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LIMIT THEOREMS IN FREE PROBABILITY THEORY. I!

BY G. P. CHISTYAKOV AND F. GOTZE

Institute For Low Temperature Physics and Engineering
and University of Bielefeld

Based on an analytical approach to the definition of additive free con-
volution on probability measures on the real line, we prove free analogues
of limit theorems for sums for nonidentically distributed random variables in
classical probability theory.

1. Introduction. In recent years a number of papers have investigated limit
theorems for the free convolution of probability measures (p-measures) defined
by D. Voiculescu.

The key concept of this definition is the notion of freeness, which can be in-
terpreted as a kind of independence for noncommutative random variables. As in
the classical probability where the concept of independence gives rise to the clas-
sical convolution, the concept of freeness leads to a binary operation on the
p-measures on the real line, the free convolution. Many classical results in the the-
ory of addition of independent random variables have their counterpart in this new
theory, such as the law of large numbers, the central limit theorem, the Lévy—
Khintchine formula and others. We refer to Voiculescu, Dykema and Nica [33]
for an introduction to these topics. Bercovici and Pata [15] established the dis-
tributional behavior of sums of free identically distributed random variables and
described explicitly the correspondence between limits laws for free and classical
additive convolution. In this paper, using an analytical approach to the definition
of the additive free convolution (see [20]), we generalize the results of Bercovici
and Pata to the case of free nonidentically distributed random variables. We show
that the parallelism between limits law for additive free and classical convolution
found by Bercovici and Pata holds in the general case of free nonidentically dis-
tributed random variables. Our analytical approach to the definition of the additive
free convolution allows us to obtain estimates of the rate of convergence of dis-
tribution functions of free sums. We prove the semicircle approximation theorem
(an analogue of the Berry—Esseen inequality), the law of large numbers with esti-
mates of the rate of convergence. We describe Lévy’s class «£g of limiting distrib-
utions of normed sums of free random variables obeying infinitesimal conditions.
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As in the classical case we derive a canonical representation of the measures in
the class £Lm. Furthermore, we shall give a characterization of the class Lm by
means of the property of self-decomposability, extending results by Barndorff-
Nielsen and Thorbjgrsen [3].

The paper is organized as follows. In Section 2 we formulate and discuss the
main results of the paper. In Section 3 we formulate auxiliary results. In Section 4
we prove the extended additive free central limit theorem for the general case of
free nonidentically distributed random variables. This extends the Bercovici and
Pata parallelism between additive free and classical additive infinite divisibility
and limits laws for additive free and classical convolution to the general case. In
Section 5, using results of Section 4, we describe an analogue of the Lévy class
Lm for additive free convolution. We establish the Bercovici and Pata parallelism
between the classical Lévy class £, and the class £Lg. In Section 6, using our
approach to the definition of the additive free convolution, we derive the semicircle
approximation theorem (an analogue of the Berry—Esseen inequality) as well as
a law of large numbers with estimates of convergence.

2. Results. Denote by M the family of all Borel p-measures defined on
the real line R. On M define the associative composition laws denoted * and H
as follows. For w1, uo € M let the p-measure g * py denote the classical con-
volution of | and wy. In probabilistic terms, w1 * wo is the probability distrib-
ution of X + Y, where X and Y are (commuting) independent random variables
with probability distributions @ and w», respectively. The p-measure 11 H @7, on
the other hand, denotes the free (additive) convolution of p; and p, introduced
by Voiculescu [31] for compactly supported p-measures. Free convolution was
extended by Maassen [26] to p-measures with finite variance and by Bercovici
and Voiculescu [11] to the class M. Thus, w1 H wy is the distribution of X + 7,
where X and Y are free random variables with the distributions 11 and p,, respec-
tively. There are free analogues of multiplicative convolutions as well; these were
first studied in Voiculescu [32].

Let C*(C™) denote the open upper (lower) half of the complex plane. For
u € M, define its Cauchy transform by

2.1) Gu(z):/“ M(d?’ zeCT.

—o0 Z —

Following Maassen [26] and Bercovici and Voiculescu [11], we shall consider
in the following the reciprocal Cauchy transform

2.2) Fu@ = o
"

The corresponding class of reciprocal Cauchy transforms of all © € M will be
denoted by ¥ . This class admits a simple description. Recall that the Nevanlinna
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class .V is the class of analytic functions F : Ct — CtTUR. The class £ is the sub-
class of Nevanlinna functions F), for which F},(z)/z — 1 as z — o0 nontangen-
tially to R (i.e., such that fz/Jz stays bounded), and this implies that F), has
certain invertability properties. (See [1, 2, 17].) More precisely, for two numbers
o >0, 8 > 0 define

Iy={z=x+iyeC":|x| <ay} and Fop={z=x+iyely:y> B}

Then for every o > 0 there exists 8 = B(u, @) such that F,, has a right inverse

F ,5_1) defined on Iy, g. The function ¢, (z) = F, ,5_1) (z) — z is called the Voiculescu
transform of . It is not hard to show that ¢, (z) is an analytic function on I'y g and
S (z) <0forz € 'y g, where ¢, is defined. Furthermore, note that ¢, (z) = 0(z)
as |z] > o0,z € Ty,.

Based on an alternative definition of free convolution developed in Chistyakov
and Gotze [20], we define the free convolution | H uy of p-measures w1 and o
as follows. Let F, (z) and F),,(z) denote their reciprocal Cauchy transforms, re-
spectively. We shall define the free convolution w1 B u2, using Fy,, (z) and F,(2)
only. It was proved in Chistyakov and G6tze [20] that there exist unique functions
Z1(z) and Z»(z) in the class F such that, for z € CT,

(23) z2=Z1()+ Z2(2) — Fi, (Z1(z)) and  F),(Z1(2)) = Fju,(Z2(2)).

The function F,, (Z1(z)) belongs again to the class ¥ and hence by Remark 3.1
(see Section 3) there exists a p-measure p such that F), (Z(z)) = F,(z), where
Fu(z) =1/G,(z) and G (z) is the Cauchy transform as in (2.1). We define p; H
W2 = . The measure u depends on | and o only.

Thus, we define the additive free convolution by purely complex analytic meth-
ods.

The existence and uniqueness of the subordination functions Z;(z) in (2.3)
have been studied earlier by other methods in Voiculescu [34-36], Biane [19],
Maassen [26], Pastur and Vasilchuk [27], Vasilchuk [29].

On the domain I'y g, where the functions ¢, @, (z), ¢y, (z) and ¢y, (z) are
defined, we have

(24) ¢u153/12 (Z) = ¢pL1 (Z) + ¢M2 (Z)

This relation for the distribution 1 H uo of X + Y, where X and Y are free ran-
dom variables, is due to Voiculescu [31] for the case of compactly supported p-
measures. The result was extended by Maassen [26] to p-measures with finite
variance; the general case was proved by Bercovici and Voiculescu [11]. Note that
Voiculescu and Bercovici’s definition uses the operator context for the definition of
w1 B o, whereas Maassen’s approach is closest to our analytical definition for the
additive free convolution of arbitrary p-measures. Note that this approach extends
as well to the case of multiplicative free convolutions (see [20]). By (2.4) it follows
that our definition of ; B o coincides with that of Voiculescu and Bercovici as
well as Maassen’s definition.
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In their seminal paper [15] Bercovici and Pata proved free analogues of limit
theorems for identically distributed random variables based on the relation (2.4).
In this paper we use the relation (2.3) to obtain free analogues of limit theorems
in the general case of nonidentically distributed random variables. The functions
Fy, (2), Z(z) from (2.3) belong to the class . This means that they are defined on
the whole half-plane C* and admit a special integral representation which allows
us to study the limit behavior of the corresponding measures. It seems that free
convolutions of nonidentical measures are easier to handle by these characterizing
functions than the Voiculescu transforms ¢,, i (2).

The relation (2.3) has been used successfully in the papers [6-9, 13, 18] as well.

There is a notion of infinitely divisible p-measures for additive free convolution.
As in the classical case, a p-measure p is H-infinitely divisible if, for every natural
number n, u can be written as u = v, Bv, B---HBv, (n times) with v, € M. Such
H-infinitely divisible p-measures were characterized by Voiculescu [31] for com-
pactly supported measures. The H-infinitely divisible p-measures with finite vari-
ance were studied in Maassen [26] and Bercovichi and Voiculescu [11] extended
these results to the general case. There is an analogue of the Lévy—Khintchine for-
mula (see [10, 11, 33]) which states that a p-measure x4, on R, is infinitely divisible
if and only if the function ¢, (z) has an analytic continuation to C*, with values in
C~ UR, such that

(2.5) lim $uliy) =
y—>+00 y

0.

By the Nevanlinna representation for such function (see Section 3), we know that
there exist a real number «, and a finite nonnegative measure v, on R, such that

14+ uz
Z—u

(2.6) ou(x) =« —I—/R v(du), zeCT.
Since there is a one-to-one correspondence between functions ¢, (z) and pairs
(a, v), we shall write ¢, = (o, V).

Formula (2.6) is an analogue of the well-known Lévy—Khintchine formula for
characteristic functions ¢(t; 1) := [ e u(du),t € R, of x-infinitely divisible
measures @ € M. A measure i € M is x-infinitely divisible if and only if there
exist a finite nonnegative Borel measure v on R, and a real number « such that

@(t; w) =exp{fu ()}

: 2
L . it itu 1+u
.—CXP{lOtl—i-'/IR(elu—l —m> uz V(du) ) IER,

2.7

where (/™ — 1 —itu/(1 4+ u?))(1 + u?)/u? is defined as —r2/2 when u = 0.
Since there is again a one-to-one correspondence between functions f,(#) and
pairs (o, v), we shall write f,, = {a, v}.
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Bercovici and Pata [15] determined the distributional behavior of sums of free
identically distributed infinitesimal random variables. More precisely, they showed
that, given a sequence p, of p-measures, and an increasing sequence k;,, of positive
integers, the free convolution product of k, measures identical to u, converges
weakly to a free infinitely divisible distribution if and only if the corresponding
classical convolution product converges weakly to a classical infinitely divisible
distribution. Moreover, the correspondence between the classical and free limits
can be described explicitly.

