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Our aim is to unify and extend the large deviation upper and lower
bounds for the occupation times of a Markov process with Ly semigroups
under minimal conditions on the state space and the process trajectories; for
example, no strong Markov property is needed. The methods used here apply
in both continuous and discrete time. We present the proofs for continuous
time only because of the inherent technical difficulties in that situation; the
proofs can be adapted for discrete time in a straightforward manner.

1. Introduction. Let (E, 8B(FE), m) be a o-finite measure space with m(E) >
0. B(E) denotes the space of extended real-valued measurable functions on E. For
p>1,let

Ly(m)= {feB(E):/|f|pdm <oo}.

Members of L p(m) are functions. L ,(m) will denote the corresponding space
whose members are equivalence classes, as usual. The L ,-norm will be denoted
by || - |, and for p = 2, the inner product in Ly (m) will be denoted by (-, -).
Our goal is to establish lower and local upper large deviation probability bounds
for occupation times of Markov processes with semigroups {7;, ¢ € T} acting on
L, (m) under minimal conditions, where T =1{0,1,2,...} or T = [0, c0). In the
latter case, we assume that the semigroup is strongly continuous on L, (m), that is

(1.1) lim [7; f = fl2=0, f € La(m).

There is a large class of Markov processes where the semigroups are strongly
continuous on Ly (m). Such processes include most of the Lévy processes with
E = R" and m being Lebesgue measure, as well as many diffusion processes
and stationary Markov processes which are ergodic with an invariant probability
measure m. However, the study of large deviations for occupation times of such
processes has been done piecemeal under different sets of conditions in a num-
ber of papers. Most notable among these is the fundamental work of Donsker and
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Varadhan [3] and the paper of Fukushima and Takeda [5]. In [3] and their subse-
quent work, Donsker and Varadhan define the rate function in terms of the infini-
tesimal generator acting on bounded measurable functions B (E) and in [3], under
certain conditions, they identify the rate function in terms of the associated Dirich-
let form when the process is symmetric and m is the o-finite invariant measure.
In [5], Fukushima and Takeda assume E to be a locally compact complete separa-
ble metric space and assume the process to be symmetric and ergodic, with m the
invariant probability measure. They show that in their setting, the m-exceptional
set that appears in the upper and lower bounds has capacity 0, where the notion of
capacity is the same as for a Hunt process; they also identify the rate function in
terms of the associated Dirichlet form. Motivated by [5], Miick [9] generalizes the
result to the case where E is a “topological Lusin space,” not necessarily metriz-
able. The existence of the underlying “right process” with a notion of “capacity” is
provided by Ma and Rockner [7], under the assumption that the associated Dirich-
let form (not necessarily symmetric) is “quasiregular.” Related to the work in [3],
there is also the interesting work of Deuschel and Stroock [2].

In the current paper, we introduce the notion of an m-thin set, which turns out to
have capacity O in the setting of [9]. Our exceptional sets will be m-thin, so the cor-
responding results of [5] and [9] are immediate corollaries. We also define the rate
function directly in terms of the L,(m)-generator when T = [0, co). If the semi-
group is symmetric, so that m is a o -finite invariant measure, we identify the rate
function in terms of the associated Dirichlet form. Our proof has the same outline
as in [3], but we hope it is more transparent. We prove a lemma (Proposition 4.7)
for the lower bound which would simplify the proof in the setting of [6] when the
process is m-irreducible; we also do away with the need to define stopping times,
as was done there.

We will always assume E to be a topological Lusin space, which means that £
is a Hausdorff space and there exists a Polish (complete separable metric) space S,
together with a one-to-one onto continuous map ¢ : S — E. Let 8(S) and B(E)
denote the o-algebras generated by open subsets of S and E, respectively. It is
known that ¢! is measurable (cf. [1]), therefore the o -algebras B(S) and B(E)
are o-isomorphic. We also assume that B(E) is generated by C(E), the real-
valued continuous functions on E.

We will use the notation that if 4 denotes a class of (extended) real-valued
measurable functions on some measurable space, then 41 denotes the nonnega-
tive members of 4 and +A; denotes the bounded ones. We will also use 14(x) =
1(A)(x) =1(0) if x € A(¢ A).

In addition to (1.1), we assume that the semigroup is generated by a transition
probability function p;(x, -), where for fixed t > 0, x € E, p;(x, -) is a probability
measure on (E, B(E)) and for A € B(E), p;(x, A) is a jointly measurable func-
tion of (¢, x) with respect to B([0, c0)) x B(E), where B([0, o)) denotes the
Borel subsets of [0, 00); if t =0, then p;(x, A) = 14(x). For f € Bp(E), we write

pof (x) = / FOIpe(x, dy)
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and the semigroup {7}, ¢t > 0} is then given on L,(m) via

(1.2) Tf(x)=pf(x),  feLam)N By(E),

in the sense that the function on the right-hand side is in the equivalence class that
the left-hand side represents.

The [L,(m)] infinitesimal generator L of the semigroup {7, ¢ € [0, 00)} is de-
fined in the usual manner: (L), the domain of L, consists of those members
f € Ly(m) for which

o T = f
m-——-=g
t—0 t
exists in the Ly(m)-norm, and then Lf := g. In view of (1.1), D (L) is dense in
L,(m). We define a resolvent function

(1.3) Rf(x)= /Ooo e pif(x)dt, f € By(E),

and note an important consequence of (1.1) and (1.2), which is that f =0 m-a.e.
(almost everywhere with respect to m) implies that Rf = 0 m-a.e.
Next, we define an m-thin set.

DEFINITION 1.4. A set N € B(FE) is called m-thin if there exists a set B €
B(E) such that m(B) =0 and

N C{x e E:Rlp(x) > 0}.

Clearly, an m-thin set is m-null and it is also easy to see that a countable union
of m-thin sets is m-thin.

We also need to make assumptions concerning the associated Markov process.
When dealing with discrete time, we will take the path space €2 and the associated
o -algebras to have the product space representation. When 7' = [0, 00), we assume
that there exists a progressively measurable Markov process {2, £, X;, P*,t €
T, x € E} with transition probability function p;(x,-), where X;(w) = w(t) for
we,teT, F°=0{Xs,s <t}and P*(Xg=x) =1 for each x € E. The life-
time of the process starting from each x is assumed to be +oco. This structure
will suffice for the local upper bound results. For the lower bound, we will use
the entropy approach of Donsker and Varadhan [4] which requires E to be Polish
and €2 to be the corresponding Skorokhod space, which is also Polish. However,
we would also like to include the setup of Ma and Rockner [7] and the results
of [5] and [9] as special cases. For this reason, as far as the lower bound results are
concerned, we assume that there exists a Polish space E such that E € B(E), the
Borel subsets of E. The space €2 is the Skorokhod space (the set of functions from
[0, o0) to E, which are right-continuous and have left limits, with the Skorokhod
topology). We assume that a Markov process {Q, J’EI", f(t, st,t eT,x e E} ex-
ists with transition probability function p;(x, -), where p;(x, A) = p;(x, AN E) if
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Ae i?(E),x € E,t > 0and where p;(x, {x}) =1ifx ¢ E, ¢t > 0. Furthermore, we
assume that there exists a Borel subset € of Q such that if € €2, then X (w) e E
for all t > 0 and if x € E, then P*(£2) = 1. We also assume that Px(f(o =x)=1,
and that the lifetime of the process is +oo, for all x € E.If E itself is Polish, then
the above assumption simply concerns the existence of the appropriate Markov
process. As usual, 6;, t > 0, will denote the shift operator on the path space, that
is, ;w(s) = w(s +t). For the case where, more generally, E is a topological Lusin
space, we will briefly describe the framework of Ma and Rockner [7] in the next
paragraph.

