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ALMOST SURE INVARIANCE PRINCIPLE FOR DYNAMICAL
SYSTEMS BY SPECTRAL METHODS

BY SEBASTIEN GOUEZEL
IRMAR, Université de Rennes 1

We prove the almost sure invariance principle for stationary R9-valued
random processes (with very precise dimension-independent error terms),
solely under a strong assumption concerning the characteristic functions of
these processes. This assumption is easy to check for large classes of dynam-
ical systems or Markov chains using strong or weak spectral perturbation
arguments.

The almost sure invariance principle is a very strong reinforcement of the central
limit theorem: it ensures that the trajectories of a process can be matched with
the trajectories of a Brownian motion in such a way that almost surely the error
between the trajectories is negligible compared to the size of the trajectory (the
result can be more or less precise, depending on the specific error term one can
obtain). These kinds of results have a lot of consequences (see, e.g., Melbourne
and Nicol [16] and references therein).

Such results are well known for one-dimensional processes, either independent
or weakly dependent (see, among many others, Denker and Philipp [6], Hofbauer
and Keller [13]), and for independent higher-dimensional processes [7, 25]. How-
ever, for weakly dependent higher-dimensional processes, difficulties arise since
the techniques relying on the Skorokhod representation theorem do not work effi-
ciently. In this direction, an approximation argument introduced by Berkes and
Philipp [4] was recently generalized to a large class of weakly dependent se-
quences in Melbourne and Nicol [16]. Their results give explicit error terms in
the vector-valued almost sure invariance principle and are applicable when the
variables under consideration can be well approximated with respect to a suitably
chosen filtration. In particular, these results apply to a large range of dynamical
systems when they have some Markovian behavior and sufficient hyperbolicity.

Unfortunately, it is quite common to encounter dynamical systems for which
there is no natural well-behaved filtration. It is, nevertheless, often easy to prove
classical limit theorems, by using another class of arguments relying on spectral
theory. These arguments automatically yield a very precise description of the char-
acteristic functions of the process under consideration, thereby implying limit re-
sults. It is therefore desirable to develop an abstract argument, showing that suf-
ficient control on the characteristic functions of a process implies the almost sure
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invariance principle for vector-valued observables. This is our goal in this paper.
Berkes and Philipp [4], Theorem 5, gives such a result, but its assumptions are too
strong for the applications we have in mind. Moreover, even when the previous
approaches are applicable, our method gives much sharper error terms.

We will state our main probabilistic result, Theorem 1.2, in the next section and
describe applications to dynamical systems and Markov chains in Section 2. The
remaining sections are devoted to the proof of the main theorem.

1. Statement of the main result. For d > 0, let us consider an R9-valued
process (Ag, A1, ...), bounded in L? for some p > 2. Under suitable assumptions
to be introduced below, we wish to show that it can be almost surely approximated
by a Brownian motion.

DEFINITION 1.1.  For A € (0, 1/2] and £ a (possibly degenerate) symmetric
semi-positive-definite d x d matrix, we say that an R?-valued process (4g, A1, ...)
satisfies an almost sure invariance principle with error exponent A and limiting
covariance X if there exist a probability space  and two processes (A, Al,..)
and (Bg, Bj, ...) on £2 such that:

1. the processes (Ao, Ay, ...) and (Aj, A7, ...) have the same distribution;

2. the random variables By, B, ... are independent and distributed as N (0, 22);
3. almost surely in €2,

n—1 n—1
D A= B
£=0

£=0

= o(n)‘).

(1.1)

A Brownian motion at integer times coincides with a sum of i.i.d. Gaussian vari-
ables, hence this definition can also be formulated as an almost sure approximation
by a Brownian motion, with error o(nh).

Under some assumptions on the characteristic function of (Ag, Ay, ...), we will
prove that this process satisfies an almost sure invariance principle. To simplify
notation, for € R? and x € R, we will write ¢/'* instead of e/ "),

Let us state our main assumption (H), ensuring that the process we consider
is close enough to an independent process: there exist &g > 0 and C, ¢ > 0 such
that for any n,m > 0, by <by < --- <bpyms1,k>0and t1, ..., t4m e R? with
|tj] < &0, we have

. biy1—-1 . bip+k—1
|E(el pE fj(zz]:hj Ap+i Y00 tj(ZZ]:hﬁk Aﬁ))
. bjy1-1 R biy1+k—1
H) _E( it (el Az)) CE(e ANTII0 DA Ae))|

< C(1 +max|bj —b;)Crrme=ck,

This assumption says that if one groups the random variables into n +m blocks,
then a gap of size k between two blocks gives characteristic functions which are
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exponentially close (in terms of k) to independent characteristic functions, with an
error which is, for each block, polynomial in terms of the size of the block. This
control is only required for Fourier parameters ¢; close to 0.

Of course, the assumption is trivially satisfied for independent random variables.
The interesting feature of this assumption is that it is also very easy to check for
dynamical systems when the Fourier transfer operators are well understood; see
Theorem 2.1 below.

Our main theorem follows.

THEOREM 1.2. Let (Ag, A1, ...) be a centered RY -valued stationary process,
in L? for some p > 2, satisfying (H). Then:

1. the covariance matrix COV(ZZ;é Ag)/n converges to a matrix X7;
2. the sequence ZZ’;& Ag//n converges in distribution to N'(0, £2);

3. the process (Ag, Ay, ...) satisfies an almost sure invariance principle with lim-
iting covariance %2, for any error exponent
1 1
(1.2) s L =

@—4_Z+@p—®'

When p = oo, the condition on the error becomes A > 1/4, which is quite good
and independent of the dimension. This condition A > 1/4 had previously been
obtained only for very specific classes of dynamical systems (in particular, closed
under time reversal) for real-valued observables (see, e.g., Field, Melbourne and
Torok [8], Melbourne and Torok [18]).

If the process is not stationary, then we need an additional assumption to ensure
the (fast enough) convergence to a normal distribution.

THEOREM 1.3. Let (Ao, A1, ...) bean Rd-valuedprocess, bounded in L? for
some p > 2, satisfying (H). Assume, moreover, that _|E(A¢)| < 0o and that there
exists a matrix %% such that, for any o > 0,

m+n—1
cov( Z Ag)—nEz

{=m

(1.3)

<Cn“,

uniformly in m,n. The sequence ZZ;& Ay//n then converges in distribution to
N0, Ez). Moreover, the process (Ag, A1, ...) satisfies an almost sure invariance
principle, with limiting covariance X2, for any error exponent ». > p/(4p — 4).

Theorem 1.2 is, in fact, a consequence of Theorem 1.3 since we will prove in
Lemma 2.7 that a stationary process satisfying (H) always satisfies (1.3) (more-
over, this inequality holds with o = 0).

Contrary to the results of Berkes and Philipp [4], our results are dimension-
independent for i.i.d. random variables (but they are not optimal in this case—see
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Einmahl [7], Zaitsev [25, 26]—for i.i.d. sequences in L?, 2 < p < oo, the almost
sure invariance principle holds for any error exponent A > 1/p).

In this paper, C will denote a positive constant whose precise value is irrelevant
and may change from line to line.

2. Applications.

2.1. Coding characteristic functions. Let us first consider a very simple exam-
ple: let T (x) = 2xmod 1 on the circle S! = R/Z and consider a Lipschitz function
f: 8" — R4 of vanishing average for Lebesgue measure. We would like to prove
an almost sure invariance principle for the process (f(x), f(Tx), f(T?x),...),
where x is distributed on S! according to Lebesgue measure. Define an operator
L; on Lipschitz functions by Lu(x) = > 7(y)=x e My (y)/2. It is then easy to
check that for any #g, ..., #,—1 in R4,

(21) E(eizz;étlfoﬂ):/ﬁ;n_l "'ﬁtol(x)dx-

Using the good spectral properties of the operators L;, it is not very hard to show
that this implies (H).

In more complicated situations, it is often possible to encode in the same way
the characteristic functions of the process under consideration into a family of
operators. However, these operators may act on complicated Banach spaces (of
distributions or measures). It is therefore desirable to introduce a more abstract
setting that encompasses the essential properties of such a coding, as follows.

Consider an R?-valued process (Ag, Ap, ...). Let B be a Banach space and let
L; (fort € RY, |t| < &9) be linear operators acting continuously on B. Assume that
there exist ug € B and & € B’ (the dual of B) such that for any #,...,t,—1 € R4
with |£;] < o,

. n—1
(2.2) E(e'Zt=0"Aty = (£, L, Ly - Loy Lighto).

In this case, we say that the characteristic function of (Ag, A1, ...) is coded by
(B’ (ﬁl‘)mfé‘()a uo, ";:0)

We claim that the assumption (H) follows from suitable assumptions on the
operators £;, which we now describe.

(I1) One can write Lo = I[1 + Q, where II is a one-dimensional projection and
Q is an operator on B, with QIT =T1Q =0 and || Q" ||z—5 < Ck" for some
Kk < 1.

(I2) There exists C > 0 such that ||£}|g—p < C for all n € N and all small
enough ¢.

