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TRANSIENT RANDOM WALKS ON A STRIP IN A
RANDOM ENVIRONMENT!

BY ALEXANDER ROITERSHTEIN
lowa State University

We consider transient random walks on a strip in a random environment.
The model was introduced by Bolthausen and Goldsheid [Comm. Math. Phys.
214 (2000) 429—447]. We derive a strong law of large numbers for the random
walks in a general ergodic setup and obtain an annealed central limit theorem
in the case of uniformly mixing environments. In addition, we prove that the
law of the “environment viewed from the position of the walker” converges
to a limiting distribution if the environment is an i.i.d. sequence.

1. Introduction. In this paper we consider random walks in a random en-
vironment (RWRE for short) on the strip Z x {1, ..., d} for some fixed d € N.
Transition probabilities of the random walk are not homogeneous in the space and
depend on a realization of the environment. The environment is a random sequence
® = (wp)nez, and, given w, the random walk X, is a time-homogeneous Markov
chain on the strip with transition kernel H,, such that:

(i) Hy,((n,i),(m, j))=0if |n —m| > 1, that is, transitions from a site (n, i)
are only possible either within the layer n x {1,...,d} or to the two neighbor
layers;

(i1) for n € Z, the d x d matrices H,((n,-), (m,-)) withm=n—1,n, n+1
are functions of the random variable w,,.

One can study properties of the random walk X, that hold either for almost every
realization of the environment (so-called quenched setting) or under the law ob-
tained by an averaging over the set of environments (the annealed setup).

The RWRE on a strip were introduced by Bolthausen and Goldsheid [5]. It is
observed in [5] that the RWRE on Z with bounded jumps introduced by Key [19]
can be viewed as a special case of this model. Other particular cases include a
transformation of directed-edge-reinforced random walks on graphs [16], persis-
tent RWRE on Z [1, 25] and, more generally, certain RWRE on Z with a finite
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memory. In the last case, the elements of the set {1, ..., d} represent states of the
memory.

Due to the uniqueness of the escape direction in the state space of the ran-
dom walk, the model shares some common features with the well studied nearest-
neighbor RWRE on Z (see, e.g., [27], Section 2, for a comprehensive survey).
However, due to the inhomogeneity of the kernel H,, in the second coordinate,
there are important differences that make standard one-dimensional techniques not
directly available for the study of the RWRE on strips. For instance, in contrast to
the one-dimensional model, for a general RWRE on a strip (1) exit probabilities of
the random walk are rather nonexplicit functionals of the environment; (2) excur-
sions of the walker between layers are dependent on each other and do not form any
probabilistic branching structure; (3) the random times 1, = 7;, — T,,—1, where T,
is the first hitting time of the layer n, are not independent in the quenched setting
and are not stationary in the annealed setup. Some of these issues are addressed
in [5] and in the recent work of Goldsheid [15], as well as in the present paper (see,
e.g., Lemma 3.2 below).

For RWRE with bounded jumps on Z it is possible to transform potential equa-
tions associated with the random walk into evolution equations of a linear dy-
namical system. This approach for establishing recurrence criteria was initiated
by Key [19] and further developed by Létchikov [21-23], Derriennic [9] and Bré-
mont [7, 8]; see also the paper of Keane and Rolles [25]. Using a different method,
the recurrence and transience behavior of the random walks on a strip is related
in [5] to the sign of the top Lyapunov exponent of a sequence of random matri-
ces a, [defined below by (8)].

The main results of this paper are a strong law of large numbers (cf. Theo-
rem 2.1) and an annealed central limit theorem (cf. Theorem 2.5) for the first co-
ordinate of transient RWRE on a strip. The asymptotic speed of the random walk
is expressed in terms of certain matrices (in particular a,) introduced in [5] and
we give a sufficient condition for the nonzero speed regime (cf. Corollary 2.2). To
prove the law of large numbers and the limit theorem we introduce an annealed
measure that makes t,, = T,, — T;,_1 into a stationary ergodic sequence. The results
that we obtain are similar to, although are less explicit, than the corresponding
statements for nearest-neighbor RWRE on Z. In two particular cases, namely for
persistent RWRE on Z (cf. [1, 25]) and for RWRE on Z with bounded jumps
(cf. [7, 8, 21]), similar results were previously obtained by different methods. We
note that a quenched CLT for RWRE on a strip was recently obtained in [15]. In
addition, for a class of i.i.d. environments we prove that the law of the “environ-
ment viewed from the position of the walker” converges toward a limiting distrib-
ution. Similar results for RWRE on Z¢ were previously established by Kesten [17]
(d = 1) and Sznitman and Zerner [26] (d > 1). The renewal structure that we use
in order to prove this theorem is a hybrid of the two introduced in [17] and [26].

We turn now to a precise definition of the model. Let d > 1 be any integer and
denote D = {1, ..., d}. The environment w = (w,),e7 is a stationary and ergodic
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sequence of random variables taking values in a measurable space (4, 8). We
denote the distribution of w on (2, F) := (8%, B®L) by P and the expectation
with respect to P by Ep.

Let A4 be the set of d x d matrices with real-valued nonnegative entries
and let $; C A, denote the set of stochastic matrices. Let three functions
p =G Nijen, 9 =G j)ijen, ¥ = (0, j)ijen:8 — A4 be given
such that p + g + r € $4. For n € Z, define the following random variables in
(2, F, P): pn = p(wn), gn = q(wn), rn =r(wy). The triples (p,, rn, qn) will fa-
cilitate the definition of transition probabilities of the random walk X,.

We will denote the first component of X, by &, and the second one by Y;,, that
is,

Xn=(gnaYn)a EnEZ, Y, eD.

It will be convenient to consider random walks for which &y = O with probability 1,
but the initial position Yy of the second component is random and its distribution
is a function of the environment w_(w) := (w,)n<o- Let Pry C ]R{Slr be the set of
probability measures on the finite set & and define My C (Pry)< as follows:

Mg = {(he)wes : @ = 1y is a measurable function from Q2 to Pry

and g = g if 0_ (@) = w0_ ().
Given a collection ;4 = (y)wen € My, of initial distributions on D, the random
walk on the strip 7. x D in environment o € 2 is a time-homogeneous Markov
chain X = (X;);cz, taking values in Z x £ and governed by the quenched law PY
defined by transition probabilities (here n € Z and i, j € D)

pn(i, J), ifx=(n,i)and y=(n+1, j),
)G, ), ifx=@m,i)and y = (n, j),
Holo =10 067, ifx=(ni)and y=(n— 1. ),
0, otherwise,

and initial distribution P5 (&9 =0, Yo = yo) = Ue (o) for any yg € D. That is, for
any finite sequence xg = (0, yo), X1, ..., X, of elements in Z x D,

PZ;(X0=X(),X1 =x1»---7Xn :xn)
= o (Y0) Hy(x0, x1) - - Hyy(Xpn—1, Xp).

Let § be the cylinder o-algebra on (Z x D)V, the path space of the walk. The
random walk (associated with (1) on Z X D in a random environment is the process
(w, X) in the measurable space (2 x (Z x DN, F x 4) with the annealed law
P* = P ® P} defined by

PH(F x G)=/FP5(G)P(dw)=Ep(PL‘j(G);F), FeF, Geg.

That is, the annealed law of X, is obtained by averaging its quenched law (i.e.,
given a fixed environment) over the set of environments.
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Let us introduce some further notation. We denote by P(f) (resp., P¥) the
qqenched (annealed) law of the random walk starting at site (0,i). That is,
P'(:) = Ep(P,(") and

PL()=Pr()  with puu(i) =1.

Throughout the paper we use the notation 0 := (0, ...,0) € R 1:= (1,....,H e
R4, and denote by e;j, i =1,...,d, the vectors (0,...,1,...,0) of the canon-
ical basis of R?. We denote by O the zero d x d matrix and by I the unit
d x d matrix. The notions “>,” “<,” “positive,” “negative” and “nonnegative”
are used for vectors and matrices in the usual way. For instance, a d x d matrix A
is said to be nonnegative if A > O, that is, A(i, j) > 0 for all i, j € D. For a
vector x = (x!,...,x%) e R? let ||x|| := max;cp |x'| and for a d x d real ma-
trix A let ||A|| denote the corresponding operator norm sup (xeR?: x]|=1) |Ax|| =

max;ep X jep |Ai, j|. We frequently use the fact thatif a d x d matrix A is nonneg-

99

ative, then ||A|| = ||A1]|. Finally, we use the notation I 4 for the indicator function
of the set A.

