The Annals of Probability

2010, Vol. 38, No. 2, 605-631

DOI: 10.1214/09-A0P490

© Institute of Mathematical Statistics, 2010

GAUSSIAN MULTIPLICATIVE CHAOS REVISITED
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In this article, we extend the theory of multiplicative chaos for positive
definite functions in R? of the form fx) = AZInt % + g(x), where g is
a continuous and bounded function. The construction is simpler and more
general than the one defined by Kahane in [Ann. Sci. Math. Québec 9 (1985)
105-150]. As a main application, we provide a rigorous mathematical mean-
ing to the Kolmogorov—Obukhov model of energy dissipation in a turbulent
flow.

1. Introduction. The theory of multiplicative chaos was first defined rigor-
ously by Kahane in 1985 in the article [13]. More specifically, Kahane constructed
a theory relying on the notion of a o-positive-type kernel: a generalized func-
tion K :RY x RY — R, U {00} is of o-positive type if there exists a sequence
Kj :R? x R? — R of continuous positive and positive definite kernels such that

(1.1) K(x,y)=Y Ki(x,y).

k>1

If K is a o-positive-type kernel with decomposition (1.1), one can consider a
sequence of Gaussian processes (X,),>1 of covariance given by > 7_; K. It is
proved in [13] that the sequence of random measures m,, given by

(1.2) mn(A):/ Xn @)=/ EXn (0% gy A € BRY),
A

converges almost surely in the space of Radon measures (equipped with the topol-
ogy of weak convergence) to a random measure m and that the limit measure m
obtained does not depend on the sequence (Kj)x>1 used in the decomposition (1.1)
of K. Thus, the theory enables one to give a unique and mathematically rigorous
definition to a random measure m in R? defined formally by

(1.3) m(A)=/ XO—U/DEX ™ g A € B(RY),
A

where (X (x)),cge is a “Gaussian field” whose covariance K is a o -positive-type
kernel. As it will appear later, the o -positive-type condition is not easy to check in
practice. Therefore it is convenient to avoid of this hypothesis.
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The main application of the theory is to give a meaning to the “limit-lognormal”
model introduced by Mandelbrot in [17]. In the sequel, we define In™ x for x > 0
by means of the following formula:

In" x = max(In(x), 0).

The “limit-lognormal” model corresponds to the choice of a homogeneous K given
by

(1.4) K(x,y)=2*In"(R/|x — y)) + 0(1),

where A2, R are positive parameters and O(1) is a bounded quantity as |x —
y| — 0. This model has many applications which we will review in the follow-
ing subsections.

1.1. Multplicative chaos in dimension 1: A model for the volatility of a financial
asset. If (X(t))s>0 is the logarithm of the price of a financial asset, the volatil-
ity m of the asset on the interval [0, ¢] is, by definition, equal to the quadratic
variation of X:

n
. 2
m[0, t] =n1ggo];(xuk/n) — X(t(k—1)/n))".
The volatility m can be viewed as a random measure on R. The choice of m
for multiplicative chaos associated with the kernel K (s, ) = A% In" =] I q satisfies
many empirical properties measured on financial markets, for example, lognormal—
ity of the volatility and long range correlations (see [6] for a study of the SP500
index and components, and [7] for a general review). Note that K is indeed of
o -positive type (see Example 2.3), so m is well defined. In the context of finance,
A2 is called the intermittency parameter, in analogy with turbulence, and 7 is the
correlation length. Volatility modeling and forecasting is an important area of fi-
nancial mathematics since it is related to option pricing and risk forecasting; we
refer to [9] for the problem of forecasting volatility with this choice of m.

Given the volatility m, the most natural way to construct a model for the (log)

price X is to set

(L.5) X () = Bujo,1

where (B;);>0 is a Brownian motion independent of m. Formula (1.5) defines the
multifractal random walk (MRW) first introduced in [1] (see [2] for a recent review
of the financial applications of the MRW model).

1.2. Multiplicative chaos in dimension 3: A model for the energy dissipation
in a turbulent fluid. 'We refer to [10] for an introduction to the statistical theory
of three-dimensional turbulence. Consider a stationary flow with high Reynolds
number. It is believed that at small scales, the velocity field of the flow is homo-
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geneous and isotropic in space. By “small scales,” we mean scales much smaller
than the integral scale R characteristic of the time stationary force driving the
flow. In the work [15] and [19], Kolmogorov and Obukhov propose to model the
mean energy dissipation per unit mass in a ball B(x,[) of center x and radius
| < R by a random variable ¢; such that In(g;) is normal with variance 012 given
by

o] _A21n<l>+A

where A is a constant and A2 is the intermittency parameter. As noted by
Mandelbrot [17], the only way to define such a model is to construct a ran-
dom measure ¢ by a limit procedure. Then, one can define & by the for-
mula

3{e
& = 4<l>3 (B(x, D)),

where (¢) is the average mean energy dissipation per unit mass. Formally, one is
looking for a random measure ¢ such that

(1.6) VA € B(RY) s(A):/ eXO=(/DEX ] gy
A
where (X (X)), cpd is a “Gaussian field” whose covariance K is given by
K(x,y) = A2 anr . The kernel A%In* i nyI is positive definite when con-
sidered as a tempered distribution [see (2.1) below for a definition of posi-
tive definite distributions and Lemma 3.2 for a proof of this assertion]. There-
fore, one can give a rigorous meaning to (1.6) by using Theorem 2.1 be-
low.
+ _R

However, it is not clear whether A”In Ty is of o-positive type in R>
and, therefore, in [13], Kahane considers the o - positive -type kernel K (x,y) =

—ulx—y|

Indeed, one can show that

I / r S du as an approximation of A2In*

lx— yl
—ulx—y|

fl/R —du = In™ = yl + g(Jx — y|), where g is a bounded continuous func-

tion. Nevertheless, it is important to work with A% In* Ty R - since this choice leads
to measures which exhibit generalized scale invariance properties; see Proposi-
tion 3.3.

