The Annals of Probability

2007, Vol. 35, No. 5, 1706-1739

DOI: 10.1214/009117906000000773

© Institute of Mathematical Statistics, 2007

CONSERVATIVE STOCHASTIC CAHN-HILLIARD EQUATION
WITH REFLECTION

BY ARNAUD DEBUSSCHE AND LORENZO ZAMBOTTI
Antenne De Bretagne and Université Paris 6

We consider a stochastic partial differential equation with reflection at 0
and with the constraint of conservation of the space average. The equation
is driven by the derivative in space of a space—time white noise and contains
a double Laplacian in the drift. Due to the lack of the maximum principle
for the double Laplacian, the standard techniques based on the penalization
method do not yield existence of a solution. We propose a method based on
infinite dimensional integration by parts formulae, obtaining existence and
uniqueness of a strong solution for all continuous nonnegative initial condi-
tions and detailed information on the associated invariant measure and Dirich-
let form.

1. Introduction. Consider the following stochastic Cahn-Hilliard equation
on [0, 1] with homogeneous Neumann boundary condition and reflection at u = 0:

du 1 9 <82u+ >+ 9
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ou ou 07u
—(,0)0=—@,1))=—((,0) =
89( ) 80( ) 893( )
u(0,0) =uo(9), 0 €[0, 1],
where W is a space—time white noise on [0, +00) x [0, 1], u is a continuous

function of (¢,60) € [0, +00) x [0, 1], n is a locally finite positive measure on
(0, +00) x [0, 1], subject to the constraint

33u

863

(1.1)
(t,1)=0,

(1.2) u=>0, udn=0.

/(0,+<>0)><[0,1]

Stochastic partial differential equations with reflection can model the evolution
of random interfaces near a hard wall; see [17] and [26]. However in these papers
the equation of interest contains a second-order operator rather than a fourth-order
one. More precisely, the studied equation is

v B 190%v trat W
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(1.3) v (0) = v, (1) =0, t>0,

v>0, dc>0, /vdgzo,
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where v is a continuous function and ¢ a positive measure on . In [17] it is
proven that the fluctuations of a V¢ interface model near a hard wall converge in
law to the stationary solution of (1.3). However, if one introduces the constraint of
conservation of the area between the interface and the wall, then the Cahn—Hilliard
equation (1.1) is expected; see [23] and [17]. For other results on fluctuations of
random interfaces, see [18].

Equation (1.3) has been introduced by Nualart and Pardoux in [21] and studied
in detail recently: besides existence and uniqueness of solutions, a rather detailed
study of the contact set {(¢, 9) : v;(6) = 0} and of the reflection measure ¢ has been
obtained; see [7, 24, 25].

A crucial tool in these papers, including [17], is the following monotonicity
property: if we define v® as the unique solution of

vt 1 0%v¢ 1 .
W, £ = o,
or 2992 TV T Yo =Ho

with Dirichlet boundary condition at 0 and 1, then

(1.4) O<e<ée = 18>1°,

that is, & — v® is a monotone function. This fundamental property stems from the
maximum principle of the Laplace operator and is used, for example, in [21] to
prove existence of a solution of (1.3).

The classical penalization method is used also in this paper: indeed, we intro-
duce an approximation of (1.1) by means of the following stochastic partial differ-
ential equation with a Lipschitz nonlinear term:

du’ 1 9? azuf . 3
Y I B W
ot 2 892( 02 f(” )> * 9

(L.5) ut .0 = ut 1= 33 (t.0) = 93u 80 1=
a0 T 90 963 963

u®(0,0) =uo(®),
where f:R +— R is monotone nonincreasing and Lipschitz-continuous with
f(@)=0foru>0and f(u) > 0 for u <0, for instance,
fy=—wA0)=w", ueR.

However, the monotonicity property (1.4) which holds for (1.3) fails for (1.1), that
is, in general there exist no & # ¢’ such that u® > u® . Indeed, integrating in d6
over [0, 1] equation (1.5) we obtain that

1 1 1
(1.6) / u®(t,0)de :/ uo(0)do 2/ u® (t,0)de Vt>0,
0 0 0
and if u® > u®’ then necessarily u® = uf’, which is impossible if ¢ # &’. Therefore

& — u® is not monotone and the techniques used for (1.3) break down. In fact even
well-posedness of (1.1) appears to be a new result.
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In this paper, we propose an approach to (1.1) which yields well-posedness but
also a description of the invariant measures and an integration by parts formula on
such measures which gives a better insight into the reflection measure 7.

Although we do not have monotonicity of ¢ — u®, we do want to prove that
u® converges in a suitable sense to the unique solution u of (1.1). We first notice
that (1.5) is a gradient system in H ~1(0, 1) with a convex potential (see Section 3
below). This fact yields in particular the crucial strong Feller property uniformly in
& > 0, that is, the equicontinuity of the transition semigroup of the Markov process
(uf,t > 0) in the topology of H=10,1).

Analogously to (1.6), the solutions of (1.1) have a constant space average
fol u;df = fol uodd =:c, t > 0. If ¢ > 0 is fixed, we prove tightness of the sta-
tionary solutions of (1.5) thanks to the Lyons—Zheng decomposition and by path-
wise uniqueness of solutions of (1.1), we have a unique limit. Thus, we obtain
a unique stationary solution of (1.1) and the invariant measure v, can be explic-
itly described. Then, one obtains existence of solutions of (1.1) for v.-a.e. initial
condition uy. Moreover, one can prove that one can extend this process by den-
sity to a continuous process in the space of distributions H~!(0, 1) for any initial
condition ug.

However, we have no way now to give a meaning to the equation for this
process, since the contact condition (1.2) requires a priori continuity of the so-
lution, while we know only that u,(-) € H ~1(0, 1). We solve this problem prov-
ing a much stronger statement than convergence of stationary measures of u®: we
prove that the transition semigroup of the Markov process (uf,¢ > 0) converges
in a suitable sense to the Markov transition semigroup of (u;, t > 0), which there-
fore inherits the strong Feller property. The latter property allows in turn to prove
that the process constructed above is continuous on (0, co) x [0, 1] for any initial
condition.

We remark that the techniques of this paper can be applied to prove existence
of solutions of a Cahn—Hilliard equation

du 1 9% (3%u

ar 20362 <392
ou ou
26 "0 =561 =

u(0,0) =uo(9),

where g :R — R is an arbitrary continuous function such that u — g(u) + bu is
monotone nonincreasing for some b € R. For the reason discussed above, exis-
tence of a solution is not trivial: indeed, existence in H~1(0, 1) is not enough to
give a meaning to the nonlinear term g(u). However a suitable uniform strong
Feller property and then existence of continuous solutions can be proven with the
techniques of this paper.

We notice that the results of [7, 24] on the random contact set {(¢, 8) : v;(6) = 0}
of equation (1.3) could have natural and interesting generalizations to equa-
tion (1.1) but look quite challenging. In this direction, we study the Dirichlet form

J .

— W,
+g(u))+89
93u 33u
—({,0)=—(t,1)=0,
803( ) 803( )
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associated with the solution of (1.1) and a related integration by parts formula
for the invariant measure v, analogous to that computed in [24] and applied to
the study of (1.3). For a recent result on infinite dimensional integration by parts
formulae with boundary terms, see [16].

The stochastic Cahn—Hilliard equation is also a model arising in the study of
spinodal decomposition. It has been the object of several mathematical studies
dealing with well-posedness [8, 9, 13], properties of the solutions [5] or qualitative
behavior [1, 2]. In these articles, the equation studied contains an extra nonlinear
term as the one above. It is never required that the solution be positive and no
reflexion term is necessary. The stochastic Cahn—Hilliard describes the evolution
of a concentration and some authors consider a nonlinear term which is singular at
—1 and 1, a typical example being g(u) = In( ifz ). In the deterministic case, when
such a model is considered, the solution takes values in [—1, 1] [3, 11]. When an
additive noise term is considered, the singularity is not strong enough to prevent
the solution from reaching the values —1 or 1 and a reflexion term naturally arises.
Our techniques extend to this type of equation, with additional difficulties due to
the fact that two constraints are considered.

The plan of the paper is the following: we discuss in Section 2 the linear Cahn—
Hilliard equation, in Section 3 the basic properties of (1.5), in Section 4 pathwise
uniqueness, in Section 5 existence of stationary solutions of (1.1) and in Section 6
existence of strong solutions of (1.1). In Section 7 we state the integration by parts
for the invariant measures of (1.1), whose proof is postponed to Appendix A; in
Section 8 we study a related Dirichlet form.

1.1. Notation. We denote by (-, -)1 the canonical scalar product in L2(0, 1):

1
(h, k)L 12/ h@k@ deo.

