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This paper develops asymptotic approximations of P(fr eSDdr > b)
as b — oo for a homogeneous smooth Gaussian random field, f, living on a
compact d-dimensional Jordan measurable set 7. The integral of an exponent
of a Gaussian random field is an important random variable for many generic
models in spatial point processes, portfolio risk analysis, asset pricing and so
forth.

The analysis technique consists of two steps: 1. evaluate the tail prob-
ability P(fg e dt > b) over a small domain E depending on b, where
mes(E) — 0 as b — oo and mes(-) is the Lebesgue measure; 2. with E ap-
propriately chosen, we show that P (7 efDar > b) = (1 4+ o(1)) mes(T) x
mes™(2) P(fg el D dr > b).

1. Introduction. We consider a Gaussian random field living on a d-
dimensional domain 7 C R¢, {f(¢):t € T}. For every finite subset {1, ..., #,} C
T, (f(t1),..., f(t,)) is a multivariate Gaussian random vector. The quantity of

interest is
P(/ AP >b>
T
as b — oo.

The motivations of the study of [, e/ ® dt are from multiple sources. We will
present a few of them. Consider a point process on R? associated with a Poisson
random measure {N}aep With intensity A(¢), where 5 represents the Borel sets
of R?. One important task in spatial modeling is to build in dependence structures.
A popular strategy is to let f(r) = logA(t), which can take all values in R, and
model f(t) as a Gaussian random field. Then, [, e/ dt = E(N(A)|A(-)) for all
A € B. With the multivariate Gaussian structure, it is easy to include linear pre-
dictors in the intensity process. For instance, [19] models f(t) = U(t) + W(z),
where U (¢) is the observed (deterministic) covariate process and W (¢) is a station-
ary AR(1) process. Similar models can be found in [18, 23, 40] which are special
cases of the Cox process [21, 22]. Such a modeling approach has been applied
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to many disciplines, a short list of which is as follows: astronomy, epidemiology,
geography, ecology, material science and so forth.

In portfolio risk analysis, consider a portfolio consisting of equally weighted
assets (51, ..., Sp). One stylized model is that (log Sy, ..., log S,) is a multivariate
normal random vector (cf. [7, 12, 25, 26, 30]). The value of the portfolio S =
Y7, Si is then the sum of correlated log-normal random variables. If one can
represent each asset price by the value of a Gaussian random field at one location
in T, that is, log S; = f(#;). As the portfolio size tends to infinity and the asset
prices become more correlated, the limit of the unit share price of the portfolio
is lim, o0 S/n = [ e/ dt. For more general cases, such as unequally weighted
portfolios, the integral is possibly with respect to some other measures instead of
the Lebesgue measure.

In option pricing, if we let S(¢) be a geometric Brownian motion (cf. [14], Chap-
ter 5 of [27], Chapter 3.2 of [29]), the payoff function of an Asian option (with
expiration time 7') is a function of fOT S(t) dt. For instance, the payoff of an Asian
call option with strike price K is max( fOT S(t)dt — K, 0); the payoff of a digital
Asian call option is I(foT S@)dt > K).

We want to emphasize that the extreme behavior of [ e/ dt connects closely
to that of supz f(¢). As we will show in Theorem 1, with the threshold u appro-
priately chosen according to b, the probabilities of events {/; e’ dt > b} and
{supy f(¢)dt > u} have asymptotically the same decaying rate. It suggests that
these two events have substantial overlap with each other. Therefore, we will bor-
row the intuitions and existing results on the high excursion of the supremum of
random fields for the analysis of [, e/ dt.

There is a vast literature on the extremes of Gaussian random fields mostly
focusing on the tail probabilities of supy f(¢) and its associated geometry. The
results contain general bounds on P(supy f(¢) > b) as well as sharp asymp-
totic approximations as b — 0o. A partial literature contains [13, 16, 17, 31-33,
35, 37]. Several methods have been introduced to obtain asymptotic approxima-
tions, each of which imposes different regularity conditions on the random fields.
A few examples are given as follows. The double sum method [34] requires ex-
pansions of the covariance function and locally stationary structure. The Euler—
Poincaré Characteristic of the excursion set [x (Ap)] approximation uses the fact
that P(M > b) =~ E(x(Ap)), which requires the random field to be at least twice
differentiable [1, 5, 38]. The tube method [36] uses the Karhunen—Lo¢ve expan-
sion and imposes differentiability assumptions on the covariance function (fast
decaying eigenvalues). The Rice method [9-11] represents the distribution of M
(density function) in an implicit form. Recently, the efficient simulation algorithms
are explored by [2, 3]. These two papers provided computation schemes that run in
polynomial time to compute the tail probabilities for all Holder continuous Gaus-
sian random fields and in constant time for twice differentiable and homogeneous
fields. In addition, [4] studied the geometric properties of a high level excursion set
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for infinitely divisible non-Gaussian fields as well as the conditional distributions
of such properties given the high excursion.

The distribution of [ e/ ® dt for the special case that f(¢) is a Wiener process
has been studied by [27, 39]. For other general functionals of Gaussian processes
and multivariate Gaussian random vectors, the tail approximation of the finite sum
of correlated log-normal random variables has been studied by [8]. The corre-
sponding simulation is studied in [15]. The gap between the finite sums of log-
normal r.v.’s and the integral of continuous fields is substantial in the aspects of
both generality and techniques.

The basic strategy of the analysis consists of two steps. The first step is to parti-
tion the domain 7 into n small squares of equal size denoted by A;, i =1,...,n,
and develop asymptotic approximations for each p; = P (/[ A e/ dt > b). The
size of A; will be chosen carefully such that it is valid to use Taylor’s expan-
sion on f(¢) to develop the asymptotic approximations of p;. The second step
is to show that P(f; e D dr > by = (1 + o(1)) >_7_; pi- This implies that when
computing P([; e/® dt > b), we can pretend that all the Ja, e/ dr’s are inde-
pendent, though they are truly highly dependent. The sizes of the A;’s need to be
chosen carefully. If A; is too large, Taylor’s expansion may not be accurate; if A;
is too small, the dependence of the fields in different A;’s will be high and the sec-
ond step approximation may not be true. Since the first step of the analysis requires
Taylor’s expansion of the field, we will need to impose certain conditions on the
field, which will be given in Section 2.

This paper is organized as follows. In Section 2 we provide necessary back-
ground and the technical conditions on the Gaussian random field in context. The
main theorem and its connection to asymptotic approximation of P (supy f(t) >
b) are presented in Section 3. In addition, two important steps of the proof are
given in the same section, which lay out the proof strategy. Sections 4 and 5 give
the proofs of the two steps presented in Section 3. Detailed lemmas and their proofs
are given in the Appendix.

2. Some useful existing results.

2.1. Preliminaries and technical conditions for Gaussian random field. Con-
sider a homogeneous Gaussian random field, f(¢), living on a domain 7. Denote
the covariance function by

C(t —5) =Cov(f(s), f(1).

Throughout this paper, we assume that the random field satisfies the following
conditions:

(C1) f is homogeneous with Ef(¢) =0 and Efz(t) =1.
(C2) f is almost surely at least three times continuously differentiable with
respect to 7.
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(C3) T is ad-dimension Jordan measurable compact subset of R4,
(C4) The Hessian matrix of C(¢) at the origin is —/, where [ is a d x d identity
matrix.

