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ASYMPTOTIC BEHAVIOR OF THE GYRATION RADIUS FOR
LONG-RANGE SELF-AVOIDING WALK AND LONG-RANGE
ORIENTED PERCOLATION

BY LUNG-CHI CHEN!' AND AKIRA SAKAI2
Fu-Jen Catholic University and Hokkaido University

We consider random walk and self-avoiding walk whose 1-step distribu-
tion is given by D, and oriented percolation whose bond-occupation prob-
ability is proportional to D. Suppose that D(x) decays as |x|7d7°‘ with
a > 0. For random walk in any dimension d and for self-avoiding walk and
critical/subcritical oriented percolation above the common upper-critical di-
mension dc = 2(a A 2), we prove large-¢ asymptotics of the gyration radius,
which is the average end-to-end distance of random walk/self-avoiding walk
of length # or the average spatial size of an oriented percolation cluster at
time ¢. This proves the conjecture for long-range self-avoiding walk in [Ann.
Inst. H. Poincaré Probab. Statist. (2010), to appear] and for long-range ori-
ented percolation in [Probab. Theory Related Fields 142 (2008) 151-188]
and [Probab. Theory Related Fields 145 (2009) 435-458].

1. Introduction.
1.1. Motivation. Let go,RW(x) be the z-step transition probability for random
walk on Z4: (pgw(x) =J,.x and

D o) =@M «D)w = MND(x—y)  [reNl
yeZd

Suppose that the 1-step distribution D is Z?-symmetric. How does the th moment
> lxl” (p}zw(x) grow as ¢ — 0o, where | - | denotes the Euclidean distance? When
r=2and 0% = Do |x|2D(x) < 0o, the answer is trivial: > |x|2<ptRW(x) =0t
since the variance of the sum of independent random variables is the sum of their
variances. It is not so hard to see that ), |x|’(pFW(x) = O0("/?) as t — oo for
other values of » > 2, as long as Y, |x|"D(x) < oco. Even so, it may not be that
easy to identify the constant C € (0, co) such that (3, |x|’(pfw(x))l/’ ~ CA/t.
Here, and in the rest of the paper, “f(z) = O(g(z))” means that |f(z)/g(2)] is
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bounded for all z in some relevant set, while “ f(z) ~ g(z)” means that f(z)/g(z)
tends to 1 in some relevant limit for z.

Let « > 0, L €[1, 00) and suppose that D(x) ~ |x/L|*d*"‘ for large x such
that its Fourier transform ﬁ(k) =D re7d ek D(x) satisfies

1+ O((LIkD®), a#2,

1
log —— + O(1), =2
OguH+ (D o

(1.2) 1 — D(k) = vg [k|*"? x

for some vy, = O(L"”\z) and € > 0. If o > 2 (or D is finite-range), then v, =
02/(2d). As shown in Appendix A.1, the long-range Kac potential

_ hG/L)
> yezd h(y/L)
defined in terms of a rotation-invariant function % satisfying

1 O0((xI V)P
hO) = v e

(1.3) D(x) [x € Z4],

[x € RY]

for some p > €, satisfies the above properties. Notice that ), |x|"D(x) = oo for
r > « and, in particular, 02 = 00 if & < 2. This is of interest in investigating the
asymptotic behavior of ), |x|’go,RW(x) for all r € (0, @) and understanding its
«-dependence.

In fact, our main interest is in proving sharp asymptotics of the gyration radius
of order r € (0, ), defined as

(r) _ <erzd |x|’(pt(x)>1/r
t erZd @ (x) ’

where ¢, (x) = P2V (x) is the two-point function for ¢-step self-avoiding walk
whose 1-step distribution is given by D, or ¢;(x) = <p,OP (x) is the two-point func-
tion for oriented percolation whose bond-occupation probability for each bond
((u,s), (v,s + 1)) is given by pD(v — u), independently of s € Z,, where p >0
is the percolation parameter. More precisely,

t
(szW(x)E Z HD(ws_ws—l)’

W:0—>x g—]
(lwl=t)

t
oWy = Y [P —ws—1) [ 0 =800,

W0—X g=1] O<i<j<t
(lo|=r)

9OP (x) =P, ((0,0) — (x,1)),

(1.4) ¢ (x)=

where []o<; - jf,(l — Sw;0 i) is the self-avoiding constraint on @ and {(o, 0) —
(x,1)} is the event that either (x,?) = (0, 0) or there is a consecutive sequence
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of occupied bonds from (o, 0) to (x, ¢) in the time-increasing direction. The gy-

ration radius ét(r) represents a typical end-to-end distance of a linear structure of
length ¢ or a typical spatial size of a cluster at time ¢. It has been expected (and
would certainly be true for random walk in any dimension) that, above the com-
mon upper-critical dimension d. = 2(« A 2) for self-avoiding walk and oriented
percolation, for every r € (0, ),

(1.5) (,)_{0(:1/(“2)), a#2,
' LTl o(Wrlogt), a=2.

Heydenreich [5] proved (1.5) for self-avoiding walk, but only for small r < o A 2.
Nevertheless, this small-r result is enough to prove weak convergence of self-
avoiding walk to an «-stable process/Brownian motion, depending on the value
of o [5].

As stated below in Theorem 1.2, we prove sharp asymptotics (including the
proportionality constant) of > [x1]|"¢/(x)/ ", ¢:(x) as t — oo, where x; is the
first coordinate of x = (x1, ..., x4), and show that (1.5) holds for all r € (0, ),
solving the open problems in [3, 5].

1.2. Main results. Let m. > 1 be the model-dependent radius of convergence
for the sequence ), ¢;(x). For random walk, m. =1 since ), <ptRW(x) is always
1. For self-avoiding walk, m. > 1 due to the self-avoiding constraint in (1.4) and,
indeed, m, =1+ O(L_d) for d > d. and L >> 1 [6]. For oriented percolation, m
depends on the percolation parameter p [i.e., m. = m(p)] and was denoted by
mp in [2, 3]. It has been proven [2] that m.(p) > 1 for p < pc, and m¢(pc) = 1 for
d > d. and L > 1, where p, is the critical point characterized by the divergence
of the susceptibility: > 703> c7a (p,op(x) ? oo as p 1 pe. It has also been proven
[2] that pme =14 O(L™9) for all p < pe.

Let Ct and Cyy be the constants in [2, 3, 5] such that, as t — o0,

ik;~x o
(16) Z wt(x) ~ Clmc—l’ ZXEZd € (pl(x) -~ e_cnlkl AZ’
xezd 2 vezd ¢1(x)
where
~1/(@A2)

(17) k=kx | Qa7 @A

(vatlogv/1)" /%, a=2.
Because of this scaling, we have CRY = CRW = 1 for random walk. For self-

avoiding walk and critical/subcritical oriented percolation for d > 2(x A 2) with
L > 1 (depending on the models), it has been proven that the model-dependent
constants Cy and Cyy are both 1 + O(L~9) [2, 5] and that the O(L~%) term in Cy
exhibits crossover behavior at @ =2 [3, 5]. We will provide precise expressions
for Cy and C7y at the end of Section 1.3.

Our first result is the following asymptotic behavior of the generating function
for the sequence ), |x1|" ¢ (x).
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THEOREM 1.1. Consider the three aforementioned long-range models. For
random walk in any dimension d with any L, and for self-avoiding walk and criti-
cal/subcritical oriented percolation for d > d. = 2(a A 2) with L > 1 (depending
on the models), the following holds for all r € (0, &): as m 1 mc,

- i r/(an2)
th Z lx1]| @ (x) = 2sin(rm /(e v 2)) T +1) C1(Crivy)

=0 xezd (¢ A2)sin(rm/a) (1 — m/mg) 1 +r/@r2)

(1.8) .
m
1+0<(1——) ), o #2,
me
/2

1 r

for some € > O when o # 2. The O (1) term for o =2 is independent of m.

X

It is worth emphasizing that, although Ci, C11, m are model-dependent, the for-
mula (1.8) itself is universal. Expanding (1.8) in powers of m and using (1.6), we
obtain the following theorem.

THEOREM 1.2. Under the same condition as in Theorem 1.1, as t — o0,
Y ocezd X1 @i (x) N 2sin(rm /(o Vv 2)) 'r+1)
Y rezd @i (x) (x A2)sin(rm /o) T'(r/(@ A2) 4+ 1)
(Cﬂvat)r/(a/\z), o F2,
(CHvzl‘ log \/;)r/Z’ oa=2.

(1.9

We note that Cyy is the only model-dependent term in (1.9). As far as we are
aware, the sharp asymptotics (1.8) and (1.9) for all real r € (0, ) are new, even
for random walk.

Although we focus our attention on the long-range models defined by D that
satisfies (1.2), our proof also applies to finite-range models, for which « is consid-
ered to be infinity.

Using |x1|" < |x|" < d"/? Z?:l |x;|" and the 74 -symmetry of the models, we
are finally able to arrive at the following result.

COROLLARY 1.3. Under the same condition as in Theorem 1.1, (1.5) holds
forallr € (0, ). In particular, when r =2 < «,

@ 2
(1.10) 57 ~ \Cuo.

As mentioned earlier, (1.5) has been proven [5] for self-avoiding walk, but only
for small r < o A 2. The sharp asymptotics (1.10) has been proven [7] for self-
avoiding walk and critical oriented percolation defined by D that has a finite (2 +
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€)th moment for some € > 0. Our proof is based on a different method than those
used in [5, 7]. It is closer to the method, explained in the next subsection, used in
[8] for finite-range self-avoiding walk and in [9] for critical/subcritical finite-range
oriented percolation.