1.3. Organization of the paper. In Section 2, we recall the definition of posi-
tive definite tempered distributions and we state Theorem 2.1, wherein we define
multiplicative chaos m associated with kernels of the type In™ % 4+ O(1). In Sec-
tion 3, we review the main properties of the measure m: existence of moments and
density with respect to Lebesgue measure, multifractality and generalized scale
invariance. In Sections 4 and 5, we supply the proofs for Sections 2 and 3, respec-
tively.
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2. Definition of multiplicative chaos.

2.1. Positive definite tempered distributions. Let S(R?) be the Schwartz space
of smooth, rapidly decreasing functions and S’(R¢) the space of tempered distrib-
utions (see [21]). A distribution f in S’(R?) is positive definite if

en  wes®) [ [ re-yeptidrdy 0.

On S'(RY), one can define the Fourier transform f of a tempered distribution via
the formula

(22) voeS®Y [ fee@©ds= [ fmowar

where ¢(x) = [pa e~ 27%E (&) dE is the Fourier transform of ¢. An extension of
Bochner’s theorem (Schwartz [21]) states that a tempered distribution f is positive
definite if and only if its Fourier transform is a tempered positive measure.

By definition, a function f in S'(RY) is of o-positive type if the associated
kernel K (x, y) = f(x —y) is of o -positive type. As mentioned in the Introduction,
Kahane’s theory of multiplicative chaos is defined for o -positive-type functions f.
The main problem stems from the fact that definition (1.1) is not practical. A key
question is whether there exists a simple characterization (like the computation of
a Fourier transform) of functions whose associated kernel can be decomposed in
the form (1.1). If such a characterization exists, there is the further question of how
one finds the kernels K, explicitly.

Finally, we recall the following simple implication: if f belongs to S’(R?) and
is of o -positive type, then f is positive and positive definite. However, the converse
statement is not clear.

2.2. A generalized theory of multiplicative chaos. In this subsection, we con-
struct a theory of multiplicative chaos for positive definite functions of type
A%In* % + O(1), without the assumption of o -positivity for the underlying func-
tion. The theory is therefore much easier to use.

We consider, in R, a positive definite function f such that

R

(2.3) fx)=2%In"
| x|

+8(x),
where A2 # 2d and g(x) is a bounded continuous function. Let 6§ :R¢ — R be
some continuous function with the following properties:

(1) 6 is positive definite;
(2) 10(x)] < W for some y > 0;
(3) JpaO(x)dx=1.

The following is the main theorem of the article.
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THEOREM 2.1 (Definition of multiplicative chaos). Forall ¢ > 0, we consider
the centered Gaussian field (X (X)) cra defined by the convolution

E[Xc(x)Xe(D]=(0° * f)(y —x),

where 6% = g%@(é). The associated random measure mg(dx) =

eXeW=(/DEXe] g then converges in law in the space of Radon measures

(equipped with the topology of weak convergence), as ¢ goes to 0, to a random
measure m, independent of the choice of the regularizing function 6 with proper-
ties (1)—(3). We call the measure m the multiplicative chaos associated with the
function f.

Below, we review two possible choices of the underlying function f. The first
example is a d-dimensional generalization of the cone construction considered
in [3]. The second example is A2 1nt % ford =1,2,3 (the case d = 2, 3 seems
never to have been considered in the literature). Both examples are, in fact, of o -
positive type (except perhaps the crucial example of A% In™ % in dimension d = 3)
and it is easy to show that in these cases, Theorem 2.1 and Kahane’s theory lead to
the same limit measure m.

EXAMPLE 2.2. One can construct a positive definite function f with decom-
position (2.3) by generalizing the cone construction of [3] to dimension d. This
was performed in [5]. For all x in R¢, we define the cone C(x) in RY x R

tAR
Cx)= {(y,t) e R x Ry;ly—x| < T}
The function f is given by
dydt
(2.4) fw =22 >

co)nCx) tdt1’

One can show that f has decomposition (2.3) (see [5]). The function f is of o-
positive type, in the sense of Kahane, since one can write f =}, f, with f,

given by
dydt
(x) = /\2/ i
Jn CONC ()1 n<t<1/(n—1) tdF1

R

In dimension d = 1, we get the simple formula f(x) = A>In* B

EXAMPLE 2.3. In dimension d = 1, 2, the function f(x) =In" % is of o-
positive type, in the sense of Kahane, and, in particular, positive definite. Indeed,
one has, by straightforward calculations,

1+£— - d
n = (t — |x])+vr(d?),
x| Jo



610 R. ROBERT AND V. VARGAS

where vr(dt) = l[o,R[(t)% + %R. For all 1« > 0, we have

R 1 RH 1 [
IntT —=—IntT — = ;/0 (t = 1x|") 4 vRe (dr).

x| xt
We are therefore led to consider the i > 0 such that (1 — |x|*) is positive definite
(the so-called Kuttner—Golubov problem; see [11] for an introduction).
For d =1, it is straightforward to show that (1 — |x|)+ is of o-positive type.
One can thus write f =}, fu with f, given by

R/(n—1)
= [ =l vrtan,
R/n
For d = 2, the function (1 — |x]| 172y is positive definite (Pasenchenko [20]). One
can thus write f =3, f,, with f, given by

R'2/(n—1) \
=[x ) g,
n

In dimension d = 3, the function In™ % is positive definite (see Lemma 3.2),

but it is an open question whether it is of o -positive type.

3. Main properties of multiplicative chaos. In the sequel, we will consider
the structure functions ¢, defined for all p in R by

)\‘2 )\.ZPZ
oD o= (a+5)r =5

3.1. Multiplicative chaos is equal to O for A> > 2d. The following proposi-
tion shows that multiplicative chaos is nontrivial only for sufficiently small values
of A2.

PROPOSITION 3.1. If A> > 2d, then the limit measure is equal to 0.

3.2. Generalized scale invariance. In this subsection and the following, in
view of Proposition 3.1, we will suppose that 1> < 2d.