0
We denote by A the realization in L>(0, 1) of 892 with Neumann boundary condi-
tion at 0 and 1, that is,
82
362
Notice that A is self-adjoint in L2(0, 1), with the complete orthonormal system
(e;); of eigenvectors in L3(0, 1),

(1.8) ep(®) =1, en(0) := /2 cos(nm), Aep, = —(nm)?, neN.

We introduce a notation for the average of h € L?(0, 1):

(1.7) D(A) :={he H*O0,1):(0) =K (1)=0}, A:=

_ 1
h 2:/ h= (h,eo)L.
0
Then we also set for all c € R

L2 :={heL*0,1):h=c).



1710 A. DEBUSSCHE AND L. ZAMBOTTI

Notice that (—A)~!: L(Q) — L(Q) is well defined. More precisely, a direct computa-
tion shows that for all & € L?(0, 1),

_ 1
Oh(0) = (—~A)'[h —h1(6) = /0 q(60,0)h, do,

where

62 4+ o2

1
(1.9 q0,0): =00+ —0—0—}—5, 0,0 €0, 1].

We extend Q to a one-to-one operator 0:L%*0, 1)~ L0, 1) by
(1.10) Qh:=Q(h—h)+h,

that is, for all & € L2(0, 1),

1
(1.11) @h(@):/o [q0,0) + 1]k, do.

Then we define H as the completion of L2(0, 1) with respect to the scalar product
(h, k) := (Qh, k).
For all ¢ € R we also set
H.:={heH: (h,eq)yg =c}.

We remark that H is naturally interpreted as a space of distributions, in particular
as the dual space of H'(0, 1). Finally, we denote by IT the symmetric projector of
H onto Hy, that is,

(1.12) M:H+~ Hy, Th:=h—h,  h:=(he)n.
Notice that IT is also a symmetric projector of LZ(0, 1) onto L%.

1.2. Weak and strong solutions of (1.1). We state now the precise meaning of
a solution to (1.1).

DEFINITION 1.1. Letug € C([0, 1]),ug >0, fol ug > 0. We say that (u, n, W),
defined on a filtered complete probability space (2, P, ¥, ), is a weak solution
to (1.1) on [0, T'] if:

1. as.ueC(0,T] x[0,1),u>0andu € C([0,T]; H);

2. a.s. n is a positive measure on (0, 7'] x [0, 1], such that n([§, T] x [0, 1]) < oo
forall § € (0, T1;

3. (W(t,0)) is a Brownian sheet, that is, a centered Gaussian process such that

EW(, W, 0N =t At -0 A6, t,t'>0,0,0" €[0,1];
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4. ug and W are independent and the process t — (u;(0), W(t, 0)) is (¥;)-adapted
for all 6 € [0, 1],
5. forall h € D(A%?) and forall0 <8<t <T,

t
(g, by = (us, h) —%/5 (s, A2, ds

t 1 t ,l
—%f / Ahen(ds,de)—/ / 1, W (ds, d):
s Jo s Jo
6. a.s. the contact property holds: supp(n) C {(¢, 6) : u;(8) = 0}, that is,

/ udn=0.
(0,71x[0,1]

Finally, a weak solution (u, n, W) is a strong solution if the process ¢ > u;(-) is
adapted to the filtration ¢ > o (W (s, -), uo(-) : s € [0, 1]).

(1.13)

In Theorem 6.2 we shall prove that for all ug € C([0, 1]) with ug > 0 and
fol ug > 0 there exists a unique strong solution of (1.1). We shall also study the er-
godic properties of the solutions, the associated transition semigroup and Dirichlet
form.

1.3. Function spaces. Notice that for all ¢ € R, H, = ceg + Hy is a closed
affine subspace of H isomorphic to the Hilbert space Hyp. If J is a closed affine
subspace of a Hilbert space, we denote by Cy(J), respectively C ; (J), the space
of all bounded uniformly continuous functions on J, respectively bounded and
uniformly continuous together with the first Fréchet derivative. We also denote by
Lip(J) the set of all ¢ € Cp,(J) such that
lp(h) — p(k)]

—_— <

[¢]Lip(s) :=sup
e =kl

Forallp € C g (H) we denote by d;,¢ the directional derivative of ¢ along h € H:

1
e (x) = th_r)% ;((p(x +th) — ¢(x)), xeH.

Notice that we have natural inclusions C,(H) C C,(L*(0, 1)), respectively,
C,l(H yccC ll (L%(0, 1)). In particular, by the definition of gradients we have for
@ € CL(H) C CL(L*(0, 1))
Vo:H > L0, 1),  (Vo(x),h)r=0px),
Vue:H+— H, (Vae((x), h) y = 0pp(x), x,heH.

Finally, we define Exp,(H) C Cp(H) as the linear span of {cos((h,-)u),
sin((h, )g):h € D(A?)}.In particular, by the definition of the scalar productin H,

(1.14) Vo =(eg ®eg— A)Vop Vo € Exp,(H).
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2. The linear equation. We start with the linear Cahn—Hilliard equation:

9z 19% 9
s _ - —W,
ot 230 a9
3 3

0z 0z d0°z 0”2

— @, 0)=—(t,1)=—(,00=—(,1)=0,
39( ) 89( ) 803( ) 393( )
z0(0) =0.

The unique solution has an explicit representation in Fourier series

2.1)

e t
2(0) = Znnen(e)/ eI 2 gyt 10,6 €0, 1],
0

n=1

where forn e N
1 1
£,(0) = ﬁsin(nrt@) = ——e;(G), wy' :=/ e (OOYW(2,dO),
nm 0

and (w"),en is an independent sequence of standard Brownian motions. Clearly,
z is a Gaussian process. It is easy to prove that for all T > 0 there exists a constant
C > 0 such that

Ellz:(0) — 2001 < Ct —1'|"* +16 =€), 1.1/ €[0,T],0 €0, 1].
In particular, by Kolmogorov’s criterion,
as. zeCY312=5(10, T1x[0,1]) Vee(0,1/8).

More generally, we can introduce the Ornstein—Uhlenbeck process

(2.2)

dZ,=—3A%Zdt + BdW;,
Zo(x) =x € L*(0, 1),

where W is a cylindrical white noise in L2(0, 1) and

d d
D(B):=H}((0,1), B:=—, D(B"):=H'0,1), B*:=-——,
(B) 00, 1) 70 (BY) 0, 1) 70
and we notice that BB* = —A. Then it is well known that Z is equal to

t
Z;(x) = 1A 2y 4 f e~ 1= 2 dW, = e~1A%2y 4 [10)
0
and that this process belongs to C ([0, 00); L?(0, 1)). Notice that
t
(2.3) (Z(x),e0)r = (v, e A Peq), + f (BXe~ (=94 260 dW,), = (x, e0)1.
0

since e"Az/zeo = ¢y and B*e_(’_S)Az/zeo = B*ep = 0. In particular, the average
of Z is constant. Now, the L2(0, 1)-valued r.v. Z;(x) has law

Zi(x) ~ N (e 2%, 0,).
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! —sA2)2 p px —sA2)2 -1 —1A?

Q,:/e BB™e ds=(—A)" U —e ).
0

If we let t — o0, the law of Z,;(x) converges to the Gaussian measure on L2(0, 1)
(2.4) te = N(ceo, Q), =X,

with covariance operator (0 and mean ceg. Notice that the kernel of QO is
{teo:t € R} and that u. is concentrated on the affine space L%. Finally, we in-
troduce the Gaussian measure on L2(0, 1)

(2.5) =N, Q);

recall (1.11). In this case, the kernel of Q in L?(0, 1) is the null space, so the sup-
port of u is the full space L?(0, 1). The next result gives a description of u and 1,
as laws of stochastic processes related to the Brownian motion.

LEMMA 2.1. Let (By)geo,1] a Brownian motion and a € N (0, 1), such that
{B, a} are independent. If we set

_ _ 1
Yo:=By — B —a, BZ=/ B,
0
Y{:=By—B+e, 0 €0, 1],
then the law of Y is y and the law of Y€ is .

PROOF. Clearly Y is a centered Gaussian process. A computation shows that
its covariance function is, for all 9, o € [0, 1],

02 2
E[Y,Y, =0 no + o 1C

4
—9—0+§:6](9,0)+1.

