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Let pu(y) = Sx & (v — k) + X770 S A2 2y 2y — k) be the lin-
ear wavelet density estimator, where ¢, ¥ are a father and a mother wavelet
(with compact support), &g, I§lk are the empirical wavelet coefficients based
on an i.i.d. sample of random variables distributed according to a density p
on R, and j, € Z, j, /' co. Several uniform limit theorems are proved: First,
the almost sure rate of convergence of supycg |pn(y) — Epn(y)| is obtained,
and a law of the logarithm for a suitably scaled version of this quantity is
established. This implies that sup, cg |pn(y) — po(y)| attains the optimal al-
most sure rate of convergence for estimating pg, if j, is suitably chosen.
Second, a uniform central limit theorem as well as strong invariance princi-
ples for the distribution function of p,, that is, for the stochastic processes
VAEY (5) — F(5)) = /1 [* oo (Pn — P0), 5 € R, are proved; and more gen-
erally, uniform central limit theorems for the processes /7 [(pn — po) f»
f € F, for other Donsker classes F of interest are considered. As a statis-
tical application, it is shown that essentially the same limit theorems can be
obtained for the hard thresholding wavelet estimator introduced by Donoho
et al. [Ann. Statist. 24 (1996) 508-539].

1. Introduction. Let X, Xi,..., X, be independent identically distributed
real-valued random variables with absolutely continuous law P and density po,
and denote by P, the usual empirical measure induced by the sample. If ¢ is a
bounded and compactly supported father wavelet (scaling function) and ¥ an as-
sociated mother wavelet, the (linear) wavelet density estimator of pg is given by

Pn(y) =&, 2" *¢@2"y — k)

keZ
(1) .
Jn—1
=Y anp(y—b+ Y. Y Au2dPy@y-k.  yeR,
keZ [=0 keZ

where ay, = [2//2¢(2!x — k)d P, (x), Bix = [ 2//2¢(2'x — k) d P, (x) and where
Jn /" 0o. This estimator was introduced in Doukhan and Leén (1990) and Kerky-
acharian and Picard (1992). The latter authors proved—using wavelet theory as
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established by Daubechies (1992), Meyer (1992) and others—that this estimator
is, for a suitable choice of j,, an optimal estimator of pg in £L”-loss, 1 < p < oo,
if po belongs to a Besov space B;,q (R). Furthermore, “nonlinear” modifications
of p, were shown to be optimal even in more general settings, including, in
particular, the case when ¢ is unknown [see Donoho, Johnstone, Kerkyacharian
and Picard (1995, 1996), Delyon and Juditsky (1996), Kerkyacharian, Picard and
Tribouley (1996), Hall, Kerkyacharian and Picard (1998), Juditsky and Lambert-
Lacroix (2004) and others]. The linear estimator is part of the analysis of these
more complex nonlinear estimators. We refer to the monographs Hirdle, Kerky-
acharian, Picard and Tsybakov (1998) and Vidakovic (1999) for a general treat-
ment of the use of wavelets in statistics.

In this article, we have three main goals: the first two consist in studying the
limiting behavior of the linear estimator p,(y) both as an estimator for the true
density function pg(y) and as an estimator FnW (s) = [* o Pn(y)dy for the true
distribution function F(s) = [* _ po(y)dy, in sup-norm loss. Third—as a statis-
tical application—we consider the same problems for a nonlinear modification
of p,, namely the “hard thresholding” wavelet density estimator.

In the first case, we show that under mild conditions,

jn 2Jn
(2) sup | pu(y) — Epn(y)| = Oqs. (ﬁ )
yeR n

in fact we obtain an exact law of the logarithm for a suitably scaled version of
pn — Epp, somewhat analogous to that of Deheuvels (2000) and Giné and Guillou
(2002) for the Rosenblatt—Parzen kernel density estimator. A corollary of the proof
also recovers, under weaker conditions, a result of Massiani (2003), where the
supremum is taken over a bounded interval, as in the classical law of the logarithm
of Stute (1982) for the Rosenblatt—Parzen estimator. The result (2) implies that,
if po is in the Besov space B. . (R) (or in the corresponding Holder space of
order t), then

logn\/@+D
3) sup | pn(¥) — po(y)] = 0((—) )
yeR n

if one chooses 2/ ~ (n/logn)!/?*D which is the optimal rate of convergence
in sup-norm loss. These results are complemented by expectation bounds and con-
vergence of Laplace transforms.

In the second case, we show, for j, as in the previous paragraph (and other
choices), that the processes

4) Ja(FYV — F)(s),  seR,

converge in law in the Banach space of bounded functions on R to the P-Brownian
bridge process, and that

[loglogn
sup|FnW(s)_F(S)|:0a.s.< 08 ),
seR n
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in fact, we obtain an exact law of the iterated logarithm and a strong approximation
result. More generally, we then also prove uniform central limit theorems for the
processes

Vi [ () = P f )y, fEF.

for several (Donsker) classes of functions ¥ . These results again parallel limit the-
orems for the classical Rosenblatt—Parzen estimator [see Bickel and Ritov (2003),
Giné and Nickl (2008, 2009)].

To motivate the relevance of our third goal, note that the resolution j, under
which the linear estimator achieves the optimal rate (3) for pg € B . (R) depends
on ¢, which is typically unknown. To remedy this, Donoho et al. (1996) introduced
(soft and hard) thresholding wavelet estimators: one first chooses j, sufficiently
large and independent of ¢, and then deletes the wavelet coefficients ,élk in (1)
in a certain range of [’s if they are smaller than a certain threshold. This estima-
tor does not depend on ¢t anymore, but still achieves rates of convergence in the
LP-loss, 1 < p < oo, that are optimal up to a logarithm factor, uniformly over
compactly supported densities that are contained in balls of Besov spaces B; 7[R,
with ¢ unknown (but bounded). We show, as an application of our results for the
linear estimator, that their hard thresholding estimator is exact rate adaptive in the
supnorm, that is, it achieves the optimal rate (2) in the sup-norm, even without
a logarithmic penalty, for (not necessarily compactly supported) po in B . (R),
and any unspecified (but bounded) 7. (In fact, this implies optimality over balls of
densities in B ; q (R) as well, cf. Remark 8 below.) Moreover, we prove that the hard
thresholding wavelet density estimator also satisfies the central limit theorem (4).
Hence this remarkable estimator is not only rate-adaptive in sup-norm loss, but
also satisfies Bickel and Ritov’s (2003) plug-in property.

The linear estimator in (1) can be expressed as a generalized kernel-type esti-
mator

jxn . .
m®=%ZKWhWW
i=1
where K (x, y) is the wavelet projection kernel. It is interesting to compare to other
kernel choices. The classical case would be the Parzen—Rosenblatt kernel density
estimator, where K (x,y) = K(x — y) with K some probability density: if one
makes the usual conversion from bandwidth % to 27/, one can compare directly
with the classical kernel case, and we discuss this in some detail in Remark 6 be-
low. In a nutshell, while the proof in the wavelet case follows a pattern similar to
the one for classical kernels, some fundamental difficulties arise due to the fact that
K (x, y) is not a “convolution-type” kernel K (x — y). Most importantly, the size
of the random fluctuations of the (centered) wavelet estimator p, (y) — Ep, (y) de-
pends on y not only through po(y), but also through the quantity [ K>(2/y, u) du,
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which is part of the variance term, and which has periodic oscillations on R (un-
less one restricts oneself to the Haar wavelet). Among other things, this requires a
normalization in the law of the logarithm that is not necessary in the convolution-
kernel case of Stute (1982) and Giné and Guillou (2002). One might also be inter-
ested in considering projection kernels associated with other orthonormal systems
that are not of wavelet type, as, for example, the Dirichlet kernel (which corre-
sponds to an estimator based on Fourier series expansions). While our techniques
may apply there as well, these kernels are often less interesting for estimating a
function in the sup-norm, because of approximation-theoretic reasons: for exam-
ple, the Fourier series of a uniformly continuous function might not converge at all
points, and even if it does, its approximation properties in supnorm can be subop-
timal.

Our proofs are based on techniques from empirical process theory. Note that
if pg is compactly supported, or if y varies in a fixed compact set, then p, (y) —
Ep, (y) consists of a finite sum of centered empirical wavelet coefficients, and in
this case “finite dimensional” probabilistic methods are sufficient to analyze the
limiting behavior of p, in the sup-norm. Otherwise, empirical process methods
seem to be required. We show that the classes of functions naturally associated
to wavelet density estimators are of Vapnik—Cervonenkis type, and this allows the
effective use of exponential inequalities for empirical processes [Talagrand (1996)]
and entropy-based moment bounds [e.g., see Einmahl and Mason (2000), Giné
and Guillou (2001)]. We also use that bounded subsets of Besov spaces are P-
Donsker classes of functions [Nickl and Potscher (2007)]. Wavelet theory is used
throughout, and a brief summary of what we need precedes the main results.

2. Basic setup.

2.1. Notation. For an arbitrary (nonempty) set M, £°°(M) will denote the
Banach space of bounded real-valued functions H on M normed by || H |3 :=
sup,,cp 1H (m)|, but we will use the symbol ||/]|o to denote sup, g |A(x)| for
h:R — R. For Borel-measurable functions / : R — R and Borel measures 1 on R,
we set wh 1= [p hdu, and we denote by L7 () := LP (R, n) the usual Lebesgue-
spaces of real-valued functions, normed by || - || ;.. If du(x) = dx is Lebesgue
measure, we set L7 (R) := LP (R, ), and, for 1 < p < oo, we abbreviate the norm
by || - || p. Similarly €7 := £P(Z), 1 < p < o0, are the usual sequence spaces, and
we also denote their norm by || - ||, in a slight abuse of notation. All integrals are
over the real line unless stated otherwise.

Let X4, ..., X,, bei.i.d. random variables with common law P on IR, and denote
by P, =n""! Y7 8x, the empirical measure. We assume throughout that the vari-
ables X; are the coordinate projections of (RN, 8N PNy and we set Pr:= PN.
The empirical process indexed by F C L2(R, P) is given by f > /n(P, —
P)f, f € ¥. Convergence in law of random elements in £°°(¥) is defined as,
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for example, in Dudley (1999) or de la Pefia and Giné (1999), and will be de-
noted by the symbol ~ (. The class F is said to be P-Donsker if the centered
Gaussian process G p with covariance EGp(f)Gp(g) = P[(f — Pf)(g — Pg)]
is sample-bounded and sample-continuous w.r.t. the covariance semimetric, and if

(P, — P) ~po 5y Gp.