Let m be a homogeneous random measure on R?; we recall that this means that
for all x, the measures m and m(x + -) are equal in law. We denote by B(0, R)
the ball of center 0 and radius R in R¢. We say that m has the generalized scale
invariance property with integral scale R > 0 if, for all ¢ in ]0, 1], the following
equality in law holds:

L.
(3.2) mEA) acBo.R) = 6% (m(A)) AcBO.R)»

where €2, is a random variable independent of m. Let v; denote the law of 2,-:.
If m is different from 0, then it is straightforward to prove that the laws (v;);>0
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satisfy the convolution property vy = v; * vy. Therefore, one can find a Lévy
process (L;);>o such that, for each ¢, v; is the law of L;. In the context of Gaussian
multiplicative chaos, the process (L;);>0 will be Brownian motion with drift.

In order to get scale invariance with integral scale R, one can choose f = In™ ﬁ.
This is possible if and only if In* % is positive definite. This motivates the follow-
ing lemma.

LEMMA 3.2. Letd > 1 be the dimension of the space and R > 0 the integral
scale. We consider the function f:RY — R defined by

R
fx)=Int —.
|x]
The function f is positive definite if and only if d < 3.

The above choice of f leads to measures that have the generalized scale invari-
ance property.

PROPOSITION 3.3. Let d be less than or equal to 3 and m the Gaussian multi-

plicative chaos with kernel 2> In™ %. Then m is scale invariant: for all c in 10, 1],
we have

L.
(33) (m(eA) acso.r) = e (m(A) acs.R):

where Q. is a Gaussian random variable independent of m with mean —(d +
}‘72) In(1/c) and variance A2 In(1/c).

The proof of the proposition is straightforward.

REMARK 3.4. It remains an open problem to construct isotropic and homo-
geneous measures in dimension greater or equal to 4 which are scale invariant.

3.3. Existence of moments and multifractality. We recall that we have sup-
posed that 1> < 2d: this ensures the existence of & > 0 such that {1, > d. There-
fore, there exists a unique py > 1 such that {,, = d. The following two proposi-
tions establish the existence of positive and negative moments for the limit mea-
sure.

PROPOSITION 3.5 (Positive moments). Let p belong to 10, p.[ and m be the

Gaussian multiplicative chaos associated with the function f given by (2.3). For
all bounded A in B(RY),

(3.4) E[m(A)P] < oo.
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Let 6 be some function satisfying the conditions (1)—(3) of Section 2.2. With the
notation of Theorem 2.1, we consider the random measure m, associated with 6.
We have the following convergence for all bounded A in B(RY):

(3.5 E[m¢(A)P] — E[m(A)P].

PROPOSITION 3.6 (Negative moments). Let p belong to 1-00,0] and m be

the Gaussian multiplicative chaos associated with the function f given by (2.3).
Forall ¢ >0,

(3.6) E[m(B(0, ¢))?] < oo.

Let 6 be some function satisfying the conditions (1)—(3) of Section 2.2. With the
notation of Theorem 2.1, we consider the random measure m, associated with 6.
We have the following convergence for all ¢ > 0:

(3.7 E[m¢(B(0,¢))"] —; Elm(BO, NP1

The following proposition states the existence of the structure functions.

PROPOSITION 3.7. Let p belong to 1-00, p.l. Let m be the Gaussian multi-
plicative chaos associated with the function f given by (2.3). There exists some
Cp > 0 [independent of g and R in decomposition (2.3): C,, = C) (A2)] such that
we have the following multifractal behavior:

¢p
(3.8) E[m([O, C]d)p] ~ eP(Pl)g(O)/ZCp(i) .
c—0 R
In the next proposition, we will suppose that d < 3 and that f(x) = A?In" |7R|.
In this case, we can prove the existence of a C*> density.

PROPOSITION 3.8. Let d be less than or equal to 3 and m the Gaussian mul-
tiplicative chaos with kernel A2Int %. For all ¢ < R, the variable m(B(0, ¢)) has

a C® density with respect to the Lebesgue measure.
4. Proof of Theorem 2.1.

4.1. A few intermediate lemmas. In order to prove the theorem, we start by
giving some lemmas we will need in the proof.

LEMMA 4.1. Let 0 be some function on R? such that there exist y, C > 0 with
|0(x)] < ﬁ. We then have the following convergence:

/Rd 16 (v)|In

<
Z—V

“4.1) sup
|z]>A

— 0.
A—00

’dv
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PROOF. We have

/ |9(v)|ln

= |t9(v)|ln ‘dv—l— |6(v)|In
lv|</Tzl [v|>/Tzl -

In the remainder of the proof, we will suppose that |z| > 1.
Considering the first term. We have 1 — |”|| <kl y |”| so that for |v| <

Tzl
Jzl,

‘dv

‘dv

1 |z — vl
—<— <14 —=
Jlzl |z] Jlzl

We conclude that

lz—v]

1 1
| =G ) = e

Thus, we get | In

Z 1
9vln—dv<7/ 6()|dv.
eIt = |dv=——— | 160)

/Ivls«/ﬂ

Considering the second term. We have

/ 6(w)] 1|~
NENE]

<In|z| fl@(v)ldv+ ml@(v)||ln|z—v||dv.
Z

v|>/lz] [v]>

‘dv

The first term above is obvious. We decompose the second as follows:

f 16 (v)||In|z — v||dv
[v|>/1z]

= . 16 (v)||In|z — v||dv + S 16 (v)||In |z — v|| dv.
For |v| > |z] + 1, we have 1 < |z — v| < |z]||v| and thus
0<In|z—v|<In|z| +In]v],
which enables us to handle the corresponding integral. Let us now estimate the re-
maining term [ = fJH<\v|<|z|+1 |6(v)||In|z — v||dv. Applying Holder’s inequal-
ity with % + é =1 gives

1/p 1/q
r=(f paran) (| nfz—vll"av)
ViIzl<lvl<|z]+1 ViIzl<lvl<|z]+1

from which we straightforwardly get, if p is close to 1,

/< Cln|z| N
= I T2 |y s 0

We will also use the following lemma.
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LEMMA 4.2. Let A be a positive number such that 22 # 2 and (Xi)1<i<n
an i.i.d. sequence of centered Gaussian variables with variance A\*In(n). For all
positive p such that p < max( 2 1), there exists 0 < x < 1 such that

Fa
pXi—p(A?/2)In(n) ] _ xp
(4.2) E[lggne ]_O(n ).