In the classical case the precise formulation of the limit problem is as follows:

Let {pnk:n > 1,1 <k <k,} be a triangular scheme of measures in M such that
(2.8) Ilim max wupr({u:lul>e¢e})=0

n—00 1<k<ky

for every ¢ > 0, and let {a, :n > 1} be a sequence of real numbers. Such triangular
schemes of measures (i, are called infinitesimal. Denote by §, a p-measure such
that §,({a}) = 1. The basic limit problem arising in this context is:

(a) Find all u € M such that u™ = O—q, * nl * p2 * -+ - * Lk, CONVErges to [
in the weak topology.
(b) Find conditions such that ;1" converges weakly to a given .

The complete solution of this problem has been obtained by the efforts of Kol-
mogorov, Lévy, Feller, de Finetti, Bawly, Khintchine, Marcinkewicz, Gnedenko
and Doblin.

The limit problem in free probability theory has the same form for the
p-measures um = 8_q, B wy1 B pupo B - B8 g, In the sequel we denote
by ik p-measures such that fZ,x((—oo,u)) := punk((—00, u + aur)), where
Au = f(_T’T) uni (du) with finite T > 0 which is arbitrary, but fixed.

We provide a complete solution of this limit problem for free random variables.
For the classical case see [22], Chapter 4 and [25], Section 22.

THEOREM 2.1. Let unx be a triangular scheme of infinitesimal probability
measures. Then we have:

(@) The family of limit measures of sequences " = O—q, Byt BunaB-- Bk,
coincides with the family of B-infinitely divisible measures.

(b) There exist constants a, such that the sequence p™ = 8_q, B w8
w2 B -+ B punk, converges weakly if, and only if, v, converges weakly to
some finite nonnegative measure v, where, for any Borel set S,

kn 2
u
()= [ .
1S 14+u
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Then all admissible ay, are of the form a,, = a,, — o + 0(1), where « is an arbitrary
finite number and

kn

u —~~
oy = Z(ank + ./JR mﬂnk(du))

k=1

Furthermore, all possible limit measures (1 € M have a Voiculescu transform of

ype ¢ = (a, v).

Note that the first statement of the theorem is due to Bercovici and Pata [16].
Another proof of this statement, based on the theory of Delphic semigroups, has
been given by Chistyakov and Gotze [20]. We see that this result is an obvious
consequence of the second statement of the theorem.

Comparing the formulations of the second statement of Theorem 2.1 and of
the second statement of the classical limit theorem (see [25], page 310), we see
that these formulations coincide for (M, H) and (M, ). Therefore the following
result holds, which for the case of identical measures w,;, j =1,..., k;, is known
as Bercovici—Pata bijection [15].

THEOREM 2.2. Let unx be a triangular scheme of infinitesimal probability
measures. There exist constants a, such that the sequence §,, B pn1 B o B
-+ B pnk, converges weakly to w® e M such that ¢,m = (a,v) if and only if
the sequence 8,4, * [Ln1 * [p2 * - -+ % [Lnk, converges weakly to u* € M such that

fM* = {av V}.

Let i € M. Denote uX* := % --- % u (k times) and p*® .= B ---B
(k times). Theorem 2.2 in the identical case 1 = --- = [nk, has the following
form.

COROLLARY 2.3. Let u, be a sequence of probability measures. The se-
quence ,uf,”Hﬂ converges weakly to u® € M such that ¢,m = (a0, v) if and only

if the sequence ,ul,(,”* converges weakly to u* € M such that f,~ ={a, v}.

Bercovici and Pata [15] characterized stable laws and domains of attraction in
free probability theory for the case of identical p-measures ft,; and established
the so-called Bercovici—Pata bijection between infinitely divisible limits in (M, %)
and (M, H). In particular they proved Corollary 2.3. Our approach allows us to
study the case of nonidentical p-measures (1,; as well and to obtain the results
about limiting stable laws.

By Theorem 2.2, all results concerning the convergence of distribution func-
tions of free sums can be reduced to the corresponding classical results. In par-
ticular, one obtains a criterion for the semicircle convergence [the case when
¢MEE = («, Adp), A > 0], a criterion for the Marchenko—Pastur convergence [(ﬁMEE =
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(o, ASp), & > 0,b # 0], as well as the degenerate convergence criterion [(l)uaﬂ =
(o, v = 0)] for additive free convolution. These results generalize the correspond-
ing results of Voiculescu [30], Bercovici and Voiculescu [12], Maassen [26],
Pata [28], Bercovici and Pata [14] and of Lindsay and Pata [24] to the nonidenti-
cally distributed case.

Our analytical approach to the definition of the additive free convolution allows
us to give explicit estimates for the rate of convergence of distribution functions
of free sums. We shall demonstrate this by proving a semicircle approximation
theorem (an analogue of the Berry—Esseen inequality; see [25], page 288), and a
quantitative version of the law of large numbers, that is, including estimates of
convergence.

To formulate the corresponding results we need the following notation. Let u
be a p-measure. Define my (i) := [ ukp(du) and Br(p) = Ir lu|¥ 1 (du), where
k=0,1,.... We denote by u,, the semicircle p-measure, that is, the measure with
the density %,/ 4 —x2),,x e R, where ay :=max{a, 0} fora € R.

Denote by A(u, v) the Kolmogorov distance between the p-measures p and v,
that is,

A, v) = sug | ((—00, x)) — v((—00, x))|,

and by L(u, v) the Lévy distance between these measures, that is,
L, v):= inf{h:u((—oo,x —h)) —h <v({(—o00,x))
< p((—o0,x +h)) +h,x e R}.
As it is easy to see, L(u, v) < A(u, v).
Let 1 be a p-measure such that m(u) =0 and mo () < oo. Denote p, ((—oo,

x)) = p((—00, x4/ma()n)), x € R.

The following theorem is an analogue of the well-known Berry—Esseen inequal-
ity (see [25], page 288) for the case of identically distributed free random variables
assuming that the moment condition m4(u) < oo holds.

THEOREM 2.4. Let u be a p-measure such that m(n) =0 and mpy(n) = 1.
If ma(u) < 0o, there exists an absolute constant ¢ > 0 such that

mawl+ (ma(n))!/?
NG .

The following proposition shows that estimate (2.9) is sharp.

(2.9) A, ) <

PROPOSITION 2.5. Let u be a p-measure such that w({—+/p/q}) = q and
uwl{q/p}) =p,where 0 <p<l,g=1—pand p—q #0. Then

c(p)
A(/‘LZEs Mw) Z L(Mzma Mw) =

=

where c(p) is a positive constant, depending on p only.
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Now we shall consider the case of nonidentically distributed free random vari-
ables. Let {u;}52, be a sequence of measures in M such that m(u;) =0 and
B3(uj) <ooforall j=1,.... Denote

n n A
By =Y "maGu), A=Y Bs(ur),  Lni=—
k=1

k=1

Sw

Write nk((—00, x)) := ur((—00, Byx),x e R k=1,...,n, and u"™ := pu,,; B
-+« H wyy, as well.

THEOREM 2.6. There exists an absolute constant ¢ > O such that
(2.10) A(™, ) <cL? n=1,....

Finally we shall formulate the classical degenerate convergence criterion for
additive free convolution with an estimate of the convergence.
Let {,uj}j?ozl be a sequence of measures in M and let p,x((—00,x)) :=

wk((—oo,nx)), x eR, fork=1,...,n. Denote u™ := pu,1 B... B .

THEOREM 2.7. In order that
(2.11) L(n™,80) = 0

as n — oo it is necessary and sufficient that, for n — 00,

n
e =3[ w0
k=1

|x|=n}

ln
@13 =3[ s o,
=17

n,n)

2.14) nup3:= i i{/ xzuk(dx) — (/ xuk(dx))z} — 0.
l’l2 X (—n,n) (—n,n)

=1

In addition, for some absolute positive constant c,

(2.15) L(™,80) < (a1 +1a3)® +mm2),  n=1,....

Note that the statement of this theorem without the quantitative bound (2.15)
is a simple consequence of Theorem 2.2 and the classical degenerate criterion
(see [25], page 318). Therefore we need to prove (2.15) only.

Finally we shall describe Lévy’s class «£g of limit laws of normed sums obey-
ing the infinitesimal condition for the case of free summands. Let 1, uo, ... be
a sequence of measures in M and sequences of real numbers {a,} and {b,, > 0}.
Denote by pur :n > 1,1 <k < n, the measures such that p,;(S) := ux(b,S) for
every Borel set S.
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Consider again the sequence of measures {u(”) =0_q, Bun BuppB---H

As in the classical case the following problems arise:

(a) Given a sequence {u} of measures in M, find whether there exist sequences
{a,} and {b, > 0} such that the u,r,n > 1,k =1, ..., n, are infinitesimal and
w'™ — 1 weakly as n — oo, where 1 is an infinitely divisible probability
distribution such that ¢, = («, v). If such sequences exist, then characterize
them.

(b) Characterize the family «£Lm; in other words, characterize those functions ¢, (z)
and the corresponding measures v which represent limit measures of .

It is convenient to exclude degenerate limit distributions from our consideration.
The solution of the problem (a) follows from the next result.

THEOREM 2.8. There exist constants a, and b, > 0 such that iy,
k=1,...,n, are infinitesimal and the sequence §,, B pp1 B pp B -+ B pap
converges weakly to u® € M such that ¢,m = (o, v) if and only if the sequence
8ay, * Ml * [hn2 % - - - % pp converges weakly to u* € M such that f,~ = {a, v}.