We will denote this set of conditions by (I).
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THEOREM 2.1. Let (Ay) be a process whose characteristic function is coded
by a family of operators (L;) and which is bounded in LP for some p > 2.
Assume that (1) holds. There then exist a € R? and a matrix % such that
(ZZ;& Ay — na)//n converges to N (0, ¥2). Moreover, the process (Ag — a)geN
satisfies an almost sure invariance principle with limiting covariance %% for any
error exponent larger than p/(4p — 4).

The proof will exhibit a as the limit of E(A,), give a formula for > 2 and derive

the theorem from Theorem 1.3 since (H) and (1.3) follow from (I). Even better,
under the assumptions of Theorem 2.1, we have

m—+n—1
cov( Z Ag)—nEz
l=m

This is proved in Lemma 2.7 below.

(2.3) <C.

REMARK 2.2. Let us stress that the assumptions of this theorem are signifi-
cantly weaker than those of similar results in the literature: we do not require that a
perturbed eigenvalue has a good asymptotic expansion, or even that such an eigen-
value exists. In particular, to the best of the author’s knowledge, the central limit
theorem was not known under the assumptions of Theorem 2.1.

Before we prove Theorem 2.1 at the end of this section, let us describe some
applications. We will explain how to check (I) in several practical situations. Let
T:X — X be a dynamical system, let u be a probability measure (invariant or
not) and let f: X — R?. We want to study the process (f, fo T, foT?,...).

2.2. Strong continuity. Assume that the characteristic function of the process
(f, foT, foT?,...)canbe coded by a family of operators £; on a Banach space
B and that the operator L satisfies (I1), that is, it has a simple eigenvalue at 1, the
rest of its spectrum being contained in a disk of radius ¥ < 1 (such an operator is
said to be quasicompact).

PROPOSITION 2.3.  If the family L;: B — B depends continuously on the pa-
rameter t at t =0, then (12) is satisfied.

PROOF. By classical perturbation theory, the spectral picture for L£g persists
for small ¢: we can write £, = A(t)I1; + Q;, where A(¢) € C, I, is a one-
dimensional projection and || Q% || < Ck" for some « < 1, uniformly for small z. If
[A(¢)| <1 for small ¢, then we obtain (I2).

For small ¢, we have

E(e/" 20 1oT"y = (g0, Lug) = A(6)" (€0, Tyuto) + (€0, Q"ut0)
= A(0)" (0, TTyuo) + O (k™).

2.4)
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When ¢ — 0, by continuity, the quantity (&g, [1;ug) converges to (&g, [Tug) = 1;
see (2.8) below. In particular, for small enough ¢, (&g, [T;ug) # 0. Since the right-
hand side of (2.4) is bounded by 1, this gives |A(¢)| < 1, completing the proof.

0

Let us be more specific. Let 7" be an irreducible aperiodic subshift of finite
type, let m be a Gibbs measure and let f:X — R¢ be Holder continuous with
J fdm =0. Let L be the transfer operator associated with 7', defined, by duality,
by fu-voTdm= [Lu-vdm and define perturbed operators £, by L;(u) =
L(e''f u). These operators code the characteristic function of the process (f, f o
T,...) and depend analytically on ¢ [this follows from the series expansion e'* =
> (ix)"/n! and the fact that the Holder functions form a Banach algebra]. The
condition (I) is checked in, for example, Guivarc’h and Hardy [11], Parry and
Pollicott [19]. Hence, Theorem 2.1 gives an almost sure invariance principle for
any error exponent greater than 1/4. This result is not new: it is already given in
Melbourne and Nicol [16], although with a weaker error term.

If T is an Anosov or Axiom A map and f:X — R¢ is Holder continuous,
then the same result follows using symbolic dynamics. One can also avoid it and
directly apply Theorem 2.1 to the transfer operator acting on a Banach space B of
distributions or distribution-like objects, as in Baladi and Tsujii [2], Gouézel and
Liverani [10].

Now, let T: X — X be a piecewise expanding map and assume that the expan-
sion dominates the complexity (in the sense of Saussol [22], Lemma 2.2). This
setting includes, in particular, all piecewise expanding maps of the interval since
the complexity control is automatic in one dimension. Let f : X — R¢ be g-Holder
continuous for some B € (0, 1]. The perturbed transfer operator £; then acts con-
tinuously on the Banach space B = Vj introduced in Saussol [22] and depends
analytically on ¢ (since 3 is a Banach algebra). With Theorem 2.1, we get an al-
most sure invariance principle for any error exponent greater than 1/4. This result
was only known for dim(X) = 1 and d = 1, thanks to Hofbauer and Keller [13].

This result also applies to coupled map lattices since Bardet, Gouézel and Keller
[3] shows (I) for such maps. We should point out that the Banach space B here is
not a Banach space of functions or distributions, but this is of no importance in our
abstract setting.

Assume, now, that T is the time-one map of a contact Anosov flow. Tsujii [24]
constructs a Banach space of distributions on which the transfer operator £ acts
with a spectral gap. If f is smooth enough, then £; := L(¢!"/) depends analyt-
ically on . We therefore obtain an almost sure invariance principle for any error
exponent greater than 1/4. This result was known for real-valued observables [17],
but is new for R¢-valued observables. However, our method does not apply to the
whole class of rapid-mixing hyperbolic flows, contrary to the martingale argu-
ments of Melbourne and Torok [17].
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Finally, assume that 7 : X — X is a mixing Gibbs—Markov map with invariant
measure m, that is, it is Markov for a partition « with infinitely many symbols and
has the big image property and Holder distortion (this is a generalization of the
notion of a subshift of finite type to infinite alphabets, see, e.g., Melbourne and
Nicol [16], Section 3.1, for precise definitions). For f:X — R and a € «, let
Df (a) denote the best Lipschitz constant of f on a. Consider f of zero average
such that ) _,., m(a)Df (a)” < oo for some p € (0, 1] (this class of observables is
very large, containing, in particular, all of the weighted Lipschitz observables of
Melbourne and Nicol [16], Section 3.2).

THEOREM 2.4. If f € LP for some p > 2, then the process (f, foT,...)
satisfies an almost sure invariance principle for any error exponent > p/(4p —4).

This follows from Gouézel ([9], Section 3.1), where a Banach space B satisfying
the assumptions of Proposition 2.3 is constructed.

It should be mentioned that the almost sure invariance principle is invariant
under the process of inducing, that is, going from a small dynamical system to a
larger one. Many hyperbolic dynamical systems can be obtained by inducing from
Gibbs—Markov maps and the previous theorem implies an almost sure invariance
principle for all of them (see Melbourne and Nicol [16] for several examples).

REMARK 2.5. In such dynamical contexts (when the measure is invariant and
ergodic), the matrix ©? is degenerate if and only if f is an L? coboundary in some
direction. Indeed, if X2 is degenerate, then it follows from (2.3) that there is a
nonzero direction ¢ such that (¢, S, f) is bounded in L2 By Leonov’s theorem (see,
e.g., Aaronson and Weiss [1]), this implies that (¢, f) is an L? coboundary, that is,
there exists # € L? such that (r, f) =u — u o T almost everywhere. Conversely,
this condition implies that £2 is degenerate.

2.3. Weak continuity. In several situations, the strong continuity assumptions
of the previous subsection are not satisfied, while a weaker form of continuity
holds. We describe such a setting in this subsection.

Again, assume that the characteristic function of a process (f, foT, foT?,...)
is coded by a family of operators £; on a Banach space B and that the operator £
satisfies (I1), that is, it is quasicompact with a simple dominating eigenvalue at 1.

We do not assume that the map ¢ +— £, is continuous from a neighborhood
of 0 to the set of linear operators on I3, hence classical perturbation theory does
not apply. Let C be a Banach space containing B on which the operators £, act
continuously and assume that there exist M > 1, k < 1 and C > 0 such that:

1. forall n € N and |t] < &9, we have ||L}||c.c < CM";
2. for all n € N, all |[f] <e&p and all u € B, we have ||[Llullg < Ck"|ullg +
CM"|[ullcs
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3. the quantity || £; — Lo||s—¢ tends to O when t — 0.

Then Keller and Liverani [14], Liverani [15] show that, for small enough ¢, the
operator £; acting on B has a simple eigenvalue A(¢) close to 1 and £; can be
written as A(¢)I1; + Q;, where I1; is a one-dimensional projection and, for some
C>0andk <1,

I llp-8 < C, 107185 < Ck",
1, — l|g»c — 0 when r — 0.

Therefore, (I12) follows from the arguments in the proof of Proposition 2.3 if we
can prove that (&g, IT;ug) — (&0, [1ug) when ¢+ — 0. By the last estimate in the
previous equation, this is true if & belongs not only to B’, but also to C’, which is
usually the case.

2.4. Markov chains. Consider a Markov chain Xg, X1, ... (with an initial
measure (1 and a stationary measure m, possibly different from p) on a state
space X'. Also, let f: X — R with E,(f) = 0. We want to study the process
Ae= f(Xo).