By (1.9), (1.11) and (2.5) we have that p is the law of Y. Analogously, Y€ is a
Gaussian process with mean ¢ and covariance function g, which proves the second
assertion. [

Since a and B — B are independent, and Y = —a, then we obtain that s is a
regular conditional distribution of @ (dx) given {x = ¢} for all ¢ € R, that is,

pe(dx) = pu(dx|% = ¢) = pu(dx|LY).
Recall (1.12) and (1.14). Then we have the following result:

PROPOSITION 2.2. Let ¢ € R. The bilinear form

A(p. )= 1 /H(HVH«J, Vi) n dite

= %/H(—AW, V) pdue Y @, ¥ € Exp,(H),
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is closable in Lz(,uc) and the process (Z;(x):t = 0,x € H,) is associated with
the resulting symmetric Dirichlet form (A€, D(A€)). Moreover, Lip(H;) C D(A€)
and A°(p, ) < [(p]]%ip(Hc)‘

PROOF. The proof is standard, since the process Z is Gaussian; see [10],
Chapter 10.2. However we include some details since the interplay between the
topologies of H and L?(0, 1) can produce some confusion. The starting point is
the following integration by parts formula for u:

2.6) / ongdp = / (h — Ah, x) g ()p(dx) = / (7 + A2, x) () (dx)

forall p € C g(H ) and i € D(A?%). Recall that ¥ and Ix are independent under
u(dx). Then (2.6) implies

@ [omgdic= [(~Ah01pucdn = [((APhDupucd.
Let now ¢(x) :=exp(i(x,h)g) and ¥ (x) :=exp(i(x,k)g), x € H, h, k € D(A?).
Then
Elp(Z, ()] = exp(i(e A" h, x) ,; — 1((=A)2(1 — e "AVh, b))
and computing the time derivative at + = 0 we obtain the generator of Z:
(2.8) Lo(x) = —3¢(0)[i (A%h, ) i + IITTAI7].

Now we compute the scalar product in L2(j1.; C) between Ly and v

qu; Vdpe=—1 /[i(Azh, X # + 1Tl exp(i(h — k. x) i) e(dx)
=1 /[—(l‘[h, h— k) + 1T Texp(i(h — k, x) 1) e (dx)

- —%/(Hvﬂw, Vii)m die.

where v is the complex conjugate of v and in the second equality we have
used (2.7). It follows that (L, Exp,(H)) is symmetric in L?(u.) and the rest of
the proof is standard. [

3. The approximating equation. We begin with a few classical considera-
tions on the approximating equation (1.5). First, notice that there is a conserved
quantity, namely ¢ — (uy, eg), is constant. Indeed, if we multiply the equation by
eo = 1 and we integrate in 6, we obtain

(ui, e0)r = (ug, eo)r, t>0.

In particular, if we want to study the ergodic properties of #°, we must restrict our
attention to the affine subspace of initial conditions with fixed average {x € Lg}.
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Now we want to describe an important property of (1.5), namely, that it is a
gradient system, see [10], Chapter 12. To this aim, it is convenient to write equa-
tion (1.5) in the abstract form:

a1 dXt=—JA(AXS — VU(X?))dt + BdW,,
' XE(x) =x € L*(0, 1),

with the notation already used in (2.2). Recall that V denotes the gradient in the
Hilbert space L2(0, 1). Finally

1
U, () :=1/ Fa@)do,  xeLl’0.1),  Fw)=—fw),
£ J0o

where we assume that f:R +— R is monotone nonincreasing and Lipschitz-
continuous with f(u) =0 foru > 0and f(u) > 0 for u < 0. Notice that VU, (x) =
—% f(x) and U; is a convex potential, since — f is nondecreasing.

We write (3.1) in the mild formulation in C([0, 00); LZ(O, 1)),
1 rt
(3.2) X[ () =Zy(x) = o / AR (xS a5, >0,
€ J0

which is well defined since [|Ae~"A*/2h||; < ||hll./+/T for all h € L2(0, 1). Then
we have:

LEMMA 3.1. Let ¢ > 0. For all x € H there exists a unique adapted process
X¢ e C([0, 00); L2(0, 1)) solution of (3.1). Moreover, for all t > 0,

(3.3) (X[ (x), e0) = (x, €0) L.

PROOF. The proof of the first assertion is standard and based on a fixed
point theorem. Indeed, since f(-) is Lipschitz-continuous, then the operator
':C([0, T]; L*(0, 1)) = C([0, T1; L*(0, 1)):

T(X)(1) := Z(x) — 21—8 fo t A2 p(x Yds,  1e[0,T],

is a contraction for the norm || X||, := supte[O’T]e_"’HX,HL for « > 0 large
enough. Formula (3.3) follows by taking the scalar product of both sides of (3.2)
with eg in L2(0, 1):

(X7 (x), e0)L = (Zi(x), e0) L = {x, e0)L

since Aeg =0 and by (2.3). U

A crucial property of X? is its 1-Lipschitz continuous dependence on the initial
datum x € L% in the norm of H for every ¢ € R: this is typical for dissipative
systems. Notice however that this Lipschitz continuity fails if we want to let x
vary in L2(0, 1) without the constraint of fixed average.
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LEMMA 3.2. Lete > 0andc e R. Then forallt >0
(3.4)  IXE(x) — X llg <exp(—tx*/2)|x —ylg,  x,yelL’

COROLLARY 3.3. We can define by density a H-valued continuous process
(XP(x):x € H) which satisfies (3.4) for all x,y € H. and solves (3.2) if x €
L0, 1).

REMARK 3.4. It is not difficult to prove that X7 (x) has paths in L%, T;
L?(0, 1)) and that it is in fact a solution of (3.1).

PROOF OF LEMMA 3.2. We consider for N € N the process:

N
S =) (X{(x) = X; (y).ei)rei.  1=0.
i=0

Then ¢ — S,N is C! with values in a (N + 1)-dimensional subspace of D(A).
By (1.10) we have —AQh = ITh for all h € L?(0, 1). Since l'IStN = S,N, by the
spectral behavior of A given in (1.8),

d 1
EHS,NM%, =(ASN, sV, + S(FXT@) = FXTOD), sMyL

1
= =7 ISM I + S KO = FOGD), 5L
This differential inequality implies:
P ro o al
ISV NG < e e =yl +/0 eI X)) = XD, 8T ) ds,
and by letting N — 00, since f(-) is monotone nonincreasing we obtain (3.4). [J

We define for all ¢ € Cp(H,) the semigroup and the resolvent of X¢ on H,:
Pifo(x) :=Elp(X;(x))],  x€He,1>0,

o0
R;“p(x) ::/O e ME[p(XE(x))]dt, x € H,, x> 0.

From (3.4) we deduce that P;"“ and R;"“ act on C(H,) and moreover for all ¢ € R
and ¢ € Lip(H,):

(3.5) AR “p(x) — R, ‘o] <l¢luipllx — yllu,  x,y € He,A>0.

We also define the probability measure on L (0, 1):

1
vE(dx) = 7 exp(—U:(x)) e (dx),

C
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where Z¢ is a normalization constant. Now, recalling (1.12) and (1.14), we intro-
duce the symmetric bilinear form:

&g, y) = 1 fH(“V”‘”’ Vi) n dv

= %/H(—AV(P, V) dvg Vo, ¥ € Expy(H).

In the following result we prove that X? is strong Feller in H, for all ¢ € R and
is associated with (the closure of) &%¢, that {v{:c € R} is the set of all ergodic
invariant probability measures of X°®. Moreover we prove that X° is reversible
with respect to each v for ¢ € R.

PROPOSITION 3.5. Letc R and ¢ > 0.

1. (8%¢,Expy(H)) is closable in Lz(vﬁ): we denote by (&%¢, D(E%°)) the clo-
sure. Moreover Lip(H;) C D(&%€) and &% (¢, ¢) < [¢]I%ip(Hc)‘

2. (Ri’c);oo is the resolvent associated with &%, that is, for all A > 0 and
@ € L?(v8), Ry “p € D(€%¢) and

(3.6) )\/H REoy dvE + €5 (RS, ) = /H o dve Yy e D(ES).

3. v is an ergodic invariant probability measure of X® and X* is reversible with
respect to v:. Moreover for all ¢ € Lip(H,):
(3.7 lim [E[p(X7 (x))] —v; (@) =0, x € He,
—00

and {v{ : c € R} are the only ergodic invariant probability measures of X°.
4. Forall ¢ : H. — R bounded and Borel we have

el
(3.8) 1P px) — P ()| < \/ZOO lx = ylla,

In particular, X¢ is strong Feller on H,.

x,ye H., t>0.

