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In this paper we first prove a Clark—Ocone formula for any bounded mea-
surable functional on Poisson space. Then using this formula, under some
conditions on the intensity measure of Poisson random measure, we prove a
variational representation formula for the Laplace transform of bounded Pois-
son functionals, which has been conjectured by Dupuis and Ellis [A Weak
Convergence Approach to the Theory of Large Deviations (1997) Wiley],
p. 122.

1. Introduction. Let W be a standard d-dimensional Brownian motion. The
following elegant formula for the Laplace transform of a bounded and measurable
functional F of Brownian motion was first established by Boué and Dupuis [1]:

o 1 1
(1) —1ogE[e—F]=infE[F(-+/ vsds)+—/ |vs|2ds],
v 0 2 Jo

where the infimum is taken for all processes v that are progressively measurable
with respect to the augmented filtration generated by Brownian motion. This re-
sult was later extended to Hilbert space-valued Brownian motion by Budhiraja and
Dupuis [3]. Furthermore, the author in [21] extended this representation to the ab-
stract Wiener space, and gave a simplified proof by using Clark—Ocone’s formula.
This formula has proven to be useful in deriving various asymptotic results in large
deviations (cf. [1-3, 16-18]).

For Poisson functionals, a similar representation formula has been conjectured
by Dupuis and Ellis in [4], page 122, from the background of control theory:

—logE[e_F]
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where the infimum is taken over all suitable controls ¢, and X is a controlled
Markov process with jump defined by the generator

LG43 = F @l v ).

Here, v, (dy) is the jump intensity of a Markov process.

However, there is no rigorous proof for this variational formula up to now. In
the present paper we will attempt to give a rigorous proof in a more general setting.
Roughly speaking, let (€2, P) be the canonical Poisson space (simple configuration
space over [0, 1] x R¢) and v an intensity measure on R¢. For any bounded random
variable F' on €2, we want to prove that

_ ~Fy 1 _ 0 —}
togE(e™) =infE| [ [ [6(0.1)log (3.9 (. 0)+ Lvldy)dr-+ Fory |

where the infimum runs over some classes of predictable processes, and I'; is a
predictable transformation on €2 associated with ¢.

In contrast to the Wiener space case, the main difficulty of proving this for-
mula comes from the nonlinearity of Poisson space. In particular, the Girsanov
theorem for the Poisson measure is related to some nonlinear invertible and pre-
dictable transformations on R¥ (cf. [5], Theorem 3.10.21). Indeed, the definition
of the above Ty depends on solving a mass transportation problem or the classical
Monge—Ampere equation. More precisely, to a given positive function ¢, we need
to seek an invertible transformation x — y(x) of R such that, for all test functions
f e Co(RY),

[, rowman = [ rmewma.

which is formally equivalent to solving the following nonlinear PDE in the case of
v(dx) =0(x)dx:

0y~ (x)) - det(Vy ™1 (x)) = 0(x)g (x).

For an optimal mass transportation problem, we refer to the book of Villani [20].
Since our problem has no constraint conditions on y, an easy solution can be con-
structed when v has full support and no charges on d — 1-dimensional subspaces,
and satisfies an extra mild assumption. More detailed discussions are given in Sec-
tion 5.

In order to prove the above variational representation formula, the first step is
to establish the following Clark—Ocone formula: for any bounded functional F,

1
F:EF—l—/ / pD(uvt)Fﬁ(du,dl‘),
0JU

where 1 is the compensated Poisson random measure, ” D, ) F is the predictable
projection of D, ) F and D is the difference operator [see (6) below]. The proof
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of this formula depends on an integration by parts formula given in Picard [11, 12].
Although there are many martingale representation formulas for Poisson function-
als (e.g., see [8, 9, 13]), the well-known results are mainly concentrated on the
representation for functionals in the first order Sobolev space by using the Chaos
decomposition. The main point for us is that D, ;) F is a bounded predictable
process.

This paper is organized as follows: In Section 2 some notation and necessary
lemmas are given as preliminaries. In Section 3 we prove the Clark—Ocone formula
for bounded Poisson functionals. In Section 4 we shall prove two variational rep-
resentation formulas for Poission functionals. One (Theorem 4.4 below) is weaker,
and needs no assumption. Another (Theorem 4.11 below) is stronger, and needs to
work in a locally compact metric space, and also requires some extra assumptions
[see (H1) and (H2) below]. In Section 5 we discuss these two extra assumptions,
and give a solution when U = R? and the intensity v satisfies certain assumptions.

2. Preliminaries. Let U be a Lusin space, that is, a Hausdorff space that is the
image of a Polish space under a continuous bijection. We fix a o -finite and infinite
measure v on (U, 8(U)). Since U x [0, 1] is still a Lusin space and has the same
cardinality with R, it is well known that (U x [0, 1], B8(U x [0, 1])) is isomorphic
to ([0, 11, B([0, 1])) (cf. [6], Proposition 8.6.12, and [10], Theorem 2.12). This
property was used in the proof of [12], Theorem 1, and so in [11], Lemma 1.4 (see
Theorem 3.2 below), which will be our basis for subsequent proofs.

