The Annals of Probability

2009, Vol. 37, No. 3, 1008-1043

DOI: 10.1214/08-A0P427

© Institute of Mathematical Statistics, 2009

TIME-REVERSAL AND ELLIPTIC BOUNDARY
VALUE PROBLEMS

BY ZHEN-QING CHEN! AND TUSHENG ZHANG
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In this paper, we prove that there exists a unique, bounded continuous
weak solution to the Dirichlet boundary value problem for a general class of
second-order elliptic operators with singular coefficients, which does not nec-
essarily have the maximum principle. Our method is probabilistic. The time
reversal of symmetric Markov processes and the theory of Dirichlet forms
play a crucial role in our approach.

1. Introduction. The pioneering work by Kakutani [18] in 1944 on represent-
ing the solution to the classical Dirichlet boundary value problem

Au=0, in D,
u=f, ondD,

using Brownian motion started a new era in the very fruitful interplay between
probability theory and analysis. Here D is a bounded connected open subset of R”.
Since then, in place of Laplacian A, there are two classes of second-order ellip-
tic differential operators that have been studied in connection with probabilistic
approach. One is the nondivergence form operator

n

1 32
(1.1) L=3 Za,j(x) 3 +Zb(x)—+q

i,j=1 !
The other is the divergence form operator

I & 9 a
(1.2) L== Z (a,,(x) >+Zb (x)——l—q,

2 iz 0x;
where A(x) = (a;j(x)) is an n x n symmetric bounded positive definite matrix.
For nondivergence form operator £ in (1.1), one can run stochastic differential
equation

dX[ = U(Xt)dB[ +b(Xt)dt,
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where o is a symmetric n X n matrix such that 6c2=A,b= (b1,...,b,) and B is
a Brownian motion on R”. The infinitesimal generator of X is £y = £ — ¢g. Under
some suitable conditions, the solution for Lu =0 in D with u = f on dD can be
solved by

u(x) =E, [exp(/om q(Xs)ds)f(XfD)] for x € D;

see [12]. Here tp = inf{t > 0: X; ¢ D} is the first exit time from D by X. When £
is the divergence form operator of the form (1.2), one has to run symmetric diffu-
sion associated with %V(AV). Observe that X is in general not a semimartingale
when A is just measurable. Nevertheless one can still use the symmetric diffu-
sion X to solve the Dirichlet boundary value problem

Lu=0 imD with u=Ff on oD

through a combination of Girsanov and Feynman—Kac transforms (see [8]). The
Dirichlet form theory plays the role of Itd’s calculus in the divergence form oper-
ator case.

In this paper, we study the Dirichlet boundary value problems for second-order
elliptic operators of the following form:

L= V. (AV)+b.V —div(D) +q
(1.3)

N =

‘ a a ‘ a i e\
> —(aij)— )+ _bix)— —“div(b)” + q(x)
A~ Ox; 0x; — 0X;
i,j=1 i=1

in a bounded domain D C R". Here A = (a;;) :R" — R" x R" is a Borel mea-
surable, symmetric matrix-valued function that is uniformly elliptic and bounded,
that is, there is a constant A > 1 such that

(1.4) A in < A(x) < Ayxn for every x € R";

b= (by,...,b,) and b= (31, e Zn) are Borel measurable R"-valued functions
on R" and ¢ is a Borel measurable function on R” such that

(1.5) Lp(Ibl* + B> + Ig]) € K,

Here K, denotes the space of Kato class of measures on R”: when n > 3, a signed
measure u € K, if and only if

lim sup = yI* 7" |nl(dy) =0,
r=>0xeRn J B(x,r)

where |u| denotes the total variational measure of u. Kato class K, can also be

defined for n = 1, 2; see [9] for details. A function ¢ is said to be in K, if u(dx) :=

q(x)dx is in K,,. Clearly L*(R") C K,,, and it is easy to see by using Holder’s

inequality that L (R") C K,, for p > n/2. By taking b = b=0=gq off D, we
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may and do assume in the sequel that (1.5) holds without the restriction of D by
1p.

Note that “div(ii)” in (1.3) is just a formal writing because the divergence really
does not exist for the merely measurable vector field b. It should be interpreted in
the distributional sense. It is exactly due to the nondifferentiability of b, all the pre-
vious known methods in solving the elliptic boundary value problems such as those
in [8] and [12] ceased to work. The lower-order term div(B-) cannot be handled by
Girsanov transform or Feynman—Kac transform. We will show in this paper that
this term in fact can be tackled by the time-reversal of Girsanov transform from the
first exit time tp from D by the symmetric diffusion X associated with %V(AV).
This is the novelty of this paper. Note that time reversal of a Girsanov transform
from a deterministic time was first studied in [20] for diffusions, and very recently
in [4] in the context of general m-symmetric Markov processes. We point out that
time reversal from a deterministic time in [4, 11, 20] are defined under the sta-
tionary measure P,,. Doing time reversal from a random time tp involves many
delicate technical issues for an effective analysis. We are able to circumvent these
difficulties through a certain A-transform. See (1.12) below for details.

Let (@, D(Q)) be the bilinear form associated with the operator .£, where

D(@Q) ={ueLl*>R"):VueLX(R")}=WL2[RY
and for u, v € WH2(R")

Qu,v) = Z/ aij (1)L

(1.6) i

ou Bv
0X; axJ

" 0
_ Z/Rn bi(x)a—)jv(x)dx
i=1 !

" ~ 0
= Z/ Bi (x) ~——u(x) dx — / g (0)u(x)v(x) dx.
— R~ axi R
For an open subset D C R", denote by C2°(D) the space of smooth functions on D
with compact support. The L2-domain D (L) of £ is defined to be

{u € Wl’z(]R”): there is g € L?(R") so that Q(u, v) = (=&, V) 2R
for every v e C(R")}

and we denote g by Lu. Clearly, it follows from this definition that
Qu,v) = (—=Lu, v)2pn) forue D(L)and v e D(Q).
It is well known that the differential operator £ enjoys the maximum principle
if —div(b) + ¢ <0 in R” in the following distributional sense:

1.7 bi(x)—d dx <0
(1.7) gl/R @yrdxt [ qwowdr =

for all nonnegative function ¢ in C2°(R").
Triidinger [26], Theorem 3.2 and Corollary 5.5, has proved the following:
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THEOREM 1.1. Assume the Markovian condition (1.7) holds. For every f €
WL2(D), there exists a unique weak solution u € WL2(D) such that

(1.8) Lu=0  inDwithu— f € Wy *(D).

Here W01’2(D) is the completion of C°(D) under the Sobolev norm

1/2
2= ([ (@2 +19u0oP) dx)
in WL2(D). Moreover u is locally Hélder continuous in D.

Recall that Lu =0 in D is understood in the following distributional sense:
Qu,¢)=0 for every ¢ € CX°(D).

We stress that condition (1.7) plays a key role in Triidinger’s approach because of
the critical use of the maximum principle there.

The aim of the present paper is twofold. The first is to give a probabilistic rep-
resentation for the weak solution of the Dirichlet boundary value problem (1.8).
This is highly nontrivial because there is no longer a Markov process associated
with the operator £ due to the appearance of the lower-order term div(b-), nor can
that lower-order term be handled via Girsanov transform or Feynman—Kac trans-
form. Our idea is to use the symmetric diffusion process X associated with the
divergence form operator %V(AV), the symmetric part of /£, and treat £ as its
lower-order perturbation via a combination of Girsanov and Feynman—Kac trans-
forms and a time-reversal of Girsanov transform at the first exit time tp from D
by X. Based on the new probabilistic representation, our second aim is to establish
the existence and uniqueness of the weak solution to problem (1.8) without the
Markovian assumption (1.7). To this end, we introduce a kind of A-transformation
which transforms the solution of the problem (1.8) to the solution of a Dirichlet
boundary value problem for operators which do not involve the adjoint vector field
like b. The time reversal and the theory of Dirichlet forms play an essential role
throughout this paper.