This theorem establishes the Bercovici—Pata bijection for the case of infinites-
imal measures ,j, which are rescaled versions of the measures ;. The proof
follows immediately from Theorem 2.1 and the classical results for cumulative
sums (see [22], Section 31 and [25], Section 23). The characterization of the se-
quences {a,} and {b,} follows immediately from the classical norming theorem
(see [25], Section 23, pages 320-322).

The next result allows us to solve the problem (b).

Using the classical results about the class £ (see [22], Section 30 and [25],
Section 23), we obtain from Theorem 2.8 the canonical representation of the mea-
sures of the class £Lm.

THEOREM 2.9. In order that 1 € M belong to the class Lm, it is necessary
and sufficient that Voiculescu’s transform of the measure . has the form ¢, =
(o, V), where on (—00, 0) and (0, 00) the left and right derivatives of the function
v(u) :=v((—o00, u)), u € R, denoted indifferently by v'(u), exist and 1';—“21)’(14) do
not increase.

The class L£m admits another description which does not follow in a straight-
forward way from the classical results. Let © € M. For any real constant y # 0,
we denote by D), u the measure on R given by D, u(S) = w(y~1S) for any Borel
set S.

THEOREM 2.10. In order that . € M belong to the class Lm, it is necessary
and sufficient that for every y,0 <y <1, u =D, u B u,, where n,, € M.
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REMARK 2.11. The measure p and, for any y € (0, 1), the measure u, are
EB-infinitely divisible and ¢, = (o, v) and ¢u, = (ay,vy). Moreover, a measure
p* such that f« = {e, v} admits the representation u* = D), u* 3, for any y €
(0, 1), where ;L;‘, is x-infinitely divisible and f/ﬁ; = {ay, vy}

Barndorff-Nielsen and Thorbjgrnsen in [3] and [5] studied the connection be-
tween the classes of infinitely divisible p-measures in classical and free proba-
bility. In [4] they studied the property of self-decomposability in free probability
and, proving that such laws are infinitely divisible, studied Lévy processes in free
probability and constructed stochastic integrals with respect to such processes. Our
results allow us to extend the results of Biane [19] and of Barndorff-Nielsen and
Thorbjgrnsen [3]-[5].

3. Auxiliary results. We need results about some classes of analytic functions
(see [1], Section 3, and [2], Section 6, §59).

The class & (R. Nevanlinna) is the class of analytic functions f(z):Ct —
{z: 33z > 0}. For such functions there is an integral representation

1
f@=a+brt [ e
G.1) Rulz
u
=a+b —~ 1+u?)t(d ct
avbrt [ (- )asadr@n,  zect,

where b > 0, a € R and 7 is a nonnegative finite measure. Moreover, a = 9 f (i)
and T (R) = J f (i) — b. The measure 7 and the parameter b are defined by the func-
tion f(z) uniquely. From formula (3.1) it follows that

3.2) f@)=(b+o())z

for z € C* such that z — oo nontangentially.
A function f € N admits the representation

(3.3) f(z)=fRa(d”), zeCt,

u—3z

where o is a finite nonnegative measure, if and only if sup,.; [yf (iy)| < oc.

REMARK 3.1. Since the class F is the subclass of Nevanlinna functions f(z)
for which f(z)/z — 1 as z — oo nontangentially, we note that every f € ¥
admits representation (3.1), where b = 1. Moreover —1/f(z) admits representa-
tion (3.3), where o € M. Note as well that a function f € ¥ satisfies the obvious
inequality

(3.4) Sf(2) >3z, zeCT.
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The Stieltjes—Perron inversion formula for the functions f of class N has
the following form. Let ¥ (u) := [§' (1 +t*)7(dt). Then

1 u
(3.5) Wu2) — ¥ (uy) = hm—f Sf(E +inde,
=071 Ju,

where ] < uy denote two continuity points of the function ¥ (u).
Furthermore, we shall need the following inequality for the distance between
distributions in terms of their Stieltjes transform.

LEMMA 3.2. Let puy be the semicircle measure and let |1 be a p-measure such
that

(3.6) | (=0.3)) = (=00, 1) dx < oo.
Then there exists an absolute constant ¢ such that, for any 0 < v < 1,

Ay, n) < CA; |G, (u+i)—Gu(u+i)ldu—+cv

1
+c sup /(GMM,(x+iu)—Gﬂ(x+iu))du,
v

xe[—2,2]
where G, and G, are defined in (2.1).

This lemma is a simple consequence of Corollary 2.3 in Gotze and Tikho-
mirov [23].

Let uj € M, j =1,2. In Section 2 we defined the additive free convolution
w1 B wo by purely complex analytic methods.

As shown in [20], (2.3) admits the following consequences.

PROPOSITION 3.3. Let ui,...,Mun € M. There exist unique functions
Z1(2), ..., Zn(2) of class F such that, for z € CT,
=21+ -+ Zy(2) — (n — DF,,(Z1(2)
3.7 and
Fu,(Z1(2)) =+ = Fu,(Zu(2)).
Moreover, F,,m..@u, (2) = F,,(Z1(2)) forall z € CT.

Let ) =po ==, =/ and write ; B --- B w, = p"=.

PROPOSITION 3.4. Let u € M. There exists a unique function Z € ¥ such
that
(3.8) z=nZ(z) — (n — D F,(Z(2)), zeC*,
and F s (2) = Fi(Z(2)), z € Ct.
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We need the following auxiliary results of Bercovici and Voiculescu [11].

PROPOSITION 3.5. Let {j,},2, be a sequence of p-measures on R. The fo-
llowing assertions are equivalent:

(@) The sequence {1, }.> | converges weakly to a p-measure [i.

(b) There exist @ > 0, B > 0, and a function ¢, such that all the functions ¢, ¢,
are defined on Ty g, and such that the sequence {¢,,, }°° | converges uniformly

on compact subsets of I'y g to a function ¢, and ¢, (iy) = o(y) uniformly in

nasy— +oo.

Moreover, if (a) and (b) are satisfied, we have ¢ = ¢, in 'y g.

PROPOSITION 3.6. Let {i,},> and {v,}.2 | be sequences of p-measures on

R which converge weakly to p-measures p and v, respectively. Then {i, Bv,}72
converges weakly to the p-measure p B v.

We also need the following two results which are due to Bercovici and
Pata [16, 15].

PROPOSITION 3.7. Let a, B, & be positive numbers, and let ¢ :T'y g — C be
an analytic function such that

¢ (2)] < elzl, z€Tqp.
For every o' < a and B’ > B there exists k > 0 such that

¢'(2)| <ke,  z€Twp.

PROPOSITION 3.8. For every «, > 0 there exists ¢ > 0 with the following
property. If n € M such that [p u?/(1 + u®)u(du) < e, then ¢y is defined on
the region I'y g and ¢, (I'y,g) C C™ UR.

Let 1 be a p-measure. Denote by i the measure defined by i (B) = u(—B) for
any Borel set B. Write u° := u H z.

PROPOSITION 3.9. A p-measure | is symmetric if and only if the functions
G, (iy) and F, (iy) take imaginary values for y > 0 and the function ¢, (iy) takes
imaginary values on the set y > yg > 0, where it is defined.

We omit the proof of this simple proposition.

We obtain, as an obvious consequence of Proposition 3.9, that . is a symmetric
p-measure. In addition, if p; and py are symmetric p-measures, then w H uy is
a symmetric p-measure as well.
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4. Additive free limit theorem. In this section we shall prove Theorem 2.1.
In the sequel we denote by c positive absolute constants. For some measure v
and for some parameter T we denote by c(v), c¢(t) and c(v, T) positive constants
which only depend on the measure v, on the parameter 7, and on v and t, respec-
tively. Before proving Theorem 2.1 we establish some properties of the measures
{ni:n > 1,1 <k <k,}, satisfying condition (2.8), and the corresponding recip-
rocal Cauchy transforms {F,,(z):n > 1,1 <k <k,}.

It is well known that condition (2.8) is equivalent to the following relation
(see [25], page 302):

2
u
k, 'é H—Lﬂunk(du) — O, n — oQ.

Recall that L,k ((—00, u)) = pnk ((—00, U +ank)), Where ank := [(_; )X pnk (dx),
k=1,...,k,, with arbitrary 7 > 0 which is finite and fixed. Since obviously
k, lank| — 0 as n — oo, we obtain

=1,...,

2
“4.1) ¢,:= k:qlfl.)fk,, enk — 0, n — 0o, where g, 1= /R 1_T_—MZ;’an(du).
By Remark 3.1, for every k =1, ..., k, the reciprocal of the Cauchy transform
G, (2) [see (2.1)] has the form

14+u
4.2) Fa,(2) = bu +2+ f © ok (du),
R U—Z

where by := R(Gp,, (i)~ and o, is a nonnegative finite measure such that
onk(R) =3(Ga,p, (1))~ — 1. From (4.2) we deduce the following relation:

3Ga,, (i 14 u?
(4.3) _w:y(l—i—/lgmank(du)), y>0,k=1,...,ky,

|G (i9)1?
which yields
1
4.4) 1+/ o,,k(du)_ —— y>0,k=1,...,ky.
YIG 7, (iY)

On the other hand we see that, for y > 0,

2 2
. y ~ u ~
4.5 —y3Gg =/7 d =1—/7 du).
( ) yS ll-nk(ly) ]RM2+y2Mnk( I/l) Ru2+y2,bbnk( M)

Hence, for sufficiently large n > ng and k =1, ..., k;,, we obtain, by (4.4) and
(4.5), the upper bound

1+u?
@s) [ em@n <2 [ o 2unk(du><3zsnk, y= 1/4.
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It follows from (4.6) that, for n > ng,
(4‘7) Gnk(R)§28nk7 kzl,‘"ski’la

and max=1,. k, onk(R) = 0 as n — oo.
Now we deduce the relation

RG / _ Tk
Mnk (l) (l/[ _ ank)z + 1Mnk( M)
U —dnk U — ank
= P m— du) + _—— du
/( T,7) (u—ank)z—l—l'unk( ) lu|>t (u—ank)z—i—l'u"k( )
(u — ank)’
= u—a du —/ _ du
f( e aom) — [
U — dnk
Y S
ul=r (U — anp)? + llunk( )
(u — ank)3
=- R w— du
/;—T,T) (u — ank)2 + llunk( )
U+ ani (U — ank)?
+ / du).
uizr (U —an)?+1 e (du)
Using straightforward estimates we easily have, for sufficiently large n > no,
4.8) NGp,, ()] < c(T)enk, k=1,... k,.
In view of (4.1), (4.5) and (4.8), we get, forn >npand k=1, ..., k,,
4.9) k| < IRG,, (DI/ (3G (0))* < (D) ek

From (4.2), (4.7) and (4.9) we obtain, forze CT and n > ng, k=1, ..., ky,,

d
|Fu,,k<z>—z|<|bnk|+/ Ok ”)+/ eflul , aw
u—7z| R |u — Z|

(4.10)
+ |z|?