In addition to (1.1) and (1.2), they assume in [7] that the semigroup is
m-contractive, that is || 7; f||2 < || f|l2 for f € L,(m). This assumption makes —L
a nonnegative definite operator. If we let

&w,v)=(—Lu,v), u,ve D),
then & is a nonnegative definite bilinear form. Define the norm
lullg = €@.w) +lulz,  ueDL),

and define D (&) to be the completion of (L) under this norm. By the term “as-
sociated Dirichlet form” we mean the bilinear form & with domain £ (&), which
is required to satisfy the conditions of Definition 4.5, page 34 of [7]. The quasi-
regularity of & is defined on page 101 of [7]. For the sets of “capacity 0” or the
notion of “quasi-everywhere,” we again refer to Chapter III of [7]. Roughly speak-
ing, A € B(E) has capacity 0 if the process starting from m as the initial measure
never visits the set A. Under this framework, or where the notion of capacity in
terms of the potential theory of the Markov process is available (which may hap-
pen even if & is not quasiregular), we will only need the following.

CONDITION 1.5. If f =0 m-a.e., then fort > 0, p; f =0, except on a set of
capacity 0.

This condition is satisfied under the quasiregularity condition on & imposed
in [7] and implies that if a set is m-thin, then it has capacity 0 (cf. Lemma 2.19).
If the semigroup is strongly Feller, that is, 7; : Bp(E) — Cp(E) for t > 0, and if
for any A € B(E), m(A) = 0 implies that the closure of A€ (= complement of A)
is E, then any m-thin set is empty. If £ = R”, a large class of Lévy processes,
many diffusion processes and ergodic stationary Markov processes have strongly
Feller semigroups and satisfy the property mentioned above. Our results apply to
these processes, even though their generators may not satisfy the sector condition
(given by (2.5), page 16 of [7]) which is used for constructing the “right” Markov
processes in [7].
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To describe our results, we first define the empirical measures: if A € B(E),
w € 2, then

1 t

;/O LA(Xs@)ds, 1€ (0,00),
Li(w, A):=1{ | n=1

;;u(xj(w)), nel{l,2,...}.

The following subsets of B(E) will play an important role:
D= {ueB;r(E):/udm<oo}.
Note that D is dense in Lf(m) and hence in L;r (m).

t

Dy = {v:v:t_lf psuds, for some u € D, somet>0}.
0

Dy :={pyv:v e Dy, n > 0}.

Members of D, Dy and D are functions, not equivalence classes. Also, note that
Dy C Dg.

We will see in Lemma 2.2, given in the next section that if v € D; so that
v= t_lf(; psuds, where it = pju for some n >0 and u € D, and ¢ > 0, then
ve D) and

~ 1
is an m-version of Luv.

We now define the rate function. M (E) denotes the set of probability measures
on (E, B(E)). For u € M(E), we define

. Lv
I(n) ;== — inf d hen T = [0,
(1) UlenDl v te iz when [0, 00)
e>0
= inf [10eP2TD 0 henT=1{0.1.2...)
u€By(E) (u+e)
e>0

and

[(u) = { I, ifp<m,
00, otherwise.

A t-neighborhood of u € M(E) is a set N, given by

(1.7) {veM(E):‘/fjdu—ffjdv

<s,1§j§r]
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for some ¢ > 0 and f1, ..., f in Bp(E). This neighborhood system forms a basis
for the t-topology on M(E). We denote by B;(M(E)) the o-algebra generated
by these neighborhoods (not by all T-open sets). If the f;’s are in Cp(E), then N,
is a weak neighborhood. A w-open subset of M (E) is one which is the union of
weak neighborhoods of the form (1.7).

Before stating the results, we would like to note that the proofs for discrete time
are obvious modifications of the ones that we are going to give for continuous
time. In fact, there are fewer technicalities to deal with in discrete time. We will
therefore simply state the results for discrete time in Section 6 without proofs.

We now state the local upper bound results when T = [0, 00), {1}, > 0} sat-
isfies (1.1) and (1.2), E is a topological Lusin space and the Markov process is
progressively measurable.

THEOREM 1.8 (Local upper bound). Let u € M(E) and let a < f(u). Then
there exists a T-neighborhood N, of i such that

1
limsup — suplog P*(L; € N,) < —a.

t—00 xeE

We will see in Lemma 2.1 that 7-compact sets are elements of 8;(M (E)) and
we obtain the following corollary of the theorem whose derivation uses standard
arguments.

COROLLARY 1.9. If K is a t-compact subset of M(E), then

1 N
limsup — suplog P*(L; € K) < — inf{](u).
He

1—>00 xeFE

REMARK 1.10. Note that /(i) > i (w) and that if u is not absolutely contin-
uous with respect to m, then I (1) = 400, in which case the lower bound in The-
orem 1.15 below trivially holds and u <« m is the case of interest. In this sense,
I(w) is the natural rate function for the lower bound and the question naturally
arises as to whether the upper bound holds in terms of 7(w). The next theorem
answers this question.

THEOREM 1.11. Under the assumptions of Theorem 1.8, let © € M(E) and

a < I(w). Then there exist a t-neighborhood N, of u and an m-thin set N such
that if x ¢ N, then

1
limsup;log P*(L; € N,) < —a.

t—00

Furthermore, if (1.5) holds, then capacity(N) = 0.
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REMARK 1.12. The m-thin set in the theorem depends on N, and one can
give simple examples (cf. Example 3.5) to show that it need not be empty. The
same example shows that there exists 1, not absolutely continuous with respect
to m, such that I (n) < oo, but the uniform upper bound does not hold if i () is
replaced by 7 (w).

REMARK 1.13. The corollary of Theorem 1.11 corresponding to Corol-
lary 1.9 also remains valid with an m-thin (or capacity 0) exceptional set.

We now state the lower bound results for which we have already described the
setup. In addition to conditions (1.1) and (1.2), we will need the following.

CONDITION 1.14. m(A) > 0= R14(x) >0, m-a.e.(x).

Even though we are considering L, (m)-semigroups, we would like to observe
that our rate functions are defined in terms of the transition probability function
p:(x, -). The irreducibility condition used in [6] says that there is a o -finite refer-
ence measure m on (E, B(E)) such thatif A € B(E) and m(A) > 0, then (1.14)
holds for every x. Under this stronger condition and an additional assumption that
if A is m-null, then p;14(x) is zero for m-a.e. (x), the exceptional set for large de-
viation lower bounds is shown to be empty (cf. other references in [6] as well). Un-
der the weaker condition (1.14) together with the same additional assumption, we
show here that the corresponding exceptional set is m-thin. The results of [6] fol-
low from this result by simply observing that under the irreducibility assumption,
starting from an arbitrary point x, the complement of the exceptional set will be
visited at some time ¢ > 0 with a positive probability and a routine argument then
shows that the lower bound result must hold starting from any x. Our arguments
here are simpler than those given in [6], in that we do not need to use stopping
times and therefore the strong Markov property of the process is not needed.

THEOREM 1.15 (Lower bound). Assume (1.1), (1.2) and (1.14). Let u €
M(E) and let N, be a t-neighborhood of 1. Then there exists an m-thin set N
such that if x ¢ N, then

1
liminf —log P*(L; € Ny) = —1 ().
t—00
Furthermore, if (1.5) holds, then capacity(N) =

By Lemma 2.1 in the next section, a w-open set U belongs to € B, (M (E)) and
we get the following corollary.