The remaining of the paper is organized as follows. Let X be the symmetric
diffusion with infinitesimal generator %V(AV). It is well known (cf. [25]) that X
is a conservative Feller process on R” that has Holder continuous transition density
function which admits a two-sided Aronson’s Gaussian type estimate. In general,
X is anot a semimartingale but it admits the following Fukushima’s decomposition
(cf. [14]):

(1.9) X, =Xo+ M; + Ny, t>0,

where M = (M, ..., M ”). is a martingale additive functional (MAF) of X with
quadratic co-variation (M*, M/); = fot a;j(Xg)ds and N = (N',...,N")is acon-
tinuous additive functional (CAF) of X locally of zero quadratic variations. Note
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that, since X has a continuous density function and each g;; is bounded on RY,
by [13], Theorem 2, M and N can be refined to be CAFs of X in the strict sense
without exceptional set and (1.9) holds under P, for every x € R". Without loss of
generality, we work on the canonical continuous path space C ([0, c0), R") of X
and, for ¢ > 0, denote by r; the reverse operator of X from time 7. In Section 2, we
prove that, under the Markovian condition (1.7), the solution u of the problem (1.8)
admits the following probabilistic representation:

(1.10) u(x) =E,[Zs) f(X;,)]  forxeD,

where 7p = inf{t > 0: X, ¢ D} is the first exit time from D by the symmetric
diffusion X and

Wi Zi = eXP(/(;t(A_lb)(Xs)dMs + (_/(;t(A_IB)(Xs)dMS) o

L T 4—1 o\ * o
_5./() (b—b)A” (b—Db) (Xs)ds—l—/o q(Xs)ds).

All the vectors in this paper are row vectors and we use b* to denote the transpose
of a vector b. For two vectors « and § in R"?, we use « - 8 or («, B) to denote their
inner product.

Note that Z., is well defined under P, for quasi-every x € R". This is because
t— fo (A~ 1b)(X )d M; is a square integrable martingale of X in the strict sense
having finite energy and so it follows from [3] and [23] that there is a continuous
additive functional L of X having zero energy (which in general may admit an
exceptional set) such that for quasi-every (q.e.) x € RY, P,-ass.

(ft(A_lﬁ)(Xs)dMs> or = — /Z(A_IB)(XS)dMS + L, t>0.

To prove the probabilistic representation (1.10), we introduce a sequence of ap-
proximating operators £; with b in the definition of .£ replaced by smooth by. We
first show that the solution uy of the Dirichlet boundary value problem for the op-
erator £ has the representation (1.10) with b replaced by smooth by. To complete
the proof, we then show that both the approximating solutions and the correspond-
ing probabilistic expressions converge in an appropriate sense. The purpose of
Section 3 is to show that the weak solution u to the Dirichlet boundary value prob-
lem (1.8) is continuous up to the boundary of the domain D. The crucial step is to
show that for every L?-integrable R"-valued function f in a ball Br with radius
R > 0 and p > n, there exists a function v € W(}’p (Br) such that the following
identity holds:

t t
([ f(Xs)dMs> ori=— [ FOX)dM,+ N}
(1.12)
for t < inf{s: X, ¢ Bg},
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where NV is the zero-energy part of the Fukushima’s decomposition for v(X;) —
v(Xo) (see Section 3). By Sobolev embedding theorem, if we extend v to R” by
taking v = 0 on Bf, then v is continuous on R". It then follows from [13], Theo-
rem 1, that NV can be refined to be a CAF of X in the strict sense. Consequently,
t— (fé f(Xs)dMs) o r; can be refined to be a CAF of X in the strict sense by
using the expression on the right-hand side of (1.12). In particular, Z., is then
well defined under P, for every x € D. Equation (1.12) allows us to get rid of the
reverse operator r; in the expression of the solution # making the analysis possible.
In Section 4, we establish a general existence and uniqueness result for the weak
solution of the Dirichlet boundary value problem (1.8) for the operator £ without
the Markovian assumption (1.7). Let Z be defined by (1.11). We establish as The-
orem 4.4 the following important gauge theorem under suitable condition of D, A,
b, b and q, which is of independent interest

if Ex,[Z;,] < oo for some xo € D, then x — E\[Z;, ] is bounded
between two positive constants.

We then show that if Ex [Z,] < oo for some xo € D, then for every f € C(dD),
the equation L« = 0 in D has a unique weak solution that is continuous on D such
that u = f on d D. Moreover, this solution can be expresses as

u(x) =Ex[Z:, f (X))l for every x € D.

Our strategy is, by using (1.12), to reduce the Dirichlet boundary value problem
Lu =01in D with u = f on 9D to a corresponding Dirichlet boundary value
problem for an operator that does not have the lower-order term div(b-). In Sec-
tion 5, we consider the special case of £ in (1.3) where b = b= —AV p where
o€ WI’Z(R”) with Vp € LP(R"; dx) for some p > n. By Sobolev embedding
theorem, p is continuous on R”. In this case, the quadratic form (@, WL2(R"))
in (1.6) takes the following form:

d 3
Q(u,v) == Zf lj(x) =2

l]l

d(uv) 8,0
0x; ax,

s 2/ (0

+ A; u@)()g(x) da

foru,ve W1’2(]R”). For this case, we can establish a stronger result without addi-
tional condition on the diffusion matrix A. Let X be the symmetric diffusion with
infinitesimal generator %V(A V), and recall the Fukushima’s decomposition in the
strict sense (cf. [13], Theorem 1):

p(X) —p(Xo) =M +Nf, >0,

where M* is the MAF of X in the strict sense having finite energy and N” is the
continuous additive functional of X in the strict sense having zero energy. Define

t
Z,:exp(N,p—l—/(; q(Xs)ds>, t>0.
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We prove in Theorem 5.1 that if D is a bounded Lipschitz domain and if
E\[Z:,] < oo for some xg € D, then x — Ey[Z;, ] is bounded between two posi-
tive constants. Moreover, assuming that Ey[Z;, ] < oo for some xo € D, we show
that for every f € C(dD),

u(x) :=Ex[Zy), f(Xep)], xeD,

gives the unique weak solution of Lu = 0 in D that is continuous on D withu = f
on dD.

In this paper, we use “:=" as a way of definition. A statement is said to hold
quasi-everywhere (q.e.) on some set A C R" if there is an exceptional set N of zero
capacity so that the statement holds on A \ N. For the general theory of Dirich-
let forms and Markov processes and their terminology, we refer readers to [14]
and [21] .

2. Probabilistic representation. In this section, we will give a probabilistic
representation of the weak solutions of Dirichlet boundary value problems. Con-
sider the following regular Dirichlet form on R”:

1 & ou 9
8(u,v)=§ Z /Rna,-j(x)—u—vdx,

ij=1 8x,- 3Xj

2.1)
D(E) = WH2([RY).

It is well known that there is a symmetric conservative diffusion process X =
{X;,0;,r:, Py, x € R"} associated with it. Since X has Holder continuous transi-
tion density function with respect to the Lebesgue measure on R” (cf. [25]), X can
be modified to start from every point in R”. Without loss of generality, we may and
do assume that X is defined on the canonical sample space 2 = C ([0, co) — R")
on which the time-shift operators {6;, ¢t > 0} and time-reversal operators {r;, t > 0}
are well defined: for r > 0O,

2.2) O (w)(s) =w(t +s) fors >0
and

o —=s), if0<s<t,
2:3) ri(@)(s) ;= {a)(O), ifs>1.

