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A PROBABILISTIC APPROACH TO DIRICHLET PROBLEMS OF
SEMILINEAR ELLIPTIC PDEs WITH SINGULAR COEFFICIENTS

BY TUSHENG ZHANG
University of Manchester

In this paper, we prove that there exists a unique solution to the Dirichlet
boundary value problem for a general class of semilinear second order el-
liptic partial differential equations. Our approach is probabilistic. The theory
of Dirichlet processes and backward stochastic differential equations play a
crucial role.

1. Introduction. In this paper, we will use probabilistic methods to solve the
Dirichlet boundary value problem for the semilinear second order elliptic PDE of
the following form:

{.Au(x):—f(x,u(x),Vu(x)), Vx € D,

.1y u(x)lap = o, Vx €aD,

where D is a bounded domain in R¥. The operator A is given by

1 Ea ou d ou ..o~
1.2) Au=- E —(a,-j(x) —) + E b,-(x); — “div(bu)” 4+ q(x)u,
i=1

2 Pt 0x; 0x; X

where a = (a; j(x))1<i,j<d: D — R4 (4 > 2) is a measurable, symmetric ma-
trix-valued function satisfying a uniform elliptic condition, b = (b1, by, ..., bg),
b= (51,132, ---,I;d) :D — RY and q:D — R are merely measurable functions
belonging to some L” spaces, and f(-, -, ) is a nonlinear function. The operator
A is rigorously determined by the following quadratic form:

Q(u, U) = (—Au, U)LZ(Rd)

3 1 I U LR BN BN
(1.3) —EijZ:lfRda,]u)—— x_i:ZI/Rd () v d

0x; 0x;
d N av
— Z/Dbi(x)ua dx —/Dq(x)u(x)v(x)dx.
i=1 !
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We refer readers to [14, 18] and [24] for details of the operator .A.

Probabilistic approaches to boundary value problems of second order differen-
tial operators have been adopted by many people. The earlier work went back as
early as 1944 in [15]. See the books [1, 7] and references therein. If f =0 (i.e.,
the linear case), and moreover b= 0, the solution u to problem (1.1) can be solved
by a Feynman—Kac formula

ulx)=E, [exp(/om q(X(s))ds)go(X(rD))] forx e D,

where X (1), t > 0 is the diffusion process associated with the infinitesimal gener-
ator

(1.4) L 1fa(()a)+fb(>8
: = - —aij(x) — (x) —,
P2 e o T g ) T T

Tp is the first exit time of the diffusion process X (¢),r > 0 from the domain
D. Very general results are obtained in the paper [6] for this case. When b # 0,
“div(h-)” in (1.2) is just a formal writing because the divergence does not really
exist for the merely measurable vector field b. It should be interpreted in the dis-
tributional sense. It is exactly due to the nondifferentiability of b, all the previous
known probabilistic methods in solving the elliptic boundary value problems such
as those in [1, 6, 15] and [13] could not be applied. We stress that the lower order
term div(b-) cannot be handled by Girsanov transform or Feynman—Kac transform
either. In a recent work [5], we show that the term b in fact can be tackled by the
time-reversal of Girsanov transform from the first exit time tp from D by the sym-
metric diffusion X associated with Lo = % Zf{ =1 aix,-(ai j(x) %}_), the symmetric
part of A. The solution to equation (1.1) (when f =0 ) is given by

u(x) = ES[go(XO(rD))exp{ [ 1@ . )

4 ( /0 1@ B (X)), dMO(s») ore,
(1.5)
B L N B
2/0 (b—>b)a  (b—Db)*(X"(s))ds

+f0th(X°(s>>ds”,

where MY(s) is the martingale part of the diffusion X, r; denotes the reverse
operator, and (-, -) stands for the inner product in R?.

Nonlinear elliptic PDEs [i.e., f # 0 in (1.1)] are generally very hard to solve.
One can not expect explicit expressions for the solutions. However, in recent years
backward stochastic differential equations (BSDEs) have been used effectively to
solve certain nonlinear PDEs. The general approach is to represent the solution of
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the nonlinear equation (1.1) as the solution of certain BSDEs associated with the
diffusion process generated by the linear operator A. But so far, only the cases
where 5 =0 and b being bounded were considered. The main difficulty for treat-
ing the general operator A in (1.2) with b # 0, g # 0 is that there are no associated
diffusion processes anymore. The mentioned methods used so far in the litera-
ture ceased to work. Our approach is to transform the problem (1.1) to a similar
problem for which the operator .A does not have the “bad” term b. See below for
detailed description.

There exist many papers on BSDEs and their applications to nonlinear PDEs.
We mention some related earlier results. The first result on probabilistic interpreta-
tion for solutions of semilinear parabolic PDE’s was obtained by Peng in [19] and
subsequently in [21]. In [8], Darling and Pardoux obtained a viscosity solution to
the Dirichlet problem for a class of semilinear elliptic PDEs (through BSDEs with
random terminal time) for which the linear operator A is of the form

+Z (x)—

where a;; € le(D) and b € C g (D). BSDEs associated with Dirichlet processes
and weak solutions of semi-linear parabolic PDEs were considered by Lejay in
[16] where the linear operator A is assumed to be

d

1
AZE Z l]()

i, j=1

1 d

9
AZE.Z x; (a,,(x) >+Zb (x)—

i,j=1

for bounded coefficients @ and b. BSDEs associated with symmetric Markov
processes and weak solutions of semi-linear parabolic PDEs were studied by Bally,
Pardoux and Stoica in [2] where the linear operator A is assumed to be symmetric
with respect to some measure m. BSDEs and solutions of semi-linear parabolic
PDEs were also considered by Rozkosz in [23] for the linear operator A of the
form

1 g i)
- a;i(t,x
PN (- - )