COROLLARY 1.16. Let U be a w-open subset of M(E). Then there exists an
m-thin set N [capacity(N) =0, if (1.5) holds] such that if x ¢ N, then

] N :
hlglor.}f;logP (L;eU) > —erelgl(u).
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If the semigroup is symmetric, in which case the L,-generator L is self-adjoint,
then we obtain an appropriate form of Theorem 5 of [3] for the formula for 7 (u)
in terms of the associated symmetric Dirichlet form. In this case, m is a o-finite
invariant measure for the semigroup.

THEOREM 1.17. If H = (—L)'/? denotes the canonical square root of the
positive definite operator — L, then for any u € M(E) suchthat u < m, I (1) < 0o
ifand only if f =du/dm € D(H), in which case

I(w) = IHf3.

REMARK 1.18 (Feller semigroups). If {7;} is a Feller semigroup, that is, T} :
Cp(E) — Cp(E) for each t > 0, in discrete or continuous time, in addition to
being an L;(m) semigroup, Theorem 1.8 can be strengthened to the effect that N,
may be chosen to be a w-neighborhood. As will be noted in the proof, no essential
change in proof will be necessary if we modify the definition of the rate function I
appropriately. Once I has been modified, I is defined in terms of I as before. For
h > 0, it will be useful to define fh (n) by

A . pr(u+¢€)
1.19 Liw=— inf [logZtTy
(19 niw) == e ) 108 s K
e>0

and note that (even if the semigroup is not Feller)

N &
(1.20) hw=— inf [10g2“tE 4,
ueB; (E) u-+e
£>0

To see (1.20), given any /& > 0, any u € M(E) and any ¢ > 0, let
H ={u € Bp(E) :Ju, € Cp(E) such that J(u,; h, ) — J(u; h, )},

where J(u; h, €) denotes the integral on the right-hand side of (1.19). It is eas-
ily verified that # satisfies the conditions of T20, page 11 of [8], and it fol-
lows that # = Bp(E) since # D Cp(E) and we are assuming that B(E) is gen-
erated by Cp(E). In discrete time, we then define I (w) = fl (u) as before and
no modification of the definition of the rate function is necessary; consequently,
the upper (Theorem 1.8 and its Corollary 1.9) and the lower bound results will
hold if “r-neighborhood” and “r-compact” are replaced by “w-neighborhood”
and “w-compact,” respectively.

In continuous time, the situation is slightly more complicated. This time, we
will need to take

D:{ueCZ(E):fudm<oo}
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and assume that D is dense in Lf(m) [in the L (m)-norm], hence also in L;r (m).
(Note that this assumption is satisfied if E is Polish.) Then Do and D; are defined
in terms of D as before and the new rate function 7 (u) is defined as

A

P =—int [ £

= — 1n .

® veD v+¢ #
e>0

It will be shown in Lemma 2.15 that this new definition of / () agrees with our old
definition [provided the modified D is dense in L}L(m)]. We note that this require-
ment on D is satisfied in many “usual” situations, where either m is a probability
measure or E is a metric space and m(K) < oo for any compact K and when-
ever open U, \( K, m(U,) \y m(K). Once the new definition of I (u) agrees with
the one given earlier, the proof of Theorem 1.8 needs an obvious modification, as
noted there, so that N, may be chosen to be a w-neighborhood. Corollary 1.9 is
valid for w-compact sets, and for the lower bound, Theorem 1.15 and its corollary
remain valid as stated.

We would like to make some further comments about the methods of proof.
As far as the upper bounds are concerned, we follow the approach of Donsker
and Varadhan—use a form of the Feynman—Kac formula and apply the Chebyshev
inequality. The form of this formula, which is very general, has been taken from
Deuschel and Stroock [2]. Our lower bound result follows the method of Donsker
and Varadhan [4], where they introduce the entropy of a stationary process relative
to the given Markov process. A careful examination of the construction in [7] of
a “right Markov process” with state space a topological Lusin space allows us to
reduce this situation to the one where the state space and 2 are Polish, which is
needed in [4]. We would like to note that dealing with the more general E is not
where the problem lies, one also needs €2 to be Polish to apply the results of [4]
and the construction of appropriate 2 and Markov process requires considerable
work [7], even when E is Polish.

We present some preliminary results in Section 2. The upper bound results are
in Section 3 and those for lower bounds are in Section 4. Section 5 deals with the
symmetric situation (Theorem 1.17). Finally, the results for discrete time are stated
in Section 6, without proofs.

2. Some preliminary results. We present some useful lemmas in this section.

LEMMA 2.1. Let E be a topological Lusin space and let B, (M(E)) and
By (M(E)) denote the o-algebras of subsets of M(E) generated by the T and
weak neighborhoods of the form (1.7), respectively. Then the w-open subsets of
M(E) belong to By (M(E)). Consequently, w-closed and t-compact subsets of
M(E) belong to B+ (M(E)).
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PROOF. Let S be a Polish space and let ¢ : § — E be a continuous one-to-one
and onto map. Let ®(u) := up~! if u € M(S). It is then easy to check (note,
again, that go_l is measurable) that ®: M(S) — M(E) is a one-to-one and onto
continuous map if M (S) and M(E) are given the w-topology. This makes M(E)
a topological Lusin space and &~ a measurable map, that is, ® (B (M(S))) C
By (M(E)). If U is a w-open subset of M(E), then o (U) is w-open in M(S),
which implies that &~ 1(U) € Byy(M(S)) and its image U under ® belongs to
By (M(E)) C B (M(E)). This proves the assertion about w-open sets. It follows
that w-closed subsets of M(E) are in B;(M(E)). Since a T-compact subset of
M(E) is w-compact, it belongs to B; (M (E)) and the lemma is proved. [

LEMMA 2.2. Let v € Dy so that for some u € D, some t > 0 and some n > 0,
v=1"! fé psitds, where u = pyu. Then for h > 0, lh=Y(ppv — v)| < ¢ for some
¢ > 0 independent of h and

Lv:= fl(ptft —u)

is bounded by c and is an m-version of Lv.

PROOF. We have

1 1(1 t+h ho
Z(th_v):;{z</t psuds—/o psuds)}.

Since u is in D, it follows that 0 < u < ¢ for some ¢; > 0 and the boundedness
assertions follow. The strong continuity of the semigroup implies that as 7 — O,
the right-hand side converges in L (m) to ~1( p:u — i) and the lemma is pro-
ved. [

LEMMA 2.3. Dy is dense in L;“ (m). If the semigroup is symmetric, then Dy
is a dense subset of Lf(m).

PROOF. Since D is dense in L;(m), for the first assertion, it suffices to
show that if u € D, then there exist v, € Dy such that v, — u in Ly(m). Let
t, 4 0 and let v, =1t ! fé” psuds. By the strong continuity of the semigroup,
lv, — ulla2 = 0, so the first assertion is proved. For the second assertion, the
symmetry of the semigroup implies that m is an invariant measure for {7;}, and
foru € D, [ ppudm = [udm < oo. It follows that Dy C D. Since D is dense
in L1+(m), it suffices to show that if u € D, then there exist v, € Dg such that
[ lv, —uldm — 0 as n — oo. Taking v, in terms of u as above, we have

/lvn —u|dm=2/(u—vn)+dm—/(u—vn)dm.

The second term on the right-hand side is 0 and (1 — v,)" <u € Lf(m) for all n;
since v, — u in m-measure by the strong continuity of the semigroup, [ (v, —
u)™dm — 0, and the lemma is proved. [
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The next lemma is a version of the Feynman—Kac formula (see Deuschel and
Stroock [2], page 121).

LEMMA 2.4. Ifp and V are in By(E), then the equation

t
2.5) u(t,X)=pz<p(X)+/O pi—s(V(uls, ) (x)ds

has a unique solution u(t, x),t > 0, x € E, such that supy-,, |lu(t, x)|lcc < 00
forall a > 0.