2.2. Wavelet expansions and estimators. We recall here some standard facts
from wavelet theory [e.g., see Meyer (1992), Daubechies (1992), Hérdle et al.
(1998) or Vidakovic (1999)]. Let ¢ € £2(R) be a father wavelet, that is, ¢ is such
that {¢ (- — k) : k € Z} is an orthonormal system in £L2(R), and moreover the linear
spaces Vo = {f(x) = Yy cxdp(x — k) {cxlrez € €2}, Vi = {h(x) = f2x): f €
Vol, ..., Vi ={h(x) = f(2/x): f € Vo}, ..., are nested (V;_1 C V; for j € N)
and such that ;- V; is dense in £2(R). For ¢ with compact support and

(5) K(y.x):=K¢(y.x) =) _ ¢y —k)¢(x — k),

keZ
the functions K;(y, x) := 2jK(21y, 2jx),j € N U {0}, are the kernels of the or-
thogonal projections of £L2(R) onto V;, and we write K;(f)(y) = [ K;(y,x) x
f(x)dx for this projection. We will use the following properties repeatedly
throughout the proofs: if ¢ (not necessarily a father wavelet) is bounded and com-
pactly supported, we have [e.g., Hirdle et al. (1998), Lemma 8.6]

(6) |K(y, )| <®(y—x) and ) |p(-—k)|eLOR),
k

where ® : R — R is bounded, compactly supported and symmetric. Furthermore,
if ¢ is a bounded and compactly supported father wavelet, then, for every x,

™) fK(x,wdy:l

[see Corollary 8.1 in Hirdle et al. (1998)]; moreover, for f € LP(R), 1 < p < o0,
and fixed j, the series

Ki(Hpm=> 22 y— k)/¢<2fx -k f(x)dx,  yeR,

keZ

converges pointwise (since for each y this is a finite sum). For f € £ (R), which
is the main case in this article, the convergence of the series in fact takes place in
LP(R), 1 < p < oo. [For the reader’s convenience, here is a proof: since j is fixed,
we can assume j = 0. Setting ax = [ ¢ (x — k) f (x) dx we have [ Ko(f)(x)¢p(x —
k) dx = a; by compactness of the support of ¢ and orthogonality, hence

> lag| < /Z |Ko(f)(X)(x — k) dx <sup ) |p(x — K)[[IKo(f)Il1
k k "

(8)
<ct|®x*|fl], <cal flh

by (6). Therefore, for any 1 < p <00, 3 4 llakp (- — Kl p < 1@l p 2k lax| < 00.]
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If now ¢ is a father wavelet and i the associated mother wavelet so that {¢ (- —
k), 2!24:(21() —k):k € Z,1 e NU {0}} is an orthonormal basis of £2(R) [see,
e.g., Hardle et al. (1998), page 27], then any f € LP(R) has the formal expansion

€)) f= Zak(f)d)(y k)+ZZ/31k(f)wzk(y)

=0 k

mﬂewuw=2Ww@®—kxwuv=fﬂm¢@—demun=ﬁfw>x
Vik(x)dx. Since (Kit1 — Kp)f = > Bu(f)Yik [e.g., Hirdle et al. (1998),
page 92], the partial sums of the series (9) are in fact given by

j—1
(10) Ki(Hn = Zw@ﬂym+22mumm)

1=0 &k
and—just as in the previous paragraph—one shows that, if ¢, ¥ are bounded and
have compact support, then (10) converges pointwise and also in L”(R), 1 < p <
oo, if f e LIR). If p<oo, and f € LP(R), then convergence in (10) takes
place in L7 (R) by a similar argument. Now using (6), (7), Minkowski’s inequality
for integrals and continuity of translations in L7 (R), we have | K;(f) — fll, <
o) fQ2~ Ju+- )—f”pdl/t—)()aSJ —ooforall feLP(R),1<p<o00,s0
that convergence of the wavelet series in (9) takes place in L7 (R).

Some regularity conditions on the wavelets ¢, { will be needed. They parallel
the order and moment conditions for convolution kernels in classical kernel density
estimation. The standard conditions read as follows. Recall that D¢ is the weak
derivative of ¢ if [ ¢Df = — [(D¢) f holds for all compactly supported infinitely
differentiable functions f:R — R.

CONDITION 1. (S). We say that the orthonormal system {¢ (- — k), Yyx 1k €
Z,1 e NU{0}} is S-regular, if ¢ and v are bounded and have compact support,
and, if in addition, one of the following two conditions is satisfied: either (i) the
father wavelet ¢ has weak derivatives up to order S that are in L?(R) for some
1 < p < o0; or (ii) the mother wavelet v associated to ¢ satisfies [ X! Y(x)dx =0,
i=0,...,8.

The Haar wavelets, corresponding to ¢ = 19,17 and ¥ = 1(0,1/2) — 1(1/2,1], sat-
isfy this condition only for § = 0. And, for any given S there exist compactly
supported wavelets ¢ and i that satisfy condition (S) [e.g., Daubechies’ wavelets,
see Daubechies (1992), Chapter 6, or Hardle et al. (1998)].

Given X1, ..., X, i.i.d. with common absolutely continuous law P on R, the
linear wavelet density estimator has the form

pn(¥) = Pu(K, (y,") = - ZM@X)
i=1

Jn—1

—ZWWM+Zmem yeR,

=0 &k

(11)
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where K is as in (5), j, € N satisfies j, /" 00 as n — 00, and where &y = [ ¢ (x —
k)dP,(x), 51/( = [ Y (x)dP,(x) are the empirical wavelet coefficients. We note
that for ¢, { compactly supported, there are only finitely many ks for which these
coefficients are nonzero (with the set of coefficients depending on y). Note that,
if ¢ = 10,17, then p, is just the usual histogram density estimator (with dyadic
binpoints). For general compactly supported wavelets ¢, ¥, the estimator p, was
first studied by Doukhan and Le6n (1990) and Kerkyacharian and Picard (1992).

2.3. Besov spaces. To deal with the approximation error (“bias term”) of
wavelet density estimators, and for some proofs, we introduce the Besov spaces
B; q (R), which form a general scale of smooth function spaces (that contain all the
classical ones as special cases). Besov spaces can be defined in several equivalent
ways, the classical one being in terms of £”—«£4 norms of the second differences
|| 7597 x (DS=UY (- 4+ h) + DS} (. — h) — 2D~} £(1)) of weak derivatives
of f, where 0 < {s} <1 and s — {s} € N U {0}. Wavelet bases provide another
characterization of these spaces, hence it is most convenient for our purposes to
define them in this way.

DEFINITION 1. Let 1 < p,g <00, 0<s < S, seR, §SeN. Let ¢ be
a bounded, compactly supported father wavelet that satisfies part (i) of Condi-
tion 1(S), and denote by o (f) and Bk (f) the wavelet coefficients of f € L7 (R).
The Besov space Bls) q (R) is defined as the set of functions

FEeLP®) N fllspg = lem (D],

00 1/q
+ (Z(zl(s+1/2—1/p) ||131(.)(f)”p)11) < oo}

1=0

with the obvious modification in case g = oo.

REMARK 1 (Properties of Besov spaces). That this definition coincides with
the more classical ones follows, for instance, from Meyer (1992, page 200) or
Section 9 in Hérdle et al. (1998). The definition is independent of the choice of
¢, ¥, and one has the continuous imbedding of B), ¢(R) [defined via ¢ satisfying
part (i) of Condition 1(R) with 0 < r < R] into qu (R) [defined via a possibly
different ¢’ satisfying part (i) of Condition 1(S) with 0 < s < S for r > s]. We also
recall some well-known relations of B;q (R) to classical smooth function spaces
[see, e.g., Triebel (1983)]: for example, By, (R) is continuously imbedded into
LP(R) for 1 < p < o0, and, if C*(R) are the classical Holder spaces (of s-times
continuously differentiable functions in case s € N), then

12) B}, (R) = C'(R) — B3 (R)
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holds, where the second imbedding is even an identity if s is noninteger; and one
also has the Sobolev type imbedding B, (R) — C* —I/P(R) fors > 1/p or s =
1/p and g = 1. Further examples are the classical Sobolev spaces H*(R) = {f €
L2R): | FFOP(1+]-1%) € £L2(R)}, where F is the Fourier transform, for which
one has H*(R) = B35, (R); and if BV (R) = {f :v1(f) < oo}, where vy is defined
in (13) below, then B}, (R) < BV (R) N £L1(R) < B! (R).

3. Entropy and expectation bounds. In this section we will show that certain
classes of functions related to the kernel K (y,x) =) ;70 (y — k)¢ (x — k) are
VC-type classes of functions, meaning that they have £2(Q) covering numbers
of polynomial order, uniformly in all probability measures Q. Using expectation
inequalities for VC-classes, we obtain—as an immediate consequence—a finite
sample inequality for the expected value of the deviation of the wavelet estimator
from its mean. Also, these VC-bounds will be applied in later sections to obtain
various exponential inequalities for wavelet density estimators.

A function £ is of bounded p-variation on R, 0 < p < oo, if

v, (h) 1= sup:Z | G) = fimnIP
(13) =l

neN,—oco<xyg<xi<--- <X, <00

is finite. The following lemma—which uses (and generalizes) a result due to Nolan
and Pollard (1987)—will be useful in what follows. As usual, for # a class of
functions in L"(Q), 1 <r <00, N(#, L7 (Q), &) denotes the minimal number of
L"(Q)-balls of radius less than or equal to ¢, that cover #. The logarithm of the
covering number is the .£" (Q)-metric entropy of F.

LEMMA 1. Let h:R — R be a function of bounded p-variation, p > 1. Set
H={h(()t —s):t,5s €eR}.
Then F satisfies

A v
sup N(H, L2(0Q),¢) < (—) , 0<e<A,
0 &

with finite positive constants A, v depending only on h, and where the supremum
extends over all Borel probability measures Q on R.

PROOF. It is known that 4 is equal to g o f where f is nondecreasing with
range contained in [0, v, (h)] and g is 1/ p-Holder-continuous on the full intervall
[0, v, (h)] [see Love and Young (1937) and also Dudley (1992), page 1971]. The
set M of dilations and translations of f satisfies the required entropy bound with
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L£2(Q) replaced by £ (Q) for any r > 0 (where || - lro=[1-1"dQifr < 1), with
a constant A that depends only on r times v; (f) [see Nolan and Pollard (1987) and
de la Pefia and Giné (1999), page 224, for r < 1]. Since

/ gm1) — g(m)PdQ < / m1 —ma? dQ,

it follows that any e-covering of M for L£%/7(Q) induces a &*-covering of # of
the same cardinality, for s =1/p if 2/p > 1 and s = 1/2 otherwise, proving the
lemma (for suitable v depending only on p). [

We will impose the following condition on the function ¢ defining the kernel K
in (5).

CONDITION 2. ¢ :R — Ris of bounded p-variation for some 1 < p < oo and
vanishes on (Bj, B>]¢ for some —00 < By < By < 0.

The Haar father wavelet ¢ = 1o 17 is of bounded variation (p = 1) and hence
satisfies Condition 2. Furthermore, since any «-Holder-continuous function (0 <
o < 1) with compact support is also of bounded 1/«-variation, Condition 2 is also
satisfied, for example, for all Daubechies’ (father) wavelets [see, e.g., Hirdle et al.
(1998), Remark 7.1]. It should be noted that not all Daubechies’ wavelets are of
bounded variation, but they are all Holder continuous for some 0 < o < 1, which
is why the generalization to p-variation of the result of Nolan and Pollard (1987)
is useful in the present context.