PROOF. The proof of points 1 and 2 is standard, see [20] and [10], Chap-
ter 12, so we only sketch the proof. By (3.2) the process ¢ — (X7 (x),h)y is a
semimartingale for # € D(A) and for t >0

1 gt
(Xf(x),h)HZ(x,h)H-i-E/o (XE(x), Ah)p ds

L Xé Mh); ds + M"
+g/0<f( £(x)), TIh) ds + M),

where M" is a martingale with quadratic variation (M"), = t||Hh||%{. Like in the
proof of Proposition 2.2, let ¢(x) :=exp(i(x,h)p) for x € H and h € D(A?). By
1t6’s formula,

d
(39 Lip(x):= EEMX,&(X))]

— Lo(x) + 2’—8<f(x>, Ih) Lo (x),

t=0
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where L is as in (2.8). An application of (2.7) shows that (L?, Exp, (H)) is sym-
metric in Lz(vff ) and

/L*W dve = -1 ](nvﬂw, Vi ndve Y, ¥ € Expy(H),

and the rest of the proof is standard.

From (3.6) we obtain in particular symmetry of Ri’c in Lz(vf_ ), hence reversibil-
ity of X® w.r.t. vZ. Now, the proof of (3.7) is based on a standard coupling method
and on Lemma 3.2: let % be a H-valued r.v. with distribution v; and independent
of W. Then by (3.4)

[E[p(X7 ()] — v (@)] = [E[p(X] (X)) — o(X; (Y]]

< 2E[ll¢lloo A ([@ILipeay I1x — Yl exp(—z*/2))]

and the thesis follows by dominated convergence.
Now we prove the strong Feller property. Fix ¢ € R. We notice that the process
Hy > x = X;(x) := X; (x + ceg) — ceg € Hyp solves the following equation:

{ d%; = —3A(AX, — VU, (ceo + %)) dt + BdW;,
Xo(x) =x € Hy.
This process is a gradient system in Hy with nondegenerate noise and with a con-

vex potential Ug(ceg + -): the proof of the strong Feller property can be found in
[10], Chapter 12.3; see also [6]. [J

(3.10)

4. Pathwise uniqueness of solutions of (1.1). In this section we turn our at-
tention to equation (1.1) and we prove that for any pair (ui, ni, W), i=1,2, of
weak solutions of (1.1) defined on the same probability space with the same driving
noise W and with u(l) = u(z), we have (u!, n') = (u?, n?). This pathwise uniqueness
is used in the next section to construct stationary strong solutions of (1.1).

PROPOSITION 4.1. Let ug € C([0, 1]) with ug > 0, [y u > 0 and (ug, W) in-
dependent. Let (u!, 771, W) and (u?, r]z, W) be two weak solutions of (1.1) with
u(lj = u%. Then (u', n") = (u?, n?).

Throughout the paper we use several times the following easy result:

LEMMA 4.2. Let ¢(dt,dO) be a finite signed measure on [§, T] x [0, 1] and
veC(6,T] x[0,1]). Suppose that for all s € [§, T

4.1) / het(dt,d9)=0  VYheC(0,1]),h=0,
[s,T]1x[0,1]
and
4.2) vy =c >0, / vd¢ =0.
[s,T]1x[0,1]

Then ¢ =0.
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PROOF. Setting h :=k — k, k € C(]0, 1]), we obtain by (4.1) forall § <s <
t<T

1 1
/0 kot ([s,t] xdO)=¢([s,t] x [0, l])/o ko d6 YkeC(0,1]).

This implies ¢(dt,d0) = y(dt) df, where y (t) := ¢([5,¢t] x [0, 1]), t € [§, T], is
a process with bounded variation. Then by (4.2)

0= vdg=/s’</01vs<9>d9)y<ds>=c(y<r>—y(s)),

[s,21x[0,1]

thatis, y(t) — y(s) =0, sincec > 0. [

PROOF OF PROPOSITION 4.1. Let us set v :=u! — u? ¢ :=n' — %
By (1.13), forall /1 € D(A*) and >8>0,

t
(4.3) (v, h)p = (vs, h) — %f (v, A%h)p ds — %/ Ahgt(ds, d6).
k) [8,¢]x[0,1]

We consider the following approximation of v:

Z Z Vs, €;)Le;.

I’lOlO

Since v is continuous, then v"¥ converges uniformly to v on [0, T'] x [0, 1]. Notice

that for all i > 0, the process [§, T] > ¢ — (v, e;) 1 has bounded variation by (4.3).
In particular, the process [§, T] >t — vN has bounded variation with values in a
finite-dimensional subspace of D(A). By Itd’s formula,

(vtav )H ZZ(”T) vl’el

n=0i=0

= (vs, v} )i — / ZZ(”T) Vs, €1)]

nOt

+/ vN ()¢ (ds, dB)
[6,¢]x[0,1]

< (g, v} >H+/ oy D@2 s d0).

Letting N — oo, N converges uniformly on [0, ¢] x [0, 1] to v, which is continu-

ous. By dominated convergence,

||vt||%1—||vs||%,sf vd;:—/ uldnz—/ W2 dn' <0,
[6,t]1x[0,1] [6,t]1x[0,1] [6,t]1x[0,1]
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and letting 8 — 0 we obtain v = 0 and u' = u?. Turning to ¢, we see by (4.3) that
f[s,z]x[o,l] Ahgt(dt,df) =0 for all h € D(A?). By density, we obtain that ¢ and
uy = up =: v satisfy (4.1) and (4.2) above, and therefore by Lemma 4.2, { =0,
thatis, n! =n%. O

5. Existence of stationary solutions of (1.1). In this section we prove the
existence of stationary strong solutions of equation (1.1) and that they are limits in
distribution of stationary solutions of (1.5). Fix ¢ > 0 and consider the unique (in
law) stationary solution of (1.5), (5(\ &9, in H,. We are going to prove that the laws
of (X540 weakly converge as ¢ — 0 to a stationary weak solution of (1.1).

THEOREM 5.1.  Letc > 0. Forall T >0, Xec weakly converges in C([0, T'] x
[0, 1]) fo a process X¢ as € — 0. Moreover setting u® = X and

n°(dt,do) := —f(uf(@)) dtdeo,
e
then (u®, n®, W) converges in law to (u, n, W), stationary weak solution of (1.1).

The proof is based on two steps: tightness and identification of the limit. First,
we set:
(5.1) K :={xeL*0,1):x >0}.

By Lemma 2.1, . is the distribution of Y€ := B — B + ¢. Now, notice the follow-
ing inclusion of events:

{Bg €[—c/2,c/2],V0 €]0,1]} C {Y. € K}.
Therefore pu.(K) > 0 for ¢ > 0 and, as ¢ — 0,

1
(52) ¢>0 = v ve(dx):= pc(dx|K) = (K)l(xeK)Mc(dX)

In particular, the initial distribution of X*¢ converges to v,.

LEMMA 5.2. For all T > 0, the laws of (5(\8’6),»0 are tight in C([0,T] x
[0, 1]).

PROOF. We introduce the space H~7 (0, 1), y > 0, completion of L%, 1)
w.r.t. the norm

A2, =D (A +m) 2 [ f.en)]?
n=0

where e, is defined in (1.8). Notice that H~1(0, 1) = H, in our notation. We recall
that the Hilbert—-Schmidt norm of the inclusion H = H=1(0,1) - H~Y(0, 1) is
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finite for all y > 2. We fix y > 2. We claim that for all p > 1 there exists C, €
(0, 00), independent of ¢, such that for all N € N:

o < 1
5.3 (EIXPC =X, o) < Cple =512 s> 0.

To prove (5.3), we fix € > 0 and 7 > 0 and use the Lyons—Zheng decomposition
(see, e.g., [15], Theorem 5.7.1) to write for r € [0, T] and h € H:

(h, X7 = Xgm = M, — S (N1 — Nr_y),
where M, respictively, N, is a martingale w.r.t. the natural filtration of X &.¢ re-
spectively, of (X ’}’i .+t €[0, T]). Moreover, the quadratic variations are both equal

to: (M); =(N); =t-|I1h ||%1. By the Burkholder-Davis—Gundy inequality we can
find ¢, € (0, 00) for all p > 1 such that:

(B — XN o )P <cprylt =52 15€l0,T),

where «_, is the Hilbert-Schmidt norm of the inclusion of H ~1(0, 1) into
H=Y(,1).
We also have for n < 1/2 and r > 1 by stationarity

= ~ 1
EQIRE — XN hnr o))
1

1 o~
(5.4) < EXE W 0.0))"” + EUXE N 0]

» 1/p » 1/p
=2 1t dve) e[ 11 dic)

since U, > 0. The latter term is finite by the representation of Lemma 2.1. Let
us now take x € [0, 1] and set @ = kn — (1 — k)y, é = K% + 1 - /c)%, then by
interpolation

~ ~ 1
EXE = X Wago.n )

( [”Xec . Xe C”WW(O 1)]):( P( [Hxsc . Xs C”H—V(O,l)])(l_KVP'

For any 8 € (0, 1/2), we can choose n € (0,1/2), y >2,r > 1 and k € (0, 1) such
that (o« — B)g > 1. It follows, by the Sobolev embedding and (5.3) and (5.4), that

( [”Xa c Xs C”cﬂ([o | )])1/17 <t —S|(1_K)/(2p).