Denote by P the Markov operator associated with the Markov chain and define
a perturbed operator P; (1) = P(e”f u). Then

. n—1 iy =2 j
E;,L (el Z@:() tlAl) e E,LL (el Zl=0 tef (Xe) . E(eltnilf(xnil) |Xn—2))

=E, (ei i l‘z.f(Xz)Ptn_l 1(Xn—2))-

By induction, we obtain
s on—1
2.5) B EbiA = [ popy Py g

This is very similar to the coding property introduced in (2.2), the (minor) differ-
ence being that the composition is made in the reverse direction. In particular, the
proof of Theorem 2.1 still works in this context. We obtain the following result.

PROPOSITION 2.6. Let B be a Banach space of functions on X such that
1 € B and integration with respect to  is continuous on B. If the operators Py
satisfy the condition (1) on B, then the process f(Xy) satisfies (H). If f(Xy) is
bounded in L? for some p > 2, then it follows that the process (f (X)) satisfies
an almost sure invariant principle for any error exponent A > p/(4p — 4).

To check condition (I), the arguments of Sections 2.2 or 2.3 can be applied
(if the Banach space B is carefully chosen, depending on the properties of the
random walk under consideration). In particular, we refer the reader to the arti-
cle [12], where several examples are studied, including uniformly ergodic chains,
geometrically ergodic chains and iterated random Lipschitz models. In particular,
it is shown in this article that the weak continuity arguments of Section 2.3 are
very powerful in some situations where the strong continuity of Section 2.2 does
not hold.
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2.5. Proof of Theorem 2.1 assuming Theorem 1.3.
Step 1: there exists u € B such that, for g, ..., t,—1 € B(0, &),

(2.6) IT(Ly,_, - Loguo) = (0, Lo,y - Leguo)u.

Since IT is a rank-one projection, we can write I[1(u) = (&2, u)u, for some u, €
B and & € B with (&, up) = 1. The trivial equality

E(e! TicottAey = F(¢f Tico A+ i) T 04y

gives, using the coding by the operators L;,

(B0s L1, - Lagtto) = (Eos LY L1, -+ Legito).

Letu=27L; ,---Liuo. When N tends to infinity, Eév tends to IT. Hence, letting
N tend to infinity in the previous equality, we get

2.7 (50, u) = (§o, Iu) = (50, u2) - (52, u).

Moreover,

(&0, uo) = (&0, Tuo) = lim(&o, L uo)
(2.8)

— lim E (¢! Ztco 0Aey — 1
Taking u = ug in (2.7), this implies, in particular, that (&g, u») 7% 0. Finally,

IT(u) = (&2, u)uz = (o, u)uz/(&o, uz).

We thus obtain (2.6) for u; = us/{&o, u2).
Step 2: (H) holds.
Consider by < -+ < bypmt1,aswellasty, ..., t,4m € B(0, &) and k > 0. Then
b:iq1—1 b +k—1
o Zi=1t D SESIRFOEED SAVNETo ik Ae))

E(

_ bn+m+l_bn+m bn+2_bn+l k bn+l_bn bz—b1 bl
(2.9) = (%o, me o "Cfn+1 LoLy, Ly Ly o)
’ bnm+1—bn+ but2=bn+1 , pk bpy1=b by—by pby

= (&, ,Ct”’;nj” BAEERY S "Ly —TDL," T LT Ly uo)

hn m _bn m bn _bn bn _hn br—b b
+ (SO"Ct,1:”,+1 + ""CZ‘”_:—IZ +1 H‘Ct,, +1 "'[’tlz 1£01u0>.
All of the operators L£;, satisfy ||£t];_ IB—nB < C. Since ||[,’6 —I||g_p < Ck¥ for
some k < 1, it follows that the term on the penultimate line in (2.9) is bounded by
C ik Moreover, by (2.6), the term on the last line is

bpym+1—bn+ bp+2—bnt1 bpy1-b by—by pby
(6o, Ly, ! m...,/;t;:l "un) - (€o, Ly, T Lyt T L uo).
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P A
The second factor in this equation is simply E(e —/='"/ == ). Moreover,

+1+k 1

E(eiz?:nquzl(z{i btk AZ))

n+m+1_bn+m bn+2 er—l n+l+k
<$ £[n+m T Ethrl L 0>

” m 7b bn 7bn
S LommAl"Ongm +2 +1HMO> + O(Cmen+1+k)

Intm Int1

<£_. £ n+m+l_bn+m .. Ebn+2_bn+lu1> + O(Cmen+]+k).

th+m Ih+1
Therefore, the last line of (2.9) is equal to
Y A P T A
E(e j=t1i\2e=b; ¢ ) ( j=nb1 (2= bj+k 4 )+ O(Cmen+1+k)‘
We have proven that the difference to be estimated to check (H) is bounded by
crtmck 4 cmcbnn1 K for some C > 1 and k& < 1. If we write C = 2€ and k = e~¢

for some ¢, C’ > 0, then this is error is at most
2. 20 Hm =k <2 (1 4 max|bjy — b;C "TMe K,

This proves (H).

Step 3: there exist a € R? and C, § > 0 such that |E(A;) —a| < Ce™%¢.

Working component by component, we can, without loss of generality, work
with one-dimensional random variables.

Enriching the probability space if necessary, we can construct a centered ran-
dom variable V, independent of all the A, and belonging to L?”, whose character-

istic function is supported in B(0, g9) (see Proposition 3.8 for the existence of V).
Also, let T > 0. Then

E(A) = E(Ac+ V) = E((Ac + V) svis7) + /| L rPay
X<

The first term is bounded by [[A¢ + Vi 2llja,4vi=Tll2 < CP(JA¢ + V| >
T2 < C/TV?. Let ¢o(t) = E(e'"4)E(e"V) be the characteristic function of
A¢+V.Let gr be the Fourier transform of x 1| <7. Since the Fourier transform on
R is an isometry up to a constant factor ¢, we have f|x|<T xdPa,+v =c1 [ 810,

hence E(Ay) =c1 [gr¢e + O(T1/?).
We have

do(t) = (£0, L LEuo) E(e"Y)

= (&0, LeTTuo) E(e"Y) + (&0, Lo (L5 — TDuo) E(€"Y) =: 9 (£) + re(2).

The function ¢ is independent of £, while the function r;(¢) depends on ¢, is
bounded by C«*t and is supported in {|¢| < £9}. We obtain

E(Ay) =c1fg—rw +c1/g—m Lo

—¢ /g—rw +0(lgrll2lrell ) + 0T V2).
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The L?-norm of g7 is equal to Clixlix<tll2 = CT?3/?, therefore we obtain

E(A) =c| / T + 0w T + 0T 112).

—min(k,¢)/3

Now, consider k, £ € N. Taking T = « , we obtain, for some § > 0,

|E(Ag) — E(Ap)| < Cedmink.0)

This shows that the sequence E(Ay) is Cauchy, so it converges to a limit a. More-
over, letting k — o0, it also yields |E(Ay) —al < Ce %, as desired.

Step 4: conclusion of the proof.

We claim that for any m € N, there exists a matrix s, such that, uniformly in
L,m,

(2.10) Icov(Ag, Apym) — Sm| < Ce™0¢,

Since the proof is almost identical to the third step, it will be omitted.

LEMMA 2.7. Let (Ag) be a process bounded in L? for some p > 2, satisfying
(H) and satisfying (2.10) for some sequence of matrices sy,. The series £* = 5o +
;10:1 (Sm + s;) then converges in norm and, uniformly in m, n,
m-—+n—1
cov( Z Ag) —nx?
l=m

@2.11) <C.

Let us temporarily accept this lemma. The process (A, — a) then satisfies all the
assumptions of Theorem 1.3. Theorem 2.1 follows from this theorem.

PROOF OF LEMMA 2.7. Let us first prove that for some § > 0,
(2.12) |cov(Ag, Agm)] < Ce™™".

To simplify notation, we will assume that d = 1. Although the estimate (2.12)
follows easily from the techniques we will develop later in this paper, we will now
give a direct elementary proof. Let V, V' be two independent random variables, as
in the third step of the previous proof. Then

E(AtAvsm) = E((Ag + V)(Apam + V) = / xydP(x,y),
where P is the distribution of (A¢ + V, Agy,, + V'). For T > 0, we have
[ 16l 7 dP G 3) = E(A+ VI Avtnm + VLiacsvio1)

<1A¢ + Vol Aesm + V2| asvi=7 | o

where g > 1 is chosensothat 1/p +1/2+1/q = 1. Moreover, ||1ja,+v|>TllLs =
P(|Ag + V| > T)/4 < CT~'/4. We have proven that for some p > 0, we have
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J1xyllix=7dP(x,y) < CT~".Inthe same way, [ [xy|l|y>7dP(x,y) <CT~".
Therefore,

E(AcAcm) = [ a3l ier dP e, y) + OT ).
The characteristic function ¢ of (A; + V, Ag4, + V') is given by
¢(t, I/l) — E(eitA[+iuAg+m)E(eilV)E(eiuV/)_

It is therefore supported in {|¢|, |u| < g9}. Denoting by hr the Fourier transform
of the function xyl|y| |yj<7 and using the fact that the Fourier transform is an
isometry up to a constant factor ¢y = c%, we get

E(A¢Apsm) =2 f frd + O(T 7).