Condition (C1) imposes unit variance. We will later study [ e®/® dt and treat o
as an extra parameter. Condition (C2) implies that C(¢) is at least 6 times differen-
tiable. In addition, the first, third and fifth derivatives of C(¢) evaluated at the ori-
gin are zero. For any f (1) such that AC (0) =X and || > 0, (C4) can always be
achieved by an affine transformation on the domain T by letting f(t) = f(Z/?1)

and
[T Oai= [ e gz 10 4y,
T T {s: =~ Y2s5eT)

where for a symmetric matrix ¥ we let £!/2 be a symmetric matrix such that
21/221/2 =3
For o > 0, let

(1) I,(A) = / T O dr
A
for the Jordan measurable set A C T'. Of interest is
P(IU(T) > b)

as b — oo. Equivalently, we may consider that the variance of f is o'2. However,
it is notionally simpler to focus on a unit variance field and treat o as a scale
parameter.

We adopt the following notation. Let “9” and “A” denote the gradient and Hes-
sian matrix with respect to 7, and “d%” denote the vector of second derivatives with
respect to ¢. The difference between “A” and “82” is that, for a specific 7, Af (1) is
a d x d symmetric matrix whose upper triangle entries are the elements of 82 £ (r)
which is a (d(d + 1)/2)-dimensional vector. Let d; denote the partial derivative
with respect to the jth component of t = (#1, ..., ;). We use similar notation for
higher order derivatives. For b large enough, let u be the unique solution to

2 /o) 2y=412eH = p.

The uniqueness of u is immediate by noting that the left-hand side is monotone
increasing with u for all u > d/(20). In addition, we use the following notation
and changes of variables:

p1(t) = —@1C @), ..., 9C(1)),

ua(t) = (5C(0),i=1,....d;95C),i=1,....d, j=i+1,....d),

Hop =120 =2(0),  fO) =u—w, I (O)=y,
?fO0) =upp+z,  AfO)=—ul +z
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The vector g contains the spectral moments of order two. Similar to A f(0) and
82 £(0), z is a symmetric matrix whose entries consist of elements in z. We create
different notation because we will treat the second derivative of f as a matrix when
doing Taylor’s expansion and as a vector when doing integration. As stated in con-
dition (C4), we have AC(0) = —1. Equivalently, df(0) is a vector of independent
unit variance Gaussian r.v.’s. We plan to show that in order to have [, e/® dt > b,
supr f(¢) needs to reach a level around u. The distance between f(0) and u is
denoted by w. In addition, since (f(0), 92 f(0)) is jointly independent of df(0),
the distribution of df(0) is unaffected even if f(0) reaches a high level. Further,
the covariance between f(0) and 92 f(0) is up9. Given f(0) = u, the conditional
expectation of 92 f(0) is ugz. The distance between 92 f(0) and this conditional
expectation is denoted by vector z.

A well-known result (see, e.g., Chapter 5.5 in [5]) is that the joint distribution of
(f(0), 32 £(0), 0f(0), f(¢)) is multivariate normal with mean zero and variance

1 120 0 C@)
Ho2  M22 0 py @)

0 0 I ul@®
C@) pat) pi(r) 1

where wi(t), u2(t) and g = /,L(—l)—z is defined previously. The matrix oy is a
d(d + 1)/2 by d(d + 1)/2 positive definite matrix and contains the 4th-order
spectral moments arranged in an appropriate order. Conditional on f(0) =u — w,
df (0) =yand Af(0) = —ul +z, f(¢)is a continuous Gaussian random field with
conditional expectation

4 C(1)
2) E(t):(u—w,uuzo—l-zT,yT)(Fo (I)> (Mz(t)),
wi (1)
where
(1 oo
) b= <M02 Mzz) '

Note that uuyg + z is the vector version of —ul + z. Therefore, conditional on
(f(), af(O)T, 82f(0)T) =u—w, yT, up0 + zT), we have representation

f@)=E@)+g@),
where g(¢) is a Gaussian random field with mean zero and
E®)=E(fOIf©)=u—w,df(0)=y,8*f(0) =upo2 +2),

whose form is given in (2). Since C(¢) is six times differentiable, E(¢) is at least
four times differentiable. Using the form of E(¢) in (2) and I' in (3), after some
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tedious calculations, we have

EOQO)=u—w, JEO0)=y,
) AE©)=—ul +z, 3 E©) =y" d;jxu1(0),
ik C (0) )
0ijkim2(0) )

In order to obtain the above identities, we need the following facts. The first, third
and fifth derivatives of C (¢) evaluated at O are all zero. The first and second deriva-
tives of C(¢) are contained in w1(¢) and w2 (7). We also need to use the fact that

~1
v __ MMy,
—1 1
-1 — 1 — w209y 102 1 — w2049y 102
= ~1 ~1 ~1
Moo 02 -1 Moo 02420 Moo
Moy + =7

1 — 201455 1402 1 — pooitsy oo

With the derivatives of E (1), we can write

5) EM)=u—w+y't+ 3" (—ul +2)t + g3(t) + ga(t) + R(2).

If welett=(tq,...,1t3), then

©) g0 = é D OREOtjn,  ga()= % 2 Fu Ot
i,j.k i,j.k,l

and R(¢) is the remainder term of the Taylor expansion. The Taylor expansion of

E(t) is the same as f(¢) for the first two terms because g(¢) is of order 0(|t|3). It
is not hard to check that Var(g(¢)) < c|¢|® for some ¢ > 0 and |¢| small enough.

2.2. Some related existing results. For the comparison with the high excursion
of supy f(#), we cite one result for homogeneous random fields, which has been
proved in more general settings in many different ways. See, for instance, [5, 9,
34]. This result is also useful for the proof of Theorem 1. For comparison purpose,
we only present the result for the random fields discussed in this paper.

PROPOSITION 1. Suppose Gaussian random field f satisfies condition (C1)—
(C4). There exists a constant G such that

P(sup £(t) > u) = (1 +0(1))G mes(T)u P(f (0) > u)
teT
as u — Q0.

We also present one existing result on the tail probability approximation of the
sum of correlated log-normal random variables which provides intuitions on the
analysis of [ e/® dt.
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PROPOSITION 2. Let X = (X1, ..., X,) be a multivariate Gaussian random
variable with mean | and covariance matrix %, with det(X) > 0. Then,

(7) P(Z eXi > b) =(1+o(1) > P(e* > b)
i=1

i=1

as b — 00.

The proof of this proposition can be found in [8, 28]. This result implies that the
large value of }_7_, eXi is largely caused by one of the X;’s being large. In the case
that X;’s are independent, Proposition 2 is a simple corollary of the subexponen-
tiality of log-normal distribution. Though the X;’s are correlated, asymptotically
they are tail-independent. The result presented in the next section can be viewed
as a natural generalization of Proposition 2. Nevertheless, the techniques are quite
different from the following aspects. First, Proposition 2 requires X to be nonde-
generated. For the continuous random fields, this is usually not true. As shown in
the analysis, we indeed need to study the sum of random variables whose corre-
lation converges to 1 when b tends to infinity. Second, the approximation in (7)
is for a sum of a fixed number of random variables. The analysis of the continu-
ous field usually needs to handle the situation that the number of random variables
in a sum grows to infinity as b — oco. Last but not least, to obtain approxima-
tions for P ([} e/ dt > b), one usually needs to first obtain approximations for
P(/. z, e/ dt > b) for some small domain E, C T. We will address all these is-
sues in later sections.

For notation convenience, we write a, = O (b,) if there exists a constant ¢ > 0
independent of everything such that a,, < cb, for all u > 1, and a, = o(b,) if
ay /b, — 0 as u — oo and the convergence is uniform in other quantities. We write
a, = O(by) if a, = O(b,) and b, = O(a,). In addition, we write X, = 0,(1) if

Xu 2 0asu — oo.
3. Main result. The main theorem of this paper is stated as follows.

