§>+5/O {1 05 (X)) g dLI)
(3.17) ,
- [anxgds  viz0peas
0

Here Llldp Vis the real valued PCAF associated with lldp|l by the Revuz correspon-
dence.
In particular, if p e BV(H, H), thenVz € F\ S,l € D(A)NH

t 1 rt t
(l,Xt—XO):/ (l,dW§)+§/ {l,0,(Xy))dL1] —/ (Al, X;)ds
0 0 0

vVt >0 P;-a.s.
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PROOF. Let {e;} be the orthonormal basis of H introduced above. Define for
all ke N

t

. 1 ldpl|
Wk (t) = <€k, X; - Z) - 5 0 H; <ek’O.,O(XS)>H1* dLs

t
+/ (Aeg, Xs)ds.
0

By (2.1) and (3.16), we get for all k e N

(3.18)

1
EP(ex (), 8) = fg(z)(Aek Z)p(z)u(dz)—i 8@ u, {ex, 0p(2)) iy lldpl(dz)

Vg e CL(H).
By Theorem 2.3, it follows that for all k € N

1 rt t
(3.19)  N%= 5/0 iy (ek, 05 (X)) g L1 —/0 (Aex, X,) ds.

Here we get from (3.18), (3.19) and the uniqueness of decomposition (2.2) that for
EP-qe.z€F,

W) = M/* vVt >0 P;-a.s.,

where the £”-exceptional set and the zero measure set does not depend on e.
Indeed, we can choose the capacity zero set S = U —1 5, where §; is the £°-
exceptional set for e, and for z € F'\ S, we can use the same method to get a zero
measure set independent of e;. By Dirichlet form theory, we get (M, M¢/); =
t8;j. So for z € F \ S, W} is an M;-Wiener process under P,. Thus, with W*?
being an M;-cylindrical Wiener process given by WZ(t) = (W,f (H)ex)ken, (3.17)
is satisfied for P;-a.e., where z € F\ S. [

4. Reflected OU-processes. In this section, we consider the situation where
p=Ir e BV(H, Hy), where I' C H and

1, ifxel,
Ir(x) = {0 if x e TC.

Denote the corresponding objects o, [|dIr| in Theorem 3.1(ii) by —nr, [|dT°]],
respectively. Then formula (3.3) reads

| D6 == [ m(G@ o071z VG € (Chownm:

where the domain of integration F on the right-hand side is the topological support
of Ir - . F is contained in T, but we shall show that the domain of integration on
the right-hand side can be restricted to dI". We need to use the associated distorted
OU-process M '™ on F, which will be called reflected OU-process on T".

First, we consider a pu-measurable set I' C H satisfying

4.1 Ir e BV(H, H)) N H.
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REMARK 4.1. We emphasize that if I" is a convex closed set in H, then ob-
viously It € H. Indeed, for each z,/ € H the set {s € R|z + sl € I'} is a closed
interval in R, whose indicator function hence trivially has the Hamza property.
Hence, in particular, It € QR(H).

By a modification of [9], Theorem 4.2, we can prove the following theorem.

THEOREM 4.2. Let I' C H be u-measurable satisfying condition (4.1). Then
the support of ||dU'|| is contained in the boundary 0" of I', and the following
generalized Gauss formula holds:

[ P6@u@d =~ [ u(G@.nr)ylTl@2)
4.2) : "
VG € (CHpaynm, -

PROOF. For any G of type (3.4), we have from (2.1), (3.5) and (3.7) that
1
@3 Emi0.9 - [s@Al ) = -5 [ s@Dr Iz,

Since the finite signed measure DlAIr charges no set of zero E{F -capacity, equa-

tion (4.3) readily extends to any £/ -quasicontinuous function g € ]:lfr =7Frrn
L>(T, w).

Denote by I'? the interior of I'. Then I'* ¢ F  I". In view of the construction
of the measure ||d I || in Theorem 3.1, it suffices to show that for i—j e D(A)N H;

v(DA, Ir)([T% =0.

ej/cj
By linearity and since positive constants interchange with sup, it suffices to show
that

(4.4) V(Dg Ir)(T% =0.
Take an arbitrary € > 0 and set
U:={zeH:d(z, H\T?) > ¢}, V:={zeH:d(z, H\T") > ¢},

where d is the metric distance of the Hilbert space H. Then U C V and V is a
closed set contained in the open set I'?. We define a function 4 by

4.5) h(z):=1—E (e” "), z€F,

where 7y denotes the first exit time of MT from the set V. The nonnegative func-
tion £ is in the space }',{r and furthermore it is £'T-quasicontinuous because it is
MT finely continuous.

Moreover,

(4.6) h(z) >0 VzeU, h(z) =0 Vze F\V.
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Set

(4.7) vj(dz) := h(z) D{, Ir (dz)

and

48) 1] =€ (). 8 — [ g@h@)(Ae. iz,

Then equation (4.3) with the £/T-quasicontinuous function gh € Fér replacing g
implies

: 1
1] = —5 Fg(z)vj(dz).

