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CONSTRUCTION OF AN EDWARDS’ PROBABILITY
MEASURE ON C(Ry4, R)

BY JOSEPH NAJNUDEL

Universitdit Ziirich

In this article, we prove that the measures Q7 associated to the one-
dimensional Edwards’ model on the interval [0, 7] converge to a limit mea-
sure Q when T goes to infinity, in the following sense: for all s > 0 and
for all events Ay depending on the canonical process only up to time s,

Qr (As) = Q(As).

Moreover, we prove that, if P is Wiener measure, there exists a martingale
(Ds)ser,. such that Q(As) = Ep(1 5, D), and we give an explicit expres-
sion for this martingale.

1. Introduction and statement of the main theorems. Edwards’ model is a
model for polymers chains, which is defined by considering Brownian motion “pe-
nalized” by the “quantity” of its self-intersections (see also [4]). More precisely,

ford e N*, and T > 0, let ngl) be Wiener measure on the space C([0, T'], R%), and
(X ,(d)),e[o,r] the corresponding canonical process. The d-dimensional Edwards’

model on [0, T] is defined by the probability measure Q(Td)’ﬁ on C([0, T],RY)
such that, very informally,

d d
0 QD — exp(—B fy fy s(x\ — x\yds du) p@
T = nd d d T >
P lexp(—B fo Jo (XS — Xi)ds du))
where f is a strictly positive parameter, and § is Dirac measure at zero.
(In this article, we always denote by Q[ V] the expectation of a random variable
V under the probability Q.)

Of course, (1) is not really the definition of a probability measure, since the
integral with respect to Dirac measure is not well defined. However, it has been

proven that one can define rigorously the measure Q;fl)’ﬁ ford =1, 2, 3, by giving
a meaning to (1) (for d > 4, the Brownian path has no self-intersection, so the

measure Q? ) has to be equal to ngi)).
In particular, for d = 1, one has formally the equality

T T | | 00 )
@) /0 fo 3(x§>—xg>)dsdu:[_m(L;) dy,
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where (L;)yeR is the continuous family of local times of (X§l)).v§T (which is
IP’(T])—almost surely well defined).
Therefore, one can take the following (rigorous) definition:
Q(Tl),,s _exp(—=B [ (L) dy) pD
= .
P} [exp(—B 25, (L)) dy)]
Under Q(Tl)’ﬂ , the canonical process has a ballistic behavior; more precisely, West-

O)
water (see [22]) has proven that for T — oo, the law of XTT under Q(Tl)’ﬁ

tends to

%(5/9* g3+ S_px /31/3), where 3, is Dirac measure at x and b* is a universal constant
(approximately equal to 1.1).
This result was improved in [18] (see also [17]), where van der Hofstad, den

o x|—p*plAT . .
Hollander and Ko6nig show that % tends in law to a centered Gaussian

variable, which has a variance equal to a universal constant (approximately equal
to 0.4; in particular, smaller than one).

Moreover, in [19], the authors prove large deviation results for the variable X7
under Q(Tl)’ﬁ .

In dimension 2, the problem of the definition of Edwards’ model was solved by
Varadhan (see [8, 10, 16]). In this case, it is possible to give a rigorous definition of
I:= fOT fOT s(X? — x)ds du, but this quantity appears to be equal to infinity.
However, if one formally subtracts its expectation (i.e., one considers the quantity:
I — IP(TZ) [1]), one can define a finite random variable which has negative exponen-
tial moments of any order; therefore, if we replace fOT fOT 8(X§2) X f,z)) ds du by

this random variable in (1), we obtain a rigorous definition of Q(Tz)’ﬁ . Moreover,
this probability is absolutely continuous with respect to Wiener measure.

In dimension 3 (the most difficult case), subtracting the expectation (this tech-
nique is also called “Varadhan renormalization”) is not sufficient to define Ed-
wards’ model. However, by a long and difficult construction, Weswater (see [20,

21]) has proven that it is possible to define the probability Q(T:;)’ﬂ ; this construction
has been simplified by Bolthausen in [1] (at least if 8 is small enough). More-

over, the measures (Q(T3) P )pery: are mutually singular, and singular with respect
to Wiener measure.

The behavior of the canonical process under (;1)”3 ,as T — oo, is essentially
unknown for d = 2 and d = 3. One conjectures that the following convergence
holds:

3),
QP PlIxr1— DT,

where D > 0 depends only on d and 8, and where v is equal to 3/4 for d =2 and
approximately equal to 0.588 for d = 3 (see [17], Chapter 1).

At this point, we note that all the measures considered above are defined on
finite interval trajectories [exactly, on C([0, T'], R)].
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An interesting question is the following: is it possible to define Edwards’ model
on trajectories indexed by R ?

More precisely, if P4 is Wiener measure on C(R,, R?) and (X s(d)) seR, the
corresponding canonical process, is it possible to define a measure Q@-# (for all
B > 0) such that, informally,

d d
exp(=p [5° J5° 8(X\” — X\ ds du)
P@lexp(—B f5° J5° 86X\ — Xi) ds du)]
In this article, we give a positive answer to this question in dimension one. The
construction of the corresponding measure is analogous to the construction given

by Roynette, Vallois and Yor in their articles about penalisation (see [11-14]).
More precisely, let us replace the notation P(" by P for the standard Wiener

@(d),ﬂ — . P9

measure and the notation (X §1)) seR, by (Xs)ser, for the canonical process. If
(Fs)seRr, 1s the natural filtration of X, and if for all T € R, the measure Q"; 18
defined by

g exp(=B [2 (L) dy)

T Plexp(—B [% (Ly)? dy)]

where (LyT)TeR +.,yeR is the jointly continuous version of the local times of X (IP-
almost surely well defined), the following theorem holds.