We strongly believe that the same method should work for lattice trees. Any two
points in a lattice tree are connected by a unique path, so the number of bonds con-
tained in that path can be considered as time and we can apply the current method
to obtain the same results (with different values for Ct, Cyy). As this suggests, time,
or something equivalent, is important for the current method to work. For unori-
ented percolation, for example, it is not so clear what should be interpreted as time.
However, if D is biased in average in one direction, say, the positive direction of
the first coordinate, then x| can be treated as time and, after subtracting the effect
of the bias, we may obtain the results even for unoriented percolation.

1.3. Outline and notation. In this subsection, we outline the proof of Theo-
rem 1.1 and introduce some notation which is used in the rest of the paper. We also
refer interested readers to an extended version of this subsection in [11].

One of the key elements for the proof is to represent the left-hand side of (1.8)
in terms of the generating function (i.e., the Fourier—-Laplace transform) of the
two-point function. We now explain this representation.

Given a function f;(x), where (x, 1) € Z% x Z., we formally define

fleom)y=Y"m" Y fi)e™™  [kel[-m 7]’ m=0]

t=0 xezd

We note that ¢ (k, m) is well defined when m < m (recall that m. > 1, as explained
at the beginning of Section 1.2). Let

8" f (k,m)
ok}
Then, for r =2j < o (j € N), we obtain the representation

Somt Y x fi) = (=DIVY F0,m).

t=0 xezd

[l e[-n, 1% neZy).

(1.11) ", m) =

k=l

For r € (0, A 2), we generate the factor |x1|” by using the constant K, €
(0, 00), as follows (see [3]):

[ 1—cosv _. [ 1 —cos(uxy)
(1.12) Krz/(‘) de:b‘-” r/(; Tdu.

Suppose from now on, that f; is Z¢ —symmetric Then,

St Sl fi) = K/ H,Z 37 (1 = cos(ux1)) fy(x)

t=0 erd =0 XGZd

== f S (FO.m) — faim),
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where i = (1,0, ...,0) e RY. Let

f(k—H,m) + fk—1,m)
2

Alf(k, m) = f
(1.13)

Z Y (1—cos(l - x)) fr(x)e'™ .

xeZd

We note that A; f (k, m) is equivalent to _TIAZ f (k, m) in the previous papers (e.g.,
[2, 3]). In particular,

A1 f©O,m)= f©0,m)— fl,m).
Therefore, for r € (0, A 2),

o du -
S lellfz(x)—Kf A f 0. m).

t=0 xezd

Forr=2j+4+q <a[jeN,q e (0,2)], we combine the above representations as

Zm Z Ix1 1219 f,(x) = X, / 1+q Z Z l—cos(uxl))x1 ft(x)

t=0 xezd xezd

—1)/ roo d . Ca L
- (K) fo ulzq (Vi £0,m) — Vi fid, m))
q

(=1
-

Ry
| Ay F0.m).

From now on, as long as no confusion arises, we will simply omit m and ab-
breviate f(k,m) to f (k). Then, the above three representations are summarized
as

dom' Y nal fix)
t=0  xezd
(—1)IVI )  [r=2j<a, jeN],
(=17 o du o _gj»
| Bt fo

Ky
[r=2j+q<a,jely qe(0,2)]

(1.14)

Also, we will abbreviate f (k, m¢) to fc(k) whenever it is well defined. Moreover,
we will use the notation

af(k, m)

om

O fo (k) =

mimg
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Another key element for the proof of the main theorem is the lace expansion
(see, e.g., [12], Sections 3 and 13),

t
(1.15) @ (X)) =L (x) + > _(Js % 9—) (x),

s=1

where, for t > 0,

(1.16) I,(x) = { fgé(i)‘s(t),c(;: (R)K/SAW’
and forr > 1,
D(x)és1, RW,
(1.17) Ji(x) = { Db, 1+ N (x),  SAW,
(@2 % pD)(x), OP.

Recall (1.1) for random walk. For self-avoiding walk and oriented percolation,
ntSAW (x) and y'rtOP(x) are (alternating sums of) the model-dependent lace expan-
sion coefficients (see, e.g., [12] for their precise definitions). By (1.15), we obtain

(1.18) Gk)y = I(k) + J (k) (k).

From this, we can derive identities for the “derivatives” of ¢ in (1.14). For example,
Aip(0) = §(0) — @) = 1(0) + J(0)p(0) — (I (@) + J (@)@ (i)

Al (0) + J(0)§(0) — J () (i)

(1.19) . - . -
= Ai1(0) + @(0)A;J(0) + J (1) Az p(0)
1 - A N
=————(A;1(0) + @(0)A; J(0)),
i B0+ 90T 0)

where the last line has been obtained by solving the previous equation for A;¢(0).
Hence, for r € (0, a A 2),

> 50) [ du A;J(O
dom' Y] |x1|’go,<x>=“’lgr) /0 v 2al©)

T+ .
=0 rezd wl— J(u)

(1.20)

N 1 /oo du A;1(0)
K- Jo w1 — Gy

It is known [2, 6] that as long as d > d. (and L > 1), it is easier to tame [ and J ,
up to m = mc, than to tame ¢. We will thus be able to analyze the integrals on the
right-hand side of (1.20) and prove the main theorem.
Before closing this subsection, we provide the following representations for the
constants Cy and Cyy in (1.8) in terms of I, and J.:
a2y =0 o L gy A6RO)
M O Jc(0) me 9y Jc(0) k=0 ArD(0)
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In Section 2, we will explain the heuristics for the derivation of these representa-
tions.

1.4. Organization. In the remainder of the paper, whenever we consider self-
avoiding walk and oriented percolation, we assume d > d. and L > 1, as well as
p < p. for oriented percolation.

The paper is organized as follows. In Section 3, we prove Theorem 1.1 for
r € (0, A 2) (Section 3.1), for r =2j < o with j € N (Section 3.2) and for
r=2j+q <o with j € N and ¢ € (0,2) (Section 3.3) separately, assuming
Propositions 3.1 and 3.2. We prove those key propositions in Section 4.

We strongly believe that the results for self-avoiding walk and oriented percola-
tion are the most important and interesting parts of this work. However, for those
who are more interested in random walk, we make the following suggestion: read
up to Section 3 for the proof of Theorem 1.1, where Propositions 3.1 and 3.2 are
used. However, Proposition 3.1 and a part [i.e., (3.15)] of Proposition 3.2 are trivial
for random walk. The remaining part [i.e., (3.16)] of Proposition 3.2 is the result
of Lemma 4.1, which is proved in Section 4.1.

2. Preliminaries. In this section, we review in outline the derivation in [2, 3,
5] of the constants C and CH During the course of this, we summarize the already
known properties of [ and J and introduce some quantities used in the following
sections.

We begin by solving (1.18) for ¢(k), which yields

] (k)
2.1 k)= ——7+—,
(2.1 @ (k) =@
where, by (1.16) and (1.17),
1, RW/SAW,
22) f0={iorg.  op
. mQ(k), RW,
(2.3) J(k) = mD(k) + 758V (k),  SAW,
AP (k) pm D (k), OP.

It is known [2, 6] that
24 ASVo=owLHm?,  FP%) —1=0@H(pm)?,

vyhere the AO (L*d) terms are uniform in k£ € [—, n]d and m < m.. Therefore,
I (k) and J (k) are both convergent for all k € [—, 714 and m < m.. However,
since ¢(0) diverges as m 1 m., we can characterize m. by the equation

mCa Rw’

(2.5) 1=Jo(0)={ mc +734W(0),  SAW,
29%(0) pme, OP.
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Using this identity, we obtain that, as m 1 m (see [2, 5] for the precise argument),

R 1 (k)
¢(k) = — . . A
Je(0) — Jo(k) + me((Je (k) — J (k) /(me — m))(1 —m /m¢)
N L (k)
ArJe(0) + me d Jo (k) (1 — m/m¢)
_ I (k) = ( me O Je (k) g)’
 ART0) + me S (k) T\ ApJe(0) + me O Je (k) me)
hence,
o lek) .
2O S BT 4 et
(2.6) _ .
( Ay Je(0) )
x|1——— — .
Ach(O) + mc am Jc(k)
In particular, at k =0,
Lo
2.7 ~_
@D xe% L N

which yields the representation for Cy in (1.21).

In the above computation, we have used the fact that the quantities such as
me O, fC(O) and Akfc(O) are all convergent uniformly in k € [—m, 7]1%. To see
this, we note that, by (2.3),

meD(k), RW,
2.8)  medpJe(k) = { mD(k) + me 3wV (), SAW,
(7OP (k) + me dmm OV (k) pmcD(k),  OP,
o mArD(0), RW,
(2.9) ArJ(0) = mAkD(0)+Ak7%SAW(O) SAW,
(7OP(0) Ax D(0) + D(k) A 7O (0)) pm OP.

However, it is known that 75W and 7P both satisfy

2.10)  |mednAc()| <D tmh Y |m(x)] < O(L™),

t=0 xezd

@2.11) A @] <3 ml 3 (1 —costk -x) | (0] < 0L~ AD(O)

t=0 xezd

for all k € [—m, n]d and m < m. for the latter (see [3], Proposition 1, [5], the
paragraph below Theorem 1.2 and [6], Proposition 4.1, with an improvement due
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to monotone convergence). By these bounds and using (2.4) and (2.5) and the fact
that mEAW and pm?P are both 1 + O(L~?) (see the beginning of Section 1.2), we
conclude that m¢ 9, J.(0) = 1 + O(L™%) and Ay J.(0) = O(AxD(0)).