Let Q be the space of all integer-valued measures w on U x [0, 1] such that
w({u,t}) <1 for any (u,t) € U x [0,1], and w(A x [0, 1]) < 400 for any
A € B(U) with v(A) < oco. The canonical random measure on £2 is then defined
by

Uao(A x (0,1]) :=w(A x (0,1]), te€[0,1], A e B).
The filtration (F;)s¢[0,1] is defined by
Fi i =0{ueuw(A x O,s]):s <t,AeBU)}.

We shall simply write 7 as ¥ . Let [P be the probability measure on (2, ) such
that ., is a Poisson random measure with the intensity measure v(du). That is, for
any A € B(U) and ¢ € [0, 1], the random variable w — (A x (0, ¢]) is a Poisson
random variable with mean v(A) - 7, and w — ,(I; X Aj) are independent if the
sets I; x A; are disjoint. We shall also denote by /i, the compensated Poisson
random measure [, — 7, where m(du, dt) := v(du) x dt, and dt is the Lebesgue
measure on [0, 1].

Let J’-',P be the completion of £; with respect to P, then (2, & P p. (?’,P) 1€[0,11)
forms a complete filtration probability space. We shall denote by & the predictable
o -field associated with (?}P) re[0,1]> Which is generated by all left continuous thP—
adapted processes. For the simplicity of notation, we shall write for p € [1, 00]

LP:=LP(U x [0,1] x €, B(U x [0, 1])X?P,nx]P’)
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and
LY :=LP(Ux[0,1] x Q, B(U) x £,v x dt x P).
Let € be the linear span of the following simple processes:

() du,t, @) = 1lg,4@) g, w),
where 0 <7y < t; <1 and g is bounded and B (U) x F;,-measurable and satisfies
3) gu,w) - 1yc(u) =0 for some U € B(U) with v(U) < +o0.

REMARK 2.1. For g € B(U) x 5‘-"5’, by the monotone class theorem, we can
finda g € B(U) x ¥, such that g = g, v x P-a.s.

The following lemma is standard. The construction will also be used in the proof
of Lemma 4.8 below.

LEMMA 2.2. ¥ is dense in ]Lf;) forany p €[1, 00).

PROOF. We sketch the proof. Let ¢ ]ng. For ¢ € (0, 1/2), we first extend ¢
to [—2¢, 0] by setting ¢ (u, t, w) =0 for ¢t € [—2¢, 0], and then define

1 rt s
¢e(u,t,a)):=—2/ ¢, r,w)drds, t €0, 1].
& Jt—e Js—¢

Obviously, t — ¢ (u, t, ) is a continuous differentiable and .‘Ftp—adapted process,
and satisfies

1 1
/|¢g<u,r,w>|f’drs/ b, 1, )P dt,
0 0

1 o+l rl
/ 6ot )Pt < —— [ |G, 1, )| dt.
0 0

ep
Second, for ¢ € (0, 1/2) and n € N, we define
n—1
Gen(u,t, w) = Z 1(kn*l,(k—i-l)n*l](l‘) e (u, kn_la w).
k=0
Then

1 1
/ (e (s 1, )P di < sup |¢g(u,z,w)|Ps/ .G, 1, )| dt.
0 te[0,1] 0

Last, let (U;;)men be an increasing sequence of Borel subsets of U such that
U U =U and v(U,,) < +00, and define

", kn~, w) := (—m) v (¢ (u, kn™', @) Am) - 1y, (u).
By the diagonalization method and the dominated convergence theorem, we may

find the desired approximation in LY, by Remark 2.1. [

We recall the notion about the relative entropy as follows (cf. [4]).
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DEFINITION 2.3. Let &2(R2) denote the set of all probability measures defined
on (2, F).For y € #(), the relative entropy function R(-||y) is a mapping from
Z(R2) into R U oo given by

’ d]//
RO/ ly) =27 (10g ).
14
whenever y’' € Z2(Q2) is absolutely continuous with respect to y such that the
above integral is finite, where EV denotes the expectation with respect to y’. In all
other cases, R(y'||y) := oo.

The following proposition can be found in [4], Proposition 1.4.2.

PROPOSITION 2.4. Let y € P (Q), and F a bounded random variable on
(2, F).

(1) We have the following variational formula:

—logE" (e F)= inf [R(Y EY (F)].
2= inf RO/ Iy) + B ()

(ii) The infimum in (i) is uniquely attained at the probability measure Yy de-
fined by

4) y(dw) =e @ /EY (e7F) . y (dw).

The following contents will be used in the second part of Section 4. In order
to prove the variational representation formula for Poisson functionals, we need to
endow €2 with a suitable topology such that €2 becomes a Polish space. For this, we
assume that U is a noncompact locally compact connected complete metric space,
and v is a Radon measure on U. Let C.(U x [0, 1]) denote the set of all continuous
functions on U x [0, 1] with compact supports. The topology on 2 is taken as the
weakest topology such that, for any f € C.(U x [0, 1]), the function

1
® o= )= [ [ feome@ndn = Y s

(u,t)esupp(w)

is continuous, where supp(w) is the support of integer-valued Radon measure w,
and the sum only has finite terms. By [15], Theorem 1.8, €2 is a Polish space under
the above topology.

The following result can be found in [1], Lemma 2.8.