Now we describe the contents of this paper in more details. Our strategy is
to transform the problem (1.1) by a kind of A-transform to a problem of a similar
kind, but with an operator .4 that does not have the “bad” term b. The first step will
be to solve (1.1) assuming b =0. In Section 2, we introduce the Feller diffusion
process (2, F, F, X (t), Py, x € R?) whose infinitesimal generator is given by

i

1 d

9
(1.6) L]:E.Z ™ (a,j(x) >+Zb(x)_

i,j=1
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In general, X (¢), t > 0O is not a semimartingale. But it has a nice martingale part
M(t), t > 0. In this section, we prove a martingale representation theorem for
the martingale part M (¢), which is crucial for the study of BSDEs in subsequent
sections. In Section 3, we solve a class of BSDEs associated with the martingale
part M(t),t > 0:

T T
1.7 Y(t):é—l—/t f(s,Y(s),Z(s))ds—/t (Z(s),dM(s)).

The random coefficient f (¢, y, z, w) satisfies a certain monotonicity condition
which is particularly fulfilled in the situation we are interested. The BSDEs with
deterministic terminal time were solved first and then the BSDEs with random ter-
minal time were studied. In Section 4, we consider the Dirichelt problem for the
second order differential operator

1 & ) 3 d 9
(1.8) Ly=~ E —(a“(X) —)+ bi(x) — +q(x)
2ij:1 0x; " 0x; P ' 0X; ’

where b; € LP for some p > d and ¢ € L? for some B > %. We first solve the
linear problem with a given function F

{LzuzF, in D,

(1.9) u=q, ondD,

and then the nonlinear problem

{Lgu:—g(x,u(x),Vu(x)), in D,

(1.10) u=q, ondD,

with the help of BSDEs. Finally, in Section 5, we study the Dirichlet problem

Au(x) = — f(x, u(x)), Vx e D,

(11D {u(x)laDZW, Vx € 9D,

where A is a general second order differential operator given in (1.2). We apply a
transform we introduced in [5] to transform the above problem to a problem like
(1.10) and then a reverse transformation will solve the final problem.

2. Preliminaries. Let .4 be an elliptic operator of the following general form:

A lfa(<)a)+fb<>a “div(b)” + g (x)

= — —a;;(x) — i (X) — — ad1v(o- X),

2 2= o\ ) T 5T 1

where a = (a;;(x)): D — R¥*4 (d > 2)is a measurable, symmetric matrix-valued
function which satisfies the uniform elliptic condition

d
@.1) MEP < Y aij(n&E < AlEP,  VEeR%andxeD
i,j=1
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for some constant A, A > 0, b = (bl,...,bd),13 = (191,...,13d):D — R? and
q : D — R are measurable functions which could be singular and such that

|b|zeLP(D), |bj> € LP(D) and ¢ € LP(D),

for some p > %. Here D is a bounded domain in R? whose boundary is regular,
that is, for every x € 0D, P(t, =0) =1, where 17, is the first exit time of a
standard Brownian motion started at x from the domain D. Let f: R? x R x R? —

R be a measurable nonlinear function. Consider the following nonlinear Dirichlet
boundary value problem:

{.Au(x)z—f(x,u(x),Vu(x)), Vx e D,

2.2) u(x)lap = o, Vx € daD.

Let W!2(D) denote the usual Sobolev space of order one:

W'2(D) = {u € L*(D): Vu € L*(D; R%)).

DEFINITION 2.1.  We say that u € W12(D) is a continuous, weak solution of
(2.2)1if:

(i) for any ¢ € WOI’Z(D),

ou 0¢

- Z/ ,,(x) —dx—Z/b(x)—qux

_i:Zl/Dl;i(x)u g_idx_/I)Q(x)”(x)‘]jdx=/Df(X,M,Vu)¢dx,

(i) u € C(D),
(iii) limy s u(y) =¢(x), Vx € 9D.

Next we introduce two diffusion processes which will be used later.
Let (2, F,F;, X(¢), Py,x € Rd) be the Feller diffusion process whose infini-
tesimal generator is given by
| A
(2.3) Li=3 3 o <a,,(x) )+Zb(x)—
: i

i,j=1

where F; is the completed, minimal admissible filtration generated by X (s), s > 0.
The associated nonsymmetric, semi-Dirichlet form with L is defined by

Q1(u,v) = (=L1u,v)p2gdy
(2.4)

du 0Jv

_—Zf aij () = —dx—Z/ b(x)—v(x)dx
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The process X (¢), t > 0 is not a semimartingale in general. However, it is known
(see, e.g., [6, 10, 12] and [17]) that the following Fukushima’s decomposition
holds:

(2.5) X®)=x+M@)+N@) P.-as.,

where M (¢) is a continuous square integrable martingale with sharp bracket being
given by

. , t
2.6) (M, MY, = /0 ai (X (s))ds,

and N (¢) is a continuous process of zero quadratic variation. Later we also write
X, (1), M,(t) to emphasize the dependence on the initial value x. Let M denote
the space of square integrable martingales w.r.t. the filtration F;, ¢ > 0. The fol-
lowing result is a martingale representation theorem whose proof is a modification
of that of Theorem A.3.20 in [12]. It will play an important role in our study of the
backward stochastic differential equations associated with the martingale part M.

