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In this paper, we study metastability in large volumes at low tempera-
tures. We consider both Ising spins subject to Glauber spin-flip dynamics and
lattice gas particles subject to Kawasaki hopping dynamics. Let 8 denote the
inverse temperature and let Ag C 72 be a square box with periodic bound-
ary conditions such that limg_, oo |Ag| = 00. We run the dynamics on Ag,
starting from a random initial configuration where all of the droplets (clus-
ters of plus-spins and clusters of particles, respectively) are small. For large
B and for interaction parameters that correspond to the metastable regime,
we investigate how the transition from the metastable state (with only small
droplets) to the stable state (with one or more large droplets) takes place un-
der the dynamics. This transition is triggered by the appearance of a sin-
gle critical droplet somewhere in A g. Using potential-theoretic methods, we
compute the average nucleation time (the first time a critical droplet appears
and starts growing) up to a multiplicative factor that tends to 1 as 8 — oo.
It turns out that this time grows as K P /1A g| for Glauber dynamics and as
K ﬂem /1Ag] for Kawasaki dynamics, where T" is the local canonical (resp.
grand-canonical) energy, to create a critical droplet and K is a constant re-
flecting the geometry of the critical droplet, provided these times tend to in-
finity (which puts a growth restriction on [Ag|). The fact that the average
nucleation time is inversely proportional to |Ag| is referred to as homoge-
neous nucleation because it says that the critical droplet for the transition
appears essentially independently in small boxes that partition Ag.

1. Introduction and main results.

1.1. Background. In arecent series of papers, Gaudilliere et al. [12-14] study
a system of lattice gas particles subject to Kawasaki hopping dynamics in a large
box at low temperature and low density. Using the so-called pathwise approach to
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metastability (see Olivieri and Vares [23]), they show that the transition time be-
tween the metastable state (the gas phase with only small droplets) and the stable
state (the liquid phase with one or more large droplets) is inversely proportional to
the volume of the large box, provided that the latter does not grow too fast with the
inverse temperature. This type of behavior is called homogeneous nucleation be-
cause it corresponds to the situation where the critical droplet triggering the nucle-
ation appears essentially independently in small boxes that partition the large box.
The nucleation time (the first time a critical droplet appears and starts growing) is
computed up to a multiplicative error that is small on the scale of the exponential
of the inverse temperature. The techniques developed in [12—14] center around the
idea of approximating the low temperature and low density Kawasaki lattice gas
by an ideal gas without interaction and showing that this ideal gas stays close to
equilibrium while exchanging particles with droplets that are growing and shrink-
ing. In this way, the large system is shown to behave essentially like the union of
many small independent systems, leading to homogeneous nucleation. The proofs
are long and complicated, but they provide considerable detail about the typical
trajectory of the system prior to and shortly after the onset of nucleation.

In the present paper, we consider the same problem, both for Ising spins subject
to Glauber spin-flip dynamics and for lattice gas particles subject to Kawasaki
hopping dynamics. Using the potential-theoretic approach to metastability (see
Bovier [5]), we improve upon an aspect of the results in [12—-14], namely, we
compute the average nucleation time up to a multiplicative error that tends to 1
as the temperature tends to O, thereby providing a very sharp estimate of the time
at which the gas starts to condensate.

We have no results about the typical time it takes for the system to grow a
large droplet after the onset of nucleation. This is a difficult problem that will
be addressed in future work. All that we can prove is that the dynamics has a
negligible probability to shrink down a supercritical droplet once it has managed
to create one. At least this shows that the appearance of a single critical droplet
indeed represents the threshold for nucleation, as was shown in [12-14]. A further
restriction is that we need to draw the initial configuration according to a class
of initial distributions on the set of subcritical configurations, called the last-exit
biased distributions since these are particularly suitable for the use of potential
theory. It remains a challenge to investigate to what extent this restriction can be
relaxed. This problem is addressed with some success in [12—14] and will also be
tackled in future work.

Our results are an extension to large volumes of the results for small volumes
obtained in Bovier and Manzo [8] (resp. Bovier, den Hollander and Nardi [7]).
In large volumes, even at low temperatures, entropy is competing with energy be-
cause the metastable state and the states that evolve from it under the dynamics
have a highly nontrivial structure. Our main goal in the present paper is to extend
the potential-theoretic approach to metastability in order to be able to deal with
large volumes. This is part of a broader program where the objective is to adapt
the potential-theoretic approach to situations where entropy cannot be neglected.
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In the same direction, Bianchi, Bovier, and loffe [3] study the dynamics of the
random field Curie—Weiss model on a finite box at a fixed positive temperature.

As we will see, the basic difficulty in estimating the nucleation time is to obtain
sharp upper and lower bounds on capacities. Upper bounds follow from the Dirich-
let variational principle, which represents a capacity as an infimum over a class of
test functions. In [3], a new technique is developed, based on a variational princi-
ple due to Berman and Konsowa [2], which represent a capacity as a supremum
over a class of unit flows. This technique allows for lower bounds to be obtained
and it will also be exploited here.

1.2. Ising spins subject to Glauber dynamics. We will study models in finite
boxes, Ag, in the limit as both the inverse temperature, 8, and the volume of the
box, |Agl|, tend to infinity. Specifically, we let Ag C 7? be a square box with
odd side length, centered at the origin with periodic boundary conditions. A spin
configuration is denoted by o = {o (x) : x € Ag}, with o (x) representing the spin
at site x, and is an element of Xy = {—1, +1 }Aﬁ. It will frequently be convenient to
identify a configuration o with its support, defined as supp[o] = {x € Ag:0o(x) =
+1}.

The interaction is defined by the the usual Ising Hamiltonian

J h
(1.1) Hﬁ(o):—E > o(x)o(y)—EZa(x), o€ Xp,

(x,y)EAp xeAg
x~y

where J > 0 is the pair potential, # > 0 is the magnetic field and x ~ y means that
x and y are nearest neighbors. The Gibbs measure associated with Hg is

1
(1.2) up(o) = Z—e_ﬁHf‘(U), o € Xg,
B

where Zg is the normalizing partition function.
The dynamics of the model will the continuous-time Markov chain, (o (¢));>0,
with state space X, whose transition rates are given by
(13)  cp(o.0') = {e‘ﬂ[Hﬂ(U/)—Hﬂ(ﬂ)h’ for o’ = o for some x € Ag,
0, otherwise,

where o* is the configuration obtained from o by flipping the spin at site x and [-]+
denotes the positive part. We refer to this Markov process as Glauber dynamics. It
is ergodic and reversible with respect to its unique invariant measure, (g, that is,

(1.4) upg(o)ep(o,0") = pg(c’)ep(o’, o) Vo,o' € Xg.
Glauber dynamics exhibits metastable behavior in the regime
(1.5) O<h<?2J, B — oo.

To understand this, let us briefly recall what happens in a finite S-independent box
A C Z?. Let Hy and M, denote the configurations where all spins in A are —1
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FI1G. 1. A critical droplet for Glauber dynamics on A. The shaded area represents the (+1)-spins;
the unshaded area represents the (—1)-spins [see (1.6)].

(resp. +1). As was shown by Neves and Schonmann [22], for Glauber dynamics
restricted to A with periodic boundary conditions and subject to (1.5), the critical
droplets for the crossover from Hyp to Hy are elements of the set of all those
configurations where the (41)-spins form an £, x (£, — 1) quasi-square (in either
of the both orientations) with a protuberance attached to one of its longest sides,
where

(1.6) = [27]1

(see Figures 1 and 2; for nondegeneracy reasons, it is assumed that 2J/h ¢ N).
The quasi-squares without the protuberance are called proto-critical droplets.

Let us now return to our setting with finite S-dependent volumes Ag C 72. We
will start our dynamics on Ag from initial configurations in which all droplets
are “sufficiently small.” To make this notion precise, let Cg(0), o € X, be the

H

A

FI1G. 2. A nucleation path from B to B for Glauber dynamics. T in (1.10) is the minimal energy
barrier the path has to overcome under the local variant of the Hamiltonian in (1.1).
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configuration that is obtained from o by a “bootstrap percolation map,” that is,
by circumscribing all of the droplets in o with rectangles and continuing to do so
in an iterative manner until a union of disjoint rectangles is obtained (see Kotecky
and Olivieri [19]). We call Cg (o) subcritical if all of its rectangles fit inside proto-
critical droplets and are at distance > 2 from each other (i.e., are noninteracting).

DEFINITION 1.1. (a) S ={o € Ag:Cp(0) is subcritical};
(b) P={o €S:cp(o,0) > 0 for some ¢’ € SY;
(c)C={0" €S :cp(0,0") > 0 for some o € S}.

We refer to S, P and C as the set of subcritical, proto-critical and critical con-
figurations, respectively. Note that, for every o € &g, each step in the bootstrap
percolation map o — Cp (o) deceases the energy and therefore the Glauber dy-
namics moves from o to Cp (o) in a time of order 1. This is why Cp (o), rather
than o, appears in the definition of S.

For £1,£; € N, let Ry, ¢,(x) C Ag be the £; x €5 rectangle whose lower-left
corner is x. We always take £1 < £, and allow for both orientations of the rectan-
gle. For L =1,...,2¢, — 3, let Q7 (x) denote the Lth element in the canonical
sequence of growing squares and quasi-squares

(1.7) Ri2(x), Ro2(x), R23(x), R33(x), ..., Ree—1,0,—1(x), Re.—1,0.(x).

In what follows, we will choose to start the dynamics in a way that is suitable
for the use of potential theory, as follows. First, we take the initial law to be con-
centrated on one of the sets Sy C S defined by

Sy ={o € §: each rectangle in Cp(0)
(1.8)
fits inside Qy (x) for some x € Ag},

where L is any integer satisfying

L*<L<2¢,-3

(1.9)

withL*:min{l <L <20,—3: lim “2GD _ 1}.

B—oo up(S)

In words, Sy, is the subset of those subcritical configurations whose droplets fit
inside a square or quasi-square labeled L, with L chosen large enough so that Sp
is typical within & under the Gibbs measure g as B — oo (our results will not
depend on the choice of L subject to these restrictions). Second, we take the initial
law to be biased according to the last exit of Sy for the transition from Sy, to a
target set in S¢. (Different choices will be made for the target set and the precise
definition of the biased law will be given in Section 2.2.) This is a highly specific
choice, but clearly one of physical interest.
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REMARKS. (1) Note that Sy¢.—3 = &, which implies that the range of L-
values in (1.9) is nonempty. The value of L* depends on how fast Ag grows
with 8. In Appendix C.1, we will show that, for every 1 < L < 2{, — 4,
limg_, 00 p(Sr)/1p(S) =1 if and only if limg_, |A,g|e_/3FL+1 =0, with '
the energy needed to create a droplet QO +1(0) at the origin. Thus, if [Ag| = %8,
then L* = L*(0) = (2¢, — 3) Amin{L € N:T'z | > 6}, which increases stepwise
from 1 to 2¢, — 3 as 6 increases from O to I" defined in (1.10).

(2) If we draw the initial configuration oy from some subset of S that has a
strong recurrence property under the dynamics, then the choice of initial distribu-
tion on this subset should not matter. This issue will be addressed in future work.

To state our main theorem for Glauber dynamics, we need some further nota-
tion. The key quantity for the nucleation process is
(1.10) ['=J[4bc] = hllc(bc = 1) + 1],

which is the energy needed to create a critical droplet of (41)-spins at a given
location in a sea of (—1)-spins (see Figures 1 and 2). For o € X}, let P, denote
the law of the dynamics starting from ¢ and, for v a probability distribution on X,
put

(1.11) Py()= Y Ps()v(0).

o€Xp
For a nonempty set A C X, let
(1.12) T4 =inf{t >0:0, € A, 0,- ¢ A}

denote the first time that the dynamics enters .A. For nonempty and disjoint sets
A, B C Xg, let Ufl denote the last-exit biased distribution on A for the crossover
to B defined in (2.9) in Section 2.2. Put

(1.13) N =44, N> =3(2¢. - 1).
For M € N with M > £, define
(1.14) Dy ={o € Xg:3x € Ag such that supp[Cg(0)] D Ry, m(x)},

that is, the set of configurations containing a supercritical droplet of size M. For
our results below to be valid, we need to assume that

1.15 lim |Ag| = oo, lim |Agle Pl =0.
(1.15) ﬂggol gl =00 ﬂgl;ol gle

THEOREM 1.2. In the regime (1.5), subject to (1.9) and (1.15), the following
hold:
(a)

1
i _ﬁr c c) = —.
(1.16) ﬂhn;o|A,3|e ]Eng (Tse) N
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(b)
1
1.17 lim |Agle PTE s o) = —:
(1.17) ﬂgréol ple ng\c(TS\c) Ny
()

1
: BI _
(1.18) ﬂhm [Agle EvQM (tpy,) = A Vel <M <20.—1.