LEMMA 2.5. Lety € P () and {y,,n € N} C P () satisfy

sup R(ynlly) < +oo.

neN
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(1) If {Fx, k € N} is a sequence of uniformly bounded random variables con-

verging to F, y-a.s., then

lim supE"|Fy — F|=0.

k—00 ;N

(1) If y, converges weakly to the probability measure y , then for any bounded
random variable F on (22, )

3 ¥n — Y
lim B (F) = (F).

Let C be the set of all cylindrical functions on €2 with the form

F(w) :=h((f1, Lo)s -+ (fn: Ho)), heCZRY), fi € Cc(U x [0, 17).

We also need the following standard result.

LEMMA 2.6. Let F be a bounded random variable on (2, FE, P). Then there
exists a family of functions F, € C with sup,, || Fylloc < ||Fllec Such that for IP-
almost all w

F,(w) —> F(w), asn — oQ.

PROOF. We sketch it. Let Co(U x [0, 1]) be the completion of C.(U x [0, 1])
with respect to the uniform norm, which is then a separable Banach space. Let
{fi,i e N} € C.(U x [0, 1]) be a countable dense subset of Co(U x [0, 1]). We
define @, := o {(fi, w),i = 1,...,n}. Then @QF + Q% = FP. First, let G, :=
E(F|@py), then there exists some bounded measurable function g, on R” such that

Gn(@) =hpy((f1, heo)s -5 (fas Ho))-

Next, using the usual localizing and mollifying techniques, we may approach &, by
hnx € C°(R™). By the diagonalization method and extracting some subsequence
if necessary, we then get the desired approximation sequence. [J

3. Clark—Ocone formula. Let us first recall some definitions about the dif-
ference operator given in [11, 12]. For a fixed (u, t) € U x [0, 1], define the trans-

formation ¢, ;) and sat) on 2 by removing and adding a mass as follows: for

Ae B(U x [0, 1]),
(£ @) (A) == (AN {(u, D))

and
(68 @) (A) = (g5, ;@) (A) + La(u,1).

It is clear that (u, t, w) — si’t)a) are B(U x [0, 1]) x ?P/fp—measurable.
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For a functional F on €2, the difference operator D is defined by
(6) Dy F(w):=Fosf, ,(w) — F().

Clearly, it is well defined except on a w x P-null set V. In the following, we always
put Dy nF(w) =0 for (u,t,w) € N. Fora ¢ € L!, the divergence operator § is
defined by

1
5@)@) = [ [ .12, 0o (du.do).
We need the following simple lemma.

LEMMA 3.1. Forany ¢ € €, we have
1
s@)@ = [ [ d.r.w)iodu.dn.

PROOF. Let ¢ € ¢ have the form (2). Notice that for any A € ¥, and ¢ >
fo, u € U,

IAOS(;J) = IA‘

Since g is bounded and 8(U) x ¥ -measurable, by the monotone class theorem,
we have for any 7 > 1y

g(u, 8(_1”)0)) =g(u,w).

Hence,

1 ~
8(¢)(w) :/()/Iul(to,n](l) - 8(u. 85, o) il (du, dt)
] ~
:/Ofwl(to,n](t) - g(u, w) iy, (du, dr)

:/(;I/qub(u,t,a));lw(du,dt).

The result follows. U
The following integration by parts formula can be found in [11], Lemma 1.4.

THEOREM 3.2. Let ¢ € L' and F be a bounded random variable. Then
1
E(FS8(¢)) = E(/ / D F - du, ) (du, dt)).
0JU

Before proving the Clark—Ocone formula, we recall the following classical pre-
dictable projection theorem (cf. [19], page 173, Theorem 5.6).
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LEMMA 3.3. Let ¥ be a bounded measurable process on U x [0, 1] x Q.
There exists a unique (up to indistinguishability with respect to t for each u) pre-
dictable process ¢ € ILE such that for every predictable stopping time T and u € U

(7) E(Y @, 1) leoo)Fr) =9, ) - lir<o),  P-aus.
We shall write ¢ as P, which is called the predictable projection of .

PROOF. (Uniqueness) Let ¢; and ¢, be two predictable projections of . Set

A={u,t,w):¢p1(u,t,w) # ¢2(u, t,w)}.

Then for each u € U, the section I, (A) := {(t, ) : (u,t, w) € A} € L. By the sec-
tion theorem (cf. [19], page 172, Theorem 5.5) and (7), we have P(IT(I1,(A))) =0,
where IT1(I1,(A)) = {w:(t,w) € I1,(A), 3t € [0, 1]}. Hence, for every u € U,
¢1(u, -, -) and ¢ (u, -, -) are indistinguishability.

(Existence) Let M be the class of all bounded measurable processes i pos-
sessing a predictable projection. It is clear that M is a vector space containing the
constants. Moreover, M is also a monotone class. In fact, let ¥, € M be a uni-
formly bounded increasing sequence with limit 1. Let ¢, be the corresponding
predictable projection of v,. It is then easily checked by the monotone conver-
gence theorem that lim ¢, is the predictable projection of .

