The Annals of Probability

2009, Vol. 37, No. 1, 206-249

DOI: 10.1214/08-A0P401

© Institute of Mathematical Statistics, 2009

FRACTIONAL DIFFUSION EQUATIONS AND PROCESSES WITH
RANDOMLY VARYING TIME!

BY ENZO ORSINGHER AND LUISA BEGHIN
“Sapienza” Universita di Roma

In this paper the solutions u, = u, (x, t) to fractional diffusion equations
of order 0 < v <2 are analyzed and interpreted as densities of the composi-
tion of various types of stochastic processes.

For the fractional equations of order v = zi,,, n > 1, we show that the so-
lutions uj /o correspond to the distribution of the n-times iterated Brown-
ian motion. For these processes the distributions of the maximum and of
the sojourn time are explicitly given. The case of fractional equations of or-
der v = 3%, n > 1, is also investigated and related to Brownian motion and
processes with densities expressed in terms of Airy functions.

In the general case we show that u),, coincides with the distribution of
Brownian motion with random time or of different processes with a Brownian
time. The interplay between the solutions u, and stable distributions is also
explored. Interesting cases involving the bilateral exponential distribution are
obtained in the limit.

1. Introduction. Time-fractional equations of the form

0'u ) 9%u
(1.1 =1"—, xeR,t >0,

atv 0x2
for 0 < v <2, have been studied by a number of authors since the 1980s: see, for
example, Wyss (1986), Nigmatullin (1986), Schneider and Wyss (1989), Mainardi
(1995a, 1996) and, more recently, Nigmatullin (2006), Angulo et al. (2000, 2005).
Hyperbolic fractional equations similar to (1.1) have been analyzed, for example,
by Engler (1997).

For exhaustive reviews on this topic, also consult Samko, Kilbas and Marichev
(1993) and Podlubny (1999).

For interesting applications of fractional equations to physical problems see, for
example, Saichev and Zaslavsky (1997), Nigmatullin et al. (2007), Angulo et al.
(2005).

Fractional diffusion equations of order 1 < v < 2 emerge in the study of the
distribution of the local time of pseudoprocesses related to higher-order heat-type
equations; see Beghin and Orsingher (2005).
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The time-fractional derivative appearing in (1.1) must be understood in the sense
of Dzerbayshan—Caputo, that is

8”u( 9
xv
atv
1 ! 1 o™Mu
(x,s8)ds, form—1<v<m,
_JTm—v)Jo (t —s)l+v—m grm
0™Mu
—(x, 1), forv=m,
ar’m

where m — 1 = |v].

Considering the derivative in the sense of Dzerbayshan—Caputo permits us to
study initial value problems for (1.1) with initial data represented by derivatives of
integer order; on this topic, consult Mainardi (1996).

We assume, in particular, the following initial condition:

(1.2) u(x,0)=8(x) for0O<v<l,

and

(1.3) forl <v<2.

{u(x, 0) =48(x),
u;(x,0) =0,

The general solution to equation (1.1) subject to (1.2) or (1.3) is well known
[see Podlubny (1999), formula (4.22), page 142] and reads

- (I ek
uy(x, 1) = 2av/2 kX:E) kKT (—vk/24+1—1v/2)

1.4) 1

x|
~ 22 Wovizi-v2 <_ Atv/2>

where W, g in (1.4) denotes the so-called Wright function, whose general form is

o0 Xk
15 Wos)=S —* _1.8>0.xeR.
(1-5) (%) kgk!r(awrﬂ) @>-Lp>0xe

Some properties of the Wright function are investigated in Mainardi and
Tomirotti (1998) and in Gorenflo, Mainardi and Srivastava (1998). Initial value
problems (as well as problems on half-lines with boundary conditions) for equa-
tions like (1.1) are extensively treated and solved in Mainardi (1994, 1995a,
1995b), Gorenflo and Mainardi (1997) and Buckwar and Luchko (1998).

It has been proved also that u,, is nonnegative and integrates to one for all 0 <
v < 2; see, for example, Orsingher and Beghin (2004).

We present here some alternative forms of the solution u, of (1.1), either as
integral functions like

1 +oo V2 103 4v/2 x|w"/? 15511
uy(x, 1) = i /0 e~ W XIw" 2/ Gu?) cos (v /2) sin(| | sin(—))dw,

TV Atv/2 2
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or in terms of stable densities

| oo .
Pa(x;y,m) = 2—/ e Prexpl{—n|B|re TV 2BNIEN 4B, a £,
T J—o0

as

1 1 v 1 0 <1
va/z W’E’W’ <v=I

uv (xs t) =
2 2/v
—papo( lxls —(v =1, 2771 ), l<v<2.
v v
In Orsingher and Beghin (2004), we proved that in the special case v = %, the
solution (1.4) coincides with the distribution of the process

(1.6) L1(1) = Bi(|B2(1))), t>0,

called the iterated Brownian motion, which consists of a Brownian motion B;
whose “time” is an independent reflecting Brownian motion.

In Beghin and Orsingher (2003) we have generalized this result to the case
where v = %, n € N. In this case, for A2 =1 /2, the solution (1.4) coincides with
the distribution of the process

n—1
(1.7) Jl/n(t)zBl(H Gj(z)>, n>11t>0,
j=1
where the vector process (G(¢), ..., G,—1(¢)) has the following joint distribution:
(n—1)/2 _
e (S S A A LT e
p(wlw--:wn—l)— (2ﬂ)(n_l)/2ﬁe w2 wn—]’
(1.8)
ijO,lfjfn—l,
forn > 2.

In (1.7) the role of “time” is played by the product of independent, positive-
valued r.v.s, which cannot be identified with well-known distributions as in the
special case (1.6).

In the special case n =2, we note that J; 2(t) = £(¢), because (1.8) becomes
the distribution of a reflecting Brownian motion.

We are now able to prove a much stronger result for the case v = 2%, neN,and
for A2 =21/2"=2 which has a number of interesting consequences. We will show
below that (1.4) for v = 2L" can be written down as

0 [ 00 e—xz/(2z1) e—Z%/(ZZz) e—z,%/(Zt)
(1.9) upon(x,1) =2 / / dzy -
/ 0 0 2mzZ1 2W22 N2t
and this coincides with the distribution of

(1.10) Ln(t) = B1(|B2(|B3(- - (| Bp1 (D) - - DD, 1> 0,

. dZn
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where the B;’s are independent Brownian motions.

The iterated Brownian motion () = B{(|B2(¢)|) has been actively investi-
gated and many of its properties have been obtained by Khoshnevisan and Lewis
(1996), Burdzy and San Martin (1995), Allouba (2002).

The connection between fractional generators of order 1/2 and the iterated
Brownian motion f{{(#) has been studied in Allouba and Zheng (2001) and
Baeumer, Meerschaert and Nane (2007). This connection was obtained in Ors-
ingher and Beghin (2004) as a particular case of the analysis of the fractional
telegraph equation.

The identity

o 00 o—x2/Q221) p=3/Q2) =22/ Q)
e e dz; -
./o 0 V2TZ1 27z N2t

- v (=2lx1/@0)' "
QY2 O EID (=k /20 41— 1/20+T)

2” 'dZn

(1.11)

shows that there is a deep connection between Wright functions and Gaussian
distributions.

For the n-times iterated Brownian motion £, (¢), t > 0, we obtain the distri-
butions of the maximum and the sojourn time (together with the expression of
moments) and we work out in detail an explicit form of them for the case of the
classical iterated Brownian motion J1(z), ¢t > 0.

We note that £, (¢) converges in distribution, for n — 400, to a Gauss—Laplace
(or bilateral exponential) random variable, independent from ¢ > 0.

In Orsingher and Beghin (2004) we have seen that for the fractional telegraph-
type equation

(1.12) 54_ 971/2 =c ax2’ xeR,t>0,
u(x,0)=145(x),
the general solution coincides with the distribution of the telegraph process T

whose time is an independent reflecting Brownian motion

(1.13) W) =T(B®)), t>0.

[ du 3Nu 8%

We remark that process (1.13) converges to (1.7) in the Kac sense (i.e., for A,
¢ — 00, in such a way that 5- — 1). Related interpretations of the solutions to

{ du? vu 3%

—— 42X =c"—,

a2 e = ax

u(x,0)=4(x)

are discussed in Beghin and Orsingher (2003) and Orsingher and Beghin (2004).
Generalized forms of the fractional telegraph equation (1.14) and of its solutions
can be found in Saxena, Mathai and Haubold (2006).