We next introduce our basic assumptions. For n € Z, define the random times
(D) T,=inf{i:& =n} and 7t,:=T, —T,_1,

with the usual convention that the infimum over an empty set is co and oo —
oo = 0. Let 1, (i, j) be the probability that the walker starting at site (n,i) in
environment o reaches the layer n + 1 at point (n + 1, j), that is (with some abuse
of notation, in this and similar cases, we usually will not indicate explicitly the
dependence on w),

(2) Mali, ) = Py, (Yey = ),
where 6 : Q — Q is the shift operator defined by
(3) Ow)y = wp+1, nez.

A “continued fractions” representation of 7, in terms of the sequence w,, is pro-
vided in [5], page 437 [see especially identities (2.5) and (2.7) there].

The following Condition C is borrowed from the paper of Bolthausen and Gold-
sheid [5].

CONDITION C.

(C1) The sequence (w,)nez is stationary and ergodic.
(C2) Ep(log(l — [ro+ pol)™") < oo, Ep(log(l — [Iro+gol)™") < occ.
(C3) Forall j € D,

d d
Y qoGi, j)>0 and > po(i, j) >0,

i=l i=I
P-almost surely.



2358 A. ROITERSHTEIN
(C4) P(no(i, j)>0)=1foralli, j e D.

Note that since

@) min Y qoi, ))=1—[ro+ poll, min Y po(i, j)=1—[lro+ qol.
ieD * ied *
jed jed

Condition C2 implies that for all i € D, P-a.s.,

d d
5) > qoG,j)>0 and ) poi,j)>0.
j=1 j=1

In this paper we concentrate on random walks X, which are transient to the right,
that is, P (limy— oo &, =o00) =1 for all i € £H. We next recall the criterion for
the transient behavior of X, obtained by Bolthausen and Goldsheid in [5]. Let
tn = &n(w), n € Z, be a stationary sequence of d x d stochastic matrices solving
the equation

n=U—gnln—1 — rn)_lpn» P-as., neZ.

This sequence exists and is in fact unique by Theorem 1 in [5]. Let y, =
(I — gntn—1 — rn)_l, and introduce for n € Z the following random matrices:
an = Ynqn = (I — qnln—1 — rn)_lqn. As we shall see, the matrices a, play
essentially the same role for RWRE on a strip as the random variables p, =
P,(Gump from n ton — 1)/ P,(jump from n to n 4+ 1) do for the nearest-neighbor
RWRE on Z.

By the subadditive ergodic theorem of [14], condition C2 ensures that there
exists a nonrandom number A such that

A= lim 1/n-Ep(ogla,---ail)

(6)

=nll>ngo 1/n-log|la,---a1l, P-as.

It is shown in [5] that under Condition C, X, is transient to the right if and only if
A < 0. Therefore we will assume throughout the paper:

CONDITION D. X <O.

This condition is a generalization of the transience criterion Ep(logpg) < 0o
for the RWRE on Z (see, e.g., [27], Section 2). If the random walk is transient to
the right, P(n, = ¢,) =1 [5] and hence we have P-a.s. for all n € Z:

@) Yn=U—qnn-1 — rn)_l
and

(8) an = (I = quiin—1 —1n) "' qn.
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The rest of the paper is organized as follows. The main results are stated in Sec-
tion 2. A law of large numbers for &, (cf. Theorem 2.1) and a criterion for a positive
asymptotic speed (cf. Corollary 2.2) are proved in Section 3. Section 4 is devoted
to the Markov chain “environment viewed from the particle.” In particular, we
prove there that the law of the Markov chain converges toward a limiting distribu-
tion. An annealed central limit theorem for a normalized random variable &, in the
case of uniformly mixing environments is given by Theorem 2.5 and is proved in
Section 5.

2. Statement of main results. Let 7 = (71,)pco € My be a collection of
probability measures on O defined P-a.s. by

©) Ty = M ein—p(®)---1-1(w).

It follows, for example, from part (iii) of Lemma 3.3 that the limit in (9) exists
P-a.s., does not depend on i, and defines a probability measure on D = {1, ..., d}
whose support is the whole D.

It is shown in Section 3 that the sequence (t),cN 1S stationary and ergodic
under P” and the following law of large numbers holds.

THEOREM 2.1. Let Conditions C and D hold. Then for every n € My, the
following limits exist P*-a.s. and the equality holds:

vy = Jim, /= lim /T,
=1/Ep(ny - (bo +aob—_1 +apa—1b_5 +--)),
where b, ==y, 1.
The formula for the asymptotic speed yields the following characterization of
the positive speed regime.

COROLLARY 2.2. Assume that:

(1) Condition C holds.
(i1) There exists € > 0 such that P-a.s., 2?21 pn(, j) > € foralli € D and
alln eZ.
(iii) limsup,_, o, 1/nlog Ep(llaga; - --an—1|) <O.

Then P(v, > 0) =1.
Assumption (iii) of Corollary 2.2 is a generalization of the corresponding condi-

tion limsup,,_, o, % log Ep(pop1 -+ pn—1) < 0for RWRE on Z (cf. [27], Section 2).
Note that by Jensen’s inequality this assumption implies Condition D. Assump-
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tion (ii) implies in virtue of (4) that P-a.s.,
1Bl = Nyl = 1yl < (A = llgnnn—1 +ralD”"

== llgn+ra)7" < 1/e,
and hence, by condition (iii) of the corollary,

(10)

. 1
limsup — log Ep (llaoar - -+ a—n+1b—sl)
oo n

(D)

<limsup 1/nlog Ep(llaoai -+ - a—n+1ll - lb-nll) <O.
n— 00

Consequently, v, > 0 because the formula for the asymptotic speed given by The-
orem 2.1 and inequality (11) imply that

1 0
v— =< Z Ep(||moll - llaoar - - a—pny1b—pl)

P n=0

o0 o0
< Y Er(lagar - a—pr1b—yl) = ) ae™" < oo
n=0 n=0
for some constants a, b > 0.
In Section 4 we study the “environment viewed from the particle” process
GRS Y,)n>0. By Lemmas 3.1 and 3.2, v, = 1/E*(T}). Therefore Proposi-
tions 4.1 and 4.8 yield

THEOREM 2.3. Let Conditions C and D hold. Then v, > 0 if and only if there
is a stationary distribution Q for the Markov chain x, = (05"a), Y,), n >0, which
is equivalent to P ® {counting measure on D}. If such a distribution Q exists it is
unique and is given by the following formula:

T —1
(12) Q(B,i):vPE”(Z IB(EH)Iyn(i)>, Bef,ied,
n=0

where @y, 1= 05 w.

For i.i.d. environments, similarly to the RWRE on 74 (see [17] for d = 1
and [26] for d > 1), the law of the environment viewed from the particle converges
toward its unique stationary distribution. More precisely, we prove in Section 4 the
following theorem.

THEOREM 2.4. Assume that (wp)nez is an ii.d. sequence, Conditions
C and D hold, and v, > 0. Then for any pu € Mgy, under the law P* the se-
quence x, = (05w, Y,) converges weakly to the limiting distribution Q as n goes

to infinity.

In the case where (w;),ez is a uniformly mixing sequence we obtain in Sec-
tion 5 the following central limit theorem. Let o™ =g (wj:i>n),op=0(w:i <
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n), and
¢(n) =sup{P(A|B) — P(A):A € o™, B eoy, P(B) > 0}.

Recall that the sequence w, is called uniformly mixing if ¢ (n) —,—00 0. Let
@(n) :=2¢(n). For uniformly mixing sequence it holds that (cf. [11], page 9)

(13) |Ep(f8) —Ep(HEP(@I <o) fllwllgli

for bounded o (w; :i > n)-measurable functions f and bounded o (w;:i < 0)-
measurable functions g.

THEOREM 2.5. Let Condition C hold and assume in addition that:

(i) There exists € > 0 such that P-a.s., Z?:l pn(i, j) > € foralli € D and
all n € 7.
(i) limsup, , . n~'log Ep(||aoa; - --an_1]|*) <O.
(iil) Y2 Ve(n) < oo, where the mixing coefficients ¢ (n) are defined in (13).
(iv) We have limsup,_ ,n 'logEp(coci---cho1) < O for ¢, = 1 —
max;ep Minjep Ny (L, j)-

Then there exists a positive constant ¢ > 0 such that for any p € Mg, n="?(&, —
n-v,) = N(Q, 02) under P* as n — oo, where N (0, 0?) stands for the normal

distribution with variance o*.