< c(r)enk(l + ) < c()em0(2),

where Q(z) := IHZ | . Using (4.6) we deduce the estimate, for k =1,...,k, and
Sz >1/4,

~

14 u?
3(Fpy (2) —2) =32 /R T G

|z|)2 1+u?
<2 — ANSZ/ ———— o (du
(%z R (32)% 4 u? k()

IZI)2 / 1 + u? u
<4 =) d
= (?sz Lo G 12 k)

Z
< 64(' ') (3232,
SZ

@.11)

~
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where

(32) 1= = W P + v
NSZ) = — —= u —=
Nnk 2 vm s T+ %) Mnk oS L+ ) Mnk
Note that, for such k =1, ..., k, and Iz > 1/4, 0y (IJz) < deug.

We conclude from (4.10), (4.11) and Rouché’s theorem that for every y > 1

there exists a neighborhood |z — iy| < y/2 such that the inverse function Fl{kl)(z)

with n > ng exists and is analytic in this domain. In addition, the following in-
equalities hold:

(du).

i R, ()] = |R(FS V(@) —2)| < c(emy,
3¢, (D] = [3(Fy P (@ = 2)| < i)y,

for [z —iy| <y/2,n>no, k=1, ..., ky, where 7,,(y) := maX;c[y/4,2y] Mk (t).

PROOF OF THEOREM 2.1. Sufficiency. Consider the measure [, := i, H
.-+ B fnk,. It follows from Proposition 3.3 that there exist unique functions
Zuls - Znk, of class F such that, for z € CT,

Fp, (Zn(2)) — 2= Fp, (Zn1(2)) = Zn(2) + - -

(4.13)
+ Fap, (Znk, (2)) — Znk, (2)
and
4.14)  Fa, (Zn (@) = Fpp(Zn(0) =+ = Fa, (Zuk, (2)) = F, 2).

Then, by (4.12)—(4.14), for |z —iy| < y/2,y > c(v) > 1, it follows that

NP8 B, (D] < [N, (D] + -+ - + [Rp,, (2]

(4.15) L
< c(D)nay :=c(1) (Z enk)y
k=1
and
|3¢ﬁn153"'53ﬁnkn @) =< |3¢ﬁn1 (Z)| +--+ |S¢ﬁnkn ()]
(4.16)

kn
<cna(y)y:= C<Z ﬁnk(y))y-
k=1

By the assumptions of the theorem, we have n, < v(R) + 1 for sufficiently large
n > ng. In addition, by (4.11) and the assumptions of the theorem, we see that

16v(R 1
@17) () = T (R [-V5/2 V5/2)
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for sufficiently large n > n1(y), where —,/y/2 and ,/y/2 are continuity points of
the function v((—00, x)), x € R. In the sequel we choose y so that —,/y/2 and
\/y/2 are continuity points of v((—00, x)). Since

DB B, ) = (Fa (Za) () — 2
=2CVF V@)~ k=1, ke,
for |z — iy| < y/2, we have, by (4.10), the relation

Ot BB, Fro ) = Z53 V(@) = Fa @, k=1,...,ky,
for |z —iy| < y/4. Therefore we conclude by (4.10)—(4.12) and (4.15)—(4.17) that
the functions Z,(lzl)(z) are analytic in the disk |z — iy| < y/4 and

R(Z5 0 (@) —2)| < @R +1)0(),

(25 @) — )] < el +v@®) + yv(R\ [-/5/2. V5/2]).
for |z —iy| < y/4,n > n1(y),k=1,...,k,. We conclude from (4.18) that
there exists yg = yo(v) > 4 such that Z,g;l)(z) € Ry, :={z:|Nz| < c(r)(v(R) +
Dyo, yo/2 <z < 3y0/2} for |z —iyol < yo/4,n > n1(y0),k=1,...,k,. Hence
there exist points z,x € Ry, such that | Z,x(zux) — iyol < yo/4 forn > ny(yo), k =
1,..., k.
The functions Z, are of class ¥ . Therefore

14+ uz
vnk(du)
u—z

(4.18)

Znk(2) =dpi + 2+ f
(4.19) R

1 u 2
—dutzt [ (- )

for z € C*, where dyx € R and v, are finite nonnegative measures. Since
SZnk(Znk) — Yo < yo/2, we have

W, DV (®) <3 Lt (du)
clv, )V <3z v u
nk " e = Nzw)? + Qza)?

(4.20)
N 3yo
<SZpi(znk) < -

It is easy to see from (4.19) and (4.20) that | Z,x(znx) — dnk| < c(v, T). Hence,
using the bound |Z,x(z,k)| < 3y0/2, we conclude that |dyx| < c(v, T) + 3y0/2.
Hence we have

4.21) |du|l <c(v,7r) and vir(R)<c(v,t), n>n1(),k=1,...,k,.

In the sequel we assume that n > ny(yg) + ng. As in (4.10) we obtain, for z € C*
andk=1,...,k,,

(4.22) |Znk(2) — 2zl =c(v, T) Q(2).
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Using (4.22) and the inequality IZ,x(z) > 3z,z € CT [see (3.4)], we deduce

1412, 2 1
4.23) 0(Zu(2)) = % < e, 0030

forze Ctand k=1, ..., k,. Therefore we obtain from (4.10)

1
(4.24)  |Fpuy (Znk(2)) = Znk ()| = c(0)enk Q(Zni(2)) < c(v, T)gnk?Z 0*(2)

forze Ctandk =1, ..., k,. Let us return to relation (4.14). In view of (4.24), we
have, forz e Ctand k=1, ..., k,,

| Zn1(2) — Znk (D] = [Fp, (Zn1(2) — Zn1 (D] + | F,y (Znk (2)) — Znk (2)|
(4.25)

< (0, D 02(2).
~5Z
On the other hand, in view of (4.2) and (4.7), we conclude
|(Fau (Znk(2) = Znk (2)) = (Fai (Zn1(2)) = Zn1(2))]
- / |Znk (2) = Zu1 (D)1(1 + U)o (dut)
TRV (U = RZui () + (SZnk ()2 U — RZp1(2))% + (3Z1(2))?
(I +1Zn () DA + | Znk (2)])
SZn1 () Zni(2)
forze Ct and k=1, ..., k. Thus, taking into account (4.22), (4.25) and the in-
equality IZ,x(z) > 3z, z € C*, we have, for the same z and k as above,
|(Fa (Zuk(2) = Zuk(2)) = (Fip (Zn1 (2)) = Zu1 (2)|
1

(32)3

< ceni| Znk(2) — Zn1(2)|

(4.26)
0%(2).

<c(v, T)enkén
Consider the functions

@) i= (G - %)

14+uz
=Vnk+/
R J—

oni(dut), zeCTk=1,... k,,

z—u
where
) u ) u? .
Yk = /H; ) and () = s ().
By (4.8), the constants y,; admit the estimates |y,x| < c(t)en fork =1,..., k.

Hence, v, := Zi”: | Vuk satisfies the inequality

(4.27) [Ynl < c(v, 7), n>ng.
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As in (4.10), we conclude that

(4.28) | fuk ()] < c(T)enk Q(2), zeChk=1,... k.
We have, forze CT andk=1,...,k,,
2
z
42 Fi(@)=—— =7 f, e (2),
(4.29) e (2) T @ 2 — fuk(2) + Ok (2)
where
fnzk(z) 2 -2
n = = Fs .
Ok (2) Tt @ Sk @ Fr (2)z

Hence, by (4.10) and (4.28), we conclude, for those z, k,
1
(4.30) 160k (2)] < c(D)en O*(R)(12] + n Q@) -

We see from (4.22), (4.23), (4.30) and from the inequality IZ,x(z) > Jz,z € CT,
that, for z, k as above,

100k (Zn1 ()| < c(D)em Q2 (Zm1 @) (1 Zn1 )] + enk Q(Zn1(2)) ————
|an(Z)|
4.31) !

1
5
1 ik — .
70 @(1+en500)
Therefore (4.13), (4.26), (4.29) and (4.31) together yield the relation
Fp, (Zn(2)) —z

:_fnl(an(Z))+"'_fnkn(an(Z))+rn(Z)a ZE(C+,

where the function
kn

(@)=Y (Fau(Zak () = Zak(2)) = (Fa (Zn1 (2)) = Zn1 (2)))

k=1

<c(v, t)S,%k

4.32)

k

+ ) 0nk(Zn1(2))

k=1
is analytic in C* and admits the estimate
1

(4.33) lrn ()] < c(v, T)en o)

1
Qs(z)<1 4 sn?ZQ(z)).
From (4.33) it is easy to see that
(4.34) I (2)] < (v, D)e)/?°

n

. . 1/20 _ ~ —1/20 —1/20
in the closed domain D, :={z € CT: sn/ <Jz<g¢g, / , Nzl <e, /

We return to the representation (4.19) for the functions Z,1(z).