THEOREM 2.1. For any L € M, there exist predictable processes H;(t),i =
1,...,d such that

d . .
(2.7) Li=)" / Hi(s)dM' (s).
i=1"0

PROOF. It is sufficient to prove (2.7) for 0 <t < T, where T is an arbitrary,
but fixed constant 7. Recall that M is a Hilbert space w.r.t. the inner product
(K1, Ko)pm = E[{(K1, K2)) 7], where (K1, K3)) denotes the sharp bracket of K
and K». Let M| denote the subspace of square integrable martingales of the form
(2.7). Let Ry, @ > 0 be the resolvent operators of the diffusion process X (¢), t > 0.
Fix any g € Cb(Rd), we know that Ryg € D(L1) and L1 Ryg = aRyg — g. More-
over, it follows from [12] and [17] that

t
Ry g(X (1)) —Rag(X(O))=/O (VRyg(X(5)),dM(s))

t
4 / (@ Rag — £)(X(5)) ds.
0

Hence,

t
Jyi= /0 ¢~ (V Ry (X (5)), dM(5))

t
= R (0) ~ Rug(XO) + [ e g(X () ds

is a bounded martingale that belongs to M. The theorem will be proved if we
can show that /\/lf‘ = {0}. Take K € /\/lf‘ Since M is stable under stopping, by
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Lemma 2 in Chapter IV in [22], we deduce (K, L)) =0 for all L € M. In partic-
ular, (K, J)) = 0. From here, we can follow the same proof of Theorem A.3.20 in
[12] to conclude K =0. O

We will denote by (€2, F 0 ]_—to , X0, P)?, x € RY) the diffusion process gener-
ated by

1 & ) 3
(2.8) LO=5 > §<a,-j(x) g)

i,j=1 J
The corresponding Fukushima’s decomposition is written as
X0 =x + M%) + N°(r), t>0.
For v € Wh2(R?), the Fukushima’s decomposition for the Dirichlet process
v(X9(r)) reads as
2.9) v(X2(1) =v(X°(0) + M (1) + N"(0),

where MV (t) = fé Vu(X2s)) - dM°(s), NY(¢) is a continuous process of zero
energy (the zero energy part). See [3, 4, 12] for details of symmetric Markov
processes.

3. Backward SDEs with singular coefficients. Let (2, 7, F;) be the prob-
ability space carrying the diffusion process X (#) described in Section 2. Recall
M (t), t > 0 is the martingale part of X. In this section, we will study backward sto-
chastic differential equations (BSDEs) with singular coefficients associated with
the martingale part M (¢).

3.1. BSDEs with deterministic terminal times. Let f(s,y,z,w):[0,T] x R X
RY x Q@ — R be a given progressively measurable function. For simplicity, we
omit the random parameter w. Assume that f is continuous in y and satisfies:

(A1) (y1 = y)(f(5,y1.2) — f(5,y2.2) < —di(5)|y1 — y2|%,
(A2) |f(S, Y, Z]) - f(svyvz2)| §d2lzl _Z2|,
(A3) [f(s,y, DI =1f(5,0, 2]+ K@)+ yD,

where d(-), K(s) are a progressively measurable stochastic process and d» is a
constant. Let £ € L%(Q2, Fr, P). Let A be the constant defined in (2.1).

THEOREM 3.1.  Assume E[e= 1 210)d5|£12] < 0o, E[[ K (s)ds] < oo and
T N
E[/ e_foZdl(”)d”|f(s,0,0)|2ds}<oo.
0
Then, there exists a unique (F;-adapted) solution (Y, Z) to the following BSDE:

T T
(3.1 Y(¢)=§+/t f(s,Y(s), Z(s))ds —/t (Z(s),dM(s)),
where Z(s) = (Z1(s), ..., Z4(s)).
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PROOF. We first prove the uniqueness. Set d(s) = —2d;(s). Suppose Y@,
ZY (1)) and (Y2(r), Z%(1)) are two solutions to equation (3.1). Then

d(Y' () — Y2
==2(Y'() = Y2 0)(f. Y (1), Z' () — f(t. Y2 (1), Z*(1))) dt
+2(r' ) = Y22 (1) — Z2(1). dM (1))
+a(X @) (ZN ) — Z22)), Z (1) — Z*(1))dt.

3.2)

By the chain rule, using the assumptions (A.1), (A.2) and Young’s inequality, we
get

T 'S
+/ el dWdn 4 (x () (Z'(s) — Z%(s)), Z' (s) — Z%(s)) ds
t
T S
= —/t elodwduyley  y2(5)124d(s)ds

N 2/T efgd(u)du(yl(s) _ YZ(S))
t
x (f(s,Y1(s), Z'(s)) — f(s, Y2(s), Z%(s))) ds

T S
=2 [ eBdwanyl ) - Y )(Z' () - Z26), aM ()
t
T S
33 < —/ el dWdn yl oy _ y206)2d(s) ds
t
T s
— 2] elodwduiyley — y2(5)2dy (s) ds
t
T S
+2 / el dw gy 1yl sy — Y2(5)||1 2" (5) — Z%(s)| ds
t
T S
-2 f eld AW dn(yl(s) — y2())(Z'(s) — Z*(5).dM(s))
t
T S
< CA/t elodwduyley  y2(gy12 g
1,7 1S d(u)du 1 2 1 2
+ E/I elo [@aXN(Z () = Z7(5)), (Z' (s) — Z°(s)))ds

T S
— 2/ elodWdu(yligy _ y2(s))(Z'(s) — Z%(s), dM(s)).
t
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Take expectation in above inequality to get
E[Y' () - Yz(t)|2eféd(s)ds] < CA/ZT E[ef4@du)y (o) _ y2(5)Pds.
By Gronwall’s inequality, we conclude Y L) = Y%(r) and hence Z'(t) = Z%(1) by
(3.3).