The proof of Theorem 1.2 will be given in Section 3. Part (a) says that the av-
erage time to create a critical droplet is [1 + o(1)]ePr /N1|Agl. Parts (b) and (c)
say that the average time to go beyond this critical droplet and to grow a droplet
that is twice as large is [1 + 0(1)]eﬁF/N2|Aﬂ|. The factor N| counts the num-
ber of shapes of the critical droplet, while |Ag| counts the number of locations.
The average times to create a critical and a supercritical droplet differ by a fac-
tor No/N1 < 1. This is because once the dynamics is “on top of the hill” C, it
has a positive probability to “fall back” to S. On average, the dynamics makes
Ni/N> > 1 attempts to reach the top C before it finally “falls over” to S¢\ C. After
that, it rapidly grows a large droplet (see Figure 2).

REMARKS. (1) The second condition in (1.15) will not actually be used in the
proof of Theorem 1.2(a). If this condition fails, then there is a positive probability
to see a proto-critical droplet in A g under the starting measure ng and nucleation
sets in immediately. Theorem 1.2(a) continues to be true, but it no longer describes
metastable behavior.

(2) In Appendix D, we will show that the average probability under the Gibbs
measure ug of destroying a supercritical droplet and returning to a configuration in
St is exponentially small in 8. Hence, the crossover from Sy, to §¢ \ C represents
the true threshold for nucleation and Theorem 1.2(b) represents the true nucleation
time.

(3) We expect Theorem 1.2(c) to hold for values of M that grow with 8 as
M = e°P . As we will see in Section 3.3, the necessary capacity estimates carry
over, but the necessary equilibrium potential estimates are not yet available. This
problem will be addressed in future work.

(4) Theorem 1.2 should be compared with the results in Bovier and Manzo [8]
for the case of a finite B-independent box A (large enough to accommodate a
critical droplet). In that case, if the dynamics starts from Hy, then the average
time it needs to hit Cp (the set of configurations in A with a critical droplet),
respectively, HHp equals

11
(1.19) KePT[1+0(1)]  with K =K (A, €)= NiAl for N = N (resp. N»).

(5) Note that in Theorem 1.2, we compute the first time when a critical droplet
appears anywhere (!) in the box Ag. It is a different issue to compute the first
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time when the plus-phase appears near the origin. This time, which depends on
how a supercritical droplet grows and eventually invades the origin, was studied
by Dehghanpour and Schonmann [10, 11], Shlosman and Schonmann [24] and,
more recently, by Cerf and Manzo [9].

1.3. Lattice gas subject to Kawasaki dynamics. We next consider the lattice
gas subject to Kawasaki dynamics and state a similar result for homogeneous nu-
cleation. Some aspects are similar to what we have seen for Glauber dynamics, but
there are notable differences.

A lattice gas configuration is denoted by o = {o (x) : x € X}, with o (x) repre-
senting the number of particles at site x, and is an element of X = {0, 1}2%. The
Hamiltonian is given by

(1.20) Hg(o)=-U Y  oxo(y), o€,

(x,y)EAp
X~y

where —U < 0 is the binding energy and x ~ y means that x and y are neighboring
sites. Thus, we are working in the canonical ensemble, that is, there is no term
analogous to the second term in (1.1). The number of particles in Ag is

(1.21) npg = [pplAgll,

where pg is the particle density, which is chosen to be

(1.22) pp=e P2, A>0.
Put
(1.23) Xénﬁ)z{a € Xg:|supplo]| =ng},

where supplo] ={x € Ag:o(x) =1}.

REMARK. If we were to work in the grand-canonical ensemble, then we
would have to consider the Hamiltonian

(124) H%(0)=-U Y oxo(M+A ) o), o€clp,
(x,y)EAp Xe€Ap
X~y

where A > 0 is an activity parameter taking over the role of % in (1.1). The second
term would mimic the presence of an infinite gas reservoir with density pg outside
Ag. Such a Hamiltonian was used in earlier work on Kawasaki dynamics, when
a finite B-independent box with open boundaries was considered (see, e.g., den
Hollander, Olivieri and Scoppola [18], den Hollander et al. [17] and Bovier, den
Hollander and Nardi [7]).
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The dynamics of the model will be the continuous-time Markov chain, (o;);>0,

with state space X’ fgnﬂ ), whose transition rates are

e—ﬁ[Hﬂ(U,)—Hﬂ(U)]+’
(1.25) cplo,0) = for o/ = oY for some x, y € Ag with x ~ y,
0, otherwise,
where o is the configuration obtained from o by interchanging the values at

sites x and y. We refer to this Markov process as Kawasaki dynamics. It is ergodic
and reversible with respect to the canonical Gibbs measure

(1.26) np(o) = e PHp() o€ Xénﬂ),

(ng)
Zg

where Zén’g ) is the normalizing partition function. Note that the dynamics preserves

particles, that is, it is conservative.
Kawasaki dynamics exhibits metastable behavior in the regime

(1.27) U<A<2U, - .

This is again inferred from the behavior of the model in a finite S-independent box
A CZ?% Let Oy (resp. M) denote the configurations where all of the sites in A
are vacant (resp. occupied). For Kawasaki dynamics on A with an open boundary,
where particles are annihilated at rate 1 and created at rate e8P it was shown
in den Hollander, Olivieri, and Scoppola [18] and in Bovier, den Hollander, and
Nardi [7] that, subject to (1.27) and for the Hamiltonian in (1.24), the critical
droplets for the crossover from [J5 to B are the set of all those configurations
where the particles form either:

(1) an (£, — 2) x (£, — 2) square with four bars attached to the four sides with
total length 3¢, — 3; or

(2) an (¢, — 1) x (£, — 3) rectangle with four bars attached to the four sides with
total length 3¢, — 2,

plus a free particle anywhere in the box, where

U
029 =[]

[see Figures 3 and 4; for nondegeneracy reasons, it is assumed that U/ QU — A) ¢
N].

Let us now return to our setting with finite S-dependent volumes. We define a
reference distance, Lg, as

ieisﬂﬂ

(1.29) L% — o(A=3p)B —
PB



670 A. BOVIER, F. DEN HOLLANDER AND C. SPITONI

FI1G. 3. A critical droplet for Kawasaki dynamics on A (a proto-critical droplet plus a free particle).
The shaded area represents the particles; the unshaded area represents the vacancies [see (1.28)].
The proto-critical droplet for Kawasaki dynamics drawn in the figure has the same shape as the
critical droplet for Glauber dynamics, but there are other shapes as well [see (1) and (2) below
(1.27)]. A proto-critical droplet for Kawasaki dynamics becomes critical when a free particle is
added.

with

(1.30) ﬁll)moo 3 =0, ,311>moo’38ﬂ = 00,

.A

FIG. 4. A nucleation path from Oy to By for Kawasaki dynamics on A with open boundary.
I" in (1.33) is the minimal energy barrier the path has to overcome under the local variant of the
grand-canonical Hamiltonian in (1.24).
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that is, Lg is marginally below the typical inter-particle distance. We assume Lg
to be odd and write Brg.Ly (x), x € Ag, for the square box with side length Lg
whose center is x.

DEFINITION 1.3, (@) S = {0 € X"t |supplo1N B, ()] < £e(lc— D +1
Vx € Agl;

(b) P={o €S:cp(0,0") > 0 for some o’ € S°Y};

(c)C={0" €S :cp(0,0") > 0 for some o € S};

(d) C™ ={o €C:3x € Ag such that By, 1,(x) contains a proto-critical droplet
plus a free particle at distance Lg};

(e) CT = the set of configurations obtained from C~ by moving the free particle
to a site at distance 2 from the proto-critical droplet, that is, next to its boundary;

(f) C = the set of configurations “interpolating” between C~ and C™, that is, the
free particle is somewhere between the boundary of the proto-critical droplet and
the boundary of the box of size Lg around it.

As before, we refer to S, P and C as the set of subcritical, proto-critical and
critical configurations, respectively. Note that, for every o € S, the number of
particles in a box of size Lg does not exceed the number of particles in a proto-
critical droplet. These particles do not have to form a cluster or to be near each
other because the Kawasaki dynamics brings them together in a time of order L% =
o(1/pp).

The initial law will again be concentrated on sets Sy, C S, this time defined by

(1.31) Sp = {o € X" |supplo]N By, 1, (x)| < LVx € Ag),
where L is any integer satisfying

L*<L<t.(,—1)+1
(1.32) S0)
withL*:min{l <L <0(l—1)+1: lim 222 _ 1}.
B—oo ug(S)
In words, Sy, is the subset of those subcritical configurations for which no box of
size Lg carries more than L particles, with L again chosen such that Sy, is typical
within § under the Gibbs measure g as 8 — 00.

REMARK. Note that Sy r.—1)+1 = S. As for Glauber dynamics, the value
of L* depends on how fast Ag grows with 8. In Appendix C.2, we will show
that for every 1 < L < £.(€, — 1), limg_oo g(S)/1p(S) = 1 if and only if
limg_, |A5|e_/3(FL+1_A) =0, with I'z 4 the energy needed to create a droplet
of L + 1 particles, closest in shape to a square or quasi-square, in Br, 1,(0)
under the grand-canonical Hamiltonian on this box. Thus, if [Ag| = e8| then
L*=L*®) =l — 1)+ 1] Amin{L € N:Tz4; — A > 6}, which increases
stepwise from 1 to £.(£, — 1) 4+ 1 as 6 increases from A to I defined in (1.33).
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Set
(1.33) F=—U[(le — D>+ £.(8e — 1)+ 114+ A[Le(Le — 1) + 2],

which is the energy of a critical droplet at a given location with respect to the
grand-canonical Hamiltonian given by (1.24) (see Figures 3 and 4). Put N =
1€2(¢2 — 1). For M € N with M > ¢, define

(1.34) Dy = {o € Xp:3dx € Ag such that supp[(o)] D Ry, m(x)},

that is, the set of configurations containing a supercritical droplet of size M. For
our results below to be valid, we need to assume that

(1.35) lim |Ag|pg = oo, lim |Agle Pl =0.
B—o0 p—00
This first condition says that the number of particles tends to infinity and ensures

that the formation of a critical droplet somewhere does not globally deplete the
surrounding gas.

THEOREM 1.4. In the regime (1.27), subject to (1.32) and (1.35), the follow-
ing hold:

(a)

. 4w _gr 1

(1.36) ﬁll)moo|Aﬂ|ﬂ—Ae g Eug‘SL"\é)Uﬁ (t(SC\é)UC+):N;
(b)

137)  lim |As| TR L v <m<20 1
(1.37) ,3220' 'B|,3—Ae ngl(TDM)_N c = =S abe— L

The proof of Theorem 1.4, which is an analog of Theorem 1.2, will be given
in Section 4. Part (a) says that the average time to create a critical droplet is [1 +
o(H](BA /47[)6’3 TN|A gl. The factor BA /4w comes from the simple random walk
that is performed by the free particle “from the gas to the proto-critical droplet”
(i.e., the dynamics goes from C~ to CT), which slows down the nucleation. The
factor N counts the number of shapes of the proto-critical droplet (see Bovier, den
Hollander and Nardi [7]). Part (b) says that once the critical droplet is created, it
rapidly grows to a droplet that has twice the size.

REMARKS. (1) As for Theorem 1.2(c), we expect Theorem 1.4(b) to hold for
values of M that grow with B as M = ¢°® . See Section 4.2 for more details.

(2) In Appendix D, we will show that the average probability under the Gibbs
measure pg of destroying a supercritical droplet and returning to a configuration
in Sy, is exponentially small in 8. Hence, the crossover from Sy, to S¢\ cuct
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represents the true threshold for nucleation and Theorem 1.4(a) represents the true
nucleation time.

(3) It was shown in Bovier, den Hollander and Nardi [7] that the average
crossover time in a finite box A equals
oAl 1\ g
4 N|A|
This matches the |Ag|-dependence in Theorem 1.4, with the logarithmic factor
in (1.38) accounting for the extra factor SA in Theorem 1.4 compared to Theo-
rem 1.2. Note that this factor is particularly interesting since it says that the effec-
tive box size responsible for the formation of a critical droplet is Lg.