(1.14)
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We obtain here various types of relationships between the solutions u, for dif-
ferent values of v. The first one we present is the following:

—z2/(41)

(1.15) uy(x,t)= uz(x,z2)dz

1 o0
— e
=
(valid for any 0 < v < 1), where uy, is the solution of (1.1) with order 2v instead
of v. Formula (1.15) leads, for v = zin’ to the n-times iterated Brownian motion de-
fined in (1.10), since it permits us to obtain, in an alternative way, the relationship
(1.9).

In the general case, (1.15) shows that the process related to the equation (1.1) of
order v can be interpreted as the composition of a process governed by the same
equation, but with order 2v, with a Gaussian-distributed time. We also derive the

analogous relationship

S
(1.16) uv(x,t)zfo ﬁe—xz/(m)ﬁzy(w,t)dw,
w
where
_ | 2up(w, 1), w >0,
(1.17) gy (w, 1) = {O’ w=0

Here the roles of space and time are interchanged with respect to (1.15). There-
fore from (1.16) a further interpretation of the solution emerges, because it coin-
cides with the density of the process

B(7,(1)), 1> 0,

where B is a Brownian motion and 77,(¢) is a process independent from B with a
distribution for each ¢ given in (1.17).

A relationship similar to (1.15) and connecting u, with u,,, is established (by
applying the multiplication formula of Gamma function) for m >3 and 0 < v <
2/m.

Substantially different situations are encountered for the special cases v = %,
V= % and v = %. In particular for v = % we show that the solution to (1.1) pos-
sesses the following simple form:

()
1.18 uz3(x, 1) == Al( ;
1 A= N

where Ai(x) is the Airy function. The latter emerges as a solution to third-order
heat-type equations of the form
du u

Ez—ﬁ, t>0,X€R.
X
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By using again the relationship (1.15) we get, for the case v = %, the following
result:

3 (oo emT/ED x|
1.19 uia(x,t) =— Ai( )dz.
(1.19) D=5 T e A/32

This suggests that we should interpret 13 as the distribution of

Ji/3(t) = A(|B(D)]), 1>0,

where A is a process whose one-dimensional distribution is given in (1.18), which
coincides with the symmetric stable process of order 1/3.
Similar relationships seem not to hold for the solutions to fractional equations

of order v = %, n > 3, because the fundamental solutions to
ou "u
1.20 — =Cy—,
(1.20) o "oxn

¢, = =1, are sign-varying functions on the whole x-axis (while, for n = 3, only
on the negative half-line), as shown in detail in Lachal (2003). Therefore they
cannot be used to construct the functions u, emerging from (1.1), which, for
0 < v <2, are nonnegative and integrate to one. We note that the solutions to
(1.20) themselves have been represented as distributions of compositions of artifi-
cial processes, which do not display a probabilistic structure [see Funaki (1979),
Hochberg and Orsingher (1996), Benanchour, Roynette and Vallois (1999)].

Finally the previous results permit us to establish connections between the solu-
tions u3/3» and u, /3= Moreover the explicit form (1.18) of u3,3 suggests that we
should interpret them as distributions of processes similar to the n-times iterated
Brownian motion, but with the role of B replaced by A and the time represented
by nested products of the random variables G ; defined in (1.7).

2. Iterated Brownian motions generated by fractional equations. In this
section we examine in detail various relationships between solutions to diffusion
equations like (1.1) and processes involving Brownian motion. All results of this
section refer to equations of order 0 < v < 1.

We start with the following general theorem:

THEOREM 2.1. The solution to

0'u 282u
2.1) oy =M a3 xeR >0,
u(x,0) =46(x),

for 0 < v <1, can be represented as

1 o0
2.2) w0 =—— | e 14Dy, (x, 7) dz
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where uy, is the solution to
0%y ) 9%u

_ 1
(2.3) gy Mg forO<v< 3
u(x,0)=4(x),
or
*u 5%
= , 1
2.4 7% ax2 —<v<l.
24 u(x, 0)—5(x) fory<v=
ul(-x90)

PROOF. By applying the duplication formula of the Gamma function we have
that

2.5) r( ”2k 1 - 5) = w2kt

By plugging (2.5) into (1.4) we get that
1) = Z (=Ix1/G2)FT (1/2(1 = v(k + 1))
Y 2,w/2 —~ kYT ® D — vk + 1))

ra—vk+1))
L2 —vk+1)

Z (— x|/ Atk [5° e W=V 20+ D=1/2 gy
«/—ZV—H)L[V/Z k!zvkr(l “ v+ 1)

— 1 e W —v/2—1/2
ﬁZV"‘IM"/Z 0

S
C @ — vk + D)\ 227 z) Y

= [in view of (1.4) with suitable arrangements]

1 0
= —/ e w222 tw) uay (x, 2v/1w) dw

ﬁzvtv/Z 0
=— V205, (x, 2v/1w) dw
_ﬁ 0 21) ’
=[2Viw=z]
L 2
= \/?/o e uzy(x,z)dz

and this concludes the proof.
An alternative proof of the relationship (2.2) is based on the Fourier transforms,
since for u, the following result is known:

+oo |
f %y (x, 1) dx = Ey 1 (— 22217,

—0o0
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where E, 1(z) = Zl?io 1“(%[;1) is the Mittag—Leffler function. Taking the Fourier
transform of (2.2) we get that

e — e u X, W w X
—00 At Jo 2

1 o]
— ﬁ/; e_wz/(4t)E2v’1(—ﬂ2)\.2w2v)dw
_an2
Lo BB e
o F'2kv+1) Jo NZi11

k=
= [for w = 2/17]

N R AN 1

_g)r(zkwrl) N F(””E)

RN D AN e 279

B k; FCkv+1) 21 V2 T (vk)

B 00 (—ﬂzkzt”)k B 400 i

_k;—r(kwrl) _/_oo ¢ u, (x. 1) dx. .

REMARK 2.1. In the special case where v = %, formula (2.2) yields

2 2
| oo o=/ (@32)
uip ) =— [ ey

Ve Jo Vana?z
(2.6) =222z =y]
1 [0 o= X2/Q2y) o=y /(412037
CVmih vamy 22

Particularly interesting is the case where 2(2)»2)2 =1, that is, when A2 =273/2
because (2.6) reduces to

dy.

00 =X/ (2y) =¥/ (21)

@7 wpGrn =2 dy,

/ 0 2my /2wt Y
which permits us to conclude that, in this case, the solution coincides with the
probability density of the iterated Brownian motion (1.6).

REMARK 2.2. If we generalize our analysis to the n-dimensional case and

take v = %, we can show that the process related to a fractional equation of the
form
/% 9%
2.8 =21 — eR,t>0,
@9 o112 ,; 0x7 g
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with initial condition
n
w2 (x1, X2, ... X0, 0) = [ ] 8(x).

has components represented by iterated Brownian motions with a common random
time. In other words, the solution to (2.8) coincides with the distribution of the
vector process

Bl(|B ®0D,
t >0,
B, (IB(1)),
where By, k = 1,...,n, are mutually independent Brownian motions and also

independent from B.
To check this result we evaluate the Fourier transform of the solution to (2.8) as
follows:

+00 +oo | .
/ f e’ﬂlxl+..,+zﬂnx"u1/2(x1,...,xn,t)dxl---dxn
—0oQ o0

(2.9) =E1/2,1(—k2f1/2<z /31%))

k=1

T Jo

From (2.9) we get the inverse Fourier transform in the following form:

o0/ (2411232 y))

Ur2(X1, oy Xp, 1) = —= / —dy
NEd _1 2 (@11/2)2y)

ooe—wz/(2(23tk4)) n =Xt/ Qw)
dw
/(; V2 (23tA4) kl:[l V2w

The main difference with respect to the case of the usual multivariate heat equa-
tion is that the components of the iterated Brownian motions are no longer inde-
pendent because they are related to each other by the common random time B
(with infinitesimal variance 231%).

We pass now to our second theorem, which is related to the case v = zin, neN.

(1) _
THEOREM 2.2. Forv = 5, A =21/2 =1

der the initial condition (1.2) can be written as

00 =¥/ (221) p=71/(222) zn/<2r>

o0
2.10) u n(x,t)=2n/ / y
172 0 0 2mz1 2712 V2t

the solution to equation (1.1) un-

- dz,.
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PROOF. In view of the duplication formula for the Gamma function we can

write
k 1
- on+l 2n+1)

= Ja2l/2 k2

@2.11)
T(1—k/2" —1/27)

T(1/2 — k/2n+1 —1/2n+T)

so that the first member of (1.4) becomes, for v = % and A =2V 2(”+1)_1,

uyn(x,1)

1 i( 2|x] )k 1
T eV =\ 02T RIT(1 = k/20 T — 1720

_ 1 2n+1_k 2n+1_1 2
1 s 2|x| )k o e Wl / / /dwl

= ‘(2t)1/2n+1 ]Z(:)(_ (2t>1/2n+1 k!ﬁ2(k+1)/2"[‘(1 _ k/2n — 1/211)

_ 1
- (21) 1/2n+1
o0 2|x| k
(2.12) X (—7)
k; @n!/2!