THEOREM 1. Let f be a Gaussian random field living on T C R¢ satisfying
(C1)—(C4). Given o > 0, for b large enough, u is the unique solution to equation

2
(8) (2_7r> / u=42eoM = p,

o

Then,

P</ TOdr > b) = (1 4+ o(1))H mes(T)u~"" exp(—u?/2)
T
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as b — oo, where mes(T) is the Lebesgue measure of T,

T~ 12 det(pugp) /26 (/D1 1221+(1/8) i 8, C0) /o
= (27)@+D(d+2)/4

~1/2 2
1 B 1/(2
X/ exp{——[BTB-l- (201 9) +le0 /(20)) “dB,
RA+1)/2 2 1 — paopsy o2

€)

I" is defined in (3), wo0, o2, 22 are defined in the previous section and

1=(1,...,1,0,...,0)".
—— ——
d dd-1)/2

REMARK 1. The integral in (9) is clearly in an analytic form. We write it as
an integral because it arises naturally from the derivation.

COROLLARY 1. Let f be a Gaussian random field living on T C RY satisfying
(C1)—(C4). Adopting all the notation in Theorem 1, let b= b2/ o)~ 4% and

2By (18F) (4 lonGoshio)

10 =
(10) 2 o logh

Then,
P(I,(T) > b) = (1 + o(1))H mes(T)ia? " exp(—ii*/2).

PROOF. The result is immediate by the Taylor expansion on the left-hand side
of equation (8) and note that u — it = o(u™"). [

As we see, the asymptotic tail decaying rates of supy f(¢) and [, e dr take
a very similar form. More precisely,

P(/T el gr > b> - @(I)P(supf(t) > u)
T

with u and b connected via (8). This fact suggests the following intuition on the
tail probability of I, (T). First, the event {I,(T) > b} has substantial overlap with
event {supy f(#) > u}. It has been shown by many studies mentioned before that
given u sufficiently large {sup; f(¢) > u} is mostly caused by just a single f(¢*)
being large for some ¢t* € T. Put these two facts together, {I,(T) > b} is mostly
caused by { f (¢*) > u}, for some ¢* € T not too close to the boundary of T. There-
fore, conditional on {/,(T) > b}, the distribution of f(¢) is very similar to the
distribution conditional on {supz f(f) > u}. Of course, these two conditional dis-
tributions are not completely identical. The difference will be discussed momen-
tarily. Now we perform some informal calculation to illustrate the shape of f(¢)
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given f(t*) = u. Thanks to homogeneity, it is sufficient to study t* = 0. Given

) =u,
E(f(O|f(0)=u)=uC(t).

Since C(t) is 6 times differentiable, dC(0) = 0 and AC(0) = —1I, we obtain
E(fOIfO)=u)~u—u- tTt/2. For the exact Slepian model of the random
field given that f achieves a local maximum at ¢* of level u, see [6]. Note that for
b large,

/ eau—(l/Z)UutTt dt > b
T

is approximately equivalent to
Q2 /o) 2424 < b,

In Theorem 1, this is exactly how u is defined. As shown in Figure 1, the three
curves are exp{E (f(t)| f (t*) = u)} for different #*’s. Given that {supy f(¢) > u},
these three curves are equally likely to occur.

Second, as mentioned before, the conditional distributions of f(¢) are different
given {I(T) > b} or {sup; f(¢) > u}. This is why the two constants in Theorem 1
(H) and Proposition 1 (G) are different. The difference is due to the fact that the
symmetric difference between {supy f(¢) > u} and {/; e/ dt > b} is substantial
though their overlap is significant too. Consider the following situation that con-
tributes to the difference. supy f () is slightly less than u [e.g., by a magnitude of
O (u~1]. For this case, I, (T) still has a large chance to be greater than b. For this

1)

FI1G. 1. One-dimensional example.
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sake we will need to consider the contribution of Af(0). As is shown in the tech-
nical proof, if #* = argsup f(t) =0 and 9 (0) = 0, then a sufficient and necessary
condition for I, (T) > b is that

£(0)+ %Tr(u‘lAf(O) +1)>u+o™h),

where Tr denotes the trace of a squared matrix. Note that conditional on f(0) = u,
E(Af(0)|f(©0) =u) = —ul. Therefore, Af(0) 4+ ul is of size O(1). One well-
known result is that the trace of a symmetric matrix is the sum of its eigenvalues.
Let A; be the eigenvalues of u A f(0) + I =z/u. Then, the sufficient and nec-
essary condition is translated to f(0) + % Zf-l: 1 Ai > u. This also suggests that,
conditional on I,(T) > b, w = f(0) — u is of size O(u~"). This forms the intu-
ition behind the proof of Theorem 2.

The proof of Theorem 1 consists of two steps presented in Sections 3.1 and 3.2,

respectively. Each of the two steps is summarized as one theorem.

3.1. Step 1. Construct a cover of T, {Ay,...,A,}, such that T C Ul'-‘:1 A;.
Each A; is a closed square, mes(A; N A;) =0 for i # j. Because T is Jordan
measurable, as sup; mes(A;) — 0, mes(UJ7_; A;) — mes(T) — 0. To simplify the
analysis, we make each A; of identical shape and let A; = {t; + s:5 € [0, apl? }.
The size of the partition n and choice of a; depend on the threshold b. The first
step analysis involves computing the integral p; £ P(/ A e®/ D dt > b). Because
f is homogeneous, it is sufficient to study p;.

The basic strategy to approximate pj is as follows. Because f is at least
three times differentiable, the first and second derivatives are almost surely well
defined. Without loss of generality, we assume that 0 € Aj. Conditional on
(f(0),0(0), Af(0), f(t) = f(0) 4+ 0f(0) Tt + 51T Af(O) + g3(1) + ga(t) +
R(t) + g(t), where g(¢) is a Gaussian field with mean zero and variance of order
O(|t]%). Then,

P1 ZP(/ eI gy >b)
Al

=/h<w,y,z>
(11)

« P(/ GO lu—wty T4/ T (~ul+2)1+3 () +24O+RO+2 (0] g4
Al

> b> dwdydz,

where h(w, y, z) is the density function of ( f(0), af (0), Af(0)) evaluated at (u —
w, y, ui20 + z), which is a multivariate Gaussian random vector. Let u be defined
in (8). There exists a § > 0 (small enough) such that if we let A;’s be squares
of size ¢ = O(1)u—1/2%% and, hence, n = O (1) mes(T)u?/>=4% the asymptotics
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of p; can be derived by repeatedly using Taylor’s expansion and evaluating the
integral on the right-hand side of (11). The main result of this step is presented
as follows. It establishes a similar result to that of Theorem 1 but within a much
smaller domain.

THEOREM 2. Let f be a Gaussian random field living in T satisfying con-
ditions (C1)—(C4). Let A1 = B, = {t:|t|oo < €}, Where |t|ooc = maX;|t;|. Let u
and H be defined in Theorem 1. Without loss of generality, assume E, C T with
e =ku’"12 for some 8 small enough and u large enough. Then, for any k > 0

p1=p(Be) = P(/ TOqr > b> =(1+ o(l))Hmes(Es)ud_le_"z/2
as b — oo.

The proof of this theorem is in Section 4. We will then choose each A; to be of
the same shape as E;. Then, all the p;’s are identical.

3.2. Step 2. The second step is to show that with the particular choice of A; in
the first step, P(J; D dr > by = (14 0(1)) >, pi- We first present the main
result of the second step.