Next, we prove the existence. Take an even, nonnegative function ¢ € C;°(R)
with [ ¢ (x) dx = 1. Define

fn<r,y,z>=/Rf<z,x,z>¢n<y—x)dx,

where ¢, (x) = n¢ (nx). Since f is continuous in y, it follows that f,(¢, y,z) —
f(t,y,z) as n — oo. Furthermore, it is easy to see that for every n > 1,

(34) |fn(t,y1,Z)_fn(t»yZaZ)|fcn|yl_y2|» YI,yZER,

for some constant C,,. Consider the following BSDE:

T T
(3.5) Yn(t)=5+f fn(s,Yn(S),Zn(S))ds—f (Zn(s),dM(s)).
t t

In view of (3.4) and the assumptions (A.2), (A.3), it is known (e.g., [20]) that
the above equation admits a unique solution (Y,, Z,). Our aim now is to show
that there exists a convergent subsequence (Y, , Z,,). To this end, we need some
estimates. Applying It6’s formula, in view of assumptions (A.1)—(A.3) it follows
that

't T
1Y, () 20415 / MW (X (5))Zy(s), Zu(s)) ds
t
T
_ |§.|26f0Td(s)ds _/ el dwduy2 (o) ds
t
T S
+2 / el d@dny, (5) £ (s, Yu(s), Zn(s)) ds
t
T S
2 / AW dny (7, (s), dM(s))
t
T
S|“;_-|26f0Td(s)ds_/ €f(;d(u)qur12(S)d(S)dS
t
T, T
=2 [ el 5y y2s)ds +2C [ BADUY, (5))|Z,(5)]ds
t t

T
+2/ 3 dwdu|y () £(5,0,0)ds
t

T S
36 -2 / el W dny (7, (s), dM(s))
t
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. T
< [§Peld 100 ¢, [ e dwdny2 ) ds
t
L (T s aond
3 [ B X ()26, Zu(o)) ds
t
T S T 5
+/ el d<“>d"Y,$(s)ds+f el dwdu| £(5.0,0)2 ds
t t

- 2/ " ey, ()(7,(5), dM(s)).
t

Take expectation in (3.6) to obtain

t T S
E[|Y, (1)l @] 4 %E[ / o AWt (4 (X (5))Z(5), Zn(5)) ds}
t
T T S
(3.7) < E[|g[?el0 4194 4 ¢, / E[elo W duy2(5)] ds
t

T s
+EU efdd(“)dulf(s,0,0)|2ds]
t
Gronwall’s inequality yields

sup sup E[|Y,(?) |Zef5 d(s)ds]

n 0<t<T

(3.8) -
E C{E[|$|26[0Td(v)df] + E[/ ef(; d(u)du|f(s’ O, O)|2 ds}}
0
and also
T S
(3.9) supE[ / elo 4@ du g (X ()Y Z(s), Zn(s)) ds] < 0.
n 0

Moreover, (3.6)—(3.9) further imply that there exists some constant C such that

E[ sup Ynz(t)eféd(s)ds]
0<t<T

t S
<C+CE| sup / efod(”)d”Yn(s)(Zn(s),dM(s))}
0

LO<t<T

P 1/2
< c|([ BN () 2,0). Zuts)ds) |

<C+CE| sup (eM/Pldwdujy (5

LO<s<T

T 1/2
(3.10) x(fo efod<“>d“<a(X<s>)zn<s),Zn<s)>ds) ]
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1
<C+ EE[ sup (eld 4 dny2(s))]

0<s<T

T S
+C E[ f o dWdu (4(X ($))Zn(5), Zu(s)) ds].
0
In view of (3.9), this yields

(3.11) sup E[ sup Ynz(t)eféd(s)ds] < 00.

n 0<t<T

By (3.9) and (3.11), we can extract a subsequence ny such that Y, (1)e/? Jod(s)ds
converges to some Y(r) in L%(2, L0, T]) equipped with the weak star topol-
ogy and Z,, ()el/2) Jyd(s)ds converges weakly to some Z(t) in L2(Q7; R), where
Qr =[0, T] x 2. Observe that

Y, ()e 1/ Jods)ds

, T
= 1D ddsg 4 / IR AW f (5. Y (5), Zny (5)) ds
(3.12) - !
_5/ e(]/Z)f(;d(u)stYnk(s)d(s)ds
t

T s
_/ M2l dwdu 7 () dM(s)).

t

Letting kK — o0 in (3.12), using the monotonicity of f, following the same argu-
ments as that in the proof of Proposition 2.3 in Darling and Pardoux in [8], we can
show that the limit (Y, Z) satisfies

?(z) — (/2 fOTd(s)dss

T
(3.13) +/ e(l/z)f(fd(u)duf(s’ e~/ o d(u)duf(s), e—(l/z)f(fd(u)duz(s)) ds
t

1 rT . T .
_El Y(s)d(s)ds—/Q (Z(s),dM(s)).

Set

An application of 1t6’s formula yields that

T T
Y(0) =+ / F(s.Y(5). Z(s)) ds — / (Z(s), dM(s)),

namely, (Y, Z) is a solution to the backward equation (3.1). The proof is complete.
O
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3.2. BSDEs with random terminal times. Let f (¢, y, z) satisfy (A.1)-(A.3) in
Section 3.1. In this subsection, set d(s) = —2d(s) + 6d22. The following result
provides existence and uniqueness for BSDEs with random terminal time. Let t
be a stopping time. Suppose & is Fr-measurable.

THEOREM 3.2. Assume E[elo 4®9)ds|g12] < oo, E[fy K(s)ds] < oo and

(3.14) EU eloddu) ps . 0)|2ds} < 00,
0

for some § > %, where A is the constant appeared in (2.1). Then, there exists a

unique solution (Y, Z) to the BSDE

T

(3.15) Y(t)=¢ +fm [, Y(s), Z(s))ds —/ (Z(s),dM(s)).

Nt

Furthermore, the solution (Y, Z) satisfies
T S T S
(3.16) E[/ efod(“)d“Yz(s)ds} < o0, E[/ elo d(“)d”|Z(s)|2ds] < o0,
0 0

and

(3.17) E| sup {eli 1@ 4y2(5)}] < oc.