THEOREM 1.1. For all B > 0, there exists a unique probability measure QP
such that for all s > 0, and for all events A € Fy,

3 QA — QA

Theorem 1.1 is the main result of our article.

Let us remark that if Ay € F; (s > 0) and P(A;) = 0, then Qf; (Ay) =0, since
Q’; is, by definition, absolutely continuous with respect to P. Hence, if Theo-
rem 1.1 is assumed, Qﬂ (Ay) is equal to zero.

Therefore, the restriction of Qﬂ to F; is absolutely continuous with respect to

the restriction of [P to F§, and there exists a P-martingale (Df )s>0 such that, for
all s,

In our proof of Theorem 1.1, we obtain an explicit formula for the martingale

(va3 )s>0. However, we need to define other notation before giving this formula.
Let v be the measure on R, defined by v(dx) = x dx, and let L2(v) be the set
of functions g from R% to R such that

/0 " Le)Pr(dx) < oo,
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equipped with the scalar product
@]
(glh) = [ gom(v(d).

The operator K defined from L?(v) N C2(Rj) to C(R%) by

2 /
@) [K(9)](x) = 28" (x) + g}f”

is the infinitesimal generator of the process 2R killed at rate x at level x, where R
is a Bessel process of dimension two; it is a Sturm-Liouville operator, and there
exists an orthonormal basis (ey),en of L2(v), consisting of eigenfunctions of /C,
with the corresponding negative eigenvalues: —pg > —p;1 > —p2 > —p3 > -+,
where p := pg is in the interval [2.18, 2.19].

Moreover, the functions (e,),<N are analytic and bounded (they tend to zero
at infinity, faster than exponentially), and e is strictly positive (these properties
are quite classical, and they are essentially proven in [17], Chapters 2 and 3; see
also [6]).

Now, for [ € R, let us denote by (Yly )yek a process from R to Ry such that:

—xg(x)

° (Yl_y )y>0 is a squared Bessel process of dimension zero, starting at /.
o (Y, ly )y>0 18 an independent squared Bessel process of dimension two.

Moreover, let f be a continuous function with compact support from R to R, and
let M be a strictly positive real such that f(x) =0 for all x ¢ [—M, M]. We define
the following quantities:

ALYy = [ B ST O gy 1Ry

APM Yy = ABM (P,
where fis defined by f(x) = f(—x), and
APM (Y= ABM(py + AP (1),

With this notation, we can state the following theorem, which gives an explicit
formula for the martingale (Df )s>0-

THEOREM 1.2. Forall B > 0 and for all continuous and positive functions f
with compact support, the quantity APM (f) is finite, different from zero, and does
not depend on the choice of M > 0 such that f = 0 outside the interval [—M, M ];
therefore, we can write: AP(f) := APM (). Moreover, for all s > 0, the density
Df of the restriction of QP to Fy, with respect to the restriction of P to Fy, is given
by the equality

o+ X
) pp = s AL,
AB(0)
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where L;+XS denotes the function F [which depends on the trajectory (Xy)u<s]
such that F(y) = L§+X‘“ forall y e R.

REMARK. The independence of A?M(f) with respect to M (provided the
support of f is included in [—M, M]) can be checked directly by using the fact
that

©) (exp( [ [—ﬂ(Yly)z+pﬁ2/3Y,y]dy>eo(ﬁ1/3le)) 0

is a martingale, property which can be easily proven by using the differential equa-
tion satisfied by eg.

For/ >0, u € R and v > 0, let us now define the following quantity:

vy, (/2,0)
(7) Kl(“)(v) = al(v)eMUE[e—Zfo Vi du]’

2 . e
%e‘l /8v denotes the density of the first hitting time of zero of

a Brownian motionvétaﬁing at [/2 (or equivalently, the density of the last hitting

where o;(v) =

time of //2 of a standard Bessel process of dimension 3), and (Vu(l/ Z’U))MSU is the
bridge of a Bessel process of dimension 3 on [0, v], starting at //2 and ending at 0.
To simplify the notation, we set

Ki(v) = K% ().

Moreover, let us consider, for v > 0, the function x, defined by

K;(v) 1 128 iy g
(8) xo(l) = = e VR [em2o VuTdu
’ l A/ 8w v3
forl > 0.

With this notation, Theorem 1.2 is a essentially a consequence of the two propo-
sitions stated below.

PROPOSITION 1.3. When T goes to infinity,

©) ePTR[e™ Polbr IO D g o 41y — 0.

PROPOSITION 1.4. When T goes to infinity,
(10) P TPl I2ollr tf 0Py s KA (£) < o0,

where K € R is a universal constant (in particular, K does not depend on f
and M).
Moreover, for all v > 0, x, € L*>(v) and the constant K is given by the formula

o0
Kz/ e’ (xvleo) dv < oco.
0
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In the proof of these two propositions, we use essentially the same tools as in
the papers by van der Hofstad, den Hollander and Kénig. In particular, for f =0,
Propositions 1.3 and 1.4 are consequences of Proposition 1 of [18].

However, for a general function f, it is not obvious that one can deduce directly
our results from the material of [18] and [19], since for X7 > 0, one has to deal
with the family of local times of the canonical process on the intervals R_, [0, X 7]
and [ X7, 00) as for f =0, but also on the support of f. Moreover, some typos in
[18] make the argument as written incorrect. For this reason, we present a proof of
this result in a different way than was done in [18].

The next sections of this article are organized as follows. In Section 2, we prove
that Propositions 1.3 and 1.4 imply Theorems 1.1 and 1.2; in Section 3, we prove
Proposition 1.3. The proof of Proposition 1.4 is split into two parts: the first one is
given in Section 4; the second one, for which one needs some estimates of different
quantities, is given in Section 6, after the proof of these estimates in Section 5. In
Section 7, we make a conjecture on the behavior of the canonical process under
the limit measure QF.