THEOREM 3. Let [ be a Gaussian random field satisfying conditions (C1)—
(C4) and ¢ be chosen in Theorem 2. Let k € Z¢ and 8¢k = 2Kke 4 E;. Further, let
C ={k:Bex CT}andCT ={k:E,xNT # O}, then

P(1a((U Bek) =) = (1+000) & PlUo(Es0 =)

keCt keCt
and

P(Ig( U Ee,k> > b) =(140(1) > P(Is(Eek) > b).

keC— keC—

‘We consider

10( U :k) = 3 1,(Eep)

keCt keCt

as a sum of finitely many dependently and identically distributed random variables.
The conclusion of the above theorem implies that the tail distribution of the sum of
these dependent variables exhibits the so-called “one big jump” feature—the high
excursion of the sum is mainly caused by just one component being large. This
result is similar to that of the sum of correlated log-normal r.v.’s. Nevertheless,
the gap between the analyses of finite sum and integral is substantial because the
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correlation between fields in adjacent squares tends to 1. For finite sums, the cor-
relation is always bounded away from 1. The key step in the proof of Theorem 3 is
that the ¢ defined in Theorem 2, though tends to zero as b — oo, is large enough
such that the one-big-jump principle still applies. We will connect the event of high
excursion of I (Ugec+ Ee k) to the high excursion of SUPU, o+ Bek f(t) and apply
existing results on the bound on the supremum of Gaussian random fields. A short
list of recent related literature on the “one-big-jump” principle and multivariate
Gaussian random variables is [8, 24, 28].

With the preparation of the two steps, we are ready to present the proof for
Theorem 1.

PROOF OF THEOREM 1. From Theorem 2,

2. Pllo(8ep) > ) = (1+0(D))H meS( U Eg,k)ud—le—f/z,

keCt keCt
Y P(lo(Bex) >b) = (1 +0(1))Hmes( U sg’k)udleuz/z.
keC— keC—

Therefore, thanks to Theorem 3,

P(I,(T)>b) > P(10< U Eg,k) > b)

keC—

> (1 +o(1))H mes U Eg,k>ud1e“2/2;
keC—

similarly,

P(I,(T) > b) < P<10< U ag,k) > b)

keCt

<(1 +o(1))Hmes( U Eg,k)ud—‘e—uz/z.
keC+t

Jordan measurability of 7" implies that

mes( U Es,k> —mes( U Eg,k> — 0+.

keCt keC—

Therefore,

P(I,(T)>b)=(14+0(1))H mes(T)ud*Ie*MZ/z, 0
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4. Proof for Theorem 2. In this section we present the proof of Theorem 2.
We arrange all the lemmas and their proofs in the Appendix.

PROOF OF THEOREM 2. We evaluate the probability by conditioning on
(f(0), 8 (0), 8% £ (0)),

P(Ee) = P(/ﬁ IO ar > b)
=/ h(w,y,z)
R
(12) x P(/H e"f(’)dt>b‘f(0):u—w,8f(0):y,
5.£(0) = uuna + ) duw dyd:
=/ h(w,y,z)P(/ 7 EO+o8() gy >b> dwdydz,
R Be

where R = R@+DW+2)/2 and h(w, y, z) is the density function of (f(0), df (0),
92 f(0)) evaluated at (u — w, y,upuo2 + z). Now we take a closer look at the
integrand inside the above integral. Conditional on f(0) = u — w,df(0) =

Y, 9% f(0) =upoz +z,

IU(ES) :/ eO‘E(l)+0g(t) dl,
[t|loo<€
1
= exp{a[u —w+ yTt + —tT(—uI + z)t
[tloo<e 2

+ g3(1) + g4(t) + R(1) + gm] } dt

=det(ul —z)~'/?

X /
[(ul—2)"12t| o <6

X exp{a[—%(l — (ul — z)—l/zy)T(t — (ul — Z)_l/zy)

O lu—w+(1/2)yT @l -2)""y}

+g3(wl =27 1) + ga(wl —2)”'%1)
+ R(@l —2)"V%t) + g((ul —Z)_l/zt)]}dt,

For the second equality, we plugged in (5). For the last step, we first change the
variable from ¢ to (ul — z)!/?t and then write the exponent in a quadratic form
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of t. We write the term inside the exponent without the factor o as

JO = =53l =72 (t = wl =7 2y) + g3((ul —2)%)
(13)
+ ga(l — 2y~ V%) + R((ul —2)~ V%),

which is asymptotically a quadratic form. But, as is shown later, gz and g4 terms
do play arole in the calculation. Also, it is useful to keep in mind that J (#) depends
on y and z. Hence, we can write

I,(E;) = / O gy
|tloo <€

— det(ul —z)~ /2o lu—w+(1/2yT @l-2)7'y)

« /' o0 tog(ul-n~ 2 40
|(ul—2)~1/2t| oo <e

Let
(14) eHo — /;ed o=@/t g (27.[/0)41/2.
Let u solve
(15) u—d/2p0utHy _
Then,
/ T dr > b,
if and only if
det(ul — z)~ /2o lumwt(1/2y T wl=0)"1y) oo IO o2 4,
[(ul—2)~12t| o <€
> y 42 p0ut+Ho

We take the logarithm on both sides and rewrite the above inequality and have

o T -1 1 -1
(16) 0<5y (ul —1z) y—ow—ilogdet(l—u Z)

—i—log/ e’ dr — Hy
|[(ul—2)=12t|oo<e

+log Eexp(og((ul —2z)~'/28))
(17) = A(w, y,z) +log Eexp(og((ul —z)~'/%5)),
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where S is a random variable on the region that |(u ] — z)" V2§ loo < & with density
proportional to e®/ ) and

_9. T N1 _l -1
Alw,y,2) ==y ul —z)"'y—ow logdet({ —u™"z)
(18) 2 2

+ log/ D dr — Hy.
|(ul—2z)~1/2t|<e

Thanks to Lemma 1, we only need to consider the set that

L={fO0) —ul su®,
(19)
|07 )] < u'/ZFF0, 182 £(0) — upaol < u'/>e0).

Also, by abusing notation, we write
(20) L= {lw] <u0, |y <u2HFe0, |z < u!/2He0),
Lemma 2 gives the form of 4 (w, y, z). We plug in the results in Lemmas 1 and 2,
p(E) = [ hw.y.2
R
x P(A(w,y,z) +log Eexp(og((ul —z)"'/28)) > 0)dwdydz
= 0(1)u_°‘e_“2/2
+f h(w,y, z)
L
x P(A(w,y,z) +log Eexp(og((ul —z)~1/28)) > 0)dwdydz

= o(l)u_o‘e_uz/2

1 —-1/2
(21) + (27.[)(d+1)(d+2)/4lr|

xf P(A(w,y,z) +log Eexp(og(ul —z)~1/25)) > 0)
L
I 5 u
xexpy—|zu"+ —A(w, y,2)
2 o
1 _
+ 53 (= =2/ )y
+1(w+uzw52]z)2 1

T, -1
5 1— 1 + EZ [L22 Z
H20M9y H02

+ ilogdet(l — u_lz)
20

u u
——log/ e”J(’)dt+—Ho”dwdydz.
o |(ul—2)~1/2t|<e o
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We define
1, u 1 T -1
IT=-u"+—-Aw,y,0)+=zy (I-U—-z/u)")y
2 o 2

1 (w+ S0 1 _ u _
22) +_( H20Mp) 2) +—2Tu2211+510gdet(1—u 2

21— Mzouz_zlltoz 2

u u
- —log/ e’/ dr + —Hy,
|(ul—2)~12t|<e o

o

and proceed with some tedious algebra to write 7 in a friendly form for integration.