Hence, it is enough to prove that M contains all the processes of the form
Y(u,t,w) =10, () - g(u, w), which generates the o-field 8(U) x B([0, 1]) x
FP, where g is bounded and B(U) x & P_measurable. Define

G, 1) = 110,11 - E(g )| FL).

By Doob’s optional stopping theorem, one then finds that such ¢ is a predictable
projection of ¥r. The proof is complete. [

We now prove the following Clark—Ocone formula.
THEOREM 3.4. Let F be any bounded random variable on Q2. Then
1
®) F=EF+ [ [ 7D Fitdu.do),
0JU

where P D, F € ]L%; NILZ is the predictable projection of D, ) F. Moreover,
1 ) 2
E(/ f P Dty F| " (du, dl)) < +00.
0JU

PROOF. It is well known that there exists a predictable process ¢ € IL%) such
that (cf. [7])

1
F=E(F)+/0/U<p(u,z),1(du,dt).
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By Lemma 3.1 and the isometry formula of the stochastic integral, we have for any

pet€
1

©) E(F8(¢>>=E(/ f w(u,r>-¢(u,r)n(du,dr)).
0JU

On the other hand, by Theorem 3.2 and Fubini’s theorem, we have for any ¢ € ¥

1
E(F(S((]S)):E(]O/UD(,,,t)F-qb(u,t)ﬂ(du,dt))

1
= [ [ E@Dwn FIFE) - o, 0)(du,d,
(10) 0Ju

1
[by (7)]=/0'/[[‘jE(pD(u,,)F-qﬁ(u,t))n(du,dt)

1
=E</O/UPD(M’,)F'¢(u,t)n(du,dt)).

The formula (8) now follows by combining (9), (10) and Lemma 2.2.
By BDG’s inequality (cf. [5], Theorem 4.1.12) and (8), we have

1 2 1
E(/ / |”D(u,z)F]2M(du, dl)> < CE(/ f PDw.nFi(du, dt))
0JU 0JU

<CE(F —EF)*,

4

where C is a universal constant. Hence,

1 2 1 2
E(f/]pD(u,z)Flzn(du,dt)> 5CE<//|pD(u,,)F|2,&(du,dt))
0Ju 0Ju

1 2
- CIE(f / |” Dy F|* u(du, dt))
0JU

1
§CE(/ / |PD(M,,)F|4M(du,dt)>
0JU

+ CE(F —EF)*

1
:CE<//yPD(u,,)Fy“n(du,dt))
0JU

+ CE(F — EF)* < +o00.
The proof is complete. [
REMARK 3.5. In general, it is not known whether E(D(M,I)Flﬁﬁi) is pre-

dictable, although for fixed (u,t) € U x [0, 1], E(D(u,t)Fp‘t,Iﬁ) =PDynF as.
by (7). However, Lgkka in [8], Theorem 7 and Proposition 10, proved that
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for Lévy functional F, if F belongs to the first-order Sobolev space, (u,?) —
E(DwnF |?}Hi) is predictable. Compared with Lgkka’s result, Theorem 3.4 only
requires that F is bounded, and more importantly, the bound of ” D, ;) F can be
explicitly calculated from F, which is crucial for the next section. Moreover, this
would also have some applications in mathematical finance as in [8], Section 5.

4. Variational representation formula. We begin with the following ele-
mentary lemma.

LEMMA 4.1. Let cy > —1. Then for some C > 0 and any x > cy,

(11) llog(1 +x)| <Clx|,  [log(14x) — x| <Clx|?
and
(12) |(1+x)log(1 +x) — x| < C|x|?.

Leto € IL?P be a bounded predictable process satisfying

(13) d(u,t,w) >cy>—1
and
2
(14) IE(/OI/Uqb(u,t)zn(du,dt)) < to0,

and such that t — &;(¢) is a square integrable }”,P—martingale, where

t
& (P) :==exp log(1 4 ¢ (u, s))ii(du, ds)
e[

+ [)’/Hj[log(l +¢u,s)) —¢(M,S)]7'r(du,ds)},

By (11), & (¢) is well defined. All such predictable processes will be denoted
by ¥.

PROPOSITION 4.2. Let0 < co < F < c1 be a random variable on 2. Then for
some ¢ €9,

E(F|F) =EF - &(¢), Vi €[0,1].

More precisely,

pD(u,t)F

_— 7w x P-a.s.
E(F|F:-)

(16) ¢, 1) =



516 X.ZHANG
PROOF. By Theorem 3.4, we have
M, =E(F|F)=EF + fot/UpD(u,s)F[L(a’u, ds).
Let ¢ be given by (16). Then, it is clear by Theorem 3.4 that ¢ € ]L?? NLZ and (14)

holds. For (13), it only needs to notice that by (7) and (6)

E(F oef, 1 %i-)

PuD="FFrE,

€0
>——1, w X P-a.s.
C1

On the other hand, if we define
t
Xpi= [ [ g s)icau.ds).
0JU
then by ¢ € ]LCZ(P, X is a square-integrable }”tp—martingale, AX > i—‘l’ —1,and
t
M;=EF —|—/ M,_dX;.