Let {#;,t > 0} be the minimal augmented filtration generated by the diffusion
process X. For every u € D(§), the following Fukushima’s decomposition holds:
for g.e. x e R",

(2.4) u(X;) —u(Xo)=M"+ N, Pr-as.,

where M" a continuous MAF of X having finite energy and N/ is a CAF of X
having zero energy. Note that the MAF M* and the CAF N* typically admit an ex-
ceptional set N of zero capacity in their definition. However since X has a Holder
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continuous transition density function, by [13], Theorem 1, both M*, N* and the
above Fukushima decomposition (2.4) can be strengthened to admit no exceptional
set [so in particular, (2.4) holds for every x € R"] if u is continuous and the energy
measure for M"

du(x) du(x)
ox; 0x;

dx

n
My (dx) =Y ai j(x)
i,j=1

is a smooth measure in the strict sense. The latter means that there is an increasing
sequence of finely open sets { Dy, k > 1} so that g2 ; Dy =R", 1 Dy M (u) 18 a finite
Borel measure and G1(1p, ) is bounded for every k > 1. In the sequel we
call an additive functional strict if it admits no exceptional set and call the refined
decomposition of (2.4) without exceptional set a strict Fukushima decomposition.
In fact by [13], Theorem 2, both M* and N can be taken to be strict AFs of X
and the strict Fukushima decomposition holds for every continuous function u that
is locally in # such that () is a smooth measure in the strict sense. Applying the

above to coordinate functions f;(x) :=x; for j =1,...,n, we have
(25) X[:X+Mt+Nt, Px-a.S.
for every x € R", where M; = (Mtl, ..., M}") is a continuous local MAF of X in

the strict sense with
) . t
M M) = [aij (X, ds
o

and N; is a CAF of X locally of zero energy in the strict sense. In particular, there
is a Brownian motion B = (Bl, ..., B™), which is a martingale AF of X in the
strict sense, such that

t
M:/ o (Xs)dB;, >0,
0

where o (x) is the positive definite symmetric square root of the matrix A(x). Note
that M is a MAF of X in the strict sense.
Here is the first representation result.

LEMMA 2.1.  Assume condition (1.7) holds and that b is Cl-smooth. Then
for every f € WL2(D) N C(D), the unique weak solution u to (1.8) admits the
following representation: for x € D

u) =Eo[ o exp] [ (A0t i,

N (‘/(-)TD(A_l’B)(XS)dMS> oIy,
(26) 1 D
-~ 1 e
_5/0 (b—D)A™ (b —Db)*(X,)ds

+/01Dq(Xs)ds”.
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Moreover, u € C(D).

PROOF. First we note that by [20], (46), we for a.e. x € D, P,-a.s. have

(["aBaam)or,
2.7) 0

_ / " ATD)(X,) dM, — / " div(b) (X,) ds.

Note that since b € C1(R"), both 7 fo (A~'b)(X,)dM, and t > fo dlv(b) X
(X5)ds are continuous AFs of X in the strict sense. Therefore ( f (A~ 1b) X
(X5)dMj) o rr,, can be refined using the right-hand side of (2.7) so that it is well
defined under P, for every x € D. In particular, the right-hand side of (2.6) is well
defined for every x € D.

Under our assumptions, the operator /£ can be written as

18 9 9
== L (a0
n 8x,-(aj(x)3xj>

i,j=1
+ Z (bi(x) — b; ()5 = divb(x) + ¢ (x).

Define a family of measures {Qy, x € R"} on £, by

dQx

2.8 =
(2.8) P, |5

ts

where
t Y 1 t Y ~

(2.9) H,:exp(/ A_l(b—b)(Xs)dMS——/ (b—b)A‘l(b—b)*(Xs)ds).
0 2 Jo

It is known (cf. [8]) that under measure {Q,,x € R"}, X is a diffusion process
on R” having infinitesimal generator

1 9
Lo=3 Y 8x,( aij ()7 >+Zb(x>—b(x))

i,j=1

By Theorem 5.11 in [8], Ehen fe wl2(D) N C(D), the unique weak solution u
to (1.8) is continuous on D and has the following probabilistic representation

u(x) = EXQ |:f(XrD)eXp</OTD(— div(b)(X,) +q(Xs))ds)}, xeD,

where ExQ stands for the expectation with respect to the measure Q. Since
{Hrzp,t > 0} is a uniformly integrable martingale under P, for every x € D,
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due to the fact that |b — B|2 € K, (see [6], page 746), we have

D

u(x) =E, [f(X,D)exp(/(; (A~' (b — b)) (X) d M
1 o o4l "
—5/0 (b—b)A (b —b) (Xs)ds)

x exp( /0 " (— div(b)(X;) + ¢ (X)) ds)]

This together with (2.7) implies (2.6). [

Put
! if 1
J(x) = COeXp(_?W)» if |x[ <1,
0, if [x] =1,

where cg > 0 is a normalizing constant so that

J(x)dx =1.
Rll

For any positive integer k > 1, we set
Je(x) :=k" J (kx) for x e R"

and

bie) = Ji#bx) i= [ B =y dy,
(2.10) ®

@) =S+ q(0) = [ gVt = y)dy.

Recall that we assume that b, b and q are set to be zero off D, and b2 + |/l;|2 +
lg| € K.

LEMMA 2.2. (i) by — b in L2 (R") and gx — g in L} (R") as k — oo.

(ii) For every nonnegative function ¢ in C2°(R") and k > 1,

LN
;/Rn bki(x)a—zdx—k/w gr(x)¢(x)dx < 0.

(ii1) Assume n > 3. Then

i sup [ (b1 + lgi. ()|
m sup —
r=0 k=1 JyeR": o—yl<ry X ="

XER"

dy =0.
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(iv) Assume n > 3. Then

/ b (y) = b + gk () — g ()] p
x — y|*=2

11m sup
_)OOXE]R"

PROOF. (i) follows easily from the fact that be L2 (R and g € LIOC(R”).
For a nonnegative function ¢ in CZ°(R") and z € R", put ¢Z (x) =¢(x +z). Then
it is easy to see that for k > 1,

Lofo~ D
;/Rn bki(X)a—idx—{—/Rn gr ()¢ (x) dx

= _/Rn Ji(2) (é

and so (ii) follows from (1.7). Since |i)\|2 € K,,, (iii) is a consequence of the fol-
lowing inequality:

/ by |2(y) iy < / Jan k@B — 2) dz
[x—y|<r

=2 = 12

b2 (y —
=/ Jk(Z)(/ %@) dz
R~ x—yl<r [Xx — Y|
BZ
:/ Jk(Z)(/ Ly)zd)) dz
R —z—yl=r X =2 = y["

bI2(y)
|n—2

9.
8x,-

(x)dx) dz

sup
xeR”
k>1

dy

e—yl<r [Xx —

< sup
xeRn J|x—y|<r [X —

dy,

where we used the fact [pn Jik(z) dz = 1. The proof for ¢ is similar. To prove (iv)
we observe from the proof of (iii) that for any r > 0,

up / Ibx —b|2(y) i
R |x — y|*—2

xeR?

b2(y) 1 ~ =
<2 sup = dy + ) A‘v Ibk—b|2(y)dy.

xeRn Jjx—yl<r [x —

Using (i), this implies that

b —b2(y) Ib12(y)

lim sup p)
R |x —yl xeR” lx—yl<r [x —

k—00 y cRn

dy

for any r > 0. Letting r — 0 we get (iv) for bi —b. The proof for |gx — ¢| goes in
a similar way. [l
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For integer k > 1, define

1 9 0
eCk = Eilzzzl B—Xi(al'j(x)gj>
2.11) ’ R R
+ (b(x) — bi(x)) - V —divhe(x) + gx (x),

where Bk, qr. are the functions defined by (2.10). Denote by @(-, -) the quadratic
form associated with L.

Now we can drop the assumption of b being C! from Lemma 2.1 by using the
smooth approximation by for b.

THEOREM 2.3. Suppose that condition (1.7) holds and f € wbl2(DynC (D).
Then the unique weak solution u of (1.8) has the following probabilistic represen-
tation: for q.e. x € D,

u(x) = Ey [f(Xm) eXp(/Om (A~'b)(X,) d M

+ ( [O v <AIB>(Xs>dMs> orep
(2.12) o
- b a1 At
2/(; (b—b)A" (b—b)"(X,)ds

+/OTDq(Xs)ds>].

PROOF. For simplicity, we assume n > 3. [The case of n =1 and n = 2 can
be handled similarly with a corresponding version for Lemma 2.2(iii) and (iv).]
Recall the differential operator L4 defined by (2.11). Let u; denote the unique
weak solution of the following Dirichlet boundary value problem:

Liug=0in D  withuy — f € Wy *(D).