Letting ¥ (t,u) = E(el'A¢)E (et Actm)E(e"'VVE(eV"), a similar computation
shows that

E(AQE(Agym) =2 / Ty + O(T~).
Therefore,

|E(A¢Agym) — E(ADE(Agym)| =2

[Fr@- w)‘ + 0"
< Cllhrll 2l — Wl 2 + OT).

The function ¢ — i is supported in {|¢|, |u| < &9} and (H) implies that it is bounded
by Ce™“" for some c¢ > 0. Moreover, ||hr|;2 = Cllxyljy, y<rll;2 < CT3. Fi-
nally, we obtain

|E(A¢Agim) — E(AQ)E(Apym)| < Ce T3+ CT™P.

Choosing T = /4, this gives (2.12).
When £ — 0o, cov(Ay, Ag4+m) tends to s, by assumption. Therefore, letting £
tend to infinity in (2.12), we get |s,,| < Ce~%". From (2.10), we obtain

(2.13) Icov(Ag, Apsm) — Sm| < Cmin(e™%¢, e=%™).

We have
m+n—1 n—1
cov( Z Ag) = Z cov(Ajirm)
L=m i=0

+ Y (cov(Aipms Ajm) +cOV(Aipms Ajpm)*).

O<i<j<n-—1
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With (2.13), we get

m+n—1 n—1
ov( > Ag) - so— Y, (sjmitsiy)
t=m i=0

O<i<j<n-—1

n—1
<C Z 6—8(i+m) +C Z min(e—a(i—i-m)’ e_‘s(j_i)).
i=0 O<i<j<n—1

Up to a multiplicative constant C, this is bounded by

00
Ze—&_i_z Z e 81+Z Z e —8(j— l)<oo

i=0j=i+1 i=0j=2i+1

We have proven that

m+n—1
( > Ag)—nso—Z(n—k)(sk+sk) <C.

{=m

Since )_ k|si + s;7| < oo, this proves (2.11). [
3. Probabilistic tools.

3.1. Coupling. As in Berkes and Philipp [4], the notion of coupling is central
to our argument. In this subsection, we introduce this notion.

If Z,:Qy — E{ and Z,:Q, — E3 are two random variables on two (possi-
bly different) probability spaces, then a coupling between Z| and Z is a way to
associate those random variables, usually so that this association shows that Z
and Z, are close in some suitable sense. Formally, a coupling between Z; and
Z5 is a probability space ', together with two random variables Z|:Q — E;
and Zé : 2 — E5 such that Zf is distributed as Z;. Considering the distribution
of (Z},Z5) in E1 x E,, it follows that one may take, without loss of generality,
Q = E| x E,, where Z| and Z/, are the first and second projections.

The following lemma, also known as the Berkes—Philipp lemma, is Lemma A.1
of Berkes and Philipp [4]. It makes precise and justifies the intuition that, given a
coupling between two random variables Z; and Z;, and a coupling between Z»
and another random variable Z3, it is possible to ensure that those couplings live
on the same probability space, giving a coupling between Z1, Z> and Z3.

LEMMA 3.1. Let E;, i =1,2,3, be separable Banach spaces. Let F be a
distribution on E1 x Ey and let G be a distribution on E» x E3 such that the
second marginal of F equals the first marginal of G. There then exist a probability
space and three random variables Z, Z», Z3 defined on this space such that the
Jjoint distribution of Z| and Z» is F and the joint distribution of Z> and Z3 is G.
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As an application of this lemma, assume that two processes (X1, ..., X;) and
(Y1,...,Y,) are given and that a good coupling exists between variables X and Y
distributed, respectively, like Y X; and }_ Y;. There then exists a coupling between
(X1,...,Xp) and (Yy,...,Y,) which realizes this coupling between )_ X; and
> Y;. It is sufficient to build, simultaneously:

e the trivial coupling between (X1, ..., X;) and X such that X = > X; almost
surely;

e the given coupling between X and Y;

e the trivial coupling between Y and (Y1,...,Y,) such that ¥ = ) ¥; almost
surely.

This kind of argument will be used several times below, without further details.

We will need the following lemma. It ensures that, to obtain a coupling with
good properties between two infinite processes (Z;, Z», ...) and (Z], Z’z, ...),1t1s
sufficient to do so for finite subsequences of these processes.

LEMMA 3.2. Let u,,v, be two real sequences. Let Z,:Q — E, and
Z,:Q — E, (n>1) be two sequences of random variables, taking values in
separable Banach spaces. Assume that for any N there exists a coupling between
(Z1,....Zn) and (21, ..., Z) with

(3.1 P(1Zy — Zy| = up) < vy

for any 1 < n < N. There then exists a coupling between (Z1,Z3,...) and
(Zy,Z},...) such that (3.1) holds for any n € N.

PROOF. For all N € N, there exists a probability measure Py on (E| X --- X
En)Z, the respective marginals of which are the distributions of (Zy, ..., Zy) and
(Z1,...,Z)), such that Py (|z, — z,,| > up) < v, for 1 <n < N, where z,, and z,,
denote the coordinates in the first and second E,, factors. Let us arbitrarily extend
this measure to a probability measure f’N on E2, where E = E| x Ey x ---. The
sequence Py is tight and any of its weak limits satisfies the required property. [

3.2. Prokhorov distance.

DEFRINITION 3.3. If P, Q are two probability distributions on a metric space,
define their Prokhorov distance 7w (P, Q) as the smallest & > 0 such that P(B) <
& + Q(B?) for any Borelian set B, where B® denotes the open &-neighborhood
of B.

This distance makes it possible to construct good couplings, thanks to the fol-
lowing result, known as the Strassen—Dudley theorem [5], Theorem 6.9.
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THEOREM 3.4. Let X, Y be two random variables taking values in a metric
space with respective distributions Px and Py. If 1 (Px, Py) < c, then there exists
a coupling between X and Y such that P(d(X,Y) > ¢) <c.

We now turn to the estimation of the Prokhorov distance for processes taking
values in R?. Let d > 0 and N > 0. We consider RN with the norm

|(x1, ..., xn) [N = sup |xil,
I<i<N

where |x| denotes the Euclidean norm of a point x € R?.

LEMMA 3.5. There exists a constant C(d) with the following property. Let
F and G be two probability distributions on RN with characteristic functions ¢
andy. Forany T' > 0,

Y / 1d /2N 2 172
(32) n(F,G)S;F(Ix,-IzT)+(C(d)T )[/W"ﬁ—yl] .

PROOF. After an approximation argument, we can assume, without loss of
generality, that F' and G have respective densities f and g. Then, for any measur-
able set A,

F(A) — G(A) < F(ANmax|x;| < T') + F(max|x;| > T')
—G(ANmax|x;| <T")

N
S/ |f —gl+ > F(xj|>T".
[t N | <T7

j=1

Therefore, 7 (F, G) is bounded by last line of this equation. To conclude, we have
to estimate | 7| f —gl. We have

Xl lxn <

/ If =gl <IIf — gl Ly eni<z7]l 12 = @ — pll 2(CTHYN/2

[x1 ], XN ST’

since the Fourier transform is an isometry on L2 up to a factor (27r)4N/2. This
completes the proof. [J

3.3. Classical tools. Let us recall two classical results of probability theory
that we will need later. The first is Rosenthal’s inequality [21] and the second is a
weak version of the Gal-Koksma strong law of large numbers [20], Theorem Al,
which will be sufficient for our purposes.
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PROPOSITION 3.6. Let Xi,...,X, be independent centered real random
variables and let p > 2. There exists a constant C (p) such that

n n 1/2 n 1/p
_le,- < C(p><Z E(X?)) + C(p)(Z E<|Xj|”>> :
J=

J=1 J=1

(3.3)

LP

PROPOSITION 3.7. Let X1, X3, ... be centered real random variables and
assume that for some q > 1 and some C > 0, for all m, n,
2
< Cni.

m+n—1

> X
j=m

(3.4) E

For any a > 0, the sequence Z;-v: 1 Xj/N /2% then tends almost surely to 0.
The following proposition will be used in several forthcoming constructions.

PROPOSITION 3.8. There exists a symmetric random variable V on R?, be-
longing to L9 for any q > 1, whose characteristic function is supported in the set

{It] = eo}.

PROOF. We start with a C* function ¢ supported in {|¢| < &9/2} and consider
its inverse Fourier transform f = F~!(¢) (which is C* and rapidly decreasing).
Let g = | f|?> = F~'(¢ » ), where ¢(r) = ¢(—1). Finally, let h = g/ [ g. This is
nonnegative, has integral 1 and its Fourier transform is proportional to ¢ x ¢, hence
it is supported in {|7| < go}. If we let W and W’ be independent random variables
with density &, then V = W — W’ satisfies the conclusion of the proposition. [J

4. L? bounds. Our goal in this section is to show the following bound.

PROPOSITION 4.1. Let (Ag, A1, ...) be a centered process, bounded in LP
(p > 2) and satisfying (H). For any n > 0, there exists C > 0 such that, for all
m,n >0,

m+n—1
4.1) > A <cn'’?,
L=m

Lr—n

This kind of bound is classical for a large class of weakly dependent sequences.
The main point of this proposition is that these bounds are established here solely
under the assumption (H) on the characteristic function of the process.