Moreover, it has been proven [2, 3, 5] that there exist € = €(d,«) > 0 and § =
8(d, ), which is zero if « =2 and > 0 if o # 2, such that 754W and 7°P both
satisfy

o0
Zt1+e ! Z |77 (x)| < 00, Zmé Z X272 77, ()| < o0.

xeZ4 =0 xezd

These bounds imply (see [2], equations (6.13) and (6.14), [3], equations (3.3)—
(3.4), [5], equations (2.25)—(2.28) and (2.64)—(2.70))

2.12) Je(©) = J(O) _ Me 3y Je(0) + 0((1 _ ﬁ>e>,
1 —m/mg me
o O (lk|%), o2,
(2.13) MOy, 1
ArD(0) (l/log m) o =2,

where the error terms in (2.13), which are zero for random walk, are uniform in
m < m¢ and where M = M (m) is defined as

m, RW,
ViASAV(0)
(2.14) m= " T gy e SAW.
. = —20q
. V27’§[0P(0)
(T[OP(O) + 171{a>2})pm, OP.
—2vqy

The crossover terms, which are proportional to 142}, converge forall m <m. [3,
5]. By (2.6) and (2.7) and (2.13), and using lim;_, oo tAkt D(O) |k|°“\2 due to the

scaling (1.7), we obtain that, as t — oo,
Yrezd @i (x)et
> xezd 9r(x)
N (1 MO
Ar, Je(0) + mc 3y Je(ky)

t
) reomen
~exp< Ak’JC(O) ) [1—7t~e Tast — 0]
M Oy ]C(O)

( A, Je (0)
m Jc (O) Ak, D(O)

( |O(A2)
¢ O Jc<0) ’

D(O))



ASYMPTOTIC BEHAVIOR OF THE GYRATION RADIUS 517
where M. = M (m.). This yields the representation for Cyy in (1.21).

REMARK. It is natural for some readers to wonder why we do not directly
prove (1.9) by using the formula (2.6) for ", ¢; (x)e’**, instead of proving the
asymptotics (1.8) of its generating function and expanding it in powers of m.
In fact, the first-named author was able to derive an asymptotic expression for
> 1x11"@:(x) using (2.6), but the proportionality constant was in a rather com-
plicated sum form. We then concluded that using (2.6) would not be an ideal
method for deriving the simplest possible display of the proportionality constant
and started searching for another method. That turns out to be the use of the gen-
erating function, as explained in this paper. Later, the first-named author proved
that the aforementioned sum form is indeed an expansion of the proportionality
constant in (1.9).

3. Proof of the main results.

3.1. Proof of Theorem 1.1 forr € (0, A2). In this subsection, we prove The-
orem 1.1 for r € (0, @ A 2). We will discuss the case for « # 2 and that for « =2
simultaneously, until we arrive at the point where we require separate approaches.

First, we recall (1.14) and split /° into [y’ and Ji° for a given U > 0. Using
(1.19) for the former integral [as in (1.20)] and (1.13) for the latter, we obtain

Somt Y xl )

1=0 xeZd

_ 90 [V du A;J(0) L 1 (U du A;1(0)

3.1 R
G-D K. Jo w1 jay Koo w1 @
1 > du
 uler Zm Z (1 —cos(ux1))g: (x).

xezd

We note that, by (2.2) and (2.11), Akl (0) = 0 for random walk and self-avoiding
walk and Akl 0) = O(AkD(O)) uniformly in m < m, for oriented percolation.
Since AkJ(O) is also O(AkD(O)) uniformly in m < m, [see (2.9)], the integrals
in the first two terms of (3.1) are of the same order and therefore the first term
dominates the second term as m 1 m., due to the extra factor ¢(0), which exhibits

o I(0) + O(1 —m/m.)
Jo(0) = J(0)  medpmde(©)(1 —m/me) + O((1 — m/me)1+€)

Ci m —1+4e€
- Sl(-2) )
1—m/m¢ mc

where the first equality is due to (2.1) and (2.5), and the second equality is due to
(2.10) and (2.12). These estimates are valid independently of » and thus used in

¢0) =
3.2)



L.-C. CHEN AND A. SAKAI

518
the later sections as well. By the fact that 0 < 1 — cos(ux;) < 2, the last term in
(3.1) obeys
1 o0
0+ |, o St Y (1 = costux)e (o)
t=0 xezd
(3.3)
2<p(0)  du 2<p(0)
./ ultr T Ker

We will choose U to be relatlvely small so as to make the first term in (3.1) domi-

nant.
Next, we investigate the integral part of the first term in (3.1)
34) fU du  AzJ(0) /U du A;J(0)
0 o u* J.0) = J )+ Az J©)

1+r 1 J(u)

where we have used (2.5). By (1.2) and (2.13), we have that, for small u
Mvaua/\Z + 0(MaA2+€), o ;é 2,

A;J () = AiJ ) A; D) = 1
‘ A;D(0) Muvyu®log — + O (u?), a=2
u
for some € > 0, where the error terms are uniform in m < m.. Let
Je(0) — J (O
45) _ Je0) = J ()
Muv,
Then,
Az J(0)
Je(0) — J(0) + Az J (0
3.6) c(0) = J(0) + A;J(0)
ua/\2 O(Ma/\Z-i-e)
n + MO{/\Z m + u(x/\Z o ?é 2’
u?log1/u O u?)
, a=2.
w~+u?logl/u

w~+u?logl/u
We now investigate the integral (3.4) for « # 2 and o = 2 separately, using (3.6)

and the following proposition.
Under the same conditions as in Theorem 1.1

PROPOSITION 3.1.
m €
M

(3.7)
_ 14+€
(3.8) = Lo m/me m/mc+0(<1—ﬁ) )
Crivg nc

for some € > 0, where M. = M (m.).
The proof is deferred to Section 4. We note that these estimates are trivial for

random walk.



ASYMPTOTIC BEHAVIOR OF THE GYRATION RADIUS 519

3.1.1. Proof for o # 2. We assume that € < r, without loss of generality.
By (3.4) and (3.6) for « # 2, we have that, for small U,

/U du AgJ(0) /U du( uNZT O(MW—’+€))
0 ul-‘r}" 1 _ j(ﬁ) - 0 M + uOl/\Z l"L + uOl/\z

Oodu ua/\Z r o du ua/\Zfr
_./ u o+ uen? /U u o+ uen?
U du O(M(xAZ—I—e—r)

o

(]]‘{MZMW\z} + ]].{M<uom2})

©du u (r—€)/(@A2)
—r —(r—e aN
_/ - M+uw2+0(U )+ O(u ).

Let U = ,u(l_e/’)/(‘“z), which is indeed small as m 1 m, due to Proposition 3.1.
By the change of variables u*"\? = uz, we obtain
M(lfe/r)/(otAZ) du A j(o)

oo du ucx/\Z r o 5
3.9 —/ » ;L—i—u"“\z + O(M (r—e)/(an ))

— 2 1— 2
= —M reny e %Z ren + O(Mf(rfe)/(a/\Z))
an?2 Jo z 14z '

However, by the standard Cauchy integral formula, for g € (0, 1),

dz z'7F [ dz Z1=F
-%/1?14‘2_ y2?1+z
where, as depicted in Figure 1, the contour y; consists of two line segments, an
arc of the circle with smaller radius § € (0, 1) and an arc of the circle with larger

radius R € (1, 00), and the contour y» is the circle centered at —1 with radius
smaller than 1. On the other hand, by taking § — 0 and R — oo, we obtain

dz 718 , 0 dy 71=8
lim ¢ == :(1—e*2’“ﬂ)/ =2

(3.10) =2ri(—1)"P =2mie P,

R—ooJy z 142 2 1+7
§—0
Therefore,
/‘00 dz z'7# _ 2rie” TP o
0 zl+z 1—e 21 sin(Br)’
which implies that
/M(lﬁr)/(mm du Aﬁj(o) = T —r/(an2)
0 Wt 1~ Ja) (@ A2)sin(rw/(e A2))

+ O(M—(r—é)/(otAZ))‘
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A

2 st

FI1G. 1. The contours y| and y; in the complex plane.

Finally, by substituting (3.9) back into (3.1) and using (3.2) and (3.8), we con-
clude that there is an €’ € (0, 1) such that

m X X) =
O = @ A 2y sinGr /(A 2) (1= mme) 7R

=0 xezd
m —1—r/(an2)+€
+ 0((1 - —) )
ne

However, since (see Appendix A.2)

(3.11)

1 . T
(3.12) nK. " =2I'(r + 1)sm7,
this completes the proof of Theorem 1.1 for 0 <r <o A2 with a # 2.

REMARK. Although the proportionality constant (2sin 775)/((a A 2) sin 7-)
in (1.8) looks slightly different from the constant (2sin 3%) /((ex A 2) sin 775) de-
rived from (3.11) and (3.12), they are equal when 0 < r < o A 2. The reason why
we have adopted the former in the main theorem is due to its applicability to larger
values of r < «, which the latter lacks (e.g., take r =3 < ).

