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KOLMOGOROV EQUATION ASSOCIATED
TO THE STOCHASTIC REFLECTION PROBLEM ON
A SMOOTH CONVEX SET OF A HILBERT SPACE

BY VIOREL BARBU,! GIUSEPPE DA PRATO? AND LUCIANO TUBARO?
University Al. 1. Cuza, Scuola Normale Superiore and University of Trento

We consider the stochastic reflection problem associated with a self-
adjoint operator A and a cylindrical Wiener process on a convex set K with
nonempty interior and regular boundary ¥ in a Hilbert space H. We prove the
existence and uniqueness of a smooth solution for the corresponding elliptic
infinite-dimensional Kolmogorov equation with Neumann boundary condi-
tion on X.

1. Introduction. Let us consider a stochastic differential inclusion in a Hilbert
space H,

(1.1) {dXU)+(AX0)+A%(XO»ﬁhadWKD,

X(0) = x.

Here A: D(A) C H — H is a self-adjoint operator, K = {x € H:g(x) < 1},
where g: H — R is convex and of class C*°, Nk (x) is the normal cone to K
at x and W () is a cylindrical Wiener process in H (see Hypothesis 1.1 for more
precise assumptions). Obviously the expression in (1.1) is formal and its precise
meaning should be defined.

When H is finite-dimensional a solution to (1.1) is a pair of continuous adapted
processes (X, 1) such that X is K-valued, 7 is of bounded variation with dn con-
centrated on the set of times where X (#) € X (the boundary of K) and

X(t)—i—fotAX(s)ds—i-n(t)=x—|—W(t), t >0, P-as.,

/()T(dn(f),x(f)—Z(f)) >0, P-as.,

for all z € C([0, T]; K). The existence and uniqueness of a solution (X, 1) to latter
equation was first proven by Cépa in [5]. (See also [3] for a slightly different
formulation.)
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Therefore, under the assumptions of [3] or [5], one can construct a transition
semigroup in C(K) by the usual formula

The infinitesimal generator L of P; is the Kolmogorov operator
Lo =}1A¢+ (Ax, Do)

equipped with a Neumann condition at the boundary ¥ of K. (See, e.g., [3], where
the more general case of oblique derivative boundary conditions were also consid-
ered.)

Let us go now to the infinite-dimensional situation. In this context (1.1) was
first studied by Nualart and Pardoux [18], when H = L2(0, 1), A is the Laplace
operator with Dirichlet or Neumann boundary conditions and K is the convex set
of all nonnegative functions of L?(0, 1); see also [13].

The Kolmogorov operator in this situation was described by Zambotti [21], in
the space L>(H, v) where v is the law of the 3D-Bessel Bridge which coincides
with the unique invariant measure of (1.1). Zambotti was able to show that the
Dirichlet form

a(u,v) = /;((Du, Dv)dv

is closable by proving a suitable integration by parts formula and to construct the
corresponding Markov semigroup.

Except the situation mentioned above, no existence and uniqueness results
for (1.1) are known for the infinite-dimensional equation (1.1). Also it was so far
open the characterization of the of the domain of the corresponding Kolmogorov
operator.

In this paper we shall consider a regular convex set K with nonempty interior
and, though this does not cover the case considered by [21], we are able, how-
ever, to get sharp informations on the Kolmogorov generator for a quite general
class of convex sets K. In this way, though we are not able to approach directly
the stochastic variational problem (1.1), we can instead find a regular solution of
the corresponding infinite-dimensional Kolmogorov equation equipped with the
Neumann boundary condition,

rp — L TH[D?%p] — (x, ADg) = f,  x €K,
<D()09NK(X)>:O$ VxEZ,

where A > 0 and f € L*(K,v).

In this way we obtain a Markov semigroup P; which by the results of [16]
provides a process corresponding to a martingale solution of (1.1) (see also the
forthcoming paper [1]).

A basic tool we are using is a co-area formula from Malliavin; see [17] valid
for g of class C°°. Moreover, in the Appendix we present a direct proof of this

(1.2)
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formula when g is C? and fulfills some additional conditions which are covered in
several situations, for instance when K is a ball; in that case the co-area formula
was proved (1979) by Hertle [14].

Let us explain the content of this paper. As we said, we take a convex set of the
form K = {x € H:g(x) < 1} where g: H — R is of class C* and with second
order derivative D?g positive definite. Then we consider the probability measure v
given for any Borel set / of K by

_u
w(K)’
where w is the Gaussian measure (corresponding to the linear problem without
reflection) of mean 0 and covariance Q = %A*I.
In Section 2, by exploiting a basic infinite-dimensional co-area formula,

see [17], we are able to prove an integration by parts formula for v. This allows us
to show in Section 3 that the Dirichlet form

a(u,v) = /K(Du, Dv)dv

is closable (see also [1] for a different approach). In this way, by the usual vari-
ational theory, we can define its generator N and construct the corresponding
Markov transition semigroup P;, which is reversible since N is self adjoint.

In Section 4 we study the Kolmogorov equation (1.2) by the classical method
of penalization

v(I)

1 1
(1.3) xcps—ETr[D2¢g]+<x,AD%>+;<x—nK(x),Dm=f, x€H,

where Ik (x) is the projection of x on K. We show that {¢.} strongly converges
to the solution ¢ = (Al — N)™! f of (1.2) and that

D(N) C {go e W2(K, v):/ |AY2Dg|? dv < +00
K
(1.4)
and (D¢, Nx(x)) =0 on E}.

These results seem to be new in infinite dimensions; see [2, 3, 7] for the finite-
dimensional case.
Finally, Section 5 is devoted to equations of the form

(1.5) { dX(t)+ (AX(t) + F(X (1)) + Nx (X (1)) dt 5dW (1),
X(0) =x,
where F': H — H is a nonlinear perturbation of A.

In Section 5.1 we assume that F = DV where V : H — R is a regular potential.
This case is an easy generalization of the previous one (i.e., when F' = (), namely
measure v is replaced by the following one:
o2V )

O ey

v(dx).
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This extension is briefly described in that section.
In Section 5.2 the case of a bounded Borel function F', not necessarily of poten-
tial type, is considered. Here we can solve the Kolmogorov equation

rp — L Tr[D2p] + (x, ADg) — (F(x), Dg) = f,  x€K,

(1.6)
(Do, Nk (x)) =0, Vx €X

by a straightforward perturbation argument, taking avantage of the inclusion (1.4).
In this way we obtain a solution ¢ € D(N) of (1.6) only for A sufficiently large.
Also, obviously, measure v is not invariant for the corresponding semigroup Q;.
However, using the fact that operator Q, is compact in L>(K, v), we can show the
existence of an invariant measure ¢ for Q; so that the extension of Q; to LY(K, 2)
is the natural transition semigroup associated with (1.5). Notice, however, that this
semigroup is not reversible (when F is not of potential type).