Since Bk is smooth, it follows from Lemmas 2.2(ii) and 2.1 that
D
i (x) = Ex[f(xm>exp( [P b am,
D =
+ ( [ o dMs) ore

1 ™ ~ 1 ~
=5 [ (b=byA™ (b—by*(X,)ds

2 Jo
+/0 Dqk<xs)ds)].



1020 Z.-Q. CHEN AND T. ZHANG

Let v denote the right-hand side of (2.12). We will show that limg_, oo ug(x) =
v(x). To this end, put

Zi = exp(/om (A~"b)(X,) dM, + (/OID (A'Bk)(Xs)dMs> ore

1 ™ ~ —1 ~ ™
=3 [ o -BoaT b - By (xds + /0 qkomds)

and

7= exp(/OTD(A_lb)(Xs)dMs + </()TD(A_IB)(XS)dMs) org

T

1 D(b—E)A—l(b—B)*(Xs)ds—I—/TDq(XS)ds)
2 Jo 0

We first prove that Z; — Z in probability as k — oo. It is clear that
122 —~ 1 —~ D
| o=boaT b b xds+ [T axas
converges in probability under P, for every x € D to
™ ~ ~ ™
/ (b—b)A_l(b—b)*(Xs)ds+/ q(Xs)ds.
0 0

Thus, it is sufficient to show that
172 ~ [22] —~
(2.13) (/ (A_lbk)(Xs)dMs) orey —> (/ (A_lb)(Xs)dMs> orp
0 0
in probability under P, as k — oo for q.e. x € D. Define
—] t -~
MF :=/ (A™"Dp) (X)) d M, >0
0
and
—_— t -~
M, = f AD)(X)dM,, 120,
0

which are MAFs of X in the strict sense of finite energy (recall that we assumed
b =b =0 off D). It follows from [3] and [23] that there are continuous processes
N,k and N; of zero energy such that

@kort:—l/\l\tk-i‘Ntk and ]\Zor,:—]ﬁt+N¢.

Moreover, since M¥ — M as k — oo with respect to the energy norm in the mar-
tingale space, for every subsequence {n}, there is a sub-subsequence {ng;} so
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that N,n g converges to N; uniformly on compact intervals Py-a.s. for g.e. x € D
(cf. [14]). Thus, forany T > 0, on {w: Tp(w) < T}, it holds that

‘( [ v (A—IBk)(Xs)dMs) o ey — ( / v (A—IB)<Xs)dMs) ore,
0 0

< sup |Mtkor,—Mtort|
0<t<T

< sup |MF— M|+ sup [NF— N,

0<t<T 0<u<T

This proves (2.13). So, to show that u,, — v, it suffices to prove that the family
{Z,,n > 1} is uniformly integrable under P, for q.e. x € D. In view of Lem-
mas 2.1, (2.7) and 2.2(i1), we have

Zy <Lj:= exp(/OtD (A~ b _Bk))(Xs)dMs

1 rwo —~ 1 ~
~5 / (b—bp)A™ (b — bk)*(Xs)ds>.
0
Define L in the same way as L but with b in place of bx. Then

/ |Ly — L|dP =/ (Lk—L)dPx—I—f (L — Ly)dP,
Q {Ly>L) {Lr<L}

:/ Ldex—/ LdPx+2/ (L — Ly)dP,
o Q (Le=L)

=2 (L—Lg)dP,—0 as k — oo.
{Lxk<L}

Here we have used the fact that E,[L;] = 1 = E,[L], which is a consequence of
the Kato class assumption on |b|2 + |/l;|2 (cf. [2]). This particularly implies that
{Lk, k > 1} is uniformly integrable under P, for every x € D, sois {Zy, k > 1}.

To show that the weak solution u of (1.8) is equal to v, by the uniqueness, it
suffices to show that v is a weak solution to (1.8). By Theorem 3.2 (and its proof)
of Triidinger [26], there is a constant C > 0, independent of &, such that

lurlli2 <Cllfllh,2 for every k > 1.

By taking a subsequence if necessary, we may assume that u,, converges weakly
to some vy in W12(D) and that its Cesaro mean {k~! Zl}:l uj, k > 1} converges
to some vy In (W1’2(D), Il - l1,2). Clearly vi = v = v. Moreover, since uy — f €
WOI’Z(D), we have v — f € WOI’Z(D).

As Qi (ui, ¢) =0 for any ¢ € C2°(D), if we can show that for any ¢ € C2°(D),
A, ) = limg_, o0 Qr (ug, @), then v € WL2(D) is a weak solution for Lv =0
in Dwithv — f € Wol’z(D).
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Observe that

Qulur. @) = Z f ai () 5

duy 8(15 n / dux
- bi(x)—pd
}le [ i Spdx

_ ;/Rn Eki(X)s—;biuk(X)dx - /R” 2 (O (6 dox.

Obviously
duy 8(1) v 8¢

kli>rrolo§ Z / )y 0x; ij 2 Z / U(x)

and
0 0

klggoZ/ bi(x) ”"(x)qx dr=3 / bi(x) ”<x)¢(x)dx
On the other hand, for ¢ € C2°(D), by Lemma 2.2 we have

lim Z/ B0 i (x s =) / 50 2™y ax

and
kli)rgO/Rn qr(xX)ur(x)¢ (x) dx ZfRnCI(X)U(X)d)(X)dX-

This proves that
Q (v, ¢) :klim Qi (ug, ) =0 for every ¢ € C>°(D)
—00

and so Lv =0 in D in the distributional sense. This proves the theorem. [

3. Continuity at the boundary. In this section, we study the regularity of
the solution of the Dirichlet boundary value problems (1.8) at the boundary of the
domain. First, we prepare two useful lemmas. The next result is due to Meyers [22],
Theorem 1.

LEMMA 3.1. For every xo € R", R > 0 and p > n, there is a constant ¢ €
(0, 1), depending only on n, R and p, such that if
3.1) (1 =8)lxn < Ax) < Iyxn fora.e. x € Bg := B(xg, R),
then %V(AVu) =divf in Br has a unique weak solution in Wol’p(BR)for every

f=(f1,..., fa) € LZ(BR; dx). Moreover, there is a constant ¢ > 0 independent of
f such that

IVullLrBr.ax) < clifllLrBr:dx)-
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Observe that since u € W(} "P(D) c R" with p > n, by the classical Sobolev
embedding theorem (see, e.g., [16], Theorem 7.10) u € C (D) if we take u =0
on D€. Recall that D is a bounded domain in R”. Select xo € R” and R > 0 so
that B(xg, R) D D. For simplicity, denote B(xg, R) by Bg. Let X Br denote the
symmetric diffusion in Bg associated with the infinitesimal generator %V(AV).

The time-reversal operator for X Br will still be denoted as ;.
For a MAF M of X B of finite energy, let

F(M\)z=—%(1\,/l\t+1\zor,) fort < tp,.

According to the representation theorem of martingale additive functionals in [14],
there is a measurable function F : By — R” such that

o t
M,=/ F(Xs)dM; fort < tp,.
0
We have the following result.

LEMMA 3.2. Suppose that p > n and the diffusion matrix A satisfies the
condition (3.1). Then for every LP-integrable R"-valued function F:Bgr —

R", there exists a function v € Wy (Br) C Wy >(Bg) with [|Vv]|Lo(sgidx) <
| FlLr(Bg:dx) Such that

(3.2) C(M), =T(M"), =N'  fort < tg,.

Moreover, if we extend v to R" by taking v =0 on By, then v e C(R").

PROOF. By [10], Corollary 3.2, the following orthogonal decomposition holds
with respect to the inner product induced by the energy norm.

(3.3) ]\Z:M;’#—Kr fort < gy,

where v is an element in WOI’Z(BR), K is a MAF of X B satisfying I'(K) = 0 and
Wik me)(Br) =0 forall ¢ € D(E). Here g y9) is the signed Revuz measure of
CAF (K, M?) of X of finite variation. Hence,

C(M), =T (M), =N'  fort < tp,.
By the representation of MAFs, we have
t t
M/ =f Vu(Xs)dM; and K; =f G(Xy)dM; fort < gy,
0 0

for some measurable vector field G = (G{(x),...,G,(x)): Bg — R". Since
1 k.9y(BR) = 0 for all ¢ € W > (Bg), we have

n 3¢
/D.Z aij(x)a_xiGj(X)dx:O

i,j=1
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for all ¢ € Cg (BRr). This says that div(AG) = 0 in Bg. Note that
F(x)=Vv(x)+ Gx).
Multiplying both sides of the above equation by the matrix function A(x), we see
that v € Wol’z(B R) solves the equation
div(AVv) =div(AF) in Bg.
By Lemma 3.1, v € W, ”(Bg) with

IvllLr(Bg:dx) < CNAF||Lr(Br:dx) < LI FllLr(Bg;dx)-

If we take v =0 on Bj, then v € WP (R™) and so by the Sobolev embedding
theorem [16], Theorem 7.10, v € C(R"). This completes the proof of the lem-
ma. [l

Henceforth, we select and fix a ball B D D.