(1.38) KePT[1+o0(1)) with K = K (A, £.) ~

1.4. Outline. The remainder of this paper is organized as follows. In Sec-
tion 2, we present a brief sketch of the basic ingredients of the potential-theoretic
approach to metastability. In particular, we exhibit a relation between average
crossover times and capacities and we state two variational representations for
capacities, the first of which is suitable for deriving upper bounds and the sec-
ond for deriving lower bounds. Section 3 contains the proof of our results for the
case of Glauber dynamics. Technically, this will be relatively easy and will give
a first flavor of how our method works. In Section 4, we deal with Kawasaki dy-
namics. Here, we will encounter several rather more difficult issues, all coming
from the fact that Kawasaki dynamics is conservative. The first issue is to under-
stand why the constant I", representing the local energetic cost to create a critical
droplet, involves the grand-canonical Hamiltonian, even though we are working in
the canonical ensemble. This mystery will, of course, be resolved by the observa-
tion that the formation of a critical droplet reduces the entropy of the system: the
precise computation of this entropy loss yields I' via equivalence of ensembles.
The second problem is to control the probability of a particle moving from the
gas to the proto-critical droplet at the last stage of the nucleation. This nonlocality
issue will be dealt with via upper and lower estimates. Appendices A-D collect
some technical lemmas that are needed in Sections 3 and 4.

The extension of our results to higher dimensions is limited only by the com-
binatorial problems involved in the computation of the number of critical droplets
(which is hard in the case of Kawasaki dynamics) and of the probability for sim-
ple random walk to hit a critical droplet of a given shape when coming from
far. We will not pursue this generalization here. The relevant results for a g-
independent box in Z3 can be found in Ben Arous and Cerf [1] (Glauber) and den
Hollander, Nardi, Olivieri and Scoppola [17] (Kawasaki). For recent overviews on
droplet growth in metastability, we refer the reader to den Hollander [15, 16] and
Bovier [4, 5]. A general overview on metastability is given in the monograph by
Olivieri and Vares [23].

2. Basic ingredients of the potential-theoretic approach. The proofs of
Theorems 1.2 and 1.4 use the potential-theoretic approach to metastability de-
veloped in Bovier et al. [6]. This approach is based on the following three ob-
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servations. First, most quantities of physical interest can be represented in terms
of Dirichlet problems associated with the generator of the dynamics. Second, the
Green function of the dynamics can be expressed in terms of capacities and equi-
librium potentials. Third, capacities satisfy variational principles that allow upper
and lower bounds to be obtained in a flexible way. We will see that in the current
setting, the implementation of these observations provides very sharp results.

2.1. Equilibrium potential and capacity. The fundamental quantity in the the-
ory is the equilibrium potential, h 4 5, associated with two nonempty disjoint sets

of configurations, A, B C X' (X or X énﬁ )), which, probabilistically, is given by
P, (t4 < t8B), foro € (AU B),

(2.1) haplo)=11, foro € A,
0, for o € B,

where

(2.2) t4=inf{t >0:0; € A, 0,- ¢ A},

(01)t=0 is the continuous-time Markov chain with state space X and P, is its
law starting from o. This function is harmonic and is the unique solution of the
Dirichlet problem

(Lha)(0)=0, o € (AUB)",
(2.3) hap(o)=1, ceA,
hap(o)=0, o €B,

where the generator is the matrix with entries

2.4) L(o,0") = cplo, o) — 85,6¢8(0), 0,0 e X,

where cg (o) is the total rate at which the dynamics leaves o,

(2.5) cglo)= Y cglo,o)), oE€X.
o’eX\{o}

A related quantity is the equilibrium measure on A, which is defined as
(2.6) eAB(0)=—(Lhap) (o), oA
The equilibrium measure also has a probabilistic meaning, namely,

eqB(0)

2.7 Py(tg <ty4) = , o e A

cp(o)
The key object we will work with is the capacity, which is defined as
(2.8) CAP(A, B) = ) 1p(0)ea ().

oceA
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2.2. Relation between crossover time and capacity. The first important ingre-
dient of the potential-theoretic approach to metastability is a formula for the aver-
age crossover time from A to B. To state this formula, we define the probability
measure vﬁ on A which we already referred to in Section 1, namely,

pplo)ean(o)
(2.9) vi) =1 "CAP(A.B)
0, foro € A°.

The following proposition is proved in, for example, Bovier [5].

foro € A,

PROPOSITION 2.1.  For any two nonempty disjoint sets A, B C X,

(2.10) Y VE(©0)E, (18) =
oceA

> up(0)hap©).

oeB°

1
CAP(A, B)

REMARKS. (1) Due to (2.7) and (2.8), the probability measure vﬁ(a) can be
written as
up(o)cg(o)
CAP(A, B)
and thus has the flavor of a last-exit biased distribution. Proposition 2.1 explains

why our main results on average crossover times stated in Theorem 1.2 and 1.4 are
formulated for this initial distribution. Note that

(2.12) pp(A) < Y pup(0)hap(o) < pg(BY).

oeBe

(2.11) vB(o) = P, (15 <T4), OE€A,

We will see that in our setting, 1g(B°\ A) = 0o(ug(A)) as B — oo so that the sum
in the right-hand side of (2.10) is ~ ug(A) and the computation of the crossover
time reduces to the estimation of CAP(A, B).

(2) For a fixed target set 53, the choice of the starting set A is free. It is tempt-
ing to choose A = {0} for some o € X. This was done for the case of a finite
B-independent box A. However, in our case (and, more generally, in cases where
the state space is large) such a choice would give intractable numerators and de-
nominators in the right-hand side of (2.10). As a rule, to make use of the identity
in (2.10), A must be so large that the harmonic function 4 4 5 “does not change
abruptly near the boundary of A” for the target set 3 under consideration.

As noted above, average crossover times are essentially governed by capacities.
The usefulness of this observation comes from the computability of capacities, as
will be explained next.

2.3. The Dirichlet principle: a variational principle for upper bounds. The
capacity is a boundary quantity because e 4 3 > 0 only on the boundary of A.
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The analog of Green’s identity relates it to a bulk quantity. Indeed, in terms of the
Dirichlet form defined by

1
213) Eh=5 3 up(o)cp(o, o )h(o) —h(e)?,  h:X —[0,1],

0,0'eX
it follows, via (2.1) and (2.7) and (2.8), that
(2.14) CAP(A,B) =&(haB).
Elementary variational calculus shows that the capacity satisfies the Dirichlet prin-

ciple.

PROPOSITION 2.2.  For any two nonempty disjoint sets A, B C X,

(2.15) CAP(A,B) = h:)?ll}[lo,l] E(h).
hlA=1,h|3=0

The importance of the Dirichlet principle is that it yields computable upper
bounds for capacities by means of suitable choices of the test function 4. In
metastable systems, with the proper physical insight, it is often possible to guess a
reasonable test function. In our setting, this will be seen to be relatively easy.

2.4. The Berman—Konsowa principle: a variational principle for lower bounds.
We will describe a little-known variational principle for capacities that is originally
due to Berman and Konsowa [2]. Our presentation will follow the argument given
in Bianchi, Bovier and Ioffe [3].

In the following, it will be convenient to think of & as the vertex set of a
graph (X, £) whose edge set £ consists of all pairs (o, 0'), 0,0’ € X, for which
cg(o,0’) > 0.

DEFINITION 2.3. Given two nonempty disjoint sets A, B C X, a loop-free
nonnegative unit flow, f, from A to B is a function f:& — [0, o) such that:

(@ (f(e) >0= f(—e)=0) Veel;
(b) f satisfies Kirchoff’s law, that is,

(2.16) > flo,e= > f(e".0) VoeX\(AUB);
o'eXx o’'eX
(c) f is normalized, that is,
(2.17) Yo > fleoh=1= Y > fo" 0);
ocAo’eX oc’eXoeB
(d) any path from A to BB along edges e such that f(e) > 0 is self-avoiding.

The space of all loop-free nonnegative unit flows from A to B is denoted by
Ua.s.
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A natural flow is the harmonic flow, which is constructed from the equilibrium
potential & 4 5 as

faplo,0)= pp(0)cp(o,0)hap(@) —hap)l,

1
CAP(A, B)
(2.18)

0,0/ e X.

It is easy to verify that f4 g satisfies (a)—(d). Indeed, (a) is obvious, (b) uses the
harmonicity of & 4 5, (c) follows from (2.6) and (2.8), while (d) comes from the
fact that the harmonic flow only moves in directions where / 4 5 decreases.

A loop-free nonnegative unit flow f is naturally associated with a probability
measure P/ on self-avoiding paths, y. To see this, define F (o) = Yorex flo,07),
o € X\ B. Then P/ is the Markov chain (0n)neN, with initial distribution
P/ (69) = F(00)1 4(00) and transition probabilities

_ f(o,0")
~ F(o)

such that the chain is stopped upon arrival in B. In terms of this probability mea-
sure, we have the following proposition (see [3] for a proof).

(2.19) g’ (0,0") ,  oeX\B,

PROPOSITION 2.4. Let A, B C X be two nonempty disjoint sets. Then, with
the notation introduced above,

3 (el’ er) -1
2.20 CAP(A, B) = E/ ([ _fleve) ] )
220 ( ) fest}JlE,B gezy wupler)cper, er)

where e = (e, e;) and the expectation is with respect to y. Moreover, the supre-
mum is realized for the harmonic flow f 3.

The nice feature of this variational principle is that any flow gives a computable
lower bound. In this sense, (2.15) and (2.20) complement each other. Moreover,
since the harmonic flow is optimal, a good approximation of the harmonic function
h 4, by a test function £ leads to a good approximation of the harmonic flow f4 5
by a test flow f after putting 4 instead of & 4 5 into (2.18). Again, in metastable
systems, with the proper physical insight, it is often possible to guess a reasonable
flow. We will see in Sections 3—4 how this is put to work in our setting.

3. Proof of Theorem 1.2.

3.1. Proof of Theorem 1.2(a). To estimate the average crossover time from
St C S to 8¢, we will use Proposition 2.1. With A = Sy and B = 8¢, (2.10) reads

B Y vE (0)Es(Ts) =

O'GSL

1
S hs, s ().
CAP(Sy, 8¢) ,Zj;uﬁ (hs1.5:(0)
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The left-hand side is the quantity of interest in (1.16). In Sections 3.1.1 and 3.1.2,
we estimate ) ;s ug(0)hs, sc(0) and CAP(Sy, §). The estimates will show
that

(3.2) ths. (3.1) = meﬂm Yol B oo

3.1.1. Estimate of ) ;csp(0)hs, sc(0).
LEMMA 3.1. Y csup(0)hs, sc(0) =pupg(S)I1+o(1)] as p — oo.

PROOF. Write, using (2.1),

> up@)hs, sc(0)= > up(@hs, sc(@)+ > pp(o)hs, s(0)

o€eS o€eSL oceS\SL

=upSL)+ Y. 1p0)Ps(ts, <Tse).
oeS\St

The last sum is bounded above by ug(S \ Si), but ug(S\ Sp) = o(ug(S)) as
B — o0 by our choice of L in (1.9). [

(3.3)

3.1.2. Estimate of CAP(Sr, §9).

LEMMA 3.2. CAP(SL, S = Ni|Agle Pl ug(S)[1 + o(1)] as B — oo with
N =4L,.

PROOF. The proof proceeds via upper and lower bounds.
Upper bound. We use the Dirichlet principle and a test function that is equal
to 1 on S to get the upper bound

CAP(SL, 8% <CAP(S,8)= Y up(o)cplo, o)

ceS,0'eS¢
cp(0,0")>0
(3.4
= Y lup(o) Apge] < up(©),
o€eS,0'eS¢
cp(0,0')>0

where the second equality uses (1.4) in combination with the fact that cg(o, o”) v
cg(o’,0) =1, by (1.3). Thus, it suffices to show that

(3.5) np(C) < NilAgle PT[14+0(1)]  as B — oo.

For every o € P, there are one or more rectangles Ry, —1,¢.(x), x = x(0) € Ap,
that are filled by (+1)-spins in Cg(0). If ¢’ € C is such that ¢’ = ¢ for some
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le+2

FIG. 5. Ry._1,¢.(x) (shaded box) and [Ry_ 1 ¢.+2(x — (1, 1))]° (complement of dotted box).

y € Ag, then ¢’ has a (+1)-spin at y situated on the boundary of one of these
rectangles. Let

S(x) ={o € S:supplo] S Ry, —1.¢,(x)},
S(x) = {o € S:supplo] S [Re,v1.0.42(x — (1, 1))]}.

For every o € P, we have 0 = 6 V ¢ for some ¢ € S(x) and & € S(x), uniquely
decomposing the configuration into two noninteracting parts inside Ry, _p ¢ (x)
and [Ry, 4+1,¢,4+2(x — (1, 1))]° (see Figure 5). We have

(3.7 Hg(o) — Hp(B) = [Hp(6) — Hp(E)] + [Hp(6) — Hp(B)].