We conclude this section by precising assumptions and notation which will be
used throughout in what follows.

Assumptions. We are given a real separable Hilbert space H (with scalar prod-
uct (-, -) and norm denoted by | - |). Concerning A, K and W we shall assume that:

HYPOTHESIS 1.1. (i) A:D(A) C H — H is a linear self-adjoint operator
on H such that (Ax, x) > 8|x|?, Vx € D(A) for some § > 0. Moreover, A~} is of
trace class.

(ii) There exists a convex C™ function g: H — R with D?g positively de-
fined, that is, (D?g(x)h, h) > y|h|?, Vh € H where y > 0, such that

K={xeH:gkx) <1}, Y={xeH:gx)=1}.
(iii) W is a cylindrical Wiener process on H of the form
oo
W) =) Ber. 120,

k=1

where {B;} is a sequence of mutually independent real Brownian motions on a
filtered probability spaces (2, ¥, {F:}:>0, P) (see, e.g., [8]) and {ex} is an ortho-
normal basis in H which will be taken as a system of eigen-functions for A for
simplicity, that is,

Aer = arer Vk € N,

where o > 6.

We notice that the interior K is nonempty since D?g is positive definite.

Notation. We denote by B(H) [resp. B(K)] the o-field of all Borel subsets
of H (resp. K) and by & (H) [resp. & (K)] the set of all probability measures on
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(H, B(H)) [resp. (K, B(K))].

Everywhere in the following D¢ is the derivative of a function ¢ : H — R. By
D?¢:H — L(H, H) we shall denote the second derivative of ¢. We shall denote
also by Cp,(H) and C’,j(H ), k € N, the spaces of all continuous and bounded func-
tions on H and, respectively, of k-times differentiable functions with continuous
and bounded derivatives. The space CX(K), k € N, is defined as the space of re-
strictions of functions of Cl’,‘(H ) to the subset K.

The boundary of K will be denoted by X. N (x) is the normal cone to K at x,
that is,

Nxk(x)={z€eH:{z,y —x)<0,YVye K}.

Moreover, we shall denote by dg (x) the distance of x from K and by Ix the
indicator function of K,

0, ifxek,

Ik ) :{—i-oo, ifx ¢ K.

For any ¢ > 0, U, will represent the Moreau approximation of /x given by
: 1 2 1 2
Ue(x) =inf{ Ix (y) + —|x — y|", y e H = —dg (x)~, xeH.

2¢ 2¢

It is well known that
1

DU.(x) = —(x — g (x)), xeH, >0,

€

where [Tk (x) is the projection of x over K. In particular, we have
(1.7) D(d%(x))=x —Tg(x) VxeKC,

(K¢ is the complement of K) which implies

—II
(1.8) Dy (x) = - TED g ke
dg (x)
We denote by n(ITx (x)) the exterior normal at [T (x),
—II
n(Mg ()= KD o ke,
dk (x)

From (1.8) we deduce that
(19) D(x — Ik (x)) = Ddg (x) ® Ddk (x) +dg (x) D*dg (x) Vx € K€.

Finally, n will represent the Gaussian measure in H with mean 0 and covariance
operator

0:=1a"1

N —
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Since A is strictly positive u is nondegenerate and full. We set

Ak Vk e N,

:rdk

so that
Qey = Arex Vk e N.

We denote by &4(H) the space of all real and imaginary parts of exponen-
tial functions e*"*) 1 € D(A). Then the operator D:&4(H) C L*(H, ) —
L?(H, p; H) is closable in L%(H, j¢) and the domain of its closure is denoted
by wbl2(H, W) (the Sobolev space).

The following integration by parts formula for the measure u is well known
(see, e.g., [9]). For any ¢, ¢ € WL2(H, w)and z € H,

(1.10) /H<D<p,Q1/2z>wdu=—/H<Dw,Q1/2z>sodu+/HWzsovfdu,

where W, represents the white noise function,
|
(1.11) W,(x) = —{x, er){(z, er) Vz and pu-ae. x € H.
: ]; o

We recall that W, is a Gaussian random variable in L*(H, ) with mean 0 and
covariance |z|?.

2. The measure u conditioned to K. We denote by v the Gaussian mea-
sure p conditioned to K, that is,

_uwKNI

1
V="

VI € B(H).

Since y is full and K is nonempty, this definition is meaningful. We notice that,
thanks to Hypothesis 1.1(ii) the surface measure uy is well defined (see [17]).

We want now to prove an integration by parts formula with respect to mea-
sure v which generalizes (1.10). For this it is convenient to introduce a sequence
of approximating measures {v;}¢~ defined by,

(2.1) Ve (dx) = pe(x)p(dx), xeH,
where,

2.2) pe(x) = Z7 e /edk ()

and

2.3) Ze = /H e~ Vedk ) ().
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Notice that, by the dominated convergence theorem,

2.4) Iim Z, = Zg = n(K),
e—0
whereas
. 1, ifxek,
25) gli’%pf(x)_{o, ifx¢K.
So, we have
(2.6) lim v, =v weakly in P (H).
e—0
Moreover
2

2.7 Dpg(x) = —gps(X)(x — g (x)),

so that p, € WV2(H, ).
We shall denote by L2(K, v) the space of all v-square-integrable functions on K
with the scalar product

(U, v) 12k 1y :/Ku(x)v(x)v(dx)

and the norm |”|i2(K,v) = (u, M)LZ(K,u)~

2.1. The integration by parts formula. Here we are going to derive from
(1.10), an integration by parts formula for the measure v.. Let ¢ € C;(H ),z€ H,
then, since p, € W"2(H, i), we find from (1.10) that

/ (Dg, 0"/%2) dv, =/ (D, 0'22) py dpu
H H

:_/ @(Dlog ps, Q1/22>dv5+/ W@ dve.
H H
Since,
1
Dlog pe(x) = —— (x — Tgx).
we find the formula

/ (Do, 0"22) v, (dx) = ~ / 9(0) (x — Tk (x), 0"/22)ve (dx)
2.8) H eJu

+ f W, (x) @ (x)ve (dx).
H
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LEMMA 2.1. Letg € Cb1 (H),z € H. Then there exists the limit

lim JZ(g) := lim lf @(x)(x — Hgx, 0?2)v.(dx)
e—0 e—>0¢& JH
(2.9)
- /2 o)), 022 iz dy),

where n(y) = Vg(y)/IVg(y)| is the exterior normal to ¥ at y and uy is the
surface measure on % induced by u (see [17]).