In order to prove (4.4), it is enough to show that [, J =0 for any function g(z) of
the type

4.9) g =f{ej.2).(l2,2), ... {lm, 2)); L, ....ln € H, f € Co(R™)

for we have then v; =0.
On account of (2.8), we have the expression

£ (e; (). gh) = €71 (e; (). gh)
1 d(gh .
L[ AR

where Ry = R(Ir(-ej +x)), Fx :={s:sej +x € F}forx € Egj and & is a It - -
version of & appearing in the description of (2.8). For x € E,, set

(4.10)

Vyi={s:sej +x eV}, ch)::{s:sej—l—xef‘o}.

We then have the inclusion V, C FS C Ry N Fy. By (4.6), h(sej + x) =0 for
any x € E, : and for any s € R, \ V,. On the other hand, there exists a Borel set
N CE, with Me; (N) = 0 such that for each x € Ee, \ N,

h(sej +x) = ﬁ(sej + x) ds-a.e.

Here we set A =0 on H \ F. Since ﬁ('ej + x) is absolutely continuous in s, we
can conclude that

h(sej+x)=0  Vx€E, \N,VseR:\ V.

Fix x € E.; \ N and let I be any connected component of the one dimensional
open set R,. Furthermore, for any function g of type (4.9) we denote the support
of g(-e; + x) by K, (which is a compact set) and choose a bounded open interval
J containing K. Then I NV, N K, is a closed set contained in the bounded open
interval / N J and

gh(sej +x)=0  Vse(INH\UINV,NK,).



1774 M. ROCKNER, R.-C. ZHU AND X.-C. ZHU

Therefore, an integration by part gives

/ d(gh)(se; + x)
nJ ds

Combining this with (4.8) and (4.10), we arrive at

1 -
pj(s)ds = /mJ )L—j(gh)(sej +x)spj(s)ds.

. 1 ~
1= /E ] /R 35 @+ 05 ey (@)

- /Hg(Z)h(ZMAEj,Z)Ir(Z)M(dZ) =0. O

Now we state Theorem 3.2 for p = It.

THEOREM 4.3. Suppose I' C H is a pu-measurable set satisfying condition
(4.1). Then there is an EP-exceptional set S C F such that Vz € F \ S, under P,
there exists an M,-cylindrical Wiener process W<, such that the sample paths of
the associated reflected OU-process MP on F with p = It satisfy the following:
forle D(A)N H;

t 1 rt
WX = Xo) = [ @.awsy =3 [ tmeX0) g aLlT!
(@.11) . 0
—/ (Al, Xs)ds P;-a.s.
0

Here, LJISI‘H is the real valued PCAF associated with ||0T"|| by the Revuz corre-
spondence, which has the following additional property:Vz € F\ §

(4.12) Iir(X)dLPT =g 1P p g
In particular, if p e BV(H, H), thenVz € F\ S,l € D(A)NH

t 1 t
(l,Xz—Xo)=/ <z,dW§>_§/ (L, nr(X,)) dL1T
0 0
t
- [ xpas vizopeas
0

PROOF. All assertions except for (4.12) follow from Theorem 3.2 for p := Ir.
Equation (4.12) follows by Theorem 4.2 and [11], Theorem 5.1.3. [

5. Stochastic reflection problem on a regular convex set. In this section,
we consider I" satisfying [5], Hypothesis 1.1(ii), with K :=I", that is:

HYPOTHESIS 5.1.  There exists a convex C* function g : H — R with g(0) =
0, g’ (0) =0, and D?g strictly positive definite, that is, (D*>g(x)h, h) > y|h|> Vh €
H for some y > 0, such that

'={xeH:gx) <1}, alr={xeH: gx)=1}.
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Moreover, we also suppose that D*g is bounded on T and |Q'/*Dg|™! e
ﬂp>le(H’ M)

REMARK 5.2. By [5], Lemma 1.2, I" is convex and closed and there exists
some constant § > 0 such that |Dg(x)| <d Vx €T'.

5.1. Reflected OU processes on regular convex sets. Under Hypothesis 5.1, by
[6], Lemma A.1, we can prove that It € BV(H, H) NQR(H):

THEOREM 5.3. Assume that Hypothesis 5.1 holds. Then Ir € BV(H, H) N
QR(H).

PROOF. We first note that trivially by Remark 4.1 we have that It € QR(H).
Let

(g(x) = 1)?
pg(x)::exp<—f1{g21}), x€H.
Thus,

li =1Ir.

SE;% Pe r
Moreover,

2
Dp; = —;psl{gzl}Dg(g - 1) p-a.e.

By [6], Lemma A.1, we have for ¢ € C[}(H)

.1
Jim, = /H P Lg=11(8(x) — 1){Dg(x), z) pe (x) u(dx)

|Dg(y)|
|Q1/2Dg ()]
where n := Dg/|Dg| is the exterior normal to dI" at y and wyr is the surface

measure on dI" induced by u (cf. [5, 6, 14]), whereas by (3.2) for any ¢ € C g (H)
and z € D(A)

1
= | o). Hor(dy),

|
tim /Hgo(x)l{g(x)zn(g(x) — 1)(Dg(x), 2)pe (O (dx)
1
= lim > /H<ng<x>, 0 (0)2)(dx)
Ly D* d
=3 lim /H pe(¥) D*(92) (X (dx)

= ! 1 D* d
=-3 fH F () D* (92) () ().
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Thus,

fH 11(x) D* (2) (x) ()
5.1
G-D [Dg(y)|

|Q12Dg(y)

By the proof of [6], Lemma A.1, we get that g is a nondegenerate map. So we can
use the co-area formula (see [14], Theorem 6.3.1, Chapter V, or [6], (A.4)):

o0 1
[ fuan=[ [ [ 1O g (dy)} dr.