}.
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By (4.21), (4.27) and the vague compactness theorem (see [25], page 179), we
conclude that there exists a subsequence {n’} such that
dn’] - d’ Vn/l(R) - b9 Vn’ - V? n/ - 007

where d, b > 0, y are real numbers, and {v,/} converges in the vague topology to
some nonnegative measure v such that vi(R) < b. Now we rewrite the formula
(4.19) with n =n’ and k = 1 in the form

14+ uz
znq<z>=dnq+z+fR(

u—z

Since the kernel under the integral sign tends to 0 as ¥ — Foo uniformly in z
from every compact set in CT, we obtain, by the Helly-Bray lemma (see [25],
page 181),

- z) o1 (dit) + v (R)Z.

1+
an1(Z)—>d+z+f( uz—z)w(dM)erz
R\U—2
1+
:d+z+/R u_uzzw(du)—i-(b—vl(R))z, n' — oo,

uniformly on every compact setin C*.
Finally we obtain from this relation that

(4.35) Zy1(Z+ Y1) = Z(2) +az

as n’ — 00, uniformly on every compact set in C*, where Z(z) € £ and a > 0.
Rewrite the relation (4.32) in the form

Fﬁnl (an(z + V”)) —<
[ ZnGE ) = Z(@) —an)(1 +u?)
TR W= Zn @+ ) — Z(z) —az)

/‘ 14+u(Z(z) +az)
R u—Z2(z) —az

(4.36) v (du)

Vo (du) + 1 (2 + V), zeC™t.

Note that, for every compact set S in CT,

(4.37)  limsupsup

n’—oo z€S

14 u?

/ vy (du)| < oo.
R (U —Zy1(z+yp)u — Z(z) — az)

In view of the assumption that v, — v weakly, we have, by the Helly—Bray theo-

rem (see [25], page 182),

1 +u(Z(z) +az)

(4.38) lim (vy — v)(du) =0, zeCT.
n—ooJR u—2()—az

Since Fg,, (z) — z uniformly on every compact set in C* and (4.34), (4.35), (4.37)
and (4.38) hold, we easily deduce from (4.36) in the limit n” — oo that
1+ u(Z(z) +az)

(4.39) Z(z)+az—z=/];R "~ (2 1 a7) v(du), zeC™t.
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It is easy to see that Z(iy) — iy = o(y) and the integral on the right-hand side of
(4.39) is a function which is o(y) as y — oo for z = iy. Therefore we conclude
that a = 0. Thus the relation (4.39) holds with a = 0.

Since Z € F has an inverse Z(~! defined on T’y g with some positive o and 8,
it is easy to see that (4.39) has a unique solution in the set . Now suppose that
{Zn1(z 4 ya)},2, does not converge to Z(z) on some compact set in C™. Then,
as above there exists a subsequence {n”} such that Z,(z + y,») = Z*(z) as
n” — oo on every compact set in C*, and Z*(z) € F, Z*(z) # Z(z),z € CT.
But Z*(z) is a solution of (4.39). We arrive at a contradiction. Hence {Z,;(z +
Yn)},—, converges to Z(z) uniformly on every compact set in C™. The relation
(4.39) implies that Z(z) is infinitely divisible with parameters (0, v), since we
may rewrite (4.39) via z = ZED (w) for w e [y,p with some o, B > 0. Since
Fp,,(Zy1(z + y»)) — Z(2) uniformly on every compact set in C™*, we see that
it, B, converges weakly to a p-measure [t such that ¢; = (0, v). Recalling
the definition of a,,, we finally conclude that ;. converges weakly to p-measure
w such that ¢, = (a, v).

Hence the sufficiency of the assumptions of Theorem 2.1(b) is proved.

Necessity. Denote w5, = pink B fink = Bnk B o n > 1,k =1,...,k,. By
Proposition 3.6, we obtain the convergence

(4.40) p" =S Bul, B B Wk, = I weakly as n — oo.

For the measures Mi o> 1L k=1,... k, relations (4.13) and (4.14) hold
with the functions FM;]:(z),n >1,k=1,...,k,, replacing F,,(2),n > 1,k =
1,..., k,, and with some functions Z,; s(z) € F,n> 1,k =1, ..., k,, replacing
Zu (), n>1,k=1,..., k,.Rewrite (4.13) in the form

Fys (Zn1,5(2)) — 2
(4-41) :Fp,fll(znl,s(z))_an,s(z)+"‘
+ Fruf:kn (ann,s(z)) - an,,,s(z)» Z€ (C+-
By Proposition 3.9, the measures u;k, k=1,...,k,, are symmetric and ,u(”*s) =

o By, B -EEI,uflkn is symmetric as well. Since Fﬂ;ik (Znk s(2)) = FM(M) (2),z€
Ct, and by Proposition 3.9, FM('“‘) (iy), Fﬂflk (iy),y > 0, assume imaginary val-

ues, we conclude that Z,x s(iy),y > 0,k =1, ..., k,, assume imaginary values
as well. Hence, it is easy to see that Z,; s(z), k=1, ..., k,, admit representation
(4.19) with dyxy =0,k =1, ..., k,, and with finite nonnegative symmetric mea-
sures v;; wk=1,...,k,, respectively.

Since

14uz
Fﬂik(z)zz"'/Ru_ZGrfk(du), zeCh k=1,... kn,
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where 7, is a finite nonnegative measure, we deduce from (4.41) that

n

S(Fpus (Znt s @) = i) =Y S(Fps (Zuks () = Znk s ()

k=1

4.42)
" ) (1+ uZ)O,fk(du)
= Z‘\\Sznk,s(l) 2 ~ \\2 T
= R U* + (SZnks(0))
Let us show that the measures le, e, ,ufl k, are infinitesimal. Indeed, we de-

duce from (4.12) the estimate
_3¢M;k (Z) = _'[\\quﬁnk (Z) - S%nk (Z) S C(gnk + Enk) S cgl’lkv k = 17 MR kn,

for |z — i| < 1/4, where &, := [ uz/(l + uz)ﬁnk(du) = &uk. This implies

u2 ) 1 S
/Rm'u”k(du)/.égl%——uzunk(du)

=X(Fus () —i) <cew.  k=1,... .k,

(4.43)

as claimed.
The bounds (4.43) and (4.10) for the functions Fus, @),n=ng,k=1,...,k,,
imply the inequality

| Zonk,s D] <1 Znk,s (1) = Fpus (Zuks Q)] + | F 0 ()|

= Cénk Q(an,s(i)) + ‘FM(M‘) (l)‘

for n > ng,k =1,...,k,. Since Z,; s € ¥ and takes imaginary values for
z=1y,y >0, we see that |Z,x s(i)| = SZuk,s(@) > 1. We note from this that
O(Znpk s(i)) <2|Zyk s(i)] and, by (4.40), we easily conclude from (4.44) that

|an,S(i)|§c(l‘Ls)’ nZnOs k:17"-’k}’l'

(4.44)

Moreover,
3(Fs, (Zn1,s(@D) = i) = 3(Fyo0 () — i) = Y(Fu0 () — i), n— .
Therefore we obtain from (4.42) the relation
(4.45) o R+ -+ cr,fkn (R) < c(u?), n— oo.
Since 3, = fink B X, we note, by definition of the free H-convolution

(see Section 2), that there exist functions W,;(z) € F such that Fuzk(z) =

Fa,.(Wni(2)), z € C. Therefore we have SFu (i) — 1= IFp, (W (i) — 1.
Rewrite this relation in the form

oS (R) = IWpi(i) — 1
~ . 1+ u?
(340 FW) [ SO )
N ) 1+ u?
=Wl |, (U= AWt () + (Wt

O onk(du).



LIMIT THEOREMS IN FREE PROBABILITY THEORY 75

As in the proof of (4.10), we see that Fﬂflk (z) and Fp,, (z) tend to z as n — 0O uni-

formlyink=1,...,k, and |z—i| < 1/2. Hence W, (i) — i as n — oo uniformly
ink=1,...,k,. Thus we obtain from (4.46) that, for sufficiently large n > ny,
4.47) ok (R) <20, (R), k=1,...,ky.

Thus (4.45) and (4.47) imply the inequality

(4.48) ot (R) + -+ - + ong, (R) < c(n?), n— oo.

By (4.3), (4.5) with y = 1, and (4.8), we note that o,x(R) > €,1/2, k=1, ..., ky,
for sufficiently large n > no and we deduce from (4.48) the upper bound

(4.49) Ent + o+ Enk, < (), n— oo.

Let us return to (4.13) and (4.14). Since F,w(z) = Fp,(z + an — by), where

b, = Zi":]ank, we see that Fu(m(Z) = Fu,, (Zu(z + a, — by)),z € Ct k=
1,...,k,.

We shall show that {Z,,x (z +a, — by)},2 ; converges uniformly ink =1, ..., k,
and on every compact set in C* to the function Z(z) := F,,(z) € .

Let S be a compact set in C*. Then there exist «p > 0 and By > 0 such
that § C I'gy,p,- It is clear that, for n > ny (o, Bo), Fjm(Tag,py) C Tay,p, With
some «; > 0 and B; > 0. It is well known (see Proposition 3.8 as well) that for

(7

every o > 0, B > 0 there exists sufficiently large n(«, 8) such that Fﬁnkl)(z),

k=1,...,ky,,are defined on I'y g for n > n;(a, B). Therefore we can choose a, B

such that 'y, g, C I'y, g and we will consider the functions Flé;kl)(z), k=1,..., ky,
for n > ny(a, B). Since, for sufficiently large z € I'y g, the functions Fy,, (z) and
Znik(z + an, — by) satisfy (3.2) with b = 1 and are univalent, and the functions
Fé;kl)(FM(n) (2)),k=1,..., ky, are analytic in the domain Iy, g, for n > n;(a, B),
the relation

-1
Zuk @+ an —by) = Fy D(Fum (@), k=1,....kn, 2 € Tag gy,

holds for these n. Taking into account that Fé;kl)(z) tend to z and F Q) (2) tend to
F,(z) as n — oo uniformly in k =1, ..., k, and uniformly on every compact set
in CT, we obtain that {Z,,x (z +a, — bn)}f;o:1 converges uniformly ink =1, ...k,
and on the compact set S to the function Z(z) = F),(z) € F. Thus, the required
assertion is proved.