For the proof, we will approximate the process (Ag, A1, ...) by an indepen-
dent process, using (H). Estimating the L”~"-norm of this process via Rosenthal’s
inequality (Proposition 3.6), this will yield the desired estimate.
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LEMMA 4.2. Let (Ag, A1, ...) be a centered process, bounded in L? for some
p > 2 and satisfying (H). Let u, = max,,en || Zm+n LA, ||2 . For any a > 0, there

exists C > 0 such that ugyp <ug+up+C( +a“ —I—bo‘)(l—l—ul/2
a,b>1.

+ u;lj/z)for any

PROOF. Letm € Nand a <b. Write

m+a—1 m+a+b—1
Z Ay and X, = Z Ag.
l=m l=m-+a+|b*]

Also, let X 1=X;+ V| and 5(2 = X + V», where V| and V, are independent

random variables distributed like V (constructed in Propos1t10n 3. 8) Finally, let Y 1

and Y, be independent random variables, distributed like X1 and X, respectively.
Let us prove that for some § = é(«) > 0,

(4.2) (X1, X2), (Y1, V2)) < Ce™

Let ¢ and y denote, respectively, the characteristic functions of (X, X») and
(Y1, Y2), where Y and Y, are independent copies of X; and X;. Since there
is a gap of size b* between X| and X»,, (H) ensures that for Fourier parame-
ters less than or equal to €, |[¢ — y| < C(1 + b)Ce —eb" < Ce=¢'b" | We have
d) —y=(@—-ypE (e!1V1+2V2)) " Since the characteristic function of V is sup-
ported in {|7| < &o}, this shows that the characteristic functions é and y of
(X 1, X2) and (Y 1, Yz) respectively, satisfy |q> yl<Ce™ ¢ "> and are supported in
{|z] < eo}. Applying Lemma 3.5 with N =2 and T’ = P , we obtain (4.2) [since
the first terms in (3.2) are bounded by E (|)~( D/ T < Cb/eba/z, while the second
term is at most CT’de_"/ba].

By (4.2) and Theorem 3.4, we can construct a coupling between (f( 1, X ) and
(171, 172) such that, outside a set O of measure at most Ce_ba, we have |)~(,- — 17,~| <

Ce™". Then X1 + )~(2||Lz is bounded by
1o (X1 + X2)ll2 + I1oc(X1 — Y1 + Xa — Y2) |2 + V1 + Y2l 2.

The first term is bounded by ||10] L4 X1 + Xal|lLr, where q is chosen so that
1/p+1/q =1/2. Hence, it is at most Ceb"/ap < C. The second term is bounded

by Ce_b5 <C. ~Finally, si~nce )71 and 172 are independent and centered, the last term
is equal to (E(Y}) + E(Y3)1/2.
Since || V|| ;2 is finite, we finally obtain

IX1+ X2l <C+ E(Y]) + E(Y]) =C + E(X}) + E(X3).

Taking into account the missing block Z;"fnfiﬁb 1= A, (whose L%-norm is at

most Cb*) and using the trivial inequality ||U + VIIL2 < ||U|| + ||V||%2 +
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21U 211V || 12, we finally obtain

m+a+b—1 2 m+a—1 2 m+a+b—1 2
Z Ay < Z Ay + Z Ay
L=m L? L=m L? L=m+a L?
m+a—1 m+a—+b—1
+Cb2"‘+Cb“( YA+ Y A )
L=m L2 {=m+a L2
This proves the lemma. [
LEMMA 4.3.  Let u, > 0 satisfy
(4.3) Uary <t +up+ C(1+a% +b*) (1 +ul? +u,/?)

foralla,b>1 and some C >0, «a € (0,1/2). Then u,, = O (n).

PROOF. For any ¢ > 0 and x, y > 0, we have xy < ex? + s_lyz. From the
assumption, we therefore obtain

Uarh = (1+€)(uq +up) + Ce™' max(a™, b).
Let vy = maxg_, _ok+1 up. It follows from the previous equation that
Vi1 < (2 + 2e)vy 4+ Ce~ 1229k,

In particular, we have

Vk+1 UL ep 220k
(24 2e)kt1 = (24 2e)F (2 4 2e)kt1°
It follows inductively that vy /(2 + 2e)k < vy + Ce™! Z_/- (25% < 00. Hence,

forany ¢ > 0, vy = O((2 + 2¢)%), that is, for any o > 1, u, = O(m”). Choosing
p close enough to 1, we get, from (4.3), that ug4+p <ug + up + CaP + CbP for
some B < 1. Therefore, vy < 2vr + C2Pk . As above, we deduce that vy /2" 18
bounded, that is, u, = O(n). O

PROOF OF PROPOSITION 4.1. Lemmas 4.2 and 4.3 show that a centered
process in L? satisfying (H) satisfies the following bound in L?:

m+n—1

> A
{=m

Let us now show that the same bound holds in L?~" for any 5 > 0.
Let « =1/10. For n € N, let a = [n'™%| and b = |n*]. Fixing m € N, we
decompose the interval [m, m +n) as the union of the intervals /; = [m + ja,m +

1/2

4.4) <Cn

L2
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(j + Da — b and I =m+(+Da—b>m+(j+1a)for0<j<b,anda
final interval J = [m + ba, m + n).

Write X; =) I Ag and X j = Xj + V;, where the V; are independent and
distributed like V constructed in Proposition 3.8. Finally, let )70, e fb_l be inde-
pendent random variables such that Yj is distributed like X j- We claim, for some
6 > 0 and any j < b, that

- - - - - )
4.5) (X0, ..., Xj—1), (Xo,...., Xj2,Y;j_1)) <Ce™".

Indeed, the X ;j are blocks, each of length at most n, and there are at most n%
blocks. Since there is a gap of length b? = n?® between X j—2and X;_1, (H) shows
that the difference between the characteristic functions of the members of (4.5) is
at most CnCn . e—on™ < Ce=cn™ (the terms V; ensure that it is sufficient to
consider Fourier parameters bounded by &g). The estimate (4.5) then follows from
Lemma 3.5 by taking 7' = ¢ and N = j.

Summing the estimate in (4.5) over j, we obtain

~ ~ ~ ~ 7n5
(4.6) 7((X0, . s Xp—1), Yo, ..., Yp_1)) < Ce ™72,

By the Strassen—Dudley Theorem 3.4, we can therefore construct a coupling be-
tween those processes such that, outside a set O of measure at most C e_”a/ 2 we
have |X; — Y;| < Ce™ /2 for 0 <1i <b — 1. As in the proof of Lemma 4.2, this
gives

b—1 b—1
DX =CH Y,
j=0 LpP—n j=0 Lp—n

Since the fj are independent and centered, Rosenthal’s inequality (Proposi-
tion 3.6) applies. Let us write vy = maX;eN|| ZZ’;’;_I Agllpp—n. The Yj are bounded
in L2 by a'/? [by (4.4)] and in LP~" by C 4+ v,_,» < Cv,_,». Hence,

b—1 1/(p—m)

2. ¥

j=0

b—1 \ 1/2 b—1
§C<Za> +C<Zv5__;’2)
j=0 Jj=0

< Cn'? 4 Cu,_ypb"/ P,

Lr—n

Since f(j = X; + V; and V; is bounded by C in LP™", we get, from the two
previous equations, that

b—1

DX

j=0

<Cn'? 4 Cv,_ppbV P,

Lp—n
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Finally,
m+n—1 b—1 b—1 m+n—1
> A <>_Xx; Y Y NAelen+| Y. A
t=m Lp=1 j=0 Lr=n j=0(el! {=m-+ab Lp=n

<cn'?+ Cva_bzbl/(p_") +Cn** + vy_gp.
Therefore, since 3o < 1/2, we have
vy < Cn'? 4 Cuy_ bV P70 o,y

Moreover,a <n'=,b<n®andn—ab <a+b+1<Cn'~%.If v, = O(n"), then
this gives v, = O(n*) for s = s(r) = max(1/2, (1 — a¥)r + o/(p — n)). Starting
from the trivial estimate v, = O (n), we get v, = O (n*V), then v, = O (n*“1))
and so on. Since p — n > 2, this gives, in finitely many steps, that v, = O (n'/?).

O

5. Proof of the main theorem for nondegenerate covariance matrices. In
this section, we consider a process (Ag, A1, ...) satisfying the assumptions of The-
orem 1.3 and such that the matrix X2 is nondegenerate. We will prove that this
process satisfies the conclusions of Theorem 1.3. Replacing, without loss of gen-
erality, Ay by Ay — E(Ag), we can assume that A, is centered. If K is a finite
subset of N, then we denote its cardinality by |K]|.

The strategy of the proof is very classical: we subdivide the integers into blocks
with gaps between them, make the sums over the different blocks independent us-
ing the gaps and (H), use approximation results for sums of independent random
variables to handle the (now independent) sums over the different blocks and, fi-
nally, show that the fluctuations inside the blocks and the terms in the gaps do not
contribute much to the asymptotics.