Assumption (ii) of the theorem implies by Jensen’s inequality Condition D.
Moreover, by Corollary 2.2, v, > 0. We note that condition (iv) of Theo-
rem 2.5 is implied by a number of more explicit assumptions, for instance by
the following one: limsupn_)oon_llog Ep(co---¢1---Cn_1) < 0, where ¢, =
1 —minjecp p,(i*, j) for some i* € D.

3. Law of large numbers for &,. This section is devoted to the proof of The-
orem 2.1. The law of large numbers for &, is derived from the corresponding state-
ment for the hitting times 7}, introduced in (1). More precisely, we have:

LEMMA 3.1. Let Conditions C and D hold and assume in addition that
Pr(limy—oo Ty/n = o) = 1 for some o € (1,00] and pn € My. Then
PHr(lim, 00 &n/n=1/a) = 1.

The proof of the lemma is similar to that of the analogous claim for the RWRE
on Z (cf. [27], Lemma 2.1.17) and thus is omitted.

In contrast to the nearest-neighbor RWRE on Z, the sequence 7 := (t,),en de-
fined in (1) is in general not stationary for transient random walks on the strip.
However, as the next lemma shows, the sequence is stationary and ergodic un-
der P™, where 7 = (7,)peq is defined in (9).
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LEMMA 3.2. (a) T = (ty)neN IS a stationary sequence under P" .
(b) T = (t)neN is ergodic under P™.

Before we turn to the proof of the lemma, let us have a closer look at the ma-
trices 1, introduced in (2). Conditioning on the direction of the first step of the
random walk we get that n,, verify the following equation:

Nn = Pn + Tnlin + Gnlin—1Mn,

which is equivalent to
(14) M= — qnin—1 _rn)_lpn:)/npn’ n e .

In fact, under Conditions C and D, (1,,),<z is the unique stationary sequence which
satisfies recursion (14) (cf. [5]). In the following lemma we collect some properties
of the matrices 7, that were proved in [5].

LEMMA 3.3 [5]. Let Condition C hold and assume in addition that
Pdimy,— 0 &, = +00) = 1. Then:

(1) The extended sequence (wy,, Ny)nez IS Stationary and ergodic.
(i1) The matrices n, are P-a.s. stochastic and P(ng > 0) = 1.
(ii1) There are an ergodic stationary sequence of matrices (1, (w))necz and a
sequence of matrices (&n,m(®))nez.meN such that for all n € Z and m € N:

(@) Np—m - Mu—2Mn—1 =7n + En,m-

(b) m, are strictly positive column matrices, that is, P-a.s., m,(i, k) =
7, (j, k) >O0foranyi, j,k € D and n € Z.

©) P(lenmll <cn—1---cn—m) =1, where c, are introduced in the state-
ment of Theorem 2.5.

Part (i) of the above lemma follows from [5], Theorem 1c, because if
Pim,— ~ &, = +00) = 1, then 5, coincides with ¢, defined there. Part (ii) is the
content of [5], Lemma 4 and [5], Corollary 2. Part (iii) is essentially [S], Lemma 9
with the only exception that our choice of the numbers ¢, is different from that
of [5]. The above version follows from a contraction property of Doeblin’s sto-
chastic kernels (in particular, strictly positive stochastic matrices); compare [10],
page 197.

PROOF OF LEMMA 3.2. (a) Recall the shift operator 6 : Q2 — 2 defined in (3).
By the definition, mgn,, = myn-1,n,—1 and hence, by induction on n, P-a.s. we
have 7o, (-) = PJ (&7, € -) for n > 0. Since (,(w)),ez is a stationary sequence
under P, so is the sequence (mgny,)nez. Let O, be the shift operator for the se-



TRANSIENT RWRE ON A STRIP 2363

quence T defined by (0, 7), = Ty41, thatis, 6, 7(w) = t(6w). Then, forany n € N,

PT@'te )= Ep(PI(Yr,=i)Pj,(t€")

ieD

= Z EP(]Tgnw(l.)PQinw(T € ))
ieD

=Y Ep(na() Pyt ) =P (z e,
ieD

where the last but one step follows from the translation invariance of the measure P
with respect to the shift 6.

(b) Forn e N, let x, = (0"w, Y7,, 7,,). It is easy to see that under P7, (X,)neN
is a stationary Markov chain with transition kernel

K(w,i,n; A, j,m)=P.(ty =m, Y, = HIx(0w).

The claim of part (b) follows from the following lemma:
LEMMA 3.4. The sequence (Xp)nen is ergodic under P™,

We turn now to the proof of Lemma 3.4. Denote X := (X;),ez, and let S =
Q x D x N be the state space of the Markov chain (x),cn. Let A € o (X, :n >
0) be an invariant set, that is, n_lA = A, P"-a.s., where 5 is the usual shift in
the space S%+ : (nX),, = Xp41. It suffices to show that P7(A) € {0, 1}. For x € S
let P, be the law of the Markov chain (x,),>0 with the initial state xo = x. Set
h(x) = Px(A). The following lemma is a general property of stationary Markov
chains (see, e.g., [6], page 12 or [27], page 207):

LEMMA 3.5. (i) The sequence (h(Xy))neN forms a martingale in its canonical
filtration.
(ii) There exists a measurable set B C S such that h(xp) = 1p(xo), P"-a.s.

It remains to show that P” (xg € B) € {0, 1}. By the martingale property of the
sequence h(x,), Ip(x) = KIp(x), we have P"-a.s. Write B = {J;cp Unen Bin X
{i} x {n}. We have, for P-a.e. environment w,

Ip, ,(w) =1p(w,i,n) = Klp(w,i,n)
= Z Z Pcf)(fl =m, Yy, :j)IBjJn(Gw)‘
jeD meN

Therefore, for all m,n € N, 1, (0) =1Ip
the notation Ip, :=1p

..m (@) with probability 1. That is, using
n € N, we can write

in’

(15) B=J Bi x {i},

ieD
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and the preceding equation becomes

Ip (@)=Y P,(Yr, = DIg;(0w) = > noli, )z, (Ow).
jed jed

Since I, € {0, 1}, and by condition C4, P(no > 0) = 1, we obtain that
(16) I, (w) =1p;(Ow) foralli, j € D, P-as.

In particular, I3, (w) are invariant functions of the ergodic sequence (w;),ez, and
hence P(B;) € {0, 1}. Furthermore, by (16) and the translation invariance of the
measure P, we have P(B;) = P(0B;) = P(Bj) for every i, j € D. It follows
from (15) that P” (B) € {0, 1}. The proof of the lemma is complete. [

Applying the ergodic theorem to the sequence T = (7,),>1, we obtain that
P*(limy— o0 T;;/n = @) = 1, where « := E*(T}). Since P(m, > 0) =1 (cf.
Lemma 3.3), the a.s. convergence of T,,/n under P" implies the a.s. convergence
under P# for any € My. In the next lemma we compute the limit o« = 1/v,. For
any integern <0 and j € D let

a7) u) (@) = Eo(T1|Xo = (n, j)),

and denote by u,, the vector (u,ll, cee ug). Then o = E p (w,uo(w)) and we have:

LEMMA 3.6. Let the conditions of Theorem 2.1 hold. Then P-a.s.,
uo=>bo+aob_1 +apa_1b_,+--- < o0,

where b, := y,1 and the random matrices y, and a, are defined in (7) and (8),
respectively.

PROOF. Forn <0 andi € O, decompose the path of the random walk with
Xo = (n, i) according to the value of X:

(18) u= Y. > Ig—wpiy—j(1+7),

ke{—1,0,1} jeD

where (1 4 71) is the (possibly infinite) first hitting time of the layer {1} x D after
time 1.
Setting u; = 0 and taking expectations in the previous identity, we obtain

(19) “n=1+Qn”n—1 + rptp + ppltnyti, n <0.
Let y; := up and, using the usual convention that co — oo = 0o, define for n <0,

(20) Yn =Up—1 — Nn—1Un.
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Note that by the definition y,, > 0 for all n < 0. Indeed,
uy_y = Eo(T1|Xo = (n — 1,1))

= Z nn—l(i,j)Ea)(Tn + T —Ty|Xo=n—1,i), Yr, =])

jed

> Mol NEW(Tr — Tyl Xo = (n — 1,i), Y7, = j)
jed

=Y -1, DEo(T1|1Xo= (1, J)) = (lu—1un)",
jed

where (nn_lun)i denotes the ith component of the vector n,_1u,.
Substituting the expression for u,_1 given by (20) into (19) we obtain

(I = gnnn—1 —r)un =1+ quyn + pultnti, n <0,
and hence, in view of (14) and (8),
(21) Yn+1 = b, + AnYn, n <0.