Using relations (4.13) and (4.14) with z 4 a,, — b, instead of z and taking into
account that the measures ft,1, ..., ink, are infinitesimal and the upper bound
(4.49) holds, we can repeat the arguments which we used for the proof of (4.32).
We arrive at the following relation, for z € CT:

Zn(z+ay —by) — (z+ay, —by)

= _fnZ(an(Z +a, — bn)) — ... fnk,, (an(z +a, — bn)) + 1y (2),

(4.50)
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where r,(z) is analytic in C* and r,(z) — 0 on every compact set in CT. As
above, {Z,x(z + an — by)}; 2 converges uniformly in k =1, ..., k, and on every
compact set in CT to Z(z) € F. Since, by (4.49), the sequence {va}o2 is tight
in the vague topology, there exists a subsequence {n’} such that there exists
lim,/_, 5oV (R) < 00 and {v,/} converges to some finite nonnegative measure v
in the vague topology. Now we conclude from (4.50) that (a,y — by — yur) — d’
as n’ — 0o, where a’ € R, and the following relation holds:
4.51) Z(z)=z+a/+b’Z(z)+/ Mv(du), zeCT,

R u—Z(2)
with b" = lim,;/_, 5o v,y (R) — v(R) > 0. Recalling that Z(z) € ¥, we easily con-
clude from this relation that 5 = 0. Indeed, it is not difficult to see that Z(iy) —
iy = o(y) and the integral in (4.51) for z =iy is o(y) as y — 4o00. Comparing
a behavior of all members in (4.51), we obtain the desired result.

We shall show that {v,} converges to the measure v in the vague topology. As-
sume to the contrary that there exists a subsequence {n”’} such that there exists
lim,;»_, 5o v,7(R) < 00 and {v,»} converges in the vague topology to some finite
measure v’ £ v. Then (a,” — b, — y,») — a” as n” — o0, and (4.51) holds with
a” replacing a’ and v"” replacing v. Comparing relations (4.51), we deduce the re-
lation

1 1
a/—i-/ +uzv(du)=a”+/ +uzv”(du), zeCT.
R U—Z R U—2Z

Applying the Stieltjes—Perron inversion formula (3.5) (see Section 3), we get that
v =" and then a’ = a”, a contradiction. Since, as above, lim,_, oo v, (R) = v(R),
we finally conclude that {v,} converges to the measure v weakly. In addition,
a, — b, — y, tends to some real constant as n — co. It remains to note that, by
the relation Z(z) = F),(z),z € C™*, we see from (4.51) that the limit measure j is
infinitely divisible with parameters (a’, v).

This proves the necessity of the assumptions of Theorem 2.1(b) and thus Theo-
rem2.1. [

PROOF OF COROLLARY 2.3. In order to prove Corollary 2.3 using Theo-
rem 2.2 we need to show that if j,;"" converges weakly to some p* € M or u,ﬁ”aﬂ
converges to some 1P € M, then p, are infinitesimal. The first assertion is a well-
known fact (see [25]). It remains to prove the second assertion only. By Proposi-
tion 3.5 and Lemma 2.2 from [15], k,¢,,, (z) converges uniformly on compact sub-
sets of I'y g, with some o > 0, B > 0, to the function d’um (z) and k¢, (iy) = o(y)
uniformly in n as y — +o0. Hence ¢, (z) — 0 uniformly on compact subsets of
[y.g, as n — o0, and ¢, (iy) = o(y) uniformly in n as y — +00. By Proposi-
tion 3.5, u, converges weakly to g as n — oo. Therefore the p-measures u, are
infinitesimal. [J
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5. The class £ of infinitely divisible limits for free sums. In this section
we shall prove Theorem 2.10.

Let {u,},2, be a sequence of measures in M and let {a,};>, and {b,}°7 |,
b, > 0, be sequences of real numbers. In Section 5 we denote by i :n>1,1<
k < n, the p-measures such that w,x(S) := ux(b,S) for every Borel set S € R.

Consider the sequence of p-measures {u™ := §_q, Bppr BB unn}i2,.

PROOF OF THEOREM 2.10. Sufficiency. First we show that ¢, (z) admits
an analytic continuation on C*. Indeed, the function ¢, (z) is regular on some
domain I'y g (see Section 2). Let us assume that there are singular points of ¢, (z)
on the boundary of this domain. Let zo be one of such points with the largest mod-
ulus. By the definition of ¢, (z), it is easy to see that |zo| < 00. By the assumption
and by Voiculescu’s relation (2.4), we have

(.1 $u(2) =y Pu(z/y) + ¢y (2), z€Tqp,

for 0 <y < 1. Here ¢,(z) := ¢, (z) and is defined on I'y g as well (see
Lemma 4.4 in [4]). Hence

¢y(Z) =(1- V)(pu(z) + V((ﬁu(z) - ¢M(Z/V))
=U=h@+y [ #©)d5,  zeTup,
z/y

By Proposition 3.7 and the property |¢,,(z)| = o(|z|) as z — 00,z € ¢ g, we have
the relation ¢, (z) — 0 for z € I'y g and ¢, (iy) = o(y), y — 00, uniformly in
y — 1. If y — 1, then by Proposition 3.5, u, — 8o weakly and, by Proposi-
tion 3.8, ¢uy (z) is regular in the domain I'z4 g/» for y close to 1. The functions
¢u(z/y) and ¢, (z) are regular on 'y 5, therefore ¢, (z) is regular at the point
20, a contradiction. Hence our assertion holds. Note that the function ¢, (z) ad-
mits an analytic continuation on C* for every y € (0, 1) as well and the relation
(5.1) holds for all ¥ € (0, 1) and z € C™T for such functions. We again denote these
functions, defined on CT, by ¢,,(z) and ¢, (z).
Consider the p-measures ug, k =1, ..., determined via

1 1 1
G (2) = n__k¢yk (mkz) = n—k¢u(77k2) - n—%(nk—lz), zeCT,

where 7 = ]_[}":1 yyandyy=1—1/(+1),m:=1.
Voiculescu’s transform of the p-measure ,u(") = un B B w, with g,

k=1,...,n, defined at the beginning of this section using b, := 1/m,, has
the form
n
Ty Tk Ty TTk—1
Bun@ =202 (22) - T (T2
" ,; e\ ) e O\
5.2)

— b)) — nn%(ni), LeCH.

n
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From (5.2) and Proposition 3.5 it follows that w® weakly as n — oo. It is
not difficult to verify that the functions ¢, (z) converge to zero on every compact
set of C* uniformly in k, 1 < k < n. This implies that | F,,,, (i) —i| — 0 as n — 00
uniformly in k =1, ..., n, and hence |G, (i) +i| — 0 as n — oo uniformly in
k=1, ..., n. Finally note that the p-measures 1, ..., s, are infinitesimal. This
follows directly from formula (4.5) for the measures u,x, k=1, ..., n.

Necessity. Let u € L£Lm. This means that there exists a sequence of p-measures
{mn} such that for some suitably chosen sequences of constants {a,} and {b,},
b, > 0, the sequence of the measures (u® = 8_q, By BB wy,} converges

weakly to a limit measure n and that the measures wux,n > 1,k =1,...,n,
are infinitesimal. By Theorem 2.1, the measure p is H-infinitely divisible and
¢/L = (O[’ U)-

Consider the sequence of p-measures {6_,, * fty] * - - - * (by, }. By Theorem 2.2,
this sequence converges weakly to the p-measure u* € £, such that f,+ = {o, v}.
Using the classical arguments on pages 323-324 in [25], Theorem 2.2 and Propo-
sition 3.6, we easily conclude that, for every y € (0, 1), u = D, u B p,,, where
My € M and is H-infinitely divisible. Hence ¢, = (ay, vy) with some o, € R
and a finite nonnegative measure v, .

Hence, by these arguments, we have pu* = D, u* * u"]j for every y € (0, 1),
where ,u;‘j € M and M;j is x-infinitely divisible. Moreover fu; = {ay, vy}

Hence, the theorem is proved. [J

The assertion of Remark 2.11 follows from the arguments above.

6. Estimates of convergence in the free central limit theorem. In this sec-
tion we prove Theorem 2.4, Proposition 2.5, Theorem 2.6 and Theorem 2.7. In the
sequel we denote cy, 2, ... explicit positive absolute constants.

PROOF OF THEOREM 2.4. Denote pu™ := u"®. By Proposition 3.4,
G, () =1/F,m(2), z € C", where F,u (z) := Fu.(Z(y/nz))//n. In this for-
mula Z(z) € F is the solution of (3.8). Consider the functions S(z) := %(z +
Vz2—4) and S,(z) := Z(/nz)//n for z € C*. Note that 1/5(z) = G, (2),
where w denotes Wigner semicircle measure. Since S, € ¥, we see by Remark 3.1
that there exists a p-measure v®™ such that 1 /Sn(2) =G (2).