Moreover, for any y ¢ supp[Cp(o)], we have

(3.6)

3-8) Hg(c") > Hg(o) +2J — h.
Hence,
1 .
= — _ﬂHﬁ(U )
up(C) 7 Z Z e
ocePxelg
o*eC
1 . .
< Z—Nle—ﬁm ThHp ) 5NN o BHE) T B H©)
g XeAp5eS(x) 5e8(x)
3.9 GVGEP

1 .
<[1+ 0(1)]Z_N1|Aﬁ|e*ﬂl“ Z e BHpG)
p 5e8(0)
= [1+o(INi|Agle ™ 1s(SO)),
where the first inequality uses (3.7)—(3.8), with N| =2 x 2£, = 4{, counting the
number of critical droplets that can arise from a proto-critical droplet via a spin
flip (see Figure 1), and the second inequality uses the fact that
6€80), 6vseP
(3.10) .
= Hg(0) > Hg(Ry.—1,0.(0)) =T — (2J — h) + Hg(B)
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FI1G. 6. Canonical order to break down a critical droplet.

with equality in the right-hand side if and only if supp[6] = R;.—1,¢,(0). Combin-
ing (3.4) and (3.9) with the inclusion S (0) € S, we get the upper bound in (3.5).

Lower bound. We exploit Proposition 2.4 by making a judicious choice for the
flow f.In fact, in the Glauber case, this choice will be simple: with each configu-
ration o € Sy, we associate a configuration in C C §¢ with a unique critical droplet
and a flow that, from each such configuration, follows a unique deterministic path
along which this droplet is broken down in the canonical order (see Figure 6) until
the set Sy, is reached, that is, a square or quasi-square droplet with label L is left
over [recall (1.7)—(1.8)].

Let w(pB) be such that

1
3.11 lim w = 00, lim —logw =0, lim |Ag|/w =00
G11) lim w(p) Jim - logw(p) Jim |Ap1/w(8)
and define

(3.12) W ={o €S:|supplo]| < [Apl/w(B)}.

Let C;, C C C S¢ be the set of configurations obtained by picking any o € Sy N W
and adding somewhere in A g a critical droplet at distance > 2 from supp[o]. Note
that the density restriction imposed on }V guarantees that adding such a droplet
is possible almost everywhere in Ag for B large enough. Denoting by P(y)(x) the
critical droplet obtained by adding a protuberance at y along the longest side of
the rectangle Ry__1 ¢.(x), we may write

(3.13) Co={oUPyx):c eSNW,x,y€Ag, (x,y) Lo},

where (x, y) Lo stands for the restriction that the critical droplet P(y)(x) is not
interacting with supp[o ], which implies that Hg(o U P(y)(x)) = Hg(o) + I" (see
Figures 7 and 8).

x

FIG. 7. The critical droplet Py)(x).



HOMOGENEOUS NUCLEATION 681

As

FIG. 8. Going from Sy, to Cy, by adding a critical droplet P(y)(x) somewhere in Ag.

Now, for each 0 € Cr, we let y, = (Y5 (0), Y5 (1), ..., Y5 (K)) be the canonical
path from o = Y, (0) to S, along which the critical droplet is broken down, where
K =v(2¢,—3) —v(L) with

(3.14) v(L)=10.(0)]
[recall (1.7)]. We will choose our flow such that

vo(o), ifo' =0,0"” =y,(1) for some o € Cy,

> Fe k=1, ys (),

3.15 o) = 10
(3.15)  f(o'.0") if o' =y (k), 0" = yo (k+ 1)

forsome k> 1,0 €Cy,
0, otherwise.

Here, vg is some initial distribution on Cy, that will turn out to be arbitrary as long
as its support is all of Cy..

From (3.15), we see that the flow increases whenever paths merge. In our case,
this happens only after the first step, when the protuberance at y is removed. There-
fore, we get the explicit form

vo(o), ifo’=0,0"” =y,(1) for some o €y,
/) Cvo(o), ifo' =y5(k), 0" =ys(k+1)
(3.16)  flo',07) = forsome k> 1,0 €Cy,
0, otherwise,

where C = 2{, is the number of possible positions of the protuberance on the
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proto-critical droplet (see Figure 6). Using Proposition 2.4, we therefore have

CAP(S., 8) = CAP(S¢, S1) > CAP(Cr, S1)

K—-1 —1
f oK), yo (k+ 1))
- gc:L e LZ:(:) 1 (Vo (k))ep (Vo (k), vo (k + 1))}

(3.17)
1

mp(@)cp(vo (0), yo (1))

-3

oeCr,

K—1 C -1
et O e G T 1))] '

Thus, all we have to do is to control the sum between square brackets.

Because cg(y5(0), 5 (1)) = 1 (removing the protuberance lowers the energy),
the term with k = 0 equals 1/ug(0). To show that the terms with k > 1 are of
higher order, we argue as follows. Abbreviate & = h (€, — 2). For every k > 1 and
0(0) € Cr, we have [see Figure 9 and recall (1.2) and (1.3)]

Lo
(o () (yo (). v (k1)) = e PUze e G0

(3.18) - 5
> g(00)eP 2 T8 = g (0)eP?,

where § =2J —h— E=2J —h({. — 1) > 0 [recall (1.6)]. Therefore,

>

- C 1 iy
< CKe
i M8 (Vo (k))cp (Vo (k) vo (k+1)) — np(o)

0

(3.19)

- l2s—n-=

2J —h

] \
| []

F1G. 9. Visualization of (3.18).
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and so, from (3.17), we get

uglo)  pp(CL)
1+ CKe B 14+CKe P

(3.20) CAP(S.,S°) > Z

O‘GCL

=[1+o(D)]upCr).

The last step is to estimate, with the help of (3.13),

1
- —BHp(o) _ —BHp(0UP(y)(x))

np(Cr) Z(gc:e Z YooY e

L o€SLNW x,yeAg

(x,y)Lo
(3.21) —epr L Yoo e PO 3
B oceSL.NW X,yEAg
(x,y) Lo

> e P g (SL NW)NYIABILT — (Le + D2 /w(B)].

The last inequality uses the fact that [Ag|(£. + 1)2 J/w(PB) is the maximal number of
sites in A g where it is not possible to insert a noninteracting critical droplet [recall
(3.12) and note that a critical droplet fits inside an £, x £, square]. According to
Lemma A.1 in Appendix A, we have

(3.22) up(SL NW) = ug(Sp)[1 +o(1)],

while conditions (1.8) and (1.9) imply that ;ug(Sr) = g (S)[1+0(1)]. Combining
the latter with (3.20) and (3.21), we obtain the desired lower bound. [

3.2. Proof of Theorem 1.2(b). We use the same technique as in Section 3.1,
which is why we only give a sketch of the proof.

To estimate the average crossover time from S; C S to §¢\ C, we will use
Proposition 2.1. With A =Sy and B =8¢\ C, (2.10) reads

1
CAP(S., 8¢\ C)

Z up(o)hs, s\c(o).
oeSUC

(323) Y vs C(0)Es(tse) =

OESL

The left-hand side is the quantity of interest in (1.17).
In Sections 3.2.1 and 3.2.2 we estimate ) ,.syuc pg(0)hs; s\c(o) and
CAP(Sy, 8\ C). The estimates will show that

(3.24)  the right-hand side of (3.23) = ST +o)],  B— 0.

Na|Ag|
3.2.1. Estimate of )_;csuc hp(0)hs, se\c(0).

LEMMA 3.3. > . csuc /Lﬂ(O’)hSL,SC\C(G) = Mﬂ(S)[l +o(1)] as B — oc.
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PROOF. Write, using (2.1),

Z up(o)hs, s\c(o)
oeSUC

=upS)+ Y. 1p0)Ps(ts, < T500)-
oe(S\Sp)uc

The last sum is bounded above by 11g(S \ Sp) + g (C). As before, ug(S\ Sp) =

o(ug(S)) as B — oo. But (1.35) and (3.9) imply that ug(C) = o(upg(S)) as
B—o0. O

(3.25)

3.2.2. Estimate of CAP(Sp, 8¢\ C).

LEMMA 3.4. CAP(S, S8\ C) = Na|Agle T ug(S)I1 + o(1)] as p — oo
with Ny = 5 (20c — 1).

PROOF. The proof is similar to that of Lemma 3.2, except that it takes care of
the transition probabilities away from the critical droplet.

Upper bound. Recalling (2.13)—(2.15) and noting that Glauber dynamics does
not allow transitions within C, we have, for all #:C — [0, 1],

CAP(S;, 8¢\ C) < CAP(S, 8\ C)
< 3" 1p(0)[és (h(0) — 1)* + & (h(0) — 0)7],

oeC

(3.26)

where ¢, = 3, cscp(0, 1) and Co = 3, cs5e\¢ €p(0, 1). The quadratic form in the
right-hand side of (3.26) achieves its minimum for 4(0) = ¢, /(Co + C4), SO

(3.27) CAP(S.,8°\C) < Y Copp(o)
oeC
with Cy = C5¢y /(Cs + ¢y ). We have
1 e
2 Conplor =723 ) Core 7

oeC ocePxelg
o*eC

1 1. 2
(3.28) = PRI _—_ ¥ e—ﬁHﬂ<f’>2<—4 + 220, — 4))
ZﬂaEP 2 3

—B(2J— 1
=PI up(PIN: = S CONa.

where, in the second line, we use the fact that C, = % if o has a protuberance in a
corner (2 x 4 choices) and C, = % otherwise [2 x (2¢. — 4) choices].
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FI1G. 10. Canonical order to break down a proto-critical droplet plus a double protuberance. In the
first step, the double protuberance has probability % to be broken down in either of the two possible
ways. The subsequent steps are deterministic, as in Figure 6.

Lower bound. In analogy with (3.13), denoting by P(zy) (x) the droplet obtained
by adding a double protuberance at y along the longest side of the rectangle
R¢.—1,0.(x), we define the set D;, C S\ C by

(3.29) Dy ={oUPj(x):0 €eSLNW,x,y€Ag, (x,y)Lo}.

As in (3.15), we may choose any starting measure on Dy . We choose the flow as
follows. For the first step, we choose

(3.30) fo' )= v (o), o' €Dy, o eCyp,

which reduces the double protuberance to a single protuberance [compare (3.13)
and (3.29)]. For all subsequent steps, we follow the deterministic paths y, used
in Section 3.1.2, which start from y, (0) = o (see Figure 10). Note, however, that
we get different values for the flows f(y,5(0), ¥» (1)) depending on whether or
not the protuberance sits in a corner. In the former case, it has only one possible
antecedent, and so

(3.31) f s (0), o (1)) = Svo(0),
while in the latter case it has two antecedents, and so
(3.32) S (o (0), yo (1)) = vo(0).

This time, the terms k = 0 and k = 1 are of the same order, while, as in (3.19), all

of the subsequent steps give a contribution that is a factor O (e~%) smaller. Indeed,

in analogy with (3.17), we obtain, writing o ~ ¢’ when cg(c”’, o) > 0,
CAP(S.,8°\0)

=CAP(S°\C, S1) = CAP(Dy, S1)

-y ! Z[f(cr o), fl.y (1)

oeD, 2 j, L omnplo) up(o)

’

o~0

S o k), vo (k+ 1))
3.33
o g g (Vo (k))ep(vo (), Va(k+1)):|
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1
> Y 5 2 @IS (@ o)+ [0, 75 (1) + CKe T

o'eD; T oeCp
o~o'

20, —4 1 14 1
=[1+ 0(1)]M5(CL)< )

20, 1412 2%, 1/2+1/2
N>
= +oM]upCrL) -
Ny
Using (3.21) and the remarks following it, we get the desired lower bound. [J

3.3. Proof of Theorem 1.2(c). Write

> up(0)hs, by (0)

oDy,
(3.34) = Y up0hs, py(@)+ D up(0)hs, py(0)
oeSy oeDy\SL
=ugS)+ Y. np0)Ps(ts, < py).

oeDY\SL

The last sum is bounded above by ug(S\ Sp) + ug(Dj, \ S). But ug(S\S1) =
o(up(S)), as B — oo by our choice of L in (1.9), while ug(Dj, \ S) = o(ug(S))
as B — oo because of the restriction £, < M2£. — 1. Indeed, under that restriction,
the energy of a square droplet of size M is strictly larger than the energy of a critical
droplet.

PROOF OF THEOREM 1.2(c). The proof follows along the same lines as
that of Theorems 1.2(a) and (b) in Sections 3.1 and 3.2. The main point is to
prove that CAP(Sy, Dy ) = [1 4+ o(1)]JCAP(SL, S\ C). Since CAP(S., Dy) <
CAP(SL, 8\ C), which was estimated in Section 3.2, we need only prove a lower
bound on CAP(S;, Dyy). This is done by using a flow that breaks down an M x M
droplet to a square or quasi-square droplet Q1 in the canonical way, which takes
M? — v(L) steps [recall Figure 6 and (3.14)]. The leading terms are still the proto-
critical droplet with a single and a double protuberance. With each M x M droplet
is associated a unique critical droplet so that the pre-factor in the lower bound is
the same as in the proof of Theorem 1.2(b).