Now for ¢ satisfying Condition 2, define

(14) Fo={ L 6@y ~0o(I() - By R jeNU(0)]
keZ
and
(15) 1>¢,,-={221/t ¢(2jy—k)dy¢(2j(-)—k):teR}, jeNuU{0}.
kez U7

Notice that by (6), both classes have a constant envelope.

LEMMA 2. Let § be either ¥4 or Dy, j, where ¢ satisfies Condition 2. Then
we have the uniform entropy bound

2 A\’
(16) supN($, L7(0),¢e) < (—) , 0<e<A
0 &

for A, v positive and finite constants depending only on ¢ (and not on j for Dy ;),
and where the supremum extends over all Borel probability measures Q on R.
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PROOF. The case of Fy: for y, j fixed, the sum 3.7 #(2/y — k) (27 (-) — k)
consists of at most [ B — Bj] + 1 summands, each of which has the form

¢y —kp(2 () —k) = cjyxp(2) () k),
where k is a fixed integer satisfying 2/ y — B, < k < 2/y — By, and where ¢y k]l <
l¢]lco- Since ¢ is of bounded p-variation, Lemma 1 above applies to the class M
of dilations and translations of ¢, yielding the entropy bound (16) for M (with
different constants A, v). The class ¥, consists of linear combinations of at most

[B» — Bi] + 1 elements of M, whose coefficients are bounded in absolute value
by ||¢lco- For given &’ > 0, take an &’-dense subset {a;} of [—||¢]lc0, l|¢]lco] and an
L?(Q)-¢'-dense subset {m;(-)} of M. Then {Z,[fiszlHl a;,m;, (-)},; are the cen-
ters of a covering of F4 by L»(Q) balls of radius ¢ = ([Bo — B1]1+ 1)(||[¢]lcc + D€,
and a simple computation on covering numbers shows that the required entropy
bound holds for Fy.

The case of Dy, ;: by the support assumption on ¢, we have for every fixed ¢,

. [t . .
32 /_oo¢<2fy—k>dy¢(2f<->—k)

keZ
=c Y o0 -k+ > cjixd(2/ () — k),
k<2/t—B, 2/t—By<k<2/t—B;

where ¢ = [%0 ¢ (y)dy and Icj,r.kl < ll¢ll1. The class of functions

{ > Ciakd(2/ () —k):te R}

2it—By<k<2it—B;

satisfies the bound (16) with A, v independent of j, by the argument in the first
part of the proof. Each function in the class

{c o I —k):t GR}
k<2/t—B,
is the difference of two functions, one in each of the classes
{c Y i (2I()—k):te R}, {c Yo o) —k):te R},
k<2/t—B, k<2/t—B,

where ¢ = ¢ —¢_ and ¢, ¢_ > 0. But these classes are linearly ordered, so their
subgraphs are ordered by inclusion, and therefore are VC-subgraph of index 1 [cf.
Dudley (1999), Theorem 4.2.6.]. The entropy bound for Dy ; follows from these
observations and, again, a simple computation on covering numbers. [

Using expectation bounds for VC-classes of functions [e.g., Einmahl and Mason
(2000), Giné and Guillou (2001)], the last lemma already implies the following
result.
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PROPOSITION 1.  Let K(y,x) =) 1 ¢ (y — k) (x — k) where ¢ satisfies Con-
dition 2. Suppose that P has a bounded density pg. Let 0 < L < 0o. Then, for every
n € N and every fixed integer | > 0, " = max(l, 1), there exists a fixed constant ¢
independent of n, | such that

(17) sup  Esup|(P, — P)Ki(, ) < (/21 /n+ Q' /n)).

Po: lpollo<L  yeR
If, in addition, ¢ is a father and  an associated motAher wavelet satisfying
Condition 1(0), then, setting ay = [¢(x — k)dP,(x), Bix = [ Vi (x)d P, (x),
ar =[x —k)dP(x) and Bix = [ Yix(x) dP(x), we have

sup  Esuplag —ax| < C/+/n,
po:llpollco<L keZ

sup  Esup|Bu — Bl < C(l'/n+ 21721 /)

po: lpollo<L keZ

(18)

foralll > 0 and a constant C independent of |, n.

PROOF. We apply Lemma 2 and the expectation inequality (57) below to the
class

F={KQ'y,2'() - P(KQ2'y,2'())):y €R},

which satisfies the same entropy bound as ¥, and which has constant envelope U
independent of pg [using (6)]. To bound second moments, we use (6) to the effect
that

sup/K2(2ly,21x)po<x)dx :sup2_l/K2(2ly,21y+u)po(y+2_lu)du
y y

<27 Ipolls sup IK(y,y+ )5 <27'L|®)3 =02
ye

The first claim of the proposition now follows from (57) [and the measurability
Remark 2 below, which implies that the supremum over y in (17) is in fact count-
able]. For the second claim, set ,31k = ﬁlk — Bk, define h(x) := )", ,Bl, Y (x) =
(P, — P)(K;4+1 — K;)(x), and note that

jhlﬂlk = / > BurVir ik = Bi
r
(since the sum has finitely many terms and the ;. are orthogonal). Consequently,
sup| el < o sup2”? [ 1y Q2'x — k)l

<2721y 1111y = P)(Ki31 — KDl oo
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which gives the bound (18) for 31/( — Bk by the first part. In the case of &x — ax we
have by a similar argument that sup |&x — ax| < [|(Py — P)Kollsoll®l1, and the
result follows from the case [ = 0 in the first part of the proposition. [J

Inequalities analogous to (17) and (18) hold as well if the first moment is re-
placed by pth moments. This can proved either directly, or by combining the above
moment bounds with Proposition 3.1 in Giné, Latala and Zinn (2000).

If po has compact support, then the number of nonzero wavelet coefficients
f}lk, Bix(po) at level [ is finite and of the order 2! In this case, the above proposi-
tion follows from Bernstein’s inequality combined with a simple convexity argu-
ment that elaborates on one due to Pisier [cf. van der Vaart and Wellner (1996),
Lemma 2.2.10]. However, if pg does not have compact support, empirical process
methods seem to be unavoidable to prove (17) and (18).

Using the second part of Lemma 2, one can obtain a similar expectation bound
for the distribution function FnW (s) = /2 o pn(y)dy of the wavelet density esti-
mator, as we do after Lemma 4 below.

4. Rates of almost sure uniform consistency for the wavelet density esti-
mator. We will now derive best possible almost sure rates of convergence for
the deviation of the estimator p,(y) = P,(Kj,(y,-)) from its mean Ep,(y) =
P(Kj,(y,)) = Kj,(po)(y) uniformly in y € R. We also obtain a uniform law of
the logarithm for a suitably scaled version of p, — Ep,. The results from this sec-
tion are compared to similar results for the classical convolution kernel estimator
in Remark 6 below.

For K(y,x) =Y ¢(y — k)¢ (x — k) as in (5), define the function

Ky,v) _  K@G.x .
JIKX G wdu 362 — k)

Using (6) and (7), it is easy to see that, if ¢ is bounded and compactly supported
then there exist finite non-zero constants D1, D> independent of y such that

(19) K(y,x):=

(20) D? Ssz(y,u)du <D3.

We now proceed to prove the first main result, which is not the most exact, but
requires minimal hypotheses. Let j, /' 0o be a sequence of nonnegative integers
satisfying the following conditions:

Ji ) .
T - oo, sup (jon — jn) < T

(21 — —> 00,
Jn2Jn loglogn n>ng

for some 7 > 1 and some ng < o0.
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THEOREM 1. Let ¢ be a father wavelet satisfying Condition 2. Suppose that
P has a bounded density po and that j, satisfies (21). Then we have
pn(y) — Epn(y) | _

(22) lim sup .n. sup
noo \ n2 yerl 3 92 2iny — k)

where C* < M?2% || polloo for a constant M that depends only on Dy, Dy, ||l
[cf. (6)] and on the VC-characteristics A and v of Fy.
> s}

C a.s.,

PROOF. Let ny = 2K. We have

1
Pr{i max sup —
ng-1<n=ng ycr \ n27n j,

23) < Pr[ max sup

ng—1<n=ng yeR

gy <J=Jng

n
> (K @My, 2" X;) — EK(2/"y, 27 X))

i=1

n
Y (K@y, 27 X))
i=1

— Nk—1 Jng
—EKQ2/y,2'X —1,
@'y ))‘ Ry }
where j € N. To estimate the last probability, we will apply Talagrand’s inequality
to the classes of functions

Fi={KQ27y,27() = P(K2/y,27 () 1y €R, juy y < jn < Je}s

which have constant envelope 2||®|| /D1 [by (6) and (20)] and satisfy the same
entropy bound as ¥y in Lemma 2, with a possibly different A, v—but indepen-
dent of k—by that lemma and a simple computation on covering numbers (since
(f K?(2/y,u)du)~" € [1/D3, 1/D12] for all y € R). Consequently we may ap-
ply inequality (60) below with U := U = 2||®||~/D1, and o2 =27 In- Il Pollcos
where the bound on o follows from

- _ S K27y, w)po(2 7 u) du
K22/ ,2J dx = 27/ ;

<277 polloc.
To be precise, we also need that the supremum in (23) is countable, and we show
in Remark 2 below that this is the case. Setting s = v/27t2C/ || pollloé2 makes t =

sy Rp—12 7 Jn, an admissible choice in (60) for all k large enough by the first and
third conditions in (21). As a consequence, for these values of k, the probability in
question is bounded from above by

Rexp{—i S2nk,127j"kjnk } - Rexp{—zc}jﬂk }
C3 271 || pollo ) ~ C )
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Now the second limit in (21) becomes j,, /logk — o0, hence the last expression
is the general term of a convergent series. Thus, modulo measurability, we have
proved that (for the stipulated s),

Dn
Z Pr{ max sup, —

which gives the theorem by Borel-Cantelli and the 0-1 law. [J

n
> (K@Mmy, 2" X;) — EK(2/"y, 27 X))

i=1

>s}<oo,

REMARK 2 (Measurability). In order to apply Talagrand’s inequality in the
previous theorem, we must show that the supremum in (22) is in fact a countable
supremum. Let 77 be the set of discontinuities of ¢, which is countable since,
¢ being of bounded p-variation, it is the composition of a Holder-continuous with
a nondecreasing function (see the proof of Lemma 1). Let 7y be a countable dense
subset of R \ 77 and define T = {27/ (z+k):keZ,z € TyUTy}. For each y, let
¢y = (¢ (2/y —k):k € Z) € £°(Z). We first prove that

(25) {py;yeR} S{py;y €T},

where the closure is in £>°(Z). Given y € R, two cases are possible. Either 2/ y — k
is a discontinuity point of ¢ for some k € Z, or 2/y —k € T{ for all k. In the
first case, y € T. In the second case, ¢, can be approximated by ¢y, ys € T as
follows. Let kg be the largest integer such that 27y — kg > Bp, and ky = ko + N
be the smallest integer such that 2jy —ky < Bj,andsetk; =kg+i,i=0,...,N.
Note that N < B, — By + 1. Let 0 < §g < 1 be such that ¢ is continuous on the
neighborhood N;(8p) of 2jy — k; of radius &g, i =0,...,N. For § <§p let z €
No(8) N Ty and define ys =277/ (z + ko) € T. Then |[2/y — ki — (27 y5 — k;i)| <8,
i =0,..., N. Hence, by continuity of ¢ at 2jy — ki, we have maxo<j<n |¢(21y —
ki) — ¢ 2/ ys —ki)| — 0as 8 — 0. Since, moreover, ¢ (2/y —k) = ¢(2/ ys —k) =0
if k ¢ {ko, ..., kn}, we have ¢, — ¢, in £°°(Z) as § — 0 concluding the proof
of (25). Now

SRy, 20X;) — ER 2y, 20 x)) = 29 CY =Bk

i STk 2 @iy — k)

where ¢ are random variables satisfying > ; |cx| < ¢ < oo for ¢ nonrandom by (6),
and where Y, ¢*(2/y — k) > D} > 0 by (20). Hence if ¢y, — ¢y in £>°(Z) then
['(ys) — ['(y) (as § — 0). This, together with (25) proves that SUpyer IC(y)| =
SUp e |T"(y)|. That is, the supremum in (22) is countable.