We obtain the estimate (2.9) for n > ny, where ns = [c1(Im3 () |2 + ma(n))]
with a sufficiently large positive absolute constant c¢j. For n < nj, (2.9) holds ob-
viously. Using (2.1), we may write

m3(je) 1 u p(du)

_l’_
Z3z) Z’@JRZE@) —u’ ce

6.1) Z()Gu(Z(z)) =1+

220

Equation (3.8) may be rewritten as

6.2) GuZ@)(Z(@)—2)=m—1)(1—-Z@)Gu(Z(2))), zeC™.
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By (6.1) and the definition of S, (z), (6.2) may be reformulated as
1 m3(p) 1 u* ju(du) )
+ + Sn(z) —z
< Z2(Jnz)  Z3(Yn2) z3(ﬁz) R Z(V/nz) —u (5:@) =2)

n—1 < 1 m3 (i)
Sn(@) ~ Sp(2)Z(y/nz)

1 u*pu(du) )
S (2)Z(Jnz2) Jr Z(\/nz) —u

for z € CT. Rewrite (6.3) in the form

(6.3) =—

n

1 1
(6.4) (14 11 () (Sn () — 2) = —(1 - ;) 1+ 7a(0),

where r,1(z) and r,2(z) are analytic functions on C* which, by the inequality
SZ(y/nz) > /n3z,z € C* [compare with (3.4)], admit the estimates

1 lm3 ()l ma ()
o5 Im®l= G im? T Gevnr T ey
. Im3(u)| ~ ma(p) +
@< T+ S ceC,
Introduce forevery o > 0,C} :={z € C:3z>a}land Dy :={z€C:a <Jz <
1, Nz| <4}.

By (6.5), |rn1(2)| + |rm2(2)] < 1/10 for z € C;f/z, where a =: cz(lm3(w)| +

1/ 2 (n))/+/n and ¢ > 0 is a sufficiently large absolute constant. Therefore we

conclude from (6.4) that
(6.6) 107! <|S,(2)| < 10, z€D,.

From (6.4) we see that the function S, (z) satisfies the approximate functional
equation

1 rn3(2)
Sn(@)  Su(2)’

(6.7) Sn(z) —z=—

+
for z € C, ,, where

IN1T4+rp0(2)
32 i=1—(1——)—"==2
n3(2) ( n)1+rn1(z)

Here r,3(z) is an analytic function on z € (Cj/2 which is bounded as follows:

1
(6.8) [rn3(2)] < 2(; + |rn1(2)] + |"n2(Z)|>’ Z€ Cj/z
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Recalling the definition of the functions r,,1(z) and r,,2(z), we obtain with the help
of (6.6) and the inequality |S,(z)| > 1,z € C; ,
1 Im3(w)| ma (i)
lrn1(2)] < + + —
" WnlSi(@N?  (VnlSu(@D?  (VrlSu(2)))3 Sz
1 [m3(w)] m4(u))

<103 -
- <n+ n3/? n23z

(6.9)

and

Im3 (1) ma (1) (|m3(u)| m4(u))
n = <10
= sl T as,@Re T O\ i e

forze D, U @T. Applying these estimates to (6.8), we finally have

6100 Ina@l=3-10°(PEL T L),

Jn n3z n

ze D, UC;.

Solving (6.7), we see that

$i) =3 tV@),  zeCly,
where p,(2) = 722 — 4 + 4r,3(z). Note that the function pn(2) is nonzero on
the half-plane (C:{/z. Indeed, let p,(w) = 0 for some w € C;L/z. Then, by (6.7),

S2(w) — w8, (w) = —w?/4 and we have S,(w) = w/2. But the function S, (z)
satisfies the inequality 3.5, (z) > Jz,z € CT, a contradiction. We define the func-
tion 4/, (z) on (C;L/z, taking the branch of \/p, (z) such that v/p, (i) € C*. Since

S, (z) € N, we see that S,(z) = %(z + pn(z)) for z € C:/Q.

For z € (C;'/z, using the previous formula for S, (z) and S(z) = %(Z + V2 —4),
we write

I 1T 82 = S8(@()
Sn(z)  S(2) S(2)8n(2)
_ 1 ) 2ru3(2)
S@8(2) V2 -4+ 2 -4+ 4n3k)
Since, for z € C,0 < Jz < 1, |22 — 4| > m(z) := max{Jz, (MNz)?> — 5)4}, where
for x e R, (x)+ := max{0, x}, we obtain from (6.10) the following inequality:
m3@)| _3- 10° <|m3(M)I n 2m4(u~)>
22—417 m@2 N nz

6.11)

1
<—7
— 10

7€ D, U{zeC:3z=1}.

(6.12)

Hence we get, for z € D, or for Iz =1,

\\/ 2 —4+\/z2 — 4+ 4rp3(2)|

= JI2 =41+ 1 +4r5G) /(2 - 4| = 122 - 4]
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Using this estimate we deduce from (6.10) and (6.11), forz € (D, U{z € C:3Jz =
1)),

1 5 rm @) 1

Sn(2) S(z) I\/z— 4 1S@)18 (2)]
<6-103(|m3(u)|+2m4(u)) 1 ‘
= Jm\ Jn ndz ) IS@I1S:(2)]

Recall that 1/S(z) = G, (z) and 1/S,(z) = G,m(z), where v® s a p-
measure.
Since, foru € R, m(u+i) = max{1, (u2—5)+}, |S,(u+i)|>1and |[S(u+i)| >

%,/1 + ((u — 4)4)?, we conclude, using (6.13),
/R|Guw(u +i) =G, mu+ l)| du

Im3()| ~ ma() du
<C( N A )R1+u2
m4(,u))

NG

= (Im3(w)] + a2, nzn.

(6.13)

(6.14)

T(|m3( )|+

§

Since, for z € D, /m(2) > +/33z, |Su(z)| > 1/10 and |S(z)| > 1/10, we obtain
from (6.13), for x € [—2, 2],

1
/ |Gﬂw(x +iu) — G ,m(x + iu)|du

<c

1(|m3(M)| +m4(u))du

s~

3/2

6.15) N nu

= (Imsol + 2)

=\ T

c
< 7m0l +maGe)'). nzna.
Now we consider the representation

(6.16) G, w(@) —G,m(z)= ’:;11((;), zeC™t.

Relation (6.13) leads to the following estimate, for z € C with Iz = 1:
3

nm(z)

2ma4 ()

N

L+ (I9z] = 4)4) < 1S@) - (Im3(M)|+ )SlSn(Z)I

1
(6.17) 5(
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3

m(z)
<2(1+ (INz] —4)4).
Using (6.9), (6.16) and (6.17), we easily obtain the following inequality:

2m4(,u))

<|S@)|+ T

(|m3(m| +

/R|Gu(n)(u +1i)— G, m(u —|—i)’du

c Im3(u)|  ma(p) du
(6.18) =Sl ) [
S%('mj/(g)' +m4’5“)) 55, n>n,

and for x € [—2, 2], using (6.9) and the estimate |S,(z)| > 1/10,z € D,, we de-
duce

1
/ |G o0 (x + iu) = Gy (x +iu)| du
a

(6.19) <<

<1+ Im3 ()] +M4(M)|10ga|>
n

N n
< §(|m3<u>| + mau)'?),  nzny

In order to prove the upper bound of A(u™, ) for n > na, we apply
Lemma 3.2 with v = a. Since m4(p) < 00, it is well known that mo(u™) < oo
and the assumption (3.6) obviously holds. Therefore Lemma 3.2, (6.14), (6.15),
(6.18) and (6.19) together imply the estimate (2.9).

Hence, Theorem 2.4 is proved. [J

PROOF OF PROPOSITION 2.5. Let u be a measure satisfying the assumptions
of Proposition 2.5. The corresponding transforms are given by

9 _,_ P d F, (2) ! !
an )= —F,
z+Pld  z—q/p a n z+¢/Jn

where ¢ := (p — q)//pq- With the help of simple calculations we find the explicit
form of the functions ¢, (z) and thus of d’MZEE (z) = n¢y, (z). From this relation
we obtain the explicit form of G pn® (z) and, using the Stieltjes—Perron inversion
formula (3.5), we have

GM(Z) =

1 u
(6.20) (oo = [ pwdr,  m<u<x
27 X

V& —x) 2 —x)
1= x(x/n+&/m)

where p(x) :=
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In this formula,

¢ 1 /
=———-21—— :=—— 2 1——
X1 Jn " X2 +

It is not difficult to verify that the assertion of the proposition follows from (6.20).
For details of these calculations, see [21]. [

PROOF OF THEOREM 2.6. By Proposition 3.3, GM") (2) = l/FM(n) (2),z €
C™*, where F i (2) := Fu (Z1(Byz2)) /By = - -+ = Fy, (Zy(Bnz))/ By In this for-
mula Z;(z), j =1, ..., n,are in the class ¥ and are the solutions of the functional
equations (3.7). Without loss of generality, we assume that min;—y ., ma(u;) > 1
and min;j—y _ ,mz(u;) = ma(u1). Denote S,(z) := Z1(B,z)/B, and let, as in
the proof Theorem 2.4, S(z) := %(z + +/z2 —4). Note that 1/S,(z) = G, w for
some p-measure v

We prove inequality (2.10) for L, < ¢ with a sufficiently small positive absolute
constant c. For L, > ¢ (2.10) holds obviously. From (3.7) we have the relation

Z1(z) —z2=Fu,(Z2(2)) — Z2(2) + Fu3(Z3(2)) — Z3(2) + - -+

(6.21)
+ Fpu, (Zn(2)) — Zn(2)
and
(6.22)  Fu (Z1(2)) = F,(22(2)) = -+ - = Fy,, (Z4(2)), zeC*.

By (6.1), we note that
1 - Z;(2)Gy,(Z(2)

o Fu,(Zj(2)—Zj(x) = Zj(Z?(G;,- Z) Z;(2)
—#ﬂj(z)zj(z), zeCH,
where
L pwlpgdu)  mauy) |1 wpg(du)

6.24 n,j(2) = = '
O =TS kZ0 w20 T 20 kZ0 -

In addition, by (6.22), we have

210 _ 210G (Z1@) _ 147a1(2)
2,0 2,06, (Zj@)  T4+rj@)

Since IZ;(B,z) > B,3z, we obtain from (6.24) that |r, ;j(B,z)| < 1/10,
Jj=1,...,n, for 3z > c3M,,, where M, := (max;—; ., mz(pcj))l/z/Bn and c3 is

(6.25) zeC™T.