First notice that
0

I—u'2)"' = Z u"z".

k=0
Plug this into the third term of Z and obtain

1 u u~!
T= 5”2 + gA(w, yv.2)—(1+ 0(|Z|/M))TyTZy

1w+ poonpna)? 11 _
+ - M //1212 + _ZTMZZIZ +
21— H20M9y HO2 2

u

logdet(I — ulz)
20

u u
- —log/ e dt + = Ho.
o |(ul—2)~12t|<¢ o

Situation 1 of Lemma 5. Adopt the notation in Lemmas 4 and 5. Note that
according to the definition of Y in Lemma 4 that
Y=0i=1,....,d 2y, 1<i<j<d)’,
1=(1,...,1,0,...,0)T,
——— — —
d dd—1)/2
we obtain that
ysz =y'z.
We plug in results of Lemmas 4 and 5. First, considering the first situation in
Lemma 5, that is, £1 = LN {|(ul —2)"?y|eo < ku® — u®/?}, we have
1 u u~!
T=u’+ —Aw,y,2) = (1+ 0(zl/w)—-Y 'z
2 o 2
1w+ paopy 0 |1

T, -1 u -1
= + =2 My 2+ z—logdet(I —uz)
21- ILQOMZZIMOZ 2 20

1 _ 1
+ g Y +1/0) T o™y +1/0) — @lTuzzl
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+ L Hy— LH(ul -2y, ul — )" )
o o
1
= Y i C(0) + o(1).
i

Also, it is useful to keep in mind that 1 is NOT a vector of 1°s. The next step is to
plug in the result of Lemma 3 and replace the logdet(/ — u~'z) term by
—u '"Tr(z) + %M*Zéﬂz(z) +ou™h
=—u"1Tz74 %u_zgz(z) +ou™h
and obtain
I 5 u u~! T
IT=_u"+—Aw,y,2)—(1+0(zl/w))—-Y 'z
2 o 2
1 (w+ paopy) 2)°
— = + E
21- H20M197 102

Jrl(u”)mrl/a)T 1y 4 1/0) — 1Tl
2 Ha Y +1/0) = o571

+ L Hy— LH(wl - 27y, I —2)V2, ¢)
o o

1
———= ) 0;;;;:C(0)+o(]).
2 Z 1221
8o -

Then, we group the terms —(1 + 0(|z|/u))%YTz and —%ITZ and leave the
O(|z|/u) to the end and have

1 u 1 (w+ 17)2

2 21— ooty o2

1+ ., 1
+ EzTuzzlz — 5 'Y +1/0) "z

1
+ g(u—ly +1/0) ™'Y +1/0)

+ L Hy— LH(I -2 Py, ul — )2, €)
o o2

1 1
— —IT/,L221 — —F= E 8iiiic(0) + 0(1)
2 2

8o 8o p

+ 0 zPylH + 0 2 (@)).
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Note that second and third lines in the above display is in fact in a quadratic form.
We then have

L 1 (w+ 2)?
T=-u’+— A(w y.2)+ = ( ,uzo,u22 )
2" 21— paopy) o2

IT —1p2 12, _ T
+§|:/1,22/ _Eﬂzé( 1Y+1/U):|

1/2 12, —
I:Mzz/ Z_Eﬂzé (u 1Y+1/U):|

+— HO——H((uI 7)1y, (ul —2)'/?¢)

— @lTuzzl — @ Z 0;iiiC(0) +o(1)
1

+ 0w zPlyP) + 0™ E¥(2)).
Now, consider another change of variable,

A=Aw,y,2),
(23) —12 12, —1
B =y 2#22( Y +1/o), y=>Jy.

Then, by noting that g is a row vector in which the first d entries are —1’s and
the rest are 0’s, we have

-1 A ~12 1
W+ (U20May 2= - + mooty "B + guzolJrO(l)-
Therefore, we have

1 u 1
IT=-u*+—-A+-B'B
AT

L L (A/o + a0ty B + (1/ Qo)) puaol +0())?
2 1 — pooisy oo

+— Ho——H((uI—z) 12y I —2)'/?¢)
1
— —1Tppl - —ZB---»C(O)
2 2 1222
8o 8o -

+o(1) + O 2|z*y%)
+ 0w 'E%(z)).
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We write X, = 0,(1) if X, — 0 in probability as u — oco. We insert the above
form back to the integral in (21) and apply Lemma 7,

P(Ee) = o()u e/

—1/2
+ (27)@+Dd+2)/4 Il

X /LP(u -A>0p(1)

2 2

L1 (AJo+ waois ! B +1/(20)puaol +0(1))>2
2 1 — paoitsy Moo

1 1
X exp{—[—u2 + ZA +-B'B
o

+ L Hy— ZH(ul — 2y, ul — )2, ¢)
o o

1 1

— —1T/L221 — —F= E 81,‘,‘,‘C(O) —I-O(l)
2 2

8o 8o -

+ 0wz 1yP) + O(M_lé’z(z)):”dwdy dz.

Note that Jacobian determinant is

a 9 b
(20259

o 12
8(A,B,y))'_a detuzz) .

Note that when |(ul — z)~'/?y| < ku® — u®/? (the first situation in Lemma 5),
uHo —uH(wl —z)~'?y, (ul —2)!/?, &) = 0o(1).
Then, with another change of variable, A’ = u A, the integration on £ is
/ h(w,y, z)P(/ P EOFos®) gy b) dwdydz
ﬁl Es

|F|_1/2
= (27)@+D@+2)/4

xfﬁl Pu-A>o0,(l)

I 5 u I+
xexp—iu —i—;A—I—EB B

L (A/o + poonyy*B +1/Q0)pal +0(1))

(24 -
2 1— MZOMzzl Ho2
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+ L Hy— SH(ul — 272y, (ul =)'/ ¢)
o o
1

1
l

+ o(u_zlzlzlylz) + O(M_ISZ(Z))] } dwdydz

O_—1|F|—l/2

_ 12
= Gmy@harays dethn2)

« e~ (1/2u?+(1/BoN1T uxnl+(1/(80%) ¥; 8:1:: C(0)

X/clP(u-A>0p(1))

B'B
2

u
X exp{—[—-A +
o

—-1/2
LA+ 120i5, > B +1/(20) 201 + 0(1))2
2(1 = p20ftyy 1402)

+o(1) + O(u™ 2|z |y1* + u_lé’z(z)):| } dAdBdy

0_—1|F|—1/2

= 12, —1
T (27)d+Dd+2)/4 det(u22) '“u

e~/ +(1/B0N1T poa1+(1/(80%) X, 833 € (0)
x/ P(A" > 0p,(1))
Ly

{ [A/ B'B
X exXp)— _+T
o

—1/2
L Ao + 120ty *B 4 1/(20) 201 + 0(1))?
2(1 — paottys 1o2)

+o()+ 0w 2|z y> + u—lsz(z))“dA/dB dy.
The second equality is a change of variable from (w, y, z) to (A, B, y). The third
equality is a change of variable from (A, B, y) to (A’, B, y). Note that P(A’ >

0p(1)) = I(A" > 0) as u — oo. In addition, on the set L,

0(M72|Z|2|y|2 + u7152(z)) — O(u*1+25+280lz|2)'
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By choosing § and gy small enough, when |B| < u!/4, u=1120+260 |72 = o(1);
|B| > u'/%, |B| = ©(z|), therefore,