=:T'(y),

REMARK 3. The proof of Theorem 1 also shows that, under the conditions of
this theorem,

. n
(26) lim sup 7 sup | pu(y) — Epp(y)|=C a.s.,

n— 00 Jne’" yeR
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where C? < M27||® ||% | Polloo- [The only difference is that in this case we use the
variance estimate 62 =27/ || po |l o d>||%, which follows as in (24).]

The following corollary to the proof of Theorem 1 will be needed for the more
exact result below.

COROLLARY 1. Let D C R be such that || pollp > 0. If, in addition to the
hypotheses in Theorem 1, pg is uniformly continuous, then
Pn(y) — Epn(y)

lim sup ,ni sup .
noo N Jn2" yel [y g2 20y — k)

where C2 < M?2% || po||p and where M is as in Theorem 1.

=C a.s.,

PROOF. The proof is, as in Theorem 1, after observing that for every ¢ >
0 and k large enough, the bound in (24), for y € D, becomes o2 =01+
£)27 "1 po|| p, by uniform continuity of pg and since, for all x, K (x, x +u) =0
if [u| > B — B;. O

To obtain the exact constant in the almost sure limit, we now proceed to give a
lower bound.

PROPOSITION 2. Let ¢ be a bounded father wavelet vanishing on (B, B3],
—00 < By < By < 00, and assume that P has a bounded continuous density py.
Then, if j,/loglogn — oo, we have

lim & sup
n—>oo (210g2)]n2]" yeR

PROOF. By Proposition 2 in Einmahl and Mason (2000), the conclusion holds
if, for every € > 0 and n large enough (depending on ¢), we can find k,, = k;, (¢)
points zi, = zin(e),i =1, ..., ky, such that, if

Pu(y) — Epp(y) > Ipo ”1/2
Ik #2@iny — )

a.s.

8" () =g (x) = K@D zin, 200),
then the following conditions hold (for all n large enough and for constants r, u;,
oi,i=1,2, depending on ¢):
(a) Pr{g,” (X) #0,8"(X) #0} =0, i #k,

(b) i, Prig{™ (X) #0} < 1/2,
(c) 27k, — r € (0, 00),
(d) 27y < E(g" (X)) < 27Jnu5 for some —00 < 1y < 12 < 00,

(e) o1 2= n/2 < \/Var(gi("))(X) < 022_j"/2 for some 0 < 0] < 0p < 00,
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(f) sup; , 18" lloo < 00,

(&) limg g 01(e) =limg002(¢) = || pollco-

We proceed to verify these conditions. Given ¢ > 0, let I be an interval such
that po(x) > (1 — ¢)|| pollec for all x € I; and such that Pr{X € I} < 1/2. Such an
interval exists because pg is bounded and continuous. Set I = [a, b] and define

Zin=a+3(By — By)i2 7,

where

b — a)2n
i=1,2,.... [ﬁ}—l:ﬂ@,.
3(B2— By)

For (a) note that K (2/2z;,,, 27 x) # 0 implies |x — Zin|2/" < By — By, and that
|Zin — Zkn| > 27/3|By — By| by construction, which together imply that the set
in question is empty. For (b) note that by (a) the sum of the probabilities in (b)
is Pr(UM (g™ (X) # 0}) < Pr{X € I} < 1/2. By construction, the limit in (c) is
ﬁ. Condition (f) follows immediately from (6) and the assumption on ¢.
Conditions (d) and (e) are implied by the following estimates. First,

/ IR (2" 2, 27 2) | po () dx

<y’ f K (2 24, 297) | po () dx
@7)
<2-hpi! / K (29 2, 27021+ )P0 Zim + 42 du

<27 D Y polleol| @11,

where we use (20) in the first inequality and (6) in the last, and
/ K227z, 27 x) po(x) dx < 277 polloo

by (24), which give the upper bounds in (d) and (e) with up = Dl_1 lPolleo | P11
and 022 = || pollco- Second, for the lower bound in (d), again using (6), (7) and (20),

f R (221, 291 ) po(x) dx
> Dy / K @230, 2970) | polloo dx

_p;! / K (29 2im, 2700 [l Pollos — Po(0)] dx

> 27 D3 I polloo(1 — || D7),
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which gives u1 = Dz_l lPolloo(1 — ]| ®]||1) in (d). Third, for the lower bound in (e),
note that the inequalities (27) give (E(g"” (X)))2 = O(2~ %), whereas

By—Bq

2 o - : 2 i
Ee" 00 =27 [ 7 (g @1rzin, 2rzin +10) poain +u2 ) du

B1—B;
> 27| pollec (1 — &),

since zj, +u2 "/ € I and by construction of /. So the lower bound in condition (e)
is satisfied with 012 = || polloo(1 — 2¢) for all n large enough, which, together with

022 = || polleo, gives condition (g). [

This proposition, Theorem 1 and the bounds (20) already determine the a.s. rate
of convergence of || p, — Epnll o>

n
F 2 | pn — Epnlloc = Oas.(1) and not 0,5 (1)
V n

and the same is true for the normalized quantity in Theorem 1. To obtain the exact
limit (with normalization), we need the following proposition.

In the next proposition, the (at first sight somewhat awkward) condition
B1, By € Z is designed to include both the Haar wavelet and any continuous father
wavelet with bounded support and bounded p-variation.

PROPOSITION 3. Let ¢ be a father wavelet that satisfies Condition 2 and is
uniformly continuous on (B1, B3], where By, By € Z. Suppose P has a bounded
uniformly continuous density po. Let D be a bounded subset of R. Then, if j,
satisfies (21), we have

lim sup " —— sup
n—00 (2log?2) j, 27 yeD

PROOF. We choose A € (1,2) and n}c = [A¥] (where [a] denotes the integer
part of a). Since k] < 2[ak-1] (as [Ak]/[kk_l] — A < 2) for k large enough, it
follows that for such k, the cardinality of the set {2_j" :n}c_1 <n< n}c} does not
exceed 2 if 7 in (21) equals 1, which we assume, because the proof for larger t
requires only formal changes to the present proof. Define ny_1 = nj_, if this car-
dinality is 1, and otherwise let n;y_1 be the largest integer n such that j, = j”zi_l‘
Then we have

n _E n
Pu(y) 'p ) < Ipoll/2
JEi 2 @iy — )

(28) N =ni ) <y <np <mg <y =0
and

(29) Jn = ]n;( = jn for ni_1 <n <ng.
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Let §,, = 1/m for m € N. For each given k and §,,, we consider the following
partition of D. D is contained in the union of at most 2 + diam(D)/ (27 (B, —
B1)) disjoint sets (2 /m (B +1), 27/ (By + 1)), | € Z. Then divide each of these
intervals into m (B, — By) disjoint left-open right-closed subintervals I ; of length
8m2_j”k and let z;; be the right endpoints of the interval Iy ; [i.e., zx; = (B +
m'8y, + )27 for some 1 < m’ < m and some [ € Z]. Then the number /; of
intervals Ii; covering D satisfies

di D
(30) <oy danD) ¢
(sz_]”k 8m2_1”k

for some c finite (and k large enough depending on m). These intervals [Ix; also
have the following property:

Ifzely; and [e€Z,
(31) ‘ .
then 2/ z;; — 1 € (B1, Byl & 2/wz—1€ (B, By],
and, for each z;, this happens for B, — Bj integers /. As in (24) we have
EK*(2 /g, 277 X) < 279 || pol oo,

hence the maximal version of Bernstein’s inequality [see Einmahl and Mason
(1996)] gives that, for all n > 0,

Z([E’(zfjﬂk kis 2~ Jny X)) — E]E'(Z*J.nk Zkis 2~ Jng X))

r=1

n
Pri max max
1<i<lyng—1<n=ng

= 201+ pym2m poloo log 27 }
<2 exp{—(za 2 I | poll o log 271 )

« (2nk2—f'”k I polloc

4 By i)
#3719 201 + 2 "kuponoologz"k) ,

which, by the first condition in (21), is dominated by

Jn
2y exp{——(l ) log2™ } < em(2—Inoy(Fm/A+n) =1
1+ i -
for some 1y — 0 and c as in (30). This is the general term of a convergent series
since 2L — 1 > 0 and by the second condition in (21). Then Borel-Cantelli shows

1+nx
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)

that

n
S (K@ Pz, 277 X,) — ER (27923, 2771 X))

limsup max  max (
r=1

n 1<i<ly nk—1<n=ng
(32)

x (/212 || polloc log 2) ™ < &

almost surely, where we use (28) and (29).
Now consider the class of functions

Gi = {K (2 74, 29m (1)) — K (2/m 7,29 () : 7 € I; N D}

for k € N, 1 <i <. These classes are of VC-type—with the same VC-
characteristics for each k and i—by Lemma 2 and the permanence properties of
VC-classes. We apply Talagrand’s inequality to them, and we must estimate the
variance o of the functions in these classes: by (29), (31) and change of variables,
for ny_; <n <ny and z € I;; we have

E(K (27 74,2/ X) — K (207,207 X))*
(33)

< llpolle (B2 = B ( [ 9200 ), (@927,

where ws(¢) denotes the §-modulus of continuity of ¢ on (B, B2]. The same
computation gives

(1K @75 25, )2 — 1K 297z, ) [12)* < f (K (27 237, u) — K (272, u))* du

< (B - Bl)z( / ¢2<x>dx)w§m ).