Note that we can even allow M to grow with 8 as M = e°®) Indeed, (3.11)
and (3.12) show that there is enough room to add a droplet of size B almost
everywhere in Ag and the factor M 2¢% replacing Ke % in (3.20) is still o(1).

O
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4. Proof of Theorem 1.4.

4.1. Proof of Theorem 1.4(a).
4.1.1. Estimate of Zaesu(é\cﬂ oy (a)hSLy(Sp\é)Uﬁ (o).

; LEMMA 4.1. Zoesu(é\cﬂ Mﬂ(a)hSL,(SC\é)UC+(U) = ug(SI[1 + o(1)] as
— 00.

PROOF. Write, using (2.1),

Y up@hg, soguct©)
oeSUC\CH)
4.1)

= pp(SL) + > 1p(0)Po (Ts, < T(ge\eyuc+)-
oe(S\S)UEC\CH)

The last sum is bounded above by ug(S\ St) + ,uﬁ(é \ CT), but np(S\SL) =
o(ug(S)) as B — oo by our choice of L in (1.32). In Lemma B.3 in Appendix B.3,
we will show that 15(C \ C*) = o(up(S)) as B — co. [

4.1.2. Estimate of CAP(Sz, (S¢\C)UC™).

LEMMA 4.2. CAP(S., (S \C)uC™) = N|Aﬂ|g—7£e_ﬂruﬂ(8)[l +o(1)] as
B — oo with N = ££2(¢2 — 1).

PROOF. The argument is in the same spirit as that in Section 3.1.2. However, a
number of additional obstacles that arise from the conservative nature of Kawasaki
dynamics need to be overcome. The proof proceeds via upper and lower bounds
and takes up quite a bit of space.

Upper bound. The proof consists of seven steps.

1. Proto-critical droplet (see Figure 11) and free particle. We have

CAP(S., (S \C)ucC™)
(42) <CAPSUC™,(S\C)ucH

1
= min ~ Y up(@)cp(o,0)h(o) — h(a))*.

) 2
h: Xy " —[0,1] 070/’5){;}”/3)

hl sue-=1.h (se\éyue+ =0
Split the right-hand side into a contribution coming from o, o’ € C and the rest:

(4.3) right-hand side of (4.2) = I + y1(B),
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FIG. 11. Schematic picture of the sets S, C—, Ct defined in Definition 1.3 and the set C interpo-
lating between C~ and C™.

where

= i l / _ \12
4.4) I= y o2 Y wp@)ep(0.0Nh(o) — h(o)]

~
hlo—=1,h|p+=0 o,0'eC

and y1(B) is an error term that will be estimated in Step 7. This term will turn
out to be small because pg(o)cg(o,o’) is small when either o € Xénﬂ ) \é or
o' e Xénﬁ) \ C. Next, partition C, C~, C* into sets C(x), C~(x), CT(x), x € Ag,
by requiring that the lower-left corner of the proto-critical droplet is in the center
of the box Bp,,1,(x). Then, because cg(o,0') =0 when o € C(x) and o’ € C(x")
for some x # x’, we may write

45) = - ! : N2
@5) I=IAgl  min = > puse)cpo.0)hio) —he)
h:C(0)—[0,1] 00/65(0)
hle— oy =1.hlc+=0 ’

2. Decomposition of configurations. Define [cf. (3.6)]

C(0) = {olp,,.,0:0¢€ C(0)},
(4.6) y .
CO) ={olp,, ,, o :0 €CO)}.

Every o € C(0) can then be uniquely decomposed as o = & Vv & for some & € C(0)
and ¢ € C(0). Note that C(0) has K = £.(€, — 1) 42 particles and C(0) has ng — K
particles [and recall that, by the first half of (1.35), ng — oo as B — oc]. Define

“4.7) CP) ={o eé(O):Hﬁ(a)=H,3(8)+Hﬁ(6)},

that is, the set of configurations consisting of a proto-critical droplet and a free par-
ticle inside By, g.Lg (0) not interacting with the particles outside By Ly (0). Write
ctr=(0) [resp. CtP-1(0)] to denote the subsets of C'P(0) where the free particle is
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at distance Lg (resp. 2) from the proto-critical droplet. Split the right-hand side of
(4.5) into a contribution coming from o, ¢’ € C(0) and the rest:

(4.8) right-hand side of (4.5) = |Ag|[ll + y2(B)],
where
4.9 II= min l Z wnp(o)cg(o, o[h(o) — h(a/)]2

h:CP0)—[0,1]

o,0'eCP(0)
h|Cfp,,(0)zl,hlcfp_+(o)zo

and y»(B) is an error term that will be estimated in Step 6. This term will turn out
to be small because of loss of entropy when the particle is at the boundary.
3. Reduction to capacity of simple random walk. Estimate

Il = min % Z Z up(G Vv o)

h:CP(0)—[0,1] M NS
Bl ot — o =LAl 4 =0 g,0'eC(0) 0,6'eC(0):
cfe.— () C'PF(0) 6Vv&,6've'eCP(0)

x cg(6Vvea,6'va')
(4.10) x [h(& V&) —h(6' Vv &)
1
< min 3 > > I ICAZ AT CAR I A

Ihg:ci()l)—][f),ll i 5eC0)  &.67€C(0):
8lg-="8lc+0= 65 ,6'v5eC?(0)

x [g(6) — 86",
where C~ (0) [resp. ¢ (0)™] denote the subsets of ¢ (0) where the free particle is at
distance Lg (resp. 2) from the proto-critical droplet and the inequality comes from
substituting
4.11) h6ve)=g’), 6eC0),5eC0),

and afterwards replacing the double sum over ¢, 6’ € C(0) by the single sum over
6 € C(0) because cg(6 vV &,6" v &') > 0 only if either 6 =6’ or & = ¢’ (the
dynamics updates one site at a time). Next, estimate
right-hand side of (4.10)
1

_~  ,—BHg(©®)
=< Z Z(nﬁ)e
sec(0) £8
(4.12) |
; — —BHg(6) 6 A’)
X min e cg(0,0
¢:C()—[0,1] 2 Z P

5,6'€C(0)

Ele-0=18ler0=0 55 srvsccth (o)

x [g(6) — g(6")]?,
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where we have used Hg(o) = Hg(6) + Hg(c) from (4.7) and have written
cg(6,6") to denote the transition rate associated with the Kawasaki dynamics re-

stricted to Bp 1.,(0), which clearly equals cg(6 Vv 7, 6’ v o) for every o € C(0)
such that 6 v &, 6’ v & € C'(0) because there is no interaction between the par-
ticles inside and outside By, 1,,(0). The minimum in the right-hand side of (4.12)
can be estimated from above by

(4.13) minimum in (4.12) < )" V4(0)
o€P(0)

with P (0) the set of proto-critical droplets with lower-left corner at 0 and

1
@.14)  Vg(o)= min 5 2 [f(x) — FDT,

f:72-10,1]

x,x'eZ?
fIP(,(O)El,fl[BLﬁqu3 ©)e=0

x~x’

where P, (0) is the support of the proto-critical droplet in o and x ~ x’" means that
x and x’ are neighboring sites. Indeed, (4.13) is obtained from the expression in
(4.12) by dropping the restriction 6 v &, 6’ Vv & € CP(0), substituting

(4.15)  g(P,(0)U{x}) = f(x), 0 €P(0),x € Br, 1,(0)\ Ps(0),

and noting that cg(P,(0) U {x}, P;(0) U {x"}) = 1 when x ~ x’ and 0 otherwise.
What (4.14) says is that

(4.16) Vg(o) = CAP(P5(0), [BLy.L,(0)])

is the capacity of simple random walk between the proto-critical droplet P, (0) in
o and the exterior of By, s.Lg (0). Now, define

(4.17) 200 = Y @,
5eC(0)
We then obtain from (4.12) and (4.13) that
(n K) (0)
(4.18) right-hand side (4.12) < e P17 F2——— 3" V4(0),
ﬂ o €P(0)

where I'* = —U[(£c — 1)? + £.(€. — 1) + 1] is the binding energy of the proto-
critical droplet [cf. (1.33)].

4. Capacity estimate. For future reference, we state the following estimate on
capacities for simple random walk.

LEMMA 4.3. Let U C 72 be any set such that {0} C U C By x(0), with k €
NU {0} independent of B. Let V C 72 be any set such that [BkLg.KLg O cVvc
[BLs.Ls (0)]¢, with K € N independent of B. Then
wrg  CAPUOLIBri, k1, OF) < CAPW.V)

< CAP(Byk(0), [BLy,L,(0)]).
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Moreover, via (1.29) and (1.30),

2
CAP(Bi(0). [Bk L. k1, (0)]) = [1 + 0(1)]log(KL,; “logk
(4.20) 4
=[1+0(1)]/3—A, B — oo.

PROOF. The inequalities in (4.19) follow from standard monotonicity proper-
ties of capacities. The asymptotic estimates in (4.20) for capacities of concentric
boxes are standard (see, e.g., Lawler [20], Section 2.3) and also follow by compar-
ison to Brownian motion. [

We can apply Lemma 4.3 to estimate Vg(o) in (4.16) since the proto-critical
droplet with lower-left corner in O fits inside the box By, 2¢.(0). This gives

(4.21) Vg(o) = ;—Z[l +o(1)] VYo € P(0), 8 — oo.

Moreover, from Bovier, den Hollander and Nardi [7], Lemmas 3.4.2 and 3.4.3, we
know that N = |P(0)|, the number of shapes of the proto-critical droplet, equals
N =302 - 1.

5. Equivalence of ensembles. According to Lemma B.1 in Appendix B, we have

Z(n/s—K)

(
(4.22) L = e upS o], B oo
Zp
This is an “equivalence of ensembles” property relating the probabilities to find
ng — K (resp. ng) particles inside [BLs.Lg (0)]¢ [recall (4.6)]. Combining (4.2),
(4.3), (4.5), (4.8), (4.10), (4.12), (4.18), (4.21) and (4.22), we get

4
CAP(S,CH) <= y1(B) + 1Agly2(B) + NIAﬂlﬂ—ze_ﬁFMﬁ(S)[l +o(D)],

(4.23)

B — oo,
where we have used the fact that I'* + AK =T defined in (1.33). This completes
the proof of the upper bound, provided that the error terms y;(8) and y»(8) are
negligible.

6. Second error term. To estimate the error term y,(8), note that the configura-
tions in C(0) \ C™P(0) are those for which, inside B, 4.1 (0), there is a proto-critical
droplet whose lower-left corner is at 0 and a particle that is at the boundary and
attached to some cluster outside Bj 5.L5(0). Recalling (4.5)—(4.9), we therefore
have

nB < Y. > up)cplo,o)h(o) —h(c)]?

o eC(0\CP(0) o’eC(0)

(4.24) . .
<618(C(0)\CP(0),
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where we have used the facts that h:é(O) — [0, 1], ug(o)cp(o, o) = up(o) A
up(o’) and there are six possible transitions from é(O) \ C'(0) to 5(0): three
through a move by the particle at the boundary of By, 1,(0) and three through a
move by a particle in the cluster outside By, s.Lg (0). Since

(425  Hp(0)= Hp(®) + Hp(6) — U, o cC(0)\CP(0),
it follows from the same argument as in Steps 3 and 5 that

(426)  up(CO)\CP(0) < Ne P (0p) X up(S)ePV4(K — DT + o],

where (,o,g)KJrl comes from the fact that ng — (K + 1) particles are outside

Bry—1,15—1(0) (again, use Lemma B.1 in Appendix B), ePU comes from the gap
in (4.25) and 4(K — 1) counts the maximal number of places at the boundary of
Bry.Lg (0) where the particle can interact with particles outside Bry.Lg (0) due
to the constraint that defines S [recall Definition 1.3(a)]. Since plgeﬁU =o(1) by
(1.27), we therefore see that y» () is indeed small compared to the main term of
(4.23).

7. First error term. To estimate the error term y;(f8), we define the sets of pairs
of configurations

wa T = {(o,m e [X)""' 10 € S.n e S\ C),
Iry={(o,n) € [Xénﬂ)]zza eC,neS\C)

and estimate

12 1 1
(4.28) vi(B) <= E E npg(o)eg(o,n) = =X(1) + zX(1>).
2 oimez, 2 2

The sum X (Z7) can be written as

D@ =1Apl Y. > cpm.o){|suppln] N B, 1,(0)] =K}

o€eP nesc\é
4.29)

« e~ BHs).

ng)
Zg

where we have used the facts that ug(o)cg(o,n) = ug(m)cg(n, o), o,n € Xénﬂ)
and cg(n,0)=0,n € S5° \C, o ¢ P [recall Definition 1.3(b)]. We have

(4.30) Hg(n) = Hg(1) + Hp (1) — kU, neS\C,

where k counts the number of pairs of particles interacting across the boundary of
B, Ly (0). Moreover, since n ¢ C, we have

(4.31) Hg(m)>T*"+U.