_ —1/2nH g ontl_1/2 _ —1/2"—k/2"=1/2
f()ooe Wiy / / / foooe w23 / / / dwy

dwi
k!(ﬁ)Zz(k+1)/2"+(k+1)/2”*l1’*(1 _ k/2n71 _ 1/21171)

1
O
.- 2%\
X —_—
,;( (2:)1/2"“)

n X _ n+2—j__
X S5O 5 Jy e B [Tjoiw; rn P dw,
k()2 E D012 p g 1o kg2

At this point we can use the reflection formula for the Gamma function

ek n 1
(5 B 5) " sin{m/2(1 — k) T + k) /2)
T
coskm /21 ((1 4+ k)/2)

(2.13)

and this shows that only even terms of (2.12) must be retained. We can therefore
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write that

upn(x,t)

(/ / S I - —(k+1)/2"+2 j_ 1/2dwj)
xcoskgf‘(l;k)[kl(\/_) nz(k+l)2'};$l/zn—j]—1

2 & 20kl \F
‘WZ(‘W)

n+2—
Jo~ S e =1 Yo w _(k+1)/2+ - 1/Zdwj)cosk:r/ZF(k)

(2.14) R _
k!(ﬁ)nﬂzzf':o”z K= /2P 2)
. 2
- (2t)1/2n+1
e 2x 2r
x Z(—%)
r=0 (2t)1/2
n+2—
» (fO fO f 1 1_[ —(2r+1)/2 - 1/2 ])(_l)r
(ﬁ)n+122_1:01/2" Th2r ¥ g 1/277
2

= (2t)1/2;1+1 22(1_]/2n+1)(ﬁ)n+1

| 1/2"

j= l

By considering that

! r
Z( ])r|: ( )1/2 ﬁ w_1/2n+l—ji| . _x2/22(2/t)1/2n l_[n —1/2'1+1 j
2 j _

|
r=0 r j=1
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we can write (2.14) as follows:

1
(2;)1/2”“ 21—-1/2" (ﬁ)n+1

00 _1 2n+1 J
X/ / X2 Tl v w;
n

uyn(x, 1) =

—1/2nt2-i—1/2
x [T(w; / 2 dw)).

In order to calculate the integrals let us write
-1 1/2,1 n 1/211+1—j
207" [T w; =21
Jj=1

so that

y (le—l(z—lt)—l/Zn)Z
n 1/2n+1—j
1—[ /

and

2—1(2—10—1/2” 2
] 1/2n+1—j> ‘
[Tj=1w;

dw, =221d21<

Therefore we get

1
(2t)1/2”+1 21-1/2" (ﬁ)n—i—l

-1
00 00 2 n 14212
x/ f e~/ [T w7 /
0 0 j=1

n—1

upn(x,t) =

1201
wj

— ST w) e /@7 )

X e
2—1(2—1t)—1/2’1 2
XZZI(Hn 1 1/2n+1 ])

Jj= W

z12*1(2* ;)*1/2”
X 1_1 1/2n+l J

V22 112
C@p)l/2=12r( frynt

—1-1/2
) dzldwl---dwn_l

(2.15)
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y /OO e—x /(221) / / —22/(22(2 t)l/zn lnn 1/27! ])
0

_Z” lw] _1/2n+1 1_1/2
X e “~i= 1_[ w; dzidwy---dw,_1.
j=1
Now we make the similar substitution
i 1720
—1 172" n
227" [Tw/” ==
j=1
so that we get again

B Z22—1(2—1t)—1/2"—1 2
Wyp—1 = l_ln_z wl./znfj

j=1
and

271(271071/2"*1 2
H 1/2'1 j ) )

In view of these substitutions, formula (2.15) is transformed into

dwy, 1 =223 dzz<

uy/on(x,r)
_ﬁ(z—lt)—1/2”+1ﬁ(z—lt)—l/Z”
o (2t)1/2'1+121—1/2”(ﬁ)n+1
00 o—x*/Q2z1) 00 o—%1/(222)

(2.16) X \/_ ———dz; A \/_ ——dzn

/ f s Il 211"72 1/2" =

1_[ S22 R dwy - dwy—».
J:

By similar transformations, after (n — 3) additional steps, we arrive at
A /2n—1(271”71/2”“—1/2"7...,1/23
Q)1 /21 21=172" ( Jryn+l

00 =¥/ (221) 00 p—21/(222)
——dz; ————dzn -

Ja h s

x_/ e ZgH/(22[(271t)l/zwll/zl)e_wl11)1_1/22_1/26111)
0

upn(x, 1) =
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By means of the position
20270 2wl =2,
we get that
wi = (271277132
and
dwy =22,dz, 7' 27 ') 7122,
We arrive at the final expression

ﬁ(z—lt)—l/Z"+l—1/2”—~-~—1/23—1/22

Upppn(x,t) =
1/20 (X 1) Q)2 11727 ( [yt
00 g=x%/(221) 00 —21/(222)
X —dz ———dz -
0 Azl 0 V22
—25_1/(2zn)
X /oo ¥e_z'%/(2t) dzy
0 Zn
211
RN NG
—x%/(2z1) —z2_1/Qz)
X oo!dzl w;efzy%/(zl)dzn’
0 V21 0 zn

which coincides with (2.10). [

REMARK 2.3. It is well known that the Laplace—Fourier transform of the so-
lution to (1.1) with initial conditions (1.2) or (1.3) is equal, for 0 < v <2, to

+00 st +00 8 SV_I
2.17) /0 e * ds/_oo é' xuv(x,t)dxzm, s>0,B8elR.

We check that the Laplace—Fourier transform of (2.10) reduces to (2.17) for
V= and A? =21/2"2;
b :

+oo |
f e’ﬂxul/zn (x,)dx

—o0
w [T g 00 o—x%/(221) 00 o=/ (20)

=2 / " dx ——dz; - ——dz

-0 0 21z 0 2mt "

2 2 2
00 —z1/(2z2) 00 p—23/(223) 00 e—Zn/(21)

:2"/ e_ﬁz/zzleidzl eidZZ... eidzn

0 27w 70 0 J/2mz3 0 /27t
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00 N —22/(222) 00 ,—22/(2t)
1 o0 e <] 2 e “n
=2”Z P ) —fo I ———dz1 - —dz,

r=0( 2) 7! 2w 0 2mt
_Zni(_ﬁ_?>’12r/21r(r+ 1)
B AN AN 2
2 2
00 0 e—/(223) 00 p—72/(20)
xf ;/27(122"' —dz,
0 2123 0 2t

o0 2\ T r/2—1~r/4—1
12 2 1 1
zznz(_*“_) _7r(i+_)r(f+_)
2) ! (Jm)? 2 2 42

r=0

© Ly e~ 33/(24) 00 p—2n/(20)
x/ A 7dz3---f ————dz,
0 2774 0 2t

) ,82) 1 2r/2=1or/4=1 . 2r/2"*1—1
r'

=2”§)( 5 (Jry]
xF(%—I—%)F(;—l—%)---F(#-{-%)

2
oo n—1 e_zn/(zt)
% Z}’/2 dz
/0 " 2wt "

00 2 27 fdper 21—

2 ) (J/)"
r r 1
(27+§)'

F(r—l—l)F(r +1)
X — — — _— D)
2 2 22 2

By applying the duplication formula we get that

F<r+1>r(r+l> F(r—l-])
2 2 22 2 22

_ e L0 i p T/ St DE/27h
CI® = YT Y r(r/2"

. n—1 F(r)
_ n—r—r/2—-.—r/2
=x"2 I(r/2")

r=0
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and thus
400 |
/ e’ﬂxul/zn (x,)dx
o0
=2" i<_ﬂ_2)rlyzr/2+r/4+~~+r/2"—nzn—r—r/z—--.—r/znltr/zn F(r)n
=\ 2/ L'(r/2m)
00 2\t »r/2"—r r/2"
B ) 2 t
2.19) = —_ ) —
( ) r§0< 2 ) r/2"(r/2%)
_i<_'32t1/2ﬂ>r 1
S5\ 22 T2+ D

= E1/2",1 (—W

By taking the Laplace transform of (2.19) we get

Yoo B21/2" g1/2"—192—1/2"
/0 e " Eypn RSy dr = B2 4 22-1/27 12"
which coincides with (2.17), for v = 5; and A% = 21/2" -2,

The form (2.10) of the solution u1/2» shows that it coincides with the distribu-
tion of the n-times iterated Brownian motion defined in (1.10).