By [14], Theorem 6.2, Chapter V, the surface measure is defined for all r > 0,
moreover [14], Theorem 1.1, Corollary 6.3.2, Chapter V, imply that r = uy, is
continuous in the topology induced by DY (H) for some p € (1, 00), r € (0, 00)
(cf. [14]) on the measures on (H, B(H)). Take f =1 in the co-area formula, then
by the continuity property of the surface measure with respect to » we have that
‘lem s, (dy) is a finite measure supported in {g = r}. By Remark 5.2 and

IDg(y)
1072 Dg(y) M9

Theorem 3.1(iii), we get Ir e BV(H, H). U

= —/{)FQD(X)(n(x),z) wor(dx)  Vze D(A),¢eC).

since war = ux,, we have that r is a finite measure. And hence by

Thus by Theorem 4.3, we immediately get the following.

THEOREM 5.4. Assume Hypothesis 5.1. Then there exists an EP-exceptional
set S C F such that Vz € F \ S, under P, there exists an M;-cylindrical Wiener
process W=, such that the sample paths of the associated reflected OU-process M”
on F with p = It satisfy the following: for | € D(A) N Hy

! 1 N
<z,X,—Xo>=/O <l,dW§>—5/0 (I, nr (X)) dL] —/O (AL, X,) ds

vVt >0 P;-a.e.,
where nr 1= % is the exterior normal to I" and
|IDg(y)l
10T 11(dy) = —7 =~ —wrar(dy),
|01/2Dg ()|

where uyr is the surface measure induced by u (cf. 5, 6, 14]).

REMARK 5.5. It can be shown that for x € 9", np(x) = % is the exterior
normal to I, that is, the unique element in H of unit length such that

(nr(x),y —x) <0 Vyerl.
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5.2. Existence and uniqueness of solutions. Let " C H and our linear operator
A satisfy Hypotheses 5.1 and 2.1, respectively. Consider the following stochastic
differential inclusion in the Hilbert space H,

dX(t)+ (AX () + Nr(X(2)))dt 2dW (1),
X(0)=x,

where W (t) is a cylindrical Wiener process in H on a filtered probability space
(2, F,F;, P) and Nr(x) is the normal cone to I" at x, that is,

Nr(x)={zeH:{(z,y—x)<0VyeTl}.

(5.2) {

DEFINITION 5.6. A pair of continuous H x R-valued and F;-adapted pro-
cesses (X (), L(t)),t € [0, T], is called a solution of (5.2) if the following condi-
tions hold:

(i) X(t)eTl forallt €[0,T] P-a.s.;
(i1) L is an increasing process with the property that

Iyr (X5)dLs =dLg P-a.s.

and for any [ € D(A) we have

t t t
(, X;—x) :/ (l,dWs)—/ (l,nr(Xs))dLs—/ (Al, Xs)ds vVt >0 P-as.,
0 0 0

where nr is the exterior normal to I'.

REMARK 5.7. By Remark 5.5, we know that nr(x) € Nr(x) for all x € 9T".
Hence by Definition 5.6(ii), it follows that Definition 5.6 is appropriate to define a
solution for the multi-valued equation (5.2).

We denote the semigroup with the infinitesimal generator —A by S(¢), ¢ > 0.

DEFINITION 5.8. A pair of continuous H x R valued and F;-adapted pro-
cesses (X (1), L(z)),t €10, T], is called a mild solution of (5.2) if:

(i) X(t)eTI'forallt €[0,T] P-a.s.;
(ii) L is an increasing process with the property

Ia[‘(XS)dLS :dLS P-as.

and
t t
X;=S()x —I—/ St —s)dW, — / S(t —s)np(X;)dLy Vte|0,T] P-a.s.,
0 0

where nr is the exterior normal to I". In particular, the appearing integrals have to
be well defined.
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LEMMA 5.9. The process given by
t
/ St —s)np(X;)dLs
0

is P-a.s. continuous and adapted to F;,t € [0, T]. This especially implies that it
is predictable.

PROOF. As |[S(t —s)nr(Xs)| < Mr|nr(X;)|, s € [0, T], the integrals fé S(t—
snr(X,)dLs,t €[0, T], are well defined. For0<s <t <T,

‘/s S(s —wnr(X,)dL, — /t St —u)nr(X,)dL,
0 0

< ‘ f [S(s = u) — S(t — w)nr(Xu) dLy| + / 'St —wnr (X dLy
0 s

K t
= [ 1156 =0 =St =i (Xl dLy + [ 15¢ —wnr (Xl dLs,
S
where the first summand converges to zero as s 1 ¢ or ¢ |, s, because
[110.5)@)[S(s — u) — S(t —w)Inp(X,)| — 0  asstrorts.

For the second summand, we have
t
/ St —u)np(X,)|dL, <Mp(L, — Lg) —> 0 assftort|s.
S

By the same arguments as in [19], Lemma 5.1.9, we conclude that the integral is
adapted to F;,t € [0, T]. O

THEOREM 5.10. (X (¢),L;),t €[0,T], is a solution of (5.2) if and only if it
is a mild solution.