HOMOGENEOUS NUCLEATION 693

Inserting (4.30) and (4.31) into (4.29), we obtain

K
S(T1) < [Aple P g (S + o)1 (pp) KH[4(K — D]k E-DY
k=0
= Aple T ug(S)[1 +o(1)]e PV,

where (pﬂ)K +tk comes from the fact that ng — (K + k) particles are outside
Bry—1,05—1(0) (again, use Lemma B.1 in Appendix B) and the inequality again
uses an argument similar to the arguments used in Steps 3 and 5. Therefore, X (Z)
is small compared to the main term of (4.23). The sum X (Z,) can be estimated as

ST =) Y, uplo)cpo.n)

(4.32)

oeCnesS\C
(4.33) =|Agl Y uglo) > cplo,n)
oeC(0) neS\C(0)

< [AplgCO){e™PY + 4Lg)ppll + o(D]},

where the first term comes from detaching a particle from the critical droplet and
the second term from a extra particle entering By ;. 1., (0). The term between braces

is o(1). Moreover, ug (C(0)) = oy ™)) + np (C(0) \ C*(0)). The second term
was estimated in (4.26) and the first term can again be estimated as in Steps 3
and 5:

2y 0)

fp _ A YN —Br*

npCPO)= 3 >, np6ve)=Ne —

6eC0) &eC) B
sveeCtP(0)

= Ne Pl g(S)[1 4+ o(1)].

Therefore, X (Z5) is also small compared to the main term of (4.23).

Lower bound. The proof of the lower bound follows the same line of argument
as for Glauber dynamics, in that it relies on the construction of a suitable unit flow.
This flow will, however, be considerably more difficult. In particular, we will no
longer be able to get away with choosing a deterministic flow and the full power of
the Berman—Konsowa variational principle has to be harnessed. The proof consists
of five steps.

For future reference, we state the following property of the harmonic function
for simple random walk on Z2.

(4.34)

LEMMA 4.4. Let g be the harmonic function of simple random walk on
Ba14.214(0) (which is equal to 1 on {0} and 0 on [Barg.2Lg (0)]°). There then
exists a constant C < o0 such that

(4.35) Yl —gz+e)ly <C/Lg  VzelBr,r,(0)]°,

e
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PROOF. See, for example, Lawler, Schramm and Werner [21], Lemma 5.1.
The proof can be given via the estimates in Lawler [20], Section 1.7, or via a
coupling argument. [

1. Starting configurations. We start our flow on a subset of the configurations in
C™ that is sufficiently large and sufficiently convenient. Let C;“ C C* denote the
set of configurations having a proto-critical droplet with lower-left corner at some
site x € Ag, a free particle at distance 2 from this proto-critical droplet, no other
particles in the box Bar 5.2Lp (x) and satisfying the constraints in Sy, that is, all
other boxes of size 2Lg carry no more particles than there are in a proto-critical
droplet. This is the same as C*, except that the box around the proto-critical droplet
has size 2L g rather than Lg.

S(”ﬁ_K )

Let K = {.(£; — 1) + 2 be the volume of the critical droplet and let S,
be the analog of & when the total number of particles is ng — K and the boxes in
which we count particles have size 2L g (cf. Definition 1.3). Similarly as in (3.17),
our task is to derive a lower bound for CAP(S;, (S¢\ C) UC™T) = CAP((S¢\C) U
C*,81) > CAP(CL, Sp.), where Cj, € CF  C* defined by

436) CL=|oUPy(x.2):0es X

X,y €Ag, (x,y,2) Lo}

is the analog of (3.13), namely, the set of configurations obtained from Sénﬂ -0 by
adding a critical droplet somewhere in Ag (lower-left corner at x, protuberance at
y, free particle at z) such that it does not interact with the particles in o and has an
empty box of size 2L g around it. Note that the ng — K particles can block at most
ng(2Lg)? = o(|Agl) sites from being the center of an empty box of size 2L g, and
so the critical particle can be added at |Ag| — o(|Agl) locations.

We partition Cy, into sets Cy,(x), x € Ag, according to the location of the proto-
critical droplet. It suffices to consider the case where the critical droplet is added
at x = 0 because the union over x trivially produces a factor [Ag]|.

2. Overall strategy. Starting from a configuration in Cy, (0), we will successively
pick K — L particles from the critical droplet (starting with the free particle at z
at distance 2) and move them out of the box By, s.Lg (0), placing them essentially
uniformly in the annulus Borg oL, O\ Brg.Ly (0). Once this has been achieved,
the configuration is in Sy. Each such move will produce an entropy of order L3,
which will be enough to compensate for the loss of energy in tearing down the
droplet (recall Figure 4). The order in which the particles are removed follows
the canonical order employed in the lower bound for Glauber dynamics (recall
Figure 6). As with Glauber dynamics, we will use Proposition 2.4 to estimate

’(”[ £k Vi) ]—‘

(4.37) CAP(Cr,SL) = |Ag] Pf(y)
aeg(owz%;a 1;:;) wp(vi)ep (Vs Vi+1)
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for a suitably constructed flow f and associated path measure P/, starting from
some initial distribution on Cy (0) (which, as with Glauber, will be irrelevant),
and 7(y) being the time at which the last of the K — L particles exits the box
Bry,14(0).

The difference between Glauber and Kawasaki is that, while in Glauber the
droplet can be torn down via single spin-flips, in Kawasaki, after we have detached
a particle from the droplet, we need to move it out of the box By, 1,(0), which
takes a large number of steps. Thus, t(y) is the sum of K — L stopping times, all
but the first of which are themselves sums of two stopping times, one to detach
the particle and one to move it out of the box By, s.Lg (0). With each motion of a
single particle, we need to gain an entropy factor of order close to 1/pg. This will
be done by constructing a flow that involves only the motion of this single particle,
based on the harmonic function of the simple random walk in the box By 5.2Ls (0)
up to the boundary of the box B .Lg (0). Outside Bj, s.Lg (0), the flow becomes
more complex: we modify it in such a way that a small fraction of the flow, of
order LEHS for some ¢ > 0 small enough, is going in the direction of removing
the next particle from the droplet. The reason for this choice is that we want to
make sure that the flow becomes sufficiently small, of order L_2+€, so that this
can compensate for the fact that the Gibbs weight in the denominator of the lower
bound in (2.20) is reduced by a factor e AV when the protuberance is detached.
The reason for the extra ¢ is that we want to make sure that, along most of the paths,
the protuberance is detached before the first particle leaves the box Bar, 21, (0).

Once the protuberance detaches itself from the proto-critical droplet, the first
particle stops and the second particle moves in the same way as the first particle
did when it moved away from the proto-critical droplet, and so on. This is re-
peated until no more than L particles remain in By, .Lg (0), by which time we have
reached Sy. As we will see, the only significant contribution to the lower bound
comes from the motion of the first particle (as with Glauber dynamics),and this
coincides with the upper bound established earlier. The details of the construction
are, to some extent, arbitrary and there are many other choices imaginable.

3. First particle. We first construct the flow that moves the particle at distance 2
from the proto-critical droplet to the boundary of the box Br, 1,(0). This flow
will consist of independent flows for each fixed shape and location of the critical
droplet. This first part of the flow will be seen to produce the essential contribution
to the lower bound.

We label the configurations in Cy,(0) by o, describing the shape of the critical
droplet, as well as the configuration outside the box By, 5.2Lg (0), and we label the
position of the free particle in o by z1(o).

Let g be the harmonic function for simple random walk with boundary condi-
tions O on [ By, .2Lg (0)]¢ and 1 on the critical droplet. We then choose our flow to
be

438) f(o(2),0() = {(C)H [g(z) —gz+ )]+, ioftﬁ;;izsz— e, el =1,
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where o (z) is the configuration obtained from o by placing the first particle at
site z. The constant C is chosen to ensure that f defines a unit flow in the sense
of Definition 2.3, that is,

Z C Z [g(z1(0)) — g(z1(0) + €)]

o€Cr(0) z1(0),e

=C; Y, CAP(Py(0), [Bars a1, (0)]°) =1,
o€eCr(0)

(4.39)

where P, (0) denotes the support of the proto-critical droplet in o and the capacity
refers to the simple random walk.
Now, let z! (k) be the location of the first particle at time &, and

(4.40) ! =inflk e N:z' (k) € [BLy.L,(0)])

be the first time when, under the Markov chain associated with the flow f, it exits
Br,.14(0). Let y be a path of this Markov chain. Then, by (4.38) and (4.39), we
have

7!

)3 fWeyv+D) Cilgz'(0) — g(z' ()]
o MYV (Vi Vit 1) wp(vo)

(4.41)

’

where the sum over the g’s is telescoping because only paths along which the g-
function decreases carry positive probability, and cg(yk, yx+1) = 1 forall 0 <k <
7! because the first particle is free. We have g(z1 (0)) =1, while, by Lemma 4.4,
there exists a C < oo such that

(4.42) g(x) <C/logLg, x €[Bry,Ly O]°.
Therefore,

‘L'l
(4.43) )3 feve) G [+ o(D)].

o MY (Vis Vier1) — ug(0)
Next, by Lemma 4.3, we have
4
BA

[because {0} C Py (0) C By, 2¢,(0) for all o € Cr(0)]. Since N = |Cr(0)], it fol-
lows from (4.39) that

(4.44)  CAP(P5(0), [Bary,214(0)]) = —[1 +o(D)], 0 €CL(0), B> 0

4.45) VR Y
4. C_l_ ,B—A o(1)],

and so (4.43) becomes

1

-1
J Wk Vi 1) _ 4
(440 LX:;) g (videp (Vi J/k+1):| - Mﬁ(VO)NﬂA ol o
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This is the contribution we want because when we sum (4.46) over yg = o € Cr.(0)
[recall (4.37)], we get a factor

(4.47) np(CLO) = e P ug(S)I1 +o(1)].

To see why (4.47) is true, recall from (4.36) that Cy (0) is obtained from Sénﬂ -5
by adding a critical droplet with lower-left corner at the origin that does not interact
with the ng — K particles elsewhere in Ag. Hence,

~ng—K)

(ng)
Zg
where Zg'"~*)(0) is the analog of Z* ™"’ (0) [defined in (4.17)] obtained by
requiring that the ng — K particles are in [Ry, ¢, (0)]° instead of [BLg.Lg O]°.
However, it will follow from the proofs of Lemmas B.1 and B.2 in Appendix B
that, just as in (4.22),

~ (ng—K)
7 (0)
(4.49) ﬁﬁ
A B

B
which yields (4.47) because I' = I'* + K A. For the remaining part of the con-
struction of the flow, it therefore suffices to ensure that the sum beyond 7! gives a
smaller contribution.

4. Second particle. Once the first particle (i.e., the free particle) has left the box
Br,.14(0), we need to allow the second particle (i.e., the protuberance) to detach
itself from the proto-critical droplet and to move out of By, s.Lg (0) as well. The
problem is that detaching the second particle reduces the Gibbs weight appearing
in the denominator by e Y2 while the increments of the flow are reduced to only
about 1/Lg. Thus, we cannot immediately detach the second particle. Instead, we
only do this with probability Lg.

The idea is that once the first particle is outside Br, s.Lg (0), we leak some of
the flow that drives the motion of the first particle into a flow that detaches the
second particle. To do this, we have to first construct a leaky flow in B>y, 5.2Lg )\
Bry.14(0) for simple random walk. This is done as follows.

Let p(z, z + e) denote the transition probabilities of simple random walk driven
by the harmonic function g on Byy, .21, (0). Put

’

(4.48) pp(CL(0) =ePr

=(ep) X up(SIM+o)], B— o0,

p(z,z+e),
if z € Br,,1,4(0),
=Lz pz.z+e),
ifz e BZLﬂ,ZLﬂ 0) \ BLﬂ,Lﬁ 0).

Use the transition probabilities p(z, z + e) to define a path measure P. This path
measure describes simple random walk driven by g, but with a killing probability

(4.50) p(z,z+e) =
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LEHS inside the annulus Bz, 21,4 (0) \ Br,,1,(0). Put

(4.51) k(z.z+e) =) PWliireey: 2 € Bargory(0).
Y

This edge function satisfies the following equations:
ek(z,z+e)=[g() —glz+e)l+
if z€ Br, 1,(0);
ek(z,z+e)=0
(4.52) if 2 € Bary 21, (0) \ Bry,1,(0) and [g(2) — g(z + €)]1 =0;

o (1— L") Y k(z+ €. 2)1g(re)—g(0)>0
e

=Y k(z, 2+ ) lge)—ge+e)>0
e

if z2€ Bar,214(0)\ Brg,1,(0).
Note that inside the annulus B»j, 5.2Lg O\ BL s.Lg (0) at each site, the flow out is

less than the flow in by a leaking factor 1 — LEHS. We pick ¢ > 0 sufficiently

small that
(4.53) ePU s exponentially smaller in 8 than L%_e

[which is possible by (1.27) and (1.29) and (1.30)]. The important fact for us is that
this leaky flow is dominated by the harmonic flow associated with g, in particular,
the flow in satisfies

@.54)  >k(z+e2) <Y [glz+e)—g@l+  Vze By ar,(0)

(and the same applies for the flow out). This inequality holds because g satisfies the
same equations as in (4.50) and (4.51), but without the leaking factor 1 — L7i*e.