The interesting feature of our approach is the choice of the blocks. First, we
subdivide N into the intervals [2",2" %) and we then cut each of these intervals
following a triadic Cantor-like approach: we put a relatively large gap in the mid-
dle, then we put slightly smaller gaps in the middle of each half and we continue
on in this way. This procedure gives better results than the classical arguments tak-
ing blocks along a polynomial progression: this would give an error p/(3p —2) in
the theorem, while we obtain the better error term p /(4 p — 4) with the Cantor-like
decomposition. The reason is that, to create n manageable blocks, the classical ar-
guments require gaps whose union is of order n2, while the triadic decomposition
only uses gaps whose union is of order n.

We will now describe the triadic procedure more precisely. Fix g € (0, 1) and
ee (0,1 —p). Let f = f(n)=|Bn]. We decompose [2",2"+1) as a union of
F =2/ intervals (In, j)o<j<F of the same length, and F gaps (J,,, j)o<j<F between
them, used to ensure sufficient independence. Good intervals and gaps are placed
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alternatively, and in increasing order, as follows: [2", 2”+1) =hhoUl,o0UJ,1 U
i Udyra Ul poq.

The lengths of the gaps J, ; are chosen as follows. The middle interval J,, /2
has length 2712/ =1 1t cuts the interval [2",2"*!) into two parts. The middle
intervals of each of these parts, that is, J, /4 and J, 3F/4, have length plen]pf=2,
The middle intervals of the remaining four parts have length 2L"12/=3_and so on.
More formally, for 1 < j < F, we write j = Z,{;OI ozk(j)Zk, where o (j) € {0, 1},
and consider the smallest number r with a,(j) # 0. The length of J, ; is then
2len]2" We say that this interval is of rank r. This defines the length of all the
intervals J, ;, except for j = 0. We let |J, o] = 2len]nf and say that this interval
has rank f.

Since there are 2/ 1= intervals of rank r for r < f, with length 2lenlor the
lengths of the intervals (J, j)o<j<r add up to

f-1
(5.1) [ Juol + Y 2temlor pf=1=r —plenlp /=1 £ 4 2y,
r=0

Let |1, ;| = 2"=F — (f +2)2L#71=1 This is a positive integer if n is large enough
and ) _[1, ;| + > |Ju,j| = 2", that is, those intervals exactly fill [2", 21y We will
denote by i, ; the smallest element of I, ;.

We will use the lexicographical order < on the set {(n, j) |n € N,0 < j <
F(n)}. It can also be described as follows: (n, j) < (n’, j') if the interval ,, ; is to
the left of 7,/ ;. A sequence (ny, ji) tends to infinity for this order if and only if
nr — OQ.

Let Xy, j =3 ¢eq, ; Acforn e Nand 0 < j < F(n). Finally, write 7 = U, ; I,

and J =, j Jn,j. The main steps of the proof are the following:

1. there exists a coupling between (X, ;) and a sequence of independent random
variables (Y}, ;), with Y, ; distributed like X, j, such that almost surely when
(n, j)— oo,

— 0(2(/3-1-8)11/2)

Y Xuj—Yu
', jN=n. j)

k]

2. there exists a coupling between (Y}, ;) and a sequence of independent Gaussian
random variables Z, ;, with cov(Z, ;) = |1, J-|22, such that almost surely
when (n, j) — oo,

Y Yui—Zpy

(', j")=®,j)

— 0(2(/3+8)n/2 + 2((1—ﬂ)/2+ﬁ/p+8)n)

’

3. coupling the X, ; with the Z, ;, by virtue of the first two steps, and writing
Zy,; as the sumof |, ;| Gaussian random variables N (0, £2%), we obtain (using
Lemma 3.1 and the example that follows it) a coupling between (A¢)¢c7 and
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(By)¢e1, where the By are i.i.d. and distributed like N (0, £2), such that, when
(n, j) tends to infinity, we have

Z Ay — By

<iy j, LT

— o(2UB+OM/2 | p(=B)/24 pemy.

4. we check that almost surely when (n, j) — oo,

in,j+m
max | Y Ag|=o(2(I-P/2HE/prem)
m<|1n,j| Zzlnj

and, moreover, that a similar estimate holds for the By’s;
5. combining the last two steps, we get that when k tends to infinity,

Z Ay — By

U<k, el

— o(k B2 4 g U=B)2+B p e,

6. finally, we prove that the gaps can be neglected, that is, almost surely

(5.2) Y Ag=okP/Fe)
<k, leT

and a similar estimate holds for the By’s.

Altogether, this gives a coupling for which almost surely

S A Bg‘ — o(KPI2¥E 4 k(=B e
<k

Let us choose g such that the two error terms are equal, that is, 8 = p/(2p — 2).
We obtain an almost sure invariance principle with error term p/(4p —4) + ¢
for any ¢ > 0. Since the almost sure invariance principle implies the central limit
theorem, this proves Theorem 1.3, under the assumption that 2 is nondegenerate.

It remains to justify Steps 1, 2, 4 and 6 since Steps 3 and 5 are trivial. This is
done in the following subsections.

5.1. Step 1: Coupling with independent random variables. In this subsection,
we justify the first step of the proof of Theorem 1.3 with the following proposition.

PROPOSITION 5.1.  There exists a coupling between (X, ;) and (Y, ;) such
that, almost surely, when (n, j) tends to infinity,

‘ Z Xu jr = Yo jr :0(2(5+8)n/2)'
', jH=®.j)
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The rest of this subsection is devoted to the proof of this proposition.

Let V) j, for n, j € N, be independent copies of V (constructed in Proposi-
tion 3.8), independent of everything else (we may need to enlarge the space to
ensure their existence). Let X, i =Xnj+ Vuj.

We will write X, = (X, j)o<j<F(n) and )~(,, = (Xn’j)0§j<F(n). The proof of
Proposition 5.1 has two parts: first, we make the different X,, independent of each
other, using the gaps J, o; then, inside each block X 1, we make the variables X n,j
independent by using the smaller gaps J, ;.

LEMM~A 5.2. ~Let Qn be a random variable distributed like Xn, but indepen-
dent of (X1,...,Xu—1). We have

(5.3) (X1, Xn—1, Xn), (X1, ..., Xpe1, Q) < C47".

PROOF. The random process (Xq, ..., X;) takes its values in R4D for D =

n_ F(m) < Y"_,2fm < C2P". Moreover, each component in R? of this
process is one of the X, ;, hence it is a sum of at most 2" consecutive variables Ag.
On the other hand, the interval J, o is a gap between (X;);<, and X,, and its
length k is CT126"A" et ¢ and y : R4P — C denote the respective characteris-
tic functions of (X1, ..., X,,—1, X,,) and (X1, ..., X;—1, O,), where Q,, is distrib-
uted like X, and is independent of (X1, ..., X;—1). The assumption (H) ensures
that for Fourier parameters #,, ; all bounded by &g, we have

6 —yl<C+ 2n)CDe—ck < Cznczﬁ"e—czﬂ”f" < Ce—c/Z/B""'S”’
if n 1s large enough.

Let (/5 and y be the characteristic functions of, respectively, ()N( Lyvvns X ) and
(X1,...,0n): they are obtained by multiplying ¢ and y by the characteristic func-
tion of V in each variable. Since this function is supported in {|¢| < g9}, we obtain,
in particular, that

_Czﬂn+8n

(5.4) lp — 7| < Ce

zsn/

We then use Lemma 3.5 with N = D and T’ = ¢>" to get

JT((XI,...,Xn)a (Xl""’i(n—l, Qn))
S Z Z P(|)~(m,1| 2 ezsn/Z) + eCDZEn/Ze—CZﬁ'H’f”.
m=n j<F(m)

_ Bt . .
28" m, while each term in the first sum

is bounded by e‘zm/zE(I)N(m,j < e 2" con, Summing over m and j, we obtain
a bound of the form C e_zén, which is stronger than (5.3). O

The second term is, again, bounded by e
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COROLLARY 5.3. Let I?n = (1%,, j)j<F(n) be distributed like )N( and such that

the R, are independent of each other. There then exist C > 0 and a coupling be-
tween (X1 X2, ...)and (Rl, Rz, ...) such that for all (n, j),

(5.5) P(|Xnj— Ry j| > C4™") <Ca™".

_PROOF. By Lemma 3.2, it is enough to build such a coupling between
(X1,...,Xn) and (Ry, ..., Ry) for fixed N (we just have to ensure that the con-
stant C we obtain is independent of N, of course).

We use Lemma 5.2 to get a good coupling that makes Xy independent of the
other variables, then again use this lemma to make Xn_1 independent of the other
ones and so on. In the end, this yields the desired coupling between X and R.