The following corollary of this lemma is what we really need.

COROLLARY 2.6. Let v € Dy so that for some n > 0,u € D and ty > 0,

1 o
v= —/ psids,
o Jo

where u = pyu. For ¢ > 0, let
(2.7) ve(x) =v(x) +e¢
and
I pyilx) —i(x)  Lv
Vg (X) fo Vg

Then forallt > 0, x € E, we have

(2.8) Ve(x) = (x).

2.9) Ve (x) = Ex{vg(X,)e‘fé VE(Xx)ds}.

PROOF. Let v, (¢, x) denote the right-hand side of (2.9). By (4.2.25) in [2], we
get that v, (¢, x) is the unique solution of

t
(2.10) ve(t, ) = prve(x) — /0 Pr—s (Ve (e (s, ) (x) ds.

We will show that v.(f,x) = v.(x) satisfies (2.10). Substituting for V. and
Ve (s, x) = vg(x) from (2.7) in the right-hand side of (2.10), we get

! 1
prueo) = [ ps<£<pmﬁ —ﬁ))(x)ds

and by the definition of v, this equals

1 rfo - 1 rt o
et [ prasiiCo)ds — —f Py (Proii — ) (x) ds = & + v(x) = v (x),
fo Jo o Jo

which proves the corollary. [
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LEMMA 2.11. Let u € M(E), u K m. Given h > 0, and writing ug =u + ¢
fore>0,u€ B (E), let

O(u; h, &) :=log(ppus/ue), Ju(u; h,e) = /O(M;h,e)du-
We then have (Feller case included)
2.12 inf J,(v;h,e)= inf J,(v;h,e)= inf J,(u;h,¢).
( ) vlenDO w(vsh,e) vlenDl w(vsh,e) in w(u; h,e)

ueB; (E)

e>0 e>0 >0

PROOF. Note that Dy C D| C B; (E), so it suffices to show that the first and
last terms are equal. We first consider the general case without assuming that the
semigroup is Feller. The left-hand side in (2.12) is larger than the right-hand side.
Letu € B;“(E). Since m is o -finite, there exist A,, /' E such that m(A,) < oo for
n>1.Letu, =uly,. Then u, € D. Clearly, 0(uy; h, e) — 0(u; h, £) boundedly
as n — oo for a fixed ¢ > 0. Therefore, J,, (uy; h, &) — J,(u; h, &) asn — oo. It
follows that (2.12) holds if Dy is replaced by D. To complete the proof, it suffices
to show that

(2.13) inf J(v;h,e) < inf J(u;h,e).
veDy ueD
e>0 e>0

To see this, let u € D and for some ¢, | 0, let v, = tn_lfé" psuds. Then v, €
Dy and by the strong continuity of the semigroup in Ly(m), v, — u in Ly(m).
Since v, and u are bounded by some ¢ > 0 and u < m, we have v, — u in Lo (1),
hence in p-measure, so J, (vy; h, &) — J,(u; h, €) as n — oo and the lemma is
proved for the general case. We now consider the Feller case.

Let Dy and D be as in the general case and, for the moment, let D, = {v : v =
% fé psudu for some ¢t > 0 and some u € D N Cp(E)}. It then suffices to show that

(2.14) inf J(v;h,e) < inf J(v;h,e).
veD) veDy
£>0 e>0

Let v € Dgy. Then v = %fol psudu for some ¢t > 0 and some u € D. By our as-
sumption in the Feller case namely, that D N C(E) is dense in L7, it is easy
to see (u < m) that there exist u,, € D N Cp(E) such that u,, — u boundedly in
p-measure. Therefore, v, := % fot psity ds — v boundedly in p-measure, hence
J(v,; h,e) = J(v; h,e) as n — oo. Since v, € D(/), (2.14) is proved and (2.12)
holds in the Feller case as well. [

LEMMA 2.15. Let u € M(E), u <K m. Then (including the Feller case)

1. .
2.16 lim —1, =1(p).
(2.16) Jim h(1) (1)
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PROOF. If v € Dy, then there exists ¢ > O such that for all z > 0,
—|prv —v| <c.
p |p |

Therefore, writing v, = v + ¢, we have

1
log pive =log ve + (pave —ve) - — + O(h?),
&
where O depends only on €. As h — 0, Kl (ppv—v) —> Lvin L>(m) boundedly
by Lemma 2.2, hence in p-measure boundedly, and we get

. 1 Phve Lv

limsup — inf | log duf/—du

h—0 veDq Vg Vg
e>0

forany v € D1, ¢ > 0. By Lemma 2.11, we get

1 ~ ~
2.17 liminf — 7/, > I ().
(2.17) iminf n(p) = I(w)

We now consider the opposite inequality and use an argument of Donsker and
Varadhan. For v € Dy, define

PhVsg

p(h) —/log du
where v, = v+ ¢. Then v € D (L) and we have
d L L .
P[Pz it [ ap=—iw.
dh PhVe veD, Ve

>0

Integrating in 4 from O to & and using ¢(0) = 0, we get (for all v € D1, ¢ > 0,
h>0)

(2.18) fl

which, together with (2.17) and Lemma 2.11, finishes the proof of the lemma. [

When the potential-theoretic framework is available, such as in [7], the follow-
ing lemma shows that an m-thin set has capacity 0.

LEMMA 2.19. If (1.5) and the related framework hold, then an m-thin set N
has capacity 0.

PROOF. Let N = {x € E:R14(x) > 0}, where m(A) = 0. Then u(x) =
R14(x) =0 m-a.e. Hence, psu(x) = fsoo e 'p;(x,A)dt =0, except on a set N;
of capacity 0, by (1.5). Since N = U?ozl Ny,; and capacity(Ny,;) = 0, we have
capacity(N) = 0 because a countable union of sets of capacity 0 has capacity 0.
The lemma is proved. [J
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3. The local upper bound proofs. In this section, we prove Theorems 1.8
and 1.11.

PROOF OF THEOREM 1.8. Let v € Dj and for ¢ > 0 let v, = v + €. By Corol-
lary 2.6, for x € E, t > 0 and ¢ > 0, we have

ve(x) =E* vg(X,)exp<— /(;I %(Xs)ds)}.

Writing V, := iv/vg, we have, for A € B;(M(E)),

ve(x) = E* vg(X,)exp<—t/Vg dL,)}

> 8Ex{exp<—t/ Ve sz>1[L,eA]}

> sEx{exp<—t sup [ Ve dv) 1[L,eA]}-

vEA

Since v, < o for some 0 < o < 0o, where o« may depend on ¢, we get

1 N loga —loge
;logsupP (LyeA)< - +sup | Vedv.
X

VEA

Therefore, for any ¢ > 0 and any v € D any A € B;(M(E)), we have

A

1
3.1 limsup — log sup P*(L; € A) < sup 7 dv.

t—oo I xeE vead v+ €

Since a < I (), for some g9 > 0 and some vg € D1, we have, for some § > 0,

Lvo
/ du=—a-—34.
vo + &0

We now select N, ={ve M(E):| [ fdv— [ fdul < %}, where f = Luvo/(vo +
€0), so Ny, is a T-neighborhood of w. In the Feller case, since the members of D;

are in Cp(E), Lvg € Cp(E). Consequently, this choice of N, automatically yields
a w-neighborhood. In either case, we have

(3.2) sup
veN,J V0t &0

If we take A = N,, v=1v9 and € = g in (3.1) and use (3.2), then the theorem
follows. [

PROOF OF THEOREM 1.11. If u < m,then I () = f(,u) and we get the result
for all x, as in Theorem 1.8. Now, let u have a nonzero singular component with
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respect to m. There then exists a set A such that ©(A) > 0 and m(A) = 0. In this
case, I () = +oo and we will first show that there exist a -neighborhood N, of
w and an m-thin set N such that if x ¢ N, then

1
3.3) limsup —log P*(L; € N,,) = —o0.
t—oo

Let u(A) =n > 0 and define

NM:{VEM(E):‘/IAdv—/lAd/,L’<n/2}.