PROOF. By Fubini, we get

E[ sup epxi—p(xz/zwn(n)]

1<i<n

o0 2
:/ P( sup ePXi—p(7/2n(m) o v) dv
0

1<i<n

00 2
4.3) - /0 P( sup X; > ln;v) + %ln(n)) dv

1<i<n
o )“2
:/ pep”P( sup X; >u+ —ln(n)) du
—00

1<i<n 2

00 A2
Sl_i_/ pepuP< Sup Xi>u+—1n(f’l))dl/t,
0

l<i<n 2

where we have performed the change of variable u = @ in the above identities.
If we define F(u) = P(X; > u), then we have

2 _
P( sup X; >u+ X—ln(n)) =1 — " I(I=F@+(/DIne)),
1<i<n 2

Let x be some positive number such that 0 < x < 1. Using (4.3), we get

E[ sup ePXi*POLZ/Z)ln(”):I

1<i<n

4.4) <n*P +p/°° (1 — enln(lfﬁ(u+(k2/2)ln(n))))du

xIn(n)

< P + pnxp fm epﬁ(l _ enln(l—F(ﬁ+((A2/2)+x)ln(n))))dﬁ.

We have

F(ﬁ + (E +x) 1n(n)> - / > oV /@2 In@m) gy
2 V2 a/In(n) Ji+02/24x) In(n)

022402 /(222 roo

V2ra/In(n) i

e—(1/2+x/A2)U—52/(2A2ln(n)) dv,
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where we have performed the change of variable v = v — (% + x)In(n). Thus, we
get

P /OO ePT(1 - enln(l—ﬁ(ﬁ+((k2/2)+x)ln(n))))dﬁ
0

0o _ 22
§n”’+1/ ep“F(ﬁ—i— (7 —I—x> ln(n)) di
0

+1—(22/24x)% /(222
pPt1=07/2407/ Q1) OOepﬁ(/ooe—(1/2+x/)»2)'17—172/(2kzln(n)) d’ﬁ) dii

V27 0/In(n) 0 b

p P H1=02/2407 /(24 oo

p«/ﬂ)n/ln(n) 0

pPH1=02/2407 /(202 oo

p2mai/In(n)  J-oo

2
nrpta(x.a”.p)

4.5)
oPT—(1/2+4x/A2) 502/ (222 In(n)) 755

oP—( /24-x /22 T—52 /(222 In(n)) A7

k]

p

with a(x, A%, p) =1 — 7(A2/22;{x)2 +(p— % — ;—2)2§. We have, by combining (4.4)
and (4.5),

E[ sup ePXi—PG2/2) 1n(n>] < P Al
1<i<n

1 2

A2’ 22

p= % + %2; indeed, if inequality (4.2) holds for some p, then it holds for all p’ < p

We focus on the case p € ]% + max (5, 1)[. This implies inequality (4.2) for

by applying Jensen’s inequality to the concave function u — u?” .

First case: \* < 2. Note that «(1, A2, %2) =0,s0if p < )%2’ then there exists
0 < x < 1 such that a(x, A2, p) <O.

Second case: X* > 2. Note that a(1, A%, 1) = 0, so if p < 1, then there exists
0 <x < 1such thata(x,kz, p)<0. O

4.2. Proof of Theorem 2.1. For the sake of simplicity, we give the proof in the
case where d = 1, R = 1 and the function f(x) = A2 Int ‘71| This is no restriction;
indeed, the proof in the general case is an immediate adaptation of the following

proof.
4.2.1. Uniqueness. Let a €10,1/2[. We consider 6 and §, two continuous
functions satisfying properties (1)—(3). We note that

m(dt) = eXO=WDEXDO] g — Jim oXeO—/DEX0 gy
e—>0
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where (X (¢))ser 1s a Gaussian process of covariance g (|¢ — s|) with

1
qg(x)—(ég*f)(x)—kz/ 0(v)In* <|x_8v|)dv.

We similarly define the measure 71, X, and § g, associated with the function 6.
Note that we suppose that the random measures m. (dt) = eXeO=(/DEX:(0?] gy
and 7. (dt) = eXeO—(/DEX:(0 gy converge in law in the space of Radon mea-
sures. This is no restriction since, using Fubini and £ [eXe—(1/DE[X:( )2]] =1,we
get the equality E[m.(A)] = E[n.(A)] = |A| for all bounded A in B(R) which
implies that the measures are tight (see Lemma 4.5 in [14]).

We will show that

E[m[0, 1]*] = E[m[0, 1]°]

for « in the intel;val 10, 1/2[. If we define Z.(t)(u) = \/E)N(g(u) + V1 —tX:(u)
with X.(#) and X, (u) independent, then we get, by using the continuous version
of Lemma A.1,

(4.6) El:[0, 11°] — E[m,[0, 11°] = “(“_1)/ ge (1) d1,
with ¢ (¢) defined by
soe(t)=/ (@ (lt2 — 1) — e (112 — 0D E[Xe(t, 11, 0)]) diy i,
[0,1]2

where X, (¢, t1, 12) is given by
ezs(t)(tl)+Zs([)(IZ)*(l/z)E[Zs(t)(tl)2]*(1/2)E[Zs(t)(l2)2]

Xe(t, 1, ) =
¢ (J eZe 0w =(/DELZ: (@] gy )2

We now state and prove the following short lemma which we will need in the
sequel.

LEMMA 4.3. For A > 0, we let Cy = Sup|y|> 4.9 (x) — Ge(x)|. We have

lim (hm CA) 0.