PrROOF. First we notice that

Jip) =

0(x)dx (x)(n(Tg (x)), 0"/ 22)e ™k /2 1y (dx).
eZe Jidg (x)>0)

By the co-area formula (see [17], page 140) (see also Theorem A.5 below) we have

(2.10) [ fun=[" [ [ 0w, (dy)] dr.

Notice that the surface measure is defined for all » > 0 taking into account ([17],
Theorem 6.2, Chapter V); moreover ([17], Theorem 1.1, Corollary 6.3.2, Chap-
ter V), give the continuity property in Theorem 6.3.1 of [17], Chapter V. Setting
in (2.10)

f=(1 = 10)e0) dx () (g (x)), 022y %k W/e,
we get
1
el

—+00 2
Ji ) = /0 e €10 g /2 eI (), 022 s, (dy).
E+1

Hence, setting & = . /es, yields
z | g 12
= [ seds [ emmTen. 0"z 4, @)
e /0 2J§s+l
So (2.9) follows. [

We are now in position to prove the announced integration by parts formula.

THEOREM 2.2. Letg € Cg(H), z € H. Then for any z € H we have
1
2u(K)

+/ W, (x)p(x)v(dx).
K

/ (Dp(x), Q'*z)v(dx) = / () (), 0 *z) s (dy)
K x

2.11)

PROOF. The conclusion of the theorem follows letting ¢ — 0 in (2.8) and
taking into account Lemma 2.1.
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2.2. The Sobolev space W'2(K,v). We shall define space W!2(K,v) by
proving, as it is usual, closability of the gradient. For this we need a lemma.
LEMMA 2.3. The space
CHK):={peCl(K):9=00n X}
is dense in L*(K, v).

PROOF. It is enough to show thatif p € C 1 (K) then there exists a sequence
{wa} C Cé (K) such that

(2.12) limge=¢  in L%(K,v).
a—0

Let {xa}ae©,1) CC '(R) be a sequence such that,

1, forr €[0,1 — «],
Xa(r)_{O, forr > 1.

Setting now

¥o(X) = xa(g(x))p(x) Vo € (0, 1),

we see that {¢y}ae©,1) C C(%(K ) and (2.12) follows from the dominated conver-
gence theorem. [

PROPOSITION 2.4. The mapping
D:CYK)cC L*(K,v) —> L*(K,v; H), ¢ — Do,
is closable.
PROOF. Let (p,) CC 1(K) be such that
on—0  inL*(K,v), Dy, — F  inL*(K,v; H)

as n — 00. We have to show that F = 0. Let ¢ € Cé(K) and z € H. Then by (2.11)
with ¢, replacing ¢ (see Theorem 2.2) we have that

/K (Dgn(x), 0220y (x)v(dx)

__ /K (DY (x), 0"22)gn (x)v(dx)

1
2u(K)

+ [ W p @
K

(2.13) + /E oMY (), 022 s (dy)

—— fK (DY (x), 0"22)pn (1) v(dx) + /K W, () ()W (00 (dx),
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since i vanishes on X. Letting n — oo we find that
[ (F ). @220 i) =o.

This implies F = 0 in view of the arbitrariness of ¥ and z [recall Lemma 2.3 and
that Q'/2(H) is dense in H]. O

We shall still denote by D the closure of D and by W!2(K, v) its domain of
definition. W-2(K, v) is a Hilbert space with the scalar product

0 V) w12y = /K [oy + (Dg. Dy)]dv

2.3. The trace of a function of WY2(K,v). In order to define the trace of
a function ¢ € WL2(K, v) we need a technical lemma.

LEMMA 2.5. Assume that ¢ € C g (H). Then the following estimate holds,

/ 10"2n(y) Pe® (y)px (dy)
(2.14) >

sc( [ Feoman+ [ |D<o(x)|2v<dx)),

where C is a suitable constant.

PROOF. Here we follow [12]. Let ¢ € CY(K). Set F(x) = Dg(x). In particu-
lar F(x) = |Dg(x)|n(x) for x € X. Then, replacing in (2.11) ¢ with A; Fx¢? and z
with ey, one gets

/)LkaFk(PZdV‘f'z)bkf FroDredv
K

= (K) / Al DEIN(). ex) 20> (Vix (dy) + f i Feg?v(dx).

It follows that

! 2.2
2 o eI, 2P (s )

1
< [ upted v+ [ FRvan + 333 [ DRy
K

— / Xk kazv(dx).
K

Now the conclusion follows summing up over k, since |Dg| is bounded below
onXx. [
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Now we can define the trace y(¢) on X of a function ¢ € WL2(K, v). Let
us consider a sequence {¢,} C C'(K) strongly convergent to ¢ in W2(K, v).
Then by (2.14) it follows that the sequence {10/ 2n(y)l(go,,)g} is convergent in
L3(Z, Wy) to some element y (¢) € L3(Z, is). Then we set

1
mf(ﬁﬂ)()’), Hx-a.s.

By inequality (2.14) it follows that this definition is consistent, that is, is indepen-
dent of the sequence {¢,} and the map ¢ — |01/ 2n(y)|y(<p) is continuous from
WLI(K,v) > L2(Z, uy). Notice also that though |Q1/2n(y)| >0forall ye X
it is not however bounded from below in infinite dimensions. Now the following
result is an immediate consequence of Lemma 2.5 and the density of Cg(H ) in
WL2(K, v).

Yy =

PROPOSITION 2.6. Assume that ¢ € W'2(K, v). Then:

() 1Py (p) € L*(Z, ux),
(i1) the following estimate holds,

/E 1020 2oz (dy)
(2.15)

< c( [ Feovan+ [ |D<p(x)|2v<dx>).

We notice that if H is finite-dimensional and Q = I formula (2.15) reduces to
a classical result since |Q'/?n(y)| =1 on X.

2.4. Compactness of embedding WL2(K,v) ¢ L3(K,v). We first show the
log-Sobolev estimate for v.

PROPOSITION 2.7. Forall ¢ € WL2(H, v) we have

1
2 2 2 2 2
@16) [ ¢log?dv == [ 1D6Pdv o1y 102101 1)

PROOF. It is enough to show (2.16) for ¢ € Cl(H). By [6] (see also [9]
and [10]) we know that the log-Sobolev estimate holds for the measure vy,

1
2 2 2 2 2
Q17 [ Gloahdv = - [ 1DoPdve + Il lox(ll s )
Now the conclusion follows by (2.6) letting ¢ tend to 0. [J
We can now prove the following result.