Using this leaky flow, we can now construct a flow involving the first two parti-
cles, as follows:

o f(o(z1,a),0(z1+e,a)=Cik(zi,z1+e)

if z1 € Bary014(0);

o f(o(z1,a),0(z1,b)) =CiLy' ™" Y k(z1,21 +e)
(455) ile € BZLﬂ,ZLﬂ (0) \ BLg,L/g (0),
« flotr o+ e) = |l Skt z + o)

x [g(22) — g(z2 + )]+
ifz1 € Bary,204(0) \ Bry,14(0), 22 € Bry,15(0) \ Po (0).
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Here, we write @ and b for the respective locations of the second particle prior
to and after it detaches itself from the proto-critical droplet, and o (z1, z2) for the
configuration obtained from o by placing the first particle (that was at distance 2
from the proto-critical droplet) at site z; and the second particle (that was the
protuberance) at site z. The flow for other motions is zero and the constant Cy is
the same as in (4.38)—(4.39).

We next define two further stopping times, namely,

(4.56) ¢? =inflk e N: 22 () = b},

that is, the first time the second particle (the protuberance) detaches itself from the
proto-critical droplet and

(4.57) v =inf{k € N: 2> (i) € [BL,1,(0)]},

that is, the first time the second particle exits the box Br, s.Lg (0). Note that since
we choose the leaking probability to be L~!*¢, the probability that ¢ is larger
than the first time the first particle exits By, 5.2Lp (0) is of order exp[—L%] and is
hence negligible. We will disregard the contributions of such paths in the lower
bound. Paths with this property will be called good.

We will next show that (4.41) also holds if we extend the sum along any path
of positive probability up to ¢2. The reason for this lies in Lemma 4.4. Let y be a
path that has a positive probability under the path measure P/ associated with f
stopped at 72. We will assume that this path is good in the sense described above.
To that end, we decompose

72

)3 J Wk Vi 1)
=0 MBI Vi, V1)

1 '
_5 S e Yir) : J ks Yier1)
=5 (Ve Vies Vier1) P wgVi)egVies Vi+1)
(4.58) .
i F W, V1)
kmgr1 M8 C (Vi View1)
=1+1+1.

The term I was already estimated in (4.41)—(4.47). To estimate II, we use (4.42),
(4.54) and (4.55) to bound [cf. (4.41)]

g (¢?) — g zh) <c [C/log Lgl
mp(vo) - mp(vo)

(4.59) I1<C
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which is negligible compared to 7, due to the factor C/log Lg. It remains to esti-
mate /I1. Note that

2

F ey, ve2) ks V1)
g (Ve 1)ep(Ver_y, Ve2) — g (Vep(Vis Vir1)

4.60) Il =

The first term corresponds to the move when the protuberance detaches itself
from the proto-critical droplet. Its numerator is given by f (o (z1,a), o (z1, b)) (for
some z1 € [Brg 14 (0)]¢), which, by Lemma 4.4, (4.54) and (4.55), is smaller than

C1LEI+8C ngl =C,C LEH& . On the other hand, its denominator is given by

(4.61) 1y Dep(ve g ve2) = mp(yo)e V7.

The same holds for the denominators in all the other terms in /11, while the numer-
ators in these terms satisfy the bound

(4.62) f W vi)) < CICLE (2 () — g (i)

Adding up the various terms, we get that

I < %Lg”sew(l +1g( (%) — g (@*)))
2C, =2+ U
= up(vo) P

The right-hand side is smaller than / by a factor ngz“ ePU | which, by (4.53), is
exponentially small in .

5. Remaining particles. The lesson from the previous steps is that we can con-
struct a flow with the property that each time we remove a particle from the droplet,
we gain a factor Lz>%¢  thatis, almost e~ 2F . (This entropy gain corresponds to the
gain from the magnetic field in Glauber dynamics or from the activity in Kawasaki
dynamics on a finite open box.) We can continue our flow by tearing down the
critical droplet in the same order as we did for Glauber dynamics. Each removal
corresponds to a flow that is built in the same way as described in Step 4 for the
second particle. There will be some minor modifications involving a negligible
fraction of paths where a particle hits a particle that was moved out earlier, but this
is of no consequence. As a result of the construction, the sums along the remain-
ders of these paths will give only negligible contributions.

Thus, we have shown that the lower bound coincides, up to a factor 1 + o(1),
with the upper bound, and so the lemma is proved. [

(4.63)

4.2. Proof of Theorem 1.4(b). The same observation holds as in (3.34).

PROOF OF THEOREM 1.4(b). The proof follows along the same lines as
that of Theorem 1.4(a). The main point is to prove that CAP(Dys, Sp) = [1 +
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o(1)]CAP(CT, Sy). Since CAP(Sy, D)) < CAP(S,C™"), we need only prove a
lower bound on CAP(Dyy, Sr). This is done in almost exactly the same way as
for Glauber dynamics, by using the construction given there and substituting each
Glauber move by a flow involving the motion of just two particles.

Note that as long as M = ¢°®), an M x M droplet can be added at |Ag| —
o(|Ag|) locations to a configuration o € S [cf. (4.36)]. The only novelty is that we
have to eventually remove the cloud of particles that is produced in the annulus
Borg oLy O\ Bry.Ly (0). This is done in much the same way as before. As long as
only ¢°®) particles have to be removed, potential collisions between particles can
be ignored, as they are sufficiently unlikely. [

APPENDIX A: SPARSENESS OF SUBCRITICAL DROPLETS
Recall Definition 1.1(a), (3.11) and (3.12). In this section, we prove (3.22).

pp(S\W) _
S

LEMMA A.1. limg_, %log

PROOF. We will prove that limg_, » %log np(S\W)/ug(E) = —oo. Since
H e S, this will prove the claim.
Let w(B) be the function satisfying (3.11). We begin by noting that

(AD) ppS\W) <pup@  withT = {0 € S:|supp[Cs(0)]| > |Agl/w(B))

because the bootstrap percolation map increases the number of (+1)-spins. Let
D(k) denote the set of configurations whose support consists on k noninteracting
subcritical rectangles. Put C1 = (¢, + 2) (£, + 1). Since the union of a subcritical
rectangle and its exterior boundary has at most C sites, it follows that in Z, there
are at least | A g|/Ciw(B) noninteracting rectangles. Thus, we have

K,
max 1
(A2) wup@ < > Fy  with F(k) = — S e hHO),
k=|Apl/(Crw(p)) B oexs:
C(0)eD(k)
where Kiyax < [Agl.
Next, note that

1
(A3) Fk) <@ — 3 e P,

ZB 5eph)

Since the bootstrap percolation map is downhill, the energy of a subcritical rectan-
gle is bounded below by C» = 2J — h (recall Figure 9) and the number of ways to
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place k rectangles in Ag is at most (“}f‘l), it follows that

F(k) <29 ('A,f | ) np@)e= Pk <20KCrew(B) g B)e P
(A4)

< 1up @ exp| 3 Cap ],

where the second inequality uses the fact that k! > ke ™%, k € N, and the third
inequality uses the fact that w(B) = ¢°®). We thus have

(A3) 3 R < 2u@u e exp| 3 2l |
. B s~ P
k=IAgl/(Cru(p)) w20 )

which is the desired estimate because |Ag|/w(p) tends to infinity. [J

APPENDIX B: EQUIVALENCE OF ENSEMBLES AND
TYPICALITY OF HOLES

For m e N, let
B.1) 8™ ={o Xy :|supplo]N Bry.1,(x)| < Le(lc —1)+1VYx € Ag)
and
C™(0) = {G:H'EBLﬁ,Lﬂ(O) o€ S(m)},

Z(m)(o) Z e_/SH(U).
aeCm(0)

(B.2)

The latter is the partition sum restricted to Br,.15(0) when it carries m parti-
cles. In Appendix B.1, we prove a lemma about ratios of partition sums that
was used in (4.22), (4.26), (4.32) and (4.49). In Appendix B.2, we prove that

limg o0 g (5’ (0))/mp(S) =1, which is needed in the proof of this lemma.

B.1. Equivalence of ensembles. Recall (1.22), (4.6) and (4.17).

Lemma B.1. Z3"70)/25" = (0p)* up(S)[1 + o(1)] as B — oo for all
s €N.

PROOF. The proof proceeds via upper and lower bounds.
Upper bound. Let

(B.3) S(0) = {0 € S:supp[a]N Br,,1,(0) = @)
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Write
30y = —
Mﬂ( 0) = W
B
(B.4) 1
ng . —BHg(GV¢)
x 2 2 s ) Lsveesone 00
5eC(0) ¢ ClBLg.Lg(0)]\supp[5]
[¢|=s

This relation simply says that ng particles can be placed outside B, 1,(0) by
first placing ng — s particles and then placing another s particles. Because the
interaction is attractive, we have

(B.5) Hp(6 V) <Hg(d)+ Hg(¢) and Hg(¢) <0 Vo, ¢.

Consequently,
v nﬂ
ppSon = (") o

B

(B.6) BHs )
- o

x ) et > Ligveesoy:
5eC(0) ¢ ClBLg.L5(0)]°\supp[5]

[¢]=s

We next estimate the second sum, uniformly in 6. When we add the s parti-
cles, we must make sure not to violate the requirement that all boxes By, 5.Lg (%),

x € Ag, carry not more than K particles [note that S (0) C S and recall Defini-
tion 1.3(a)]. Partition Ag \ By s.Lg (0) into boxes of size Lg. The total number of
boxes containing K particles is at most ng/K. Hence, the total number of sites
where we cannot place a particle is at most (ng/K)(3L ﬁ)z. Therefore,

> Lsvecson
(ClBLy.1, OI\E)
=
(B.7) ,
R e L L
- S

But ngLg = o(ng/pp) = o(|Agl) and Lj = o(1/pp) = o(|Ag]) by (1.22), (1.29)
and (1.30), and so the right-hand side of (B.7) equals [1 + o(1)]|Ag|*/s! as
B — oo. Since the binomial in (B.6) equals [1 + o(1)](ng)’/s! with ng =
[oglApl], we end up with [recall (4.17)]

5 Z(n/g—s)
(B8) up(S0) = = (op) " [1 +o(1)]
Zp
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or
23" 0) .

(B.9) = (0p)’ mp(SONI[L + o(1)].

Zp

Since S(0) C S, this gives the desired upper bound.

Lower bound. We return to (B.4). Among the s particles that are added to
[BLg,Lg (0)1¢, let s1 count the number that interact with the ng — s particles already
present and s, the number that interact among themselves, where s1 + 52 < 5. We
can then estimate

< 1 e sty
1pSO) =~ 3 <”sﬂ> PH® T ( )

- s1!sp!
pd 51,52
p seCO) 0<s1+s2<s
—BH() .
x > e POL e nos =)
¢ ClBLg L (0)\suppl5]
[¢]=s

X ]l{sz interacting particles in {}1{(}\/{65‘(0)}

70579 0y

<[ +oMI1=F—(op)™
Zg’
(B.10) 1
! ng\  ,-BHsG
(9)
* 7 Z ( s ) ¢
B aeC(0)

—BH
x ) > e PO nas1—s,)

51,52 CC[BLﬂ,Lﬁ(O)]"\SUPp[&]
1<s1+s2<s I¢]=s

X 1{s, interacting particles in ¢}

*Lgviesop
where, in the second inequality, we estimate the term with s; = s» = 0 by using
the result for the upper bound. We will show that the other terms are exponentially
small.
For fixed &, we may estimate the last sum in (B.10) as

—BH
> e PO e nag )
;C[BLﬁ,Lﬂ (0)]L\Supp[6]
[S|=s
(B-ll) X ]1{5'2 interacting particles in {}]1{5 V{GS(O)}

§—8]—S K —BH
=< |A/3 |Y S (4’7/3)?1 Z e p (U)]l{sz interacting particles in o}-
0eS62)
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Indeed, |Ag|*~*17*2 bounds the number of ways to place s — s1 — s> noninteracting
particles, and (4ng)*! the number of ways to place s; particles that are interacting
with the ng — s particles already present. Next, we write

—BH((o
Z e PH( )]l{sz interacting particles in o'}
oc S62)

-3y Z —ﬁzf;lH(ci),

m=1 j=12<ky,.. k<KC U
Zl 1ki=m |Ci|= sz

(B.12)

which is a cluster expansion of the partition function [with noninteracting clusters
C;, all of which have size < K = ¢.({, + 1) 4+ 1]. By a standard isoperimetric
inequality, we have H(C;) > Hj,, with the latter denoting the energy of a droplet
of k; = |C;| particles that is closest to a square or quasi-square. Hence,

- —BH
|Aﬂ| 52 Z € p (U)]l{sz interacting particles in o}

JES(Q)
S Y Y Y et m(x )

m= 1_] 1 2<](1 ..... ]_K C:U{:] Ci
Sy ki=s2 |Cil=k;Vi

s2 m j )

(B.13) <ClAgl™ >N Y e PR pg)

m=1 j=12<ky,..., kj<K
le 1k =5

S2 m '
=C Z Z Z o~ B LI Hiy+(ki=1)p~ log| Agl]

m=1 j=12<ky,..., kjﬁK
sz | ki=s2

=22 Z =BTl H +(ki=DA]

where, in the last inequality, we insert the bound B~ log|A gl = A, which is im-
mediate from (1.22) and (1.35).