By (1.2), if m(A) =0, then for all r > 0, m-a.e.(x), p;(x, A) =0, hence

/Ooo/m(dx)ps(x, A)ds =0,

which implies that

fm(dx)Ex /Ooo 14(X)ds =0.

If we let
o
N = {x:Ex/ 14(X)ds >O},
0

then N is m-thin. If x ¢ N, then fooo pi(x, A)dt = 0 and we have, for all r > 0,
(3.4) PX(ILi(A) — u(A)] < 1/2) =0,

which proves (3.3). If Condition 1.5 holds, then by Lemma 2.19, the set N which
is m-thin must have capacity 0 and the theorem is proved. [J

EXAMPLE 3.5. This example is a trivial modification of standard Brownian
motion on R, but shows the necessity of an exceptional set in Theorem 1.11 if 7 ()
is to be used as the rate function. This example also shows that 7 (1) < o0 and, of
course, Theorem 1.8 holds, but becomes false if 7 (1) is used in place of I (). Let
E =R U {#}, R have the usual topology of the real line and 8 be an isolated point.
Let {X;, t > 0} be the standard Brownian motion on R. If Xg = x € R, then so that
p:(x,R) =1 for t > 0 and if X =6, then p;(0, {#}) = 1. The Lebesgue measure
on R plays the role of m with m({0}) =0.Let u =8y andlet N, = {v:| [ f;dv —
[ fidul <e, 1< j<r}beany r-neighborhood of . Then p(L; e N,)=1and
since I (i) = 400, the upper bound can hold only m-a.e. The exceptional set in
this case is {6}, which is m-thin. Note also that I (u) = 0, so the conclusion of
Theorem 1.8, though not very interesting, holds.
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4. Proof of the lower bound. Recall that Condition 1.14 is assumed in addi-
tion to (1.1) and (1.2) for the lower bound.

If E is Polish, then we assume that there exists a Markov process (as described
in Section 1) with path space 2, the Skorokhod space corresponding to E. If E
is Lusin, then the Borel structure of E is the same as that of a Polish space S
(see Section 1), but the topology of £ may not be metrizable. Under the main
assumption that the associated Dirichlet form is quasiregular, Ma and Rockner [7]
construct a “right” Markov process. In their construction, they imbed E as a Borel
subset into a Polish space E insuch a way that the “right” Markov process has
(the Skorokhod space corresponding to E) as the path space. Furthermore, there
exists a Borel subset  of Q such that the paths starting from x € E all lie in .
To obtain the lower bound results and use the framework of [4], we simply work
with the Markov process with state space E and path space 2 and relativize these
results to £ and Q2. Therefore, in the setting of [7], there is no loss of generality in
assuming E and €2 to be Polish and we will do so.

We start with the following, simple, lemma which is a consequence of Condi-
tion 1.14.

LEMMA 4.1. Letv e M(E),v<Km.Ifm(A) > 0, then there exists a ty > 0
and a set B € B(E) such that v(B) > 0 and

xigg Pro(x, A) > 0.

PROOF. An immediate consequence of Condition 1.14 is that

/u(dx) ‘/(-)oo p:(x, A)dt > 0,

therefore for some 79 > 0, [ py,(x, A)v(dx) > 0. The conclusion of the lemma
immediately follows from this. [J

To establish the lower bound, we will need a basic result of Donsker and Varad-
han [4] called the “contraction principle” and an approximation lemma from [6].
Let Ms(€2) denote the set of stationary probability measures on (2, F¢). We state
these results here for ready reference, but first, we need to define the entropy of
Q € Ms(2) on (2, F,°) with respect to the Markov process, as introduced in [4].
Fort > 0, let

H(t, Q) :=E2{h(P*Q|F% QulF)}.

where h(A; ;) denotes the entropy of p with respect to A, A | ¢ denotes the re-
striction of A to §, Q,, is the regular conditional probability distribution of Q with
respect to £, and E € denotes the expectation with respect to the stationary mea-
sure Q on (€2, ). The following facts about H (¢, Q) are established in [4]:
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(i) either H(t, Q) = +oo for all # > 0 or there exists a nonnegative constant

H(Q) such that H(t, Q) = tH(Q), and if H(Q) < oo, then Q-a.s.(w), O, K
po0).

@) if Ay >0, 22 >0, A1+ A =1 and Q, O € Ms(R2), then H(A1 Q1 +
A 02) =M H(Q1) + 22(02);

(iii) if O € Ms(L2) is ergodic and ¥ (w, -) denotes the Radon—Nikodym deriv-
ative of Q,, with respect to P®O poth restricted to F?, then H(Q) < oo implies
that Q-a.s.(w), Q,-a.s.,

1
4.2) Jim —log ¥ (@, ) = H(Q).

THEOREM 4.3 (Contraction principle). Let u € M(E),u < m and I(n) <
00. Then I () = inf{H (Q) : Q stationary with marginal i}, where I (10) is defined
in Section 1.

PROOF. It is proved in [4] that for any u € M(E), inf{H(Q): Q stationary
with marginal u} = I(u), where

_ _ 1.
I(p) :=limsup — 15 ()
no h

and fh(u) is given by (1.19). If u <« m, then by Lemma 2.15, we have I(n) =
I(w). O

The next lemma is Lemma 2.5 of [6].

LEMMA 4.4. Let Qo € Ms(L2). Let G be a t-neighborhood of Q¢ in Ms(2),

/8_/dQ—/gdeo‘<8,1§j§r},

where the g;’s are bounded measurable functions on (2, ¥ 9). Then, given § > 0,
there exists a Q(8) = Zﬁ:l ApQp, where X, >0, Q) € Ms(2) is ergodic, 1 <
p <k, and Z{;Zl Ap =1, such that Q(8) € G and |H(Q(8)) — H(Qo)| < 4.

G:{QEMS(Q):

PROOF. The proof in [6] is given when G is a weak neighborhood. However,
that proof is ergodic-theoretic and uses only the measurability and boundedness of
the f;’s, hence it applies without modification to our present situation. [

PROOF OF THEOREM 1.15. Proposition 4.7 below is the first step in the proof.
We write

N,m:{ve,M(E):‘/fjd,u—/fjdv
for u € M(E),e >0and f1,..., fr € Bp(E).

<8,1§j§r}
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Note that it suffices to consider the case when I () < oo so that u < m. By
the contraction principle, we can restrict our attention to those Q, for which

H(Q,) < oo.
Before proceeding with the proof, we would like to make a remark which will
be used in the proof more than once.