PROPOSITION 2.8. The embedding WL2(K,v) c L*(K,v) is compact.
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PROOF. Let {¢,} be a sequence in W12(K, v) such that
2.18) | @+ 1DaPrav=c.

We have to show that there exists a subsequence of {¢,} convergent in L*(K,v).
For this we proceed as in [6] noticing that, thanks to the log-Sobolev inequal-
ity (2.16), {¢,} is uniformly integrable and so, it is enough to find a subsequence
of {¢,} pointwise convergent to an element of L?(K,v). Let { Xatae(©,1) C CY(R)
be such that,

(i) we have

(r) = 1, forr €[0,1 —2«],
Xall) = 0, forr >1—a.

(ii) [ x4, (M| < 2, Vo > 0.
Set now

@p () = Xa(g(X)en(x)  VYa €(0,1/2).

We claim that for each « € (0,1/2) the sequence {¢]},cn is bounded in
wh2(H, ). We have in fact

[ wsrdn=[ eiav<c
H H
and, since
D% (x) = xa (X)) Dpn(x) + %0 (8(x)) @ (x) Dg(x),
we have
o 2
Do, (x)| < |Dg,(x)| + angloolfpn(X)I-

Therefore, there is a positive constant C}, such that
| ipesPan=c,

Recalling that the embedding WL2(H, u) c L*>(H, p) is compact (see, e.g., [8]),
we can construct a subsequence {‘/’Zlk(a)} which is convergent in L%*(H, u) and
then another subsequence which is pointwise convergent. This implies that for
each o € (0, %], {@ni (@)} 18 p-a.e. convergenton Ky = {x:g(x) <1 —2a}.

Now, by a standard diagonal procedure we can find a subsequence {¢,, } point-
wisely convergent as required. [
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2.5. The Sobolev space W>2(K,v). It is easily seen that for all &, k € N the
linear operator

DDy :CHK) C L*(K,v) — L*(K,v), ¢ > D Dro,

is closable. If ¢ belongs to the domain of the closure of Dy Dy (which we shall
still denote by Dj, Dy) we shall say that Dj Dy¢ belongs to LZ(K , V). Now we
define W22(K, v) as the space of all functions ¢ € W12(K, v) such that Dj, Dyg €
L*(K,v) for all h, k € N and

o0
> [ 1DaDeg () Pr(dx) < oo,
nk=1"H

W?22(K, v) is a Hilbert space with the inner product

(o, Viw22k ) = (0, VIwizk ) + Z /K Dy Dig(x) D D (x)v(dx).
h,k=1

If o € W22(K,v) we can define a Hilbert—Schmidt operator ngo(x) on K for
v-almost all x € K by setting

(D*p(x)y.2)= Y DyDrp(x)(y,en)(z,ex)  Vy,z€H.
h,k=1

We show now that if ¢ € WZ’Z(K , V), then one can define the trace on X of Dg.
Similarly to the definition of the trace of ¢ on ¥ we define |Q'/?n(y)|y (Dy) =
lim,,, o0 |Q'/20(y)ly (Dgn) in L*(Z, uyx) for all {g,}) C C*(K), ¢p — ¢ in
W22(K, v).

Proposition 2.9 below shows that this trace is well defined.

PROPOSITION 2.9. Assume that ¢ € W>%(K, v). Then:

() 10" n()|ly(D)| € L*(Z, uux),
(i1) the following estimate holds,

/Z 10203 21y (De() Ps (dy)
(2.19)

§C</ |Do()Pv(dx) + / |Tr[(DZ<p<x)>2]|v<dx)).
K K

PROOF. Let g € W22(K,v) and let {on} C C%(K) strongly convergent to ¢
in WZ’Q(K, v). For i € N we apply (2.15) to D;¢,. We have

fz IDgIQY () I Dion (0P ux (dy)

SC(fK|Di¢n(X)|2v(dx)+/;( |DDi90n(x)|2u(dx)>,
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Summing up on i yields
/E IDgMIQ Y ()| Dgy () * 15 (dy)
o0
< c(fK |D@n(0)1Pv(dx) + Y /K |D,»Di<pn<x>|2v(dx>).
i,j=1

Then letting n — oo we see that (02
L?(K,v) and so (i) and (ii) follow. O

n(y)|y (Dg,)} is strongly convergent in

When it will be no danger of confusion we shall simply set D¢ instead
of y (Dg).

2.6. The Sobolev space WA’Z(K, v). We define Wi’z(K, v) as the space of all
functions ¢ € WL2(K, v) such that

oo
th/ | Dro(x)|*v(dx) < +00.
7 H
It is easy to see that W:"Z(K , V) is a Hilbert space with the inner product
o0
@ Vw2 = /K ()Y (x)v(dx) + ]; b /K D (x) Dy (x)v(dx).

If p € W{}"Z(K, v) we can define an element of K, Al/zDgo(x) for v-almost all
x € K by setting

(A'2Dp(x),y) = aDpp(x)(y,en)  VyeH.
h=1

3. The Dirichlet form associated to v. We define the symmetric Dirichlet
form

a(g, V) =/K(D(p, Dy)dv  Ve,¥ € D(a)=W"2(K,v) x WH2(K, v).

Since, as seen earlier, D is closed in L2(K, v) we infer that the form a is closed
in the sense of [15], page 315, and as a matter of fact the form a is the closure of

ao(¢, V) = [ (Dg, DY) dv, ¥, ¥ € C,(H).
By the Lax—Milgram theorem there exists an isomorphism

N:WEEK, v) — (WH2 (K, v))*
[where (W1-2(K, v))* is the dual space of WL2(K, v)] such that
(@, V) +al, ¥) = (N, ¥) Yo, e WH(K, v).
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(Here (-, -) means the duality between WL2(K, v) and (W'2(K, v))* which coin-
cides with (-, VL2(K.v) ON L*(K,v).) We can identify L3(K, v) with its dual and,
so, we have the well-known continuous and dense inclusions

WbL2(K,v) Cc L*(K,v) C (W (K, v)*.

Now we define a linear operator N: D(N) C L*(K,v) — L*(K,v) as follows.
We say that ¢ € D(N) if it belongs to WL2(K, v) and that there exists C > 0 such
that

3.1) ’/ngo, D) dv

=ClV¥l2ik, Vi e WHA(K, v).

This inequality implies that M@ € L?(K, v). Finally, if ¢ € D(N) we set
No =3 —N)g.

In other words,

(3.2) (Np,y)=—3alp,¥) Vo, ¥ e WH(K, ).

THEOREM 3.1. Operator N is self adjoint in L>(K, v) and v is an invariant
measure for N,

(3.3) /KNgodv:O Vo € D(N).