Iterating the identity (21) and using a standard truncation argument, we will next
show that

(22) ug =y) =bg +agb—_1 +apa—_1b_> +---.
First, observe that (21) yields for any n € N,
yi =bo+aob_1 +apa_1b_+---+ap---a_py1b_p+ag---a_py_n
> by +aob_1 +apa_1b_r+---+apa—1---a_,4+1b_,,

and hence y; > bo + Y 02 | aoa—i -+ a—pt1b_p.
To show that the reverse inequality holds, fix any real number M > 0 and define
for integers n < 0 d-vectors v, s by setting

v (@) = Eo(Ty A M| X = (n, )
for the jth component of the vector. Here we use the standard notation x A y =
min{x, y}. It follows from (18) that
(23) Un,M §1+ann—1,M + raUn, M + PnVn+1,Mm> n <0.

Indeed, if at least one of the summands Ijg —. y,—.(1 4 71) in the right-hand side
of (18) is bigger than or equal to M, the left-hand side is at least M as well. In this
case

aAM< Y Y lgmniky=p(+T) AM
ke(—1,0,1} jeD

<1+ Z Z Lig =tk v,=j)T1 A M.
ke{—1,0,1} jeD

(24)
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Taking the expectations in (24) we obtain inequality (23).
Letting z1 p := vo,m and for n <0, zy M = Vp—1,M — Mn—1Vn,m, WE get
from (23), similarly to (21), that

Zn+1,M <b, + anzn,m, n<0.

Since ||zy, m|| <M and ||lag - - - a—,+1]| = 0 by Condition D, it follows that z; » <
bo+ > o2 apa—1 - -+ a—p4+1b_y, and hence (22) holds.

To complete the proof of the lemma it remains to show that the right-hand side
of (22) is P-a.s. finite. In fact, the following standard argument implies that, under
the conditions of Theorem 2.1, the norm of the vectors apa_1 - --a_,b_,,—1 decay
exponentially. Namely,

nli)ngo 1/n-log|laga—1---a—pb—_p—1|| <O, P-a.s.

In virtue of Condition D and the multiplicative property of the norm, it suffices to
show that

(25) nll)ngo 1/n-log|b,| =0, P-as.
Toward this end observe first that

Ep(log ||byll) = Ep(log |ly,1]) = Ep(log [l yall)
< Ep(log(1 — llgntn—1 +ral)™)
=Ep((1 = lign +ralD7Y) < 00,

where the last inequality is due to Condition C2. Since the sequence of matrices
(Yn)nez defined in (7) is stationary, and hence the sequence of vectors b, = ;1 is
stationary as well, we have for any fixed ¢ > 0,

o0 0
> P(1/nlog byl > &)=Y P(log||byll > ne)

n=1 n=1

= Ep(log|lbol) — 1 < o0,
implying by the Borel-Cantelli lemma that P(1/nlog|/b,|| > ¢i.0.)=0. 0O

4. Environment viewed from the particle. This section is devoted to
the proof of Theorems 2.3 and 2.4. It is shown in Proposition 4.1 that if v, > 0,
the process x, = (9% w, Y,,) is stationary and ergodic under the law induced by the
initial distribution Q of x¢ [introduced in (12)] and the quenched measure P,,. The
converse part of Theorem 2.3 is given by Proposition 4.8. Proposition 4.5 defines
a renewal structure for the paths of the random walk X,, which is the key element
in the proof of Theorem 2.4. The proof that in an i.i.d. environment the law of x,
converges toward a limiting distribution (Theorem 2.4) is completed at the end of
the section.
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Let @, = 05" and consider the process x, = (wy, Yy,), n > 0, defined in (2 x
D, F ® 8p), where 8 is the set of all subsets of D. For any p € My, (x4)n>0
is a Markov chain under P# with transition kernel

K(o,i; B, j) = poi, )Ig@w) +roli, NI(@) + qoli, N0 w).

By Lemmas 3.1 and 3.2, E*(T1 < oo) =1 if v, > 0. Hence Q is a probability
measure. It is shown in Proposition 4.1 below that Q is an invariant distribution
for the kernel K, thatis, [, p, Q(dx)K(x,A) = Q(A) for Ac ¥ ® 8p.
Define a probability measure Q on (2, ) by setting
0(B)=Q(B,D), BeF,

and define a collection v = (v,,)peq € My of probability measures on D by setting

Mi):@, where Q;(B) := Q(B, i) for Be F.
dQ(w)
Form <0 andi € D define
(26) N! :={#ne[0,T)):& =m, Y, =i}.

Note that for any bounded measurable function f: Q2 — R and all i € D,
o0
| @0 =v, B (f@0): Y =i.Ti = n)
n=0

=v, »_ E"(f(©"w)N,,)

27) =0
=v, EP<Z Tok) Y f(emw)Ef)(N;))
keD m=<0
=v,Ep <f(w) >0 nemw(k)E{;_mww;;)).
kedD m=<0
Therefore,
k i
V(i) = LkeD 2m=0 neimw(k)EQ_m‘]‘;(Nm) _ P-as.
Y ke Lom<0To-70 k) X jen Eg-m,,(Nim)
Note that
(28) Py(ve(i)>0)=1 Vied,

because E! (N}) > 1.

SetQ=0Q® P} . In words, under QQ the environment o is distributed according
to the measure Q while the initial position Y, of the random walk in environment
is determined according to the measure v,,. With a slight abuse of notation we will
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denote by QQ also the annealed measure induced on the path space of the random
walk, that is,

@((Xn)nzo € ) = EE(PwV((Xn)nzo € ))s

where E- stands for the expectation with respect to Q.

The following proposition is standard for one-dimensional processes in random
environment (see, e.g., [20], [6], Lecture 1, [27], Section 2.1). Note that we do not
assume here yet that the environment is an i.i.d. sequence.

PROPOSITION 4.1. Let Conditions C and D hold and assume in addition that
v, > 0. Then:

(@) The measure Q is invariant under the kernel K, that is,

Q(B,i)=]§)/9/913(w)1<(w,j;dwJ)Q(dw,j)-

In particular, the sequence (wy, Y,)n>0 is stationary under the law Q.

(b) O~ Pand A(w) = Z—g <dv,llug+ Y72 aiai—1 ---aza;(1+uo)||, where
the vector ug is defined in (22).

(c) The sequence (wp, Yy)n>0 is ergodic under the law Q.

(d) Q is the unique invariant probability measure for the kernel K which is
absolutely continuous with respect to P ® {counting measure on D}.

PROOF. (a) The proof is by a “cyclic argument.” We have

oo
Q(B,i)y=v, Y P"(@, €B,Y,=i;T1 >n)
n=0

and, on the other hand,

1 1
LOK B = > [ K(@. )i B.)Qwo. ))

P jeD

0
=Y E"(Ig@n+ )iy (Yng1): Tt > 1)
n=0

o
=Y E"(Ig@nt )iy (Yo 1); T =n+1)
n=0
o0
+ Y BT (3@ )iy (Yos1); Tt > n+ 1)
n=0

o0
=P (@r, € B,Yr,=i)+ Y P (@, €B,Y,=i;T1 >n).

n=1
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Using (9) and the translation invariance of P with respect to the shift 6,
P* (@7, € B, Y7, =i) = EP(Z 7w (J) P (Y1, = i)IB(Qw))
jed
= Ep (190 ()Ip(0w)) = Ep (7, ()Ip(w))
=P*(Yo=1i,m0 € B),

completing the proof.
(b) It follows from (27) that

A@)=v, Y > Tg-ne(K)Ep— (N - 1),

keD m=0

where the vectors N, = (N,}i, e N,ﬁ) are defined in (26).
Form <0andn <0, let

(29) MI]’I(’l,n = Ew(Nm . 1|XO = (”l, k))’
and define M,, , = (M,L,n’ cees Mi,n)'

Conditioning on the first step of the random walk and setting M r’;’l := 0 for any
ke D, weobtainform+1<n <0,

Mm,n = q”l{n:m-i—l} + pan,n—H + ran,n + Qan,n—l-
Form+1<n<lletgyu,=Mpnn-1—Nn—1Mpn, . Similarly to (21), we get
8m,n+1 = anl{n=m+1} +angmn-

Recall the vectors u,, defined in (17). Taking into account that g, , < My n—1 <
u,_1, we obtain form < —1,

Mm,O =8m,1 =apad—1--- am+2(@m+1 + am—l—lgm,m—l—l)
(30)
<apa-1---amy2am+1(1 + uy).
It follows that for m < —1,
Efjy (N - 1) =M}, (07" ) < a_ma_m—1 - - azar(1+ uo) (k).
and hence

A@) <v, Y |:7Tw(k)u0(k) + Y i (Kaiai 1 - azai (1+ uo)(k)]

keD i=1

o0
uo+ Y _ajai—1 - --azai(1+ uo)

i=1

<dv,

This completes the proof of part (b) of the proposition.
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REMARK 4.2. The estimate for A (w) that we obtained is not tight because u,,
is a rather rough upper bound for g, ,,+1 in (30). This estimate, or more precisely,
the upper bound (30) for M,, ¢ will be used in the proof of Lemma 5.4.