PROOF. (=) First, we prove that for arbitrary ¢ € C'([0, T1, D(A)) the fol-
lowing equation holds:

t t
(X1, ) = {x, o) +f (&5, dWy) —f (nr(Xy), &) dLs
(5.3) 0 0
t
+f (X5, —ALs + ¢)ds Vi >0 P-a.s.
0

If ¢ = nfs for f € C'([0,T]) and n € D(A), by Itd’s formula we have the
above relation for such ¢. Then by [19], Lemma G.0.10, and the same argu-
ments as the proof of Proposition G.0.11 we obtain the above formula for all
¢ € CY([0, T1, D(A)). As in [19], Proposition G.0.11, for the resolvent R, :=
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(n+ A~ H - D(A) and t € [0, T choosing ¢; := S(t — s)nR,n,n € H, we
deduce from (5.3) that

(Xtaann> = (X, S(l)anf/) +At<s(t —S)anﬂ, dWs)
- fo (ar(Xy). S(t — ynRum) dL,

t
+/ (X5, AS(t —s)nR,n) + (X5, —AS(E — s)nR,n)ds
0

t t
=<S(t)x+/0 S(t—s)dWs—i-/(; S(t—s}nr(Xs)dLs,ann>

VvVt €]0,T] P-a.s.

Letting n — oo, we conclude that (X (¢), L;), t € [0, T], is a mild solution.
(<) By Lemma 5.9 and [19], Theorem 5.1.3, we have

t t
/ S —s)nr(Xs)dLs and / S —s)dWs, tel0,T],
0 0
have predictable versions. And we use the same notation for the predictable ver-
sions of the respective processes. As (X, L;) is a mild solution, for all n € D(A)

we get

/Ot(Xs,An)ds =/0t<5(s)x,An>ds
_/O’</OS S(s _M)nF(Xu)dLu,Ar;>ds

t N
+/ </ S(s—u)qu,An>ds Vt €[0,T] P-a.s.
0 \JO

The assertion that (X (¢), L;),t € [0, T'], is a solution of (5.2) now follows as in
the proof of [19], Proposition G.0.9, because

/t</s S(s —u)np(X,)dL,, An>ds
0 \JO

rops d
= / / <nr(Xu), ——S(s — u)n>dLu ds
0 Jo ds
t t
=—([ sa—omrxpazen)+([arxan) g
Below, we prove (5.2) has a unique solution in the sense of Definition 5.6.

THEOREM 5.11. Let I' C H satisfy Hypothesis 5.1. Then the stochastic inclu-
sion (5.2) admits at most one solution in the sense of Definition 5.6.
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PROOFE. Let (u, L') and (v, L?) be two solutions of (5.2), and let {er}ren be
the eigenbasis of A from above. We then have

t t
(e, u(t) — v(1)) + /0 (aker u(s) — v(s)) ds + /0 (e, nr(u(s))) dL!
— /Ot<ek,np(v(s))>de =0.
Setting ¢y (¢) := (e, u(t) — v(t)), we obtain
t
SR =2 /0 bi(s) e (s)
t
=—2( [ eer.uts) = vi)er, uts) — vy ds
0

t
+ / (e nr () e, u(s) — v(s)) dL!
(5.4) 0

t
_/O <ek,nr(v(s)))(ek,u(s)—u(s))de)
! 1
<2 /0 (e 0 (u () ek u(s) — v(s)) dL!

t
42 /0 (e (U(s) (ex. u(s) — v(s)) dL2.

By the dominated convergence theorem for all ¢ > 0, we have P-a.s.

t
Z/O (ex, mr (u())) {ex, u(s) — v(s)) dL;

k<N
t
- / (nr (u(s)), u(s) — v(s))dL! as N — oo
0
and

t
3 /0 (ex, mr (v(5)) (ex, u(s) — v(s)) dL2

k<N
t
_>/ (nr(v(s)), u(s) —v(s))dL?  as N — oo.
0
Summing over k < N in (5.4) and letting N — oo yield that for all t > 0 P-a.s.

t
u(t) —v(0)]* < 2/0 (nr(u(s)), v(s) —u(s))dL,

+ 2/()t<nr(v(s)), u(s) — v(s))dL>.
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By Remark 5.5 it follows that
Ju(t) v <0,
which implies
u(t) =v(),
and thus
L'(t)=L*@). O

Combining Theorems 5.4 and 5.11 with the Yamada—Watanabe theorem, we
now obtain the following theorem.

THEOREM 5.12. If T satisfies Hypothesis 5.1, then there exists a Borel set
M C H with It - u(M) = w(I') such that for every x € M, (5.2) has a pathwise
unique continuous strong solution in the sense that for every probability space
(2, F,F:, P) with an F;-Wiener process W, there exists a unique pair of F;-
adapted processes (X, L) satisfying Definition 5.6 and P(Xo = x) = 1. Moreover,
X(t)e M forallt >0 P-a.s.

PROOF. By Theorems 5.4 and 5.11, one sees that [12], Theorem 3.14(a) is sat-
isfied for the solution (X, L). So, the assertion follows from [12], Theorem 3.14(b).
0

REMARK 5.13. Following the same arguments as in the proof of [22], Theo-
rem 2.1, we can give an alternative proof of Theorem 5.12 for a stronger notion of
strong solutions (see, e.g., [22]). Also, because of Theorem 5.10, by a modification
of [16], Theorem 12.1, we can prove the Yamada Watanabe theorem for the mild
solution in Definition 5.8, and then also a corresponding version of Theorem 5.12
for mild solutions for (5.2). This will be contained in forthcoming work.