PROOF. By the closedness and symmetry of a it follows that N is closed and
symmetric. Moreover, by the Lax—Milgram theorem, applied to symmetric bilinear
form (u,v) = A{u,v) + a(u, v), we see that the range R(Al — N) of Al — N
coincides with L%(K, v) for all 4 > 0. Notice also that by (3.1)

(3.4) (Ng,9)=—31D9l72x,, Vo €DWN).
As regards (3.3) it is immediate by definition of N. [J

It is useful to notice also that for each f € L*(K,v),
O =N f =9 (0, ¥) 2k 0y + 30(0, V)
= (i )12k 0y Y € WHA(K, 1)}

4. The penalized problem. We are here concerned with the penalized equa-
tion

@.1) {dXsa) + (AX, (1) + e (Xo (1)) dt = d W,

X:(0) =x,
where ¢ > 0, and

1
,BS(X)ZE(X—HK(X)) Vx € H.
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Since f; is Lipschitz, (4.1) has a unique mild solution X, (z, x).
The corresponding Kolmogorov operator reads as follows,

(4.2) Nep = Lo — (B:(x), Dy), p€&s(H), >0,
where L is the Ornstein—Uhlenbeck operator
Ly =5 Ti[D?¢] - (x,ADg), ¢ € &a(H).

It is well known that v, [defined in (2.1)—(2.3)] is an invariant measure for N, and
that

1
43) fH Neg dve = =3 /nga, Dy)dve Vo, ¥ € Ea(H).

Moreover, since B, is Lipschitz continuous, operator N, is essentially m-dissipa-
tive in L2(H, v,) (we still denote by N; its closure) and &4 (H) is a core for N,
see [9].

Section 4.1 below is devoted to prove several estimates for the (A1 — N,)~! f
where f € L?(H, v,). Then these estimates are used in Section 4.2 to prove that
(A — Ng)™! f converges as ¢ — 0 forany f € L*(K,v)to (A — N)_lf. More-
over we shall end up the section giving sharp informations about the domain of N.

4.1. Estimates for (\] — N;)~! f. We need a lemma.

LEMMA 4.1. Let A >0, p € §4(H) and set
4.4) Je =Ap — Neo.

Then the following estimates hold

45 2dv, < ! 24
4.5) H‘P Vs_ﬁ Hfg Ve,
2 2 2
(4.6) f Dol dv, < = f Frdv,.
H AJH

1
A / Do dve + ~ / Tr((D2¢)?] dv, + / 1AY2Dg? dv,
4.7) " 2 /1 H

1
+— | ((I = DIk (x)) Dy, Dy)v, < 4/ f2dve.
e Jke H

PROOF. Multiplying both sides of (4.4) by ¢, taking into account (4.3) and
integrating in v, over H, yields

1
(4.8) A/ gozdvg—i——/ |D(p|2dvg=/ ofe dve.
H 2JH H
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Now (4.5) and (4.6) follow easily from the Holder inequality. To prove (4.7) let us
differentiate in the direction of e; both sides of (4.4). We obtain

o0

1
ADig — NeDig + i Dk + — > (8nx — (M (x)en, ex)) Dhp = Dy fe.
h=1

Multiplying both sides of (4.4) by Dy ¢, taking into account (4.3), integrating in v,
over H and then summing up over k, yields

1
A f Do dv, + - f Ti[(D?)*]dv, + f A2 Dy dv,
(4.9) " 2/H "

1
+ - _/KC«I — DI (x))Dg, Dy)dv, = /H<D(p’ Df.)dv.

Noting finally that, again in view of (4.3),

| 0o.Dydve =2 [ fFave-2 [ fpav.<a | siav.
H H H H

the conclusion follows. [
Now we are able to prove the announced estimates.

PROPOSITION 4.2. LetA >0, f € L%(H,v,) and let e be the solution of the
equation

(4.10) Ape — Newe = f.
Then ¢ € WZ2(H,v,), Al/zDgog e L2(H, v,) and the following estimates hold

2 1 2
“4.11) / @, dve < —/ fodve,

H 22 Ju

2 2 2

(4.12) [ iDgPav. <= [ f2av.
H AJH

1
A f DgePdve + = / Ti[(D¢.)?1dve + f 1AY2 D, 2 dv,
(4.13) " 2 JH H

1
= [ (1= DMIx) e, Doave <4 [ f2ave.
& JK¢ H

PROOF. Inequality (4.11) is obvious since N, is dissipative. Let us pro-
ve (4.12). Let A > 0, f € L2(H,v,) and let @, be the solution of (4.10). Since
&4 (H) is a core for N, there exists a sequence {@; »}nen C &4 (H) such that

nl_i)rgo(ps,n — Qg nll>n<;lo Ns@s,n — Ne@e in LZ(H, Vg).

Set fen =A@en — Ne@e.n. Clearly, fen, — f asn— o0oin L%(H,v,).
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We claim that ¢, € WL2(H, v,) and that
nl_i)ngoD(ps,n% Dge in Lz(Ha ve; H).

Let in fact m, n € N, then by (4.6) it follows that

1
/ |D(p8,n_D‘p£,M|2dV£§ 2f |f£,n_f£,m|2dvs-
H A JH

Therefore the sequence {¢¢ ,}nen is Cauchy in WL2(H, v,) and the claim follows.
Estimate (4.13) can be proved similarly. [

We conclude this section with an integration by parts formula needed later. We
set

V={yeW"K,v):10" nly e L*(Z, ux)).

LEMMA 4.3. Let ¢ € D(N;) and W € V. Then the following identity holds.

/Ngwwdvz—%f (Dg, DY) dv
(4.14) K ’1(
o L ey dus.

PROOF. Taking in account that §4(H) is a core for N, it is sufficient to
prove (4.14) for ¢ € &4 (H). By the basic integration by parts formula we deduce,
forany i e Nand y € V that

/ DigDirdv = — / Dzwdwﬁ / Y (Dig) ()i dits

+ —/ xiDipyr dv.
)"i K
Now, summing up on i yields

1
2
/K (D, DY) d / D0y v+~ [ (DY) n()¥ s

+2/K(x, ADg)Yrdv.

That is nothing else but (4.14). [J

4.2. Convergence of {p.}. We are going to show that the sequence {¢.} is
convergent in L*(K,v). We first note that for f € Cp(H) we have

(4.15) 0 (x) = E/OOO e ™M f(Xs(t,x))dt  VxeH.
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Now, by a standard argument it follows that from (4.15) that if f € C g (H) we have
1
(4.16) sup [ Dy (x)| < =IDf e,y Ve, A>0.
xeH A

Theorem 4.4 is the main result of this section.