THEOREM 3.3. Assume the Markovian condition (1.7) is satisfied, p > n and
that the diffusion matrix A satisfies the condition (3.1) of Lemma 3.1. Assume that
|b|l € LP(D: dx) , and that 1p(|b|> +|q|) € K,,. Let u be the unique weak solution
of the Dirichlet boundary value problem (1.8). Then for y € d D that is regular for
(%A, D), we have

tim_ u(x) = f(y).

xX—Yy,X€

PROOF. It is enough to prove the theorem for nonnegative function f. Let
{Q, F, X;, Q., x € R"} denote the diffusion process defined as in (2.8). As in the
proof of Theorem 2.3, put

o t/\‘[BR 1=
M, :/0 (A7'b)(X5)dM;.
By Lemma 3.2, there exits a bounded, function v € WO1 "P(Br) C W(} ’Z(BR) such
that
@or,:—@—}-Nﬁ fort < tp,.

Note that M is a MAF of X in the strict sense and NV is a CAF of X in the strict
sense of zero energy in view of [13], Theorem 1, since v € WO1 "P(Bg) and so it is

continuous on R" if we extend v to take value 0 on Bj. Therefore M, or, can be
refined to be a CAF of X in the strict sense. It follows that # can be expressed as

u(x) = EQf(Xy,) exp(Arp)],

where

t
A =N! +f0 q(X,)ds.
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Under condition (1.7), the CAF A; is negative and decreasing in ¢ € [0, ;).
Hence for x € D,

lu(x) —EQLF (X1l < 1 locEQLlexp(Ary) — 11 < | fllocEQL1 — exp(Ag,)].
We know from [8] that for y € d D that is regular for (%A, D),

lim_ EQ[f(XrD) f)

X—>y,X

and limy_, y xep Qx(tp > 1) =0 for every ¢ > 0. Thus, it suffices to show that

lim lim EQ A 1=1.
tlfolx_);n;e [exp(Arpar)]

For this, note that by Jensen’s inequality,
1= E2[exp(Arpni)] = exp(EZ[Arpnc)).
On the other hand, by the Cauchy—Schwarz inequality,
(EQArpni])? <Ex[HZ , IE([AZ ],

where H is the martingale given by (2.9). We know from [8] that
SUPy.ep SUPse(0,1] E.[H?] < cc. Observe that

TpAt

t t t
A=+ [ g ds =ux) —vxo) - [ Veexam + [ g ds,
Since v is bounded and continuous, it is known (see, e.g., [8]) that
lim Ex[(v(XrD/\t) ]=v(x)* and I;IEGDE)C[U(XIDM] =v(x).

X—>y,x€ x—

Thus,
Iim E, [A2

x—y,xeD DA

< lim CEx[(v(Xsz)—v(Xo))z

x—y,xeD
DAL 5 TpAL 2
+ [T vecxopas+ (/0 |q<Xs>|ds) }

TpAt
<¢ lim EU V(X)) ds

x—>y,xeD
TpANE Tp At
+2/0 |q(Xs>|(f Iq(Xr)Ia'r>ds]
S

TpAt
<c¢ lim Ex[f IVu(X,)|>ds
0

x—>y,xeD

TpAt
+2(squD|q|<z)|)/O |q<xs>|ds}

zeD
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In the second to the last inequality we used the Markov property of X, while in the
last equality we used the fact that |[Vv|? and ¢ are in the Kato class and the domi-

nated convergence theorem. This proves that lim, jolim, . yep E,?[ATD Ar]l=0.

Consequently limy olimy_y vep E,?[exp(ArDA,)] = 1. This proves the theo-
rem. [

4. Without Markovian assumption (1.7). In this section, we will drop the
Markovian condition (1.7) and give a general result on the existence and unique-
ness of the weak solutions of the Dirichlet boundary value problem (1.8).

Leth=(h(x),...,h,(x)):R" — R" be a measurable function such that h €
LP?(R" — R") for some p > n. Let u be a signed measure in K,,. Consider

1 n

0
g = 5,-,,2:1 o (a,,(x> )+Zh (x)— .

The quadratic from (C, D (€)) associated with § is given by D(C) = Wh2(R")
and for u, v € WH2(R"),
C(u,v) =(—%u,v)
du 0 a
4.1) = Z/ aij () ”—vdx— _]/Rnhi(x)a—;tiv(x)dx

1 j=l1
—/ u(x)vx)u(dx).
Rn

We will regard (C, WL2(R")) as a lower-order perturbation of the symmetric
Dirichlet form (&, W!-2(R")) associated with the infinitesimal generator %V(AV).
Recall that X is the symmetric diffusion process with infinitesimal generator
1V(AV), or equivalently, with (§, W-2(R")). Let A} be the CAF of X whose Re-
vuz measure is u. It is proved in [8] (see also [20]) that the semigroup {7, t > 0}
associated with (€, WL2(RM)) is given by

t
Tg(r) = E, [g(xt) exp( [ mex)am,

42 ! thA_lh*X ds + A"
4.2) —5/0 (X,)ds + t)]

% 12
=EX [g(Xp)et ],

where EE* stands for the expectation with respect to the diffusion measure {P}, x €
R"}, defined by

dP*

(4.3)

= H;,



TIME-REVERSAL AND ELLIPTIC BOUNDARY VALUE PROBLEMS 1027

where
_ Lo LY A >
4.4) H,_exp(/o (A7'h)(X5)dM; 2/0 hA 'h*(X,)ds ).

Let v be a positive Radon measure of finite energy with respect to the symmet-
ric Dirichlet form (&, W12(R")). Note that due to the L”-integrability of h and
the Kato class condition on u, there exists a constant «g > 1 such that for every
o > o,

GO{(”? U) = G(’/l, U) + O{(l/l, U)
is a positive definite quadratic form satisfying
cojlc’a(u, u) <&, u) <cyCquu,u) for every u € wh2(@®RY).

By Lax—Milgram theorem, for any o > «g, there is a unique function in D(&),
denoted by Uy v, such that

4.5) Cu(Uyv, v):/R v(x)v(dx)

for all v € D(€). Uyv is called the a-potential of v associated with the quadratic
form (C,, D(C)). We have the following useful representation for Ugv.

LEMMA 4.1. Let AV be the positive CAF of X associated with the smooth
measure v in the strict sense. Then, for sufficiently large «,

Uyv(x) =E, [/ Rza dA;’] = E)I: |:/ exp(—at + A#) dA;’},
0 0
where

(@) Lol Lot n
4.6) R™ =exp f(A h)(Xs)dMs—E/ hA~'h*(X,)ds — at + A" ).
0 0

PROOF. By the same proof of [14], Lemma 2.2.5, we see that there exists an
&-nest consisting of an increasing sequence { Fy, k > 1} of compact sets of R” such
that |Uy (15, v)|lco < 00 for each k > 1. By restricting to Fj if necessary, we may
assume that g(x) := Uy v(x) is bounded in the sequel. By (4.5), it follows that for
every v € WH2(R"),

1 & dg dv
E(g,v)== ii(x)———d
(g v) 2 Z ./]Rn alJ(X)ax,' 3Xj o

i,j=1

@.7) - 2 /R n h,-(x>§—iv<x>dx + /R gl

+/R" v(x)v(dx) —oe/;&n gx)v(x)dx.
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By [14], Theorem 5.4.2, (4.7) implies that P, -a.s.

t n t 9
2(X,) = g(Xo) + fo Ve(X)dM, -y /0 (X025 (X ds
i=1 !