(c) Our aim is to show that the sequence (x,),>0 is ergodic under Q. The proof
is standard (see, e.g., [6], pages 9-15, or [27], Section 2) and is based on the
application of Lemma 3.5. We outline it here because the final step differs slightly
from the corresponding argument for RWRE on Z¢.

Let X := (xp)n>0 and let A € o(x,:n > 0) be an invariant set, that is,
n_lA = A, Q-a.s., where 5 is the usual shift on the space (2 x D)L+ X)), =
Xn+1. It suffices to show that Q(A) € {0, 1}. For x € Q x D let P, be the law of
the Markov chain (x,),cz, with the initial state xo = x. Set h(x) =P, (A).

By Lemma 3.5 there exists a set B € £ ® 89 such that h(x) =1p(x), Q-a.s.
It remains to show that Q(B) € {0, 1}. By the martingale property of the sequence
h(xp), Ip(x) = KIp(x), Q-a.s. Write B = {J;cp Bi x {i}. We have P-a.s. (since
Q~ P)foralli e D,

Ip,(w) =Ip(w,i) = Klp(w,i)

= 3" [poli, 1, @) + 1o, g, (@) + qoli, g, @ w)].
jed
Since I, takes only two values, either O or 1, Zje:o pG, H)+rQ, j)+q@ j)=1,
and po(i, j) > Oforany i, j € D, P-a.s., we obtain that

(31) Ip (@) =15,(0w)  foralli,jeD,  P-as.

In particular, I, (w) are invariant functions of the ergodic sequence (w,),cz and
hence P(B;) € {0, 1}. Furthermore, by (31) and the translation invariance of the
measure P, P(B;) = P(0B;) = P(B;) for every i, j € D. It follows from (31)
that

P ®Imy(B) € {0, 1},

where Img is the counting probability measure on D, that is, Img (i) = 1/d for all
i € . This completes the proof of claim (c) because Q ~ P and hence, by (28),
0~ P ®Ilm,.

REMARK 4.3. Note that the only property of the stationary measure Q that
we use in the proof is that Q = Q ® P} and Q ® v, ~ P ® Imy. This observation
will be used in the proof of Proposition 4.8.

(d) Let Qg be an invariant probability measure for the kernel K such that Qg «

P ® Imy. It follows from the ergodic theorem that for any measurable set A €
F ® 89, we have O ® m,,-a.s.,

1n—l ln—l )
(32) —Y Qi e A== K'(x,A) —> Q(A).
o 2o e
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Taking the integral with respect to Qg(dx), and using the fact that Q ~ P, we
obtain that Qg(A) = Q(A). The proof of the proposition is completed. [

We turn now to the proof that in an i.i.d. environment x,, converges under P* to
the limit distribution Q. The proof is similar to that of the analogous statement for
RWRE on Z¢ (see [17] for d = 1 and [26] for d > 1) and uses a renewal structure
that we proceed now to introduce.

Forn e N, let
(33) Xn = 1nf &,
1>n
and fix any i* € D such that
(34) ]P’i*(xo <0) < 1.

Such i* exists because P! (o < 0) = 1 for all i € O means (by the strong Markov
property of the random walk in a fixed environment) that P# (&, < 01i.0.) = 1 for
all © € My. This would imply that X, is either transient to the left or recurrent
and hence contradicts Condition D.
Let T = 0 and for n > 1 define
T} =inf{m > T, | :m = Ty for some k > 0 and Y,, =i*}.

Thus 7, is a subsequence of random times 7} corresponding to the indexes k such
that Y7, = i*, that is, the random walk hits the layer {k} x £ at height i*.
Next, let p—; = —1 and for n > 0 define

pn =infim > p,_j :max§; =&, < min&; and Y, =i*}.
Jj=m J>m

Note that (p,),>0 is a subsequence of (7,),>0. At times p,: (i) the path of the
random walk hits some layer {m} x D at first time, (ii) its altitude (the second
component) is i *, and (iii) the random walk will never return again to this layer.

LEMMA 4.4. Let the conditions of Theorem 2.4 hold. Then for any u € My
we have P*(p,, < oo foralln >0) = 1.

PROOF. First, we shall prove that

(35 PY(T <ooforalln e N) =1.
Toward this end observe that for any & € N and any increasing sequence of positive
integers (o, )N We have
PH(TE <00, T =00) < Y Ep(PY(TE =Ty, T > an))
neN

(36) = 3" Ep(PA(T{ = Ty) Piny (T} > )
neN

< Y PUTY > an).
neN



2372 A. ROITERSHTEIN

With 0y (i, j) :=n,(i, j)Ijj%i+), we have for any n € N,
PU(T]" =00) < PE(TY" > Ty) < ling - my_y Il < gl -~ Iy 1 I

By condition C4 and the ergodic theorem,

: 1 = * *
dim — kgolog Inil = EpQoglinglh) <0,  P-as.

Therefore, PH(T}* = 00) = lim,,_, oo P¥(T}* > T,,) = 0 by the bounded conver-
gence theorem. This shows that we can choose a sequence «;, to make the right-
most expression in (36) arbitrarily small and therefore proves (35).

Let A denote the event {p, = oo for some n > 0}. Our aim is to prove that
P*(A) =0 for any u € My. For n >0, let

k, = inf{i > Tn* &= éTn*}.
Then
A= U Am where A,, := {k, < oo for all n > m}.

m=>0
Fix now any m > 0, let hg = ETm*, go = m, and on the event A,, define for n > 0,
hp1 =inf{j > kg, : j =T;" forsomei eN} =T, .

where the last equality defines random variables g,, n > 1. We note that this
construction is reminiscent of the renewal structure for RWRE on R¢ introduced
in [26] and &, are a counterpart of their “fresh times.” In words, h,4+1 = T; | is
the first time after kg, (which is the time of the first return to level ET,,?; after ng)
when the path of the random walk hits a fresh part of the environment (i.e., a new
level on the right of ngn) and its height at that moment is i*.

For the fixed value of the parameter m and n € N, let A,, , denote the event
{kg; <oofori=0,...,n}. Then, since P is a product measure,

B (A) < P (A1) = P (A, = v, inf & <)
X€EL J=tn

= Z Ep (ch(Am,n, &n, = X)Pgi;w()(() < 0))

X€EZ

= Y P (A b, = P (10 < 0)

x€Z
=PH(Am )P (X0 <0) < <[P (x0 < 0)]" — 0,
n— oo
where we use the fact that the random variable P/ (Am,n, &, = x) is measurable

with respect to o (wy, :n < x) while Pgi; » (X0 < 0) is measurable with respect to
o (wp :n > x). The proof of the lemma is therefore complete. [J
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Define a probability measure Pon (Z x D)%+ x Q by setting
(37) P(Xn)nz0 €0 € ) =P (Xp)nz0 € -, @ € |50 > 0).
Note that for any A € (X, :n > 0),
PY(ANxo>0)  Ep(Pl (AN xo>0)
P (x0 > 0) Ep(P[ (x0>0))
_ Ep(mo(i*) - Ep(PL (AN x> 0))
Ep(my(i*)) - Ep(PL (x0 > 0))
_ Ep(mo(i*)PL (AN x0 > 0))
Ep (7, (i*) P} (x0 > 0))

_PTANYR =i"Nxo>0)
- PT(Yp,=i*Nxo>0)

P(A) =

(38)

P"(A|Y7, =i", xo0 > 0),

where we use the fact that the random vector 7, is measurable with respect to
o (wy :n < 0) while Pcf)* (A N xop > 0) is measurable with respect to o (w,, : n > 0).
For k > 0, denote

9’]{ = 0(p17 e ooy )Ok7 XO! co ey X,Ok? (a)n)n<$pk)-
The next proposition is the key to the proof of Theorem 2.4.
PROPOSITION 4.5. Let the conditions of Theorem 2.4 hold. Then,
PE((X pytn — XpIn=0 € -, (0%, +1)i=0 € -|$x)
= P((Xwnz0 € @iz € )

forany p € My and k > 0.