5.3. The nonsymmetric case. In this section, we extend our results to the non-
symmetric case. For I' C H satisfying Hypothesis 5.1, we consider the nonsym-
metric Dirichlet form,

e = [ (%(Du(z» Du() + (B(2), Du(z)>v(z)>u(dz),

u,veClI),
where B is a map from I' to H such that

Be L™ — H, ),
(5.5)

/ (B,Duydu >0  forallu e CL(I'),u>0.
r
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Then (&, Cg (I')) is a densely defined bilinear form on L3(T; ) which is posi-
tive definite, since for all u € C g (")

1
€T (u. u) :/F S ((Du(), Du() + (B@), Du () () (dz) = 0.

Furthermore, by the same argument as [13], Section II.3.e, we have (&, Cg ()
is closable on L2(T, w) and its closure (€7, F1) is a Dirichlet form on LT, Ww.
We denote the extended Dirichlet space of (€7, ) by F!: Recall that u € F! if
and only if |u| < oo Ir - pn-a.e. and there exists a sequence {u,} in F " such that
EV(m — n, ty — up) — 0asn >m — oo and u, — u Ir - p-a.e. as n — oo.
This Dirichlet form satisfies the weak sector condition

|51F(u, V)| < KSlr(u, u)l/zé'lr(v, )/,

Furthermore, we have the following theorem.

THEOREM 5.14. Suppose I' C H satisfies Hypothesis 5.1. Then (¥, F') is
a quasi-regular local Dirichlet form on L*(I'; ).

PROOF. The assertion follows by [13], Section IV. 4b, and [23]. [

By virtue of Theorem 5.14 and [13], there exists a diffusion process M =
(X, P;) on I' associated with the Dirichlet form (£ ' FT). Since constant func-
tions are in F! and £7(1,1) =0, M" is recurrent and conservative. We denote
by AFF the set of all positive continuous additive functionals (PCAF in abbrevia-
tion) of M I' and define AT = Ai — Ai. For A € A, its total variation process is
denoted by {A}. We also define A] = {A € AT|E}..,({A};) < 0o ¥t > 0}. Each el-
ement in AE has a corresponding positive £' -smooth measure on I' by the Revuz
correspondence. The totality of such measures will be denoted by SJl:. Accord-
ingly, A" corresponds to ST = SJl: - S};, the set of all £ -smooth signed measure
in the sense that A, = A] — A? for A¥ € A}, k = 1,2, whose Revuz measures are
vk k=1,2,and v = v! — 12 is the Hahn—Jordan decomposition of v. The element
of A corresponding to v € S will be denoted by A".

Note that for each / € H the function u(z) = ([, z) belongs to the extended
Dirichlet space 7! and

1
(5.6) ETUC),v) = / (—(l, Dv(z)) + (B(2), l)v(z))u(dz) Vv e Cy(T).
r\2

On the other hand, the AF (I, X, — Xo) of M admits a decomposition into a
sum of a martingale AF (M;) of finite energy and CAF (N;) of zero energy. More
precisely, for every l € H

(5.7) (,X;—Xo)=M'+ N Vt>0P.-as.

for £-q.e. z €T
Then we have the following theorem.



REFLECTED OU-PROCESSES, BV FUNCTIONS 1783

THEOREM 5.15. Suppose I' C H satisfies Hypothesis 5.1.
(1) The next three conditions are equivalent:

(i) N'e A.
(i) 1E7UC), )| = Cllvllos Yo € Co(D).
(iii) There exists a finite (unique) signed measure v; on I such that

(5.8) ENi), v = —fr v(@v(dz)  YveCL).
In this case, v; is automatically smooth and
N'= A",
(2) M' is a martingale AF with quadratic variation process
(5.9) (Mhy, =11, t>0.

PROOF. (1) By [17], Theorem 5.2.7, and the same arguments as in [8], we can
extend Theorem 6.2 in [8] to our nonsymmetric case to prove the assertions.
(2) Since
1
& ) = [ (3(Du@. Du@) + (B, Du@@ Juda).  wve
by [17], Theorem 5.1.5, for u € Cg @I, fe FT bounded we have

| Feomppy @
=2ETw,uf) — EY W2, f)
1 ~ -
=2 (—(Du<z>, D) + (B, Du(Z))M(Z)f(Z))M(dz)
r\2

1 ~ -
- (§<D<u(z>2), DF@) + (B, D(uz)(z)>f(z))u(dz)

_ /F (Du(z), Du(2)) f (2)u(dz).