REMARK 4.5. (i) Let

(4.6) N,Mz{ueM(E):'/fjdv—/f,-du‘<s,15j5r}

be a (t- or w-) neighborhood of w. Let 0 < ¢; < ¢ and let #y > 0 be given. Then for
all 7 sufficiently large (depending only on &; and 1y) and for all w € @, L;(6;,yw) €
N, ¢, implies that L, (w) € N, . To see this, note that L, (6;,w) € N, ;, means

1 to+t .
‘;/to f_,-(Xs(w))ds—/f_,-du‘ <o, l=j=n
which implies that

2cty

1 rt
';/0 fj(Xs(w))dS—/fde’<81+T, 1<j<k,

where ¢ = max; <<, || fjlloo, Which proves the assertion.
(i1) The function

1 pt(+e)
@(x) :=liminflog Ex<1(Lt € Nu,n)_/ lA(Xs)ds),
1—>00 et t

where N, ; is a w- or a t-neighborhood of © and A € B8(E), is a measurable
function. The reason for this is that the lim inf can be taken along positive integers.
Indeed, if n <t <n+1,thenforl <j<r,

1 [n 2c 1 1! 1 rn 2¢
—/ fj(Xs)dS——S—f fj(xs>dss—f Fi(Xy)ds + 25,
nJo n tJo nJo n

where c is as in (i) above. Then, for all ¢ sufficiently large, L; € N, if and only
if L, € Ny p. Also,

1 rn(l+e) 1+¢ 1 rt+e)
— 1a(Xs5)ds — <— 14(Xs)ds
en Jn n et Ji
1 n(l1+¢) 14+¢
< 1A(Xy)ds + ——
ENn Jn n

which shows that the lim inf in the definition of ¢(x) can be taken along positive
integers, hence ¢ is measurable.
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PROPOSITION 4.7. Let p € M(E), u < m. Let Ny , be a t-neighborhood
of . Assume that Q, € Mg(2) with marginal p and that Q, is ergodic with
H(Qu) <oo.If we let A be such that 1(A) > 0, then for m-a.e.(x), we have

o 1 1 t(14+¢)
4.8) htrglogf;log EX(I(L, € NM)E/t lA(Xs)ds) >—(1+e)H(Qu).

PROOF. Forany w € €2,

1 rt+e)
f — 14(X;)ds dP?O
(Lt€Ny,p) € Jt
4.9)
1 prd+e dpe©

> — 14(X5)ds
_/(LIGN,L,ﬂ) et J, A( s) dQu,a)

[The Radon—Nikodym derivative here is that of the absolutely continuous part of
PO with respect to O,1,0- We observed before that 0, , K pe©, Qpu-as., if
H(Q,) < oo, but the converse need not be true, hence the inequality.] Now, Q-
a.s.(w), as t — 00, by the ergodic theorem, we have

Quo(Li € Nye) — 1,

1 dp®©
log
t(1+¢) dQu.e

dQu.w-

‘rFt[()lJre)

— —H(Qu)

a0
Fi(1+e)

and

1 pt(+e)
o 14(Xs)ds — n(A).
t

It follows that given § > 0, for all ¢ sufficiently large (depending on w and §)
Qu-as.(w), QO »-a.s., the left-hand side of (4.9) is

A
> %(1 —8)exp(—H(Qu) —8)(t(1+¢)).

Therefore, for p-a.e.(x), the left-hand side of (4.8) is
> —(14+)(H(Qu) +9),

where the null set depends on §. Taking §, | 0 and combining the countable num-
ber of null sets, we conclude that (4.8) holds. We now go from p-a.e. to m-a.e.

Since (4.8) holds p-a.e.(x), given § > 0, there exist a o > 0 and a set B with
((B) > 0 such that for all x € B, t > ty, we have

1 1 rrd+e)
(4.10) ;10gEx<1(Lt € N“’n)gf lA(XS)ds) >—(+e)H(Qu) —3.
t

Since u < m, u(B) > 0implies m(B) > 0. By Condition 1.14, we have R1p(x) >
0 m-a.e.(x). Let

C={x:Rlp(x) > 0}.
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If xo € C, then there exists 71 > 0 such that p;, (xo, B) =« > 0. For any > 0, we
have

1 rt(+e)
[ p (xo,dy>EY(1<Lt eNun- [ 1A<Xs>ds)
t

1 rt(l4e)
< Ex(’(l(Lt(@n') € Nu,n)g/ 1A(Xs+t1)ds>
t

and by Remark 4.5(i), for all sufficiently large ¢,

1 (t+t1)(14¢)
< EXO(l(L, € Nuz)— / 1A(Xs)ds)
& t

+1

1 t(1+¢) (1l
fExo(l(LIENM,Q,])—t/ lA(XS)dS—I-](i:—S)).
el Jt &

Taking logarithms and applying Jensen’s inequality, we get

1 1 t(1+e)
- / P (xo,dynogEy(l(Lt € Nuy)— f 1A(Xs)ds)
o JB et Jr

1 rt+e) na
f—loga—i-logExO(l(L,ENM,Z,?)—Z/ lA(Xs)ds-l—l(i:_g)).
&l Jt &

If y € B, and t > fg, then the log term on the left-hand side divided by ¢ is bounded
below [by (4.10)]. Hence, dividing by ¢, by Fatou’s lemma, as t — oo, we get [via
(4.10)] for xp € C,

1 1 pra+e)
~(1+£)H(Qy) — 5 <liminf — log Ex()(l(Lt € NM,,)—I/ IA(Xs)ds)
— & ¢

and since 4§ is arbitrary and the right-hand side does not depend on §, the proposi-
tion is proved. [l

The following corollary will be used in the next step.

COROLLARY 4.11. Letv e M(E), v<Km. Then given § > 0, there exist a
to > 0 and a set B € B(E) with v(B) > 0 such that for all t > 1y,

X€B

1 t(14+¢)
inf Ex(l(L, € va)g/ lA(XS)ds> >exp(—1(1+¢&)(H(Qp) +93)).
t

PROOF. Since v < m, and (4.8) holds m-a.e., it holds v-a.e. The conclusion
of the corollary follows immediately, as did (4.10).

The next step in the proof is to establish (4.15) below for a Q,, which is a convex
combination of ergodic ones, that is,

k
Qu = Z ApQMp,

p=1
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where A, > 0,1 < p <k, and le‘,zl Ap =1, each Qu, is stationary ergodic and
each u, < m. We will prove this case for k = 2. The general case can then be
proven inductively. So, let

Qu=r10u1+r20us, A1 >0, A2 >0, AMFr=1,
where Qu and Qu, are stationary ergodic and u, < m, p=1,2. Then
Px(Lt(Cl), ) (S NMJ])

. 1 (A+22)1
=P (m/o l(Xy(a)))ds € Nu,n)

. 1 At
“4.11) =P (kl . )»_11/0 1.(X5(w))ds

1 Aot
a0 [ L G0 ds €Ny
Mt Jo

= PX(L)\.lt(a)’ ) € N/L],?]’ L)th(e)\ltwv ) € N;Lg,n)a

by the simple convexity property of the neighborhoods. By Corollary 4.11, given
8 > 0, we can find a set B with ©;(B) > 0 and a fy > 0 such that for all y € B and
all r > 1y, we have

(4.12) PY(Ly,t € Nyuy.yj2) = exp(—(1 + &)rat (H(Qu2) + 6))

and for m-a.e.(x), we have, by Proposition 4.7,

| . rt(1+e)
I%Eggf;logE (1(LMZ €Nuyp) /Mt IB(XS)ds)
(4.13)
> -2l +e)H(Qp1).