2. Proof of Theorems 1.1 and 1.2 by assuming Propositions 1.3 and 1.4.
Let us begin to prove the following result, which is essentially a consequence of
Brownian scaling.

PROPOSITION 2.1. Let us assume Propositions 1.3 and 1.4. For any positive

continuous function f with compact support included in [—M, M], and for all
B >0,

(11) 8052/3T]P>[€—ﬂ SOl +F )] dy] _ K,BI/SA’B’M(f) < 00,
when T goes to infinity.
PROOF. Propositions 1.3 and 1.4 imply
epr[e—ffooc[L)}+f(y)]2dy1XTzo] Tj;o KAi_’M(f) < oo,
Now, ((L;y)yeR, —X7) and ((L;)yeR, X7) have the same law; hence,
P TP[e Pollytf 0P dyy 0]
= ePTPe™ I ooellr +fWPdyg o]
= P TP[e [SolLit P dyy o1 s g ALM(F)
T—o0
=KkaM(p),

which is finite.
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Therefore,

P TPl ISolLr+fDIPdy] s g ALY (£) < oo,
T—o0

Now, let us set: o = ,81/3. By Brownian scaling, (L?’;z)ye]g and (ocL?)yeR have
the same law. Consequently,

P TP[eP /ool byt (P dy]

_ epazTP[e—a ffooo[L‘;o;z +af (0] dy]

— P TP Pl el GaThP sy g g1 Mgy
T—o0

< 00,

where f,, defined by f,(z) = af (za~"), has a support included in [—Ma, Ma].
Therefore, Proposition 2.1 is proven if we show that AMM*(f,) = a APM(f).
Now, by change of variable and scaling property of squared Bessel processes,

ALMA(f) = / oodlE[efyo%HYf'Jraf (o~ 1)2+pY}1dy eo(Y10)]

0
o M za 2 o

:/ dlE[eaf_oo[—(Yl +af(2))"+pY; ]dzeO(YlMa)]
0
o0 M r_(yz 2 —lyz

(12) :/ dlE[eﬁf_m[ Wt H/ @) pe Yla*l]dzeo(aYzlgfu)]

0

= O{/OodlE[eﬁfiwoo[—(Yf-f—f(z))z—l-pa_lYf]dzeo(aYlM)]
0

=aAl™(f).
By replacing f by f, one obtains
(13) ALMepy =adPM (),
and by adding (12) and (13),
AWMy =aAPM(f),

which proves Proposition 2.1. [

At this point, we remark that AP( )= AB-M( f) does not depend on M (as
written in Theorem 1.2), since M does not appear in the left-hand side of (11).

Now, let T > s be in R;.. One has, for all y € R,
y Ty—Xs
Ly=L{+ Ly ",

where L is the continuous family of local times of the process (Xs+u — Xs)u>0-
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Therefore, for all g > 0,
[ ﬂ[oo(LT) dy|-7:] [ ﬁf—oo(Ly Lv X3)2dy|]_—]

y+Xs

= P[eF /L5 +Ly )y 7).

Under P and conditionally on Fy, (LY JrXS) yeR 1s fixed and by Markov property,
(Xs+u — X5)u>0 is a standard Brownian motion.

Hence, if we assume Propositions 1.3 and 1.4, we obtain, by using Proposi-
tion 2.1,

P T=9)’p P[e —B [ (Ly)? dy|j:] _) KozAﬂ(L'+X‘)
Moreover,
P T2 plo=B oLy dy| 1] < oP T =) plo=B oLy dy | 1]
= P T =B %Ly dy]
<2Ka AP (0) < oo,
if T — s is large enough. On the other hand,
P T PleF oo (Lr)*dy] — Kaa?(0),
and for T large enough,
PTC PP 5 L) dy] > : aAﬁ(o)_

Now, for all 8 and f, AP( f) is different from zero (as written in Theorem 1.2),
since it is the integral of a strictly positive quantity. Therefore,
00 2 o+ X,
Ple PEntr N F] e AT
P[e_ﬁf—oc(LT)zdy] T—o00 APO)

and for s fixed and T large enough
Ple B /2D dy | £,

46'00‘25 < 00.
Ple—? J_oo(LT)Zdy]

Consequently, for all s > 0 and A € Fy, by dominated convergence

Ple—F /L) dy| £, AP (LTS
P[n,\s e il ]] — P[nAse AL ) )}

Ple™ B IS (L) dv] 17— AB(0)
Hence,

QP (Ay) —> P(14,DP),
T— o0
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where D? is defined by (5):
b — o APAT)
* AF(0)
This convergence implies Theorems 1.1 and 1.2.

3. Proof of Proposition 1.3. If f is a continuous function from R to R with
compact support included in [—M, M], one has

oo rpY 2 0o 1 Yy2

. P[e S22 L+ f (D] dy]lXTe[O,M]] < ]p[e SZoo(L7) dy]lXTe[O,M]]
_ _T3/2 —Oooo L}')Zd
=Ple J=oo ki leIG[O,M/ﬁ]]

by scaling properties of Brownian motion.
Hence, the right-hand side of (14) is decreasing with 7', which implies (for
T>1)
P TPle™ IPollr tf O dyy o]

ot [T g Plem e LR dy
<eft | duPle /= Tx,e0,m1]