A— 00 \e—0

PROOF Let |x| > Ae. If |x| > 1/2, then g.(x) and g, (x) converge uniformly
to A2Int | I thus g, (x) — ge(x) converges uniformly to O (this a consequence

of the fact that A% In™ | i is continuous and of compact support for |x| > 1/2). If
|x| < 1/2, then we write

ge(x) = kz(lné + O(x/e) + Rg(x)>,
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where Q(x) = [R1n ﬁ@(z)dz and R.(x) converges uniformly to O (for |x| <

1/2) as ¢ — 0 [similarly, we can write §(x) = A2(In1 + Q(x/e) + Rs(x))].
This follows from straightforward calculations. Applying Lemma 4.1, we get that
Ox) = |x| + X (x) with X (x) — 0 for |x| = o0. Thus, Q(x) — Q(x) is a con-
tinuous functlon such that, for |x| > Ae and |x| < 1/2, we have

g (x) — e ()] <22 sup [Q(Y) — QM|+ A% sup [Re(x) — Re(x)].
[y|=A |x|<1/2

The result follows. [

One can decompose expression (4.6) in the following way:

E[ni[0, 1]%] — E[m,[0, 1]%]

“(“_1)/ oA dt+ 2 )/ At dt,

“.7

where
oA = / (@ (It2 — 1]) — e (112 — D ELXa(t, 11, 2)]) diy iy
[0,112,|r—11|<Ae
and
0 =/ (@ (2 — 11]) — g2 — 1D E[Xe (0, 11, 02)]) dity i,
[(),1]2 [to—t1|>Ae
With the notation of Lemma 4.3, we have

4] < C5 / E[X,(t, 11, )] dty ds

[0,1]%, |2 —11|> As

<5 f E[X.(t, 11, 12)]dty di>
[0,112

1
_ct E[( / o Ze (O —(1/D EIZ()w)?) du)a]
0

< Cj%.
Thus, taking the limit as ¢ goes to 0 in (4.7) gives
E%m[zﬁg[o, 11%] — E[m.[0, 11*]]
e—
— 1-—
Ld- e mCh+——— ( hm/ lpA ()| dt.

- 2 e—0

We will show tllat limg .0 ¢ 4(0) = 0 [the general case ¢ A(1) is similar]. There
exists a constant C4 > 0, independent of &, such that

Sup |Ge(x) — ge(x)| < Ca.

[x|<Ae
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Therefore, we have

t1+Ae
2 (0)] < 4 / / E[X:(0, 11, n)]dnrdny
-
4.8)
A X Xe )2 ELXe )P =D EX %) gy
) }
4 [ (& eXe =/ EIXe ] gyy2—a

We now have

+
/ / T X)X )~ (D EDX )P /DEXe ] g gy

htAe o 1/2)E[X, ()2 U x 1/2)E[X. (1))2
< (Sup o Xe()—~(1/DE[Xc () ]d,2>/ Kot —(/DEX @] gy
1 JH—Ae 0

2(i+1)Ae ) ,
< 2( sup / eXe()=(1/DE[Xe(12) ]dlz)
0<i<1/(2As) J2iAe

1
« f X —(/DEX () gy,
0

In view of (4.8), this implies that

- 2(i+1)As 5 2
e 0] < 2CAE|:( sup / e Xe(@)=(1/DE[X:(12) ]dlz)
0<i<1/(2Ag) J2iAe

1 2 a—1
y (/ Xt —(1/DE[Xc (1) ]dtl) }
0

~ 2(i+1)Ae ) o
<2C, E[( sup / o Xe()=(1/DEIX (1) ]dQ) }
0<i<1/(2A¢) J2i Ae

_sup;ai _

where we have used the inequality anie =

< (sup; a;)*. For the sake of simplic-
ity, we now replace 2A by A.
To study the above supremum, the idea is to use the approximation X, (¢) &

X (Aig) fort in [Aie, A(i + 1)e]. We define C, by
4.9) Ce = sup (Xe(u) — Xe(Aig)).
0<i<1/(As)
Aie<u<A(i+1)e

By the definition of C,, we have X (t) < X (Aie) 4+ C, forall i < ﬁ and all ¢ in
[Aie, A(i + 1)e]. We then get

A(i+De o
E[( sup / Xe(O=(1/DELX:(1)’] dt) ]
0<i<1/(Ae) / Aie

Ali+1)e . BN
4.10) < E[( sup / o Xe(Aie)—(1/D E[X, (Aie) ]dt> eaC{|
0<i<1/(Ag) J Aie



GAUSSIAN MULTIPLICATIVE CHAOS REVISITED 619

_ E[(sA sup eXS(Ais)—(l/Z)E[Xg(Ais)z])aeacg]
0<i<1/(Ae)

< (eA)"‘E[( sup eXg(Aie)—(l/2)E[X5(Ais)2])2a:|I/ZE[eZaCE]1/2.
0<i<1/(Aés)

There exists some ¢ > 0 (independent of ¢) such that for all s, ¢ in [0, 1],
E[X:(s)X:(t)] =g (It —s]) = —c.

Indeed, for simplicity, let us suppose that 6 has compact support in [— K , K] with
K > 0. The function g, (x) converges uniformly to 22 anr pon |x| > 5, so we can

restrict to the case |x| < 5. If x = X, then |X| < 5; and we have

,\21n< ) )\2/ 6(v) In(|% — v|) dv.

The quantity Azf 6 (v) In(]X — v|) dv is bounded for |X| < K + 1 and for |X| >
K + 1, it can be written

XZ/K 6()In([F = v])dv =27 In5| +12/K 9(v)1n<|f_ vl)dv
K - - H

<k21n< )-i-kz/ O(v)In <|x|x| |)dv.

The conclusion follows from the fact that the second term in the right-hand side
above is bounded independently of .

We introduce a centered Gaussian random variable Z independent of X, and
such that E[Z%] = c. Let (R?)1<i<1/(A¢) be a sequence of i.i.d. Gaussian random
variables such that E[(Rf)z] = E[X.(Aie)*] +c. By applying Corollary A.3, we
get

E[( sup eXE(AiS)—(1/2)E[X8(Aie)2]>2“]
0<i<l1/(A¢)

1 . . 2a
=— E[( sup eXg(A18)+Z—(1/2)E[X9(Az£)2]—(c/2)) ]
e2erc—ac Lo i 1/(As)

< _ E[( sup eRf_(l/z)E[(Rf)z])Za].
T e2le—ac T L\g; 1 /(A

We have E[(Rf)z] =12 ln% + C(¢), with C(e) converging to some constant as €
goes to 0. Since 2o < 1, by applying Lemma 4.2, there exists some 0 < x < 1 such
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that
2
E[( sup eRf—(l/Z)E[(Rf)2]>2a] < C(l> -
0<i<1/(Ae) €
and we therefore have
9 (0)] < Ce¥ E[e**¢]'/2

with y = a(1 —x) > 0. _ .
One can write Ce = SUP)<;1/(Ae),0<v<1 We(V), Where Wi (v) = X, (Aie +
Aev) — X (Aie). We have