ﬁztl/zﬂ)

Another representation of the solution to the fractional equation (1.1) can be
inferred from the following result:

THEOREM 2.3. The solution u,(x,t) = u, to the initial value problem (2.1),
for 0 <v <1, can be written as

SO
(2.20) wy (x., 1) = /O ﬁe—xz/ G, (w, 1) dw,
w
where
_ | 2up(w, 1), forw >0,
221) oy (w, 1) = { . P

and uy, is the solution of (2.3) or (2.4).

PROOF. We first note that for the solutions to (2.3) or (2.4) the following result
holds:

v—1

o v
(2.22) L(x,s) =/ e uyy (x, 1) dt = s e lxIs?/x
0 2

’
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as can be obtained by taking the Laplace transform of ‘?j;ﬁ‘ = )»2(,{;)2(—’;. The solution
to the corresponding equation
d’L
2v 2v—1 2
sL—s S(x)=r"—=
(x) e
coincides with the solution to
d*L
zm = SZVL y X ;é 0,
dL \+ dL |- s*7!
dx dx |~ a2

L(s,07)=L(s,07),

and easily yields (2.22); see also (3.3) of Orsingher and Beghin (2004). Therefore,
by taking the Laplace transform of (2.20), we get

/ —¢ 2/( w”{Z/ e ”u21 (w t)dt}dw
b
0 \/47‘[11))\, 0

0 4mTwi 21
=[2w=7]

-1

_ s’ /oo L /00 5" 112/ g,
20 Jo N 2mzh

v/2—1

2A

_ S e_lxlsv/Z/)\'

and this coincides with the Laplace transform of u, (x, ). O

REMARK 2.4. Formula (2.20) suggests that we should represent the solution
of (2.1) as the distribution of the process

(2.23) B(72,(1)), t>0,

where B is a Brownian motion with infinitesimal variance 2A and 77, (¢), t > 0, is
a process, independent from B, with law equal to (2.21).

It is straightforward that, for v = 1/2, the process (2.23) coincides with the
iterated Brownian motion J1; see (1.6).

By comparing the relationship (2.20) with (2.2) we note also that, in the compo-
sition of processes, Brownian motion plays in the second case the role of “time,”
while in the first one it represents “space.”
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3. On moments and functionals of the iterated Brownian motion. Some
properties of the classical iterated Brownian motion have been obtained by several
authors and include the law of iterated logarithm [Burdzy and San Martin (1995)]
and the modulus of continuity [Khoshnevisan and Lewis (1996)]. Applications of
the iterated Brownian motion to diffusion in cracks are dealt with in De Blassie
(2004).

We start by presenting the distribution of the maximum of the n-times iterated
Brownian motion and, in an explicit form, for the usual iterated Brownian motion.

THEOREM 3.1. For the n-times iterated Brownian motion

Ln () = B1(|B2(| B3 (- - - (|1Bus1(0)D) - - DD, 1> 0,

where Bj, j =1,...,n+1, are independent Brownian motions, we have for B > 0
that

Pr{ max J{,(s) € dﬂ}
O<s<t

—+00 “+00
3.1 =2/0 /O Pr{Bl(y1)6dﬂ}Pr{Omax IBz(Zl)IEdyl}

=21=0

« Pr{ max | B3(z2)| Gdyz}---Pr{ max [Bys1(zn)| edyn}.
0<z,<t

0<z2<y3
PROOF. For {1(t) = B1(|B2(t)|) we can write that

Pr{omax Ji(s) € dﬁ}
<s<t

=Pr{ max B1(2) ed,B}

0<z<maxg<w< |B2(w

(3.2) — E{Pr{ max Bi(z) € dp 'olfa’if |Bg(u))|”

0<z=<maxp<y<r |B2(w)|

= /+OO Pr{ max Bj(z) € d,B}Pr{Omax |Br(w)| € dy}
0 <w=<t

0<z=<y

= 2/+oo Pr{B(y) € d,B}Pr{ max |By(w)| € dy}.
0 O<w<t

For 4, (t) = B1(J|4,-1(¢)]), n > 1, we have analogously that

Pr{orgaft Ja.(s) e d,B}
(3.3) ==

= 2/+OO Pr{B1(y) € a’,B}Pr{ max |{,_1(w)| € dy}
0 O<w<t

and, by induction, we obtain (3.1). U
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REMARK 3.1. In the case n =1 we can give an explicit expression for (3.1)
as follows:

Pr{ max Ji(s) € a’,B}
0<s<t

00 e—ﬂ /@w)
=2dB /

e~/ (142k)

1 1+2k
L;}O( >[< 2l

3.4)
1 2k)e—w2/(21)(1—2k)2i| 4
o 2t v
—+00
_ Nk ! t
_2k:§o< 0 [pr{ll(i(ww) edﬂ} +Pr{11(7(1 _W) edﬂ”
400

— VK t t
_2d,3k:2_200( 1) |:M1/2(,B, (1+2—k)2>+u1/2(ﬂ, 7(1_2]{)2)}

where uy2(x,t) is given in (2.7) and in the first step we applied the well-known
result for the maximal distribution of the absolute value of Brownian motion [see
Shorack and Wellner (1986), page 34]. The last term of (3.4) shows that the distri-
bution of the maximum of the iterated Brownian motion can be expressed in terms
of its probability law u1,2 = uy,2(x, t), as in the case of the classical Brownian
motion.

In principle we could write explicitly the distribution of the maximum of £, ()
in terms of u1/on, but this produces a sum of 2" terms, each of which has a very
entangled structure.

On the basis of the same principles it is possible to write down the distribution
of the sojourn time on the positive half-line of the process 4, () = B1(|4,—1(2)]),
t >0, n>1, defined as

maxp<w<t [Ln—1(w)]
(35) r, = /0 Lz:B1(5)-0) 2.

This random variable takes values in [0, +00), because during the interval [0, )
the process |{,—1| (which plays the role of time for B;) can span the whole positive
real axes.

THEOREM 3.2. For the process l (t), t > 0, the distribution of T'; reads

+o0
Pr{l"; eds} =ds

(3.6) s n«/s(z—s {

max [ L1 (w)] edz}

0<s < o0.



PROCESSES WITH RANDOMLY VARYING TIME 225

PROOF. The definition of I'; given in (3.5) implies that
Pr{l'; € ds}

maXxo<w<t [Ln—1(w)]
(3.7 =E{Pr /(; liz:Bx)>0ydz | €ds

+00
:/ Pr{l’; € ds}Pr{Omax [Ln—1(w)| € dz}.
N <w=<ft

max Iln—l(w)IH
O<w=<t

By inserting the arc-sine law in (3.7) we get (3.6).
We can check that (3.6) integrates to one

+o0
/ Pr{l"; € ds}
0

+00 +00
= d J ed
/0 s i ﬁ(z—s {max [Ln—1(w)] z}

+0oo Z s
— P _ d EE—————
[} el mas, sl ez [T .

REMARK 3.2. For the iterated Brownian motion {1 (¢) = B1(|Bz(¢)]|) the dis-
tribution of I'; can be written explicitly as follows:

Pr{l"; € ds}
=ds _
s T/s(z—5)

=2/ @D (1+2K) o=/ (1-2k)?

3.8 DYy ———— (1 + 2k — (1 -2k
(3.8) XZ(){m(+)+m( )}

ds X . +00 =27/ 2N (142k)?
:mk;w(—l) {(1+2k)/s — = dz
+00 o=27/(20)(1-2k)
+(1—2k)/s ﬁdz}

By the transformation z = s(1 + x2) the integrals in (3.8) are converted [for

A= (lﬁk) ] into

+oo p—sPA(l+x7)?
2s / ———dx
0

s
=2/se"A / T At g
0

_ —S2A/2K (AS )
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where, in the last step, we have applied formula 3.469.1 of Gradshteyn and Rhyzik
(1994) and Ky/4(x) = %[1_1 /4(x) — I1/4(x)] [by formula 8.485 of Gradshteyn

and Rhyzik (1994)]. By I, we denote the Bessel function of imaginary argument

2k+v
of order v, that is, I, (x) = Z,j;’g % Therefore we get

Pr{l’; € ds}
ds % > 2 s2(1 + 2k)?
DL (1 4 28052/ @0 1+20° g (7)
2N—Z(){<+)e (S

2 2
1 -2k
41— 2k)es2/(4t)(12k)2K1/4<5 ( - ) )}

We now derive the explicit form of the moments of even order of {,,(¢).