(39

COROLLARY 4.6. Under the conditions of Theorem 2.4, random R2-vectors
(&po> £0), (Ep; — &py, P1 = PO -5 (6o, —&p,_1> Pn — Pn—1), ... are independent
under P* for any u € My. Furthermore, the random vectors (§p, — &py. P1 —
£0)s - Ep, — &pu_ys Pn — Pn—1), ... are distributed under P* as (&,,, p1) un-
der P.

The proof of the proposition and the corollary is similar to the proof of The-
orem 1.4 in [26] (see also Lemma 3.2.3 in [27]). For the sake of completeness
we outline it here, following the proof in [27], pages 263—-264. First, observe that
for any integer number m > k and §;-measurable random variable 4 there exists
a random variable £,,, measurable with respect to o ((X; — X0)i<7,, (@Wn)n<m),



2374 A. ROITERSHTEIN

such that hly, —7,,) = hmI{y,,>m). Therefore, for any measurable sets A C (Rz)Z+
and B C 8%+ we have

E*(TaAl(X pytn — X pdn=01 - Igl(wg,, +i)i=0] - )

= Z Ep(Ipl(wm+i)i=0] - EXXa[(X 740 — X1, 0>0] - b - Lipi=1;,}))

m>k

=" Ep(Lpl(@mnt)iz0] - Epmy,(Ta[(Xn — X0)n=0] - Lixp>0)) - EX ()
m=>k

= Y E"(I4[(Xn — Xo)n=0] - 1[(@)i=0] - Iiyo>0p) - B ().
m>k

where we use the Markov property in the second equality and the i.i.d. structure of
the environment in the last one. Substituting A = (R?)%+ and B = 8%+ yields

B (h) = )" B (Iyg>0) - B (hm) =P (0> 0) - Y EF ().
m>k m>k

Therefore, we get
E*(La[(X pptn — Xpdn=0] - Ipl(wg, +1)i=0] - h)
=E(TA[(Xn — X0)n=0] - Is[(@1)i=0]) - E*(h),

which is equivalent to (39). The corollary follows from (39) by considering the
finite-dimensional distributions and using induction.

The next step toward the proof of Theorem 2.4 is to show that E(p1) < oo,
where E is the expectation with respect to the measure P defined in (37).

LEMMA 4.7. Let the conditions of Theorem 2.4 hold. Then E(pl) < 0.

PROOF. Recall the random variables x, defined in (33) and let random num-
bers A, be defined by the equation p, = T;,, n > 0. The sequence (Y7,, Xn)neN
is stationary under P”, and the definition of X, can be rewritten on the event
{Yo=1i" xo>0}as x, =inf{m > A1 : Y7, =i*, x;u > m} with Ao = 0. That
is, A, for n > 0 can be viewed as the time of nth return to the set {i*} x N by the
sequence (Y7,,, Xm — m)m=0. By Lemma 4.4, P* (Y7, =i* and xx > 0i.0.) = 1.
Therefore, by Kac’s recurrence lemma (cf. Theorem 3.3 in [12], page 348),

E() =E" (0| Yr, =i*, xo > 0) = 1/P* (Y7, = i*, 0 > 0) < 00,

where the first equality is due to the identity (38).
On one hand, it follows from Corollary 4.6 that

on/n = T,\n/nnjooﬁ(,o]), IF’—a.s.,
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and on the other hand, by Lemma 3.2 and Corollary 4.6,

T; T A ~ ~
Ao Tha Ao E™(71) - E(A), P-a.s.

n )\‘n n n—>oo

Therefore, INE(,ol) =E"(11) - I~E(A1) < 0o and the proof of the lemma is com-
pleted. O

We are now in the position to complete the proof of Theorem 2.4. The rest of
the proof is similar to that given in [17] and [26] and relies on an application of the
renewal theorem.

COMPLETION OF THE PROOF OF THEOREM 2.4. By the ergodic theorem
and Proposition 4.1, for any bounded measurable function f:Q x 85 — R and
the Markov chain x,, = (652w, Y,),

1 n—1
lim =Y f(x) =Eq(f(x0)),  Q-as,
i=0

n—o0o p
where Eq stands for the expectation with respect to the measure Q. By part
(ii) of Proposition 4.1 and (28), the convergence is also P*-a.s. Hence, if
lim,, _, oo E# (f (x,)) exists it is equal to Eq(f (x0)). Therefore, it suffices to prove
the existence of the limit for arbitrary bounded continuous f.
Let f: Q2 x D — R be abounded continuous function which depends on finitely

many coordinates only, that is, f is measurable with respect to o (wy, : [n] < N) ®
8p for some N € N. Forany i € D and n > 1, write

Eu(f(am Yy) = Eu(f(wn’ Yn); pN+1 > n) +Eu(f(wn’ Yn); pN+1 < l’l)

The first term in the right-hand side tends to zero when n goes to infinity. To
evaluate the second term we write

E*(f @n, Yn; pn+1 < 1))

o0
=Y E*(f(@n, Yn); pitN <1 < piyn+1)

i=1
=Y EX(f(0 0, j); piyn <1 < pignt1. pi =m,Ep =X, Xu = (3, ),

where the last sum is taken over all i,m € N, x,y € Z, j € D. Note that on the
event {pj4n <N < Pi4N+1, Pi = m,é‘pi =x, X, = (y, j)}, the random variable
f(@’w, j) is o(w;:z > x)-measurable because, by the definition of the random
times p;,

x=¢, <§ ~—N=<y—N.

Pi+N
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Therefore, by Proposition 4.5,
Eﬂ(f(an, Yi); pN+1 = I’l)

=D > Y PMoi=mEy =x)

i=1meNx,yeZ jeD

x B(f(6°w, )i oy <n—m < pyi1, Xnom = (y — x, J))

n
= ZIP’“(n —t = p; for some i € N) -INE(f(Et, Y1) pN <t < pN+1)-
=0
By condition C4 and (34), Pi* (p1 =1) > 0. It follows from Corollary 4.6 and the
renewal theorem for arithmetic distributions (cf. [13], Volume II, page 347) that

P*(n — t = p; for some i € N)
1
n—~>o0 E(py)’

Note that by Proposition 4.5, random variable n — t — pg is independent of the
sequence (0, — Pn—1)n>1- Therefore, one can first condition on the value of “de-
lay” po, apply the cited renewal theorem, and then use the bounded convergence
theorem in order to get this result. _ _

By Proposition 4.5 and Lemma 4.7, Y72 P(py <t < py+1) = E(p1) is finite.
Therefore, the following limit exists and is a finite number:

nlgr&Eﬂ(f(ana Yn); pN+1 = n)

1
IE(,01)

This proves the convergence of E“( f(@y,, Y,)) for bounded functions f which
depend on finitely many coordinates only. Since we can assume without loss of
generality that the space ©2 x £ is compact [because we can consider the sequence
@n = (Pu,Tn,qn), 1 € Z, as an environment], the claim for arbitrary bounded con-
tinuous functions follows by a standard argument and we omit it. This completes
the proof of the theorem. [J

=P*(n—1t— po=p; — po forsomei e N) —

ZE f@, Y1) pN <t < pn1)-

We conclude this section with the proof of the converse part of Theorem 2.3.
The method of the proof of the LLN for &, with the help of the auxiliary Markov
chain x, = (x,, &,4+1 — &) goes back to Kozlov [20] while the idea to use [3],
Theorem 1, for the proof that the asymptotic speed of a RWRE is strictly positive
is due to Brémont (cf. [7], Theorem 3.5(ii)).

PROPOSITION 4.8. Let Conditions C and D hold and suppose in addition that
there exists a stationary distribution Qg for the Markov chain x, = 5w, Y,),
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n > 0, which is equivalent to P @ {counting measure on D}. Then v, > 0 and Q
coincides with the measure Q defined in (12).

PROOF. Let Qg denote the joint law of the environment @ and of the ran-
dom walk (X,,),>0 with & = 0, induced by the initial distribution Q¢ of (w, Yp)
and by the quenched measure P, on the path space of the random walk X,,. By
Remark 4.3, the Markov chain x, = (05w, Y,), n > 0, is stationary and ergodic
under Qp. Consider now the Markov chain X, = (x,;, &,41 — &), n > 0. Using
again Lemma 3.5 and the fact that the transitions of X, depend on the position
of x,, only but not on the value of &, — &,_1, it is not hard to see that the process
(Xn)n>0 is stationary and ergodic under Qq. Therefore, by the ergodic theorem,

1 n
i—” =- Z_:l(gn —&n1) = Eq, ), Qo-a.s. and P"-a.s.,

where [Eq, stands for the expectation with respect to the measure Qy. More-
over, since X, is transient to the right, Eg,(§1) > 0. But if Eg,(§1) = 0, then
Qo(&; = 01.0.) = 1 by the recurrence theorem for partial sums of a transformation
of stationary and ergodic sequence due to [3]. Since P is equivalent to Qg, this
would imply that P* (&, = 0i.0.) = 1 as well, and hence contradicts Condition D.
Therefore v, > 0 and Qy coincides with Q by Proposition 3.2. [J

5. Annealed CLT for uniformly mixing environments. This section is de-
voted to the proof of Theorem 2.5. The annealed CLT for &, is derived from the
corresponding result for the hitting times 7;, by using the following observation.