— /Otg(Xs)dAi.‘ —i—oc/otg(Xs)ds — A}
Note that R satisfies
dR® =R (A"'h)(X)) dM, + R dAl' — aR\® d1.
By It6’s formula, it follows that
(4.8) g(X)R™ = g(Xo) + K, —fot RWA;,
where
K= [ eCORO @ M) aM, + [ ROVg(xX,) a,
is a local martingale. Let {tx, k > 1} be an increasing sequence of stopping times

approaching to oo such that {K;x,, t > 0} is a martingale for every k > 1. It fol-
lows from (4.8) that

INTE (a)
g(_x) :Ex |:/(; RASQ) dA];i| +Ex|:g(Xt/\rn)Rl‘/\‘L’k]‘

Note that since |u| € K, it follows from Khasminskii’s inequality, Cauchy—
Schwarz inequality and [8], Theorem 3.1, {R§°‘), 0 <s < T} is uniformly inte-
grable under P, for every x € R" and T > 0. Letting kK — oo, by dominated and
monotone convergence theorems we get

! (@)
4.9) g(X)=Ex[f0 R§a)dA::|+EX[g(Xt)Rt ]

Since the Revuz measure p of A* is in the Kato class, for sufficiently large o, we
have

. (@) _
tl_l)ngoEx[Rt ]=0.
As g is assumed to be bounded, letting t — oo in (4.9) we obtain that

o
g(x) =Ex[ / RE‘”AE}
0

which completes the proof. [J
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Assume from now on that D is a bounded Lipschitz domain. In particular, the
boundary of D is regular with respect to (%A, D). Let R be the multiplicative
functional of X defined as in (4.6) with o = O; that is,

t 1 rt
R,:exp</0 (A_lh)(XS)dMS—E/O hA—‘h*(Xs)ds+A§‘).

The following is a gauge theorem involving the Girsanov as well as Feynman—Kac
functional, which extends the corresponding result in [15] where the diffusion ma-
trix A is the identity matrix and the Kato class measure p is absolutely continuous
with respect to the Lebesgue measure [i.e., u(dx) = g(x) dx].

THEOREM 4.2. Let D be a bounded Lipschitz domain in R", he LP(R" —
R™) for some p > n and w a signed measure in K,,. Define u(x) := E[R.,]. Then

if u(x) < oo for some x € D, then u is bounded between two positive constants
in D.

PROOF. Let G p denote the Green function of the symmetric diffusion X in D
and u, ™ be the positive, negative part of y, respectively. Since u is in the Kato
class, we have by Jensen’s inequality

inf
infuco)

™ 1 [22]
> inf exp(Ex[/O (A7) (X)) dM, — Efo hA~'h*(X,) ds +A¢DD

xeD
inf (E [A“ : /ID hA~'h*(X,)d D
= inf ex - =
xeD p * ™ 2 Jo s)48
> exp(— G pi” lloo — clGplhI*[loo)-
Let Y be the diffusion process with infinitesimal generator % ZZ =1 %(ai j(x) x

%j) +>0 hi(x) %. It is known (see [8]) that ¥ can be obtained from X through
Girsanov transform by the exponential martingale H in (4.4). That is, if for every
x € R", we let P} be the measure defined by

dP;
dP,

(4.10)

= H, for every t > 0,
Fi
then the diffusion process X under P} has the same distribution as Y starting

from x.
Note that R;,, = Hy,, exp(A’;D). For every k > 1, we have by (62) of Sharpe [24],

Ef* [k A exp(A7,)] =E, [/Om k Aexp(A;)d(—Hy) + (kA exp(A?D))HfD}

=E,[(k Aexp(A¥ ))Hyp].

D
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Passing k — oo, we have
@.11) EY [exp(A%))] = E.[exp(A” ) Hyp ] = Ex[ R, .

Since h € L?(D; dx) for some p > n, by Ancona [1], the Green function of ¥
in D is comparable to that of X in D. Hence u is in the Kato class of ¥ in D.
By [5], Theorem 2.2, we have x — E}:* [exp(A’{LD ] is either bounded or identically
infinite on D. It then follows from (4.11) that u(x) is either bounded on D or
identically infinite, which proves the theorem. [J

Now consider the Dirichlet boundary value problem
(4.12) Gu=20 inD with u=Ff onaD,

where f € C(3D). Recall that {P}, x € D} are the probability measures defined
by (4.10).

THEOREM 4.3. Recall that R is the multiplicative functional of X defined
as in (4.6) with a = 0. Assume that E,,[R,] < oo for some xo € D. Then there
exists a unique, continuous weak solution to the Dirichlet boundary value prob-
lem (4.12), which is given by

4.13)  u(x) =Ex[Rey (X)) =EX [ £(X.,))],  x€D.

PROOF. We first show that # defined by (4.13) is a weak solution to the Dirich-
let boundary value problem (4.12). Put

0 () =BV [ ()] and a0 =EE | [T wixoet aat |

Then u1(x) = vi(x) + va(x). By [8], Theorem 4.5, we know that v; is locally in
W12(R") and

Cw.9) == [ ugn@n)  forevery e WyR(D).

Here the quadratic form (C, WL2(D)) is defined by (4.1). We will show now that
vy € Wy 2(D). Let

<[ [TD
Gpg(x) =EF [/O e—ﬂ’eAf‘g(xs)ds].

Denote by G g the adjoint operator of Gg in L%(D; dx). Applying Lemma 4.1 to
the process X killed upon leaving D, we have

" ™ _
v2(x) — BGpva(x) =E} [ fo e—ﬂfef‘f‘m(Xz)dAi‘} =Up(uip),
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where Uﬂ(vl @) is defined as in the proof of Lemma 4.1 but with the killed
process X in place of X. Since u belongs to the Kato class of X (and of ¥
by the proof of Theorem 4.2) in D, we have

B(v2 — BGgva, v2)
=B fD EY [ /O v e—ﬂ’eAﬁ‘vl(Xt)dA#}vz(x)dx
= [ Opinada
= | BGpatomn)

§C1(/ |Vv1|2dx—|—/ |v1|2dx>
D D

+ CZ/;) |ﬁ§ﬂv2|2dx + G(ﬂaﬁvz, ,3651)2)

5c1(/ |Vv1|2dx+f |v1|2a'x)+C2 p /|,Baﬂv2|2dx
D D B—oagJD

1
+ Eﬂ(vz — BGpv2, 12),
where in the last inequality [19], Lemma 3.1(i), is used. Thus,

sup B(v2 — BGpu2, v2) < 00,
p>0

which implies that vy € WO1 ’Z(D). Moreover for ¢ € W(;’Z(D),
C(v2,¢) = lim B(vy — BGpva, @) = lim / BG pp (x)v1 (x) u(dx)
B—o00 B—ooJD

= [ w@s@r@
D

The last equation follows from the fact that ,8@ p¢ (x) converges to ¢ in the Dirich-
let space (€1, W,y >(D)). Thus, for ¢ € Wy*(D),

Cu,¢) =C(v1,9) + C(v2,¢) =0.

This means that u is a weak solution to Gu = 0 in D. It is a well-known fact in
the theory of PDE (cf. [16]) that u is continuous inside D. Next we show that the
boundary condition is fulfilled, that is,

4.14) lim Dul(x) = f(y)

X—>Yy,X€
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for every y € 0 D. It is proved in [8] that every point in d D is a regular point of D¢
with respect to Y

lm_ vi=_lim_ EV [ f(Xop)1=F()

x—>y,xeD
for every y € dD. As u; = v + v, it suffices to show that

Iim v(x)=0 for y € 0D.

x—>y,xeD

Note that
2 (x) = X [f (X o) (e — 1],
For any ¢t > 0, write v, as
v (x) = BV [f(Xop) (e — 1); 1p < 1+ BV [f(Xop) (e — 1); 1p > 1.
Now

* M * 1%
IEY [f(X:p) (™ — 1);tp > 1] < || flloEY [ +1); 1p > 1]
sk 13 % 1
= || fllocE} [e* EX [e*> +11; 7p > 1]

2 [l
<11 locEY [ (M + 1): 7p > 1],
Here in the last inequality, we used the assumption that Ex[ R, | < oo for some x €
D and thus by Theorem 4.2, M :=sup,.p Ef* lexp(A%,] = sup,p Ex[R;,] < .
Let y € 0D. Since
wr Alul
lim Pi(zp>1)=0 and sup EE [eAfH] < 00,
x—>y,xeD xeD

we have
hm EP [f(X,D)(eAfD —D:tp>t]l=

X—))
Thus for every ¢t > 0,
lim__|vp(x)| = limsup [EY” [f (Xep) (e — 1); 7p <1]]

X=X x—>y,xeD

* |l
< IIfllo limsup EF[eA"

x—>y,xeD

—1;tp <1]

. Il 21\1/2
<11 flloo limsup (B [(H)* D' (Ec[(e —1)°])"/.
x—>y,xeD
By [8], Theorem 3.1, we know that sup,p Ex[(Ht)z] < 00, where H is defined
in (4.10). On the other hand, since u is in the Kato class of X, it follows from the
Khasminskii’s inequality that

lim sup Ex[(eA‘fM| —1)*]=0.

t—0yep
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Thus we conclude that limy_, y yep v2(x) = 0. So (4.14) is established.
To prove the uniqueness, let #; be any, bounded continuous weak solution of

the Dirichlet boundary value problem (4.12). Then for ¢ € WO1 ’2(D),

" 0
s )=o)+ 3 [ e g0 dx
i=17P
@.15) + f 1 (00 () (dx)
—Z f hi(x [ n@emna.