0<s<t

PROOF. After the preparation of Theorem 3.1, the proof of this theorem is
similar to that of Theorem 3.4 in [8], where d; (s), d> were both assumed to be con-
stants. We only give a sketch highlighting the differences. For every n > 1, from
Theorem 3.1 we know that the following BSDE has a unique solution (Y,,, Z,) on
0<t<n:

TANn

(.18) Y,(1) = E[£|F,] + /;nf(s,m),zn(s))ds— [ zamon.

Vav3

Extend the definition of (Y,, Z,) to all t > 0 by setting
Y,(t) = E[£|F,], Z,(t)=0 fort > n.

Then the extended (Y,, Z,) satisfies a bsde similar to (3.18) with f replaced by
Xis<nnat) f(s,y,2). Let n > m. By 1td’s formula, we have

Yot AT) — Yt A7) 2l d6)ds

4 [ e W dn (g (X ())(Zn(s) = Zim () X(s<mnz))>

INT

Zn(S) —Zn (S)X{sfm/\r}>ds

(3.19) =l O (Elg| F) — E[E] Fl)?
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nAT SAT
_/ el AWy, (s AT) = V(s AT)Pd(s) ds
t

AT
nA

T At
+2 elo " ddu(y (s AT) = Yp(s AT))

INT

X (f (s, Yn(s AT), Zn(s A T))
— (8, Ym(s AT), Z(s A T)))ds

nAT SAT
+ 2/ elo d(”)d”(Yn(s AT) = Yu(s AT))

MmAT

X f(s,Ym(s AT), Zm(s AT))ds

o [ el AWy (s ATY = V(s AT))(Zn(s AT), dM(s))

INT
mAT

12 el AW ANy (¢ ATY = V(s AT (Zin(s AT), dM(s5)).

INT

Choose 41, 8> such that % <81 <dand 0 < 8y <6 — 8. In view of the (A.1) and
(A.2), we have

2/nM e Omrd(“)d”(Yn(s AT) = Ym(s AT))
INT
X (f(s, Ya(s AT), Zn(s AT)) — f(8, Y (s AT), Zin(s A T)))ds

nAT SAT 2
< —2f el AWy (s AT) = Yo(s AT)) di(5)ds
(3.20) o
+ 51d22/ el AW du(y (s AT) = V(s AT)) ds
t

AT

1 nAT "
+ A_Sl /M elo d(u)du(a(X(S))(Zn(s) — Zn(S) Xis<mnt))»

Zn(s) — Zm(S)X{sgm/\r}>ds-

On the other hand, by (A.3), it follows that

nAT

2 e d(”)d“(Yn(s AT) =Y AT)) (s, Ym(s AT), Z(s AT))ds
mAT
5 nAT S/\Td d 2
(3.21) < 82d2/ el dWdn(y (s AT) = Yy(s AT)) ds
INT

1 nAt [SAT d(u)du 2
Tz dz/ e (1f(s,0,0) + K + K|E[§|Fwll)” ds.
2 2 MAT
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Take expectation and utilize (3.19)—(3.21) to obtain

E[[Ya(t AT) = Yot AT)| 2l 4)d5]

1 nAT
+ (1 - Tal)E[ f, " el (X (5))(Z0(5) ~ Zin () ttszmnr):

Zy(s) — Zm(S)X{sgm/\t}>dSi|
(3.22) o
+ (=8 — 82)d22E[/ efo“d(u)du(yn(s AT)— Yy (s A r))zds}
t

AT
< B[l 10N (E(g|F) - ElE1F0)’]
1 nAtT SAT d 2
+—2E[/ el dw “(1f(s,0,0)| + K + K|E[£|Fm]l) ds]
82d2 MAT
Since the right-hand side tends to zero as n, m — oo, we deduce that
[(VDRT AW dsy () (1D A ds 7 (1))

converges to some (f’, 2) in MZ(O, T; R x Rd). Furthermore, for every ¢ > 0,
/D fg" " d(s)ds Y, (t) converges in L?. We may as well assume

(3.23) P ()= lim 1/ dOdy, @)

for all z. Observe that for any n >t > 0,

VD[ d@dsy (4

AT nAT SAT
_am d(s)dsE[glfn]_i_/ DT dwdu £y () 7,(s)) ds
(3.24) o
nAT SAT
_ 1 DL dwduy (oyq(s)ds

2 Jene

nAT SAT
_ / N2 " ddu 7, (o) dM(s)).
T

Nt

Letting n — oo yields that

I}(t)26(1/2)f0fd(s)ds%.Jr/t e(l/Z)fgmd(u)duf(s’ef(I/Z)f(f“d(u)quAv(s)’
TAL
(3.25) e~ WD dwdu 7)) g

- %/T:t Y (s)d(s)ds — /: (Z(s), dM(s)).

VaVa
Put

Y(t) = e WD N"Td®)ds ppy Z(1) = e~ WD L") ds 7 g,
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An application of It6’s formula and (3.25) yield that

T

(3.26) Y()=£&+ /;\[ f(s,Y(s),Z(s))ds —/; (Z(s),dM(s)).