Since the law of X " is v® which converges as ¢ — 0, tightness of the laws of
(X £.01n C([O, T] x [0, 1]) follows, for example, by Theorem 7.2 in Chapter 3
of [14]. O

We define the Polish space E := C(O7) x M(O1) x C(Or), where Ot :=
[0, T] x [0, 1] and M (Or7) is the space of all finite positive measures on [0, T'] x
[0, 1] endowed with the weak topology of the dual space of C(O7).
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LEMMA 5.3. Let ¢ > 0. Let ¢, | 0 be any sequence such that u®" converges
in law to a process u. Then (u®, n°r, W) converges in law to (u, n, W), stationary
weak solution of (1.1), in E.

PROOF. By Skorohod’s theorem we can find a probability space and a se-
quence of processes (v,,wy) such that (v,, w,) — (v, w) in C(Or) almost
surely and (v, wy,) has the same distribution as (u°», W) for all n € N, where
Or :=10,T] x [0, 1]. Notice that v > 0 almost surely, since for all ¢ the law of
v;(+) is v, which is concentrated on K and moreover v is continuous on O7. We
set now

1
g"(dt,dO) := — f (v} (0))dtdeb.
&n
From (1.5) we obtain that a.s. forall 7 > 0 and & € D(A?) and h =0,

(5.5 3 lim / ho&" (dt, d0).

n—oo OT
The limit is a random distribution on Or. We want to prove that in fact £” con-
verges as a measure in the dual of C(O7) for all T > 0. For this, it is enough to
prove that the mass £ (O7) converges as n — oo.

Suppose that {£"(O7)}, is unbounded. We define ¢" := £"/£"(Or). Then
¢" is a probability measure on the compact set Or. By tightness we can ex-
tract from any subsequence a sub-subsequence converging to a probability mea-
sure ¢. By the uniform convergence of v" we can see that the contact condition
fOT vd¢ = 0 holds. Moreover, dividing (1.5) by £"(Or) for ¢ € [0, T], we ob-
tain that [, hg¢(ds,df) =0 for all h € D(A?) with i = 0 and by density for all
h e C([0, 1]) with h =0.

Then ¢ and v satisty (4.1) and (4.2) above, and therefore by Lemma 4.2, { =0,
a contradiction since ¢ is a probability measure. Therefore limsup,,_, . .£"(Or) <
0.

By tightness, for any subsequence in N we have convergence of £” to a finite
measure £ on [0, T] x [0, 1] along some sub-subsequence. Let &;,i =1, 2, be two
such limits and set ¢ := &1 — &. By (5.5) and by density

/ he&1(dt, do) =/ ho&>(dt, dO) YheC([0,1]),h =0,
OT OT

that is ¢ and v satisfy (4.1) and (4.2) above. By Lemma 4.2, { =0, that is, & = &,.
Therefore, &, converges as n — oo to a finite measure £ on [0, T'] x [0, 1].

Finally, we need to prove that the contact condition holds, that is, that
f(o,oo)x[o,l] vdé = 0. Since f >0 and f(u) > 0 for u > 0, then uf(u) < 0 for
all u € R. Then

0> / VM dE" — vdé&
[0,T]x[0,1] [0,T]x[0,1]
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by the uniform convergence of v" to v, the convergence of £" to & and Lemma
8.2 below. Since v > 0 and & is a positive measure, then f[o,T]x[O,l] vdé <0 is
possible only if fi 77x[0.1jvdE =0 U

LEMMA 5.4. Letc > 0.As e — 0, u® converges in law. Moreover, every weak
stationary solution of (1.1) with g = c a.s. is also a strong solution.

PROOF. We use a technique presented in [19]. It is no loss of generality to
assume that u(-) converges in probability as ¢ — 0. Let (8}l)n€N and (s%)neN be
two sequences of positive numbers converging to 0 as n — o0. In the notation of
Lemma 5.3, by Lemma 5.2 the process (ugri, u’“‘"'%, W) is tight in a suitable space. By
Skorohod’s theorem we can find a probability space and a sequence of processes
(v,i, v%, w, ) such that (v,ll, v%, wy) —> (vl, v2, w) a.s. and (v,l, v,%, w;,) has the same
distribution as (u«?}i, usﬁ, W) for all n € N.

By Lemma 5.3, (v, w) and (v2, w) are both weak solutions. By Proposition 4.1,
necessarily vy = vy. Therefore the process M converges in law to the
process constantly zero, and therefore it converges in probability. It follows that
the sequence (1#°) is Cauchy and converges in probability and therefore in law to
u which is a stationary strong solution of (1.1).

By pathwise uniqueness and existence of strong solutions, we obtain that every
weak solution is also strong. [

The last three lemmas yield the proof of Theorem 5.1. Moreover, we have the
following result:

COROLLARY 5.5. Letc>0.

1. There exists a continuous process (X;(x),t > 0,x € K N H.) with Xo(x) = x
and a set Kq dense in K N H,, such that for all x € Ko there exists a unique
strong solution (u, n, W) of (1.1) with u; = X;(x),t > 0.

2. The law of (X:(x),t > 0) is a regular conditional distribution of the law of X
given 5(\6 =xe KNH,.

PROOF. By Lemma 5.4, we have a stationary strong solution u in H. with W
and u( independent. Conditioning on the value of ug, we obtain for v.-a.e. x a
strong solution u# with ug = x. Since the support of v, is K N H., we have a strong
solution for a dense set Ko of x in K N H,.

Notice that all processes (X;(x),t > 0) with x € Ko are driven by the same
noise W and are in particular continuous with values in H. Arguing like in the
proof of Proposition 4.1, we see that

(5.6) [X:(x) =Xl <llx=ylla  Vx,yeKo 1=0.

Then, by density, we obtain a continuous process (X;(x):¢ > 0) in H, for all
xeKNH, 0O
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Notice that, in Corollary 5.5, we are not able yet to say that (X,(x), ¢ > 0) is
a solution (and therefore the unique one) of (1.1) for x ¢ K. Indeed, the equa-
tion requires that the solution be continuous on (0, 7'] x [0, 1] a.s. for the contact
condition (1.2) to be meaningful.

This problem is solved in the next section. The crucial point will be the strong
Feller property for the transition semigroup of (X;, ¢t > 0); see Proposition 6.1.

6. Existence of solutions of (1.1). We want now to prove that for any deter-
ministic initial condition ug = x € K N H,, ¢ > 0, there exists a strong solution
of equation (1.1), necessarily unique by Proposition 4.1, and that the process X
constructed in Corollary 5.5 is a realization of such solution.

We recall that in Corollary 5.5 we constructed a continuous process (X;(x),
t >0,x € KN H,) such that (X;(x),t > 0) is a strong solution of (1.1) for
x in a dense set. We prove now that the transition semigroup P%¢ of X® on
K N H, converges to the transition semigroup P¢ of X on K N H.. The result
is the following:

PROPOSITION 6.1. Letc > 0. Forall p € C,(H) and x € K N H,:
(6.1) gg% PP Cp(x) =Elp(X;(x)] =: Pfo(x).
Moreover the Markov process (X;(x),t > 0,x € K N H.) is strong Feller:
@l

NG

PROOF. Fix ¢ > 0. By (3.8), for any ¢ € Cp(H):sup,(| P “¢lloc +
[Pf’cw]Lip(HC)) < 00. Let (¢;); be any sequence in N and (xx)r a countable
dense set in H.. With a diagonal procedure, by Ascoli-Arzela’s theorem we
can find a subsequence (j;); and a function F:{x;,k € N} — R such that
Pfj’c(p(xk) — F(xy) as j = j; — oo for all k € N. By (3.5), F is Lipschitz on
{xx, k € N} and therefore can be extended to a function in ' € Lip(H,.) and

(6.2) |Pfo(x) — Pfo(y)| <

lx —ylla, x,ye KNH., t>0.

(6.3) F(x)=lim P p(x)  VxeH.
1—> 00
On the other hand, by Theorem 5.1, for all ¢ € C,(H),

El[y ()A(S)cp(}?f)] = l]_l)lgo E[W(igjlc)(p()f(\f”c)]

= lim / Yy P pdv = / W Fdv,.
1—> 00

By Corollary 5.5 we obtain: F(x) = E[¢p(X;(x))] for v.-a.e. x. By (5.6), both sides

of the latter equality are continuous in x € K N H, and therefore they coincide for

all x € K N H,. Then the limit in (6.3) does not depend on the chosen subsequence

(¢j;)i and we obtain (6.1). By (3.8) we obtain (6.2). [
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THEOREM 6.2. Let ug be a K-valued r.v. with ug > 0 a.s. and (ug, W) inde-
pendent. Then:

1. There exists a unique strong solution (u, n, W) of (1.1); moreover X;(ug) = uy,
t>0.

2. The process (X;(x):t > 0,x € K N H,) is a Markov process with transition
semigroup P€, continuous and strong Feller in H..