B'B T
5 + 0(u—1+28+280|Z|2) = (1 +0(1)) >

The integrant in (24) has the following bound, for A’ > 0
P(A">0,(1))

{ [A/ B'B

Xexpy—|—+ ——

o 2

L A ow + 1aoiys *B 4 (1/(20) 201 + 0(1))?
2(1 — paofiyy 102)

Fo(h)+ 0PIyl + u—lsz(z))“

<Zexp{—l[i/ BB, (AY (G”)+“20“221/23+(1/(20))M201)2]}
- lo 2 2(1 — paom; o)

for 8’ small enough. Note that the op(1) isin fact —ulog E exp(g((ul — z)~1/29)).
Thanks to the result of Lemma 7, the integral of the left-hand side of the above dis-
play in the region A’ < 0 is o(1). By dominated convergence theorem, (24) equals

O_—1|F|—1/2

(I+o(D) (27)[@+D@+2)/4

x det(juan) "/ 2u~" e~ (/2P +(1/Bo DT 1+(1/(86%) ; 11is € (0)

(25) x/ . { [A,/ L BTB
_ st
A'>0, |y <kudT1/2—y8/2+1/2 P 5
—1/2
(M20ﬂ22/ B + (1/(20))M201)2
2(1 = paoiay 1o2)

”dA’dde

= (14 o(1)) H mes(u g )u~ e~ (/217

where H is defined in (9). The above display is obtained by the fact that
mes(u E;) = u? mes(8;) = kdud/?+43,

Situations 2 and 3 of Lemma 5.  For the second situation in Lemma 5, let £, =
L0 {ku® —ub? < |(ul — z)_l/zyloo < (14 &1)ku®} and there exists ¢; > 0 such
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that
/ Pu-A>o0,(1)
Ly

1 1
X exp{—[—u2 + ZA +-B'B
o

2 2
L L (A/o + ooty B+ (1/ Qo) puaol +0())?
2 1 — paoitsy oo
(26) + = Hy— ~H(ul ="y, =)' )

1 1

— —1Tunl— — >3 C(0) + o(1)

2 2 1222
8o 80 =

o 2Py + 0<u—152<z>>} } dwdydz
< (cre¢ + o(1))H mes(u Eg)u_le_(l/z)uz.

For the third situation, £3 = £ N {(1 + e)ku® < |(ul —z)~'/?y| < udteo},

P(u-A 1
LS (u-A>o0p(1)

1 5 u I +
X exp| — Fu +;A+—B B

2
L LAJo + praopiy B+ (1/Q@o))puaol +0(1)

2 1 — w0ty o2

+ 2 Ho— ZH(wl —2)" 2y, wl —2)'/%,6)

27 01 o 1
T
_ @1 unl — Q ;3”‘,‘,‘C(0) +o(1)
o 2z P) + 0<u—152(z))] } dwdydz
1 ujo 2

50(1)<§> w1y (1/2+48+20)d ,—(1/2)u
—16—(1/2)u2‘

=o(l)mes(uE;)u

We put (25), (26) and (27) together and conclude the proof. [
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5. Proof for Theorem 3. Similar to Section 4, we arrange all the lemmas and
their proofs in the Appendix.

PROOF OF THEOREM 3. Since the proofs for C* and C~ are complete ana-
logue, we only provide the proof for C*. We prove for the asymptotics by provid-
ing bounds from both sides. We first discuss the easy case: the lower bound. Note

that
P<10< U Eg,k) > b)
keCt
> P(lr(rel% I5(Eex) > b)
> > P(Is(Bex) >b) = Y P(Is(Bex) > b, Is(Ep ) > b).
keCt kK
Thanks to Lemma 8,
P(1o(U 2k > 8) = (14+0() & Plla(Eer) > ).
keCt keCt

The rest of the proof is to establish the asymptotic upper bound. To simplify our
writing, we let

@8 A=L@). B=l(spsa). D=k U =),
ke K €CH\[{0JUN]
where N is the set of neighbors of E,, that is, k € AV if and only if

inf_ |s—1|=0.

SEB,,t€8g k

An illustration of A, B and D is given in Figure 2.

F1G. 2. Illustration of A, B and D.
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Further, let
29) bo=u"'"2b,  b—by=(1 —u"'"V2)p = e~ UtoMuT="Y
and ug solves
uad/ze”o"'HO = by,

and there exists cg > 0 such that ug > u — cglogu. The first step in developing the
upper bound is to use the following inequality

P(A+B+D>b)
<P(A>b—by)+ P(A<by, A+B+D>h)
(30) +P(bo<A<b—by, A+ B+D>b)
<P(A>b—by)+ P(B+D>b—by)
+P(A>by,B+D>by, A+B+D>b).

From Theorem 2,
P(A>b—by)=(1+0())P(A>b).
The next step is to show that the last term in (30) is ignorable. Note that

P(A>by,B+D>by, A+ B+D>b)

—PA+B>b—by, A>by,B+D>by, A+ B+D>b)
+P(D>b—by, A>by, B+D>by, A+B+7D=>b)
+PA+B>by,D>by, A>by, B+D>by, A+B+D>b)

<PA+B>b—by,A>by,B+D>by, A+B+D>Db)
+2P(D > by, A > bg)

=o(P(A>b)).

The last step is due to Lemmas 9 and 10. By noting that #(CH)u~'=92 =o(u™"),
the conclusion of the theorem is immediate by induction, where #(-) is the cardi-
nality of a set. [

APPENDIX: LEMMAS IN SECTIONS 4 AND 5

Lemma 1 isolated the dominating event so that we will be in good shape to use
Taylor’s expansion.
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LEMMA 1. There exist €, 8 > 0 small enough and « large. Let ¢ = ku~'/?*3

such that for any a > 0,

P(|f(0) —ul > u®* or |3f (0)] > u'/ZF+e0 or
102 £(0) — upzo| > u'/2+e0, / Beel O dr > b)
= o(l)u_“e_(l/z)"z,

PROOF. Note that there exists c¢; such that ocu < logb + cyloglogb. Let
ou = log(b). Since we only consider the case that u is large, we always have
mes(E;) < 1:

P(f(O) <u-— u25+€0,f e Ddr > b)

<P(f0) <u-— uteo, sup f () > i)
< CP(f(0) <u—u**0|sup £ (1) > @) ~'e™"/2,

The last inequality is an application of Proposition 1. Because for any u’ > i, for
some &1 > 0,

inf E(f(t)|sup ) :u/)
tel; B
>u' inf C(t) > u —r2e1u® (1 +o(1))
teEe

and

sup Var(f(t){ sgp f)= u/) —0(?) = O™,

te(—e,e)

one can choose « large enough such that

P(f(O) <u—u®t| sup £(1) > u) = O(1) exp(—u'T/cy).

e

Therefore,

P(f(O) <u-— u%“(’,/ﬁ e Odr > b) = O(I)LF"‘e*”ﬂ/2

for all @ > 0. Also, P(f(0) > u + u?teoy = o(l)u_“e_(l/z)uz. Hence,

P(lf(O) —ul>uPto | el gr > b) = o(lyu=%e~ 1/

=
[

&
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Similarly, we have

P<|f(0) —u| <u®F |af )] > u'PTore0 [ IO gp > b>

1]

£

= 0(1)u_ae_(1/2)”2,

P(|f(0> ] < P [92 £ (0) — upao] > w20, [ FO gr > b)

=
[

&

= o(l)u_“e_(l/z)uz.