T o0 y y
<P f du Ple/ S l- L oLy o o0
T-1
by using the equality
f pL;dy = pu.
R
By dominated convergence, Proposition 1.3 is proven if we show that
00 foo [_(LY)2+ L,‘]d
(15) / du IP’[e —00 u PLu yleMe[O,M]] < 0.
0
In order to estimate the left-hand side of (15), we need the following lemma.
LEMMA 3.1. For every positive and measurable function G on R x C(R, R)
o o0
/ PG (X, L3)] du = / da / dIE[G(a, Y},
0 R 0 ’
where the law of the process (Y, ﬁ 2)yeR 1s defined in the following way:

e fora>0, (Y, l;y )y>0 is a squared Bessel process of dimension zero, starting at [

e for a > 0, (Ylf )y>0 IS an independent inhomogeneous Markov process,
which has the same infinitesimal generator as a two-dimensional squared
Bessel process for y € [0, a] and the same infinitesimal generator as a zero-
dimensional squared Bessel process for y > a;
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e fora <0, (Yl 2)yeR has the same law as (Yl 2)yeR-

PROOF. Fora > 0, let B be a standard Brownian motion, B an independent
Brownian motion starting at a, and let us denote by (7;);>0 the inverse local time

of B atlevel 0, and To(a) the first time when B@ reaches zero.
By [7] and [3], for every process (F,),>0 on the space C(Ry, R), which is
progressively measurable with respect to the filtration (F),>0,

(16) / duE[Fu(B)]:/ dl/_ daE[F, o (209)],

Z(l’a)

where Z0- s a process such that Z(l @) = B, for r < 1 and r@_ = B‘Sa)
0 —S

(@
fors < T,
By applylng (16) to the process defined by F,(X) = G(Xy, L},), and by using
Ray—Knight theorems, one obtains Lemma 3.1. [J

An immediate application of this lemma is the following equality:

2
/0 duPle SO = (L) +pLu]dy]lXu€[07M]]
(17) N
:/oodlf daE[effooo[_(Yzy,la)erPYfa]dy].
0 0

In order to majorize this expression, let us prove another result, which is also used
in the proof of Proposition 1.4.

LEMMA 3.2. Foralll > 0, n € R and for all measurable functions g from
Ry to Ry, the following equality holds:

o0 y y | oo
(18) E[efo [_(YI{O)Z"_MYI,O]dyg(/O Yl),)o dy)] / K(“)(v)g(v)dv,

where K" (v) is defined by (7).
In particular,

E[ef&)“[—(Yﬁ(,)erpYﬁo]dy] _ kz(p)’
where
R = /0 > K () dv.
Moreover, K ®) is bounded by a universal constant and

* =0
/ K" dl < c0.
0
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PROOF. The process Y; ¢ is a local martingale with bracket given, for y > 0,
by

y
(Y10, Y1,0)y = 4/0 Yiodx.
Therefore,

y _ €/2)
Yio= ZBny Yy dx

where BU/?) is a Brownian motion starting at [/2. Moreover, since Y 0 stays at
zero when it hits 0, the hitting time of zero for B /2 s § = fooo Y IXO dx. Hence, the

change of variable s = foy Y, l),CO dx gives
0 i S
[ = vipviody = [ (u—2B0?)as.
0 ’ ’ 0

Therefore, one has the equalities

00 Y}' 2 Y—" d e
E[e/o (=¥ )"+ 1Y) yg(/(; Yl{O dy):|

(1/2)
= E[e/i 022D g ()]
0 v 1/2)
= / e g(v)E[e 0 2B 745 | § = y]P[S € dv].
0

Now, this formula implies (18), since the density at v of the law of S is equal to

o;(v) and the law of (Bs(l/ 2) )s<v, conditionally on § = v, is equal to the law of
VU2 (see, e.g., [5]).
It only remains to prove the integrability of K 1('0 ). One easily checks that

RP = E[elo0-28"ds),
Hence, if one sets

f)=AiQ7'3@2x - p)),

for the Airy function Ai [which is, up to a multiplicative constant, the unique
bounded solution of the differential equation Ai”(x) = x Ai(x)], the process N
defined by

t
Vo= s (80 exo( [ (0 —280) as)

is a local martingale.
Moreover, since p is smaller than —2!/3 times the largest zero of Airy function,
the function f is strictly positive on Ry and N is positive. By stopping N at
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time S, one gets a true martingale since 0 < N;xs < || flloc€”’, and by Doob’s
stopping theorem and Fatou’s lemma, one has

_fu2
0!

Since Airy function decays faster than exponentially at infinity, the boundedness

> (0)
K;

and the integrability of K ,('O ) are proven. [

It is now easy to prove that Lemma 3.2 implies Proposition 1.3: by using this
lemma, the definition of Y; , and Markov property at level a, one can see that the
left-hand side of (17) is equal to

M , o
) [ [ da ROB[HOD N ),
0 0 ,

Now, K ga is uniformly bounded and —x2 4+ px < %2 for all x € R; hence, the
quantity (19) is bounded by a constant times

M
eMPZ/4/ da /Oodl kl(p),
0 0

which is finite.
Hence, one has (15), and finally Proposition 1.3.

REMARK. Proposition 1.3 remains true if one replaces p by any real p’ which
is strictly smaller than —2!/3 times the largest zero of Airy function (e.g., one can
take p’ =2.9).

4. Proof of Proposition 1.4 (first part). The purpose of this first part is to
prove the following proposition, which, in particular, gives another expression for
the left-hand side of (10).

PROPOSITION 4.1. Foru,v,t,l >0, let us define the quantities
_nu p/2)
(20) Ji(u, v) =E[e~2Jo Ru"dwy (o U],

where x, is given by (8) and (R,(ﬁ/z))wzo is a Bessel process of dimension 2, start-
ing atl/2;

t
(21) Ji(t) ::/ Ji(t —v,v)dv
0
and for all t e R,

TP @) = e 101 (0).
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Then, there exists a subset E of R, such that the complement of E is Lebesgue-
negligible, and for all T € E,

epTPk;Jﬁ;u§+fwn%w1XTzM]
_ / °°dlE[ef’”oo(—[Y,y+f<y>]2+pyf'>dy @ (T _ / My dy)]
0 Y, —00 !
Moreover, for all measurable functions h from (Ry)? to Ry, and for all | > 0,

00 0 1o b 00
/0 dbE[e—fo (Ysz)zdyh</() Y}, dy, /b Yﬁbdy)]

= h(u,v)J;(u,v)dudv
®R4)?