0

By [14], page 84, Theorem 37, we have

M; =EF -exp{X;}- [] [(1+ AXy)-exp{—AX,]}]

O<s<t
(17)
:EF-exp{X; + > [log(1+ AXy) — AX,]t.
O<s<t
Observing that by (11)

t
> llog(1 +8X,) = AX,1= [ [ [log(1+¢(u.9) = 9. )}u(du.ds)

O<s<t

=/0/U[10g(1+¢(u,s))—qﬁ(u,s)]/l(du,ds)

t
+ /0 /U[log(l +¢u,s)) — ¢, s)|m(du,ds),
we obtain by substituting this into (17)
E(F|F) =M, =EF - &(&),

which then implies that # — &;(¢) is a square integrable }‘IP -martingale, and so

pe¥. O
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PROPOSITION 4.3.  For ¢ € 4, define a new probability measure on (2, FF)
by

(18) dPy := &1(¢) dP,
then for any ¥ € IL?P,
t t
to [ v studs) — [ v oo, ds)
0JU 0JU
is a square integrable ?’tp-martingale under Pg.
PROOF. Note that by [t6’s formula, &; (¢) solves the following linear equation:
t
5@ =1+ [ [ &-@)- s )idu.ds).
If we put Z, := fé Ju ¥, s)i(du,ds), then
t
Z.6@)i= [ [ E-@ v g u.ds).
By the Meyer—Girsanov theorem (cf. [14], page 133, Theorem 36), we know that
to1
oz [z
")y G (Z,8())s
is a square integrable ?’,P—martingale under Py. The result follows. []
We may prove the following representation formula.

THEOREM 4.4. Let F be a bounded random variable on Q2. Then

(19) —logE(e~ ) = inf EF¢(F + L(9)),
P’
where Py is defined by (18), and
1
(20) L(¢):= /0 /U[(l + ¢ (u,s))log(l + ¢ u,s)) — ¢ u,s)|m(du,ds)
is well defined by (12). Moreover, the infimum is uniquely attained at some ¢ € Y.

PROOF. For any ¢ € ¢, by Jensen’s inequality, we have
—log E(e—F) =—log EP¢ (e—F—log(dIP’¢/dP))

< EP4(F) + R(Py|P).
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By (18) and (15), we have

o/ [!
RPy|P) =E <”(/0 /Ulog(l + ¢ (u,s))i(du,ds)

1
+ [ frog(1+ 6 w.) — 9} ds) ).

By Proposition 4.3, we know that

I /(;lfUlog(l + ¢ u, s))ix(du, ds) — /OI/U¢(M’S)IOg(1 + ¢ (u, s))m(du,ds)

is a square integrable }”tp—martingale under Py. Hence, by (12), (14) and Holder’s
inequality,

1
R(P|IP) = E%s (/O /U[(l + b, ) log(1 + ¢, 5)) — ¢, )] (du, ds))

gu-z((gq((p)./01/U|¢(u,s)|2n(du,ds)> < +oo0.

Thus, the upper bound is obtained.
For the lower bound, by Proposition 4.2, there exists a ¢ € ¢ such that
E(e=F)=eF . &7 (¢). Thus, we have
—logE(e™F) =EF*(F) + R(P4|P) = E**(F + L(¢)).

The uniqueness follows from that when the infimum is attained, then Jensen’s
inequality becomes an equality. The proof is thus complete. [

We now turn to proving another representation like (1) about the formula (19),
which was conjectured by Dupuis and Ellis [4], page 122. For further discussions,
we need to consider a noncompact locally compact connected complete metric
space (U, p), and assume that:

(H1) For each ¢ € ¢, there exists an invertible transformation with respect to u,
Ye:Ux[0,1] x 2 — T, Usuts ypu,t,w) €U,

such that
Q) v4.v, €BU) x 2/BU);

(>i1) voy{{1 = (1+¢)-v, thatis, for (ds x dP)-almost all (s, w) € [0, 1] x Q
and any bounded measurable function f on U

/ij(yqa(u,s,w))V(du):/Uf(u)-(1+¢>(u,s,w))V(du);

(iii) for each 1 € [0, 11, ¥4, l10.11 = ¥pli0.1 and ¥, '1j0.c1 = ¥4 'lj0.11, where
¢t = - 110,
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.
K
l, .
ul [{----+
i
i
.
U2 [4----e
\

FI1G. 1. Transformation: Ffpt.

(H2) Let ¢, ¢y € ¢ satisfy —1 < co < ¢, ¢, < c1. If ¢, converges to ¢ in L?P,
then there is a subsequence ny (still denoted by n) such that for (x x P)-
almost all (u, s, w),

. o -1 -1 _
Jim o (v, (U, s, 0), yp(u, s, w)) = lim p(yy “(u,s, ), y, (u,s, ) =0,

where p is the metric on U.

REMARK 4.5. The invertibility is understood in the measure sense, that is,

V¢(Vq§1(u,t,w),t,w) = J/Jl(m(u,t,w),t,w) =u, 7 x P-as.

However, by a suitable redefinition procedure, one may assume that the above
identities hold for all (u, t, w) € U x [0, 1] x . In fact, for some (dt x P)-null
set A € & and each (¢, w) ¢ A, there exists a v-null set N ) € 8(U) such that

V¢ (-, t, ) is a one-to-one and onto mapping on N(Ct’w). Thus, yg =Yy and Yo =

Yo ! may be redefined as follows:

+ : c
');(;t(u’ [, a)) = { yd) (M’ t7 (,()), lf (t’ Cl)) € AC and u e N(t,a))’
u, otherwise.