3.1.2. Proof for « =2. The proof for « =2 is slightly more involved than the
above proof for o # 2, due to the log corrections in (3.6). By (3.4) and (3.6) for
o = 2, we have that, for small U,

/U du AzJ©O) /U du ( u?"log1/u Ow?™) )

o wt1—ja) Jo u\u+ullogl/u = p+ulogl/u
B /U du w?>logl/u  OWU?*™)
~Jo u pw4utlogl/u m

il
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where we have obtained the error term by simply ignoring uzlog% > 0 in the
denominator. Let U = ,/u, which is small as m 1 m., as required, due to Proposi-
tion 3.1. By the change of variables u? log % =z, we obtain

VE du A; 7O VEdu u? " logl
‘/(‘) u u () _A _u u g /Lt +0(M—r/2)

W — Ja) u pn+u?logl/u
—r/2  plogl 1—r/2 2
_ W el dz 22 (og 1 /u(2)) Lo,
2 Jo z 1+z

Note that, by taking the logarithm of u?log 1/u = uz and using the monotonicity
of (loglog1/u)/log1/uin0 <u < /u < 1, we have

L B loglogl/ﬂ)) 1
log e <1 + O( log 1/ log N

Therefore,

/ﬁ du A;J(0)
o ut1— @)
w2 (1 N 0<loglog 1/ﬁ)) /logl/ﬁ %Zl_rﬂ(log 1/ Juz)?
2 logl/u 0 Z I+z
+Oou ).

Suppose that log ﬁ > 1. Then, by the Cauchy integral formula (see Figure 1),

?g dzz' " (log1//p2)"* _ yg dzz'""(logl//p2)"?
Y1 V2

Z 14z Z 14z
:2yrz'e_7”‘r/2<logL - ﬂ>r
Ji 2

2
=2mie T2 <log %)r/ + 0(1),
"

where, as in (3.10), the contour y» is the circle at —1 with radius smaller than 1,
while the contour y; contains an arc of the circle with radius § € (0, 1) and an
arc of the circle with radius R = log ﬁ On the other hand, by taking § — 0, we
obtain

1—-r/2 log 1 r/2
lim ?g dzz (log1//1n2)
1

§—0 z 1+z

(1— e /log VVE dz 2172 (log 1/ /uz)"?
frnd — e —
0 Z 14z

+ O(D),
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where the error term is independent of w. Therefore,

flogl/ﬁ dz 2! 72 (log 1/ /uz)"* 2m’e—ﬂif/2<
0

1 r/2
log —) 4+ O(1)

z 1+2 Cl—eT N/
T 1 1\/?
=— " (log— o),
sin(rﬂ/Z)(Ogﬁ> oW

which implies that

VE du A;J(0) 1 1 \"/2
3.13 / u ~ = - r/2<10 —_ ) + 0 7"/2 ,
G i e = Zsinea)" SN W=

where we have used

loglogl/ﬁ>< L)r/z B y
0<—log m log N =o0(1) [..r<2]

Finally, by substituting (3.13) back into (3.1) and using (3.3) with U = /i, we
obtain

Zm > il e = (9(0) + 0(1)

t=0 xezd

—1

72100 ——
2s1n(r71/2) H ( 8

1 r/2
)
+¢00 1.
Combining this with (3.2), (3.8) and (3.12) yields (1.8) for « = 2. This completes
the proof of Theorem 1.1 for 0 <r <a =2.

3.2. Proof of Theorem 1.1 for r =2j < a [j € N]. In this subsection, we
prove Theorem 1.1 for positive even integers r = 2j < «. First, we recall (1.14)
forr=2j:

w . . .
Yom' Y 2 o) = 1)V §(0).
t=0 xezd

Differentiating (1.18) and using the Z?-symmetry of the models [so that V{’f )
and V{¢(0) are both zero when 7 is odd], we have

J .
2j A 2j 7 5 2j A 2 A 2(j=D) ~
Vi/40) =V 10)+ J OV 60+ ( 5 ) v i OviV 0.
=1
Solving this equation for V12 J ¢(0) and using (2.1) for k = 0, we obtain

3.14) VI§(0) = (pzoi <v211(0)+2( )v”J(O)vz“ ’”(0))

To identify the dominant term of the right-hand side, we use the following
proposition.
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PROPOSITION 3.2. Let o > 2 and (¢) = max{j € N: j < a} (note that () =
o — 1 if a > 3 is an integer). Under the same conditions as in Theorem 1.1,

o0
dom' Y x| o), 0<v<2,
=0 xezd 1—v/2+€
G15) o _IO((l—ﬁ) >, 2<v<a
me

domt Y x| (x)]

t=0 xezd
for some € > 0. Moreover,
Vi@ (k, me'®)|
m —1-n/2
0((1—m—+|9|+|k|2) > n=0,1,2,

C

<
| oW =m/me)' ")
(I —m/me+10] + k1%’

where the O ((1 — mﬂc)l_”/z) term is uniform in (k,0) € [—m, T4+,

(3.16)

We will use this proposition again in the next subsection to prove Theorem 1.1
for the remaining case: r = 2j + g, where j € N and ¢ € (0, 2). The proof of
Proposition 3.2 is deferred to Section 4. Note that (3.15) is trivial for random walk.

Now we resume the proof of Theorem 1.1 for r = 2. Notice that

(3.17) IVETO <Y m" > x5 ()]

t=0 xezd

and that a similar bound holds for /. By (3.14)—(3.16), we have the recursion

V2 5(0) = on; (Vf"i<0)+(2j )v%f<0)v12”‘”¢(0>

2
2 )1 by

_ (2J-> v? J(O) A(O)VZ(J D50) + 0(( B ﬁ>—1—j+e)
2) [ e '

where the first term is O ((1 — mﬂc)_l_j ), which is dominant as m 1 m.. Repeated
use of this recursion then yields

, i P V2J(0
Wi =(¥) (5 (Faso) 0

cof(=5) )
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J 2l>(V12f(O)A j—1 5. m —1—j+e
) (o) i1 2) )
g<2 i * 1 me

L Y (e B

27\ J ) me
However, by comparing (1.11) and (1.13), and using (3.7), we have
. ArJ (O
V2] (0) = —2v, lim = 'O _ M

“k=0 A, D(0)

m O\ €
= v M+ 0((1 - _) )
me

Recall that / 0) = fc O)+01 - mﬂc) [cf. the numerator in (3.2)]. Therefore,

VIO _ ), M + 0((1 - ﬂ)6>

o 10 0 W
= 2y, 4 0((1 - ﬂ) ) [ (1.21) and (2.13)],
Cr Mme
hence

: j i1 —1—j+e
\Y 0)=———2v,— —_— of(1——
e 27 Ve Cr 1 —m/me + me

m C1(—Crrvg)’ m\ It
=r@j g +0<(1—m—c) )

This completes the proof of Theorem 1.1 for positive even integers r =2j < «.

3.3. Proof of Theorem 1.1 forr =2j +q <a [j €N, g € (0,2)]. In this
subsection, we prove Theorem 1.1 for the other values of r < a: r =2j + g with

jeNandq € (0, 2). First, we recall (1.14):

S . (=17 [ du - _oj,
(3.19) dom' Y xil"e(x) = X / 7 2 Vi 9(0),
t=0  xezd g 70 U

where, by (1.18),
A 2./\ N 2.;\ -
AaVii§0) = VP90 — Vg

2%
P o 27 (o 3 o2 A
=V 10 - v i+ ( 7 ) (VI F OV ™" $(0)
n=0

N 2'_ ~n >
—VII@)Vy "))
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Solving this equation for A;,ij ¢(0) and using (2.1) for k =0 and V{’JA 0) =

for odd n, we obtain

Aavig0) = ‘;(gi (A iV 1(0) +Z( )vZ’J(O)A ViV (0)

2j .
2 N
+Z<,,J> v TG A; VIJ(O))
n=0
Substituting this back into (3.19) yields

Yom' Yl g (x)

=0 xezd

O (s (3 5 () ),

(3.20)

where

—1)/ roo du - . 0
Gan  m0=! )/0 RV IO =3 m' Y [l ).