Using the last two estimates, (20), (24) and that |a/a — b/B| < a"|a — b| +
|bl(aB)~'|B — | we obtain

E(K 2% 25, 2% X) — K (272,290 X))* < Cll polloo (B2 — B1) 2w} ()27

for ng_1 <n <ni and z € I;. We set 6 = Cg | polloo (B2 — B1)?w} (¢)2 /i :=
C?wi ($)27/, and U = Uy = 4D5 || ® | oo. By the first condition in (21) we have
_mog
log(U /o)
and Talagrand’s inequality (60) gives

/ U U
Pr{ max max_|[n(P,—P)llg, > 3C3nkak2 log —} < Rl exp{—?)log —}
1<i<ly ng—1<n=ng Ok Ok
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(Note that the supremum over $; is a countable supremum by Remark 2.) Now,
for a fixed constant L/,

U . 3 .
I exp{—3log G—k} < cm2/m (%) < L'mw3 (¢)27 /2,

which, by the second limit in (21) and by (28), is the general term of a convergent
series. Then, for ny_1 < n < ng, and k, m large enough, one has

U . . U
nyof log o <222C%n2 " log(2M)wj (¢)log Con @)

It then follows by Borel-Cantelli that

. n(Py — P)llg,,
imsup max max ————%%

n 1<i<ly ng—1<n=ng [ n2—in 10g2j”

U
<V6C3ACw;, (¢)log Con (@)

almost surely, for all A and for all m large enough. Now combining (32) and (34)
we have for these m

i I (K@ (), 270 X,) — EK (279 (-), 277 X)) |00
1m sup ‘ A
n /21273 polloo log 271

(34)

U
<2 +21C'ws, ($)log —,
Caws,, (¢)
and the result follows by letting A — 1 and m — oco. U

Summarizing, we have basically proved the main theorem of this section:

THEOREM 2. If ¢, P and {j,} are as in Proposition 3, then

lim " —— sup
n—00\ 2(log2) jn2/n er

PROOF. Define D, = {x € R: po(x) > ¢, |x] < 1/¢} for ¢ > 0. Applying
Proposition 3 to D, and Corollary 1 to D¢, we obtain
Pn(y) — Epn(y)

n
lim sup 7, Sup
noo | 21082)ju2 yeil 5 g2 2iny — k)

for all € > 0. Now, since, || pol| pc—~>0ase—0 by uniform continuity of pg, this

Pu(y) — Epp(y)
k@2 @iny — k)

1/2
=|pollll?  as.

< I poll 3% + M27"2|| poll pe

lim sup does not exceed || po ||<1></>2- This and Proposition 2 prove the theorem. [
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With the natural changes in the variance computations (24) and (33), the proof
of Theorem 2 implies a result similar to the one in Massiani (2003), which is the
counterpart for the wavelet density estimator of the classical result of Stute (1982)
for the Parzen—Rosenblatt estimator.

COROLLARY 2. Let ¢ and the sequence j, be as in Proposition 3. Let D be

a bounded subset of R and assume that pg is uniformly continuous on a neighbor-
hood of D and || pol|lp # 0. Then

lim n Pn(y) — Epn(y) 1/2
im sup =llpollp a.s.
n—00 2(10g2).]n ]n yeD \/Zk ¢2(2]ny k)
If furthermore infycp po(x) > 0, then
lim pn(y) — Epn(y) ‘
sup =1 a.s.
n—oo Z(IOg 2)]}12]’1 yeD

JPo) Tk 2 @iy — k)

REMARK 4 (Moments and Laplace transforms). We note that the a.s. limits in
the previous theorem can be complemented by convergence of moments. In fact,
direct application of inequality (61) gives that under the conditions of Theorem 1,

E
(35) sup E expj A sup Pn(y) — Epn(y) o0
n 2(log 2)]”2]11 yeR

k2 @iy — k)
for all A > 0, and the same is true without the normalization by \/ Y 92 (2iny — k).
This yields enough uniform integrability to obtain that under the conditions of

Theorem 2,
Pn(y) — Epn(y) H )»||[70||c1></>2

(36) lim Eexp{k sup
n—00 \ 2(10g2)Jn2’” yeR \/Zk P22y — k)

for all A > 0. In particular we obtain convergence of all moments in Theorem 2 (as
well as uniform boundedness of all moments in Theorem 1 and in Remark 3).

REMARK 5 (Haar wavelet and normalization). Theorem 2 (and Corollary 2)
applies to the Haar father wavelet ¢ = 1 1] (which is obviously uniformly
continuous on (Bj, B2] = (0, 1]). In this case, ) ; ¢2(2j"y — k) =1 for all
J,y. However, if ¢ is not constant on (Bj, Bz], the quantity ) ¢2(2j"y —
k)=[K 2(2jﬂy, u) du—although bounded from above and below—depends on
y and j,, which is why it must be part of the normalization instead of the limit.

REMARK 6 (Comparison to convolution kernels). The resolution level j, in
wavelet density estimation, more exactly, the quantity 27/#, corresponds to the
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window width 4, in the classical (‘“Parzen—Rosenblatt”) convolution kernel den-
sity estimator. If K (y, x) = K(y — x) then the variance of the estimator p, (y) =
h,jln_1 > K((y — X;)/hy) is asymptotically of the order n_lh;lpo(y)HKll%,
whereas the order of the variance of p,(y) is n—12n po(y) [ K2 (2Jn v, x)dx, which
is different (except for Haar wavelets) since the £L2(R) norm of K ( v, x) oscillates
with y. Modulo these differences, the a.s. asymptotic behavior of wavelet estima-
tors is similar to that of convolution kernel estimators [cf. Stute (1982), Deheuvels
(2000) and Giné and Guillou (2002)]. Regarding proofs, generally, the derivation
of Theorems 1 and 2 follows the same pattern of proof of Theorems 2.3 and 3.3
in Giné and Guillou (2002); the short proofs of their Theorem 2.3 and of our The-
orem 1 consist of a direct application of Talagrand’s inequality, moment bounds
for VC-type classes of functions and “blocking,” and here the differences only re-
side in the fact that the classes of functions associated with the kernels K are not
the same (but in both cases of VC type), in different variance computations, and
in measurability considerations. However, the proof of the exact limit law (The-
orem 2) is more delicate in the wavelet case. In Proposition 3 above we cannot
use continuity of translations and dilations in .£! (R) as in the upper bound part of
Proposition 3.1 in Giné and Guillou (2002). Similarly, the conditions (a)—(g) that
we verify in the proof of Proposition 2 also require different methods than those in
Einmahl and Mason (2000) or Giné and Guillou (2002).

REMARK 7 [Nonorthogonal ¢ (- — k)'s]. The estimator p,(y) = P,,(K(Zj"y,
) for K(y,x) =) 1 ¢(y — k)¢ (x — k) makes sense even if ¢ is not a fa-
ther wavelet, that is, the ¢ (- — k) need not form an orthogonal system. Assum-
ing ¢ satisfies Condition 2 and inf| K (y, -)||2 > 0, then the results proved so
far in this section still hold true both for ||p, — Epnllec and for sup, [p,(y) —

EpaDI/IIK 27y, )2

4.1. Approximation error and optimal rates of convergence. The previous re-
sults were formulated for the deviation of p, from Ep,, whereas the quantity of
statistical interest is p, — po. The “bias” Ep, — po = K j(po) — po is nonrandom
and can be dealt with by using standard results on approximation of functions by
wavelets. If pg is uniformly continuous then, by (6), (7) and Minkowski’s inequal-
ity for integrals, || K;(po) — pollec < [ @)l poQ~"u +-) — pollcodu — 0 for
[ — oo and ¢ satisfying Condition 1(0), so that if also Condition 2 holds, then

lPn — Polloo = 0as.(1)

by Remark 3 if one chooses 2/ ~ n/(logn)!'*® for some § > 0.

If more is known on the smoothness of pg one can obtain rates of convergence.
The approximation error in sup-norm loss of a function f by wavelets is related
to containment of f in the Besov space BL . (R). Recall from (12) that these
spaces include the more classical Holder spaces C' (R). A function pg in B (R)
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is approximated by its projection K j(po) in the uniform norm at rate 277" if ¢ has
some regularity. To be precise, if ¢, i satisfy Condition 1(T) for 0 < < T + 1,
and if pg € BL_,,(R), then the bounds

37 1K;(po) — polleo <C277"  and sup \Bik(po)| < C2710+1/2)

can be shown to hold [e.g., Hirdle et al. (1998), Theorem 9.4]. Inspection of the
proof of that theorem shows that the constant C depends on pg only through its
Besov norm || po|l¢,00,00-

As a consequence we have the following theorem.

THEOREM 3. Assume that the density po of P satisfies py € Bl (R) for
some t > 0. Let p,, be as in (11) where ¢ satisfies Condition 2, and ¢,  are such
that Condition 1(T) holds for some 0 < T < oo. If j, satisfies (21), then

2
sup | pu(x) — po(x)| = Oa.s.( "4 f]n)
xeR n

1p [jo2in
(Esup|l9n(x)—po(x)|p) ZO( n—+2 t]n)
xeR n

orevery0 <t <T + 1 and for every 1 < p < o0.
f ry ryl=<p

and

PROOF. This follows from Remarks 3 and 4 and (37). [

We note that Conditions 1(T) and 2 are satisfied for a large variety of wavelets,
for example, the Haar wavelet (T = 0), or for sufficiently regular Daubechies
wavelets (arbitrary 7' > 0) [cf. Hérdle et al. (1998), Remark 7.1].

REMARK 8 (Optimal rates of convergence over general Besov bodies). The
last theorem implies that the linear wavelet estimator with 2/» ~ (n/logn)!/+D
achieves the optimal [over Béooo (R)-balls] rate of convergence ((logn)/n)’ /Qt+D)
in the uniform norm for estimating po [see, e.g., Juditsky and Lambert-Lacroix
(2004) for optimality of these rates]. One might ask whether the linear wavelet
estimator p, is also best possible if pg is contained in some space other than
Bl (R), for example, in a Besov space B;,q (R) with ¢+ > 1/p. The con-

tinuous (Sobolev-type) imbedding of B;q (R) into ng;{ P(R) (see Remark 1)
and the choice 2/ ~ (n/logn)!/CU=1/P*D then give (E|p, — poli)'/" =
O ((logn/n)~¢=1/P)/Cu=1/P)+Dy for all r, which is still the optimal rate of con-
vergence [see, e.g., Donoho et al. (1996), Theorem 1].
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5. Uniform central limit theorems for wavelet density estimators. Con-
sider again the wavelet estimator p,(y) defined in (11). In this section we study
the stochastic process

Fi> f () = po) ) dy = /n(PY — P) .

where f varies over some Donsker class & of functions and where d PnW(y) =
pn(y)dy. Note that in(f) = P, (K;(f)). The classical caseis F = {1 (_oo,5]:5 €
R}, in which case one has

Py — P)f =n(F)Y (s) — F(s)),

where F)¥ and F are the distribution functions of p, and py, respectively. We will
show that /n (PnW — P) converges in distribution in £°°(¥’) to G p, for various
Donsker classes . Our proofs will in fact show ||PnW — Pyllg =0p(1/4/n). The
limit theorem for PnW can then be inferred from a limit theorem for P, (using
the fact that & is a Donsker class). In the classical case of (F”W — F), we will
also obtain a Dvoretzky—Kiefer—Wolfowitz type inequality, the compact law of the
iterated logarithm, as well as a strong invariance principle.