In the sequel, we still use yqjt to denote these redefinitions.

The above constructed y; induce predictable transformations F; on €2 as fol-
lows (see Figure 1):

1) 0> Ty, (@) = (5 (@)x(),

where (y(;t)*(a)) denote the image measures of  under transformations (u, t)
()/¢jE (u,t, w),t). In particular, for each w € €2,

(22) L) T @) =T (T ) (@) = @.

In what follows, we sometimes simply write F(j(w) (resp. T'y(,) as Ty
(resp. I'; ). The following Girsanov theorem can be found in [5], page 165.
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THEOREM 4.6. Assume (H1). For any ¢ € 9, the mapping w — KTy (e) IS Still
a Poisson random measure under Py with the same intensity measure v, where Py
is defined by (18). In particular,

Py o (Ty) ' =P,
where Py o (Fd))*l denotes the image measure or distribution of w — I'y(w) un-
der Py.

We now prepare several lemmas for later use. The following lemma is direct.

LEMMA 4.7. Assume (H2). Then Po (F;En)_1 weakly converges to Po (F;f)_l
as n — oo.

PROOF. It only needs to prove that for P-almost all w € €2, F(fn (w) converges

to Fj (w) with respect to the weak topology defined by (5). That is, for any f €
Cc(U x [0, 1D),

(f. Hre (a))> —(f, “rj(@)-

As in Remark 4.5, by (H2), we assume that for P-almost all w and all (u,t) €
U x [0, 1]

. + + _
nll)lrolop(yqﬁn(uvtva))ayd) (M,t,a)))—o.
Since f has compact support in U x [0, 1], we have

(fitrz )= 2 f@t0).0

(u,t)€supp(w)

- > fO ),

(u.1)€supp(e)
= (f’ Mrj@))-
The result follows. O

We introduce the following subclasses of 4 and ¢”: For —1 < ¢g <0and ¢; > 0,
peY) CcYGorpecby Cctif
co<¢=cy.
It is noticed that 6] C ¥, by (3).

LEMMA 4.8. Let —1 <cy <0 and c1 > 0. For any ¢ € S%‘;)l, there exists a
sequence ¢, € Coy such that

1
23 Jim [ iy .0) = g0 Pr(du.dn) =0,
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and

(24) Jim E|L () — L(p)| =0.

PROOF. As in the construction in Lemma 2.2, it is easy to find the desired ¢,,.
As for the limit (24), it follows from the construction of ¢, in Lemma 2.2, (12) and
the dominated convergence theorem. [

LEMMA 4.9. Assume (H1). Let g be a bounded .ﬁp—measurable function.
Then for any ¢ €9,

gy (@)=¢Ty (), Paao,
where ¢y = ¢ - 1[0.1].

PROOF. By the monotone class theorem, it is enough to consider cylindrical
function g with the following form:

g(a)) = h((f17 Ma)>7 L) (fl’l? Mw>)7 h e Cgo(Rn)v ﬁ G C(,(U X [0, t])‘
For this type g, the desired equality follows by direct calculations and (iii) of (H1).
g

The following lemma is crucial for the proof of Theorem 4.11 below. The main
idea comes from [1, 3] (see also [21]).

LEMMA 4.10. Assume (H1). Let —1 < co <0 and ¢y > 0. For any ¢ € SO”CC(.)I,
there are two @, q3 € 6e) such that for any bounded random variable F on Q

(25) E'é(F + L()) =E(FoT, +L(¢)).
(26) E*(F + L(#) =E(F oT; + L($)),
where the functional L is defined by (20). Moreover,

27) R(Po(Ty) " |P) =E"(L($)) =EL(#).

PROOF. Let ¢ € 6, have the form
n
pu.t, o)=Y L0 g ), g ecBU) xF,.
i=0
Let us construct g; as follows:
go(u, w) = go(u, w)
and fori=1,2,...,n—1,

8i(u, @) =gi(u,Tg (@),
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where
i—1

Gi(u, b, 0) =" 140,10 - & (u, w).

Jj=0
Finally, we let
P, 1, ) = p(u, 1, ).

From the construction, it is clear that q3 € Céfol . Moreover, it is not hard to verify by
Lemma 4.9 and induction that ¢ satisfies

(28) Gu,1,0) = P(u,1, T, (@)).
Similarly, one may construct ¢ € %y such that

du,t,0) =p(u,t,T ().

$(w)
As above, by induction, Lemma 4.9 and (22), one can verify
(29) P, t,0) =, 1, Ty ().
Now by Theorem 4.6, we have
(30) Pd;o(rqg)—‘ =P=Pyo0(Ty)"".

Hence, we obtain by (22) and (28)
B8 (F + L(@) = 3 (F Ty ) (T3 () + L@ (T))
=E(FoTy, +L(9),
as well as by (22) and (29)
B (F + L) =E"*(F(T; . (Tp(:) + LGTp))
=E(Fol'S +L()).
Moreover, by (30), (28) and (22), we also have
Po(ly)™' = Py
and so,
R(Po (I;) ' IP) = R(P4IP) =E4(L($)) =E"#(L($(T'j))) = EL($).