By [14], Theorem 5.4.2, it follows from (4.15) that the following decomposition
holds:

t n t 9
u1<xt>—u1<xo)=/0 Vui(X,) dM, —Z/O hi(X) 5 (X ds
i=1 t

t
—f w1 (Xy) d AP
0

for t < tp. Recall that

t 1 t
R, = exp(/ (A~h)(X,) dM, — 5/ hA~'h*(X,)ds + Aﬁ‘)
0 0
satisfies
dR; = R,(A~'"h)(X,)dM, + R, dA".
Applying Itd’s formula, we get that for ¢ < tp,
(4.16)  d(ui(X)R)) = R Vu(X;)dM; + uy (X,)Ri((A~"h)(X,) dM,.

This shows that {u1(X;A¢) Riary, t > 0} is a Py -local martingale for every x € D.
We claim that {R;r,, ¢ > 0} is uniformly integrable with respect to P, for every
x € D. To see this, write

Rt/\rp = Rrp l{tzrp} + Rtl{t<r1)}-

Obviously the first term { R;, 1{;>,)} is uniformly integrable. For the second term,
by Jensen’s inequality,

1{t<tD}Ex[RrD|‘rFt]
=1t <o) Ex[R: (Rr), 0 6;)| F]
= Rtl{t<rD}EXt[RrD]

1 ™ .
> Rilji<p) exp<—§ sup E, |:/0 hA—lh*(XS)ds} +xlg£Ex[A‘r‘D]>

xeD

= CRtl{t<rD}
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for some positive constant ¢, where we have used the fact that |h|2, i are both
in the Kato class. The above inequality implies that {R,;1{;<,},? > 0} is also
P, -uniformly integrable. Therefore, {R;x;,,t > 0} is Py-uniformly integrable.
Since u is bounded continuous, we conclude that {u1(X;r7,)Riacp, t > 0} is uni-
formly integrable, hence a P,-martingale for every x € D. Consequently,

EX[MI(XIATD)RI/\‘[D] = M](.X').

Letting t — oo, we get that

up(x) = Ex[f(XtD)RrD],

which proves the uniqueness. [

Now we can get to the main results of this section. Define

t t ~
Z, = exp{/ (A7'b)(X,)dM, + (/ (A_lb)(XS)dMS> or
4.17) 0 0

L NV T\ * !
_Ef()(b_b)A (b—b) (Xs)ds+/0 q(Xs)ds}.

Recall that X is the symmetric diffusion with infinitesimal generator %V(AV)
and M is the martingale part of X in (1.9). For domain D C R”, tp := inf{r >
0: X, ¢ D} is the first exit time from D by diffusion X. The following theorem is
a new type of gauge theorem, in comparison with those found in [2, 5, 9].

THEOREM 4.4. Let D be a bounded Lipschit; domain contained in some
ball Br, A be an n x n symmetric positive definitive matrix satisfying the con-
dition (3.1) of Lemma 3.1, |b| + |B| € LP(D; dx) for some p > n,and 1pqg € K,,.
Then Z.,, of (4.17) is well defined under P for every x € D. If Ex)[Z,] < 00
for some xo € D, then the function x — E[Z., ] is bounded between two positive
constants on D.

PROOF. As before, put
—_— t -~
Mt=f (A"'b)(X)dM;  fort>0.
0

Let R > 0 so that D C Bg := B(0, R). By Lemma 3.2, there exits a bounded
function v € Wol’p(BR) C WOI’Z(BR) such that

]Til‘ort:_jit"i_sz
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and that v € WO1 ’2(B r) satisfies the following equation in the distributional sense:
(4.18) div(AVv) = —2div(b) in Bg.

Note that by Sobolev embedding theorem, v € C(R") if we extend v =0 on D¢.
Thus both M and NV are CAFs of X in the strict sense (cf. [13], Theorem 1), and
S0 is t = M, o r,;. Moreover,

(/OTD (A_IB)(XS)dMs> ore
__ /OTD (A™'B)(X,) dM, + N2,
__ /OID (A™'D)(Xs) dM; + v(Xr,) — v(Xo) — MY,
__ fof” (A~'B)(X,) dMy + v(Xzp) — v(X0)

™
—/ Vo(X,)dM,.
0

Thus
eV Xtp) ™ ~
2 = o) eXP(fo (471 (b —b) = Vu)(X,) d M
(4.19) o 1 R
4 fo <q — 50— b)A~ (b — b)*)(Xs)dS>-

So Z;,, is well defined under P, for every x € D. Since v is bounded, b — be
LP(D;dx), Vv € L?(D;dx) and 1pqg € K,,, the theorem follows from Theo-
rem4.2. O

Recall that £ is the second-order differential operator defined by (1.3).

THEOREM 4.5. Let D be a bounded Lipschitz domain contained in some
ball Br, A be an n x n symmetric positive definitive matrix satisfying the con-
dition (3.1) of Lemma 3.1, |b| + |B| € LP(D; dx) for some p > n, and 1pq € K,,.
Let Z be defined in (4.17) and assume that Ex[Z.,] < oo for some x € D. Then
forevery f € C(dD), there exists a unique weak solution u to Lu =0 in D that is
continuous on D with u = f on d D. Moreover, the solution u admits the following
representation:

(4.20) ux) =Ex[Z:, f(X,)] forx e D.
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PROOF. Let u be defined by the right-hand side of (4.20). Recall that v is the

function in WO1 P (Bg) that is continuous on R” if we extend v = 0 off D in the
proof of Theorem 4.4. Define

~ T -~
2oy = exp<f0 "(A7 (b — b — AVV))(X,) d M,
1 D N -1 N *
—5/0 (b—b— AV)A~ (b —b — AVV)*(X,)ds
D o~
—/ (b—Db, Vv)(X5)ds
0

4 l/TD(W)A(vv)*(xs)ds +/TDq(Xs)ds).
2 Jo 0

We have by (4.19) that

ev(X‘[D) —~
Z

™ = eV (Xo) Zp-

Since the function v is bounded and continuous on D, it follows that E xolZzpl <

o~

+oo for some xo € D if and only if E, [Z;, ] < +00. Define g := e”u. Then
4.21) gx)= Ex[zm (€' f)(Xrp)] for x € D.
Let
1 & 9 0
L1:== — ;i (x)—
1= 2 ox; (“”(x)axj)

i,j=1

Xij

n - d
+ > (bi(x) — bi(x) — (AVD); () 7
i=1

~ 1
—(b—=Db,Vu)(x)+ E(VU)A(VU)*()C) +q(x).
By Theorem 4.3, g is a weak solution to the Dirichlet boundary value problem
L1g=0 inD and g= fe' ondD.

Moreover, g is continuous on D with g = fe” on dD. Hence, u = e~ g is bounded
and continuous on D with u = f on 3 D. Note that for any v € W(}’Z(D),

Q" (g, V) = (—=L1g, V)

1 < ag d
ZEZ/aij—g—wdx
ij=1 D axiax]'

S 3 )98
(4.22) _;/D(bl —b; —(AVv),)a)Cinx
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- / qg¥ dx +f (b—Db, Vv)gy dx
D R»

1 *
— E/D(VU)A(VU) () gy dx
=0.