We set, for ease of notation, P(K;)(y) = PK(y, -), and we will use the symbol
P (K j) both for the function and the finite signed measure that has it as density. The
same applies to P,(K ;). For f, a bounded function, the following decomposition
will be useful:

(38) (PY — P f =P, — P)K;(f)— f)+ (P(K;)— P)f.

The first term is stochastic, whereas the second (“expectation”) term is determin-
istic, and we will deal with these two terms separately.

5.1. CLT and strong invariance principles for the distribution function of the
wavelet estimator. We will first treat the classical special case F = {1 (_0o,5]:5 €
R}, which corresponds to studying the distribution function

EV(s) = /_ )y

of the wavelet density estimator p,. The key result will be an exponential inequal-
ity for the random quantity ﬁ||FnW — Fy, |0, Where F,(s) = ffoo d P, is the em-
pirical distribution function. This inequality will follow from applying Talagrand’s
inequality (and Lemma 2) to the centered term in the decomposition (38), but we
first must show that the second (“expectation”) term is sufficiently small for rele-
vant choices of j.

LEMMA 3. Let K(y, x) be a projection kernel as in (5) arising from the father
wavelet ¢, and assume that ¢, ¥ satisfy Condition 1(T) for some 0 < T < oo.
Assume further that the density pg is a bounded function—in which case we set
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t =0—orthat py € B . (R) for somet,0 <t <T+1.Let F ={l(—005]:5 €R}.
Then the inequality

sup |(P(K;) — P) f| < Cc27/(+D
feF ’

holds for some constant C depending only on ¢ and ||pollr.co With ||pollo,co =
l Polloo)-

PROOF. Using that the wavelet series (9) of po € £!(R) converges in £ (R),
we have

Ki(po) —po=—>_>_ Bi(po) Vi,
I=j k

in the £!-sense. Therefore, since f=1(—o0,51 € LLC(R), we have

(P(Kj)— P)f = /(Kj<po> —po)f

= (ZZﬂlk(PO)‘//lk(x)>f(x)dx

(39) =

o
== 3 Y Ao [ Fvno dx
I=j k
0
=3 Bu(po) Bk (f)-
I=j k
Thus, we only need to obtain bounds for the wavelet coefficients S (po) and

Bik(f)-
We first obtain a bound for f. We observe that

/(Kl+1 — KD (N = / > Bir (O = B (),

where the first identity holds by pointwise equality of the integrands, and the sec-
ond because the sum has only a finite number of nonzero terms (due to compact-
ness of the support of ) and since the ;. s are orthogonal. Therefore, we have,
using also (6) with ¥ instead of ¢,

By (D = f Y 1Kt = KD () Iyar (x)] dx
k

(40) <22

Sl - k)|H 1K1 () — KDl
k o0

< 2"2(IKis1(f) = £l + 1K) — flh).
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To bound the r.h.s., we have by Tonelli, (6) and the definition of f
[|[2 K@y 20500 - 70| dy
= [|[2 K@y 2us 2w+ ) - £ dudy
< [ [2o@uwisa+y - roldudy
= [ow [1r@ " ut v - f)ldydu

:/CID(u) /Siz_ludy‘du

<2 / O (u)|u|du.

Since @ is bounded and has compact support, we conclude that

(41) sup [| By ()], <2772
feF

for some ¢’ € (0, 00). For the wavelet coefficients of pgy, we have from (37) that
| B1¢) (Po) oo < C271@+1/2) for 0 <t < T + 1 and some constant C. If r = 0, one

has the same bound since
|Bik(po)| <22 / 1Y 2% — k) po(x)dx <2721 ¥ 1l polloo

by a simple change of variables.
Applying these bounds to (39), we have

sup
feF

[ k500 - po)f] < sup Y816 ool B0 (D

TeF 1>

< c”2_j(t+l),
which completes the proof. [J

Using Lemmas 2 and 3 one can prove the following inequality, which is similar
to Theorem 1 in Giné and Nickl (2009).

LEMMA 4. Let Fy(s) = [* . dP, and F)(s) = [* . pa(y)dy, where p, is
as in (11), ¢ satisfies Condition 2, and ¢, r are such that Condition 1(T) holds for
some 0 < T < 00. Assume further that the density po of P is a bounded function—
in which case we set t = 0—or that po € BL . (R) for some t, 0 <t <T + 1.
Let j satisfy 2~ > d(logn)/n for some 0 < d < 0o. Then there exist finite positive
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constants L := L(|| pollcc, @, d), Ao := Aol polls,c0s @, d) such that for all n € N
and A > Agmax(,/ j2=7, /n2~ 70+ we have

min(2/ A2, /nk) }

Pr(ﬁ||FnW—Fn||oo>k)§Lexp{— 7

PROOF. Set F = {l(—x0,s1:5 € R}. Using the decomposition (38) and Lem-
ma 3 we have
i
Pr(ﬁIIFnW — Fulloo > A) §Pr<nﬁup |(Pn— P)(K;j(f)— f)| > T)
eF
by assumption on A (if we take Ao > 2C), and we will apply Talagrand’s inequality
to the class

F={K;(f)—f—PK;(f)—f):feF}

which is a VC-type class by Lemma 2 (and since ¥ is VC)—to bound the last
probability. Notice that the supremum over f € ¥ is in fact over a countable set
by left continuity of the function s > K ; (1(—c0,s]) — 1(~o0,s7- Using the fact that K
is majorized by a convolution kernel ® [cf. (6)], one establishes by the same argu-
ments as in the proof of Theorem 1 in Giné and Nickl (2009) that F has constant
envelope U = ¢||®||; and that

sup |[K;(f) = flo,p <27/ =0
feF
for some 0 < ¢’ < oo that depends only on || pollcc and ®. Therefore, we have

o <U/2 and no? > Clog(U/o). Using (59) we can choose Ag large enough so
that

47V /nAoy j2-i > E

in the notation of Appendix, which means that E + /n/4 < \/n)A/2. These con-
ditions and the obvious bound log(1 + x) > ((e — D~ xv1) forx>0 applied to
(56) give the result. [

REMARK 9 (Asymptotic equivalence of FW and F,). Note that the variance

estimate in the previous proof together with Lemma 3 [assuming (dlogn)/n <
271, implies, using (57),

E sup IFnW(t) — ()] < C[\/I—i- ﬁzj(t+1)}’
teR 2in

which is O(I/ﬁ) if j = j, is such that \/ﬁzj,,(t—i—l) - 0.
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The last remark suggests that—in the most interesting range of j,s such as
27 ~ p~ /@D _the integrated wavelet density estimator is asymptotically
equivalent to the empirical distribution function (while, at the same time, deliver-
ing a reasonable estimate of the density). The exponential bound from Lemma 4 is
the key to transferring several classical results for the empirical distribution func-
tion to the cdf of the wavelet density estimator, and we state below some of the
more important results that can be obtained in this way.

For example, Lemma 4 implies a Dvoretzky, Kiefer and Wolfowitz (1956) type
exponential bound, up to constants, for the distribution function of the wavelet
estimator; namely, there exist universal constants ¢y, ¢z such that for

Agmax(y/ j277, /n(2770HD)) < < /i,

we have
(42) Pr(vrl|FY — Flloo > 1) < c1 exp{—car?).

We next give the wavelet-analogue of Donsker’s classical functional CLT for the
empirical distribution function.

THEOREM 4. Let ¢, and po satisfy the conditions of Lemma 4 for some
t >0 and let j, satisfy 277 > d(logn)/n for all n and /n2~ "+ — 0asn —
oo. If F is the distribution function of P, then

VA(FY = F) ~go@) Gp.

For the compact law of the iterated logarithm define

5:{xr»/xoofdP:/fszO,ffzdPg1},

the Strassen set.

THEOREM 5. Let ¢, and po satisfy the conditions of Lemma 4 for some
t >0 and let j, satisfy 2~ > d(logn)/n for all n and sup, \/n(2~/")'*1 =M <
0. Let F be the distribution function of P. Then, almost surely, the sequence

n o0
— (FV—F
{\/ 210g10gn( " )}n:3

is relatively compact in £°° (R) and its set of limit points coincides with the Strassen
set §.

Finally, we consider the smallest admissible choice of A in Lemma 4. In the
case ¢ = 0 and the largest admissible resolution level 2/» ~ n/logn, we see that
we can take A =~ logn/\/n, the rate occurring in the Komlés, Major and Tus-
nady (1975), result on strong approximation of /n(F, — F') by Brownian bridges.
Consequently, we have the following strong invariance principle for the integrated
wavelet density estimator F" .
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THEOREM 6. Let ¢, and pg satisfy the conditions of Lemma 4 with t = 0,
and set 27n ~ (logn)/n. Let F be the distribution function of P. Then there exists
a probability space that supports X1, X, ... i.i.d. with density py and a sequence
of Brownian bridges B, such that, for alln € N and x € R,

Pr(|/n(F)Y — F) = B, o F| >n""?((C + Ap)logn +x)) <2n™? + Me™™,

where C, M, n are absolute constants and where A6 =max(2L, 2L, Ag), with
Ao and L as in Lemma 4. In particular, for these versions, one has

logn
|Va(EY = F)=B,oF| = 0(%)

5.2. General UCLTs for wavelet density estimators. The question arises
whether {1(_~ s1:5 € R} in the last section can be replaced by a more general
Donsker class ¥ . Considering the central limit theorem, such results were proved
for other density estimators—such as nonparametric maximum likelihood estima-
tors and kernel density estimators—in Nickl (2007) and Giné and Nickl (2008).
We show in this section that such results can also be proved for the wavelet es-
timator PnW, for many classes ¥, in particular for balls in general Besov spaces
(hence covering Sobolev, Holder and Lipschitz classes).

In the case of general (Besov) classes of functions, the wavelet structure will
be particularly helpful, but before we turn to these classes, we show that Lemma 4
immediately implies the following result for bounded variation classes, since these
are in the closed convex hull of indicator functions. A measurable function f:R
R is of bounded variation if v{(f) < oo, cf. (13), and the class F ={f: || flloo +
v1(f) <1} is a P-Donsker class for every P [see, e.g., Dudley (1992)].

COROLLARY 3. Let ¢, and po, satisfy the conditions of Lemma 4 for some
t > 0. Then, if Fgr = { f right continuous: || f|lco +v1(f) <1} and L, Ao, A, J are
as in Lemma 4, we have for all n € N,

min(2/ A2, \/nk) }
I )

If furthermore /n2=+D . 0asn — oo and if F = {f | flloo + v(f)1 < 1},
then also

Pr(/n|P)Y — Pullg, > 2) < Lexp{—

\/l’_l(PnW — P) ~p07) Gp.

PROOF. If f is of bounded variation and right continuous, and f(—oco+) =0,
then there exists a unique finite Borel measure sy such that f(x) =
S 1—oo,x)(v) dp s (v). Since (PnW — Py)c =0 for ¢ constant [see (7)], we may
assume that the elements in £ all satisfy f(—oo+) = 0. We then have from Fu-
bini’s theorem [using also (6)], for f € Fg that |(PY — P,) fI < |F — Fy| .