The proof is complete. [J

We are now in a position to prove our main result in the present paper.
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THEOREM 4.11. Assume that (H1) and (H2) hold. Let F be any bounded
random variable on Q2. Then

_logE(e_F) - (,}BQ;E(F o qu + L(¢))
= inf E(Fo F(; + L(¢)),
pe6l

where L(¢) and Ty are defined by (20) and (21) respectively, and
31) o =e 2Fllo _ 1, Bi=1+ 2lFl,

PROOF. (Upper bound) Let ¢ € 4. Then ¢ € 4, for some o € (-1, 0],
c1 > 0. Let ¢, € 6 be as in Lemma 4.8. Let ¢, € 6, be the corresponding
one constructed in Lemma 4.10. Then, by (19) and (25),

(32) —logE(e™F) <E'i (F + L(@n) =E(F o T, + L(¢n)).
Noting that by (27) and (24)
supR(Po (r@)—‘ |P) = supEL(¢,) < +00,

we have by Lemma 4.7 and (ii) of Lemma 2.5
nli)ngoIE(F oy )=E(Foly).
Hence, by (32) and (24),
—logE(e™ ") <E(F o Ty + L(9)),

which gives the upper bound.
Moreover, by the lower semi-continuity of R(-||P) (cf. [4], Lemma 1.4.3), we
also have

R(Po(Ty) '|IP) < lim R(Po (T, )~ "|P)

n—oo

(33)
= lim EL(¢,) <EL(¢), forall ¢ € 9.

n—oo

(Lower bound) We divide the proof into two steps.

(Step 1): First of all, let F € C have the following form:
F(w)=g({(f1, o), - (fns o)), g€ CXMY), fi € C.(U x [0, 1]).

Then, by (6) and a simple calculation, we have

n
(34) DgnyeF@| = |e=FEln® _ oF@)| < ¢ S fiw o),

i=l
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where C is independent of (u, t, w).
Set

pD(u’z)e_F

P B E)

It is clear by Proposition 4.2 that ¢ € 5%8 , where «, B are given by (31). Let

¢n € ‘5&3 be as in Lemma 4.8. By (34) and the construction of ¢,,, there exists
alU CcUwithv(U) < +o0o such that forall n € N

(35) lpu(u,t, @) <C-1y@), 7 xP-ae.

By limits (23), (24) and extracting a subsequence if necessary, we may further
assume that

On — @, 7w x P-a.e.
and
L(¢n) — L(9), p(pn) — (), P-a.e.
By (35) and the dominated convergence theorem, we have
(36) EFon (F + L(¢y)) — EF*(F + L($))  asn— co.
Moreover, by Proposition 4.2, we have
e F =K 9.
So, by (36) and (26), we have for any ¢ > 0 and n large enough
—logE(e™F) =E™(F) + R(P4|IP)
=EP(F + L(¢))
> E o (F + L(¢y)) — ¢
=E(Fo r; + L)) —e¢.
The lower bound now follows by qASn € %’? (see Lemma 4.10).

(Step 2): For any bounded random variable F on (€2, ¥ ), by Lemma 2.6, there
exists a sequence F,, € C such that

(37) sup | Fulloo < 1 Flloo
n
and
lim F,=F, P-a.s.
n— oo

For any ¢ > 0 and F,,, by Step 1 and (37), there exists a ¢, € ‘5&3 , where «, B are
given by (31), such that

(38) —logE(e™ ") = E(F, 0Ty + L(¢n)) — €.
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In view of (33), (38) and (37), we have
sup R(Po (T )~ |P) < supEL(¢) < +00.
n n

Therefore, by (i) of Lemma 2.5,
nlggoE|Fn or(;n - FOF;,,' =0.
Using the dominated convergence theorem to the left-hand side of (38) gives that,
for sufficiently large n,
—logE(e ") = E(F o T, + L(¢y)) — 2.

Since ¢, € ‘gf and ¢ is arbitrary, we thus complete the proof of the lower bound.
O

REMARK 4.12. By the same argument as in the proof of [1], Theorem 5.1,
the F' in Theorem 4.11 can be any random variable bounded from above.

5. (H1)-(H2) and mass transportation problem. In this section we give a
more concrete description for (H1)—(H2). Let (U, p) be a locally compact complete
metric space, and v a o-finite and infinite measure on (U, B8(U)). Let % be the
set of all positive measurable functions on U bounded from above and also from
below.

QUESTION. Under what constraints, for each ¢ € %, does there exist a unique
invertible measurable transformation y, on U such that v o Yo = ¢ - v, that is,

(39) /Uf()/qs(u))V(du) = /Uf(u)qﬁ(u)V(du), VfeC(U)?