Now, Hy, + k; A is the grand-canonical energy of a square or quasi-square with
k; particles. It was shown in the proof of Proposition 2.4.2 in Bovier, den Hollander
and Nardi [7] that this energy is greater than or equal to U+ /k; for 1 <k; < 4K,
that is, for a droplet twice the size of the proto-critical droplet. Since 2U > A, we
therefore have that Hy, + (k; — 1)A > 0 when k; > 4. Since A > U, Hy = —-U
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and H3 = —2U, we also have that the terms with k; = 2,3 are greater than 0.
Consequently, there exist € > 0 and a constant C that is independent of 8 such that

(B.14) |A/3 |_s2 Z e_'BH(U)]l{sz interacting particles in a}e_'BH(O) = Ce_ﬁ8~

0eS62)

Combining (B.10), (B.11) and (B.14), we see that the correction term in (B.10) is

v 0

np(S0)) —[1+ 0(1)]T(,0;‘3)
Zy"
(B.15)
"(”ﬂ—s)(
B - U -
SC[I-i—O(D]W(Pﬁ) : Z (e ﬂpﬂ)sle Be.
ﬂ 51,82

1<s1+s2<s
Since A > U, we have eU'B,O/g < 1 and so the sum is o(1). Hence,

Z(n/g—s) (0)

s 7
(B.16) T

B
The claim now follows by using Lemma B.2 below. [

> (pp)* up(SON[1 + o(1)].

B.2. Typicality of holes.
LEMMA B.2. limg_, o0 115(S(0))/115(S) = 1.

PROOF. Since S (0) C S, we have ug (SV' (0)) < up(S). It therefore remains to
prove the lower bound. Write

15(S) = up(S(0))

K o—BH®VE)
+ Z Z Z 7015) ]]'{SUPP[U]CBLﬂ,Lﬂ(O)}
m=1 nEXém) Ce‘)(/;nﬂim) B
nVve¢eS
(B.17)
X L{suppl¢1CIBL, L5 (O)I}
< up(SO) + y1(B) + r2(B),
where
K o—BUHM+H )]
nB =3 3 2 — Gy LsuwplnIcBry 1,0
m=1 neXém) {GXén_m) Z,B
nVve¢EeS
(B.18)

X Lsuppl¢1C[BLy, 1 (0)1°)
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and y»(B) is a term that arises from particles interacting across the boundary of
Brg.Ls (0). We will show that both y1(8) and y»(8) are negligible.
Estimate, with the help of (B.9) [and recalling (B.1) and (B.2)],

K Z(nﬁ—m)
B —BH
ACIESY G >, e’ (")ﬂ{suppm]cBLﬁ,Lﬂ(m}
m=1 B neSm

K
=[1+o(M]upSO) Y ()" Y e MM guppinicsy, ., 00
m=1 ;768(’")

=[1+ 0(1)]/L,3(5(0))

XZ(Pﬂ)mZ L X e PRI D,

j=12<ky,...k; <KC U
z{Ak =m \C\_kvl

(B.19)

where the last equality is a cluster expansion, as in (B.12). Again using the isoperi-
metric inequality, we get [recalling (1.29)]

Y(B) < [1+o(1)]ug(S(0))

S w e v )

j=12<ky,...kj<K c=U_, G
Zz ki=m |Ci|=k; Vi
m .
v i - j
(B.20) <CupSO) Y en_y (op)" YLy Y- e PRl
j=l1 2<ky,....kj <K
=)y ki=m

K m .
v _ J A— (A —
=CupSO) Y Y e PEml kA

m=1 j=12<ky,..., kjEK
Z{:lki:m

< C'up(S0))e P

for some ¢ > 0 and constants C, C’ < oo that are independent of 8.
Estimate, with the help of (B.9),

~ (ng—(m+k))

K m 7
—BH kU B
vy =D 3 e P P iy, 00—
m=1 yesm k=1 Zg
m
—BH kU
(B.21) Z > PSP L ot )

m=1peSm k=1
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x (pp)" (SO + o(1)]
< [14o(1)]up(S(0))
K m
% Z(pﬂ)m Z e—ﬁH(ﬂ) Ze—ﬁk(A—U)
m=1 nesSm k=1
X LisupplnlCBL. 1, (0)

and we can proceed as in (B.19) and (B.20) to show that this term is negligible.
(|

B.3. Atypicality of critical droplets. The following lemma was used in Sec-
tion 4.1.1.

LEMMA B.3. limg_, o up(C\C*)/1p(S) =0.

PROOF. Similarly as in (B.17), we first write

upC\CH) < up(©)

=Agly B +1Apl Y. Y e

K —-K
ney® rext B

e~ BLHM+H ()]

nveel
(B.22)
X L{supplnICBry 1, (0))
X Lsupp(¢1CIBL g, 1 ()1}

with y (8) a negligible error term that arises from particles interacting across the
boundary of By, s.Lg (0). We then proceed as in (B.18)—(B.20), obtaining (I' =" +
KA)

right-hand side of (B.22)
(B.23) < NAgle™ (0p) X 1p(SONI1 + 0(1)]
=N|Agle P upS)L+o()], B — oo,
which is o(u5(S)), by (1.35). O

APPENDIX C: TYPICALITY OF STARTING CONFIGURATIONS

In Sections C.1 and C.2, we prove the claims made in the remarks below (1.9)
and (1.32), respectively.
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C.1. Glauber.

PROOF. Split
(C.1 S=85,US\S) =S, U=,

where U~ ; C S are those configurations o for which Cg(o) has at least one rec-
tangle that is larger than Q7 (0). We have

(C.2) Cp@)= |J Re.om®),
xeX (o)
where X (o) is the set of lower-left corners of the rectangles in Cp(o), which, in
turn, can be split as
(C.3) X(o)=X"t(0)Ux=L(o),

where X~ (o) labels the rectangles that are larger than Q7 (0) and X =L (o) labels
the rest.

Let |4 denote the restriction of o to the set A C Z2. Then, for any x € X (o),
we have

(C4) H(0) = H(01R;,.y00(0) + H (0 |R22<x),zz<x>(x))

because the rectangles in Cg (o) are noninteracting. Since, for o € U1, there is at
least one rectangle with lower-left corner in X~ (o), we have

upUsp) < Z Z Lixex>L(o)yMp(0)
xeAgoeS

1
= Zﬂ{xex>L(a)}Z—ﬂ

xeAgoeS
(C.5)

X eXp{_lB[H(U|Rll(X),Z2(x)(x)) + H(Glel(x).éz(x)(x))]}
1 —BH(olge (X))

—BlL+1 o
=e i Z Z ]l{xEX>L(g)}Z—€ 1(0), €9 (x)
xeAgoeS B

where I'7 4 is the energy of Qr41(0). In the last step, we use the fact that the
bootstrap map is downhill and that the energy of QO (0) is increasing with L. Since
the energy of a subcritical rectangle is nonnegative, we get

(C.6) pgUsp) < Npp1e Pl A g up(S)

with Ny 1 counting the number of configurations with support in Q1(0).
On the other hand, by considering only those configurations in /-y that have a
Q1+1(0) droplet, we get

_ 0)]¢
() ppUs1) = Nppre e | A g 201 OT (),
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where the last factor is the Gibbs weight of the configurations in S with support
outside [Q7+1(0)]¢. It easy to show that ,ul[gQL“(O)] (8) = up(S)I[1 + o(1)] as
B — oo and so

(C.8)  pgUsr)> Nppre PPt Ag|ug(S)I1 +o(1)], B — oo.

Combining (C.6) and (C.7), we conclude that limg_, oo g (U>1)/1g(S) = 0if and
only if

. -r _
(C.9) ﬂlin;olAﬂle L+ =(. =

C.2. Kawasaki.

PROOF. Split
(C.10) S=85,USE\S) =85 U=y,

where U~ C S are those configurations ¢ for which there exists an x such that
|supplo]N B, 14(x)| > L. Then

K
ppUsp) < 30 30 37 (0L jsupploinBy 1, (x)1=m)
xeAgoeSm=L+1

(C.11)
=[Aplle(B) +v (B,
where
K o~ BIHOHH©)]
B = D > D gy LiswplnicBi, i, O)
b e e Zg
nveesS
(C.12)

X Lisupplc1CBry 14 (O)1°)

and y (B) is an error term arising from particles interacting across the boundary of
Brg.Lg (0). By the same argument as in (B.21), this term is negligible. Moreover,

K > (ng—m)
B -BH
p(B) < Z Tﬁ)( Z e™” (n)]l{supp[n]CBLﬁ,Lﬂ(O)}>
m=L+1 Zg nesSm

K
<01+ onpS 2 op"( X ML umptricn 00 )
m=L+1 nesm
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where, in the last inequality, we use Lemmas B.1 and B.2. Now proceed as in
(B.19) and (B.20), via the cluster expansion, to get

K m
eB) <[1+oMICuS) > > > o~ BlHK +ki A—(A=8p)]

m=L+1 j=12<k ,...,kjSK
Z}']:I ki=m

(C.14)
<[14o()]Cu(S)e PlL+1—(A=3)1

where Hj is the energy of a droplet with k particles that is closest to a square
or quasi-square, 'y 11 = Hp41 + (L + 1)A and the second inequality uses the
isoperimetric inequality, together with the fact that Hy + kA is increasing in k for
subcritical droplets.

On the other hand, by considering only those configurations in (/- ;, that have a
droplet with L + 1 particles, we get

(C.15) 0(B) > [1 + o(1)]Cu(S)e FITL1—A=5p)],

Combining (C.11), (C.14) and (C.15), we conclude that limg oo ug(Usr)/
wnp(S) =0 if and only if

; —B(TL+1—(A=8p)) _
(C.16) ﬁll>moo |Agle + =0. 0

APPENDIX D: THE CRITICAL DROPLET IS THE THRESHOLD

In this appendix, we show that our estimates on capacities imply that the aver-
age probability under the Gibbs measure ug of destroying a supercritical droplet
and returning to a configuration in Sy, is exponentially small in 8. We will give the
proof for Kawasaki dynamics, the proof for Glauber dynamics being simpler.

Pick M > £.. Recall from (2.7) that ep,, s, (0) = cg(0)Ps (s, < Tp),) for
o € Dy;. Hence, summing over o € 9Dy, the internal boundary of Dy, we get,
using (2.8), that

Yocopy H8©)cp(@)Ps (ts, <Tpy) _ CAP(SL. Dy)
Ygeapy Hp0)cp(0) PINPICATTICN

Clearly, the left-hand side of (D.1) is the escape probability to Sz from 0Dy
averaged with respect to the canonical Gibbs measure g conditioned on 3Dy,
weighted by the outgoing rate cg. To show that this quantity is small, it suffices to
show that the denominator is large compared to the numerator.

By Lemma 4.2,

CAP(Sy, Dy) < CAP(SL, (S°\C)ucH)

D.1)

(D.2) 4sr
= N|Aﬁ|A—ﬂe—ﬁFuﬂ<8)[1 +o(D)].
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On the other hand, note that 9Dy, contains all configurations o for which there
is an M x M droplet somewhere in Ag, all Lg-boxes not containing this droplet
carry at most K particles and there is a free particle somewhere in Ag. The last
condition ensures that cg(o) > 1. Therefore, we can use Lemma B.1 to estimate

« (ng—M?)
—BH B
Y wp(@)ep(0) = [Aple P
GGDM Zﬁ

(D.3) ,
= |Agle PHu2 (pp)M 1g(S)[1 + (1],

where H,,> is the energy of an M x M droplet. Combining (D.2) and (D.3), we
find that the left-hand side of (D.1) is bounded from above by

4 exp[—pBI']
©4 (N AT%) xpl—B(Hye + Aty T

which is exponentially small in 8 because I' > H,;2 + AM? for all M > £...
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