Recalling the definition of the quadratic form @ from (1.6), we thus have for every
¢ € C(D),

e B9 [, dge™)
Qu, ¢) = Z/ - —;be, 2

0x;

~ 0
—Z/ bi—¢ge*” dx —/ qge "¢ dx
im1 D 8)6,' D
8g 8(e*“¢) / 8g de v
= —dx — = ¢d
Z / ij ox; Z ij o0x; ax, o

e’ ¢ g _
+ = Zf ajj ax ix; gdx—Z/b e 'pdx

(4.23)

— / gge ‘odx.
D

Applying (4.22) with ¥ = ¢e~¥ we obtain

—Z/ s )a_gawe 2

P2 ox; 0x;

_ Yy B w8
_;/Rn(b,(x) bi(x) (aVv),(x))BXigbe dx
+ [ awsgse dx
—/ (b—b, Vv)(x)g(x)pe dx

1 * —v
+ EA;{”(VU)A(VU) (x)gpe "dx.
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Substituting this expression into (4.23), we get after cancellations that

9
Qu, ) = Z/ bi(x)—— (g¢) e Vdx Z/ (AVv); (x)—¢>e—”dx

+/ (B,Vv)¢ge—”dx+§/ (VU)A(Vv)*gpe " dx
(4.24) ! e

In the sequel, we write div(-) for the divergence in the distribution sense. Now,

~ 0
i (x (8¢) e Vdx
3)6[

(4.25) = fR ) div(be V)g¢ dx

=f div(b)e Vg dx — / (b, Vv)gpge "V dx.
Rﬂ ]Rn
By virtue of (4.18),

/ diV(B)e_”g¢dx
Rl’l
1 . v
= _E/Rn div(AVv)e "gpdx
1 1
(4.26) = E/RH(AVU, Ve gp))dx — E/Rn(AVv, Vv)e Vgopdx
+l/ (AVv, Vg)e 'p)d
3 Jen v, Vg)e X

1
+ = (AVv,Vo)e "gopdx.
2 Jre

Combining (4.24)—(4.26), we arrive at

Qu, ¢) = —/n (A(X)Vu(x) - Vg(x)¢(x)e "™ dx

33 [t

1]1

ag de”?
¢dx+2/ (AVv,Vg)e Yo dx

=0.
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This shows that u is a weak solution to Lu = 0 in D. Recall that we have showed
earlier that u is continuous on D with u = f on dD.

It remains to show the uniqueness. Suppose that u is a weak solution to Lu =
0 in D and that u is bounded and continuous on D with u = f on dD. Then,
for any ¢ € Wy >(D), @(u, ¢) = 0. Let v be the solution of (4.18). Put g(x) =
€@y (x). Running the above proof backward, we can show that @*(g, ) = 0 for
any ¥ € Wol’z(D). Hence g is a weak solution to £1g = 0 in D that is bounded
and continuous on D with g = feV on dD. It follows from Theorem 4.3 that g is
given by (4.21). Arguing similarly as at the beginning of the proof, we conclude
that u can be expressed as in (4.20). This establishes the uniqueness. [

REMARK 4.6. Forb e LP(R"; dx), by [26], Theorem 4.1, there is a unique
bounded weak solution v € WOI’Z(B R) such that

div(AVv) = —2div(b)  in Bg.

Condition (3.1) of Lemma 3.1 is used to guarantee that Vv € L?(Bg; dx) for
some p > n [see (4.18)], which in turn by the Sobolev embedding theorem im-
plies that v € C(R") if we extend v = 0 on D°. Condition (3.1) can be dropped
from Theorems 4.4 and 4.5 if we assume directly that Vv € L? (Bg; dx) for some
p > n.

5. Generalized Feynman-Kac transform. In this section, we consider the
special case of (1.3) with b= b= —AVp, for some p € WH2(R") with |[Vp|* €
LP?(R";dx) for some p > n. Note that by Sobolev embedding theorem, p €
C(R™). As mentioned in the Introduction, the quadratic form (@, W2(R"))
in (1.6) takes the following form:

ou 8v d(uv) 8,0
Q(u,v) = ZJX:I/ lj(x) X+ Z/ aij (x) dx; 3)6]
(5.1
+ f u()v(x)g () dx
]Rn

foru, v € WH2(R"). Let X be the symmetric diffusion with infinitesimal generator
%V(AV). When g = 0, it is established in Chen and Zhang [7] that (@, WL2(R"))
is the quadratic form associated with the generalized Feynman—Kac semigroup
{T;,t = 0} defined by

Tf () =Ede™ f(X)],  xeR" 120,
where N is the CAF of X in the Fukushima’s decomposition of

p(X)) —p(Xo) =M +Nf,  1=0.
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(When A is the identity matrix, the above result is proved in [17].) Recall that M is
the martingale defined in (1.9) and that M,p = [é Vo (X,)dM;. Note that (cf. [3])

Ny =—3(M} + M or), t>0.
We thus have from (4.17) that, under the condition of Theorem 4.5, for every f €
C(0D),
(2]
ulx) =E, [exp(NfD —I—/O q(Xs)ds)f(XtD)}, x€odD,

is the unique weak solution to Lu = 0 in D that is continuous on D with u = f
on dD. However, we can do better in this case. More specifically, we can drop
condition (3.1) of Lemma 3.1 in this case.

THEOREM 5.1. Let D be a bounded Lipschitz domain in R". Let A be a sym-
metric n x n bounded positive definite measurable matrix on R*, p € W1-2(R")
with Vp € LP(R"; dx) for some p > n. Let operator L be defined by (1.3) with
b=b= —AVp and q € K,,. Define

t
Z,=exp(N,p+/ q(Xs)ds), t>0.
0

Then Z; is well defined under Py for every x € R".

(1) IfEx[Z:,] < oo for some xo € D, then x + Ex[Z¢,)] is bounded between
two positive constants on D.
(i1) Suppose that Ey)[Z,] < 0o for some xo € D and f € C(dD). Then

u(x) :=Ex[Z:), f(Xp)], xeD,

is the unique weak solution of Lu =0 in D that is continuous on D with u = f
on dD.

PROOF. (i) Since Vp € L?(R"; dx) for some p > n, by Sobolev embedding
theorem, p can be taken to be continuous on R”. By [13], Theorem 1, the following
Fukushima decomposition in the strict sense holds:

p(X) —p(Xo) =M+ N/, >0,

where M” is the MAF of X in the strict sense of finite energy and N” is the CAF
of X in the strict sense of zero energy. It follows

ZrD = CXP(IO(XID) — p(Xo) — MfD +/ 0 Q(Xs)ds)
0

_ exp(p(X¢p))
exp(u(Xo)) ="



TIME-REVERSAL AND ELLIPTIC BOUNDARY VALUE PROBLEMS 1041

is well defined under P, for every x € R", where

t 1 rt
Rei=ewp(~ [ Vpctoam — 3 [ (VoA ds
(5.2)

t 1 N
4 /0 (5<Vp)A(Vp> +q)(xs)ds).

Since p is bounded on D and Vp € LP(R"; dx), Ey[Z:,] < oo if and only if
E.[R:,] < o0, and so the conclusion of (i) follows from Theorem 4.2.
(ii) By (5.2),

" Du(x) =E [Rep(e” ) (X))l  forx e D.

Define
._lii<(i.( i)_A VoD -V 4 (VAT
9'_21-7]-:13)6,- aij X))axj (x px)*- +2( P)A(Vp)* +q.

It follows from Theorem 4.3 that v := ¢”u is the unique weak solution for Gv =0
in D that is continuous on D with v = ¢” f on dD. Unwinding it for u similar
to that in the proof of Theorem 4.5, we conclude that u € Wl]O’CZ(D) is the unique
weak solution of Lz = 0 in D, that continuous on D withu = f on dD. O

REMARK 5.2. To better illustrate the main ideas of this paper, we have not
strived to establish our theorems in the most general possible form. For example,
in Theorems 4.4, 4.5 and 5.1, the potential function g can be replaced by a signed
Kato class measure u, just like in Theorems 4.2 and 4.3.
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