LEMMA 5.1. Let the conditions of Theorem 2.5 hold and assume that for some
w € My and suitable constants o > 0 and o > 0, (T, — an)//n = N(0, a?)
under P*. Then under P*, (&, —a~'n)//n = N(0, o2a™3).

PROOF. The proof is similar to that for RWRE on Z (see [18] or [2]) except
one point where we need to take into account that the sequence Y7, (i.e., the posi-
tion of the random walk within the layer n when it visits the layer first time) is not
necessarily stationary under P#. For any positive integers a, b, n we have

@0) (T, zm) C (5 <a) C [Ty zm U{ int &~ (@ +b) <),
1Z1lag+b

The first inclusion above expresses the fact that &, < a unless the level a has been

already crossed by the random walk before time n, whereas the second one tells

that if &, < a but T,45 < n, then the maximal excursion of the random walk to the

left after 7,4, and before escaping to 4+-oo is at least of the length (a +b) —a = b.
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Since X, is transient to the right and

Pf‘( inf & < a) - EP<Z Pl., (o< —b)PL(Yr,, = j))

iZTa+h jE@
< max P/ (xo < —b),
jed

the probability of the rightmost event in (40) can be made arbitrarily small uni-
formly in n and a by fixing b large.
It follows from (40) that

@1  PMT, =n) <P*(E&, <a) <P*(Tyqp >=n) + ma%IP’f(xO <-b).
je

To complete the proof one can set a = a(n) =nv, + xvi/z\/ﬁ +o(y/n), x €R,
and then pass to the limit in (41) using the limit theorem for 7},, letting first n and
then b go to infinity. The full argument is detailed in [2], page 344, and thus is
omitted here. [J

In order to show that the CLT holds for 7,, we shall apply to Z,, =1, — v;l the
following general central limit theorem for uniformly mixing sequences (see [12],
page 427).

THEOREM 5.2. Let (Z,),ecz be a stationary random sequence such that
E™(Zg) =0andIE”(Zg) <oo. ForneNlet F'=0(Z;:i>n), F,=0(Z;:i <
n),

(42) B(n) =sup{P"(A|B) —P*(A):A e F", B € Fy,P"(B) > 0}
and suppose that Y 52 | /B2 < 00. If S, =>"I'_| Zi, then S, //n = o N(0, 1),
where

(43) o> =E"(Z}) +2 ) E"(Z1Zy).

n=2

We note that once the convergence of S,,/+/n under P7 is established, the conver-
gence under P* for an arbitrary u € My follows from part (c) of Lemma 3.3 along
with assumption (iv) of Theorem 2.5. Indeed, for any m > 0, (T,, — nv;l) /a/n =

oN(0,1) if and only if (7, — T,,, — (n — m)v;l)/ﬁ = oN(0, 1), and the dis-
tribution functions of (7, — T, — (n — m)v;l) /+/n under P™ and P* differ by a
factor which is o(1) as m — oo. Namely, letting R, , :=T1, — T, — (n — m)v;l,
we have
’P“(Rm,n/«/ﬁ = x) - P (Rm,n/\/ﬁ = x)’
<Y Ep(PL(Ym=i)— Pl (Y =0)|- P,(Rom—n/~/n <x))
ieD

<d- EP(CO‘"Cij)(RO,m—n/\/ﬁfx)) <d-Ep(co---cm).
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Taking m to infinity completes the proof of the claim.

Therefore, in order to prove Theorem 2.5 it suffices to check that the second mo-
ment condition and the mixing condition of Theorem 5.2 hold for Z, =1, — v,,
and that the limiting variance o> defined in (43) is strictly positive under the con-
ditions of Theorem 2.5.

The next proposition shows that the sequence 1, — v, is uniformly mixing under
P™ with a mixing rate fast enough to apply the general CLT. In the case of one-
dimensional RWRE closely related results can be found in [21] (cf. Lemma 4)
and [27] (cf. Lemma 2.1.10). The proof for RWRE on strips is more involved but
is based on essentially the same idea. Namely, it holds with a large probability
that inf;>7, ., & > m + n/2, that is, the o-fields %, and ¥ m+n are essentially
well separated enabling the use of the mixing properties of the environment. Note
that by part (iii) of Lemma 3.3, P, (Y7,,, = jlY1, = i) = myn+my,(j) uniformly
oni, j € D and m > 0 for large n, that is, the random walk “forgets” its starting
position Yg.

PROPOSITION 5.3.  Let the conditions of Theorem 2.5 hold and let Z,, = t,, —
v,, n € N.Then Y ;2 | /B(n) < 0o where the mixing coefficients p(n) are defined
in (42).

PROOF. Form € N and n € NU {oo} let 7! denote (Z;)}_, . For n,m € N,
measurable events A, B and u € My, write
P(T,5% 5,41 € AIT]" € B)

1 .
=—— . F P (T2 €eANT"eB ]
IP"““(TI'" c B) P<i§ w( m—+3n+1 1 )I’Lw(l))

(44) = (EP<Z Po(T,55 3041 € AlT" € B, Xo = (0,1))
ieD

x PL(T{" € B)Mw(i))>

x [P*(7{" € B)]™
and

Po(T,3 5041 € AIT™ € B, Xo = (0, 1))

m
(45) = Po(T,5 301 € AlY1, = j) - Po(Y,, = jIT{" € B, Xo=(0,1))
jed

= Pl (T € A) - Pu(Yr, = jIT" € B, Xo = (0,1)).
jed
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Next, P, (T35 € A) = Ykep Ping (Y1, =k) - P, (T° € A), and, using
the notation of Lemma 3.3, we have P-a.s.,
| Pgny Yy, = k) — Tms3n (G, K| < CmCmst - Cmtn—1, .k €D.

Therefore, with probability 1, we have for all j € D,

. .
| Py (T € A) =PI

00
gm+3n, (‘Tl € A)| <dcmemyt - Cmt3n—1,

and hence, by using (45), P-a.s. forany i € D,

| Po(T, 03001 € AITY" € B, Xo = (0,1)) — P07 (7, € A)

m gm+3n,
<dcm-Cmt3n—1-
By (44) this implies that
Ep(P,3" (T € A)PS(T{" € B))

PH(T/" € B)

BT € AIT € B) -
(46) p

<——.F _1P*T" € B)).
_P“(TlmEB) P(Cm Cm+3n—1 a)( 1 ))

We next show that the rightmost expression in (46) decays (as function of n) at
least as ¢(n) [defined on (13)] with an exponentially small correction term, that is,
there exist constants K| > 0 and K, > 0 such that for all m € N,

1

m : EP(Cm e 'Cm+3n71P¢f)L(71m € B))
“47)

<o)+ Kje Ko,

Note that ¢, = 1 — max;ep minjecp 1, (i, j) is a function of (wk)r<, and therefore
we cannot use the mixing property of the environment directly in order to separate
Cm - Cma3n—1 and PY (7" € B). Rather, we shall approximate c¢; by some func-
tions measurable with respect to the o -algebra generated by a finite interval of the
environment.

Define for k e N, n € Z and i, j € O the following functions of the environ-
ment :

k(@) = Po(xo <n —k|Xo = (n,1)),

Mk (i, J) = Po(Yr, = J, xo >n — k| Xo = (n,1)),
(48)
_1_ ) 0,
Cnk ?;%cjrré{g Mk (@, J)

(i J) = Phay(Y1_, = ).

The numbers ¢, x approximate ¢, and, in contrast to the latter, are measurable with
respect to a o-algebra generated by a finite interval of the environment [namely,
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wrt. o(w;:n —k + 1 <i <n)]. The quantity n, (i, j) is the probability that the
walk starting at site (n, i) reaches the layer n — 1 at point (n — 1, j). Note that
P-as.,

Ch <Cnk <Cpn+ Hgg Jux@) <cp+ln, - Mp—k+1 (B
l

In particular this implies that for k, m,n € N,

m—+n m—+n

[]ciw—]]e
i=m i=m
m+n m+n m+n m+n
< (cm,k [T cix—cmr J] Ci) + (cm,k [T ci—em J1 q)

i=m+1 i=m+1 i=m+1 i=m+1
(49)

m-+n m-+n
5( [] cix— ] Ci)+(cm,k_cm)§"'

i=m+1 i=m+1

n+m

<D e -
i=m
We need the following lemma.