Let us be more formal. For n < N, we denote by (R”, e, Rn) a process dis-
tributed like (X1, ..., X,). Also, let R, be distributed like X,,, independent of
everything else. Lemma 5.2 and the Strassen-Dudley Theorem 3.4 give a good
coupling between (R”, .. ﬁ”) and (R"_l RZ }, R,). Putting all those cou-
plings together on a smgle space (by Lemma 3.1), we obtain a space on which
live, in particular, (R1 ,.. RN ) and (R1,.. RN) which are the processes we
are trying to couple. Moreover

N
Ry —Ral< D IR] = RI™'+ IR} — Rul.
j=n+1
If |I§,J,. — 1%;{“| < C47J for je[n+1,N] and |I§ﬁ — R,| < C47" then we get
|RN — R,| < C'4~" for some constant C’ independent of n and N. In particular,
P(IRYN — R,| > C'4™") is bounded by

N
> PR, —RI™'>C4 )+ P(IR} — Ry| > C4™")
j=n+1

N
<> cal<ca
j=n O

LEMMA 5.4. Forany n € N, we have

(5.6) 7 ((Ru, )o<j<Fnys (Y, )o<j<Fmy) < C4™",
where 17,” = Y,,,j + Vn,j.

PROOF. Let f = f(n)=|pn] and F = 2. We will first make the variables

(R,, j)j<F/2 independent of the variables (R,, j)F/2<j<F by using the large gap

Jn,F 2, then proceed in each remaining half using the gap in the middle of this half
and so on.
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We define 17;] for 0 <i < f as follows: for 0 <k < 2/~ the random vari-
able Vi := (V] Diai<jpryy is distributed like (X, j)pai< < es1y2i> and Vi
is independent of y;;, w ik # k’. Hence, the process (17,,{ j)Osj< F coincides with
(Rn’j)0§j<p, while (Y,?,_/)0§j<F coincides with (Yn,j)O§j<F-

Writing ¥' = (?,i’j)j<p, let us estimate 77 (Y?, Y'~1) for 1 <i < f. Since the
variables 37,’1 « are already independent of one another for 0 < k < 2/~ we have

~ ~ 2]‘7[_1 ~ ~ ~
(5.7) aWL Y < Y w1 O Vi)
k=0
Moreover, 5);! « 1s made of 2! sums of variables Ay along blocks, each of these

blocks has length at most 2"~/ and there is a gap I ki 40i-1 Of size C*12enti in
the middle. Therefore, (H) ensures that the difference between the characteristic
functions of )} , and ()J,’l_z}(, y;,—z}c 1) is at most

_c/2£n+i

_ i _nenti i_ nen+i
C(1+2n f)CZe c2 iceCnZ c2 §Ce ,

if n is large enough. Taking N =2/ and T’ = 2" in Lemma 3.5, we obtain (with
computations very similar to those in the proof of Lemma 5.2)

i Si—1 i—1 —20n
77(3),17](’ (yn,Zk’ yn,2k+1)) <Ce

for some § > 0. Summing over k in (5.7) and then over i, we obtain

f
(@70 <Y w (P V) < 2l e < ce” P
i=1

This gives, in particular, (5.6). [

PROOF OF PROPOSITION 5.1.  'We combine the coupling constructed in Corol-
lary 5.3 with the couplings constructed in Lemma 5.4 for each n, using the
Strassen—Dudley Theorem 3.4. We obtain a coupling between ()}n, j) and (f’n, i)
such that P(|X, ; — Y, j| = C4™") < C4™". Since 2on,j47" < oo, the Borel-
Cantelli lemma ensures that almost surely

(5.8) sup
(n,))

Z Xn/,j’ — Yn’,j’ < Q.
(', j=m,j)

Moreover, X n,j = Xn,j + Vau,j, where the random variables V), ; are centered, in-
dependent and in L?. By the law of the iterated logarithm, almost surely, for any
o >0,

=o(Card{(#, j") | (', j') < (n, H}/*T).

> Vg

(', j")=<n,j)
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Moreover, Card{(n’, j") | (', j') < (n, j)} < Xy X jropwy 1 < C2P". We ob-
tain almost surely

Yo Xuj— Xy | =020/,
', jH<n.j)

A similar estimate holds for Y, ; — Y,W-. With (5.8), this proves the proposition.
O

5.2. Step 2: Coupling with Gaussian random vectors. We are going to use
Corollary 3 of Zaitsev [26]. Let us recall it here, for the convenience of the reader,
in a form that is suitable for us (it is obtained from the statement of Zaitsev by
taking r =10/e,y =q, L, = M4, n=b and 7' = Mz/5).

PROPOSITION 5.5. Let Yy, ..., Yp—_1 be independent centered RY -valued ran-
dom vectors. Let ¢ > 2 and M = (Zl;.;(l) E|Y,-|‘1)1/’1. Assume that there exists a
sequence 0 =mg <my < --- < mg = b satisfying the following condition. Letting
Sk =Y + -+ Yy, —1 and By = cov {i, we assume that

(5.9) 100M>|v|* < (Byv, v) < 100CM?|v|?
forallveR?,all0 <k < s and some constant C > 1. There then exists a coupling
between (Yo, ..., Yp—1) and a sequence of independent Gaussian random vectors
(S0, - .., Sp—1) such that cov S; = covY; and, moreover,
i—1
5.10 P Y, —S;|>Mz|<C'z74 —C’
o r{[Zn -5z et ronces

for all z > C'logn. Here, C' is a positive quantity depending only on C, the di-
mension d and the integrability exponent q.

The following lemma easily follows from the previous proposition.
LEMMA 5.6. Forn € N, there exists a coupling between (Y 0, . ... Yn, F(n)—1)

and (Sy,0, - .., Sp,F(n)—1), where the S, j are independent centered Gaussian vec-
tors with cov S, j = covY, ;, such that

n

> 2((1—ﬁ)/2+/3/p+8/2)n> - .

i—1
5.11 Pl ma Y, i — S, i
s e s, S5

PROOF. Let g € (2, p) and n € N. We want to apply Proposition 5.5 to the
independent vectors (Y, j)o<;<F, Where F' = F(n) = 2LBn],
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By Proposition 4.1, we have ||¥y, jllLs < C2U=P)"/2 This implies that M :=
(25:_01 ElY, ; |9)1/4 satisfies

(5.12) M < c2Pr/a  pd=Pn/2

By the assumptions of Theorem 1.3, covY, ; = |I,,,J~|232 + o(|1,,1%) for any
a > 0. In particular,

(5.13) cov ¥, j =20"Pn52(1 4 o(1)).

Moreover, we assume that the matrix 2 is nondegenerate. Therefore, there exists
a constant Cy such that for any large enough n, any 0 <m < m’ < F(n) and any
vector v, we have
m'—1
Cytm' —m)20=Pn )2 < < > covY,, v, v> < Co(m' —m)20=Pny)2,
j=m
For m =0 and m’ = F, the quantity (m’ — m)2U0=An = 2lBrl . 2(1=F)n i3 much

larger than M2, by (5.12). On the other hand, each individual term (for m’ = m+1)
is bounded by

2 2 12 2 2 2, 12
lcovYp,j[[v]" < 1Y, jll72 101" < [1¥n,jllzqlv]” < M7 |0[".

Therefore, we can group the Y, ; into consecutive blocks so that (5.9) is satisfied
for some constant C.

Applying Proposition 5.5, we get a coupling between (Y, 0, ..., Yy, F—1) and
(Sn.0 - --»Sn,F—1) such that

i—1

Z Yn,j - Sn,j
j=0

by (5.10), for z = 2¢"/3. This quantity is summable in n. Since 2°"/3M <
2((A=F)/2+B/p+e/2n if 4 is close enough to p and n is large enough, this completes
the proof of the lemma. [J

(5.14) P( max > 25”/3M) <2793
1<i<F

LEMMA 5.7. Let Z, j be independent Gaussian random vectors such that
CovVZy j= |In,j|22. There then exists a coupling between (S, ;) and (Z,, ;) such
that almost surely

(5.15) S Sy = Zu = 02BN/,
' j)=n.))

PROOF. Leta >0.Let E, ;j = N(0, |1, ;|Z% +2%"1;), where I, is the iden-
tity matrix of dimension d. By assumption, cov S, ;j = |1, ;| 2 4+0(2%"). In partic-
ular, if n is large enough, we can write |/, ;| »2 429, = cov Sn,j + My, j, where
the matrix M, ; is positive definite and |M,, ;| < C2*". Therefore, E,_ ; is the sum
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of S, ; and an independent random variable distributed like A (0, M, ;). In the
same way, E,_; is the sum of Z, ; and of an independent Gaussian N (0, 2%"1).
Putting those decompositions on a single space, using Lemma 3.1, we obtain a
coupling between (S, ;) and (Z,, ;) such that the difference D, ; = S, j — Z, j is
centered and where || Dy, j|l;2 < Cc20m/2,

We claim that this coupling satisfies the conclusion of the lemma if o < &/2.
Indeed, by Etemadi’s inequality ([5], Paragraph M19), we have, for any n,

P< max > 2(ﬁ+8/2)”/2>
I<i<F(n)

i—1

> Duj
=0

i—1
<C P D, j| > 2FFe/2m/2 3
= lf?lfag'((n) ( Z n,j| = /

1<i<F(n)

i—1 2
<C max E(ZDn,J‘ )/203“/2)”
j=0

F(n)—1
<C Z E(|Dn J|2)/2(/3+S/2)n < Czﬂnzan/z(ﬁ+8/2)n
j=0
This is summable. Therefore, almost surely for large enough n and for 1 <i <
F(n), we have | le_:%) Dy, j| < 2(8+e/2n/2 The estimate (5.15) follows. [

Putting together the couplings constructed in Lemmas 5.6 and 5.7, we obtain a
coupling satisfying the conclusions of Step 2.