Nt

Hence, (Y, Z) is a solution to the bsde (3.15) proving the existence. To obtain the
estimates (3.16) and (3.17), we proceed to get an uniform estimate for Y, (s) and
then pass to the limit. Let 1, 62 be chosen as before. Similar to the proof of (3.8),
by Itd’s formula, we have

tAT AT ¢
Y, (2 AT)elo " d®ds 4 el WA (4 (X (5))Z(5), Zu(s)) ds

INT

nAT n/\t S
< |E[£]F,]2e/8" A ds _ f, S awdny () 2d(s) ds

AT

nAT ¢
2 / elo dwad g ()y2 (s ds
AT
AT
+2 f el AW gy 1y (5)]1Za(s)| ds
INT
AT
+2/ S Ay ()11 £(s, 0,0 ds
INT
AT ¢
(327) -2 / el dWdny ($)(Z,.(s), dM(s))
INT

nAT AT - g
< |EIEI, 1Pl 400 — [ 7 el dwdus gy s) ds
t

AT

nAT "
+ \/t‘ eJo dw) dualdzzynz(s) ds
AT
1 nAT 1§ dw)du
i /M e (@(X () Zn(s), Zn(s)) ds
T

AT 0 S dw)duy? L (" s wyd 2
+/; Sydzelo 4w duy? (s)ds+—2/ elodwdu| ¢s 0,0)%ds
AT

22 INT
AT
2 / efdwadny ()7, (s), dM(s)).
INT

Recalling the choices of d(s), 1 and §7, using Burkholder’s inequality, we obtain
from (3.27) that

E[ sup | Yy (t /\f)|26f<§”d(s)ds]

0<t<n

nNAT T S 1
(3.28) < E[|g[%e)0 ‘“”‘”HEU efod(m”’”mu(s,o,onzds]
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nAT s 1/2
+ 2CE[</0 2o AW duy2 oy (4(X (5))Zn(s), Zn(s)) ds) }

NAT g0y o T s 1
E E[|S|2€f0 d(s)da] + E|:/ efo d(u)du_2|f(s’0’ O)|2ds:|

1 AT
+ EE[ sup |Y,(t A r)lzefé d(s)ds]

0<t<n

+ CIE[/OHM elo AW du (X ())Z,(5), Zn(s)) ds]

In view of (3.27), as the proof of (3.9), we can show that

nAT
(3.29) supE[/ e dwWdu 4 (X (5))Z(5), Zn(s)) ds] < 00.
n 0
(3.29) and (3.28) together with our assumptions on f and & imply
(3.30) supE[ sup |V (t A r)|2ef6”d<s>d*‘] < o0.
n 0<t<n

Applying Fatou lemma, (3.17) follows. [

3.3. A particular case. Let f(x,y,z): R x R x RY — R be a Borel measur-
able function. Assume that f is continuous in y and satisfies:

B.1) (1 —y)(fx,y1,2) — f(x,¥2,2)) < —c1(x)|y1 — y2|%, where ¢;(x) is a
measurable function on RY.

B.2) |f(x,y,z1) — f(x,y,22)| < c2lz1 — 22|

B.3) |f(x,y, D <|f(x,0,2)|+c3(x)(1 + |y)]).

Let D be a bounded regular domain. Define

(3.31) 7 =inf{r > 0: X, (¢) ¢ D}.
Given g € Cb(Rd). Consider for each x € D the following BSDE:
™D
Y (t) = g(Xx(tp)) + o S (Xx(s), Yx(s), Zx(s))ds
™D

(3.32)

X

- / P (Z(s), My (s)),

x
ATp

where M, (s) is the martingale part of X, (s). As a consequence of Theorem 3.2,
we have the following theorem.

P d
THEOREM 3.3.  Suppose c3 € L™ (D) for p > 5,

E, [exp(/(:D (=2c1(X () + 80%) ds)} < 00,



1518 T. ZHANG

for some § > % and

E, [/rb |F(X(s5),0, 0)|2ds] <.
0

The BSDE (3.32) admits a unique solution (Y. (t), Zx(t)). Furthermore,
(3.33) sup | Y (0)| < oo.
xeD

4. Semilinear PDEs. As in previous sections, (X (¢), Py) will denote the dif-
fusion process defined in (2.5).

4.1. Linear case. Consider the second order differential operator

@.1) L lia(<>a)+ib<)a+<>
: =- — | aij(x) — i(x) — Xx).
2 2l.j=1 0x; " 0x; i=1l 0x; 1

Let D be a bounded domain with regular boundary (w.r.t. the Laplace operator A)
and F(x) a measurable function satisfying

(4.2) |F(x)] <C+Clgx)|.
Take ¢ € C(dD) and consider the Dirichlet boundary value problem

{Lgu:F, in D,

*.3) u=gq, on dD.

THEOREM 4.1. Assume (4.2) and that there exists xo € D such that
X0

Ey, |:exp</(;rD q(X(s)) ds):| < 00.

Then there is a unique, continuous weak solution u to the Dirichlet boundary value
problem (4.3) which is given by

(4.4) u(x) = Ey [¢(X(r23)) + /O P (s))dsF(X(t)dt]

PROOF. Write
ui(x) = Ex[e(X(tp)],

and
ur(x) = E, U ° eféq(X(S”dSF(X(r))dz].
0

We know from Theorem 4.3 in [6] that u is the unique, continuous weak solution
to the problem

4.5) { Lou=0, in D,

u=q, ondD.
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So it is sufficient to show that u; is the unique, continuous weak solution to the
following problem:

Lou=F, in D,
(4.6) { u=0, on dD.

By Lemma 5.7 in [6] and Proposition 3.16 in [7], we know that u, belong to
Co(D). Let Gg, B > 0 denote the resolvent operators of the generator L, on D
with Dirichlet boundary condition, that is,

.EJC
Ggf(x)=E, [/O ? e—ﬁfeféq““))d*'f(xa))dt]
By the Markov property, it is easy to see that

Bua(x) — BGpuz(x)) = BGF (x).