.....
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a sufficiently large absolute constant. Moreover, we deduce from (6.23) and (6.24)
the following estimates:

Fu,(Zj(Bn2)) = Zj(Baz) + %
J n
(6.26) L B
|Zj(By2)|BuSz
2ma(pj) < Ba(1)) )
|Z;(By2)|? B3z 20+ o
and
ma (1)
F, . (Z;i(By — Z (B, ma(uj)
(627) ) = 2B 7,
. B3()) ( ﬂsw,))
=12, Ba) B 12, Brop " S

for Jz > a; := c3M,. In the same way we obtain from (6.25) the following in-
equalities:

6.28) ‘Zl(BnZ) 1‘< 2 ( ma (1) ma () >§i

Zj(Byz) By3z\|Z1(By2)|  |Z;(Bn2)l 10
for Iz >aj and j =2, ..., n. Using (6.28) we conclude that, for 3z > ay,

‘ ma(42) ma(un) By —ma(u1)

Z>(Bpz) Z,(By2) Z1(Byz)
n 2 .
6.29) Z ma (L) ( ma (1) n ma (i) >
5 1Z1(Bn2) | BuSz \|Z1(Bp2)| | Zj(By2)

|zl(an)|ZBntz Z )

In view of (6.26), (6.28) and (6.29), (6.21) yields for Iz > a; the functional
equation
1 -7, (2)
(6.30) Sn(@) —z2=———F—7—,
Sn(z)

where 7, (z) is an analytic function on (C:[I which admits the upper bound

2 n
Fa(@)] < mzzlﬁzwj) BZN )22 m3 (i)

4 ma (1)
+ T 3Zmz(uj)ﬂ3(uj)+ 2321



LIMIT THEOREMS IN FREE PROBABILITY THEORY 85

for Iz > aj. Using the well-known inequalities

Zmz(;m < min{M?, L33},
n j 1
(6.31)

1 1
— Zmz(uj)ﬂ3(uj)<M Ly, Lz,
By o N
we finally arrive at

2L, 12min{M2 L)%} 4M2L, , 20 1

6.32) |7, < + +—"—+L,<—<—
2/3 2/3 1/3

for Sz > ap := c4(L,, + min{M,,, L/} + M, ), where ¢4 > c3 is a suffi-
ciently large absolute constant. It follows from (6.30) and (6.32) that

(6.33) 1071 < [8,(2)| <10,  z€ Dy,

where the closed domain D,, is defined in the proof of Theorem 2.4. Using this
inequality and (6.27)—(6.29), we may improve the estimate (6.32) for z € D,,.
Using as well (6.31) and the well-known estimate

BG 2183(M])<L

n j=1
we obtain the following bound:

2 n
RE ;ﬂs(up

7n(2)| <

4 ma (1)

(6.34) LU o e PRSP (A o PP LD
Bidz o Hi) T Be(32)2 = Hi B2

Ly
§5§, ZED(Q-

By (6.32), this estimate holds for z € C* such that 3z = 1.
Now we repeat the arguments of the proof of Theorem 2.4. Solving (6.30) we
see that

(6.35) Si(@) =3 +Vm@). Szza,
where 7, (2) := 22 — 4 + 47, ().
Write the formula, for z € Cz,
1L 1 S@ =%
Sp(2)  S@  S@8a(2)
1 7 (2)

T S@8() VI —d+VP—d1dn )

(6.36)
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Let a3 = 3C4L,11/ 2. Note that the well-known inequality M, < L,ll/ 3 implies
a> < a3. Recalling that |22 — 4| > m(z) := max{3Jz, (N2)> = 5)4},0 < Jz <1,
we deduce from (6.34) that

7 (2) 5L, 1
< —, € Dy,
22—4] " m()Iz ~ 10 ¢ a3

Therefore we easily get, forz € D, U{z € C: 3z =1},

W2 =442 — 44470 2 12— 4 = V(D).

Applying this estimate together with (6.34) to (6.36), we conclude that, for z €
Dy, U{zeC:3z=1},

LR O DO [16] 1
i) S@IT V2 =4 1SS
(6.37) L

<5 = )
Vm(2)3z|S(2)|Sn (2)]
We conclude in the same way as in (6.14) and (6.15), using (6.37), that s,

cL,

(6.38) /|Guw(”+l)_ V(n)(u+l)|du<cL f
and, for x € [—2, 2],

+u2_

1 1 L, L,
(6.39) / |G,y (x Fitt) — Gy (x + iu)| du < c/ — du < cW <cL*,

Now we write

Tn,1(Bnz)
6.40 G n - G n == ’7, C+
(6.40) um (2) — Gy (2) S0 z€
We deduce from (6.37) the following estimate, for z € D, U {z € C:Jz =1}:
1(1+(|§7‘ | —4);) <|S()| oL <8I
) NZ +) = Z \/TN = Z
(6.41) st
<IS@|+ —=— <2(1 + Rz —4)4).
1S(2)] NORE (14 )+)
In addition we have, by (6.24),
1 ,33(IL1)
(6.42) I (Ba)] = ooy (matun) + )
: BalS, @2\ T By

7€ Dy, UfzeC:Jz=1}.
Using (6.40)—(6.42), we easily obtain the following inequalities:

<cL,

. . 1
(6.43) /R|Gu(n>(u+1)—Gvoz)(u—i—l)\du§c<;+Ln> T2 =



LIMIT THEOREMS IN FREE PROBABILITY THEORY 87

and, for x € [—2, 2],

1
/ |G o0 (x + i) — Gy (x + i) | du
(6.44) “ |
=c(, +Ln|loga3|) < cLyllog L.
n

In order to prove the upper estimate of A (11, 11,,) we apply again Lemma 3.2
with v = a3. Since B3(u;) <00, j =1,..., it is well known that my (1) < oo
and the assumption (3.6) holds. Lemma 3.2, (6.38), (6.39), (6.43) and (6.44) to-
gether imply the estimate (2.10) and the theorem is proved. [

PROOF OF THEOREM 2.7. For k = 1,...,n denote [ x ((—00,x)) :=
Ui ((—00, nx + ayr)), x € R, where a,; 1= f(_n,n) upy(du). We shall now verify
the condition (4.1) with k,, = n for the measures jt,;. We obtain

2 2
u R (u — ani)
= —— du)= | ——— i (d
et = [ T Ank ) fanJr(u_ank)zuk( w)
1
<[ w—atmdo+ [ .
n= J(-n,n) {lu|=n}

Therefore (4.1) follows from (2.12) and (2.14). Moreover, it follows from (2.12)
and (2.14) that

n
(6.45) Y e <mp  where 1y = a1+ Mas.
k=1

In the proof of this theorem we use the notation of Section 4 with k, = n and
T=1.

From Proposition 3.3 we deduce the relations (4.13) and (4.14) with k, = n. In
addition Fy, (z) = Fp,,(Zy1(2)), z € Ct, where fi, := [in1 B - - B iy, By (4.12)
and (6.45), we get

17,188 (D = @7, (D] + ... +1o7,, ()]
(6.46)

n
Sczsnkfcnn, |z —i| <1/2.
k=1

Since
G-, () = (F,y (Za) V@) — 2= 2V (FE V(@) - 2
for |z —i| < 1/2, we have, by (4.10), the relation

¢ﬁnlE§|'“EE|/’inn (Fﬁnl (Z)) = ZIELII)(Z) - Fﬁnl (Z)
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for |z — i| < 1/4. Therefore we conclude by (4.10) and (6.46) that the function
Z,(Jl)(z) is analytic in the disk |z —i| < 1/4 and |Z,(l;1)(z) —2)| <cny for|z—i| <
1/4. From this relation we see that

(6.47) |Zn1(2) — z| < cnn,s |z —il <1/8.

The function Z,1(z) admits the representation (4.19). By (6.47), |d,1| < cn, and
V1 (R) < ¢ny. Similarly to (4.10) we obtain

1+RV)

Sz

zeC™T.

(6.43) |Zn1(2) — 2| <C77n(1 +
Then we have, using (4.10) and (6.48),

1+1Z, 2
649)  |Fa,(Zn(2) = Zn (2)] < cnn(l + M) <en2h?

SZn1(2) !
forz=x+ 17}1/3, 17,1/6 <x< 17,1,/6. For such z we finally get
(6.50) |Fa,(z) —z| < en?3.

Since Fj;,(z) € F and therefore |Fp,(z)| > Sz,z € C*, we conclude from (6.50)
that, for z = x +i17,1,/3, n,i/6 <x< n;/6,

1 g -z
Gp,(2) — _‘ — M <c

F4 |Fa, (2)]lz]

From (6.51) we get for sufficiently large n > n3 > c,

(6.51)

—— SGg,(x +in, /3)dx
652 |x|<771/6 Mn
(6.52) I
- —/
{xl=n} x —i—n/

On the other hand, we obtain

—— s SGp, (x +inl/3)dx
7 Jixi<n/®

dx —cn, 1/6 >1—c17,i/6.

1/6

— f (arctan ] /3 —i— arctan %)ﬁn (du)
6.53) "

~ 2
< ({lu] <2nV/%H 41— ;arctan Wi

< An({lu] < 21,/°D) + en,/°.
From (6.52) and (6.53), for sufficiently large n > n4 > c, we have
An({lu] < 21,/°) = 1= e,/
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which immediately implies L (i, §o) < cn,y 6 By the definition of 1« and i,
we see that L(,u(”), n) < nyp2. The estimate (2.15) is now an obvious consequence
of the last two estimates.

Thus, Theorem 2.7 is proved. [
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