THEOREM 3.3. For the process J,(t), t > 0, the moments of order 2k are
given by

2k (k)1 2" oo 00 e—x2/(2Z1) p 00 e—z,zlfl/(Zt) p
ELf@ =——/ of .
6o O R o Vemm Vo T

22 (2! s
© 22k D(k/2n 4+ 1)
PROOF. The first expression in (3.9) can be proved by observing that, for
n>1,
E$;5(t) = EIB{*(IB2(IB3 (- - | Bus1 (0] -- DD

2!l
k!

Sr EIB2(1B3 (- A Bur1 (@) --)DIF
(3.10)

200 1 +0o0

= Ol [T BB Bun 1D € dx)
_ v
k!

which coincides with the second line of (3.9). By performing the integrations in
(3.10) we get the explicit expression of the moments of order 2k:

“+00
2k2/ K Pr{d,_,(t) € dx).
0

C(k/2+ 1/2)T(k/2% +1/2) - T (k/2" 4 1/2)2K/2++k/2" tk/2"
2n/m"

Ei @) =

(2k)12"
k12K
(3.11) = [by (2.18)]
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gyt Ty 2K/ZE A2 (9
Lk/27)  2kJxn k!

— k/2" yn=2k+k/2" @
- _ ]
kT (k/2")

_ Jnon—k—k/2—-

REMARK 3.3. For n =0 formula (3.9) coincides with the moments E B (),
which is as it should be, since {o(t) = B(?).

For n = 1, the moments of the iterated Brownian motion {(z) = B1(|B2(¢)|)
can be evaluated directly as follows:

EJt*(t) = EBT*(1Bo(1)])
= %%sz(mk
Qk)! 2 oo X/
~Th ?fo VT
_27 @
T 2% Trk/2+1)

dx

which coincides with (3.9) for n = 1.
For any n > 1 and k = 1, we obtain the explicit form of the variance

01/2"41/2"
vard,(t) = ————,
2r(1/2"+1)
while, for n =0, it is var 4o(¢) = ¢, as expected.

REMARK 3.4. For all ¢+ > 0, the sequence J,(¢#) converges in distribution,
for n — o0, to the Gauss—Laplace exponential random variable and its density is
independent from ¢. From (1.11) we get that

—2lx|

(3.12) lim uyon(x,t)=e t>0,xeR.
n—oo

By working on the Fourier transform (2.19) of uy,,» we have the following
alternative proof:

113 i 400 iBx J ﬁZ 00 /32 k 22
) im ePuymx,)dx =Eg | —= | = ) ==
63 fim [ e dr = Eoa (<55 ) kgo( =) =

Formula (3.13) coincides with the characteristic function of (3.12). Loosely
speaking, this shows that the composition of infinite Brownian motions produces
the bilateral exponential distribution.
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In view of (1.9) we have also the identity

lim 2"
n—oo

00 00 =¥/ (221) p=21/Q222)  p=z/(20)
[T dz,
0 0

dz -
(3.14) 2z 27z V2t :

_ o2,

which is a rather striking result. Furthermore, if we assume that

a2y,
T i =
the fractional equation (1.1) is converted into
1 0%
T

subject to

u(x,0) =4(x),
which is satisfied by (3.12) for all x # 0.

REMARK 3.5. For the random process

(3.15) T(|B2(IB3(- -+ | But1 ()| -+ ) DD, t >0,

where T is a telegraph process (with parameters A and c) independent from the
Brownian motions By, k =2, ...,n + 1, we have a similar result. The distribution
uyn of (3.15) is a solution to

[ 0¥ u aV¥u 8%

912/2" T TSV P xeR,t>0
u(x,0)=46(x),

and its characteristic function is equal to

+o0 |
/ e’ﬂxul/zn(x,t)dx

—00
1

)\. 1/2’1
(3.16) =3 1+ ————Ein 1 (mt’7)
)»2 _ 6‘2,32

El/zn,l(nzll/zn)],

R

where 9y = —A + /A2 — 282 and n = —A — /A2 — ¢2B2 [see Orsingher and
Beghin (2004), formula (2.7), for o = 1/2"].
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For n — oo we get from (3.16) that
too . 142x
; B __ e
(3.17) lim e uypn(x,t)dx = ey

n—oo —00
which is the characteristic function of the bilateral exponential random variable,
with density

(3.18) Flx) = 7“’12—'_2)”8—IXI«/_1+2)\/C’
C

Clearly, for A =0 and ¢ = 1/2, (3.18) reduces to (3.12) and (3.17) coincides
with (3.13).

x €R.

4. The explicit solution of the fractional diffusion equation for v = 1/3,
v=2/3and v =4/3. Insome special cases it is possible to present the solutions
of the fractional equations (1.1) in a more attractive fashion. This is the case for
V= % The explicit form of u3/3(x, r) is given in the next theorem, in terms of Airy
functions.

By combining this result with the relationship given in Theorem 2.1, u;/3(x, 1)
can be represented consequently in an interesting form.

THEOREM 4.1. The solution to
[ 92/3u ) 92u

523 =N 52 xeR, >0
u(x,0) =48(x),

4.1)

can be represented as

301 . Ix
4.2 uy(x,t) == Al( ),
4.2) 2/3( ST SWaT
where
1 p+oo a’
Ai(w) = —/ cos(ozw—l——) da
7w Jo 3
4.3)

wl/? w3/2 232
= —|1_ — 1
3 [ ”3( 3 > ”3( 3 )]

is the Airy function and I, denotes the Bessel function of imaginary argument of
order v.

PROOF. From (1.4) we readily have that

_ S (—lxl/ e Bk
uz3(x, 1) = i 1/3 I;) k'T(1 — (k+1)/3)
(4.4) B

L S (—lxl/ e BRI ((k 4 1) /3) sin(r (k 4 1)/3)
213 kg k! '
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By direct inspection the following identity is proven to hold:

. wk+1) 2k +1)
sin ——— _—
3

and, by inserting this into (4.4), we get that

(4.6) uzp3(x,1)= - Ml/32(|x|/(t NET(( +k‘)/ )sin(27 (k + )/)

We note that, from (4.3), for all |w| < oo,

. w2 w32 w32
Al(w)=—3 [1—1/3< 3 )—11/3( 3 )]

_wl/z i<w3/2)2k—1/3 1
3 g\ 3 KT (k—1/3+1)

00 2n3/27\ 2k+1/3 1
4.7 - Z(T) KIT(k+1/3 + 1)}

O w3k 1 o wk 1

= kZ:% 32%+2/3 k1T (k + 2/3) B kX:;) 3243 [\ (k +4/3)

2 i( w )k sin(m (k +1)/3)
370 \32/3) T((k+2)/3)0((k +3)/3)
The last step can be justified by taking k = 3m, 3m + 1 and 3m + 2. While for
k = 3m + 2 the last term in (4.7) is equal to zero, in the other two cases the two
series are obtained.

The triplication formula of the Gamma function [see Lebedev (1972), page 14],
that is,

(4.5) = (—1)*sin

1 2 2
(4.8) F(Z)F<z + §>F<z + 5) izl G2,

for z = 54! yields

(4.9) F<k+2>r<k+3>: ar Tk+1)

3 3 2T ((k+1)/3)
From (4.9) we have that
—2 3 00 :
, 13, k51n(271(k+ D/3) _(k+1
(4.10) Ai(w) = 2(3 X r 3 )

and (4.2) easily follows by comparing (4.10) and (4.6). O
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/\ /\ -
-10 -5 5 10
-0.2

(a) (b)

FI1G. 1. The Airy function and the function Ai(|x|).

REMARK 4.1. The expression of u3,3(x, t) obtained in the previous theorem
can be recognized (up to the factor 3/2) as the solution of the third-order heat-type

equation
v 333

4.11) - M3 yeR1>0,
v(y, 0) =48(y),

evaluated at y = |x|. Since Ai(y), for y > 0, is positive-valued [see Figure 1(a)]
and the function (4.2) integrates to one (as we show below), uz/3(x, 1) is a true
probability distribution:

+0o0
/ u2/3(x,t)dx

—00
L i) e+ [ i)
== ——Ai| ——=)dx ——Ai|——=)dx
21Jo  AdBr \WI3r —o0 A3t A3t
3 [t
=2—/ Ai(y)dy =1,
2 Jo

where the last step follows by noting that f0+°° Ai(y)dy = 1/3; see Nikitin and
Orsingher (2000).