I+qg
K‘] u t=0 xeZd

(=1)/ [ du A~ _2(i=D) A
Hy) = fo Vi 0A: VY90

K, ulta
(3.22) ) o
=(=D'VETO)Y m' > Il e (x)
t=0 xezd
and
(3)_(_1)j /oo du 2] n oA n
H,” = K, o wr Vi TGy A V7T (0)
o0 2
(3.23) = > om0y ()
5,1=0 x,yezZAd

% du sin(ux1) sin(uyy), odd n,
K / 1+q cos(uxy)(1 — cos(uyr)), even 7.
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Next, we isolate error terms from (3.20) using Proposition 3.2. First, by (3.15),
we have

o0 m \ T2+ e
G2  |HO[<Ym' Y |x1|’|1f<x)|so(<1——) )

1=0  xezd e

which gives rise to an error term.
Next, for H2$12), where r — 2l =2j4+q — 2l <2j 42— 2] < «a, we first apply
Jensen’s inequality and then (3.16) to obtain

Yom' Y gy (x)

t=0 xeZ4

- .
< (@ 0 Yom' Y g [ g (x)

=0 xezd

(r—20)/(2j+2-21)
) ¢(0)

(3.25)

2j42-21 » (r—=20)/(2j+2-2I)
|V ¢(0)] .
- (Mt $(0)

¢(0)

m \ —@iF2-20) /24 (r=21)/(2j+2-21) m\ -l
<O(|l—— o({1——

me mc

m \ —1=(r=2D/2
= 1— — .

me

Combining this with (3.15) and (3.17) yields
—r/2
T N N
(3.26) \H| < Me

—r/2+e
0((1—ﬁ> ) 1=23,...,].
e

Finally, for H,§3) withn > 2 (H(?) and H 1(3) will be investigated in detail later),
we use

o du . . - % du 2 1
. | St sinxn sinyn) < [ S utnnl A1)
= 0(lxin|??),
© du ©  du u2y12
. /0 u1—+q|cos(ux1)(l — cos(uyy))| < /0 e ( 5 A 2)

=0(nl"),

which are due to the naive bounds |sinw| < |w|A 1, |cosw| <1 and |l —cosw| <
”’72 A 2. By (3.27) and (3.28) and using Jensen’s inequality for odd #, as in (3.25),
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we obtain
< |V124i—n+1¢)(0)| ) (2j—n+q/2)/(2j—n+1)
9(0)
o0
HO| < x> om® Y "), odd n,
" - s=0 yeZd

2j a
v/ (0)|Zm 3 ")), even n.
s=0 yeZd

¢(0)

Then, by Proposition 3.2 and using 2j + g = r, we obtain

—r/2+€
(3.29) |H,§3>|§0((1—ﬂ> ) n=2,3,...,2j].

ne

Now, by (3.20), (3.24), (3.26) and (3.29), we arrive at

St Y a0 = Eg) (%) 2+ u2+ (3 ) )

=0 xezd )

m —1—r/2+e€
+ 0((1 - _) )
me

Finally, we reorganize the main term of (3.30) and complete the proof of Theo-
rem 1.1. First, we note that

(3.30)

cos(u(xy — y1)) —cos(u(xy + y1))

sin(uxy) sin(uyy) =

2
_ I —cos(u(x1 + y1)) — (I —cos(u(xi — y1)))
= > ,
cos(uxy)(1 — cos(uyr)) = cos(uxy) — cos(u(xt +y1)) —; cos(ulxi = y1))
(I —cos(u(x1 +y1))) + (1 —cos(u(xi — y1)))
B 2

— (1 — cos(uxy)).
Then, by (1.12), we have the identities

L/OO du sin(ux)) sin(u )_|X1+y1|q—|xl—)’1|q
K I+gq : = 2 '

lx1 + y119 4+ |x1 — y1|? = 2|x1 4
5 .

%, / cos(uxl)(l — cos(uyy)) =

By these identities and the fact that r = 2j 4 ¢, we obtain

2j -
( J ) H? + Hy? +( )H(” S Y (0 4 H e ),

S, 1= 0 X,yGZd



528 L.-C. CHEN AND A. SAKAI

where

2j Xt 4yl + lx1 =yl = 2|4
Moo = (5 ) iyt 447 .

2j lx1 +y119 — |x1 — y |9
+( ]>x1y1 ‘

1 2

In fact, due to the symmetry H(x1, y1) = H(x1, —y1) = H(—x1, y1) = H(—x1,
—y1) for any x1, y; € Z, the above identity is equivalent to

2j\ 4@ 3) 27\ 43
<2>H2 +Hy + (7 ) Hi

=4 Y w3 X o) L0V H G, ).

5,1=0 x,yeZd
(x1,y1>0)

Using the Taylor expansion of |x; & y1|? = x?(l + )yc—i)q if x; > y1 > 0 and the

expansion of |[x; £ yi|? = qu(l + ’y‘—i)q if y; > x1 > 0, we have
H(xi, y1)
2j 2j -1
(C2)+ () Gt rocs
x1 >y >0,
067", yizx >0

(3.31)

Notice that
2j q 2j iy q, .
(F)+(9)+ (¥ )a=iei-n+ia-n+2iq

. 4 . . q T r r
- — 2 — —_—— = =7 — — = .
(J+2)( Jta)—j—5=5"—3 (2)

We also notice that, as long as g € (0, 1], we have

1—q
-1 i 2 2
xi] yf = <;) y1+q < y1+q [x1 > y1 > 0].

Therefore, by Proposition 3.2, we obtain that, forg =r — 2j € (0, 1],
2i\ ;@ 3 (2] 50
< 5 )Hz +Hy"+( ] ) H
r\ 2j+q—2
=4 (2) om0y ()
s,t=0 x’yeZd

(x1,y1>0)
00

(3.32) + 3 w3 x0T I ()

s,t=0 x,yeZd
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— <;> (—V%j(O))th Z 111" 21 (x)

t=0 xeZd
|V 2A(0)|Zm 3 0PI ().
s=0 yezd

O((1=m/me)~r/2+€)

For ¢ € (1, 2), we have to deal with the contribution from O(xil_lyf) in (3.31).
However, by Jensen’s inequality and Proposition 3.2, we have

o0
Y 2j -3
om0y 1)

s,t=0 x,yeZd
(x1>y1>0)

|V2J 1A(0)| 2j+¢=3)/2j-1
_( 9(0) )

col(-2))

and thus (3.32) is valid for any g € (0, 2).
Now, by substituting (3.32) back into (3.30), we obtain the recursion

s V J (O
Somt 3 il g = (;) ( )A<0)Zm S ol 2 (x)
t=0

xezd xezd

" —1—r/2+6
+ 0<<1 - —) )
me

Repeatedly using this recursion j times and recalling » — 2j = ¢, we obtain

G0 m* 3 Iyl

s=0  yezd

émf > |x1|’<oz<x>=j1:[1(r‘22i) (w% )

rezd i=0 1(0)
00 ) m —1—r/2+€
met Z |x1|r21<p,(x)+0<(1——> )
1=0  xezd e
T(r+1 —v2j j
(r=2j+D\ [(0)

ot it of (1= ),

1=0 xeZd ¢
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Notice that, by (3.2) and (3.18),
—V2J(0 2C ~l+e
VD 50y = b wo(-) )
1(0) L —m/m
and that, by (3.11) for o > 2 and (3.12),
0 Ci(Crv.,)4/2 —1—q/2+€
St Y bl (x) = Dig + 1)— Nt +0<(1—ﬂ) )

20 vemd (1 —m/m¢)1+a/2

Therefore, we arrive at

Yom' Yl ex)

t=0 xezd
T(r+1 2Cnve \’ C1(Cryvg)?/?
_ .( )< IIa)F(q+1) I(Ha)l .
20T (g + D\l —m/m, (1 —m/mc)1+a/

m —1—r/2+€
o))
nc

CI(CIIUa)r/z (( m )—l—r/2+€>
=r 1 of(1—— .
(r + )(1 _m/mc)1+r/2 +

This completes the proof of Theorem 1.1.

3.4. Proof of Theorem 1.2. ltis very easy to identify the main term for o # 2.
First, by the binomial expansion of the main term in (1.8),

m —1—r/(aA2)
(1-%)
me

e (=r/(@A2) = D)(=r/(@A2) =2)---(=1/(@A2) = 1)
t!

=0
t
(3.33) x <—mﬁ)
_°° Fr/l@n2)+t+ D) m !
—EO 10 (r/ (e A2) + 1) (m)

1 X /m\'1l [
= Z(_) _/ xt+r/(oc/\2)e—x dx.
F'r/(aA2)+1) —o\me t!'Jo

Then, by the steepest descent method, we obtain that, for every g € R,

00 _ t+ B 1+B
e dx ~ /27 (¢t <—) t .
/0 x'Pe w(t+ B) p ast — 00
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' - =0, L
Using this for 8 =0, T3> We conclude that, as t — oo,

l /Ooxt+r/((xA2)e—x dx ~ (M)H—lﬂ(w)r/(m\z)
~ Z,r/(ot/\2)

which implies that the large-r asymptotic expression for the coefficient of m’
in (3.33) is mc_’tr/(“/\z)/ I"(arW + 1), hence the expression for the constant in (1.9)
for o #£ 2.

There are many other ways to derive the above asymptotic expression. One of
them is to notice that x’e™ /¢! in (3.33) is the probability density for the sum
of independent mean-one exponential random variables. Then, we use Jensen’s
inequality and apply the law of large numbers if -2 < 1, or exactly compute

an2 —
integer-power moments for the exponential random variables if -2 > 1. We omit

an2
the details.
To identify the main term for ¢ =2 in (1.9), as well as to obtain the error
estimates for all @ > 0, we simply use [4], Theorems 3A and 4. For convenience,
we summarize a slightly simplified version of these results as follows.

THEOREM 3.3 ([4], Theorems 3A and 4). (i) Let

1 \7
1-— z) ’
where ¢ —N =7\ 74 and y ¢ Z are real or complex numbers. Then, the
coefficient f; of f(z) =, fiz' satisfies
N P (logt)?
ra+p)
(ii) Let f(z) be analytic in |z| < 1 and
f@=001-2z"""F)  asz—1
for some real number B > 0. Then, the coefficient f; of f(z) =Y, fiz' satisfies

f@=0—7717F <log

t ast — oo.

ft=0(tﬁ) ast — oo.

The main term for o = 2 in (1.9) is obtained by setting 8 = y = 5 in Theo-
rem 3.3(i). For the error estimates, we use Theorem 3.3(ii) with 8 = 5 for a =2
and B = 75 — € > 0 for a # 2. This completes the proof of Theorem 1.2.