(22)

(23)

and for all measurable functions g from Ry to Ry,
o0 00 (Y oo o]
(24) /0 dbE[efO <Ysz>2dyg< /0 Y, dy):| = /0 g (1) dt.

REMARK. In Proposition 4.1, it is natural to expect that E is empty, even if
we do not need it to prove our main result.

PROOF OF PROPOSITION 4.1. Equation (22) is a consequence of (23) and
(24); therefore, we begin our proof by these two equalities. By monotone class
theorem, it is sufficient to prove (23) for functions h of the form: A(x,y) =
h1(x)hy(y), where h| and h, are measurable functions from R to R..

By Lemma 3.2, for all [ > 0,

00 0y 00 00
]E|:e_f0 (Yl),o)zdyhz(/o Yl),lody>i| :/0 K;(v)hy(v) dv.

Hence, by applying Markov property to the process Y; ; at level b,

o0 00 v Y b o0
/ deE[e‘fO (yl%b)zdym(/ Yl%bd}J)hZ(‘/ ng dy)}
0 0 b
* —eapav, ([Ty >
(25) =/0 dbE| e Jot hi /0 Y/ dy /(; Kylb(v)hz(v)dv

00 00 —fh(Yy)zdy b y
=/0 dvhz(v)]E[/O dbe= hl(/o Y, dy)KY/,(u)].

Now, the function ¥ from Ry to R, given by
y o
y(s) = inf{y eRy, f Y, dy' = s}
0

is well defined, continuous, strictly increasing and tending to infinity at infinity.
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Hence, one can consider the process (Q§”)Y>o such that

Q(z) Yy(s)
One has
a’s dS
and the s.d.e.
_ 2ds

where B and B are Brownian motions: the processes 0™ and 2R(m/ %) have the
same law.
By a change of variable in (25) [b =Y (s), y =Y (u)],

00 00 oY b 0
/ dbE[e‘fO (Yl%b)zdyh1</ ngdy)m(/ Yz%deH
0 0 b
© © ~ S Y?(u))2d~( )
= [ dvhaE] [~ dse BOT W by 51K o )]
0 0 I

K (v)
(1/2) (172
= [ avn@e| [~ dsmse i % d%]

which implies (23).

The equality (24) is easily obtained by applying (23) to the function 4 : (u, v) —
g(u+v).

Now, it remains to deduce (22) from (23) and (24).

For all measurable and positive functions g, one has, by Lemma 3.1,

/ dTg(T)P[ LY+ f ()1 dy]lXTzM]

_/ dl/ daE[ oVt SOIP dy </ Ylady>]

On the other hand, by applying Markov property (for the process Y; 4, at level M),
and by using the fact that f(y) = 0 for y > M, one obtains, for all positive and
measurable functions 41 and A5,

oo oo 0 ) M ) 00
f dl/ da ]E|:e_f°0[Y1)va+f(y)]2dyh1 (/ Yzy,a dy)hz (/ Yl%a d)’)i|
0 M —00 M
00 00 . , M )
(26) :/ dl/ dbE[e—fﬁo[Yf+f(y)]2dyhl (/ Y} dy) .
0 0 —00
—fo (Y ) dy o0
o5 )]
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where ,Y\YIM’ » 18 a process which has, conditionally on YlM = [/, the same law as
Yip.

Now, by putting the integral with respect to db just before the second expecta-
tion in the right-hand side of (26), and by applying (24) to g = h;, one obtains that
the left-hand side of (26) is equal to

= — M )P My o
](; dlE[e —oottl I, (/ Y; dy)/(; hz(t)JYIM(t)dt .
— 0 .

Hence, by monotone class theorem, for all measurable functions /# from Ri to Ry,

o0 o0 00 ) M o
/ dl / daE[e—f—oo[Yiﬁf W””Yh( / Y}, dy. / Y dy)
0 M —00 M

> - My 2qy [*° My
:/ dIE| e~ J-clYi + O] Y/ h / Y/ dy,t)Jym(t)dt |.
0 0 —00 !

By applying this equality to the function 4 : (4, v) — g(u + v), we obtain

> — [ LA+ F )P dy
/0 dTg(T)P[e™ /-=t*T Ix;>m]

= /oodT g(T) foodlE[e—/Moo[Yf"+f<Y>szy o
0 0

M
y

Since this equality is true for all g, there exists a subset E of R, such that the
complement of E is Lebesgue-negligible, and forall 7" € E,

Ple= [ Sollrtf 0P dyg

> — Y +F P dy My
_/ dIE| e J-ooldi JYZM T_/ Yl dy ]].fy dey<T s
0 — 00 oo

which implies (22). [

5. Some estimates. In this section, we prove the following propositions,
which give estimates for the different quantities introduced earlier in this paper.
In the sequel of this paper, C denotes a universal and strictly positive constant,
which may change from line to line.

PROPOSITION 5.1.  Foralll,v > 0, u € R, one has the majorization
27 K (v) < Clo= 2029080,

where Kl(“)(v) is defined by (7).
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PROPOSITION 5.2.  For all M > 0, the random variable fOM YOy dy admits a
density Dy with respect to Lebesgue measure, such that for all u > 0,

(D % KP)(u) < CpreM!,

where Cyy, vy > 0 depend only on M.