By (4.11), we have
P*(L; € Ny )

(4.14) > E*(I(Ly, (@, ) € Ny )
1 rit(1+e)
% B 13(Xs () ds 1(Lyy (0,1, ) € Nyy ),
et Jagr

hence, for all sufficiently large ¢ [cf. Remark 4.5(i1)] the right-hand side is

> EX(I(LMI(C‘)’ ) € Nuy)

1 prar(+e)
X —— f 15(Xs (@)1 (Lt (650) € Ny /2) ds>,
ert At
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provided ¢ < niy/2X;. For the last expression, we condition on f‘”k"lt, take the
conditioning under the integral sign and then condition on ¥” first to get that it

= EX(I(LM;(CU, ) € Nyy )

1 rt(14¢) EX L n(X
X — w
Mltfw [15(X;(@))

x EX@(1(Lyy € Nyyony2)) | ?Aolz}ds)

and now applying (4.12),

1
> Ex(l(L)th € Nﬂl,ﬂ)%

Mrdie) —(14€)hat (H(Qp,)+5)
x/): E*(15(Xy)e (It (H(Qp, |fFflt)ds>

1t

— (&)t (H 5 1 phdse
= ¢~ UHOMI(H(Qpp)+ )EX<I(LMt € Nyyp) /x

eMt
Now applying (4.13), we get via (4.14) for m-a.e.(x) that

IB(XS)ds>.

1t

N | x
lltnilogf;logP (L € Nyp) > —(1+e)(H(Qu) +6).

Taking ¢, | 0 and &, | O, we can combine a countable number of m-null sets to
conclude that for m-a.e.(x), we have

1
(4.15) liminf —log P*(L; € Nuy) = —H(Qy).

We note that the m-null set may depend on the choice of Q, of the form
21;7:1 ApQOu, for given .

We now complete the proof of Theorem 1.15. Let Q) € Mg(2), with mar-
ginal p. Let

Nﬂvgz{veM(E):’/fjdv—/fjd,u‘ <8,1§j§l’}
be a t-neighborhood of u. Let g (w) = f;(Xo(w)), 1 < j <r, and define

G={0. e us@:|[ gd0. - [ ¢;a0,

<gl<j< r}.

By Lemma 4.4, given § > 0, there exists a 0,, € G, where Q,, = Z’;Zl )Lvap,
0<Ap<I1,> Ap=1,each va isergodic and |H (Q.,) — H(Q,)| < 4. It follows
that vy € Ny . and by (4.15) for m-a.e.(x), we have

1
liminf —log P*(Ly € Nyv.e) = —H(Qu) = —(H(Qy) +9).
— 0
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The m-null set may depend on é > 0, but we can take §, | 0 and combine the
countable number of m-null sets to get (4.16) for Q, € Ms(£2).

We now go from an m-null exceptional set to an m-thin set. Given Q,, with
marginal u, let Ny denote the m-null set such that if x ¢ N, then (4.15) holds. If
we let

N ={x:Rly,(x) > 0},

then N is m-thin by definition and xo ¢ N implies that there exists #y such that
Piy(x0, N§) = 1. Given § > 0, we can find B C N such that p, (xo, B) = >0
and 71 > 0O such that for all 7 > 11,

1
(4.16) inlf;;logPy(Lt €Nue)>—H(Q,) — 9.
ye

Now, using Remark 4.5(i), we have for all ¢ sufficiently large (depending on fg
and &),

1 1
LA VESES /B Pio (0. dy) PV (Ly € Nyvo).

By Jensen’s inequality,

1
—log B + log PXO(LZ € N,LL,ZE) > B /;9 PzO(XO, dy)log Py(Lt € Nu,s)

and now dividing by ¢ and letting t — o0, because of the lower boundedness
[by (4.16)], we apply Fatou’s lemma to get

1
lizminf; log P*°(L; € Nyoe) > —H(Qu) — 6.
—>00

8 > 0 being arbitrary, it can be dropped on the right-hand side and we get (4.15) for
xo ¢ N.For agiven u € M(E), Q, is by no means unique and N may depend on
the choice of Q. However, by the contraction principle, there exists a sequence

,(f) such that H (Qﬂl)) — I(u) as n — oo. The countable number of m-thin
sets corresponding to each fo) may be combined and we finally conclude that if
W << m, then there exists an m-thin set N such that if x ¢ N, then

1
liminf —log P*(L; € Ny ¢) = —1 ().
—>oo t

If Condition 1.5 holds with the associated framework, then the m-thin set has ca-
pacity 0 and Theorem 1.15 is established. [J

REMARK 4.17. If the semigroup is Feller, since a weak neighborhood is
a t-neighborhood, we get a stronger result than the one which applies only to
w-neighborhoods.
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PROOF OF COROLLARY 1.16. Let o = inf{/(u): € U}. We may assume
that & < 0o. For j > 1, there exist u; € U such that I (u;) <o + j~!. Let V; be
a t-neighborhood of w; contained in U. Then, by Theorem 1.15, there exists an
m-thin set N; such that if x ¢ N, then

1
liminf — log P*(L, € V;) > —(a + j ).
t—00 t

It follows that if x ¢ N =52, N, then

1
liminf ~log P*(L; €eU) > —(a + j 1)
t—>00 t
for all j > 1, hence the corollary follows. [J
5. The self-adjoint case. In this section, we assume that {7;} is a symmetric
semigroup, so its Ly(m)-generator L is self-adjoint, the domain (L) of which
is dense in Ly(m). We denote by H the canonical square root of —L. Then
D(L) C D(H). As far as the Markov process is concerned, we only need it to
be progressively measurable.

To prove Theorem 1.17, we need some lemmas. Let v € D and ¢ > 0 be fixed.
With v, :=v +¢, let

V:iv/vg.

Recall that V is a bounded L{(m) function. If f is a function which is in an
L,(m)-equivalence class, define

CRY pif(x)=E* (f(Xt)e—fé V<X5)d5)‘

Let 7; f denote the corresponding operator on Ly (m).

LEMMA 5.2. {T;,t > 0} is a self-adjoint strongly continuous semigroup on
Lo(m), its Lo(m)-generator L is given by

(5.3) Lf=Lf-Vf
and D(L) = D(L).
PROOF. The fact that {7;} is a strongly continuous self-adjoint semigroup in

L»(m) is proved in [2], page 130. The function V is bounded and in L;(m), hence,
for any function f in Lp(m),

(pif — P f)x) = E*(f (X)) — F(X)eJo V(X)ds)

t
:Ex(f(Xt)/(; V(Xs)a’SJrf(Xt)O(tz))
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as t — 0, where O(r?) is uniform in w. Therefore,

1
limsup|—(p/ f — pi f) — VfH
t—0 t 2
(5.4) | gt
_ limsup E< Foxo [ v<xs)ds) V] -
t—0 rJo 2

Letting W(t) =t ~! [§ V(X,)ds, the right-hand side in (5.4) is
<limsup|| E*((f(X,) — f@)W®)],
t—0

+limsup || f () E*W (1) = fF(x) V()2

t—0

Since |W(¢)| < ¢ for some ¢ > 0 independent of 7,

IE* f(X)W () — fFOE*W ()|} < ¢ / (E* f2(X) —2E* f(X) f + f*)dm

= (20782 [ (i1 am)
-0 ast — 0.

Also,
IfC)E*W () — fFOV ()3 = / FRE(EX(W @) — V() dm(x).

W and V are bounded and [(E*(W(t) — V))2dm(x) — 0 as t — 0 so
that EX*(W() — V(x)) — 0 in m-measure and by dominated convergence,
NfE*W(t) — fV]2 — 0 as t — 0. Therefore, the right-hand side in (5.4) is 0.
It follows that for any f € Lo(m),

‘th—f_frf—f
t

t
hence, f € D(L) if and only if f € D(L) and L f = Lf — Vf, which proves the
lemma. [

—VfH -0 ast — 0,
2

LEMMA 5.5. {f}} is a contraction on Ly(m).
PROOF. Letv, ge Dg.Letu, € D,u, /' 1 and for some 1 > 0, let

1 rm
v, = —/ Psunds.
nJo

Then v 4 ev, " v.(= v + ¢) and by the self-adjointness of {T,} on Ly(m) and the
Feynman—Kac formula (Corollary 2.6), we have that forn > 1,

f(v +evy) prgdm = / pr(v+ev,)gdm = /(v +evy)gdm.
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Letting n — 00, since 0 < v + v, < v, and p;g and g belong to L (m), we get
(5.6) /vgﬁ,gdm=/v8gdm.