E[W. ()W ()] = ge:(v — V),

where g, is a continuous function bounded by some constant M independent
of &. Let Y be a centered Gaussian random variable independent of W/ such that
E[Y?] = M. Thus, we can write

E[ezan] _ E[ezasuPi,v(Wé(”)“‘Y)]

elazM

Let us now consider a family (Wé)lfk 1/(Ae) of centered i.i.d. Gaussian
processes of law (Wg(v) + Y)o<v<1. Applying Corollary A.3 from the Appendix,
we get

E [EZasupi’UWi (v)]

2aC,
EleT™ ] <
[ ] - e2a2M

We now estimate E [eZ“S“pi,vW;(”)]. Let us write X; = supofvlei(v). Applying
Corollary 3.2 of [16] to the continuous Gaussian process (We0 ) 4+ Y)o<v<1, we
get that the random variable has a Gaussian tail:

P, >2)<Ce 3/ yz50

for some C and o. Using computations similar to the ones used in the proof of
Lemma 4.2, the above tail inequality gives the existence of some constant C > 0
such that

E[eZOtsupOSk]/(Ag)X[] < CeC./ln(l/s)'

Therefore, we have E[¢2%Cc] < Ce€VIN(1/€) and then

lpf (0)] = Ce? e VNI,
It follows that lim,_,|p2 (0)| = O so that for o < 1/2,
ol —a) —

@)IE[H%[O, 11%] = E[m,[0, 1]7]] < B lim C}.
£~

e—>0
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Since lim,_,o C % — 0as A goes to infinity (Lemma 4.3), we conclude that
lim | E[7[0, 1]%] — E[m,[0, 1]*]| = 0.
e—0

It is straightforward to check that the above proof can be generalized to show that
for all positive A1, ..., A, and intervals Iy, ..., I,, we have

n o n 4
E[(Z Akm(lk)) } =E [(Z kkn'i(lk)> ]
k=1 k=1
This implies that the random measures m and m are equal (see [8]).

Existence. Let f(x) be a real positive definite function on R4 (note that this
implies that f is symmetric). Let us recall that a centered Gaussian field of corre-
lation f(x — y) can be constructed by means of the following formula:

X = [ s oy f@wae),

where ¢(x, &) =cos(Qmx.£) —sin(Qrx.&) and W (d&) is the standard white noise
on R (to see this, one can check, using the inverse Fourier formula, that the above
X has the desired correlations). This can also be written as

(@.11) X (x) = /]O s SOV O OW @t d8),

where W (dt, d§&) is the white noise on ]0, oo[ X R4 and fooog(t,é)zdt =1 for
all §&. The significance of the expression (4.11) should be evident in what fol-
lows. Let the function 6 be radially symmetric and let 6 be a decreasing function

2 ~
of |£] [e.g., take O(x) = %]. Let us consider g(t, &) =+/—0'(t|€])|€| so that
[ g, £)2dt = é(8|§|) for |&| # 0. If we then consider the fields X, defined by

(4.12) X0 =[ ey f©e.HWarde).
]e,00[ xR9
then we will find
EIX.()Xe (0] = [ cos(2r(x = 1)) f©clel) de
= (f %6°)(x — ).

The significance of (4.12) is to make the approximation process appear as a martin-
gale. Indeed, if we define the filtration F, = o {W (A, B), A C e, oo[, B € B(R?)
and bounded}, we have that for all A € B(R?), (ms(A))e=0 is a positive Fe-
martingale of expectation |A|, so it converges almost surely to a random vari-
able m(A) such that

4.13) E[m(A)] < |Al.

This defines a collection (m(A)) 4 BRY) of random variables such that:
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(1) for all disjoint and bounded sets Ay, Ay in B (RY),
m(A1UAy) =m(A1) +m(Aj) a.s.;
(2) for any bounded sequence (A,),>1 decreasing to &,
m(Ay) =2 0 a.s.

By Theorem 6.1.VI. in [8], one can consider a version of the collection
(m(A)) geprd) such that m is a random measure. It is straightforward that m,
converges almost surely to m in the space of Radon measures (equipped with the
weak topology).

5. Proofs for Section 3.

5.1. Proof of Proposition 3.1. Since ¢ = d, we note that A2 > 2d is equivalent
to the existence of o < 1 such that ¢, > d. Let « be fixed and such that ¢, > d.
We will show that m[[0, 1]9] = 0. We partition the cube [0, 11 into gld subcubes
(Ij)1<j<1/ea Of size €. One has, by subadditivity and homogeneity,

o
E[(/ o Xe ()= (1/DE[X, ()] dx) }
(0,11

_E Z o Xe(O—(1/DEX:(0)?] 4 ¢
1

1<j<1/ed
2 o
¢ Xe ()—=(1/2)E[Xe (x) ]dx) }

== 2 (]

1<j<lyed i

1 X (x)—(1/2)E[X,(x)?] *
=7E[</ oXe (@)~ (1/DE[X, (x) dx) }
€ [0,e14

Let Y, be a centered Gaussian random variable of variance A2 ln(é) +A2c, where
c is such that

1 1
¢ xInt — >In—+¢
|x| €
for |x| < ¢ and ¢ small enough. By the definition of ¢, we have
Vx,x'€[0,6]'  E[X.()Xe(x)]= E[Y]].

Using Corollary (A.2) in the continuous version, this implies that

E[(f o Xe (= (1/DEIX, ()] dx)“}
[0,114
1 [(/ Ye—(1/2)E[Y2] >a]
<_FE e's eldx
~ed [0,e]
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:ﬂE[(en—a/z)E[Yz])a]
ed

d

_ ieazE[yg]/z—aE[yg]/z
od

— (@ =0)/De ta—d

Taking the limit as ¢ goes to 0 gives m[[O0, 1141 =0.