3. Forallc>0,xe KNH.and 0=ty <t) <--- <ty, (X;(x),i=1,...,n)is
the limit in distribution of (X[ (x),i =1,...,n).

4. If ug has distribution v., ¢ > 0, then (X;(uog), t > 0) is equal in distribution to
()?,", t > 0), see Theorem 5.1.

In particular, (X;(x):t > 0,x € K N H.) is the limit of (X7(x):r > 0,
x € K N H,) in the sense of the finite-dimensional distributions.

PROOF OF THEOREM 6.2. In Theorem 5.1 we proved convergence of Xec
to X¢. By Corollary 5.5 we have a process (X;(x),t > 0,x € H N H.), such that
for all x in a set K dense in H N H. we have a strong solution of (1.1) with initial
condition up = x and with u; = X;(x) for all + > 0. By Proposition 6.1 we have
now that the Markov process X has transition semigroup P¢ on H,.

Notice now that the strong Feller property (6.2) of PS implies that for all
x € KN H, and s > 0 the law of X (x) is absolutely continuous w.r.t. the in-
variant measure v.. Indeed, if v.(I") = 0, then v.(P(1r)) = v.(I') = 0 so that
PS(1r)(x) =0 for ve-a.e. x and by continuity for all x € K N H,.

Therefore, a.s. X;(x) € Ko for all s >0 and x € K N H, and in particular
(X¢45(x), t > 0) is a strong solution of (1.1) with initial condition X (x). In partic-
ular, we have a process u € C([0, T]; H)N C((0, T] x [0, 1]) and a measure 1 on
(0, T]1 x [0, 1] which is finite on [§, T] x [0, 1] for all § > 0, such that (u;4s, n(s +
dt,d0), W(t+s, ) —W(s, -));>0 is a strong solution of (1.1) with initial condition
X (x) for all s > 0. Since X;(x) — x in H as s — 0, then (u, n, W) is a strong
solution of (1.1) with initial condition uo = x in the sense of Definition 1.1.

By Proposition 6.1, the process (X;(x):t > 0, x € K N H.) has transition semi-
group P¢ and is the limit of (X7 (x):7# >0, x € K N H,) in the sense of the finite-
dimensional distributions. []

REMARK 6.3. We have not been able to prove that 7 is finite on [0, T'] x [0, 1]
nor that u is continuous on [0, 7T'] x [0, 1]. Both properties are true for stationary
solutions and for v.-a.e. initial condition x; see Lemma 5.3 and Corollary 5.5.
However, notice that for all 7 € D(A?), by (1.13) and by the continuous depen-
dence of x — X (x) in H, we can see that for all initial condition x € C([0, 1))N K
and ¢t > 0,

t 1
Ellim/ / Ahgn(ds. dO) € R.
i ), on( )
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However, since Ah = 0, we have no information on the mass n([8, 7] x [0, 1]) as
§—0,

We also have the following result concerning the ergodic properties of X:

PROPOSITION 6.4. For all ¢ > 0, v, is an ergodic invariant probability mea-
sure of X and X is reversible with respect to v.. Moreover for all ¢ € Lip(H,),

(6.4) lim [E[e(X;(x))] — ve(9)| =0, x € He,
t—00
and {v. : c € R} are the only ergodic invariant probability measures of X,

This result can be proven like point 3 of Proposition 3.5.

7. An integration by parts formula. From now on we consider ¢ > 0. We
want to prove an integration by parts formula on the infinite-dimensional probabil-
ity measure v., defined in (5.2) above. We recall that, by Lemma 2.1, if B a Brown-
ian motion and ¢ > 0 is constant, then v, is the law of the process Y, := By — B+c
conditioned to be nonnegative on [0, 1].

We denote by (M, M) two independent copies of the standard Brownian mean-
der (see [22]) and we set, for all r € (0, 1),

ﬁM(r_g), 0 €0, ],
(7.1) Uy (0) = e,
«/1—rM<1_r>, 6 1l.

Notice that a.s. U, () is nonnegative on [0, 1] and is O only at time r. Moreover,
U, (-) runs the path of M on [0, r] backwards and then runs the path of M on ]r, 1].
The result is the following:

THEOREM 7.1. Forall ® € CL(H) and h € D(A)

E[0s @ (V) lyek)] = —E[(Y,h") =Y - )@ (Y) L (yek)]

E[® (U, )e~ /DT gy,

1 1
| hy——_—
/0 V2m3r(1 —r)

The proof is postponed to Appendix A and is based on techniques introduced in
[24] and [4], where similar results were proven for the law of the Brownian motion
and the Brownian bridge conditioned to be greater or equal than a fixed value. See
also [16] for related results.

Notice that (7.2) is an integration by parts formula for the law of Y on the
set K, since the left hand side contains an integration of a partial derivative of
@, while in the right-hand side only @ appears but none of its derivatives. The
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second term in the right-hand side of (7.2) is an infinite-dimensional boundary
term. Indeed, a.s. the typical path of ¥ conditioned on K is positive on [0, 1].
Instead, a.s. U, (-) is nonnegative and equal to O at (and only at) 8 = r: therefore it
lies in the “boundary” of the set K, support of the measure in the left-hand side;
see [24].

We denote by pg (c), ¢ > 0, the continuous version of the density of U,. By
conditioning on Y = ¢, we obtain from (7.2):

COROLLARY 7.2. Forallc>0,he D(A) and ® € Cg (H),
E[0na®(Y) 1 (yeek)]

(7.3) =—-E[(Y°, h")L DY) (yeek)]

—/ll‘lh L@E[QD(U)H_] =cldr.
o wrd—r) T

Notice that the density of P, (¢) and the law of U, conditioned on {17, =c}
are defined in terms of the density of (M, 1) and the law of M conditioned on
{{M, 1)1 = c}; for further information about these objects see [27].

Since p. is the law of Y by Lemma 2.1, then we recall that we defined

ve(dw) =P(Y° edw|Y* € K).

We also set for all € (0, 1), recalling (7.1),

Sy = PO i cdolT = o).
' 1K) T/r(T—1)

Then (7.3) can be rewritten as follows: forall 1 € D(A) and ® € C g(H )

(7.4) /anhfbdvcz—/(x,Ah)LCID(x)vC(dx)—/Oldrl'lh,/dDdEf.

Notice that we have an analogous formula for vZ:

1

(7.5) /anhd>dv§:—/(x,Ah)LCD(x)vjf(dx) —/ drl'[h,/CIDde’c,
0

where

. 1
X5 dx) = gf(xr)vﬁ(dx).

Then we have that fol drIlh, 25 converges as a measure to fol drIlh, X ife — 0,
as the following lemma states. Notice that this result is crucial in the proof of
Proposition 8.1 below, see (8.2).
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LEMMA 7.3. Letc > 0.
1. Forall ® € C,(H) and h € D(A),

1 1
lim/ dth,/dDde’c=/ dth,/dDde.
0 0

e—>0
2. Forall § > O there exists a compact set Cs C H, such that fol drX2¢(H\Cs) <
8 forall e > 0.

The second assertion of this lemma does not follow from the first one and re-
quires a separate proof, because (7.3) and (7.5) contain T4 which has zero average,
and therefore we cannot compute fol 25¢(-)dr from (7.5).

PROOF OFLEMMA 7.3. Let® e C g (H). Then the desired convergence holds

by (7.5) and dominated convergence, since 1 > e~ Ys - 1x. We recall that C g (H)
is dense in Cp(H) in the sup-norm, so that it is enough to prove that
(7.6) limsup sup  sup

1
/ drl'Ih,/d)de"'
>0 (ool [®lloo=<1 /0

Now, notice that for all e > 0 and & € C([0, 1]),

1
/ dthr/CDdEf"'
0

Therefore, (7.6) is proven in particular if we show that for all ® € Cy, (L%(0, 1))

< Q.

1
sznhnooncbuoofo se¢(1) dr.