Moreover, for 0 < Co < ¢, ¢, < Cy, if ¢, converges v-a.e. to ¢, does it hold that

40)  lim p(yp, (). vp) = lim p(yy @)y, @) =0,  v-aau?
Obviously, if this question has a solution, then (H1) and (H2) are satisfied. We

remark that the required predictability follows from continuous dependence (40)

with respect to ¢. In the classical problem of optimal mass transportation, the
constraint is given by minimizing the following cost functional (cf. [20]):

inf /U c(p . Yo ) v(du),

where c is a convex function on R .
Let us look at the case of U =R? and v(dx) = 0 (x)dx. It is clear that (39) can
be reduced to

0(yy (1) det(Vy, ' (x) = ¢ (00 (x),
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where V denotes the gradient. If we further require that y,,- Y(x) is the gradient of
some strictly convex function /(x), then we need to solve the following classical
Monge—Ampere equation:
0(Vh(x))det(V2h(x)) = ¢ (x)6(x).

For this equation, there are many literatures to study it, for example, see [20] and
references therein. Since our problem is looser, we can find an easy solution when
U=R"

Let us first see the one-dimensional case. Let v have full support and no atoms.
There are three possibilities:

(D) v([0, +00)) = v((—00, 0]) = +o00,
(2) v([0, +00)) = 400, V((—00, 0]) < 400,
3) v(0, +00)) < 400, v((—00, 0]) = +o00.

It suffices to consider the first case. The others are analogous. Let ¢ € % . In the
first case, note that for x > 0

X 0
D4 (x) ::/0 ¢w)v(du) and D_(x):= i ¢ (w)v(du)

are strictly increasing continuous functions on [0, +00), and @4 (+00) = +00.
Define for x >0

Vo (x) = d (0, x]),  yp(—x) == W([—x,0])).

It is clear that y, is an invertible continuous transformation of R, and for any
a<b,

Yo (D)
@1 v([a,bD:[ v,
Yo la

which means v o y;l =¢-v.
We now verify (40). For 0 < Co < ¢, ¢, < C1, assume that ¢, converges v-a.s.
to ¢. Noticing that by (41)

y¢n(x) }/¢(.X)
/ G ) v(dut) = / ¢ (v (du),
0 0

we have by the dominated convergence theorem

Yobn (X) 1
f v(du)
1z

S -
»(X)

Ve (X)
f B () v(duc)
Vo (X)

¢ (x

— 0.

1 Vg (x)
=C—O‘f0¢ () — $ () v(du)

Since v has full support in R, it follows that

iy, () =y (x)| = 0.
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Similarly,

-1
. -1 -1 . Ve (x)
Jim 1y = vy @l = tim | [ @00 - g)vian| =0,

For the multi-dimensional case, we assume that v has full support and no
charges on d — 1-dimensional subspaces, and one of the following conditions
holds: Forany x; e R — {0},i =2, ...,d, letxi+=x,~ VOandx; =x; AO,

+ + + +
/ oo 4 Xd . 0 Xy X .
an fo fx2_+...fxadv_oo,f_oofxzjr...fx%rdu<oo’
2" fooofxf M gy < o0, fi)oofx} e M dy = o0;
X2+ Xd+ )C2+ xd+
X X 0 X X
3) fooo[x; .../xf dv = oo, f_oofxzz ...fxf dv = 0.

REMARK 5.1. Let 6 > ¢o > 0 be a continuous function on R?. If v(dx) =
0 (x) dx, then (3’) holds.

We consider the first case. The others are analogous. Without loss of generality,
we assume d =2 and fix a ¢ € % . For x1, x € R, with x3 # 0 let a4 (x1, x2) and
By (x1, x2) be the unique elements in R such that

+

X1 X, ag(x1,x2) )62+
f dv :/ / ¢dv
—00 Jxy —00 Xy

2

Bp(x1.x2) x5 X1 pxg
/ / dv =f ¢dv.
—00 Xy —00 Jxy

For x5 =0, set i (x1, 0) = x| = By (x1, 0). By the assumption (1'), oty and By are
well defined functions on R x R, and a4 (00, x2) = B(00, x2) = o0.
Thus, we may define for (x1, x2) € R?

and

Yo (X1, x2) = (agp(x1, X2), X2)
and
Ve (x1,x2) = (Bp(x1.X2), X2).
It is easy to see that
ag (B (x1,x2), x2) = By (ag(x1, x2), X2) = (x1, x2)
and

Yoo vs (X1, x2) =y, ' o ys(x1, x2) = (x1, x2).
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Let0 < Cp < ¢, ¢, < Cq and ¢, converge v-a.s. to ¢. As in the one-dimensional
case, one can prove

nll)l’]folo |a¢n (xl’ XZ) - a¢(x1,x2)| = O

and

Lim |8y, (x1. x2) — By (x1, x2)| =0.
Hence,

nll)ngo Vg, (X1, X2) — Yp(x1,x2)| =0
and

. -1 -1 —
nli)ngo|y¢n (x1,x2) — Y (x1,x2)] =0.

Summarizing the above discussions, we obtain the following result by Theo-
rem 4.11 and Remark 4.12 when U = R?.

THEOREM 5.2. Let v be a o -finite and infinite measure on R with full sup-
port in RY and without charges on any d — 1-dimensional subspaces. Assume that
one of (1), (2") and (3') holds. Then, for any random variable F on  bounded
from above,

—logE(e™ ) = inf E(F o', + L(¢)),
ogE(e™") Jnf (FoTy +L(9)
where L(¢) and F(; are defined respectively by (20) and (21).
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