Since Gg is strong continuous, it follows that
lim B(uz — BGpuz) =F
B—o00

in L2(D). This shows that us € D(Ly) € W"2(D) and Loup = F. The proof is
complete. [

4.2. Semilinear case. Letg(x,y,z): R x R x RY — R be a Borel measurable
function that satisfies:

(C.1) (31— y)(g(x,y1,2) — g(x, ¥2,2)) < —k1(x)|y1 — ¥2l?,
(C2) |g(x,y,z1) —g(x,y,22)| < kalz1 — 221,
(C3) |gx,y, )| =<C+Clgx)|,

where k1 (x) is a measurable function and k;, C are constants. Consider the semi-
linear Dirichlet boundary value problem

{Lzuz—g(x,u(x),Vu(x)), in D,

@7) u=q, ondD,

where ¢ € C(0D).
THEOREM 4.2. Assume
E, [exp(/otg (q(X(s)) — 2k1(X (s)) + Sk%) ds)i| < 00,
for some § > %

The Dirichlet boundary value problem (4.7) has a unique continuous weak so-
lution.
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PROOF. Set f(x,y,z) =q(x)y + g(x,y,z). According to Theorem 3.3, for
every x € D the following BSDE:

.L,X

U FX(5). Yis). Zo(s)) ds

/\‘ED

Ye(t) = ¢ (Xx(tp)) + i
(4.8)

X

—/t P (Z(s), My (s)),

X
ATp

admits a unique solution (Yx(¢), Z,(t)),t > 0. Put ug(x) = Y, (0) and vo(x) =
Z+(0). By the strong Markov property of X and the uniqueness of the BSDE (4.8),
it is easy to see that

(4.9) Ye(t) =uo(Xx (1)), Zx (1) = vo(Xx (1)), 0<t<1tp.
Now consider the following problem:

Llu:_f(x7u0(x)’v0(x))v in D>
(4.10) {u:go, on dD,

where L is defined as in Section 2. By Theorem 4.1, problem (4.10) has a unique
continuous weak solution u(x). As u € W2(D), it follows from the decomposi-
tion of the Dirichlet process u(X (t A 7)) (see [12, 17]) that

u(X(t A1) =X (th)) + /;::x F(Xx(s), uo(X (s A1), vo(X (s ATh)))ds

X

_ /t P V(X (s A ), dMi(s))

4.11) Ab )
=X (tp)) + MI:X F(Xx(s), Yx(s), Zx(s))) ds

— /;TD (VM(X(S A ‘L'B)), de(S)>

ATH
Take conditional expectation both in (4.11) and (4.8) to discover

Yot ATh) =u(X (1 ATh))
= E[otp)+ [T OG0 6. 260 ds|Frney |

In particular, let # = 0 to obtain u(x) = up(x). On the other hand, comparing (4.8)
with (4.11) and by the uniqueness of decomposition of semimartingales, we de-
duce that
D ™
/ (Vu(X(s/\tf))),de(s»:/
t X

X
ATp INTE

(Zx(s), dMy(s))
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for all ¢. By It6’s isometry, we have

E[(/OOO<(VM(X(S)) — Z2(9)) X(s<t8)» de(S))>2}

12 EK/OOO((W(X(SD — W0 (X () Xs<rp)- de(s)))z]

E[ /0 (@(X(5) (VX (5)) = vo(X1()),

Vu(X(s)) — vo(Xx (s))>X{s<rg} dsi| =0.
By Fubini theorem and the uniform ellipticity of the matrix a(x), we deduce that
PP (IVu — vol*) = E[|Vu(X (5)) — v0(Xx () * x(s<e)] =0

a.e. in s with respect to the Lebesgue measure, where PSD h(x) = Ex[h(X()),t <
75 ]. The strong continuity of the semigroup PP, s >0 implies that

(4.13) IVu — vol?(x) = lir%PsD(Wu —vwlH =0
s—

a.e. Returning to problem (4.10), we see that u# actually is a weak solution to the
nonlinear problem:

(4.14) {LOM:—f(x,M(x),Vu(x)), in D,

u=ao, onadD.

Suppose u is another solution to the problem (4.14). By the decomposition of the
Dirichlet process u (X (s)), we find that (4 (X (s)), Vu(X(s))) is also a solution
to the BSDE (4.8). The uniqueness of the BSDE implies that u (X, (s)) = Y, (s). In
particular, u(x) = uo(x) = Y, (0). This proves the uniqueness. [

5. Semilinear elliptic PDEs with singular coefficients. In this section, we
study the semilinear second order elliptic PDEs of the following form:

{Au(x)z—f(x,u(x)), Vx € D,

-1 u(x)lagp = ¢, Vx € dD,

where the operator A is given by

Alia(ma)ib()a “div(b)” + g (x)
= — —aji(x)— i (x) — — “div(b- X
2, 2= o\ g ) T T 1
as in Section 2 and ¢ € C (9 D). Consider the following conditions:

D.1) (31— y2)(fx,y1) — f(x,32) < =Ji(xX)|y1 — 212
(D.2) |f(x,y,2)|=<C,
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where Ji(x) is a measurable function, C is a constant. The following theorem is
the main result of this section.

THEOREM 5.1. Suppose that (D.1), (D.2) hold and
ES[exp{ f 1@ ) (X(s)), dMO(s))
0
+ ( Ji @B (xs)), dMO(s») ore,
0
(52) _ l/w(b—é)a—‘(b—13)*()(0(s))azs
. 3

+ /Om q(X%s)ds — 2f0m Ji (XO(s))ds”

<X

for some x € D, where X° is the diffusion generated by L as in Section 2 and
Tp is the first exit time of X° from D. Then there exists a unique, continuous weak
solution to equation (5.1).

PROOF. Set

t t .
Zt=exp{ fo <<a—'b)<X°<s>>,dM0(s)>+( fo ((Cl_lb)(XO(S)),dMO(S)))Ort
1 t ~ N t
(5.3) —5/0 (b—b)a—l(b—b)*(xo(s))ds+f0 q(X°(s))ds

t
—2/0 Jl(XO(s))ds}.
Put
M) = fot«a—li})(xo(s)), dM%(s))  fort>0.