PROPOSITION 5.3. Foralll,u,v >0

v 2
e—l /8(u+v)

(28) Ji(u,v) < m

and

(29) B v) < 28,
Ju

if u > 2 [recall that J;(u, v) is defined by (20)].
Moreover, the function x, from Y to R [recall that x, () = Kll(v)], is in L*(v),
and for fixed |, v > 0 and u going to infinity,

(30) e Ji(u, v) —> (xvleoeo (D).

PROPOSITION 5.4. Forallt >0

epr,(t)§C<1+\%),

where Ji(t) is defined by (21).
Moreover, for l fixed and t going to infinity

31) eP I (1) — Keo(l),

where K is the universal constant defined in Proposition 1.4.

PROOF OF PROPOSITION 5.1. For all [ > 0, the process V/2?) is, by cou-
pling, stochastically larger than V ¢/2:¥)_ Therefore, by scaling property,

1/2, ) s B
]E[efzf(;} Vu(/ v du] < E[efzf()L Vu(o v) du] — }E[e*2v3/2 fol Vu(o l)du].

Now, the Laplace transform of fol VM(O’ Y du (the area under a normalized Brownian
excursion) is known (see, e.g., [9]); one has, for A > 0,

oo
Efeo Vi du) = /2 3 emmn G2,
n=1

where —u1 > —up > —u3 > - - - are the (negative) zeros of the Airy function.
Therefore,

o0
1/2,
Efe~2/0 vl ) < /8703 Z o2 Punv
n=1
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and
—2 [V gy —200, N~ (21 uy—2.91)0
(32) E[e~2/o Ve 1<(Ce™) ) e :
n=1
since v*/? is dominated by %01,

Now, 21/ 3u1 > 2.91; hence, for v > 1, the infinite sum in (32) is smaller than

o0
Z e—(z'/3un—2.91)

n=1

which is finite, since u, grows sufficiently fast with n (as n>/3). Consequently, for
v>1,

E[e~2/ ASELY duy < o2,
This majorization, which remains obviously true for v < 1 if we choose C > e,
implies easily (27). U

PROOF OF PROPOSITION 5.2. In [2], the density of the law of fol Yoy dy is
explicitly given:

o
Di(x)=m Z(—l)" (n + l)e(n+1/2)2712x/2'
n=0 2

This formula proves that D is continuous on R*jr and that for x > 1

o0
(33) Di(x) <me ™ =D/8 Z(n + %)e_(”“/z)%z/z <Ce™,
n=0

Moreover, D satisfies the functional equation

7 \3/2 4
Di(x) = <—> D <T)’
X X
which proves that, for x < %,

Di(x) < Cx~32e=47x < C.

This inequality and the continuity of D; imply that (33) applies for all x € RY..
By scaling property of squared Bessel processes, the density Dy exists and one

has
1 X
Dy (x) = WDI 72 )

which implies

C __ 2
DM(X)S W@ x/M .
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Therefore, for all u > 0,
(0) ! (»)
(Dy = Klp Y(u) = / Dy (u — v)Klp (v)dv
0

- < Y om0 /M2 =32 ,(0-2.90—12 /80 g

- M? Jo
C _ornymu [*, —3/2 —12/8
<—2e_'A/ ”/lv_/e_/vdv.
M 0

The last inequality comes from the fact that p — 2.9 < 0.7, which implies, for
O<u<v,

u—v 1

. 2 . . .
Now, the integral [y lv=3/2¢=1"/8v dy is proportional to the probability that a
Brownian motion starting at [ /2 reaches zero before time u.

Hence,

u—v
M2

+(p—29) < —(

u 2 2
/ J=32~12/8Y gy < o180,
0
and finally

Cc _ 212
(Dy * Kl(p))(u) < e 0.7u/(1+M2)—12/8u

< € 2O ) @80
M?2
< C yeatmy
— M2 b
which proves Proposition 5.2. [

PROOF OF PROPOSITION 5.3. By definition of J;(u, v), one has
Ji(u, v) <E[xyQRY?)].
Now, the majorization (27) implies
Xv(2R,El/2)) < Cv—3/26—2.9ve—(Rb(,]/2))2/2v.

By using the explicit expression of the Laplace transform of the squared bidimen-
sional Bessel process (see, e.g., [15]), one obtains

Ji(u,v) < Co~32e=29 U ~P/8w+v),
u-+tv

which implies (28).
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In order to prove (29), let us consider, on the set of measurable functions from
R?% to R4, the semigroup of operators (®*);>0 ass001ated to the process 2R (twice
a Bessel process of dimension 2), and the semigroup (CD’)S>0 associated to the
same process, killed at rate x at level x.

For all positive and measurable functions v, and for all / > 0, one has

(34) [ ()11 = B[y 2RY?))],
(35) [3° (v)]() = E[e—ZJ‘S RU duy (2R1/D)].

Now, let us observe that the measure v on R"jr is reversible, and hence invariant by
the semigroup of 2R. Since, for every measurable and positive function ¥,

(D (Y))? < (@ (Y))? < D* (YD),

one gets
(36) 19° W)1172,, < /H; Ay =11 17a )
+

Inequality (36) proves that the semigroup (%) s>0 can be considered as a semi-
group of continuous linear operators on L2 (v).

Moreover, the infinitesimal generator of 2R, killed at rate x at level x, is the op-
erator K defined at the beginning of our paper. Hence, if (e,), N is an orthonormal
basis of L?(v) such that e, is an eigenvector of K, corresponding to the eigenvalue
—Pn (—p=—po>—p1 = —p2=—p3=--),one has, for all n,

®’(e,) = ey
Now, for all ¢ € L2(v), one has the representation

Y= (Vlen)en,
n>0
and, by linearity and continuity of -,
37) ()= e " (Ylen)en
n>0
In particular,
1D° (W) 172 = D € P (Wlen))? < e Y (rlen))?,
n>0 n=>0
which implies
(38) 1D (W)l 2y < € PV 1 L2

Moreover, one has the equality

e @ () — (Yleo)eo = Y e PP (rlen)en,

n=1
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which implies that
PS 1S
" (§) — (Wleo)eo

in L?(v).
Now, by definition

(39) Ji(u, v) = (D" (x)) (),

where x, € L2(v), by the majorization (27).
Hence, in Lz(v),

pu
e Jo(uav)‘H—o)o(leeO)eO»
where Jo (1, v) is the function defined by
(Jo(u, v))() = J1(u, v).