5.2. Proof of Lemma 3.2. One has the following general formula for the
Fourier transform of radial functions:

A 2 00
(5.1) &= W—ZW /0 P2 Ja-2 227 IE|p) f (p) dp,

where J,, is the Bessel function of order v (see, e.g., [21]).

First case: d < 3. It suffices to consider the case d = 3. Indeed, consider
some function ¢ in S (R?). We introduce the family of functions V. (x, x2, x3) =
©(x1, x2)0: (x3), where 0, is a smooth function that converges to the Dirac mass &g
as € goes to 0. If we take the limit as ¢ goes to 0 in inequality (2.1) applied to V.,
then we get

A@z A;z f(x=y,0px)p(y)dxdy > 0.

This shows that (x1,x2) — f(x1,x2,0) is positive definite. Similarly, one can
show that x — f(x, 0, 0) is positive definite.

Using the explicit formula Jy2(x) =/ % sin(x), we conclude, by integrating
by parts, that

A 2 T T
fé) = |$—|/0 osin(2r |E|p) ln(;) dp

- erISIZ /OT Cos(2n|5|p)<ln<%) - 1) dp

1 T sin2w €| p) )
= 577 (fo P dp —sm(2n|g|T)>

= ﬁ(sinc@yﬂélﬂ —sin(2w |§|T)),

where “sinc” denotes the sinus cardinal function:

sinc(x) = /x sin;p) dp.
0

For x > 0, we introduce the fAunction [(x) = sinc(x) — sin(x). Since f &) =

l(;;lélg), the nonnegativity of f is equivalent to the nonnegativity of /. We have
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U'(x)= Sm(x)_xixcog(x) Thus, there exists some « in ], 27| such that / is increasing
on ]0, o[ and decreasing on ]a, 27[. Since [(0) = 0 and [(27) = fOZ” w dp >0,
we conclude that for all x in [0, 27], [(x) > 0. A classical computation (Dirichlet

integral) gives [;° % dp = 5. Thus, we have, by an integration by parts,

27 sin(p) T % sin(p)
/ dp = — —/ dp
0 0 2 2w P

T 1 —cos(p)
2 2 1Y
b4 1

>_ _

-2 2rn

>1.

Therefore, if x > 27, then we have

1(x) = /0 i Sinp(p ) dp — sin(x)

27 i
> f Sin(p) dp — sin(x)
o P

> 0.

Second case: d > 4. Combining (5.1) with the identity %(x”]v (x)) =x¥ x
Ju—1(x), we get

A 2 r T
&= |§|<d—2>/2/o p /zf(d—Z)/2(27r|§|,0)ln<;> dp

1 2m|EIT d 2 |E|T
- /2
(5.2) = 2 )d/2|g|d /0 X J(d_z)/z(x) ln( )dx

1
T @n)dRg|

2w |§|T
/0 xd/z_ljd/z(x)dx.

One has the following asymptotic expansion as x goes to oo [12]:

7, () = /icos(x _ m)
X 4

4 —1)V2 . (1+2v)7 1
78ﬁx3/2 sm(x I E— > + O(m)

Combining (5.2) with (5.3), we therefore get the following expansion as |&| goes

(5.3)
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to infinity:
1
Q2m)d/2|g|d

x (@(2n|§|T)(d_3)/2 sin(27t|§|T _ (2w +42v)”> + o(|g|<d—3>/2)).

Thus, Timjg | ool€17 /(€)= —limyg |, oo |€]¢ /(€) = +o00. In particular, f (&) takes
negative values for some &.

fe) =

5.3. Proofs for Section 3.3.

PROOF OF PROPOSITIONS 3.5 AND 3.6.  'We suppose that p belongs to ]1, px[
or ]—o00, O[. Let 6 be some function satisfying the conditions (1)—(3) of Section 2.2
and m, be the random measure associated with 6% x f. Following the notation of
Example 2.2 for C(x), we consider 7., the random measure associated with f;,
where fg is the function

ﬁ(x) :/\2/ dydt

CO)NC(x);e<i<oo tdT1”

One can show that there exists ¢, C > 0 such that for all x, we have (see Appen-
dix B in [5])

) —c< @ * f)x) < fox)+C.

By using Corollary A.2 from the Appendix in the continuous version [with F(x) =
x?], we conclude that there exist ¢, C > 0 such that for all & and all bounded A in
B®RY),

cE[iig(A)P] < E[ms(A)P] < CE[nis(A)P].

First case: p belongs to |1, p.[. Proposition 3.5 is therefore established if we
can show that

sup E[m(A)P] < o0.

e>0
To prove the above inequality for all bounded A, it is enough to suppose that
A =10, 11¢. This is proved in dimension 1 in [3], Theorem 3. One can adapt the
dyadic decomposition performed in the proof of Theorem 3 in [3] to handle the
d-dimensional case.

Second case: p belongs to ]-00, O[. Proposition 3.5 is therefore established if

we can show that for all ¢ > 0,

sup E[m.(B(0, ¢))?] < oc.

e>0
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The above bound can be proven by adapting the proof of Proposition 4 in [18] (this
is done to prove Theorem 3 in [4], where a log-Poisson model is considered). [

PROOF OF PROPOSITION 3.7. For the sake of simplicity, we consider the case
R =1 and will consider the case p € [1, p.[. We consider 6, a continuous and
positive function with compact support B(0, A) satisfying properties (1)—(3) of
Section 2.2. We note that

mg(d.x) = eXS(X)_(l/Z)E[XF(x)Z] dx’

where (X (x)),cgre is a Gaussian field of covariance g (x — y) with

618()6)=(98*f)(JC)=A;d(9(2)(?»21n+ +g(x —SZ)> dz.

|x —ez|

Let ¢, ¢’ be two positive numbers in ]0, %[ such that ¢ < ¢’. If ¢ is sufficiently small
and u, v belong to [0, l]d, then we get

Gee(c(v —u)) = %;gd 0(z) (kz In +g(c(v—u) — csz)) dz

lc(v —u) — cez|

c 1
= 21n( — /9 ()21
n(6)+ Rd @ nlc/(v—u)—c/ezl

+g(c(v —u) — cez)) dz

C/
< )\'2 1n(;> + CIC/S(C/(U - u)) + Cc,c’,s»
where

Ceoe= sup |g(c(v—u)—rcez) —g(c'(v—u) —cez)|.
lz|]<A
lv—u|<1

Let Y, . be some centered Gaussian variable with variance C . o + A2 ln(%). By
using Corollary A.2 from the Appendix in the continuous version, we conclude that