THEOREM 4.4. LetA >0, f € L*(K,v) and let @e be the solution of (4.10).
Then {@.} is strongly convergent in L>(K,v) to ¢ = (A — N)~' f where N is
defined by (3.1).

Moreover, the following statements hold:

(i) lime—q Dy = D in L*(K, v; H),
(i) @ € Wy (H,v) N W22(K, v),
(iii) @ fulfills the Neumann condition

de
(4.17) %(x) =(Dp(x),n(x))=0 onZX,

where (D@ (x), n(x)) is defined by Proposition 2.9 and | Q'/*n(x)|(D¢(x), n(x)) €
L*(Z, ux).

PROOF. Without danger of confusion we shall denote again by f the restric-
tion f|x of f to K. In fact each f € L?>(K, v) can be extended by 0 outside K to
a function in L?(H, v). By this convention, everywhere in the sequel (A/ — N) ™! f
for f € L>(H,v) means (A — N)~! f|.

Step 1. We have

(4.18) 1in(1)<p8:(u—zv)*1f in L>(K,v).
E—>

In fact by (4.11), (4.12) and the compactness of the embedding of WL2(K,v) in
L%(K,v) it follows that there exist a sequence {ex} — 0 and ¢ € WI’Z(K, V) such
that

Yo = @ strongly in L*(K,v),
Dg,, — Dg  weakly in L?(K, v).

Lety eC ; (H) and consider the identity

1
5 fH<D<oa,Dw>dvg= /H(f—)\ws)wdva,

which is equivalent to

(4.19) 1[ (D Dw>dv+1/ (D Dw>dve=/ (f — Age)¥r dve.
2 Jk ’ 2 Jke ’ H
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Since, we have
2

‘ [ .. Dvyav.
KC

sf |Dsog|2dv8/ Dy |2 dv,
H K¢

2 2 2
<— 1 fdv, |DYyr|“dve — 0
AJH K°

as ¢ — 0, we deduce, letting ¢ — 0 in (4.19) that
1
> | De.pwav= [ (f=rpwav vy ecia.

Obviously, this identity extends to all ¥ € W2(H, v), which implies that ¢ =
(A — N)_lf and that ¢, — @ strongly in L%(K,v).
Step 2. We have

lim Do, = D¢ in LZ(K,V;K).
e—0
We first assume that f € Cé (H). Let us start from the identity (4.8),

1
(4.20) ; / Do dve = / (e — F)gedve,
H K

which implies

|

hm—/ |D¢g|2dvg=/ (O — Plgdv

e—>02JH
4.21)

—(Ng. o) f D[ dv.

Here we have used the fact that
tim [ |Dg.dv. (1) =0,
e—>0JKc

which follows taking into account (4.16).
Therefore there exists a sequence {ex} such that
Ve, = @, strongly in L*(K,v),

Do, — Do, weakly in LZ(K, v; H),
hm / | Dy, | dv_f |D(p| dv.

This implies that Dg,, — D strongly in L*(K,v; H).

We finally assume that f € L?(H, v). Since C;(H) is dense in L%(K, v), there
exists a sequence { f,} C Cg(H ) strongly convergent in L?(K; v) to f. Set ¢, =
(A — Ng)_lfn. By (4.12) we have

2 2 2
f |D§08_D§0n,e| dvsf_f | f — ful“dv,
H A Jk
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which implies
2 2 2
[ 1o = DgcPav =2 [ 1f - sl av.
K rJK

So, again Dg,;, — D¢ strongly in L*(K,v; H).
Step 3. We have

(4.22) @ e W (K, v H) N WH2(K; v).

By estimate (4.13) we have that {¢.} is bounded in W22(K, v). Therefore there
is a subsequence, still denoted {¢.} which converges to ¢ in W22(K,v). In the
same way we see that ¢ € Wj\’z(K, v; H).

Step 4. Checking the Neumann condition for ¢.

From (4.14) we get

1
fK Negadv=—> [ (Dge. Dy av+

: [ v v (g0 ne) dp.

(K)

Recalling that Nyg, = Agpe — f —> A¢ — f = N¢ in L*(K,v) and that

102 n(y)|(y (Dge). n(y)) — [Q'*n(y)[(y (Dg),n(y)) in L*(L, ux) by Propo-
sition 2.9, by (i) and by (3.4) we obtain

f2<y<D¢),n<y>>w dus =0  VyeV,

which implies (4.17) as claimed. [The set {y () : ¢ € V} is dense in L*(Z, uws).]
This completes the proof. [

In particular, taking into account that D(N) is equal to the range of (A — N)~!
we derive by Theorem 4.4 the following result, which gives a sharp information
on the structure of the domain of N.

COROLLARY 4.5. We have

(423) D(N)C {(p e Wy (H, v) N W22(K, v): di(p(x) =0on 2}.
n

We notice also that for ¢ € D(N) regular N is the classical elliptic differential
operator in H. More precisely, we have

COROLLARY 4.6. IfTrD?p € L*(K,v), {x, ADg) € L*(K,v) and % (y) =
0,Vy € X then ¢ € D(N) and

(4.24) No(x)=3TrD*¢p — (x, ADg)  VxeKk.
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PROOF. By integration by parts formula (2.11) we see that

1
/<D¢, Dw)v(dx):—f (ETrngo—(x,ADgo)>v(dx)
425 °F K

— d v v,
~ K) —= /. VO L) e
which in virtue of (iv) and (3.2) implies (4.24) as claimed. [J

REMARK 4.7. We conjecture that in Corollary 4.5 one has equality in rela-
tion (4.23), but we failed to prove it. This happens when N is replaced by the
Ornstein—Uhlenbeck generator L and v by the Gaussian measure pu (see [9]).

Notice also that if ¢ € D(N) we cannot conclude that Tr D2g0 e L*>(K,v) and
(x, ADgp) € L?*(K,v). This is obviously true if H is finite-dimensional.

5. Perturbation results.

5.1. Perturbation by a regular gradient. Let us consider the stochastic differ-
ential inclusion,
{ dX(t)+ (AX (@) + DV (X)) + Nk (X (t)))dt >dW (1),
X(0) =x,
where A, K and W are as before and V : H — R is a C? function such that DV €
C}(H; H).
Let us introduce a probability measure { € #(K) by setting

¢dx) =27 e u(du),

5.1

where
Zr = f e 2V Oy(dy).
K

Arguing as in the proof of (2.11), we can show the following integration by parts
formula.