LEMMA 5.4. Let the conditions of Theorem 2.5 hold. Then, there exist con-
stants K3 > 0 and K4 > 0 such that

Ep <max P;(Sk = —n for some k € N))
ieD

=Ep(lng -+ 0yl <Kze X", neN.

PROOF. By Chebyshev’s inequality and inequality (30), we have for all n € N,
Ep(lng ---n_,411D = Ep(I1Mn,0lD
< Ep(llaoa—1 - a—p2a—np1(X +u_p)ll),

where the random vectors M, o and u, are defined in (29) and (17), respectively.
Therefore, by the Cauchy—Schwarz inequality,

Ep(ng -0 pat ) < VEp(laoa—1 - a—ni1 I Ep (I +u_|2).
Using the notation introduced in the proof of Lemma 3.6,
Ep(lu—nl?)
(50)  Ep(ly—nt1 + N-nY=n+2 + N-nlnt1Y—n43 + -+ 0-n - n-1y11*)
< Ep(Uly—n+1l + Iy—ns2ll + - + 131115 < e+ DER (0l
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where in the last step we use the fact that the sequence (y,),<o is stationary in
virtue of (21). In fact, similarly to (22), we have y,, = b,, +a,by—1 +anan—1by—> +

Finally, using (22), Minkowski’s inequality and the bound (10) for ||b, ||, we get

[Ep(Iyol D12 < [Ep(IbolH1* + Y [Ep(llag - - a—nt1b—nl 12

n=1

<1/e- (1 + Z[Ep(nao---a_n+1||2>]1/2).

n=1

(1)

The proof of the lemma is complete in view of assumption (ii) of Theo-
rem2.5. [

Coming back now to the rightmost expression of (46) we get, using the mixing
and the translation invariance properties of the environment together with (49),

1
PH(7" € B)
1
< .

= PX(T" € B)

EP(Cm s Cm+3n—1P(f)L(Tlm € B))

Ep (Cm+2n,n *Cm+3n—1,n Pg(ﬂm € B))
(52)

<Ep (Cm+2n,n ce Cm+3n—1,n) +@(n)

<Ep(co---cn—1) +nEp(ng ---n_, 11D+ @),

where the mixing coefficients ¢(n) are defined in (13). This proves (47) in virtue
of assumption (iv) of Theorem 2.5 and Lemma 5.4.

The last step of the proof is to show that there exist constants K5 > 0 and K¢ > 0
such that for all m € N,

TTym+3n - P
Ep (P53 (T° € A)P5(T[" € B))
PL(T{™ € B)

G(A,B) := —P(T, > € A)
(53)
< K58_K6”.

This estimate combined together with (46) and (47) yields the claim of the lemma.

In order to prove the exponential upper bound for G (A, B) we shall first approx-
imate Poian, (T € A) by Pl (T7° € A Xmyzn > m + n) +
Pém +3"a)( Xm+3n < m + n) where the random variables y, are defined in (33). Note
that both the summands in the approximation term are measurable with respect to

o (w; :i > m + n). Furthermore, for any i € £ and n € N we have P-a.s.,

PL(T® €A — PL(T® € A, xo> —n) < PL(xo < —n)
(54) _
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Next, we shall approximate 7wgm+3n,, by

Tgm+3n 4, p ‘=e1Mn,n - N3n—1,ns

where the random matrices 1, x are defined in (48). For any n € N we have
||7Ta) —TTo.n ”

Sl —en—n---n-tll +lleitn—pn--n-1—€n—pn--N-1ll
(55)

n
<cprremt+ Y In—i = n—inll

i=1
n
ScCoprC-1+ Z [/ IR (§
i=1

where in the last but one step we use Lemma 3.3 in order to bound the first term
and the iteration argument similar to the one leading to (49) in order to bound the
second one.

It follows from (54) and (55) that

d
0<PI(T°€A) =) mun)PLT® €A, xo=m+2n)
i=1

d
= (D) = () P (T € A)
i=1

(56) .,

+ ) Ton)(PLT® € A) — PL(T™ € A, xo = m + 2n))
i=1

n
§d|:c—n"‘c—1 + D =i — n—inl + ||770"'77_n||]-

i=1
Therefore, using (47) and Lemma 30, we obtain that the following inequality holds
with suitable constants K7, Kg and Kg:

G(A, B)
‘Ep () Tgmsng n (D) Phssn, (T € A)Pay (T € B))

<
= P (7" € B)

— P (T € A)‘
+ K7¢(n) + Kge=Kon
d .
<P"(T° e€A) - Ep (Z Ton()PLIT® € A, x0> —n))

i=1

+ (K74 Do(n) + Kge %on,
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which proves (53) in view of (56). The proof of Proposition 5.3 is thus com-
plete. [J

The next lemma shows that [E™ (112) < 00 under the conditions of Theorem 2.5.

LEMMA 5.5. Let the conditions of Theorem 2.5 hold. Then E™ (112) < 00.

PROOF. Consider the RWRE (Xy)>0 with Xo = (n,i), where n < 0 and
i € O. Taking the square in both sides of identity (18) yields

=14+ Y Kgmnthr—jy(F1 +270).
ke(—1,0,1} jeD

Recall the vectors u, defined in (17). Taking in the last identity quenched expec-
tations and using the notation w;, = Ew(lelXo = (n,i)) and w, = (w,ll, e wﬁ),
we obtain

57) w, =1 + gnwy—1 +rpwy + ppwpy1 + 2Qrzun—l + 2rpuy, + 2pnun+1
= gnWp—1 + Wy + ppWpy1 +2u, — 1.

Let z1 := wg and for n <0, z, := w,—1 — Nyp—1W, using the convention that
00 — 00 = 00. Substituting w,—1 =z, + Nu—1Wy, in (57) we obtain, similarly to
(21) and (22),

Znt1 = Yn Quy — 1) +anza, n>0,
and
o0
wo=21=yQuo— 1)+ Y aoa_--a_ns1y-nQu_, —1).

n=1

To complete the proof it suffices to show that there are positive constants K5 > 0
and K¢ > 0 such that for any n > 0,

(58) Ep(laoa—1 -+ a_pi1y—nt—nl)) < Kse™ o™,
Toward this end we first observe that
Ep(llaoa—1---a—p+1y—nunl)
< Ep(llapa—1---a—p+1ll - llu—nl)
<[Ep(laga—1---apt1 D12 - [Ep(lu—nl®1".

The estimate (58) with suitable constants K5 and K¢ follows now from inequal-
ities (50) and (51) together with assumption (ii) of Theorem 2.5. This completes
the proof of the lemma. [J
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To conclude the proof of Theorem 2.5 it remains to show that o2 defined in (43)
is strictly positive for Z, = t, — v;l. To this end, we shall use a representation
of o2 as a sum of a “quenched” and an “annealed” contributions and will show
that the “annealed” term must be strictly positive. Similar methods of estimating
the limiting variance have been employed, for instance, in [7] (see Theorem 4.3
and especially (26) there) and [24] (see the proof of Lemma 3.4). In the case of
the strip model, as it is first observed in [15], it is convenient to think that the
“annealed” fluctuations are due both to the randomness of the environment @ and
to the randomness of the sequence (¥Y7,),>1.

Define forn >0 and i, j € D,

i (@) = Ey(t1]1Xo = (n,1), Yr, = j) — v, ",
and observe that, since the random variables 7, are independent under the condi-
tional measure Py, (-|(Y7,)n>0),

> Yo.Y Y, . Yr
o?=E" (1 —v, D)+ 2D B, (@un " (@)
n=1
: N2
=E" (1) = E"[(Eo(t1|Xo = (1,0), Ve, = j))]
s Yz, .Y
FET L@ T @)+ 2 Y BT @™ (@)
n=2
It follows that o2 > 0 because Lemma 20.3 in [4], page 172, implies that

Tn»

o

Y.

Eﬂ[(MTOaYT] (a)))Z] + 2 Z Ej'[ (ufO,YT] (a))un
n=2

2
. 1 T - YT"’YTn+1
= lim ~E [(Zu @) |=o.

i=1

YTn+1 (Cl)))

while Jensen’s inequality together with the first inequality in (5) imply that
: 2
E™ (1) — E"[(Ew(t11X0 = (1, 1), Yo, = j))] > 0.

The proof of Theorem 2.5 is complete.
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