E[mee ([0, c]%)”]

p
:E[</ exm.:(x)(1/2>E[Xcg<x>2]dx> }
[0,c]¢

p
_ ol E[( / o Xee(cw)=(1/2) EX e (c0)’] du) }
[0.11¢

p
<"E [( / deXc's<°“">+Yc,cas—<1/2>E[(Xc/g<c’u>+YL.,cf.a>2]d“) }
[0,1]
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1\ P(p—DA%/2
_ cdp(i) oP(P~DCer /2
C

P
« E[(/ eXC/g(c/u)—(l/Z)E[XL./g(c’u)z]du) }
[0,114

dp—p(p—1)A*/2
_ <£> ep(pl)CC,C/,S/2E|:</ Xere@=(1/2EX . ()] dx)]
¢’ [0.¢'14

N pp=1C, 2 dyp
={7) ¢ e el = Elme ([0, c'19)P].

Taking the limit &€ — 0 in the above inequality leads to

E[m((0,c1D"] _ yp-1c, 2 EDm(0, €171

(5.4) = e

where C. » = SUP|y—_y|<1 lg(c(v —u)) — g(c’(v — u))|. Similarly, we have,

E[m(10, 11 _ p-1yc, o2 EIn(0, 1))

(5.5) 7 =

Since C, s goes to 0 as ¢, ¢’ — 0 ,we conclude by inequality (5.4) and (5.5) that
(%}f]d)p])wo is a Cauchy sequence as ¢ — 0, bounded from below and above

by positive constants. Therefore, there exists some ¢, > 0 such that

E[m([0, c])P] ~ cpctr.
c—0
W is independent of g. The

proof is then concluded by setting C), = MP_CIW. g

The same method can be applied to show that

PROOF OF PROPOSITION 3.8. We use the scaling relation (3.3) to compute
the characteristic function of m(B(0, ¢)) for all £ in R:

E[eié‘m(B(O,c))] _ E[eiseQCm(B(o,R))]
= E[F(Em(B(0, R)))],

where F is the characteristic function of e*. It is easy to show that for all n € N,
there exists C > 0 such that

F .
FOI<

From this, we conclude, by Proposition 3.6, that

E[i€m(BO0)] < LE[;} - c’ |
— &1 Lm(B(O, R)" 1™ [&]"

This implies the existence of a C*° density. [J




628 R. ROBERT AND V. VARGAS

APPENDIX
We give the following classical lemma, which was first derived in [13].
LEMMA A.l1. Let (Xi)i<i<n and (Yi)1<i<n be two independent centered

Gaussian vectors and (p;)1<i<n a sequence of positive numbers. If ¢ : Ry — R
is some smooth function with polynomial growth at infinity, then we define

o(t)=E [¢ (Xn: pieZiO=(/)EIZ; (z)z]ﬂ,
i=1
with Z;(t) =/t X; + /1 — tY;. We then have the following formula for the deriv-
ative:
1 n n
¢'(0)=32 2 pipj(EIX;X;] - E[Y;Y;])

i=1j=1
(A.1) Zi(O+Z () —(1 /2 E[Zi (V=1 /) E[Z ()] o/
x E[e i(O+Z;)—(1/2E[Zi 1)*1-(1/2)E[Z;(t) ]¢/(W,,J)],

where

n
_ 2
Wos =3 preB®O=/DEZ0R),
k=1

As a consequence of the above formula, we can derive a similar formula in the con-
tinuous case. Let I be a bounded subinterval ofRd and let (X (u))yer, (Y (1))yer
be two independent centered continuous Gaussian processes. If we define

o(t) = E[(p ( / 2O ~(1/2)E[Z(0)@)?] du)}
1

with Z(t)(u) = /t X (u) + /1 — tY (u), then we have the following formula for the
derivative:

o () = % fl fl (ELX ()X (12)] — ELY ()Y (1))
« E[eZOu+ 20~/ ELZ0) )= /DELZ0 1))
x ¢" (Wy)]dn dra,
where

W, = / GZOW=/DEZO@?] g,
1

As a consequence of the above lemma, one can derive the following classical
comparison principle.
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COROLLARY A.2. Let (pi)1<i<n be a sequence of positive numbers. Consider
(Xi)1<i<n and (Y;)1<i<n, two centered Gaussian vectors such that

Vi, j E[X;X;] < E[Y;Y;].
Then, for all convex function F :R — R, we have
n n
(A2) E[F(Z pl.ex,-—u/z)E[X?]ﬂ < E[F<Z pl.eY,-—(l/z)E[yizl)}
i=1 i=1

Similarly, we get a comparison in the continuous case. Let I be a bounded subin-
terval of R and (X W))ues, (Y ())yer be two independent centered continuous
Gaussian processes such that

Vu,u' E[X(w)X @] <E[Yw)Y @).

Then, for all convex functions F :R — R, we have

E[F(/ X @—(1/DEXw)?] d”‘)} < E[F</ Y @ —(1/DELY @] du)]
1 1

We will also use the following corollary.
COROLLARY A.3. Let (X;)1<i<n and (Yi)1<i<n be two centered Gaussian

vectors such that:

o Vi, E[X}]=E[Y}];
o Vi#j, E[X;X;]<E[Y;Y;].

Then, for all increasing functions F : R — R, we have

(A.3) E[F( sup Y)] 5E[F< sup X,-)].

1<i<n 1<i<n

PROOF. It is enough to show inequality (A.3) for F = I}y 4o, for some
x € R. Let B be some positive parameter. Integrating equality (A.1) applied

to the convex function ¢:u — e~ and the sequences (BX;), (BY;), pi =
eBP/DEXT] e get

E[e™ ZLleﬂ(Xi*X)] <E[e” Y eﬁ(yi*)()].
By letting 8 — oo, we conclude that

P( sup X; <x> < P( sup Y; <x>.

1<i<n 1<i<n U
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