1
Jlim [ T5°(d)dr €R,
e—>0J0

and this formula is proven in Appendix B. Moreover, notice that this result also
yields the second assertion of Lemma 7.3 by Prohorov’s theorem. [J

8. The Dirichlet form. In this section we prove that the process X is asso-
ciated with a Dirichlet form. The proof is achieved using the integration by parts
formula (7.3) and the uniform strong Feller property (3.8) of X®. We set for all

@, ¥ € CL(H)

. v) =1 / (V. Vi) dve = & / (—AVg, V)L dv,.

Notice that §°(¢, ¥) = lim._.0 (¢, V), so it is natural to guess that &€ is re-
lated to equation (1.1). On the other hand, it is not obvious that this is the case:
the sole convergence in this sense of a sequence of Dirichlet forms yields essen-
tially no information on the limit, not even that it is also a Dirichlet form. In the
next proposition we shall prove first that &€ is indeed closable and that the resol-
vent R®¢ converges as ¢ — 0. We refer to [15] and [20] for the general theory of
Dirichlet forms.
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PROPOSITION 8.1. Letc > 0.

1. The term (&°,Exp,(H)) is closable in L2(v.) and the closure (€°, D(€°))
is a symmetric Dirichlet form such that Lip(H,) C D(§°) and §°(¢p, @) <
2
[@1ipcr)-
2. The term (Pf);>q is the semigroup associated with (§¢, D(&°)).

In particular, (X;(x):t > 0,x € K N H.) is associated with the Dirichlet
form &°.
In the proof we use the following easily proven fact.

LEMMA 8.2. If E is a Polish space, (M,, :n € NU {00}) is a sequence of finite
measures on E, such that [ ¢ d M, converges to [ ¢ dMx forall ¢ € Cy(E), and
(¢n :n € NU{o0}) is an equibounded and equicontinuous sequence of functions on
E, such that ¢, converges pointwise to oo 0n E, then [ ¢n dM, — [g ¢oo dMso
asn — oo.

PROOF OF PROPOSITION 8.1. We divide the proof in several steps.
Step 1. We define for all ¢ € Cp(H,) the resolvent of X on K N H,:

o
Rip(x):= / e ME[p(X,(x))]dt, xeKNH:,A»>0.
0

By (6.1), R;“p(x) — RSg(x) for all x € K N H.. We define D := {Rg, ¢ €
Cp(H), A > 0}

Notice first that the integration by parts formula (7.4) can be extended to
all ® € Lip(H,). Indeed, we can set d, @ := (IIVy P, h)p, where [TV €
L%(H,,ve; H) exists since Lip(H,) C D(E%°) and v, is absolutely continuous
w.r.t. uf. We want to prove now that for all ¥ € C,(H), the following formula
holds:

8.1) ES(RSY,v) ::fo RSyrvdve + (RS, v):/wvdvc YueD.

We recall that for ¢ : H — C, (k) :=exp(i(h, k)p), where h € D(A?),i e C
and i = —1, the generator L? of the process X¢, given in (3.9), is

1 ,I1h
L) = =000 (IR, + 1A%, 00 — LT ) e 120,1)
&
Since Ri’c = (A — L%~ on H. is self-adjoint in Lz(vﬁ),
/Ri’cw()up — L) dv: =f1ﬂ<pdvf..

Since e~Ys — 1 as ¢ — 0, by Lemma 7.3 we obtain

1
lin})/ngwdv,f=/gL(pdvc+i/ drl'[hr/ggz) dzy VgeCy(H),
£—> 0
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where Lg is defined in (2.8). The crucial fact is now the following: by Lemma 7.3
and Lemma 8.2 we can prove that

. e,C ’ Hh & ! C c
(8.2) gi%/Rk’ W(x)w(x)m%vc(dx)z/(; drl'[hr/RMlupdEr.

In particular we obtain again by Lemma 8.2

/wgodvc: lim fwwdvgz lir%/Ri’Cx//(Ago—ng)dvg
I—>0Q E—>

1
=/R§1//(A¢—L(p)dvc—i/ drl'lh,/R}fl//gadEf
0

and by the integration by parts formula (7.2), the last expression is equal to
& (R; V¥, ), that is, we have proven (8.1) for v = ¢. By linearity we obtain (8.1)
for all v € Exp4(H). By density, we obtain (8.1) for all v € D.

Step 2. We want to prove now that the bilinear form (€€, D) is closable and the
closure is a Dirichlet form. By Lemma 1.3.4 in [20], it is enough to prove that if
(Up)n C D and u,, — 0 in L?(v,) then &€ (u,, v) — 0 for any v € D.

By (8.1) we observe that for all v € D there exists some v, € Cp(H) such that:

8C(u,v)=/u¢vdvc YueD.

Therefore the above-mentioned criterion applies to (&€, D): we denote by
(é’, D(é)) the closure. We also obtain that (R5);~0 is the resolvent of 8.

Step 3. Finally, we want to show that (§°, Exp,(H)) is closable and that the
closure coincides with (é, D(é)) constructed in the previous step. To this aim it
is enough to show that D(&) contains all Lipschitz functions on K N H, and in
particular Exp 4 (H). Indeed, the density of Exp4(H) follows from the density of
this space in D(&%¢).

Consider ¥ € Lip(H;) C D(&%): by the general theory of Dirichlet forms,

(8.3) v eD@E) <= sup | A — AR Y)Y dve < 0.
A>0

By point 1 of Proposition 3.5 we have

/,\(w — AR Y)Y dvE = E5C(AR Y, ¥) < [w]fip(m)s

so that letting ¢ — 0,
/ AW = ARSI dve < W

and therefore Lip(H,) C D(é).

In order to prove that (§¢, D(&€)) is a Dirichlet form, it is enough to notice that
R%€ is a Markovian kernel, so that R¢ is also Markovian and the result follows
from Theorem 4.4 of [20]. O
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APPENDIX A: PROOF OF THEOREM 7.1

A.1. An absolute continuity result. To compute an integration by parts for-
mula for v., we want to reduce to a Brownian situation. To this aim, we look for
an absolute continuity result between p and the law of a Brownian motion with
random initial value. We recall the following notation: B is a Brownian motion,

a € N(0, 1) with {B, a} independent, and we set Yy := By — B —a for 6 € [0, 1].
In Lemma 2.1 we have proven that the law of Y is n. Then we have the following
result:

PROPOSITION A.1. Forall ®:C([0, 1]) — R bounded and Borel

(A.1) E[®(Y)] =]E[d>(b+B)\/§exp<—%(b+§)2+ %zﬂﬂ

where B is a Brownian motion with By =0, b ~ N (0,4/3) and {b, B} are inde-
pendent.

PROOF. The thesis follows if we show that the Laplace transforms of the two
probability measures in (A.1) are equal. Notice first that for all 4 € L%(0, 1)

E[e(T L] = o!/2(@hhe,

recall (2.5), (1.11) and (1.9). Recall now the following version of the Cameron—
Martin theorem: for all ® € C»(L?(0, 1)) and h € L%(0, 1)

1
E[®(B)e!BM1L] = ¢1/2(C8hNLE[® (B + Qph), Qh(9) ::/ O Aohydo,
0

and the following standard Gaussian formula for X ~ N (0, 02), oc>0and 8 eR:
1

e~ (1/D(B*/(1407)
V1+o?

E[e—(l/Z)(X+/3)2]

Applying these formulae and recalling that B ~ N (0, 1/3), we obtain
E[e<b+3,h>L\/§e(1/2)(b+§)2+(3/8)b2]
3

(BI04 B* | o7h g,

:%/RE[

e~ (/DOHBHsI | oyh+(1/D(Q5hI)L g,

Z%/RE[

_ |3 / o~ GO+ T +yi+1/2Quh bl g
87 JR

— oU/DUQBhh)L—2h-Qph+(/3)()) _ ,1/2(0h.h)1 O
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A.2. Integration by parts. We now want to prove Theorem 7.1, where the
following integration by parts formula is stated: for all ® € C,l (H)and h € D(A)

E[0s® (V) lyek)] = —E[(Y,h") =Y - )@ (Y) | (yek)]

E[®(U,)e~ /2T gy,

1 1
| hy—_—
/(; V2m3r(1 —r)

Denoting by (M, M ) two independent copies of the standard Brownian meander
(see [22]), we set for all r € (0, 1)

_JrM (1) + ﬁM(ﬂ), 6 €0, r],

(A3) V()= e,
_\/;71\4(1)%/1—;»1\4(1 ) 6elr 1.

—r

Notice that V,(-) is 0 at time O, then runs backward the path of M on [0, r] and
then runs the path of M on ]r, 1]. Almost surely since M > 0 on ]0, 1], then V,-(-)
attains the minimum —./r M (1) only at time § = r. Recalling (7.1), we have

V,=—/rM()+U,, rel0,1].