By Lemma 2.3, Dy is dense in Lf(m), hence (5.6) holds for all g € Lf(m). This

shows that v, dm is an invariant measure for p;.
If f € Dy, then

[ 177 dm = [{E* (5 (xpe BYE0E) P am
and by the Schwarz inequality,
< [ B ooy e v
X EX{ £(X0) (06 (X)) ™12 /25 VOS2 gy
- / E* (ve(Xp)e™ 10V XY EX (£2(X,) (0 (X)) L™ B VXD g,
By the Feynman—Kac formula (Corollary 2.6),
= [0 T ) ) dmo)

and by (5.6) applied to g = f2/v, (whichisin L' if f € Dy), we get that the last
expression

:/vg(fz/vg)dmszzdm.

Since Dy is dense in L}L(m) and {T;} is strongly continuous on L;(m), we have
shown that

1T fll2 < 112

forall f € L; (m), which suffices, and the lemma is proved. [J

LEMMA 5.7. Let u < m and f>=du/dm, where f as a function represents
a nonnegative version of the square root of f>. Then, for all h > 0,

[ = pusrsdm<nigo.
PROOF. Let f, = f Anforn>1,andlet# | 0and

®) ! ftk D f d
= — Ky
n t Jo sJn
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fork > 1. Then fn(k) € Dg and fn(k) <n.By(2.18),ifv e Dg,e > 0and v, = v+e,
we have

/log Phle du > —hl ().
Vg

Since logx <x — 1 for x > 0, this gives

/wdu <hl(p).

Vg
: (k)
Taking v = , we then get
(k) _
/ I - Pita Jn_ ZPhin 02 40 < p1(u).
fa +e
As k — 00, we get, by dominated convergence,
Jn— phfnf dm < hI(w).
ot
Since
Phfn f
< 1 + — )
funte n+e Lf>n] f+ Hr=n
we can let n — oo to get
f=pnf o
—f dm < hl(n).
Tte f <hI(w)

Finally, | f — pu f1f2/(f +€) <|f — puf|f € L1(m), so we can let ¢ |, 0 and the
lemma is proved. [J

PROOF OF THEOREM 1.17. Let u < m,du = f>dm and f > 0. By
Lemma 5.7, we have that for & > 0,

1
E/(f —Tuf)fdm < ().

If {E), A > 0} is the spectral measure for the positive definite operator — L, then
following the argument of Donsker and Varadhan ([3], page 46), this implies that

[N ()
so I (u) < oo implies that f € D(H) and
IHFI5 < 1),

For the other direction, let v e Dy,& > 0 gnd ve=v+e& LetV = iv/v“3 and f}
be given via (5.1). Since, by Lemma 5.5, T; is a contraction on Ly (m), we have

(T,f — f. f) <0,
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therefore, if f € D(L), we get
(L. f)=0,
which gives [by (5.3)]
(5.8) (=Lf+Vf f)=0,
meaning that for every v e Dy, f € D(L) and ¢ > 0,
(Lf, fY=(VS. [,

that is,

Lv 2
[ am= s p).
Vg
Therefore,

. Lv ,
inf [ — f“dm > (Lf, f).
veDg Ve

e>0

It follows that

(5.9) I(w) < —(Lf, )= IHFI3

if feDL).If feD(H), then we take 0 <A, /oo and f, := E;, f. From the
spectral representation, it is clear that f,, € D(L), f, — f in Lo(m) and H f, —
H f. Since (5.9) holds for each f,, letting n — oo, we then see that for f € D(H),

.. 2
<
liminf 7 () < | HS 3,
where du, = f,l2 dm. Since I is lower semicontinuous with respect to the 7-

topology on M(E), we conclude that I(u) < liminf,,_, » I (1t,), where du =
f2dm, and the theorem is proved. [

REMARK 5.10. It is easy to check that if &(u, v) is the associated Dirichlet
form, then u € D(H) if and only if u € D(E), and if u € D(H), then

IHull3 = &u, u)
(cf. [7], page 28).

REMARK 5.11 (Relation between Theorem 1.17 and Theorem 5 of [3]).
Donsker and Varadhan [3] consider a semigroup {7}, t > 0} acting on By (E). Let

Bo= {u € By(E): lim | e — o =0},
t—

where | - ||co denotes the sup norm. They assume that m is a o-finite invariant
measure for the semigroup and that By N L,(m) is dense in Ly(m). Then, for
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u € Ly(m), given ¢ > 0, there exists ug € BoN L(m) such that | |u —upl?dm < e.
Furthermore,

/|pfu—u|2dms3{/|pzu—ptuo|2dm
+/|pfuo—uo|2dm+/|uo—u|2dm}

53{2/|u—u0|2dm+/|ptuo—u0|2dm}.

Therefore, to show that {7;} is a strongly continuous semigroup on L (m), it suf-
fices to show that for ug € By N Ly(m),

lim / | prutg — uol* dm = 0.
t—0
We have

[ 190 = woPdm = [ oy dm ~2 [ (pupucy*am + [ ufm

5/ptu%dm—2/(pt/2u0)2dm+/u%dm

and since m is invariant for the semigroup, the last expression

=2fu(2)dm —2/(p,/2u0)2dm.

Since ug € By, by Fatou’s lemma, we have
liminf/(p,/guo)zdm > /u%dm,
t—0

hence, limsup,_ ¢ [ | pruo — uo|?>dm = 0, the semigroup {7}} is strongly continu-
ous on Ly (m) and our results apply without some extraneous assumptions.

6. The discrete-time case. We assume that {7),,n > 1} is a semigroup on
Ly (m) for which (1.2) holds. Let /1 (i) be as defined in Section 1. Let

II(M):{II(M)’ 1f[L<<.m,
00, otherwise.

Then, if one uses the discrete analog of the Feynman—Kac formula (cf. [3] or [2]),
a proof analogous to that of Theorem 1.8 yields the following:

THEOREM 6.1. Let u € M(E) and let a < f1 (). There then exists a T-
neighborhood N, of  such that

1
limsup —log sup P*(L, € N,) < —a.

n—oo N xeE
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REMARK 6.2. This immediately implies the upper bound for t-compact sets,
as in the continuous-time case. Furthermore, if the semigroup is Feller, then N,
may be chosen to be a weak neighborhood in the statement of the theorem and
“r-compact” can be replaced by “w-compact” in the corollary.

The next theorem is the analog of Theorem 1.11, but first, we define an m-thin
set in the present context.

A set N is m-thin in the discrete-time context if there exists a set B such that
m(B) =0 and

o
N:{er:ZZ”pn(x,B)>0 .

n=1

We then have the following.

THEOREM 6.3. Let u € M(E) and let a < I1(it). There then exists a tT-
neighborhood N, of u and an m-thin set N such that if x ¢ N, then

1
limsup —log P*(L, € N,) < —a.
n—oo N

For the lower bound, we also need the counterpart of Condition 1.14, which
reads as follows.

o0
(64 IfAeB(E)andm(A) >0, then for m-a.e.(x), Z pn(x, A) > 0.
n=1

Under this additional assumption, we have the following.

THEOREM 6.5. Let u € M(E) and let N, be a t-neighborhood of 1. Then
there exists an m-thin set N such that if x ¢ N,

.1 N
lkrggéleogP (Lp € Ny = —1(w).

REMARK 6.6. The analog of Corollary 1.16 also holds for U a w-open subset
of M(E).
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