The above two displays are immediate by noting that (f(0), af (0), 92 f(@))is a
multivariate Gaussian random vector. In addition, (f(0), 92 f(0)) is independent
of af (0) and the covariance between f(0) and 92 £Q0)is wep. O

LEMMA 2. Let h(w, y, z) be the density of (f(0), df(0), 82f(0)). Then,

h(w,y,z)
B 1
~ (2n)@+hd+2;

-12
71T
1o, u LT -1
xexpl—|zu"+—Aw,y,2)+ =y (I —I —z/u)"")y
2 o 2
1w+ paopy 0 |1

T -1
5 1— 1 + EZ Mzz Z+
H20M9y 02

—Zlog‘/ eaj(’)dt—i—uHo/a:“.
o " Jiui-n= 12 <e

u
20

logdet(/ — u_lz)

In addition,

—1
v by
1— =) 1— ol
31) -1 — MZEII’LZQ o2 I_Lfoﬂzz ,UJOZ_1
Moo H02 —1 , Moy Mo2U201
. 22 105 + 22 22

I I
1 — pma0ityy 102 1 — 20y, 102

PROOF. The form of I'"! in (31) is a result from linear algebra. The form of
I'~! is direct application of the block matrix inverse from linear algebra. Note that

h(w,y,z) =

—1/2
(27.[)(d+1)(d+2)/4 T

1 T (Tt o u—w
X €Xp —E(u—w,z +up20,y )( 0 1) Z+upp .
y
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By plugging in the form of ' !, we have

_ T . (T71 0 W
(u—w,z +upxp,y ) o )| zture

y
( — w)?
=y y+——
1 — w20ty 102

-1 -1
_ Mooy 024201
+(z+ uuoz)T[Mzgl + 22—_122] (z+ upo2)
1 — pm20iyy 02

—1
M20M5o

2 —w) ———=F—
1 — pma0iyy 102

(z +uppr)

w2

zuz—l-yTy—2wu—l-—_l
1 — pma0iyy 02
—1
H20/M49o
1 — paoitsy) oo

—1 —1
_ 021420
+ ZT I:Mzzl + Moy 0212019y /‘Lilﬂzz i|Z + 2w
1 - U204y K02
(W + 12015, 2)°
+ 22

1 — woopay oz

2u
—u+ —Aw,y,2)+ y (I =@l -2y

_ u _
+ ZTMZZIZ + p logdet(I —u 1z)

2u 7(0) 2u
——log/ e” " dt + —Hy.
(e} |(ul—2z)~1/2t|<e (e}

Therefore, we conclude the proof. [J

LEMMA 3.
log(det(I —u™'2)) = —u™' Tr(z) + Su"2E*(2) + o(u™?),

where Tt is the trace of a matrix, £*(z) = Zflzl Al.z, and X\;’s are the eigenvalues

of z.

PROOF. The result is immediate by noting that

d
det(/ —u~'z) =[]l — i /u)

i=l

and Tr(z) = Zle Ao O
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LEMMA 4. Let y = (y1,...,vq) and X ~ N(y//u,I//o). Then, on the
set L defined in (20),

E(g3(X//u) + ga(X//u))
1

u
= —T(u—ly +1/0) T ™'Y +1/0)

u! u-!
+ —21T,bb221 + ) Z 0iiiiC(0) + O(I/t_l)»
8o 8o -

where

=(yi2,i=1,...,d,2y,-yj,1§i<j§d)T,

1=(,...,1,0,...,0)".
e e e e
d d(d—1)/2

PROOF. Using the derivatives in (4), we have that
d
ik EO) == 8}, CO),

83-;(15(0) = (u+ O(lz] + [w]);x C(0).
We plug this into the definition of g3 and g4 in (6) and obtain, on the set £,

E(g3(X/«/ﬁ)+g4(X/ﬁ))

w3 9 COVE(Xi X Xky)
ijkl

+ o Zk;aljk,C(O)E(X X;Xe X)) + o™
tj

_ __u*3/2 3 aljle(O)E(XinXk)’l)
ijkl

Zauk,C(O)E (Xi X Xi(Xy — yi//u)) + o™
z]kl

= g —328,,k10(0>yly,ykyz—8—u Zylyzza,l,,cm)
ijkl

Zy’yf Zalﬂlc(o) + 2402 Zazmc(o) +o(u™ )
ij
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1 _ 1 _
= =47 2 A C Oy vy = w3 5y 3 CO0)
ijki ij l

-1
u 4 -1
+ 52 ZZ 3;:::C(0) +o™).

This last step is true because > _;; yiyi >_; af;j/-C(O) =20 YiYj 2 Bf‘j”C(O), which

is just a change of index. Then, with the definition of Y and 1 in the statement of
this lemma (note that 1 is NOT a vector of 1’s), we have

E(g3(X//u) + ga(X//u))
-3

-2 -1

u u u

- _?yT/my — Eﬂmﬂ + 203 Zaﬁuc(()) +0(1)
l

-1 -1
u _ _ u
:—?(u Y +1/0) T pos(u ‘Y+1/a)+@1m221

-1
u
+33 Za;‘,.il.C(O)Jro(l). .
1

LEMMA 5. Let J(t) be defined in (13). Then, on the set L the approximations
Offl(uliz)—l/2t|oo<8 e’ D dt under different situations are as follows:

(1) When |(ul —2)""?y|00 < ku® —u®/?,

/ oW gy
|(ul—2)~1/2t|o0o <€

= exp[o E(g3(X/v/u) + g4(X/v/u))
+ H(ul —2)~ 2y, wl —2)'%, &) + ou™)],
where

-
HO Xe) e @/D—=y) (t—y) dt,
|1t <e

and X is the random vector defined in Lemma 4. In addition,
H(O, (ul —2)'/%, &) — Hy=o0™).

(2) Forany g1 > 0, when cu® —ub? < [(ul — z)_1/2y|OO < (14 ¢&))ku’,

/ RO
|(ul—z)~1/2t|<e

< explo E(g3(X/v/u) + ga(X//u))
+ H((ul —2)~ 2y, ul =)', 8) + o™ H].



1098 J.LIU

(3) When (14 e)ku’® < |(ul —z)1/2y|o < ubteo

/ IO gy
|(ul—z)~1/2t|<e

explo E(g3(X/v/u) + g4(X//u)) + Ho+ o™ H)].

=

| =

PROOF. Note that

/ IO gy
[(ul—2z)~12t|<e

— H(uI-27' 2y (ul-2)~'.¢)
x E{exp[ogs((ul —z)V/2X’)
+oga(wl —2)"V2X) + o R((ul —2)" V2 X")];
l(ul —z) 12X < ¢).
Also, (ul —z)"'2X' = (1 + O(z/u))X'//n and
X' =X—y/Ju+wl -2 "?y=X+0u"?zy|

l/2y|Oo < wcul — u%/? and Iz| < M1/2+€0,

For the first situation, |(ul —z)~
E{explog3((ul — ) 12X +oga(ul —2)7 VX' )+ o R((ul — z)_l/ZX/)];
|(ul —2)"12X'| < ¢}
= Elexp[ogs(X'/vu) + oga(X'/u) + o R(X'//u) + ou™)];
|(ul —2)"'2X') < &)
= Efexplogs(X'/u) + 0g4(X'/u) + o R(X'//u) + o™ )]}
= Elexp[ogs(X/Vu) + 084(X/Vu) + o R(X//u) + o™ 1]}
In addition, because |R(#)| = O (u'/>*317), then
E{explogs(X/vu) + oga(X/vu) + o R(X/v/u)]}
= E{explogs(X/vu) +oga(X/u) +ow™hH]}.