THEOREM 5.1. Let ¢ € C,l (H). Then for any z € H we have

/K (Do (x), 0"/22) (dx)

:/ 0(x)(DV (x), 0'%2)¢ (dx)
(5.2) K

m f o)), 022V s (dy)

+ f W, (1)@ ()¢ (dx).
K



KOLMOGOROV EQUATION 1449

Now all considerations of Sections 2, 3 and 4 can be easily generalized. In
particular, estimate (4.7) reads as follows

2 1 2 N2 1/2 2
fo|D<p| d;s+2/HTr[<D ) ]d¢s+/H|A Dy|? dz.
63+ [ DV Dy Dyt +— [ ({1 - DIIk() Dy, Dy)dz;

H & JK¢

§4fH f2dge.

In conclusion, we arrive at the following result.

THEOREM 5.2. The operator N (defined as in Section 3 with the Dirichlet
form induced by ¢) is self adjoint in L>(K , ¢) and ¢ is an invariant measure for N,

5.4) / Nedt =0 Yo € D(N).
K
Moreover, we have

1,2 2,2 . d —
(5.5 D(N)C{(peWA (H,o)NnWw (K,{).E(p(x)_OOnE .

(Details are omitted.)

5.2. Perturbation by a bounded Borel drift. Let F: H — H be bounded and
Borel and consider the stochastic differential inclusion,

(5.6) { dX(t)+ (AX @)+ F(X (@) + Nk (X (1)) dt 5dW (1),
' X(0) =x.

Let moreover G be the linear operator in L?(K,v) defined as
(5.7 Gp =Ny + (F(x), Dp), @ € D(N).
PROPOSITION 5.3. G is the infinitesimal generator of a strongly continuous

compact semigroup Q; on LZ(K , V). Moreover its resolvent (Al — G)_1 is given
by

(5.8) WM-G""=aI-N"a-1)7", A > Ao,
where
(5.9) Ao =2|F|3=2sup|F(x)
xeH
and

(5.10) Ty (x) = (F(x), DI — N) 'y (x)), v e L*(K,v), x € K.
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PROOF. LetA >0, fe L?(K,v). Consider the equation

(5.11) Lo —N¢ — (F(x), Dp) = f.
Setting ¥ = Ao — N (5.11) becomes
(5.12) YT =1,

where T, is defined by (5.10).
On the other hand, by (4.12) it follows that
2
[ ipar-myrav <= [ yRav,
H AJH

so that

2
1TV N 2,0 = \/;”F”O“l//”LZ(H,u)'

Therefore if A > Ao (5.11) has a unique solution and the conclusion follows.
Finally, the compactness property of Q; for ¢t > 0 follows from (5.9) and the
compactness of operator (A\/ — N)~!. O

We want now to show that operator G possesses an invariant measure ¢ ab-
solutely continuous with respect to v. For this let us consider the adjoint semi-
group Q;; we denote by G* its infinitesimal generator, and by X* the set of all its
stationary points:

T ={peL*(K,v):Qfp=9,1 >0}

Though the following lemma is standard, we give a proof, however, for reader’s
convenience. We shall denote by 1 the functions identically equal to 1.

LEMMA 5.4.  Qf has the following properties:

(i) Forall ¢ >0 v-a.e., one has Q7¢ >0 v-a.e.
(i) X* is a lattice, that is, if ¢ € X* then |@| € X*.

PROOF. Let g > 0 v-a.e. Then for all ¢ > 0 v-a.e. and all # > 0 we have

/Qﬂplﬂodv:/ pOFYodv > 0.
K K

This implies that ¥y > 0 v-a.e., and (i) is proved.
Let us prove (ii). Assume that ¢ € X%, so that ¢(x) = Q7 ¢(x). Then we have

(5.13) lp()| =107 0| < OF (JoD (x).
We claim that

()] = 07 (lpD) (), x—vas.
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Assume by contradiction that there is a Borel subset / C K such that v(/) > 0 and
lp() < Q7 (ph(x)  Vxel.

Then we have

(5.14) [ @ < [ oiebeman.

On the other hand,

/KQ;k(|(p|)d,u:<Q;<(|§0|)a]l>L2(K,v):<|¢|’1>L2(K,;4):/;<|§0|dﬂ’

which is in contradiction with (5.14). [

The following result is a generalization of a similar result concerning the
Ornstein—Uhlenbeck semigroup proved in [8].

PROPOSITION 5.5. There exists an invariant measure { of Q; which is ab-
solutely continuous with respect to v. Moreover

d
p = —§ € LQ(K, V).
dv

PROOF. Let A > 0 be fixed. Clearly 1 € D(G) and we have G1 = 0. Conse-
quently % is an eigenvalue of (A\/ — G)~! since

1
AM—G)y '1=-1.
( ) 7

Moreover % has finite multiplicity because (A/ — G)~! is compact. Therefore
(M — G)~H* is compact as well and % is an eigenvalue for ((Al — G)~H*.
Consequently there exists p € L?(K, v) not identically equal to zero such that

. 1
(5.15) (A - G) )= P

It follows that p € D(G) and G*p = 0. Since X* is a lattice, p can be chosen to
be nonnegative and such that [ pdv = 1.
Now set

Z(dx) = p(x)v(dx), xeK.

We claim that ¢ is an invariant measure for Q,. In fact taking the inverse Laplace
transform in (5.15) we find that

Ofp=p.
which implies that for any ¢ € L?(K, v),

fKQz<0d§=/KQr<ppdV=/K<0prdv=ngod§.
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The proof is complete. [

Notice now that, since Z—i € L%(K, v) there is a natural inclusion of L2(K, v) in

L'(K, ) so, we can introduce the linear operator in LY(K, Z),
(5.16) Nr:D(N) C L*(K,v) > LY (K,¢),  Nrg¢:=Go.
This is the final result of the paper.

PROPOSITION 5.6.  Operator N defined by (5.16) is dissipative in L' (K, ¢)
and its closure is m-dissipative.

PROOF. The dissipativity of operator Ny in L'(K, ¢) follows from the fact
that measure ¢ is invariant for Ny and a standard argument; see [11]. Moreover
the range of A/ — NF contains L?(K,v) for A > Ao which is dense in L' (K, Z).
So, the conclusion follows from the Lumer—Phillips theorem. [J

6. An example.

EXAMPLE 6.1. Consider the stochastic equation

dX () — AX@)dt + Ng(X (@) dt >dW;, in (0, 00) x O,
(6.1) X(t)=0, on 009,
X(0) = x, in O,

where O is a bounded and open interval of R, and
K ={x € L*(0): |Ixll 20 < p}-

Then the previous results apply with H = LZ((D), A=—A, D) = Hol )N
H%(0).