Here f denotes the £ l“—qualsi—continuous version of f, I ptuty is the Reuvz mea-

sure for (M!“1y and M!*] is the martingale additive functional in the Fukushima
decomposition for u(X;). Hence, we have

IL(M[u])(dZ) = Ir(Du(z), Du(z)) - n(dz).
By [17], (5.1.3), we also have

1
e(M") =eM) = [ S0,
where e(M") is the energy of M ! Then (5.9) easily follows. [

By Theorem 3.1, we can now prove the following theorem.
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THEOREM 5.16. Suppose I' C H satisfies Hypothesis 5.1. Then there is an
ET-exceptional set S C T such that ¥z € T'\ S, under P, there exists an M,-
cylindrical Wiener process W=, such that the sample paths of the associated OU-
process M' on T satisfy the following: for | € D(A) N H;

t

! 1
(LXz—Xo):/ (1, dW?3) — = | g (. np(Xy)) e d LT
0 2 Jo 1
(5.10)

t t
—/ (Al,Xs)ds—/ (,B(X;))ds  P,-as.
0 0

Here, Ll|al“\| is the real valued PCAF associated with ||01'|| by the Revuz corre-
spondence, which has the following additional property:Vz € '\ §

(5.11) Lir(X)dLPT =gt p g
Here nr := % is the exterior normal to I, and
[Dg(y)l
0T || (dy) = (dy),

iy
|0172Dg(y)|

where uyr the surface measure induced by (1.
PROOF. By (5.6) and (3.16), we have

1
Er(l(-),v)=/ ~(l, Dv(2)) + (B(2), )v(z)n(dz)
r2
=/(B(z),l)v(z)u(dz)+f v(2)(Al, z)u(dz)
r r

1
4 Efarv(z)<z,nr<z)>||ar||<dz).

Thus, by Theorem 5.15

N =—(an [ X@as)- 1. [ Bt @nas)

1 t
— 5<1, /O nr(Xs(w))dLSaF”(a))>.

By Theorem 5.15 and the same method as in Theorem 3.2 one then proves the first
assertion, and the last assertion follows by Theorems 5.3 and 5.4. [

Let I' C H and our linear operator A satisfy Hypotheses 5.1 and 2.1, respec-
tively. As in Section 5.2 we shall now prove the existence and uniqueness of a
solution of the following stochastic differential inclusion on the Hilbert space H,

{dX(t) + (AX (1) + B(X (1)) + Nr (X (1)) dt 3dW (1),

(5.12) X0~ x
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where B satisfies condition (5.5), W (¢) is a cylindrical Wiener process in H on a
filtered probability space (€2, F, F;, P) and Nr(x) is the normal cone to I" at x,
that is,

Nr(x)={z€H:(z,y—x) <0VyeTl}.

DEFINITION 5.17. A pair of continuous H x R-valued and F;-adapted pro-
cesses (X (1), L(t)), t € [0, T], is called a solution of (5.12) if the following con-
ditions hold:

(i) X(t)eTI' forallt €[0,T] P-a.s.;
(i1) L is an increasing process with the property that

Iyr (Xs)dLs =dLs P-as.,
and for any [ € D(A) we have

t t t
<l,xt—x>=/0<l,dws>—f0<z,nr<xs)>dLs—f0 (I, B(X,))ds

t
— f (Al, X;)ds Vt >0 P-as.,
0

where nr is the exterior normal to I".

Below we prove (5.12) has a unique solution in the sense of Definition 5.17.

THEOREM 5.18. Let I' C H satisfy Hypothesis 5.1 and B satisfy the mono-
tonicity condition

(5.13) (B(u) — B(v),u —v) > —alu —v|?

for all u,v € dom(B), for some a € [0, 00) independent of u,v. The stochastic
inclusion (5.12) admits at most one solution in the sense of Definition 5.17.

PROOF. Let (u, L) and (v, L?) be two solutions of (5.12), and let {e; }ken be
the eigenbasis of A from above. We then have

t t
(e, u(t) — v(0)) + /0 (aker. u(s) — v(s)) ds + /0 (ex. B(u(s)) — B(v(s))) ds

t t )
+ / ek nr(u(s)) dL! f (e - (v(s))) dL2 = 0.
0 0

Setting ¢y (¢) := (e, u(t) — v(t)), and we have

5 t
$2(1) =2 /0 i (s) depr (5)

t
(5.14) = —2(/(; (oger, u(s) —v(s)){er, u(s) —v(s))ds
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t
+ [ e Bu) ~ Bee)er.uts) — vis))ds
! 1
+ [ tewmr@N) e u) — vi) dL!
0
t
- [ e mrsn)er.us) - visy) L)
t
<=2 [ e B(s) = B fer. 1) — v(s)) ds
! 1
=2 [ fermrGu(s)) e, u(s) — v(s) dL!
0
t
+2 [ e nr(s)) er, u(s) — () dL.

By the same argument as Theorem 5.11, we have the following P-a.s.:

t
Z/O (e, B(u(s)) — B(v(s)))(ex, u(s) —v(s))ds

k<N

— /()I(B(u(s)) — B((s)),u(s) —v(s))ds as N — oo,

t
) fo (ex, r (u(s)) ek, u(s) — v(s)) dL!

k<N
t
- / (nr (u(s)), u(s) — v(s))dL! as N — oo
0
and

t
> [ e s e u) = v(s)) L2

k<N
t
N / (e (), u(s) — v(s)) L as N — oo.
0

Summing over kK < N in (5.14) and letting N — oo yield that for all > 0, P-a.s.

t
u() — v + 2/0 (B(u(s)) — B(v(s)), u(s) —v(s))ds

< 2/’<nr(u<s>), v(s) —u(s))dL, +2ft(nr(v(s)),u(s) —v(s))dL2.
0 0

By Remark 5.5, it follows that

t
u) —v(®)? +2f0 (B(u(s)) — B(v(s)), u(s) —v(s))ds < 0.
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By (5.13) and Gronwall’s lemma, it follows that
u(t) =v(t),

and thus

L'()=L?@). O

Combining Theorems 5.16 and 5.18 with the Yamada—Watanabe theorem, we
obtain the following.