1634 E. GINE AND R. NICKL

This already proves the first claim of the corollary by Lemma 4. To prove the
second claim, observe that any f € & is right-continuous except at most at a
countable number of points, in particular there exists a right-continuous function
f such that f = f almost everywhere. Since PnW, P are absolutely continuous
measures, we have

VP —P)f =n(P) — P)f =n(P = P)f+/n(P, - P)f,

which proves the second claim by using the first and since ¥ is P-Donsker. [J

We will now prove a general central limit theorem for the wavelet density es-
timator, uniformly over Besov balls. The proof via the decomposition (38) neces-
sitates that these balls be Donsker classes of functions. The following Donsker
property of balls in By, (R) was proved in Nickl and Pétscher (2007), and can be
shown to be essentially sharp [see Nickl (2006)]. Note that under the following
conditions on s, p, g, the Besov spaces Bls7 q (R) can (and will be) viewed as spaces
of bounded continuous functions.

PROPOSITION 4. Let ¥ be a bounded subset of qu (R) where 1 < p < 00,
1 < g < o0, and let P be a probability measure on R. Suppose that one of the
following conditions holds:

(@l<p<2ands>1/p.

b)2<p<oo,s>1/2,and [ |x|?d P (x) < oo for some y > 1/2—1/p.

©1<p<2,g=lands=1/p.
Then ¥ is P-Donsker.

THEOREM 7. Letl <p,q<ooandl/p+1/r= 1.LethnW(x) = pa(x)dx
where p,, is as in (11) and where ¢,  satisfy part (i) of Condition 1(T) for some
1<T <o00.For0<s <T+1and P,s, p,q satisfying one of the conditions
in Proposition 4, let ¥ be a bounded subset of B;q (R). Assume in addition that
po € L7 (R)—in which case we set t = 0—or that py € B! (R) for some t, 0 <
t <T + 1. Suppose /n2=+9) . 0 asn — oo. Then

V(P — P) ~s oo (7 Gp.

PROOF. We shall use throughout the proof the properties of Besov spaces
summarized in Remark 1. Note first that under the conditions of the theorem, if
p=1,thens > 1ors =g =1, in which case ¥ is a bounded subset of BV (R),
and the conclusion of the theorem follows from Corollary 3. So we need only
consider the case p > 1.

We will use the decomposition (38) from above, and we first deal with the ex-
pectation term. As in (39), we obtain

[(Pkp=P) 7 =3 bupobucs),

I>j k
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where one uses the conjugacy of p and r and the fact that the wavelet series of
po € L7 (R) converges in L"(R) if 1 <r < oo.If t > 0, we obtain from [Hirdle et
al. (1998), Theorem 9.4] that || 8., (po)ll, < c27/1+1/2=1/") for some finite con-
stant c. In case ¢t = 0 this follows from (6) and a computation similar to the one
in (40), using Holder’s inequality. Similarly, it follows from the same reference,
noting the obvious imbedding of Blsjq (R) into Bls700 (R), that we have

(43) sup | Bicy ()], < 27162,
feF
Hence the second “expectation” term in (38) is of order

[ K10 = £ | < 5w Bl 1o,
feF >,
< Z c//z—l(t+s+1—1/r—1/p) < C///Z—j,,(z-i-s)
1> jin

— o(1//m)

sup
feF

by the assumption on j,.
It remains to treat the first term in (38). First observe that the class of functions

U#F =UKj(H—f:feF}
j=0 Jj=0

is P-Donsker: by definition of the Besov norm and (10), we see that for s’ such
that max(1/2,1/p) < s" < min(s, 1), [|K;(f)ly p,q is bounded from above by
I flls'.p.g < cllflls,p.q- uniformly in j. Consequently, ;= 3~"j’ is contained in a

ball of.B;,/ (R) of radius at most cf SUp fe “f”ww for some constant 0 < ¢’ < 00,
hence it 1s P-Donsker by Proposition 4. So, in order to prove

1Py = Pllg; =op(1/+/n),

it suffices to show that the variances sup feF, Ef2(X) converge to zero. Since

bounded subsets of BS' (R) are uniformly bounded classes of functions under the
conditions of the theorem, we have

E(K;(f)(X)— f(X))* < C/ |Kj(f)(x) = f(x)|po(x) dx
=clK;(f) = fliplpol,

and this completes the proof since pg € L”(R) by assumption and since
sup [|K, (f) = fllp < c/;UP 1K, (f) = flls' p.g
eF

feF

(44)

0 , /9
— sup (Z (21(s +1/2—1/p) ||131(.)(f)||p)‘1) -0

f6‘7‘~ len
asn — 0o, by (43). O
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Giné and Nickl [(2008), Theorems 5-7, Lemma 12] proved an analogue of The-
orem 7 and of Corollary 3 for the classical kernel density estimator. At first sight
the proof there seems somewhat more involved, but it should be noted that the
proof in the wavelet case relies on nontrivial results such as the wavelet character-
ization of Besov spaces together with the Donsker property of Besov balls (Propo-
sition 4), which cannot be used in the case of convolution kernels. We should also
mention that the case p > 2 (and compactly supported pg) in the above theorem
was considered in Nickl (2007) for the much more involved case of nonparametric
maximum likelihood estimators.

6. Adaptation in sup-norm loss and the ‘“plug-in property” of threshold-
ing wavelet estimators. The linear wavelet estimator p,(y) from (11) requires
choosing j,, and the choice of j, that produces optimal results for p, depends on
the smoothness ¢ of the true density pg (cf. the discussion in Remark 8). From a
practical point of view, this is a drawback, as pg is unknown. A remedy for this
problem was suggested in Donoho et al. (1996) by considering so called “thresh-
olding” wavelet estimators, defined as follows. Note first that we may write, for
Jo < j1, both integers,

J1—1 Jj1—1
Py(Kj)=Py(Kj))+ Y Pu(Kiy1 — K))=Po(Kj))+ Y > B
I=jo I=jo k

Hard thresholding (the only one we will consider) consists of keeping in this sum
only those Sy that are larger than a threshold t. That is, for j; = ji(n) and 7 =
7(n, [) the hard thresholding estimator of pyg is given by

ji—1
(45) Pl () = Pu(Kjo (s ) + D2 D Bucd oy Yk ()

I=jo k
It is known [e.g., Donoho et al. (1996), Juditsky and Lambert-Lacroix (2004)]
that if 7, jo, j; are chosen in a suitable way (not requiring the knowledge of the
smoothness parameter ¢), then p is rate-adaptive within a logarithmic factor for
any L, loss, 1 < p’ < oo, that is

sup Epyllpf = pollh, < Clogn)’ ry(t, p),
po: llpolls,p.g <L, supp(po)| <M
where y > 0, C is a constant and r, (¢, p’) is the minimax rate of convergence for
estimating a density in the given Besov ball.

We now show, without assuming compact support for pg, that the thesholding
wavelet estimator is rate adaptive for supnorm loss without the logarithmic penalty
and that, simultaneously, its distribution function is ,/7-consistent in the sup norm
(in fact, it satisfies the UCLT). The pattern of proof of the result below follows
that of the aforementioned authors, but we must use the results from the previous
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sections in several instances, and we must deal with the unbounded support of pg
by introducing a moment condition for pg of arbitrarily small order combined with
an application of Hoffmann—Jgrgensen’s inequality.

For k > 0, define the constant

K2

8l1v 151 pollco +8/(3/10g )k ¥ llo

c(k) :==ck, ¥, [ pollec) =
Also, define

PUL L) = {po: Ipoll o < L. [ 1e"potx) dx < L’}.

THEOREM 8. Suppose ¢ satisfies Condition 2 and ¢, ¥ are such that Con-
dition 1(T) holds for some 0 < T < 00. Assume further that the density po of P
satisfies po € Bl o (R) for somet,0 <t < T + 1, and that E|X|" < co for some
n > 0. Let pf ,n > 2, be the thresholding estimator in (45) corresponding to

t=1(n,l)=«l/n,
200 ~ (n/logn)/CT+D+D 4nd  n/logn <29 <2n/logn, Jjo < J1,
where k > 0 is chosen so that c¢(k) > (T +3)(1 + 17_1) log2. Then

logn\//GH+D
46) sup Epysup|pl(v) — po(y)] = 0 (( ) )
poeP(L,L',n) yeR n

Moreover, letting FnH and F denote the distribution functions of pf and po, re-
spectively,

(47) «/E(FnH — F) WZOO(]R) GP-
PROOF. Since
Ji—1
po=Kj,(po)+ >_ (Kix1 — KD (po) — K, (po) + po
I=jo
and since
J1—1 j1i—1
Y (Kiy1 — KD(po) = D > Bu(po) ik
I=jo I=jo k

with the last series converging pointwise (in fact uniformly) because pg € L£!(R),
we have,

1P — polloo < 1(Pa — P)(K jy)lloo

J1—1

) Z(,élklﬂﬁlkbt} — Bik(po)) Vi

I=jo k
+ 1K, (po) — polloc-

+

o0
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The expectation of the first term is
0(((10gn)/n)(T+1)/(2(T+l)+1)) _ 0(((logn)/n)t/(2t+l))

by (17) and since t < T + 1. The third term is at most of the order 2771 by (37),
and this is O ((logn/n)") = o((logn/n)!/+D),
It remains to consider the second term, which can be decomposed as

J1—1
> 2B = BVl Iyg o =02t Lo i <e21)
I=jo k
J1—1
B zZ. ;ﬂlkwlk[l“ﬁlﬂffs|,3[k|>2'5] 1y gy <l <2}
=Jo

= (D + dD — dII) — AV),

where we write B for Bix(po). We first treat the “large deviations” terms (II)
and (I1I).
For (IT) we choose « € (1, n+ 1) such that

(48) ez TP 000,
a—1

which is possible by the condition on c(k), and note,

ji—1 R

Esup| ) > (B = BV gy o gy <2y

I=jo k

(49) < Z 2211 [l Z[szk B 1/
I=jo

x [Pr{|Bul > 7. 1Bl < /21"~ 1e.