Further, g3(X//u) = o(u™?%%) and g4(X//u) = o(u™'/?>*%), then by repeat-
edly using Talyor’s expansion, we have

E{explogs(X'//u) + oga(X'/v/u) + o R(X'/Vu)]; |l —2)"2X'| < ¢}
= exp{E[03(X/vu) + 0ga(X/v/u) + o™ H]}.
For the second situation, the inequality is immediate by noting that
Elexp[og3(X'/vu) +oga(X'//u) + o R(X'//u)]; |l —2)"2X'| < &)
< E{explogs(X'/vu) + oga(X'/u) + o R(X'//u)]}.
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For the third situation, note that the integral is not focusing on the dominating part,
and the conclusion follows immediately. [

The next lemma is known as the Borel-TIS lemma, which was proved indepen-
dently by [16, 20].

LEMMA 6 (Borel-TIS). Let f(t),t € U, U is a parameter set, be a mean zero
Gaussian random field. f is almost surely bounded on U. Then,

E t
(sup f (1)) < 00
and
- —b%/(207))
P(max f (1) = E[max f (] 2 b) <™/,
where
05{ = rtneezlj( Var[ f (t)].

LEMMA 7. Let log Eexp(g((ul — z)~'/%S)) be defined in (17), then there
exists a A > 0 such that for all x > 0

P(u=32"¥|log Eexp(og((ul —z)~'/%8))| > x) < e

for u sufficiently large.

PROOF. Note that g(¢) is a mean zero Gaussian random field with Var(g(¢)) =
O(|t|% and |S| < ku®. A direct application of the Borel-TIS lemma yields the
result of this lemma. [

LEMMA 8. Foreachk #K/,

P(Is(Bex) > b, I (Bogo) > b) = O(1u1e™/2-0)

PROOF. Without loss of generality, we consider E, p = E;. If E; and &, y
are connected to each other,

P(I5(Eex) > b, I5(Ee) > b) < P(I5(Ee U Eg k) > 2b)
— O(1)ym(E,yud—1e(1/2)u+log2+o(1)?

_ 0(l)udfl67(1/2)u27(10g2+0(1))u.
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The second step is an application of Theorem 2. If E; and E, y are not connected,
that is, infsegs,tegs ls—tl=e= ku"1/2+8 then

P(I,(Bex) > b, I,(E¢) > D)

§P<sup f(@)>u—clogu, sup f(t)>u—c10gu)

teEe 1€8¢ x

§P( sup f(t)+f(s)>2u—2clogu)

t€Be,S€EE, k

- 0(1)})(2 - 2u —2clogu + 0(1))

Va4 —O(u142
_ 0(l)ud—le—(l/z)u2—®(1)u1+25
where Z is a standard Gaussian random variable. The last inequality is an applica-
tion of the Borel-TIS lemma in Lemma 6. [J
LEMMA 9. Let A and D be defined in (28) and by be defined in (29). Then,
P(D > by, A > by) =0o(P(A>b)).

PROOF. Similar to the second case in the proof of Lemma 8, we have
P(D > by, A > by)
5P(supf(t)>u—cllogu, sup f(t)>u—cllogu>

Ukec+\(0,k) Sek
<p sup () + F(£) > 2u — 2¢; 1ogu)
SEES;ZEngc-F\{o,k] Eek

<y~ Qu=2c| logu)?/(2(4—2kc?u~1120)) _ e—u2/2—®(1)u1+25.
The conclusion follows immediately. [J

LEMMA 10. Let A, B and D be defined in (28) and by be defined in (29).
Then,

P(A+B>b—by, A> by, B+D > by) =0(1)P(A=>Db).

PROOF. Note that there exists ¢/ > 0 such that
PA+B>b-—by, A> by, B+ D > by)

5P<A+B>b—b0,supf(t)>u—c/logu,

sup  f(t)>u —c’logu).
Ukec+\(0} Bek
It suffices to show that the right-hand side of the above inequality is o(1) P(A >
b) and also o(1)P(A + B > b). In order to do so, we will borrow part of the
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derivations in the proof of Theorem 2. Let u, solve
Q@ /o) Pu 21 = b — by,

Note that because by = u~'1=%/2p, we have |u — ux| = o(u~") and /2 = 1+
o(1))e":/2, By the results in (25), (26) and (27), we have

P<A+B>b—bo,sllpf(t)>u—c/logu, sup f(t)>u—c/logu>
e Ukect\(0) Eek
+ (1 + o(1))o =" det(I") "2 det(u22) /?u~"!

% o~ (/D +(1/B0* N1 un1+(1/(80%) X 91ii C (0)

P A/ 1 . E(t t _ /1 ’
x/{|y|w<3ku1/z+a} ( > o0p(1) SIEJP () +g(t) > uy — c logu,

sup E(t)+g(t) >us—c logu*>

UkeC+\[0} Ea,k

{ [A’ B'B
Xexpy—|—+——
o 2
| CA@w) + ooy B + (1/ Qo)) paol)?
21 — paomsy 102)
Note that the only change in the above display from (25) is the probability inside

the integral. In what follows, we show that it is almost always o(1). Note that
Var(g(t)) = O(|t|®). Therefore, for any f(0) < u + u® with g9 < 8/2, if

“dA/dde.

supE(t) <u —c'logu —Ow™") or
(32) -
sup E(t) <u —c'logu —Ou™"),

E3£\ES

then

P(sup EW)+g@t)>u—clogu, sup E(@)+gt)>u—c logu) = o(1).
Ee Ukec+\(0) Eek

This fact implies that g(z) can be basically ignored. Therefore, it is useful to keep
in mind that “E(¢) &~ f(t).”
Since

P(sup ft)>u+ u*”é‘O) = o()P(A+B>b—by),
T

we only need to consider the case that supy E(¢) < u + u~'*%0. Given the form

E@)=us—w+y 14317 (—ud + )1 + g3() + g4() + R(0),
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which is asymptotically quadratic in 3., let 1* = argsupg, E(f). On the set that
supy E(t) <u+u~'*%0, we have

sup E(t) <u—c'logu —Ow™).

‘t_t*‘>2u—l/2+80/2
Let 0 E; be the border of E,. Then

sup E(1) > u — ¢’ logu — ©u~") and
(33) -
sup E(t) >u —c'logu — O™,

= =
‘-‘35\‘-‘8

only when inf,cyz, |t — t*] < uy />T*. This implies that

inf |t — (uel —2) 'yl < u;1/2+80.
t€d B¢

Therefore, t* = argsup f(t) must be very closed to the boundary of E; so as to
have (33) hold.
Therefore, for all g < §

P(A+B> b — by, sup f(t) >u—c'logu,

sup E(t)+g(t) >u—c'log u)

UkeC+\(0} Ea,k
=o(1)P(A+ B> b —by)
+ (14 0(1))o ! det(1) /2 det(uu2) /*u™!

« e~ (1/2u?+(1/BoN1T uxn1+(1/(80%) ¥ 8:1:: € (0)

x P(A’ > 0,(1),
/inffeasg |t Gl —2)~Vy|<uy /20 b

supE(t) +g(t) >u —c'logu,

Sie

sup  E(t)+g()>u—c'log u)

UkeC*\(O} Es,k

A" B'B
X exp{— — + N
(o2

L Ao+ taoiyy > B 4 (1/(20)) pa01)>
2(1 — paoftyy 1402)

“dA/dde

=o(1)P(A+ B> b —by).
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The last equation is because

mes({y: inf | — @l —2)~ 'yl <u; /20 ])

= *
t€d B,

= o(mes({y: |(ul —2)""y|os <k’ — u®/?})).

Hereby, we conclude the proof. [
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