4. Proof of the key propositions. In this section, we prove Propositions 3.1
and 3.2, these being key propositions used in the previous section to prove the
main theorem. In Section 4.1, we first prove Proposition 3.2. Then, in Section 4.2,

we use (3.16) in Proposition 3.2 to show Proposition 3.1 for o > 2.
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4.1. Proof of Proposition 3.2. Below, we prove Proposition 3.2 by using the
results already obtained in [2, 3, 5, 6] and alternately applying the following two
lemmas.

LEMMA 4.1. Leta >2,1€{l,2,..., (o)} and suppose that (3.15) holds for
any v €{0,1,...,1Vv 2} and (3.16) holds for any n € {0, ...,l — 1}. Then, (3.16)
holds for n =1.

LEMMA 4.2. Let o > 2 and suppose that (3.16) holds for n = 21, where | €
{1,....(5)) (note that « —2 < 2(%) < a). Then, (3.15) holds for any v € (n, n+2]
ifn+2<a,orforanyve (n,a)ifa <n-+2.

We will prove these lemmas after completing the proof of Proposition 3.2. For
random walk, (3.15) always holds as mentioned earlier and we therefore only need
Lemma 4.1.

We now begin by proving Proposition 3.2. First, we note that (3.15) for v €
[0, 2] and (3.16) for n = O have been proven in the current setting [2, 3, 5, 6];
the result in [6] for self-avoiding walk is only valid at 8 = 0. However, it is not
hard to extend the result to nonzero 6 by splitting the denominator in (2.1) into
1—J(k,m) and J (k, m) — J (k, me'?), and estimating the latter as m’ — (me'?)’ =
m' (1 — /%) Y! 1 ¢! [which equals O(@)rm’ for |9] < 1]. We omit the details.
Then, by Lemma 4.1 with /[ = 1, we obtain (3.16) for n = 1. With this conclu-
sion and again using Lemma 4.1, but now with / = 2, we obtain (3.16) for n = 2.
With this conclusion and using Lemma 4.2, we further obtain (3.15) for v € (2, 4]
or v € (2, ), depending on whether o > 4 or o < 4. We can repeat this, using
Lemmas 4.1 and 4.2 alternately, until n reaches («). Let [= (%). We see that

3. 15)\16[0,2] Lemma 4.1

Le
= (3.16)p=12
(3.16)n=0

T BS)uepa EB -

Lemma 4.1

= (3.16), 5717

L 42 L 4.1
= 3. ls)ve(Zl a)( = (3.16), _ 2i+1)~
fa>20+1

This completes the proof of Proposition 3.2.
PROOF OF LEMMA 4.1. First, by using (3.15) for v =2 and (3.16) for n =0,

we prove [Vi7(k)| < O(1g(k)|~"/); the proof of [V1J (k)| < O(I$(k)|~"7?) is
almost identical and thus we omit it. By the Z¢-symmetry of the models and using
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| sin(k1x1)| < |k1x1| and (3.15) for v = 2, we obtain

o0
IV 1 (k)| = Zm’ Z xq sin(kyxp) I (x)ef kexatthaxa)

=0 xezd
o0
< kil Y m' Y xfl1()] < Olki).
t=0 xezd

However, by (3.16) for n = 0, we have |¢(k)| < O(Jk|~%), which implies that
k1] < k| < O(1@(k)|~/?), as required.

We now use this bound to complete the proof of Lemma 4.1. First, by differ-
entiating (1.18) and solving the resulting equation for Vigﬁ(k), we have that, for
leN,

l PN .
Vigt =viid) + ( j) v iV o)
j=0

1 'f l<l> i v )
1_J<k)(1()j§lf 1/ (V™ 4k

By (2.1), (2.2) and (2.4), we have |1 — J(k)] ™" = O(I¢(k)]). By (3.15) for v > 2
or using |V17(k)| < O(|¢(k)|~'/?), we obtain

k)12, =1,

Vil ‘ . -
; O(1p(k /2re
’1_J(k) = 0lle®D x (1—%) , [=2,..., (),

which, by (3.16) for n =0, is smaller than the bound in (3.16) for n =, yielding
an error term. For j =1, 2, we also use (3.16) for n </ — 1 to obtain

VIijky .
)
1—Jk%)
< 0(1pW)]/?)
" —1=(-))/2
(l—m—+|9|+|k|2) L I=j i+l

X ¢ .
(1 —m/m)! = =)/

(I —m/me+10] + |k|?)?’
which, again by (3.16) for n = 0, obeys the required bound in (3.16) for n = [.
Finally, for j > 3 (hence for / > 3),

viJk
l i A( ) v
1—J(k)
_ O =m/me)!~ilHe)
T L—m/mc+ 0]+ |k|?

I=j+2,....(a),

I—j A
! f«)(k)]
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m —1-U-))/2
(1——+|9|+|k|2> =j,j+1l,
me
(1= m/me)! ==/
(I —m/me+ 16| + k|*)?
O((1 —m/me)' 71>+
T (I =m/mc+10]| + [k[)?*
which is smaller [by the factor (1 — mﬂc)g] than the bound in (3.16), yielding an
error term. This completes the proof of Lemma 4.1. [

X

=j+2,...,(x)]

PROOF OF LEMMA 4.2. First, we recall (1.16) and (1.17). Since
> . 1x1]1"D(x) < oo provided that v < «, (3.15) always holds for random walk.
Moreover, for oriented percolation, there is a constant C,, < oo such that

Zm >l |JO"<x>|<pZm Yo i+ =yl )IDG — y)

t=0  xezd t=1  x,yezd

<cvpm2m’ Y Ul + DT o)l

1=1 yezd

where we have used the fact that, for any ay, ..., a, € R,

“4.1)

nmaxa>—n maxa <n a
( 1<j<”|j| 1<j< |J| ]lelj

Since Y32 gm* Y, 74 [72F(y)| = O(1) uniformly in m < mc [2], it suffices to
show that, for self-avoiding walk and oriented percolation, (3.16) for n = 2/, where
le{l,...,(5)} implies that

00 m 1-Q2l4q)/2+€
@2 Yy |x1|2’+"|m(x>|so((1——) )
m
t=0

xez4 ¢

forany g € (0,2]if 2l +2 <«a,orforany g € (0, — 21) if o« <2[ 4 2.
As we mentioned earlier, 7, (x) is an alternating sum of the lace expansion co-
efficients. More precisely,

o0

7)) =Y (=¥ (),

N=0

where 7, )(x) > (0 is the model-dependent Nth expansion coefficient (see, e.g.,
[2, 12] for the precise definitions of the expansion coefficients). Due to the subad-
ditivity argument for self-avoiding walk and by the BK inequality [1] for percola-
tion, it is known that the expansion coefficients satisfy the following diagrammatic
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bounds, in which each line corresponds to a 2-point function. For self-avoiding

walk,
rr,(o)(x) =0, JT,(I)(X) < O,

=0

72 (x) < @ ) < @

o o x

(4.3)

where the bounding diagram for 7, )(x) is the ¢- step self-avoiding loop at x = o,
hence proportional to éx ,, and the diagram for 7, )(x) is the product of three 2-
point functions @; SAW (x)goSAW (x)<pSAW (x) summed over all possible combinations

of s,s’,s” € N satisfying s + s’ + s” =, and so on. The unlabeled vertices in the

diagrams for th( )(x) and the higher order expansion coefficients are summed over

Z4 . For oriented percolation,

(2,t) (a.t) @) (=)
44 7% < O M (x) < 9 72 (x) <@Q 3
(0,0)  (0,0)

(0,0) (0,0)

where the bounding diagram for ; )(x) is ¢, OP(x)2 and that for 7, 1)(x) is the
product of five 2-point functions concatenated in the depicted way, and so on. The
upward direction of the diagrams is the time-increasing direction and the unlabeled
vertices are summed over space—time Z¢ x Z_ . For more details, we refer to [10].

First, we prove (4.2) for self-avoiding walk. Since m; © (x) 0 and m, 1)(x) x
8x.0, it suffices to investigate the contributions from n, )(x) for N > 2. For
nt(z) (x), since

2
4.5) @< Y oMWV SV ),
s,s',s"7eN
(s+s'+s"=t)

we obtain

w3 |x1|2”qn,(2><x)s<2 Y m SAW(x)goSAW(x))

t=0  xezd xezd s,5'eN

(sup Y m qoSAW<x>)

xeZzd s"eN

< B W(Zl),
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536
where
BY =sup > |xi|" Zm’w?AW(x)ZmSwSAW@ x),
yeZd ycqd teN 5s=0
W = sup [xi]" Y m' g ().

xezd teN
Similarly to the above and the derivation of [5], formula (2.42), by using (4.1) and

diagrammatic bounds of the form (4.3), we can show that

o0
N

t=0  xezd

(4.6)
< N21+q+2(B(0))N_2B(Q)W(Zl) [N >2].
It is immediate from the definition (1.4) that gAW (x) < 8, 8,0 + (D % @S2V ) (x).

By this, we have

B < sup Y 3wV w81, + X 00 -0

y€Z4 | c7d teN seN

=W+ sup 33 m' (D@ Y m* (D x )y~ x)

(4.7)
y€Zd \ c7d teN seN
d
< W(O) +m k ~SAW k,m 2
< o a0 )
and
WO < sup Y m' (D x A (x)
xeZd 1eN
(4.8) <m| Dl + sup Zm (D % D % o>V (x)
xeZd j—_o

d
D)2\ G5AY (ke m)).