Let R > 0 so that D C Bg := B(0, R). By Lemma 3.2 in [5] (see also [9]), there
exits a bounded function v € W(} "P(Bg) C W(} ’2(BR) such that

(M(t)) ory = —M(t) + NV (1),

where NV is the zero energy part of the Fukushima decomposition for the Dirichlet
process v(X°(r)). Furthermore, v satisfies the following equation in the distribu-
tional sense:

(5.4) div(aVv) = —2div(h)  in Bg.



A PROBABILISTIC APPROACH TO DIRICHLET PROBLEMS OF PDEs 1523

Note that by Sobolev embedding theorem, v € C (RY) if we extend v =0 on DC.
This implies that M and NV are continuous additive functionals of X ¥'in the strict
sense (see [9, 12]), and so is t — (M(t)) ors. Thus,

([ @ Brxen.ameon) on
=~ [(@ HE ), am )+ N0
/ (@ 'b)(X°(s)), dM°()) + v(X°(1)) — v(X°(0)) — M*(¢)
/ ((a™'B)(X°(s)),dM°(s)) + v(X°(1)) — v(X°(0))

/ (Vo(X0(s)), dM(s)).

Hence,
LV(X0(0)
Zi = LV(X0(0))
t R t
x exp(/ (@ " b—b—avv)(X°s)),dM (s)) — 2/0 J1(X%(s)) ds
(5.5)

+ ft(q — l(b —b—avVvya~'b—b— aVv)*)(XO(s))ds
0 2

+ /Ot(%(Vv)a(Vv)* —b—b, VU))(XO(S)) ds).

Note that Z; is well defined under PO for every x € D. Set h(x) = e*™ Introduce
1 Eh 9 . d

A=3Y — (al, x) ) 4 Z[b () — bi(x) = @V0); ()] —

Py 0x; Xj ax;

—(b—b,Vv)(x) + %(Vv)a(Vv)*(X) +q(x).

Let (2, F, F;, X (1), ﬁx, x € R%) be the diffusion process whose infinitesimal gen-
erator is given by

d

i= % 2:: (au (x) 8;) + Z[b () = bi(x) = @Vv)i (x)] ai’

Xi
It is known from [17] that P is absolutely continuous with respect to P)? and
dP|

dP?|x

A

Ix)
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where

7, = exp(/ot (@' —b—avv)(X°(s)), dM (s))

(5.6) »
— /0 (5(19 —b—aVvyatb—b- avv)*>(xo(s)) ds>.
Put
fa, ) =h@) fx,h @)y).
Then

O1 =y (G, y1) = f(x,2)) < =)y — y2l*

Consider the following nonlinear elliptic partial differential equation:

(5.7) {ftft(x) = —f(x,i(x)), VxeD,
u(x)|ap = h(x)v(x), Vx € dD.

In view of (5.5), condition (5.2) implies that

E, [axp(—zfm J1(X%s))ds + /TD q(X°(s)) ds
(5.8) 0 0

n /0”’ G(w)a(w)* —(b—b, Vv))(XO(s)) dsﬂ < o0,

where E, indicates that the expectation is taken under P,. From Theorem 4.2,
it follows that equation (5.7) admits a unique weak solution #. Set u(x) =
h=1(x)a(x). We will verify that u is a weak solution to equation (5.1).

Indeed, for ¢ € WO1 ’2(D), since it(x) = h(x)u(x) is a weak solution to equation
(5.7), it follows that

1 4 A[h(x)u(x)] a[h~ 1 (x)y]
2 i,/z=:1 /Dal] 2 ox; dx @

dh(x)u(x)]

-1
o B o)y dx

d A
- ; /D [b: (x) — b; (x) — (@V0); ()]
+f (b — b, Vo(x))u(x)¥(x)dx

D

1
- E/D(Vv)a(Vv)*(X)M(X)i/fdx —/;)Q(X)M(X)W(X)dx

- fD £ G u ()Y () dox.
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Denote the terms on the left of the above equality, respectively, by T1, T», T3, 1z,
Ts. Clearly,

/“’f(x) au(m%d —3 Z/au(x) au(x)a_”wd

lj 1
(5.9  += Z f a,,(x) —u(x)dx
l j=1

_— Z / au(x) ov iwu(x)dx.
l j=1 Xj

Using chain rules, rearranging terms, it turns out that

T+ T;= Z/b()

du(x)

Vdx —Z/ b; (x)—u(x)dx

Ayu)] ,

(5.10) +Z/ [bi (x) + (@V); (x)] ——— o

] 9
— Z/D(aw)i(x) % u(x)dx + Z/D(aVv)i(x) % u(x)y dx.
i=1 t i=1 !

In view of (5.4),
0
f 1B () + (@Vv); ()] [‘/”;(x)]
(5.11) .,
I oyl
—ngmvn) o
Thus,

d du(x) d oy
T2+T3——;/Db,-(x) o wdx—;/L)b,-(x)—a)Ciu(x)dx
1 o Alpu)]
(5.12) +§;/D(aw)l(x)de

d d
_E/D(aVv)i(x) g—;piu(x)dx +;/D(‘Nv)i(x)§—;u(ﬂwdx.
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After cancelations, it is now easy to see that

ou(x) 9
Ti+ T+ T+ T4+ Ts= Z/a,](x) (-)aj
i J

lj—l dx

du(x)

—Z/b(x) ¥ dx

(5.13)

d
~ 0
_Xl:/Dba_;/jllu(.X)dx—Lq(x)u(x)w(x)dx

- /Df(x,u(x))w(x)dx-

Since V¥ is arbitrary, we conclude that u is a weak solution of equation (5.1). Sup-
pose u is a continuous weak solution to equation (5.1). Put &t (x) = h(x)u(x). Re-
versing the above process, we see that & is a weak solution to equation (5.7). The
uniqueness of the solution of equation (5.1) follows from that of equation (5.7).
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