THEOREM 5.19. IfT satisfies Hypothesis 5.1 and B in (5.12) satisfies (5.13),
then there exists a Borel set M C H with It - n(M) = w (') such that for every x €
M, (5.12) has a pathwise unique continuous strong solution in the sense that for
every probability space (2, F, F:, P) with an F;-Wiener process W there exists a
unique pair of Fy-adapted processes (X, L) satisfying Definition 5.17 and P(Xo =
x) = 1. Moreover, X(t) € M forallt >0 P-a.s.

PROOF. The proof is completely analogous to that of Theorem 5.12. [J

6. Reflected OU-processeses on a class of convex sets. Below for a topolog-
ical space X we denote its Borel o-algebra by B(X). In this section, we consider
the case where H := LZ(O, 1), p = Ik,, where Ky :={f e H|f > —a},a >0,
and A = —%j—:z with Dirichlet boundary conditions on (0, 1). So in this case
ej = V2 sin( jmr), j € N, is the corresponding eigenbases. We recall that (cf. [23])
we have u(Co([0, 1])) = 1. In [23], L. Zambotti proved the following integration

by parts formulae in this situation:

e fora >0,
/ (. D) dp.
Kq
1
- f () (6. 1" u(dx) — / drl(r) / ()0 (7, dx)
Ky 0
VI € D(A), ¢ € C}(H),
o fora =0,
/ ({, Do) dv
Ko
1
(6.1) :—/Kogo(x)(x,l yv(dx) —‘/(-) drl(r)/(p(x)ao(r, dx)

Vi€ D(A), ¢ € C}(H),
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where v is the law of the Bessel Bridge of dimension 3 over [0, 1] which is zero at
Oand 1, 04 (r, dx) = 0y (r) e (r, dx), and for a > 0, oy is a positive bounded func-

tion, and for « =0, o¢(r) = , where uq(r, dx), o > 0, are probability
2mr3(1—r)3

kernels from (H, B(H)) to ([0, 1], B([0, 1])).

REMARK 6.1. Since each [ in D(A) has a second derivative in L2, its first
derivative is bounded, hence / goes faster than linear to zero at any point where /
is zero, in particular at the boundary points r = 0 and r = 1. Hence, the second
integral in the right-hand side of the above equality is well defined.

We know by (3.5) that for all/ € D(A)
D*(p()) = —(I, Do) — p(I", -).

Hence, for o > O,

1
/K DODdu= /O 1) / 0 ()0u (1. dx) dr

(6.2)
Vi e D(A),p € CL(H).
Now take
s \1/24¢ ifa>0
6.3 - (jm) s o ,
©.3) € {(jn)ﬂ, ifa=0,

where ¢ € (0, %] and B € (%, 2], respectively, and define
o
Hy = ix € H‘ Z(x,ej)zci < oo}
j=1

equipped with the inner product
oo
(X, ¥) =y cx,ej){y.e)).
j=1

We note that D(A) C Hj continuously for all @ > 0, since ¢ < %, B < 2. Further-
more, (Hi, (-, -)u,) is a Hilbert space such that H; C H continuously and densely.
Identifying H with its dual we obtain the continuous and dense embeddings

Hy C H=H") C H}.
It follows that
Hi {2, V) = (2, V)1 Vze H,ve H,

and that (Hy, H, H") is a Gelfand triple.
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The following is the main result of this section.
THEOREM 6.2. Ifoa >0, then Ig, € BV(H, H)) N H.

PROOF. First, for oy, as in (6.2) we show that for each B € B(H) the function
¥+ oq(r, B) is in H{ and that the map B + o0y(-, B) is in fact an H{-valued
measure of bounded variation, that is,

o0 o0
sup{Z 06 (- Bu) |z - Ba € B(H),neN, H=|_J Bn} < o0,

n=1 n=1

that is,

| n 1/2
cj_2</0 aa(r,Bn)sin(jnr)dr)) :

oo
B,,eB(H),neN,H:UBn} < o0,

n=1

J=1

e . s . .
where (J,,_; B, means disjoint union.
For o > 0, we have

o /0o ) n 172
Z(ch_2</ oy (1, Bn)sin(jnr)dr) )
n=1\j=1 0

00 / 00 172
,; (; C;Z( /O ' ou(r, B) dr>2>
c i 0

1
/ oq(r, By)dr

A

IA

1
:C/ oy (r)dr < oo.
0

Thus, oy in (6.2) is of bounded variation as an H|-valued measure. Hence by
the theory of vector-valued measures (cf. [3], Section 2.1), there is a unit vector
field ny : H — H{, such that o, = ng||oy ||, where

o0

lowll(B) := sup{z |06 (-, Bu)ll ;- Ba € B(H),n €N, B= ] B,

n=1 n=1

is a nonnegative measure, which is finite by the above proof. So (6.2) becomes

/K D*(p())dp = / AP () e llow | (dx) VI € D(A), ¢ € C(H),
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which by linearity extends to all G € (C ,;) D(A)NH, - Thus by Theorem 3.1(iii), we
get that Ix, € BV(H, Hy).
Ik, € H follows by Remark 4.1. [J

REMARK 6.3. It has been proved by Guan Qingyang that /g, is not in
BV(H, H).