<m|D
<m||Dllos +m? ot A

By (3.16) for n = 0 and || D|lsc = O(L™%), we can show that B® = O(L~%)
uniformly in m < m. if d > 4, hence the summability of (4.6) over N > 2 when

L>1. Moreove;, by (3.16) for n =21,
weh < /
= Jermid (27T)d

m A\ 11 dk
4.9) = O((l_m_c> )f[mﬂ]dW

wof(1-2)")

A
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Therefore,
o v m 1-1
Sodom Y P ) < 0((1 - _> )B@_
m

N=2t=0 xe7d ¢

To complete the proof of (4.2) for self-avoiding walk, it suffices to show that
there is an € > 0 such that B = O((1 — mc)*qn*g). For g =2, we use (3.16)

for n =2 and take an arbitrary € € (0, 1 A 74) to obtain

d?k
2) ~SAW 2 ~SAW
B <f[ o (27r)d|(p (k, m)Vig>=" (k, m)|

m —1+e ddk m —1+4€
<o(1-2 - _<o((1-Z .
- (( mc) )/[—n,n]d |k|2(2te) — (( mc> )

For g € (0, 2), we first note that

d?k
4.10) BY < —/ f SV (k, m) A oAV (k,
(4.10) 57 ) 19T e m B .

It is known that, by [6], Proposition 2.6, with an improvement due to the same
argument as in [3], Proposition 2.1,

|80V (k, m)|
< ) O(1 — D(i))
B (o=, (1,—1) L =m/me +1—D(k + ji)
1
X a -
1—m/me+1— Dk + j'ii)

holds in the current setting, where the O(1 — ﬁ(ﬁ)) term is uniform in k €
[—7,7]¢ and m < me. Substituting this, and (3.16) for n = 0, into (4.10), and
using the translation invariance and the Z“-symmetry of D and the Schwarz in-
equality (see [3], formulas (4.27)—(4.29)), we end up with

B < /°° du / d’k O(1 — D(@))
“Jo ut Jirx Q)4 (1 = m/me + 1 — D(k))?
1
X i -
1—m/mec+1— Dk —u)
- /oodu 1— D) d?k 9((1 — m/mc)_‘Z/zj'E)
- ulte  Jiog e 2m)? (1 — D(k))2-4/2+€(1 — D(k — i)

for any € € (0, Z). However, by following the proof of [3], formula (4.30), we can
show that

d
/ d kd _ 1 _ < O (ul-6+9-2010)
[—7,71d Q)4 (1 — D(k))2~4/2+€(1 — D(k — 1))
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—q/2+€
B < 0((1 _ ﬂ) av ></1 d_uu(d—4—2€)A(2—q) +/ )
- Me 0 u ulta
m —q/2+e€
el )
me

if € < 454 This completes the proof of (4.2) for self-avoiding walk.
For orlented percolation, similarly to the proof of [3], Lemma 3, by using (4.1)
and diagrammatic bounds of the form (4.4), we can show that, for N > 0,

o
>om' 3 P )
=0 xezd
(4.12) < (N + 1)21+q (T(O))N_Z((N(l + T(O)) + T(O))T(O)V(q)
+N(N = D1 +TO) 437 T@YyO),

hence

4.11)

where
VD= sup Y 3P mD x 2P (m* Iy — x1]”
(.NEZAFL (| ezl
x (D * 90 )(y —X),
TV = sup > (mD % %) (y)m*|y1 — x|
(x,1)eZ4+] (v,8),(y’,s")eZd+1
x (D * oS )(y' —x)

< (@2 (v =)+ o () = ).
Notice that
d?k
[~ 27)4
Using (3.16) for n =0 and || D] = O(L~%), we can show that 7T© = 0(L~%)

uniformly in m <m¢ if d > 4 and L > 1, hence the summability of (4.12) over
N > 0. Moreover, by (3.16) for n =0, 2/ and using |D(k)| <1, we have

4.13) TO <2m

. T 46 A .
D(k)Z/ 2 Op(k mel@)H Op(k,619)|2.
—TT

dk (7 do N _
—T, 7
d
(4.14) + 3 1l D) / Ly |A°P(k me'?)|
ot 7,7 (zn)d _

x 6% (k. e’9>|)
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To complete the proof of (4.2), it thus suffices to show that there is an € > 0 such

that
—q/2+ 1—l—q/2+
omof(1- 2" veo((-2) )
mc mc

Here, we only explain the proof of the bound on V®; the bound on 7 can
be proven quite similarly and the bounds on 79 and V@ for ¢ € (0,2) can be
proven by following a similar line of argument from (4.10) through to (4.11). To
prove the bound on V), we first note that

dk (7 do . .
V(Z) < 22[+2m<‘/[‘ ]d (2]T)d | 2[ OP(k mel@)||v2 OP(k’ele)|
- _
ddk 7 do
—7T,7T
ddk T de
21 ~OP i0
+ x7 D(x) —_— —|(p (k,me'”)|
erZd l (714 2m)d J-
4.15) .
X |V2 Op(k’elg)|
dk (7 do .
2 21 4o .op i0
+0° ) x{'D(x) et @ ) 2P e

xeZ4
x 19 (k. e"9>|).

It is immediate from (3.16) for n = 0, 2 that the last two lines are both O(1) for
d > 4. Moreover, by (4.14), the second line is O ((1 — £ )1 =1y for d > 4. For the
first line, we use the following bounds due to (3.16) for n = 2 2[:forany e € (0, 1),

O((1 —m/me)~"*)
(0] + [k[H)IFe 7
where the O((1 — #£)7'*€) term is uniform in (k,0) € [—7,7]*"! and the
0(|k|_4) term is uniform in @ € [—, 7 ]. We then obtain that
the first line of (4.15)
-/ &k 7 O((1—m/me)~"+)
[l |k[* Jm 20 (10] + k|2 Te

m —l+e ddk m —l+e
<of(1-™ 92 _o((1-™
<o((1-3) )i =ol(-00) )

ife <4 2 . This completes the proof of (4.2) for oriented percolation. This com-
pletes the proof of Lemma 4.2. [

|V GOP (k, me'®)| < IVZgOP (k, )| < O (Jk|™),
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4.2. Proof of Proposition 3.1. First, we note that (3.7) implies (3.8). To see
this, we first substitute (2.12) and (3.7) into (3.5) and then use (1.21) [see (2.13)]
to obtain

MO ()1 = m/me) + O((1 = m/me)1+€)
H= Meve + O((1— m/me))

1— 1+e
Sl o ((1-m)™),
Crivg me

Therefore, to complete the proof of Proposition 3.1, it suffices to show (3.7).

It is easier to prove (3.7) for & < 2. In this case, M in (2.14) is reduced to
m, RW/SAW,
7% ©)pm,  OP.
Therefore, (3.7) is trivial for random walk and self-avoiding walk. For oriented

percolation, we use (2.5) and (2.10) to obtain

M — M =22 (0) p(me — m) + (A7 (0) — 29 (0)) pm

—1- 2 0(L—d)<1 _ ﬁ),

me me

|

where the O(L~%) term is uniform in m < mc. This implies (3.7).
It remains to prove (3.7) for ¢ > 2. In fact, we only need investigate the
crossover terms in (2.14) that are proportional to 1) and show that

(4.16) |Vi7:.(0) — Viz (0)] < 0((1 — ﬂ) )
me

since the above proof for o < 2 directly applies to the noncrossover terms. Notice
that, for € € (0, 1),

0<mt —m' sz<1 _ (z)’)“(ﬂ)é(l _ ﬁ)é
¢ ¢ me 1 —m/me Me

so that
|Vife(0) — ViR (0)] < > (ml —m") Y xflm (x)]
teN xezd
m €
< (1 — —> S tml Y xflm ()]
Me/ 1eN xeZd

Moreover, since
t

t o
1€ = = / e de,
tl=¢  T(A—-e€)Jo
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we have
IVi7.(0) — V37 (0)]
(4.17) = nfmy
= Fi-o f zeZt(mce‘“’Zx%lnz(x)i-

teN xeZd

To show (4.16), it thus suffices to prove that the above integral with respect to £ is
O (1) for sufficiently small €.

First, we consider self-avoiding walk. By the diagrammatic bound on 7; )(x)
in (4.3) [see (4.5)], we readily obtain

o' 3 im0 (s s mt

teN xezd s,s'.s”7eN
X Z xl(pSAW(x)(pSAW(x)(pSAW( )
xezd
<3W® 30 3 sm MW e ()
xeZd s,s’eN
<3B'W®,
where
4.18) B'=B'(m)=sup Y Y tm'p SAW(x)ZmV SAW (3, — x).
yGZd erd teN

Similarly to the above and the derivation of (4.6), we can show that, by (4.3)
and (4.1),

Yo' Y xinM ) < NH B TPBWD [N=2].

teN xezd

Since B® = O(L_d) and W3 = 0(1) uniformly in m < m. if d > 4 [see formu-
las (4.7)-(4.9)], we obtain that, for L > 1,

f = S tmee™ 3 )]

teN xezd

(4.19)

> o de
<Y oNHow HN2 | —B'(mee™").
N=2 0 £

o)

We now show that the integral of B’ (mee™b) /€€ is uniformly bounded if
€< d24 First, we replace t¢; SAW(x) in (4.18) by the following bound due to sub-
additivity:

top ™ (x) = Z oM () < Z(goSAW D x PR (x).
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Then, by using |D(k)| < 1 and (3.16) for n = 0, we obtain

195V (k, mee™ )

/ —L —L ddk
B (mce ") <mce
(—r.r)d 2m)d

- 0(1)] d9k et
- [—m) |k|* 1 — e+ |k|*

where the O (1) term is independent of £. However, for € € (0, 1),

% d¢ et 1 (fl ae 1 o d¢ _e)
—c < =+ | e
0 1—et4+k2 " 1—e1\Jo €c0+|k|? A

e )
~—1—e"1\Up f€ |k|2 k|2 pl+e

= O(|k|%).