Therefore we can think of u/3(x, 1) as the probability law of a process A(?), t >
0, whose distribution at time ¢ is obtained from the solution v(x, t) of equation
(4.11), as follows:

uz/3(x, 1) = 3v(|x|, 1).

REMARK 4.2. For the case v = % the solution u1/3(x, t) to (1.1) can be writ-
ten, thanks to the relationship (2.2), as

1 o0
(4.12) uia(x, )= «/?/o e_zz/(4t)u2/3(x,z)dz
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2/3
L [T S Ai( al ) dz.
Vet Jo 2xz137 \Ad/3z
We can represent (4.12) as the distribution of the process

J173(t) = A(|B(1)]), t>0,

with A and B independent. The results (4.2) and (4.12) show that the solutions
uz/3(x,t) and uy/3(x,t) are both unimodal with maximum at x = 0; see Fig-
ure 1(b). This is in accordance with the general result that, for 0 < v <1, the
solutions to the fractional equation (1.1) have a unique maximal point at x = 0.

We consider now the case v = 4/3, which is qualitatively different from those
dealt with so far, because the solutions of fractional equations of order 1 < v <2
display a substantially different behavior.

THEOREM 4.2. The solution to
3*u 5 8%u

ar4/3 T gx2’

(4.13) iix, 0) = 806, xeR,t>0,
u;(x,0)=0,

is given by

(4.14) ()= — (3>2/3/+00 — _1/6A‘( |x|(2 w>2/3>d
. ug;3(x,t) = ——\ — e Yw i\—-./= w.
43 avm\ar)  Jo A \rV3

PROOF. From (1.4) we have that

ug/3(x, = 5203 1§)<_)¢2/3 k'T(1 —2/3(k+ 1))
(4.15)
o i(— x| >’<[‘(2/3(k+1))sin(2n(k+1)/3)
= 323 = a2/3 k! '

By means of the duplication formula for the Gamma function we have that
1) . ﬁ21—2/3(’<+1>r(2/3(k + 1))

2) C'{k+1)/3) ’

and therefore u4/3(x, t) can be rewritten as

1
ua3 8 ) = e T AT

4.16) 5 é(_ZZZI/;d)ksin(Zn(k-l— 1)/3)F(k+ 1>F<k+1 N 1)

1
r(g(k+1)+

k! 3 3 2
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1
BEYC NI

— [T 1/3(k4+1)+1/2—1
XZ/ oW 1/30HD+1/2—
k=0"0

y r<ﬂ)<_m<%)2/ 3)"Sin<2n(k+ N

3 A\t k!

_ 1
= 2o SR T

« i/%o oWy /2-2/3 <_m<%)z/3w1/3>k

=00 A\t
o sin(2w(k + 1)/3) l"(k + 1>dw
k! 3

= [by (4.10)]

32/3 400 2 2/3
S L Y LT o e PP
2A/m2173¢2/3 J AtV 3

We can show that fffs u43(x,t)dx = 1. Indeed, from (4.14) we have that
1 3\2/3 p+oo +00 2 2/3
e A D) o
A/ \ 4t 0 —o0 A \tV3

2 3\2/3 p+oo +00 2 2/3
:—(—> / e_ww_l/(’/ Ai(—{<— E) )dxdw
AT\ 4t 0 0 A\tV 3

x/2 [w 2/3
= |:by the substitution y = —— <_ _) :|
A\tV 3

2 /3\*3 /2 \/T 23 oo (0
=——(=—) A=z “w” Ai(y)dyd
,\ﬁ(m) (z 3) /o ¢« /_oo Hy)dydw

1 2 /3\*32723 4o
( ) / e Pw P dw =1,
0

/w3 \4) 315

REMARK 4.3. In view of Theorem 2.1 we have the following representation
for uz;3(x, t), which is alternative to (4.2):

1 o0
@I s = [ e a2z
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32/3 o0 =27/ (41)
= d
20/m21/3 /o FIENETA

X/Jrooe_ww_l/GAi(—m(% E)Z/3> dw
0 A \zV 3

By inserting (4.2) into the left-hand side of (4.17) we obtain that

3 I«
Al( )
2x/3t  \A/3t
32/3 +o0 =27/ (41)

- d
D72 By it

+00 2 23
x/ e_ww_l/6Ai<—m(— E) )dw
0 A\zV 3
= [by the substitution s = y/ 221wz 2]

32/3 +00 o=/ 3,5/3
= m213 o 123 257345/

" /+°° o~ 1N 4 (_ﬂ) ds
0 A3t

5/3
= %24/3‘/4‘00 Ai<_%)s3/z ds f+w Ze_zz(l+s3)/(4t) iz
T 0 331 b

33/3 +oo §3/2 |x]|s
T (0 Yy
22mxt1B o 143 A3t

343 oo |x|s
=— Pr{|B(Ty)| € ds}Ai| —— =),
2/\t1/3/o B € ds) l( A33t>

(4.18) s3%dz

where
3 s3/2
Pr{|B(Tp)| e ds} = — ——=
BT €ds) = 7
is the McKean law representing the distribution of the position of a Brownian
motion B at the instant

ds, s >0,

t
Tozinf{t >0:1+/ B(s)ds=0};
0
see McKean (1963).

By setting y = )»‘\3)73—1‘

in (4.18) and performing some simplifications we get

+o00
(4.19) Ai(|y]) =/0 Pr{|B(To)| € ds}Ai(—|yls), yeR.
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Formula (4.19) shows an interesting property of Airy functions: The value of the
exponentially decreasing part of Ai(]y|) can be obtained by averaging its oscillat-
ing component Ai (—|y|s) with the well-known density of | B(7p)| (see Figure 1).

REMARK 4.4. The solution u4/3(x,t) can also be expressed in terms of a

stable density of order % Indeed, by using the representation of the stable density
below

(4200 pulxsym =5 f Px expl—n|Blee PP ap. a1,

we know that for « € (1, 2), n =1 and for x > 0 the following series representation
holds true:

4.21)  po(x;y, 1) =

Z( ok 1sm(kzr(y—}—Ol)/(zw)) (—I——):

T k! o

see formula (6.9), page 583 of Feller (1971) (up to some corrections) and Lukacs
(1969).
For o = % and y = % formula (4.21) reads

1 1 & Lsin{(r + 1)2/37} 2
m( 3 )=;;(—x> R F<1+§<r+1))

glz( s1n{(r+1)2/3rr} ( . +1)>

r!

(4.22)

If we compare (4.15) with (4.22) we get that

(4.23) =1 ( xl 1 1)

A different proof of the relationship between stable laws and the solutions of
fractional diffusion equations, based on the inversion of the Fourier transform, can
be found in Fujita (1990).

Formula (4.23) proves the nonnegativity of the expression (4.16), as a function
of x.

5. Some generalizations of the previous results. In this section we present
some generalizations of the results of Sections 2 and 4.

We start by giving a relationship between the solutions u, and u,,,, m > 3,
and obtain some explicit expressions for m = 3. In this case the interpretation of
up/3» as the distribution of compositions of different types of processes is possible.
Also in this case we encounter processes with a random time which possesses a
branching structure (depending on n).

We now state a general result which is alternative to (2.2) and permits us to
exploit the explicit expression of u,(x, ).
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THEOREM 5.1. The solution to the initial value problem (1.1)-(1.2), for 0 <
v <2/3, can be represented as

3 +00 ptoo
5.1 uy(x,t)= Znﬁfo /(; se_(s3+”3)/(3*/3_’)u3v(x,sv) dsdv,

where usz, (x, z) is the solution to

33Vu B 5 0%u 1
(5.2) a3 ax2’ xeR,z>0,0<v§§,

u(x,0) =4(x),
and

33y 282u

=AT 1 2

53 323" dx? R,z>0, = =y
6 w(r,0) =80, TSR ET0 V=g

M[(x, O) = 09

PROOF. In view of the triplication formula (4.8), for z = % — @, we have

that

L& ()
uy(x,t) = A2 kg(:) KT — vk +1)/2)

1
" 202m1?
00 k
| x]
<2 -w)
=\ v
313D (273 — vk + 1) /2T (1/3 — v(k + 1)/2)
X
KIT(1—3v(k+1)/2)
_ 3
T 0233/2v) 7 v/2

—+00 —+00
« / / e~V —Tqy—V/2=1/3,—v/2-2/3
0 0

X io:(_ x| )k dwdz
k=0 AN3Bwzr)3v/2) kT —3vk+1)/2)

:%/+oo/Jrooe_w—zw—v/2—1/3z_v/2_2/3
2w 33/2vev/2 0

(5.4) x (v 33wzr)*Pu3, (x, {33wzr) dwdz
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3 .N/2
_ V3(33)Y /*O" /+OOe—w—zw—v/2—1/3z—v/2—2/3
0 0

T 2733/2vp0/2
x (w2)"uz, (x, | Bwzt) dwdz

3 p+oo ptoo
= £ / e_w_zw_1/3z_2/3u3v(x, 3Jwzt)dwdz,
2 Jo 0
which reduces to (5.1), after the change of variables
s =~3YwVil2,
v =3y, O

It can be easily checked that, also in this form, the solution integrates to one. By
using the last expression in (5.4) we get

+o0
/ uy(x,t)dx

—0

3 oo [t +00
= ‘2£ / e—w_zw—1/3z—2/3/ uzy(x, 35/wzt) dx dwdz
T Jo 0

—0o0

_ ﬁ +oe o~y —142/3 gy /+°° o243 g,
27 Jo 0

3 /2 1
()
2 3 3
since, by the triplication formula for z = 1/3, it is F(%)F(%) =2/ V3.