Thus the Markov semigroup P; generated by N in this case is given by
(Prpo)(x) = (t, x) where

@ € C'([0, 00); L2(L*(0),v)) N C ([0, 00); W>2(K,v)) N Wi (K, v; L2(O))

is the solution to infinite-dimensional parabolic equation
d
[ ot oy ovan
1 JK

®(0, x) = ¢o(x), c e L2O)

for all y € WH2(K, v).
A more general case is that where

62) K= {xeﬁ(@):/ Je(©)) de spZ},
0]
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where j:R — R is a C* function such that 0 < j(r) < C1r?, j"(r) > C> > 0,
Vr € R. In this latter case

Y= {xtf(gj(X(é))d%“ =,02} and Ng(x)() ={AVj(x(EDh=0  VxeX.

APPENDIX

Here we shall present for the reader’s convenience a few results on co-aerea
formula used in Section 2.1, under additional conditions on g, Hypothesis A.1.

A.1. The co-area formula. Let H be a separable Hilbert space and u = Ng
a nondegenerate Gaussian measure in H. Let (e;) be the complete orthonormal
basis in H corresponding to the eigenvalues (1x), a sequence of positive numbers,
that is, Qe = Arer, k € N.

Let us recall the integration by parts formula

1
(A1) /th/fdu=—f thwm—/ o du
H H A JH

for any ¢ bounded and Borel.
We are given a Borel bounded mapping g: H — R of class C? such that

HYPOTHESIS A.1.

[ T[0D?g(x)]
1= [, Tiipg @) <

o / (D%g(x) - 0'2g(x), 01%g(x))
> Ju 101/2Dg(x)[*

[ (x,Dg(x)
I3 = ./H —|Q1/2Dg(x)|2M(dx) < 00.

(A.2) pu(dx) < oo,

REMARK A.2. Let p be a nonnegative C? real function such that for some
c>0,meN

' M)+ 1p" ()] < el +1™), ' ()] =c
and set g(x) = 0(]x]?). Then we have
_20"(IxP)IQV2x 1P + 0 (XD Tr Q

I - )
! p'(Ix[9)]Q12x 2
_4Qp" (X)) + ' ()

p'(xP)Q2xF
|x|?

I3

~ o (xPDIQx
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Then it is not difficult to see that Hypothesis A.1 is fulfilled. Let us check for
instance that

1
We have in fact
1 +o00
012x 2 :/0 e 10 ay,

so that

+oo +oo X 1
5= / dt/ QP (dx )—/ H—dt
0

1142622

3
<

/'-i-ool_[ 1
S0 1202

We denote by g := gu#u the law of g on (R, 8(R)). Then for any ¢ :R — Rt
holds

(A.4) fR O g (dr) = /H<p<g<x)m(dx).

dt < +o00.

We are going to show following [4] that, under Hypothesis A.1, gz < £, where £
is the Lebesgue measure on R, using the well-known sufficient condition

<Clglo Vo eCi(H).

- ] / ¢ (g()u(dx)
H

(AS) ] [ ¢ Ometan

PROPOSITION A.3. Assume that Hypothesis A.1 is fulfilled. Then ggu =
ng K L.

PROOF. We claim that

/ ¢ ((0)pu(dx)
H

Ti[QD%g(x)]
() T p(dx)
a6 f 10172Dg(x)|

(D*g(x) - Q'%g(x), Q12g(x))
10'/2Dg (x)[*

(x, Dg(x)) w(d

1012Dg(n) 2"

—2 / o(5()) w(dx)
H

+ /H o(g(x)) x),

which will yield the conclusion.
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Since

(Dg(g(x)), 0Dg(x)) = ¢’ (g(x))| 0> Dg(x)|?,

we have

/w(g(X))M(dx) /| (Dp(g(x)), QDg(x))u(dx)

Q”ZD Bt
Dyg(x)
—Zxk/ DRp(§ () 7y ).
Using (A.1) yields
, ad Dy g(x)
fH ¢ (g()(dx) = k:Z] M /H Dip(8() i i)

- Dyg(x)
=Lk / w(g(x))Dk[—| o Dg(x)p]“(d")

+Z/ xp(g(x)) Ql/zkg(())lz (dx).
But
Dig(x) D?g(x) Y3212 jDkDjg(x)Djg(x)
k[IQ‘ﬂDg(X)IZ} S0 2DgP 0 101Dg)
Therefore

/ ¢ (§(x)u(dx)
H

- Dyg(x)
=Y /, DRO§ (N 5 e o)

_ > kg( X)
= ];xk/Hm(x))—'Ql/zD()lz u(dx)

Y% 4;DxD;jg(x)Djg(x)
1012Dg ()]

=23k | et Do) (dx)

+2/ xp(8(x)) Ql/z"g( ())|2 (dx).

So, (A.5) follows. [

The following result can be proved similarly.
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COROLLARY A.4. Assume that Hypothesis A.1 is fulfilled and let f be
bounded and Borel. Then e < L.

A.2. Surface measure. We denote by K the closed set K = {g(x) < 1} and
set

Y ={glx)=r}, Y =13.

We recall the disintegration formula, see, for example, [19, 20]. Forany ¢ : H —
R bounded and Borel we have.

+0o0
(A7) [ otoman = [ [ /. ﬁw(x)mr(dxﬂug(dr),

where (m,),>0 is a family of Borel measures on [0, +00) such that the support
of m, is included on X%,.
Set

a)= [ du=p, (0.,
{g=r}
By Proposition A.3 « is a.e. differentiable on (0, co). We set

1
o, (Z):=a(r _11 dx).
WEi=d o =lim s [ e

Now let f bounded and Borel and set
ar()= [ fdu=(fm0.r.
g=r

Then by Corollary A.4 it follows that « 7 is a.e. differentiable. We set

/ S oy, (dy) = Olf(”) = 11 Fx)udx), ae.r>0.

—0 2h r—h<g(x)<r+h

We finally prove.

THEOREM A.5. Let f € Bp(H). Then we have

+00
(A8) [ reonan= [ [ r@won@o]ar
H 0 %
PROOF. Using the disintegration formula (A.7) we have a.e. on (0, 00)
1
o)o, (do) = hm— x)p(dx
[ f@on@or=fim s [ pwua
1

) r+h
:}}1_{110% - [/g'(r) f(x)mr(dx)]am(Er)dr.
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By Lebesgue’s theorem we deduce that

/Zr f(0)oy, (do) = Ll(r) f@)m,(dx)o,, (Z,), ae.r >0,

which yields

1
L‘l(r) f(x)mr(dX) = m /;), f(o)am(da), ae.r>0.

Now the conclusion follows by substituting this into (A.7). [J
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