(4.20)

Therefore, if € < %, then we obtain

d9k

4.21) /OO X B mee™) < 0(1)
. —_— meée _ =
A C = [—7.7]d |k|4+26

o).

Combining (4.17), (4.19) and (4.21), we complete the proof of (4.16) for self-
avoiding walk.

For oriented percolation, similarly to the derivation of (4.12), we can show that,
for N >0,

Z tm' Z xlzrrt(N) (x)

teN xezd
<N+ DTN 2(NA+TO) 4+ TO) 7OV’
+ N((N =11 +TO) 37Oy O),

where

V'=V'(m)=sup > lPmD ) (yym'ls —t + 1]

(x,1)ezZd+1 (y,5)€Zd+!
x (D% ¢2%)(y —x),

T = T'(m) = sup Z (mD x (pA?P)(Y)ms |s" —t + 1]
(x,1)eZd+1 (y,s),(y’,s/)eZd+l

x (D ¢S )Y —x)

s’ —t

x (928, (v =) + 928 (o — ).
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Since T© = 0(L=%) and V©|,_; = O(1) uniformly in m < m¢ if d > 4 and
p < pc [see formulas (4.13) and (4.14)], we obtain that, for L > 1,

o de N 2
|G Xty ¥ dimo]
teN xeZd

(4.22) .,
< 0(1)/0 e—e(V’(mCe_Z) + T’(mce_g)).

However, by the Markov property,

t t
t+ DD )@ =Y (D * ")) <D (@ * D x g (x).
s=0 s=0

Applying this bound to the definitions of V" and T’ and then using |D(k)] < 1and
(3.16) for n =0, 2, we obtain

V' (mee™b) dk et

T (mce™) [l k|1 —e=t 4 |k
Recalling (4.20) and (4.21), we conclude that (4.22) is uniformly bounded. This

completes the proof of (4.16) for oriented percolation. We have thus completed the
proof of Proposition 3.1.

}5 o(1)

APPENDIX

A.1. Asymptotics of 1 — D(k) for small k. In this appendix, we will use the
following notation for convenience:

llxlle = lx[v € [€£>0].

LEMMA A.1. Leta,p>0and

_ It ol ")

5 [x € RY).
x4+

h(x)
Suppose that h is a rotation-invariant function. Then, there exist € > 0 and vy =
O (LY"?) such that, for |k| < 1/L, the 1-step distribution D in (1.3) satisfies
1+ O((LIkD®), o F#2,

1
log— + O(1), =2.
OgL|k|+ (1) o

(A.1) 1 — D(k) = vg [k|*"? x

PROOF. The case for a > 2 is easy. By the Taylor expansion of 1 — cos(k - x)
and using the Z?-symmetry of D,

. k|?
1—=Dk)= Y (1 —cos(k-x))D(x) = % > 1xPD(x) + O((LIkD*)

xeZ4 xeZ4
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holds provided that 0 < € <2 A (a — 2). This proves (A.1) with vy = 02/(2d) =
O(L?).
It remains to prove (A.1) for ¢ < 2. First, we note that, by definition,

D(x) = %h(x/m lx € 29,
where

a=(z ¥ h(y))1 = [, aty+oa.

yeZd /L
Taking the Fourier transform yields

1—D(k) = % > (1—cos(k- x))h(%)

xezd

- <L|C£|)d ('k'd 2 (I—cos(ery W«ﬁ))’

yelk|zd

where ex = k/|k|. By the Riemann sum approximation for small k£ and the rota-
tional invariance of &, we obtain

en(1+ O(kD) ( y ) g
-/  — 7 1— . h| —=——)d
LT o7 0sC (T )4

en(1+ O (kD) ( y ) y
SRS A - h(—2-)d
T R V) A

= e (LIkD* (14 O(lk]))
1 O((LIkDP)Y .4
1— )( + )d .
) /ylzlkl( AT llyétete g

Lk LIk

1—Dk) =

This is the starting point of the analysis for o < 2.
For o < 2, we note that

/‘ I —cosyr 4 l—cosyldd
NEN NE A

Il —cosyr 4
b e,
ki<lyl<Lik| (LIk[)d+e

O((LIkD>)
_ I —cosyr 4 l—cosyr 4
Jre |yldte _/|y|<L|k| |y|d+e
O((LIKIY>)

+ O((LIkD*™™),
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where we have used L|k| < 1 to estimate the error terms. Moreover,

I—cosyr 4 I —cosyr 4 I —cosyr 4
— ' ¢ y:f — 4 y+/ ——gdy
/|y|zk| |||y|||££ml+p lyl=1 |y|dFtate Liki<lyl<1 |y|dtete

o)

l—cosyr
+ / —cosn o
k|<|yl<L|k| (L|k|)d+e+e Yy

O((LIk?=o=r)

where
o(), p<2—a,

1 —cosyr ( 1 )
- d%y={0O|log—— p=2—-q«a,

/L|k|sy|<1 yjdrate © Y Llk]|
O((LIkD*™*=P), p>2—a.

This proves (A.1) withO <e <1 A (2 —a) A p and
1 —cosy

Vg = C La _—
o A@ |yld+e

For o = 2, we note that

1 —cosy1 1 —cosy; I —cosyr 4
f d+2 _/ T y+/ a2 d
Ik Ny I =1 1yl Lik<lyl<t [yl

o(l)

+/ 1 —cosy
lk<lyl<Llkl (L|k])4+2
o)

Z - yjz-, we obtain
2

/‘ 1 —cosy; 1
———d%y=
Lik<lyl<1  |y|¢+? 2 JLiki=iyl<1 IyI‘“r2

]
—dd +0d
~ 2d Juw=iyi<1 1y y+oW

By the Taylor expansion of 1 — cos y; and using |y|? =

dy+0Q)

_wq 1
—log—— + O(1),

C2d Lk|
where wg =272/ '(d/2) is the surface area of the unit d-sphere. Moreover,
I —cosyr 4 . 1 —cosy
/Iylzlkl Iyl  JiyizLik ydr2e
O((LIk)=*)

l—cosyr
+ f 1 —cosyr
kl<|yl<LIk| (L|k[)d+2+e y

O((LIkD=P)
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This proves (A.1) with v, = chLza)d/(Zd). ]
A.2. Identity for the constant K.

LEMMA A.2. Forr e (0,2),

1 —cosv 4
(A.2) K, / dv = - .
vltr 2I(r + 1) sin(rm /2)

PROOF. Below, we prove (A.2) only for r € (0, 1]. Since the definition of K,
and the rightmost expression in (A.2) are both analytic in » € C with 0 < R(r) < 2,
we can extend (A.2) to r € (1, 2) using analytic continuation.

First, we rewrite K, as

o du u 1 % sinv
K, = T sinvdv = — dv
0 u +r 0 rJo N

1 R ,lv _e—ll)
= lim —/ —dv.
R—o00 2ir Js v’

§—0

(A3)

For a > 0, we let

. b4
vE = {z = ae™? ;9 increases from 0 to ) }

= {z = +iv:v increases from § to R}.

Then, by the Cauchy integral formula,

R iv iz iz iz
e e e e
/ —rdv—/ _dZ+ _dz_/ _dZ
LY v 2 nt z" vi 2

7/2 eiaem R o= 72 eiReie
:i/ .7d9+il_r/ dv—i/ ——df.
0 (86’9)r_1 s v’ 0 (Rezﬁ)r—l

O(R™™)

Similarly,
R ,—iv —iz
e e
/ —dv= [ _ f_ —dz
k) v Vs YR <

/2 e—iée_ie | R o~V
. N1—r
=i /(; —(8671'9)1’*1 dg + (—i) /5 o

Substituting these expressions back into (A.3) yields

sl=r pn/2, pide emide™
Ky = Rll>moo( 2r /() (eie(r—l) + e-i@(r—l)) 4

§—0
=D fR e’ )
r
_— dv .
+1 o [ v

(A4)
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If r =1, then the second term is absent due to the cancelation 1 + (—1) = 0. By
dominated convergence, we obtain
1 rn/2

(A5)  Ki=lim> s | p=ise "y 4p = [ 4o =
. 1 = lim (e +e )do = do =
§—02 Jo 0

T
>

If r € (0, 1), on the other hand, the first term in (A.4) is O(8'~") and therefore
goes to zero as 8 — 0. Since (—1)™" = (—1)" =i* and i" +i~" =2cos 5, we
obtain

K, —dv

vl’

(1—r).

Using the well-known relations I'(1 —r)I'(r) = n/sin(rw) and rI'(r) =T (r + 1),
we finally arrive at

_cos(rm/2) (e cos(rn/2)F
=S e

. cos(rm/2) T T
"7 rT(r) sin(rm)  20(@r + DsinGr/2)

This is also valid for r = 1, due to (A.5). This completes the proof of Lem-
maA2. [
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