REMARK 5.1. By using the previous result it is possible to obtain alternative
forms for the solution to the initial value problem for v = 1/3 and for v =2/9.
Indeed, in the first case it is

3 +o00 p+00 3 3
ui3(x, 1) = / / se_(“%+”3)/(3*/3_’)u1(x,sv) dsdv
0 0

2w/t
(5.5) v e
_ 3 /+oo/+0°Se_(53+v3)/(3\/§)w—wdsdv-
m i A 20/T sV

The relationship (5.5) shows that u1/3 can be interpreted as the distribution of a
Brownian motion (with infinitesimal variance 212) at a random time G (¢) - G2 (?),
that is,

(5.6) J173(t) = B[G1(?) - G2(D)],
where (G1(t), G2(t)) possesses joint density

(3.3
5.7 P(G(1).Go(1)) (8, V) = se” (87t )/(3‘/5), s>0,v>0.

2/t
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This result corresponds to (1.7), for v = 1/3 and it represents a counterpart of
result (1.6) with the reflecting Brownian motion replaced by the product G () -
G»(t), with joint distribution given in (5.7).

In the case v = 2/32, from (5.1) we have that

3 400 400
(5.8) upymp(x, 1) = W/O /0 se_(s3+”3)/(3‘/3_’)u2/3(x,sv) dsdv

and this suggests that we interpret u, 32 (x, t) as the distribution of the process
(5.9 Jy32(t) = A[G1(1) - G2(1)].

The process (5.9) is analogous to (5.6) with the role of Brownian motion played
by the process A.
Analogously to (5.9), for v =2/33, we get

Joy33(1) = A{G1[G1 (1) - G2(D)] - G2[G1 (1) - Ga(D)]}

which has distribution coinciding with

M2/33(X, t)

2n/tJo Jo

3 +00 p+00
X ( f / we_(w3+23)/(3v3S”)u2/3(x,zw)dzdw) dsdv,
2w /sv Jo 0

as an application of (5.1) and (5.8) shows.

The results of Theorem 2.1 and 5.1 can be furthermore generalized in order to
relate the solutions u, (x, t) with u,,,(x, ).

THEOREM 5.2. The solution to equation (2.1), for v<2/m, m > 1 can be
represented as

mm—1/2
Wl ) = e
+oo +oo m m m—1/—n )
(5.10) X /(; /0 e—(wl +etwy )/ vm ’wz-"w:i:l

X Uy (X, WIW2 - Wy—1) dwy - - dWp 1.

PROOF. From (1.4), by using the multiplication formula of the Gamma func-
tion [see Magnus and Oberhettinger (1948)], that is,

e

— (27T)(m_1)/2m1/2_mzF(mZ),
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for z = % - @, we get that
uy(x,t)
RS TR —
T oopv/2 = ArV/2 KIT(1 — @)
Jm

= 20722y m=D/2

o0

x| )k
X Z<_ 2
= Atv/

xF(l_M>F<%_M>...

m 2 )
—1
y F(m -1 wk+ 1)>m—m/2v(k+l)|:k!r<1 Mk 1)>]

_ Jm
= 2A1V2(2) =D /2 m]2v

+0oo +o0

x / / B i
0 0

X Uy (X, m YWy - Wy—1) dwy - dwy,—1.
By means of the transformation
g = Yy T,
we finally get (5.10). O
We prove now a general result, valid for any 0 < v < 2, which gives another

representation for the solution u, = u,(x, t), alternative to those presented in the
previous sections.

THEOREM 5.3. The solution to (1.1) with initial condition (1.2) or (1.3) has
the following form:

1 00 — —1 — v/2 V)2 2
u,(x,t) = ——— e wwv/Z 1 p=lxlw®=/ (=) cos(vr /2)
ant”ﬂ/o
_(vr o x|w¥? | vm
(511) X SIH(T — W Sln(7)> dw
4
= LI R ¢y cosv/2) =)t sin(E —|x|y sin<ﬂ>) dy,
VT JO 2 2
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for0<v <2,

PROOF. By applying the reflection property of the Gamma function we rewrite
(1.4) as

& (/e
uy(x, 1) = IALV/2 1;) KT (1 —v/2(k + 1))

1 & Ix] \Fsinr/2(k+ 1) (v
T 22 1§<_M”/2> k! F(E(k—i_ 1))

1 400 w o0 wv(k+1)/2—1 |x| k VT
- infl —k+1))d
/0 e Z ( ) s1n( 2( + )) w

~ 2 =k L

_ 1 f+°° oW/ 21

T 2marv/?

512 T . |
00 |x|wv/2 k 1 ezvn(k+1)/2_e—zvn(k+l)/2
x [<_ e > X 2i ]dw

k=0 '

_ 1

T2 Arv/2

foo /2]
X —w
/0 MDY

_ v/2 ,iv/2w v/2y
% [e [x|w"/<e / (At )ezv/ZJT
_ v/2 ,—iv/27 v/2y
e |x|wY “e (At )e lv/2n]dw’

which coincides with the first form of (5.11). The second line can be obtained by
the change of variable w = (Ay)?/Vr. [

REMARK 5.2. We can check that, for v =1 (i.e., for the heat equation), the
first expression in (5.11) reduces to the Gaussian density:

1 o et (T xw!?
Ml(X,t)=mA e w SIH(E—W>(1U)

1 T w121 o w'/?
:2nkt1/2/() e Yw cos( 172 )dw

= [w = y?]

(5.13)

1 o X432

VATtA2?
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In the last step we used formula 3.896.4, page 514, of Gradshteyn and Ryzhik
(1994). The same check can be done for the second expression in (5.11).

An alternative form of (5.11) can be obtained by means of a double integration
by parts, as follows:

COROLLARY 5.1. The solution to (1.1) with initial condition (1.2) or (1.3)
can be rewritten as
1

Mv(xst) =
TV|x|

/+°° oW g KW/ 0) cos(v /2)
0
. (lxlw”/2 . (vn))
x sin| ———sin| — |} | dw,
Atv/2 2

PROOF. The first integration in (5.11) gives

1 (urr Ix|wv/? (vrr))
uy(x,1) = . cos — — ————sin| —
v|x|sin(vm/2) 2 Atv/2 2

—w ,—[x[w//Gue"/2) cos(vr/2) ‘*OO
0

(5.14)

forO<v <?2.

X e

+ ! f O e w2 (2 cos (v /2)
mv|x|sin(vr/2) Jo

(vrr Ix|w/? (un))
X cOS| — — ———=—sin| — | | dw
2 Atv/2 2

cos(vrr/2) /+°° —w /21 = lx w2 /(") cos (v /2)
27 sin(vrr /2)Atv/2 Jo
(vn lx|w"/? . (wr))
X cos| — — sinf — ) | dw
2 AtV/2 2
_ cot(vmr/2)
h TV|x|

—we—|x\wv/2/(xz“/2)cos(m/z)

1 +oo
e | e
mv|x|sin(vr/2) Jo

(vn Ix|w"/? (WT)>

x cos| — — sin| — | |dw

2 a2 2
cos(vm/2) e_we_|x|ww2/(mv/2)cos(vn/Z)

Jrv|x|sin2(wr/2)
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(v |)c|w"/2 A1 +00
X Sin 7—W81n 7 ’O

cos(vrr/2) [+°° o0 = XIw2 /(") cos(v/2)
0

TV|x| sinz(vn/Z)
) (wr lx|w"/? <vn))
X sin| — — ———sin|{ — | | dw
2 Atv/2 2

2
cos“(vmr/2) /+°° oW V)21 gl /") cos(vr /2)
0

e sin? (vt /2)Atv/?
) (vn |x|w"/2 ) <vn>)
X sin| — — ———=—sin| — ) ) dw.
2 Atv/2 2