In order to prove the corresponding pointwise convergence [which is (30)], let us
observe that for all ¥ € L?(v), 1 >0,

@' @ <E[ly 28] < E[(v 28))*) "

1700 wanra]
P (G5) ]
< [ [ wx(aﬁ@x)fdx}]/z

< ¥lr2)-

(40)

Here, we use the majorization pgz) (x,y) <y, which comes from the fact that the
transition densities of a bidimensional Brownian motion are uniformly bounded
by 1/27 at time 1.

By (40), one has for s > 1,1 > 0, ¢ € L*>(v),

1”5 (@ (Y ) (1) — (Yleo)eo(D| = |(e” D (¥) — (¥leo)eo) ()]
= (B (VS (W) — (Yleo)eo)) (D))
S €p ”ep(s—l)qN)S—l(w) . <§0|€0>€0”L2(U)

— 0.
§—>00

By applying this convergence to x,, one obtains the pointwise (and in fact uniform)
convergence (30).

Now, it remains to prove (29).

Fors > 1,1 > 0, by (38) and (40),

[ IO = 1@ IO < 19 W)l 20

(41) 1
<e "SNP 2.
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By (39), and by semigroup property of ®, one has foru > 1,1, v > 0,
(42) i, v) = [ (a1, 01D
Moreover, by (28),
B, v) < Ce—2.9vv—1/26—12/8(1+v),

which implies

T2, < Ce5 <1 —2/4(14v) g
” 0( ’U)”LZ(V) = e 0 e

v
1+v
S Ce—S.SU
v
C
< —6_5'6U
v

and

c _
IJe(L, )12y = —=€ 28,

v

For u > 2, we can combine (41) and (42), and we obtain

C
—p(u—2 —pu—2.8
T, v) < Ce P2 Ty(1, )l 12 < 7 pu=2su,

which is (29).
The proof of Proposition 5.3 is now complete. [

PROOF OF PROPOSITION 5.4. Let us split the integral corresponding to J;(t)
into two parts:

(t=2)+
A(t) :=/ Ji(t —v,v)dv,
0

B() = /t Ji(t —v,v)dv.

1=2)4

One has
o0
eP A1) =/0 Ti—p>2Ji(t — v, v)e”" dv;
where, by (30),
1 —y>2J1(t — v, v)e” — e (xyleo)eo(l),

for , v fixed and ¢ tending to infinity. Moreover, by (29) and the fact that p —2.8 <
—0.6,

’

C v pii— c _
Ty it — v, v)e,ot < ¢ 2.8v—p(t—v)+pt < —e¢ 0.6v
= v Jv
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which is integrable on R .
Hence,

(43) e’ At) <C,
and by dominated convergence,

(44) e A(t) =2 Keo(l),
where [ is fixed and

o0
K= / ¢ (xoleo) dv
0

is the constant defined in Proposition 1.4. The majorization (43) implies that K is
necessarily finite.
The integral B(¢) can be estimated in the following way: by (28),

t —2.9v
e’ B(t) < e’”/ Le_lz/gtdv
-2+ 1SV
Ce—0.7t 6—12/81‘ t d_v
t 0 v

—0.7t
Ce e_[Z/st

N

=

(45)

IA

=<

o

Proposition 5.4 is a consequence of (43), (44) and (45). U

The estimates given in this section are used in the second part of the proof of
Proposition 1.4.

6. Proof of Proposition 1.4 (second part). In this section, we estimate the
right-hand side of (22), which is, by Proposition 4.1, equal to the left-hand side of
(10) in Proposition 1.4.

We need the following lemma.

LEMMA 6.1. Forall M > 0, and all functions f, g from Ry to Ry,

> Mo roPeerydy (M ;[
/Odl]Eem‘ , j g/mYldy ch/O g,

where C'y, > 0 is finite and depends only on M.
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PROOF. One has the following majorization:

0 v, . ) M
LA dlE[eﬂﬂﬂ—H7+f0ﬂ2+pﬂﬂdyg</n Y;dy)}
—0

) ) M
< Mo/ / =l E[ef‘)w[—wf)%pr,}]dy g( / v} dy)}
0 —00

since f is nonnegative and —x2 + px < p2/4 for all x € R.
Now, for all positive and measurable functions /1 and />,

o 10 =) 4pY1d oy My
f dlE[e —ool = )P yhl(/ Y dy)hg(/ Y dy)}
0 —00 0
o0 ) y M
= / OodlE[efO [—(Yi&z“’Yﬁo]dyhl( f - Yzyody)]E[hz( f v/ dy>]
0 o " 0
00 00 (0) M
:/0 dl/o K’ (v)hl(v)dvE[h2</0 Ylydyﬂ,

by Lemma 3.2.
By additivity properties of squared Bessel processes, the law of fOM Yly dy is the

convolution of the law o; of fOM Y, ﬁ ody and the law o7 of fOM Yy dy.
Since by Proposition 5.2, o7 has the density Djs with respect to Lebesgue mea-
sure, we have the equality

M 0 t
E[hz(/o dey)]:/o dthz(t)/o o1(du)Dy (t — u),

which implies

o 0 y\2 y 0 M
/ dlE[efoo[—<Yz Y ]dyhl(/ Y, dy)hz(/ Y, dy)}
0 —00 0

_ 00 00 ) 00 t B
—/0 dl/o K; (v)hl(v)dv/o dthz(t)/oal(du)DM(t u).