Now, since sup, [ (x)| < 2'2[[Ylloc and EYj(X) < Y131l pollcc = llpolloc,
Bernstein’s inequality gives, for [ < j; — 1 (and n > €?),

Pr{| B > ©. || < 7/2}
> (Wi (Xi) — EYu(X))

1 n
§Pr[ —
n

i=1

K2l
(50) §2exp<— )
8l polloo + (8/3)k ¥ llooy/ 21/

> 2_1K\/Z/7}

K

2]
81l polloo + (8/(34/10g 2))Kllw||oo)

< 2exp<—

— ze—c(/()l’
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a bound which is independent of k. In order to estimate Y, [E| B — Bi|*1"/%, we
note that, by Hoffmann—Jgrgensen’s inequality [see the version of Corollary 1.2.7
in de la Pefia and Giné (1999)], there exists a universal constant d(«) such that

1Bk — Bitc o, P
(51)

1
< d(a)( | max |- (9 (X0 — Evie(0)

+ 11 B — ﬁ1k||1,P>-

o, P

If suppyr C [Aq, Az], we have, for the second summand,

Z 1B — Bellne <272 [l Z/

supp ‘/flk

(52) <22 1yl Z /

(A +k)/21

<A2+k>/2’

<2(Ay— Ay +1>||w||002’/2

(since, for [ fixed, each x € R is contained in at most A, — A + 1 intervals [(A] +
k) /21, (Ay + k) /21 ]). In order to estimate the sum over k of the first summands
in (51), we first observe that for each k and /, they are bounded by

ay 1/a l/a
2(nE - ) 5n<“1)/“2<l/2>+1||w||00</ dP) :
S

upp Yk
Let K1 ={k:0€e[(A4 +k)/2[, (Ap +k)/2l]}, which consists of at most A, — A| +
1 terms and set K» = Z \ K. Then,

l/a
( / dP) < (Ay— Ay + DyerD/ag=lla 1/
kek, \YSupp ik

and

1/0(
(/;l PP Vik )
ke K> h wl

1 /(Az+k)/2’ ; e
< 1+ lxlyar)
2 T A+ KA A+ RD/2)Ta ( vt/

2zr,/a< )3 1 >1 1o
a 7 @1+ (1AL + kI A A2+ k)n/ =D

(Ar+k) /2! 1/a
(X[ s kare)
S i
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A

by Holder. Since for & > 1, Y te &, argasaiansiy: < 2 rea 7

2lr)/a< )

keK,

, we get

1
Q2+ (A1 + k| A Ay + k))1/@=D

1-1/a
> < cola—/a

for a constant C = C, , depending only on 1 and «. Moreover,

(Ax+k) /2! 1/a
([ asiare)
k

(A14k) /2!
<(Ay— AL+ DV(E1 + X)) < cc.

Thus, collecting terms,

2

k

1
;(wlk(xi) — Eyi(X))

max
1<i<n o, P
(53)

< Cp~@=D/agl/2-1/u  plla=/ay,

where C depends on «, N, 1¥lloo, A1, A2 and || pollco- Now, adding (52) and
(53) gives a bound for Y || Bix — Biklle, p by (51), which, combined with inequal-
ity (50), and (49), proves that the series in (49) is dominated by

J1—1
(54) C/ Z 21[1 +z(n—l21)(oz—l)/oc]e—c(/()l(oc—l)/oc’
I=jo

where C’ depends only on «, 1, ||[¥|lco, A1, A2 and || pollco. By definition of jj,
n~12! <2/logn for I < ji, which gives

21[1+2(n—121)(a—1)/a]521(1+2(2/10gn)(0l—1)/0£) 5621

for some ¢ < 0o, and, using the definition of « and condition (48) for c(x), we
obtain that (54) is bounded by

Ji—1
C// Z 2—[(T+1) < C///2—j()(T+1)
I=jo

for suitable constants C” and C””. By the definition of jy and T, we see that this
gives the bound

logn\ T+D/R2T+D+1] logn\"/CH+D
o((53) )=o((5") )
n n

for the series in (49), which is what we wanted to prove for term (II).
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For term (I1I),
J1—1
Esup| 3 D Btk Iz, < gy =201
Y li=jy k
J1—1 1
<>y 2!/ ||W||ooZ|,31k|Pr{|l31k| <7, |Bi| > 2t}
I=jo
ji—1 1/Q2t+1)
<c Z 2lemctl — Jp=ioT+1) — 0((_logn) ),
n

I=jo

where we have used that (40) and ||Kl(p0)||1 <||®; * poll1 < ||<I>||1 [by (6)] im-
ply X |Bil < €272, and that Pr{|Bi| < 7, |Bil > 2t} < Pr{|Bu — Bul > 7} <
2exp {—c(x)l} by (50) and choice of «.

Next, we consider (I). We will use (18) and we should note in advance that if
[ < ji, then /T/n > C2!/21/n, so that \/T/n is the dominating term in that bound.
Let ji (¢) be such that jo < ji(f) < ji — 1 and 271 ~ (n/logn)'/ @+ [such j; (1)
exists by the definitions]. Using (18) and (6) we have

Jin)—1

Z Z(,Blk - 'Blk)wlk(x)l[|31k\>r,|,81k|>t/2]
I=jo k

Jin—1

= > E(suplfu - ﬁlk|>21/25uPZW(21X—k)|

I=Jo

J1—1 1 J1 ; t/(2t+1)
<c Z 2l 2710 ji(¢) _o logn _
n n

For the second part of (I), using the same facts as in the previous computation
and that supy, | Bk (po)| < 2~ 1a+1/2) by (37), we have [recall the definition of T =
t(l,n)]

E sup
X

Ji—1
Esup| > > (B = Biovic ) g, oo g i=2/2)
=i k
=l n 12 1
= Z E<Suplﬁlk—ﬁ1kl) Tslgplﬂlkﬂ SUPZW@X—IC)I
I=j1(t) Yok

ji—1 1/Q2t+1)
<c ¥ 2“=0<<log”> )
n

I=j1(t)
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Finally, for term (IV), using (6) and (37) we have
Jji—1
Sgp Z Zﬁlkwlk(x)l[‘ﬁlﬂﬁfs|ﬁlk|§27]
I=jo k
Ji—1
(55) <c Y sup2?| Byl gy <an)
1=jo ¥
Ji—1
<c Y min2"%s,C27"),
I=jo
where 6 = 2«4/ j1/n > 2t and where C only depends on the Besov norm L of pg.
To estimate this quantity, we use an idea of Donoho et al. [(1997), proof of The-
orem 3, see also Delyon and Juditsky (1996)]. Set W (/) = min(2!/28, C271).
Clearly SUP jo<1<ji—1 W () is attained at [* such that 2"" = (C/(S)l/(’“/Z), and

W(*) =C'"8" = C27""" where r =1/(t + 1/2). Hence,
W)/ W(*) <min(2' "D 2" H25C).
So the last term in (55) equals

J1—1
¢ Y WD =cw@H2scTt 3 22 pewn Y 2D
l:]O ]0§l<l* lzl*
t/(2t+1)
< WA EHDso- L Wk =8 = 0(<logn> )
n

This concludes the proof of (46).
To prove (47), observe that, with p, (j1)(y) := P, (K, (y, ),
Ji—1 R
il = po=pai) = po = D > Bty 3, <oy
I=jo k
hence the result follows from Theorem 4 since, with F = {1(_0 51:5 € R},

J1—1

[ E X w0y f0) d

I=jo k

sup
feF

Ji—1
<J§up > K\/l/—nZWzk(f)l

I=jo

<— Z 27121 =0(1/yn),
l =jo
where we use (41). O
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REMARK 10 (Choice of x). In order to choose k so that the constant c(k)
satisfies the lower bound in the theorem, one needs to choose the mother wavelet v
and know a uniform bound on || po|lco- For example, if one takes the Haar basis
(and hence T = 0), then ||Y]l2 = |¥|lco = 1, and if one knows in addition that
| polloo < 1 and that a moment of pg of order one or larger exists, then the choice
k =16 is admissible and one can adapt to the smoothness of po up to degree ¢ < 1.
If no bound on || pg||~ is available, one may replace || pollco bY || Pnllco, Where p,
is chosen with 2/» ~ n/(logn)?. One can then adapt arguments from Giné and
Nickl (2009) to show that Theorem 8 still holds true for this (random) choice of «.

REMARK 11 (Adaptation in the sup-norm). Aadaptive estimation of a den-
sity in sup-norm loss was considered in Tsybakov (1998) and Golubev, Lespki
and Levit (2001), who worked within the framework of the Gaussian white noise
model, and adapted over Sobolev balls. Considering the density model on the real
line and adaptation over the (in this context) more natural classes B. . (R), Giné
and Nickl (2009) constructed an estimator using Lepski’s method that has the same
properties as the hard thresholding estimator from Theorem 8 above.

APPENDIX: TALAGRAND’S INEQUALITY AND MOMENT
BOUNDS FOR VC CLASSES

Let X1,..., X, be i.i.d. with law P on R, and let & be a P-centered (i.e.,
[ fdP =0 for all f € F) countable class of real-valued functions on R,
uniformly bounded by the constant U. Let o be any positive number such
that o2 > supscr E(f*(X)), set E = E| X} f(X)|s and set V :=
E|IY", fZ(Xi)||}~ <no? + 16UE [see Talagrand (1994) for the inequality].
Then there exists a universal constant L such that, for every ¢ > 0,

Xk: (X)) =E+ty <L {—lil (14—&)}
i:1f i > < Lexp LUOg v .

This is Talagrand’s (1996) inequality, which is usually stated for || Y7, f(X;)|l#
instead of for the maximum of the partial sums. However, it follows in the
stated form because Talagrand’s inequality can be proved [e.g., Ledoux (2001),
page 144ff] by estimation of the Laplace transform of |7, f(X;)|#, and
exp{A|| Zle fFXDlg), k=1,2,..., is a submartingale, so that Doob’s inequal-
ity can be applied [see also Einmahl and Mason (2000, 2005)]. We say that ¥
is a VC-type class for the envelope U and with VC-characteristics A, v if its
£2(Q) covering numbers satisfy that, for all probability measures Q and & > 0,
N(F, £2(Q), €) < (AU/¢e)". For such classes, assuming Pf =0 for f € ¥, there
exists a universal constant L’ such that

" AU AU
Zf(Xi) 5L’<ﬁVn02 log——i—leog—)
, o o
i=1 F

(56) Pr ! max
k<n

F

(57) E
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[see, e.g., Giné and Guillou (2001)]. If 0 < U/2 we may replace A by 1 at the
price of changing the constant L’. Then, if

(58) no? > Clog v
o

for some constant C we obtain

Yo f(Xi)
i=1

for constants L”, L" that depend only on A, v, C. Combining these estimates with
Talagrand’s inequality (56), it is easy to obtain [as in Corollary 2.2 in Giné and
Guillou (2002)] that there exist constants R and C; depending only on A and v
such that for all C, > Cy, if

U
<L"Vno?Jlog— and V <L"no?
o
F

(59) E

no?
Ci+/no [log 5[5C27, o<U)/2,

and (58) are satisfied, then

k
Y f(Xi)
i=1

where C3 =1log(1 + C2/L")/RC5. In particular, for u > Cy, with L=L""V R,

' _
Zf(Xi) Zu\/nozwllogg}Siexp{—wlogg}.
prt P o L o

Pr{max
k<n ||

These tail probabilities are of Poisson-type, and an easy (but somewhat cumber-
some) computation yields that, for all A > 0,

Eexp { pmax N iz S XDl }
k=1 Vo /log(U]o)

61) < D(A,v,Cy, L)(1 + AL (L1 0xW /o) — 1)

X exp{)»I:(ezm/log(U/") —1)}.

(60) Pr { max
k<n

>t < R { ! tz}
expy———— 1,
?_ - P C3 no?
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