THEOREM 6.4. For a =0, then there exist a positive finite measure ||og| on
H and a Borel-measurable map no: H — H{ such that ||n0(z)||H1* =1 ||og]-a.e.,
and

- / (. D) dv — f 0 (0) (x., ")v(dx)
Ko Ko
(6.4)
- f @Ol no) - loolldx) VI € D(A), ¢ € CL(H).

PROOF. For o =0 using that |sin(jzr)| <2jmr(1 —r) Vr € [0, 1], we have

o0

o0 1 2 1/2
Z(Z 6;2(./0 oo(r, By) sin(jmr) dr) )
j=1

n=1

0o /00 1 o\ 1/2
< Z<Z‘72<f0 oo(r, By)2jmr(l —r)dr) )
n=1 \j

Jj=1

00 1
SCZf oo(r, By)r(1 —r)dr
0
n=1

1
= C/O oo(r)r(1 —r)dr < oo.

Thus, op in (6.1) is of bounded variation as an H|-valued measure. Hence by the
theory of vector-valued measures (cf. [3], Section 2.1), there is a unit vector field
no: H — H{, such that oo = ngl|oy ||, where

looll(B) := sup[Z looC. Bl : Ba € BGH).n e N, B = Bn}

n=1 n=1

is a nonnegative measure, which is finite by the above proof. So the result follows
by (6.1). U

Since here ©(Kg) = 0, we have to change the reference measure of the Dirichlet
form. Consider

1
EKO(u,v)=—f (Du, Dv)dv, u, v € C}(Ko).
2 Jk,
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Since /g, € Hby Remark 4.1, the closure of (EIKO, Cb1 (Kp)) is also a quasi-regular
local Dirichlet form on L2(F; p - v) in the sense of [13], Chapter IV, Definition 3.1.
As before, there exists a diffusion process Mo = (Q, M, {M;},6;, X;, P,) On F
associated with this Dirichlet form. M ‘%o will also be called distorted OU-process
on Ky. As before, M IKy is recurrent and conservative. As before, we also have the
associated PCAF and the Revuz correspondence.

Combining these two cases: for ¢ > 0 by Theorem 3.2 and for ¢ = 0 by the
same argument as Theorem 3.2, since we have (6.4), we have the following theo-
rem.

THEOREM 6.5. Let p := Ig,,a > 0 and consider the measure ||oy|| and ng
appearing in Theorems 6.2 and 6.4. Then there is an EP-exceptional set S C F
such thatNz € F \ S, under P, there exists an M;-cylindrical Wiener process W<,
such that the sample paths of the associated distorted OU-process MP on F satisfy
the following: forl € D(A)

t 1 rt
<1,X,—Xo>=/ (l,dWs>+§/ w0 (L e (X)) gy d L1
(6.5) 0 0

t
— /0 (Al, X5)ds P;-a.e.

Here L,HG“|| is the real valued PCAF associated with ||oy || by the Revuz correspon-
dence with respect to M”, satisfying

(6.6) Iix, a0y dL)71 =0,

and for |l € Hy with L(r) > 0 we have

t
6.7) [ X g arlee > .
0
Furthermore, for all 7 € F

(6.8) P.[X; € Co[0, 1] for a.e. t € [0,00)] = 1.

PROOF. For « > 0, the first part of the assertion follows by Theorem 3.2 and
the uniqueness part of Theorem 3.1(ii). For o = 0, the assertion follows by the
same argument as in Theorem 3.2. (6.6) and (6.7) follow by the property of o, in
[23]. By [18], p. 135, Theorem 2.4, we have Cy[0, 1] is a Borel subset of L2[0, 1].
By [11], (5.1.13), we have

k
Ep. [ [ 1F\c0[o,u(xs>ds] —pu(F\Co[0, 1) =0  VkeN,
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hence

0
Eou [/0 L r\col0,171(Xs) dS] =0.

Since E, [fooo L\ col0,11(Xs) ds] is a O-excessive function in x € Ky, it is finely
continuous with respect to the process X. Then for £°-q.e. z € F,

0,0)
E; [/0 Lr\col0,11(Xs) ds} =0,

thus, for £°-q.e. z € F,

o0
P, [/o Lp\cor0,11(Xs) ds =0] =1

As a consequence, we have that Ag := {X; € Cy[0, 1] for a.e. t € [0, 00)} is mea-
surable and for £°-q.e. z € F

P (Ao) = 1.

As Ao =Nreq.r>0 6, ' A¢ and since by [4] we have that the semigroup associated
with X; is strong Feller, by the Markov property as in [7], Lemma 7.1, we obtain
that forany z € F,t € Q,r > 0,

P07 Ag) = 1.
Hence, for any z € F we have

P.[X; € Co[0, 1] for a.e. 1 € [0, 00)] = 1. a0

REMARK 6.6. We emphasize that in the present situation it was proved in
[15], Theorem 1.3, that for all initial conditions x € H, there exists a unique
strong solution to (1.1). By [23], the solution in [15] is associated to our Dirich-
let form, hence satisfies (6.5) by Theorem 6.5. Hence, it follows that the solu-
tion in [15], Theorem 1.3, is solution to an infinite-dimensional Skorohod prob-
lem.
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