(46)

By monotone class theorem and easy computations, for all positive and measurable
functions g,

00 y M
/0 dlE[efooo[—<Y1y>2+"Yl" ]"yg< / i dy)]
—00

o0 o t ( )
=/ dtg(t)/ dl/ o1(du) (K" % Dy ) (t — u).
0 0 0
Now, by Proposition 5.2,

(K" % Dag)(t — u) < Cppe™"M!
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and
t
[ ortaw <1,
0
since o7 is a probability measure.
Hence,
o0 0 y , M C 00
@7) / dlE[ef—oo[_(Yl e "Yf]"yg< f v} dy)] < g
0 —00 Vm JO

The majorizations (46) and (47) imply Lemma 6.1. [

After proving this lemma, let us take 7T € E and & > 0; by splitting the right-
hand side of (22) into two parts, we obtain

00 y - 2
epTP[e—f_oo[LT-ﬁ-f(y)] dy]lXTzM] =L+ Db,
where

.= / > dlE[efﬂ{,o(—[Y,y+f(y>]2+pYﬁ’>dy o
’ 0

M
(p) y
) JYZM (T B /—oo Yi dy) Ilfiwoc Y/ dY¢[T—€,T]:|

and

L= / OodlE[e M=+ P+oY ) dy |
0

M
(») y
% JYIM (T B f—oo Yl dy) ]lfiwoo v dyE[T—&T]]'

By Proposition 5.4,

M
(p) y M
JYIM <T B /-—oo i dy>jlfiwoo Y} dy@IT—eT1 7 5 Keo¥/™)

and

M 1
(0) y
JY,M <T - f_oo Y dy>]lf_Mw Y dy¢[T—e.T] = C(l + ﬁ)

Since

f " AL E[ 0T 0P kpr) )
0
< MP’/4 /OO dlE[ef(?"[—(YZ‘YO)ZerYXO] o
0

e ¢} -
= Mr?/4 / K dl < oo,
0
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one obtains
L, — K oodlE TM 1Y+ f ) P+pY) dy M

= KAYM(f) < oo,

by dominated convergence.
On the other hand, by Proposition 5.4,

L.<C / h dlE[efMoo(—[Y,y+f(y>]2+pY,y>dy -
T Jo

M ~12
y
X <1 + <T — /_oo Yl cly) )]lfMoo Ylydye[T—s,T]]’

and by applying Lemma 6.1 to the function g:t — (1 + (T — t)_l/z)]lte[T_S,T],
(49) e < CCly(e + V&).
Therefore, by combining (48) and (49),

TlilrEnTsup |ePT]p>[e—ff°oo[L’;+f(y)]2dyILXTzM] — KAi_’M(f)| < CCl, (e + V5),
er,l —>00

(48)

and by taking ¢ — 0,

(50) epTIp[e—ffooo[L';+f(y)]2dy1XTZM] _ KAiM(f).
TeE, T—x

Now, let us prove the continuity, with respect to T, of the left-hand side of (50).

If To e Ry and T < Tp + 1 tends to Tp, then P-almost surely, L; tends to Lyfo
and L)f < L? 4 forall y e R.
0

Since y — L% +1 1 f(y) is square-integrable, by dominated convergence,

| Wi+ soRdy = [ 1Ly + roPdy.

Another application of dominated convergence gives

o y 2 _ [%© y 2
(51) |]P)[€_f*°°[LT+f(y)] dy]lXT()zM] _]Py[e f—oo[LTO+f(y)] dy]]-XTOEM] — 0.

|T—>T()
Moreover,
PlLxz>m —1x,=m] < P[3r [Ty, T1, X; = M] = P[X1, = M]=0,
— 10

which implies

(52)  [Plem PlbitfOPdrgy ] - Plem PRl 0P Dy ) — 0.
—10

The convergences (51) and (52) imply the continuity of
T —> ePTP[e S Solli v/ O dyyy 1.

Since E is dense in R, we can remove the condition T € E in (50), which com-
pletes the proof of Proposition 1.4.
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7. A conjecture about the behavior of Q8. In this paper, we have proven
that one can construct a probability measure corresponding to the one-dimensional
Edwards’ model, for polymers of infinite length.

Moreover, there is an explicit expression for this probability Q.

Now, the most natural question one can ask is the following: what is the behavior
of the canonical process X under Q#?

At this moment, we are not able to answer this question, which seems to be very
difficult, because of the complicated form of the density Df of fox , with respect
to IP)| Fs

However, it seems to be reasonable to expect that X7 has a ballistic behavior,
as in the case of Edwards’ model on [0, T']; one can also expect a central-limit
theorem.

Therefore, we can state the following conjecture.

CONJECTURE. Under Qﬂ , the process X is transient, and
QP (X; — 400) =QP (X, — —o00) =1/2.
=00 — 00

Moreover, there exist universal positive constants a and o such that
| X: |
2 apl3

{ t—oo

a.s., and such that the random variable
|1X/| —ap't
Vit

converges in law to a centered Gaussian variable of variance o> (the factor
comes from the Brownian scaling).

1/3

It is possible that the constants in these convergences are the same as in [18],
despite the fact that we don’t have any argument to support this. It can also be in-
teresting to study some large deviation results for the canonical process under Q7
and to compare them with the results given in [19]. On the other hand, if the proof
of the conjecture above is too hard to obtain, it is perhaps less difficult to prove, by
using Ray—Knight theorems, some properties of the total local times (L3) yeR Of
X, which are expected to be finite because of the transience of X.
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