5.3. Step 4: Handling the maxima. We recall that i, ; is the smallest element
of the interval I, ;.

LEMMA 5.8. Almost surely when (n, j) — 00,

in,j—l—m
max Z Ay :0(2((1—/3)/24‘!‘3/174‘8)”)‘
m<|ly,jl =in;

PROOF. Let g € (2, p). In L9, the partial sums Zlg;; Ay are bounded by
C(b — a)'/?, by Proposition 4.1. Let Mfl’ = maxa5n5b|2’g;; Agl. Corollary Bl
in Serfling [23] then also shows that

(5.16) 1M lle < Cb—a)'?
for a different constant C. In particular, if v= (1 — 8)/2 + 8/p + ¢/2, then
P(an,].'+|1n,j| > 2vn) < E((M.l‘n,_./'+|1n,j|)Q)/2vnq

In,j In,j

< C|I, ;|72 /2""4.
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Moreover,
Z |1, j|61/2/2vnq < Zzﬂn .2(1=P)ng/2—vng_
n,j n

This sum is finite if g is close enough to p. The Borel-Cantelli lemma gives the
desired result. [

5.4. Step 6: The gaps. Recall that J is the union of the gaps J, ;. In this
subsection, we prove the following lemma.

LEMMA 5.9. For any a > 0, there exists C > 0 such that for any interval
J CN,

2

E <C|lJInJ|te.

> A

LeJNT

Together with the Gal-Koksma strong law of large numbers (Proposition 3.7)
applied with ¢ = 1 4 «, this shows that for every o > 0, almost surely

Y Ag=0o(lT N[0, K]|V/*H).
l<k leT

Moreover, for k € [2",2"+1), we have [by (5.1)]

n F(m)—1 n
ITOI0KN< D D0 1 jl <C Yo m2 P < 2P < P32,
m=1 j=0 m=1

With the previous equation, we obtain (if « is small enough)

> Ag=o(kPlPE).
t<k,teg

This is (5.2), as desired.

PROOF OF LEMMA 5.9. We will freely use the convexity inequality
(5.17) (a1 + - +ap)’ <k@l+---+a}).

Let J C N be an interval. We decompose J N J as Jo U J; U Jo, where Jy and J»
are, respectively, the first and the last interval of J N 7, and J; is the remaining
part (it is therefore a union of full intervals of ). Then

2 2 2
> Ag‘ <3 ZAZ‘ +3 ZAg‘ +3

LeJNT Ledy Leldy

2 A

‘2
ley
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The set Jo is an interval, hence Proposition 4.1 gives E|} ¢, Agl> < ClJo).
A similar inequality holds for J;. To conclude the proof, it is therefore sufficient
to prove that

(5.18) E|Y " Ay =Clnt

‘2
Ledq

Since Ji is not always an interval, this does not follow directly from Proposi-
tion 4.1. However, this is trivial if J; is empty. Otherwise, let N be such that
max J; € [2V,2¥ 1) Since the last interval in J; is contained in [2V, 2V *1) its
length is 2LENI+T for some r € [0, f(N)]. In particular, N < Clog|J1]|.

We defined the notion of rank of an interval J,_ ; in the paragraph before equa-
tion (5.1): such an interval has rank r € [0, f(n)] if its length is 2lenl+r There are
2/M=1=r"intervals of rank r in [2", 2"T!) for r < f(n) and one interval of rank
f ().

ForneNand 0 <r < f(n), let J (.7) denote the union of the intervals
Jn,j which are of rank r. The number of sets J (n.r) intersecting J; is at most

Zf;’:o( f(n) + 1) < CN?. Hence, by the convexity inequality (5.17),

2 2
(5.19) ZAK‘ <CN*Y | Ag‘
tel nrlpe g
Let us fix some (n, ) and enumerate the intervals of 7 (1) a5 K 1 ..., K; for

t =201 r < f(n) [ort =1if r = f(n)]. Let Ty = ¥k, Ae. We claim
that for any subset S of {1, ..., ¢},

2
>,

seS

(5.20) E <CY E|T,|*+CIS|.

seS

Let us show how this completes the proof. By Proposition 4.1, we have E|T;|> <
C|K;|. Therefore, for any set K which is a union of intervals in 7 "), we obtain
E|Y ek Ag|2 < C|K]|. This applies, in particular, to K = J; N J ™) Therefore,
(5.19) gives
2

<CN?Y | ng™" | =CN?||.

n,r

E

2 A

LeJy

Together with the inequality N < Clog|Ji|, this proves (5.18), as desired.

It remains to prove (5.20). We first make the 7; independent, as follows. Let
(Ui, ..., U;) be independent random variables such that Uy is distributed like 7.
Also, let Vi,..., V;, V|, ..., V/ be independent random variables distributed like
V' (constructed in Proposition 3.8) and write TS =T, + Vi, US =U; + V). We
claim that for some § > 0 and C > 0,

(5.21) 2Ty, ... T). (O, ....0)) < Ce™ 2"
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To prove this estimate, we use the intervals of rank greater than r as gaps: we
first make Tl, e T, /2 independent of f, J241s s f} using the gap J, r2, then
proceed in each half using the central gaps J, r/4 and Jy, 374, and so on. The
details of the argument are exactly the same as in the proof of Lemma 5.4.

Thanks to this estimate and the Strassen—Dudley Theorem 3.4, we can construct
a coupling between (Tj) 1<j<r and (U j)1<j<¢ such that, outside a set O of measure
at most Ce‘zsn, we have |f’j — 0j| < Ce‘zsn for 1 < j <t. For any subset S of
{1,...,t}, we obtain (as in the proof of Lemma 4.2)

> HlOZTS ) —|—H10c27~}—(~]

ses seSs
The first term is bounded by [[1o|[zall D scs fs llL», where ¢ is chosen such that
1/p + 1/g = 1/2. Hence, it is at most Ce=2"/apn < C. The second term is
bounded by C te=2" < C. Therefore, || 3 ;¢ Tsl|l 2 is bounded by

2T 2Us| V|

seS seS seS seS

ZU

seS

SCH

12,

seS

Since the U, are centered independent random variables, | ;cqUsll;2 =
(ZE(UZ))I/2 (ZE(TZ))I/2 In the same way, we have ||> ;cgVill2 =
1 5es Villz2 = CISIM2 We get | Xyes Tyllz2 < € + (C E(T)'/? + CIS|V2,
which implies (5.20). O

6. Completing the proof of the main theorems. In this section, we first fin-
ish the proof of Theorem 1.3 when the matrix ©? is degenerate and then derive
Theorem 1.2 from Theorem 1.3.

LEMMA 6.1. Let (Ag, A1, ...) be a process satisfying the assumptions of
Theorem 1.3 for % = 0. Then almost surely ZZ;& A¢ = o(n*) for any A >

p/4p—4).

PROOF. Let 8 > 0and ¢ > 0. Define a sequence of intervals I, = [nT!, (n +
1)A*1) NN and denote by i, = [n#*!] the smallest element of I,. We claim that
almost surely

in—1
(6.1) > A= 0@
£=0
and
(6.2) max Z Ayl = OmPIPH1p+ey,
iel, (=i,
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Taking B = (p — 2)/p to equate the error terms, we get |>_, 4 A¢| = O (n'/?te),
where n = n(k) is the index of the interval I, containing k. Since n < Ck!/(+8),
we finally obtain an error term O (k*+2*¢) for

This

1 1 p

2 1+(p-2/p 4p—4
concludes the proof. It remains to establish (6.1) and (6.2).

By (1.3), 107 A¢ll 2 = O (n*/?) for any & > 0. Therefore,

ip—1

in—1 2
P(Z Ay Zn1/2+s> < Z Ay /n1+Zs < Cnoe/n1+28‘
=0 L?

=0

Taking o = ¢, this quantity is summable. Equation (6.1) follows.
Let Mé’ = maxugngblzg;; Ay|. For g < p, we have

i
2 A

=iy

P(mg}x Zn.B/Z-I—l/p-Fé‘) — P(Miin+1 Znﬂ/2+1/p+£)
1€l n

< ”lelrzﬂ ||‘£q/n4(ﬂ/2+1/17+8).

By (5.16), ||M;';j+l lza < C(ins1 — in)'/? < CnP/?. Therefore, the last equation is
bounded by C/n?1/P+#) This is summable if g is close enough to p. The estimate
(6.2) follows. [

Let (Ag, A1, ...) be a process satisfying the assumptions of Theorem 1.3 for
some matrix ¥2. Replacing A, by A, — E(Ay), we can assume that this process
is centered. We decompose R? as an orthogonal sum E @ F, where £? is nonde-
generate on E and vanishes on F. The almost sure invariance principle along E is

prov

ed in Section 5, while Lemma 6.1 handles F. This proves Theorem 1.3.

Finally, Theorem 1.2 follows directly from Lemma 2.7 and Theorem 1.3.

(5]
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