Therefore, from (5.11) we have that

{1 cosz(wr/2)
sin? (v /2)

1
= vlx| sin(vr/2)

}uv(x,t)

+oo /2 03 4v)2
« / o o= KW/ Gu¥/) cos(vr /2)
0

(vn lx|w"/? (vn))
x | cos[ — — ————ssin[ —
2 Arv/2 2
v\ . /v |x|w"/2 A
—cot| — )sin| — — 5—sin{ — dw
2 2 Atv/ 2

—we—lxlw“/z/()\t"/z) cos(vrr/2)

1 +oo
_nlelsin(vn/Z)/o ¢
(oo () e n(5))
x 1| cos{ — ) cos[ ———=sin| —
2 Atv/2 2
A AN |)c|11)”/2 (v
=+ sin 7 Sin WSIH 7
(vn) . <vn> <|x|w"/2 . (wr))
—cot{ — )| sin| — ) cos| ———=— sin| —
2 [ 2 Atv/2 2
(vn) ) (|x|w”/2 . (vn))
—cos| — ) sin{ ———=—sin| — ,
2 Atv/2 2 ]

which easily gives (5.14). O
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REMARK 5.3. We can check that, for v = 1, (5.14) reduces again to the
Gaussian density:

up(x,t) = L/Jrooe_w Sin(M) dw
’ x| Jo arl/2
y2 A2t
- [w: TW}

2
A /+°° ye—yz/Zkzt/\xl2 sin - dy
0 v2

- wlx|3
1 /‘+°° 29324 /112 y
= eV /IR cos —— dy
V27)x| Jo V2
_ 1 o~ X/ @1h%)
2/ mtA?

as in (5.13).
With respect to (5.11), formula (5.14) is more appealing as it allows an easier
analysis of the limit for |x| — O:

) 1 sin(vw/2) [+
5.15 1 )= ——"1" v/2
.15 |x|IE>IOMV(x ) Ty AV2 o w

1 sin(vw/2) (v
v A2 F(2 + 1)'

For t — 400, (5.15) decreases for all values of v € (0, 2].

Moreover in the case v = 1, formula (5.15) gives the maximum value of the
Brownian density. For v =2 (5.15) is zero for all ¢ > 0, because in this case (1.1)
becomes the wave equation and its solution has the form of the sum of Dirac’s
impulse functions travelling in opposite directions.

By means of the following formula

e Ydw

+o0 singx
/ SNGY —px gx — arctan 2, p>0
0 X p

[Gradshteyn and Ryzhik (1994), formula 3.941.1, page 523] we can check that
(5.14) integrates to one, as follows:

/+oouu(x t)dx = i/JFOO e /+°o le_’“"v/z/(’\’v/z)COS("”/Z)
_ ’ v Jo 0

e3¢} X
v/2
X sin &sin v dx dw
Atv/2 2
2 400
_ - e Ydw=1.

v 2 Jo
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A) (B)

FI1G. 2.  (A) The solution uy,(x,t), for 0 <v < 1. (B) The solution u, (x,t), for 1 <v < 2.

Finally it is interesting to analyze the behavior of the solution (for x varying
and ¢ fixed), which is substantially different in the two intervals 0 < v <1 and
1 < v <2 (see Figure 2 above). We rewrite formula (5.14) as follows: for x > 0,

1 10 o(x, w,t
uu(x,t)z—/ g, w. ) )e*wdw,
TV Jo X

where g(x, w, 1) = e *A0T/2 gin(x A sin(vrr /2)) and A = w"/? /arV/2.

The first derivative of &2 (x w.1) with respect to x is equal to zero if

1
(5.16) —_— =,

where

VT
gx=—A cos L g Acos(vr/2) sm(xA sin —)
2 2
VT
+ A sm 2 e X¥ACOSOVT/2) oy (xA sin 7)

— Ae —xAcos(vr/2) Slﬂ(ﬂ — xAsin E)
2 2

The solution to (5.16) is
lgg =1gx + const
or, otherwise,
g = xconst.

By choosing const = 1, we obtain that u,, (x, ¢) attains its maximum on the positive
half-line if

(5.17) xe"AsOT/2) — sin<xA sin %)
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For 1 < v <2 there exists only one value of x which verifies the condition
(5.17) and this is in accordance with the behavior of the solutions u,, presented in
Fujita (1990), where the relationship with stable laws is exploited.

On the other hand, for 0 < v < 1, no positive value satisfies (5.17) and therefore
the maximum is in the origin. The previous results are confirmed by the following
theorems.

We now present the general results concerning the relationship between the
solution u,(x, t) and the stable densities. We need to analyze the two intervals
0O<v<land1 <v <2 separately.

THEOREM 5.4. For 0 < v <1, the solution to

0'u 282u
(5.18) arv " gx2 xeR,t>0,
u(x,0)=14(x),

can be represented as

1 A2Vt A2t
uv(x’t):;|x|2/v+1pv/2(|x|2/v;5, )

(5.19)

. 1 I v 1

= v|x|2/u+1p”/2 PO Mu/2>
where Py (:; 5. 1) is the density of a stable distribution of parameters y = 5 and
n =1; see (4.20).

PROOF. From (1.4), by using the reflection formula for the Gamma function
we have that

IR B - VA >’< 1
uy(x, 1) = ,;(H;WZ K — vk + 1)/2)
(5.20) B
1 i(_ x| >klsin(rw(k+1)/2)F<v(k+1)>
2Atv/2 = Atv/2 ) k! T 2 )

In view of the series representation of stable functions, which for 0 <« < 1
reads

potisya =23 1y HEEED e bt 2 a4 1)
T3 r! 2

[see Feller (1971), formula (6.10), page 583, with some corrections, Lukacs (1969)
and Zolotarev (1986)], we can obtain the first expression in (5.19). The second
expression can be derived by applying the self-similarity property of the stable
random variables. [

Finally we consider the case 1 < v <2 and we state the following result:
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THEOREM 5.5. The solution to

3u 28214

v ax2’
(5.21) ix. 0) = $0x). xeR,t>0,
u;(x,0) =0,

for 1 <v <2, can be represented as

201 x| 2 "1
”v(x»t)—;WPZ/v W’E(‘)_ ),
(5.22)

1 2
- —m/v<|x|; Zw- 1),A2/“z),
Vv Vv

where py;,(+; %(v — 1), 1) is the density of a stable distribution of parameters
y:%(v—l)andn:l.

PROOF. By following the same steps as in the previous theorem we can recog-
nize in (5.20), up to the normalizing constant, the series representation of the stable
law p;/, of order o =2/v [see (4.21)], so that we get (5.22). U

REMARK 5.4. In view of Theorems 2.3 and 5.5 and by considering the prop-
erty of self-similarity of the stable laws, we can write that

1 oo e /Gwh) | lw| 1
1) =— _— —,—Qv—-1),1)d
MU('X ) l)\/()\ m )\tvpl/v<)\,t” U( v ) ) w

(5.23)
1 (oo —x7/(4wh) 1 Uy
= - —pi wl, —QRv —1), A t)dw.
[ —=r(lul. s -

Formula (5.23) shows that the solution u,,, for % < v <1, can be interpreted
as the distribution of the process B(|4,(t)|), t > 0, where 4§, is the stable process
with density %pl/v(| -, %(21} — 1), Avp).

Moreover, as a consequence of Theorems 2.1 and 5.5, the solution of our prob-
lem (1.1)-(1.2), for % < v <1, can be written in an alternative to the form (2.2)
also as a stable law evaluated at a Brownian time:

1 [ooe=s?/60 x| 1
1) =~ — S —@v—1),1)ds.
=1 [T — (e @0 = D11 ds

REMARK 5.5. We check that, for v = 1, both expressions (5.19) and (5.22)
yield the Gaussian density

1 2 /0452
5.24 up(x,t) = ———e X /0,
(5.24) 1(x,1) WET,
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We start by considering the last expression in (5.19)

1 1 1 1
5.25 D =— — =, — |,
(5.25) ui(x, 1) |x|3101/2(|x|2 3 At1/2>

where [from (4.20)], for y > 0,
11 1t 18172 _.
N By _WEN =i /4B/1BI
(5.26) pl/z(y’ 2 Azl/Z) ~ 2 /_oo ¢ CXP{ 12 ¢ }dﬂ
' | o@D

TV s

By taking in (5.26) y = ﬁ we get from (5.25) the Gaussian density (5.24).
Formula (5.22) immediately supplies (5.24) for v = 1.

Acknowledgments. The authors thank one anonymous referee for bringing
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