We recall now the following path decomposition of a Brownian motion B on the
time interval [0, 1]:

THEOREM A.2 ([12]). Let(t, M, M) be a independent triple, such that T has

the arcsine law, M and M are two standard Brownian meanders. Then V: 4 B,
where V is defined by (A.3).

PROOF OF THEOREM 7.1. Notice that, integrating out the variable b ~
N(0,4/3), we can write (A.1) in the following way:

4 _
E[®(Y)] :/RE[CD())—{—B)\/;e_(l/z)(Y+B)2+(3/8)y2]

e—G/8)y*

d
J2ma3 Y

- fR E,[®(B)p(B)]dy,

where, under PPy, B is a Brownian motion with By = y and we set p : C([0, 1]) = R,

(@) = ——ex <—1(5))2) cD'—flw
P ._m p > , =, @

In particular we can write

E[3,®(Y)] = fR E,[9,®(B)p(B)]dy.

Now, without loss of generality, we can suppose that

h >0, ®>0.
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In particular, K € K —th forall t > 0. Recall that 0, ® (x) = lim, jo(P (x) — P (x —
th))/t. By the Cameron—Martin theorem

1
“Ey[1x (B)p(B)(®(B) — (B —th))]
1
= —;Ey[I(K—th)\K(B)q)(B)p(B)]
1
= SB[l (BYO(B)(p(B +th) = p(B))]

! 1
+ ;Ey[thh(B)p(B + [h)qD(B)<1 — eXp(_Enth/Hz + t(B, h//>>):|

Notice that only the limit of the first term in the right-hand side of the last
formula is not trivial. By Theorem A.2 we have

Ey[Lik—tnpk - @ p(B)| =E[Lk—tnpk - @ p (y + V)]

1 1

= /0 TmE[l(K—th)\K P p(y+ Vr)] dr.
Before proceeding, we turn to a similar computation where / is not continuous but
a step function, that is, of the form Z;;l lelj, where c; € R and I; C [0, 1] is
measurable. Since such functions are dense in C ([0, 1]), this will yield the desired
convergence for 4 € C([0, 1]) by density (see the end of the proof).

LetneN, ¢, >cp_1>-->c1>c9:=0, {I,...,1I,} aBorel partition of
[0, 1] and Iy := &, and set

n
hi :=Z(Cj/\ci)11,’v i=0,...,n.
j=1 '
The key point is the following: fori =1, ..., n, since h; > h;_1,and h; = h;_1 on

Uﬂ;{) 1;, then for all r € (0, 1) we have
y+V,e(K —th)\(K —th;_1)
if and only if

n
V,>—th;—y  on]0,1], relJ1jand VrM(1) €y +itci—1,y +tci).
j=i

Indeed, V, attains its minimum —./r M (1) only at time r. Then we obtain for all
t>0andi=1,...,n

Ey[Lk—tmnk - @ p(B)]

1 dr
— | — L EB[®p-[Lkoh 0K + L Kth\(K—th +V,
Ny s [© - p - [Tk —think + Lk —hi\k—ihi—) ]V + V)]
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1 dr
= ———=E[®: 1k, +Vld

dr JIM(1) —y
e[ et vt o (L))
fu,}_i,j,, ) (K —th;) (Y Mici_p.e ;

Proceeding by induction on n we obtain

Ey[1k -tk - @ - ,O(B)]

—22/

o1 T r(l—r

rM(1) -y
X E[hK—zh» “®-p(y+ Vr)hc,-q,q)(%)}

so that, since /rM (1) + V, = U, by the definitions (7.1) and (A.3),

1
li E,|1 d .- o(B
lim > [, y[ Lk =thon\K - @ - p(B)]dy

_X;JZ: Ji E[lg - @ p(v/rM(1) + V,)]dr

_ 1 hn(r)
_A;77ﬁfﬁM¢w»mwnm.
Setnow I; :=h~'([(i — 1)/n,i/n)),i €N,

fnlzzl; l]i, g,l::Z%l[i,

i=1 i=1

where both sums are finite, since 4 is bounded. Then f, < h < g,, f, and g,
converge uniformly on [0, 1]to hasn — ocoand: K —tf, CK —thC K —tgy,
t > 0. Therefore we obtain by comparison

1 L h(r)
Iim-E[{1g_ -®-p(B)|= ——[E[dU U)ldr.
- [1(k—m\k p(B)] R [®WUr)pU)]dr

Finally, since 9 p(w) = —oh p(w), we have proven

E[8,®(Y) - 1x(Y)] = —E[®Y)(Y,h") — Y - h)1g (V)]
- ILE[CD(U) U,)]dr
0 wA/r(1—r) r/PEr

so that (A.2) is proved. U
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APPENDIX B: PROOF OF LEMMA 7.3

The aim of this section is to conclude the proof of Lemma 7.3. In particular, we
want to prove that for all & Cb(LZ((), 1))

1
(B.1) 3 lim E24(P)dr eR.
e—>0J0

By symmetry, it is enough to prove convergence of 1/2 25¢(®)dr. To this aim,
we proceed as in the proof of the first assertion of Lemma 7.3, but restricting the
analysis to the path space L?(0, 1/2). The advantage is that, on this space, the
processes we consider have no more fixed mean, and in fact we can write now
integration by parts formulae for 4 € L?(0, 1/2) without the constraint of zero
mean; actually, we only need to consider 2 =1 on [0, 1/2]; see (B.3).

We prove first an integration by parts formula for the law of Y on the path
space

={heC(0,1]):hg =0,V0 €0, 1/2]}.

We also need an absolute continuity result between the law of Y and the law of
a Brownian motion with a random initial position, in analogy to (A.1). However,
since a.s. the trajectories of Y have fixed mean ¢ on [0, 1], such absolute continu-
ity can hold only if we restrict to an interval like [0, 1/2].

LEMMA B.1. Forall ¥ :C([0,1/2]) = R bounded and Borel,
(B.2) E[W(Y%)] = V32E[W (b + B)e~ 120 b+B-07+G/8)0%)
where b ~ N (0,4/3) is independent of B and

1/2
r@i= [ @ +opdn wcco.1/2).

Moreover, for all ¢ > 0 and W € Cé (L%(0, 1/2)),
E[0;W(Y)1 E[24(y(Y) —¢ \I!(YC)I(YCGK)]

/”2 E[W(T,)e~ 20 T=0] gy
anﬂ

where we set for 6 € [0, 1] and r € [0, 1/2]

(Yfek)]

(B.3)

L[l eelo12]
=10, 6el1/2,1],
V7M<r_9> 60, rl,
r
LO:=y n  o_r
E_FM<1/2—r)’ 0 elr, 1/2].
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PROOF. Let us go back to (A.1) and choose ®(w) = ¥ (w)g(®), with
g € Cp(R). Let us notice that

— 1
b+B=yb+B +m  mi= /I/2<Br — Bip)dr.

where {(b + Bg)oco,1/2], m} are independent and m ~ N (0, 1/24). Then by (A.1)
E[¥(Y)g(Y)]
=E[®(Y)]

4
= \/;E[\p(b +B)g(y(b+ B) + m)e<—1/2><y<b+B>+m)2+<3/8>b2]

_ A2
_ﬁfR/zne E[W (b + B)g(y(b+ B) + y)

x eI GBI G/RPY] gy

1
= 2
“3_/Rg<z>m

and (B.2) is proven. For the proof of (B.3), we write, as in the proof of Theo-
rem 7.1,

e*I/QZZ}E[\D(b—I— B)ef12(y(b+B)fz)2+(3/8)b2]dz’

. . A 12 .
E[\IJ(Y‘)]=/Ey[cD(B)p(B)]dy, H(w) 1= | =YD @=0?
R F14
Since 1> 0, then K € K — ¢1 for all # > 0 and

1
;Ey[llg(B)ﬁ(B)(‘I’(B) — (B —11))]

1 A~
_;Ey[1(12—[1)\12(3)‘11(3)/)(3)]

1
— B[z (BYY(B)(AB +1) — H(B))]

By Theorem A.2 for a Brownian motion on [0, 1/2] we have
Ey[l(k—zl)\lé V- p(B)]

1/2 dr X
:/o Tmmlm_m\g%(y —VrM(1)+T,)]

r

1/2 d A
- fo Tm”z[lu%m‘l’p(y —VrM() +T;)

M) —
ct (LMD =)
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so that
1 1/2 d
fim— [(Ey[1g g5 ¥ AB)dy= [ ——— ——E[W(T)A(T)].
110 1 Jr (K—=r\ o wJr(d/2—=r)

Finally, since 91 p(w) = —24(y (w) — ¢) p(w), we have proven (A.2). [

We set now for e > 0, ¢ > 0, r € (0, 1/2) and ¥ € C;,(L*(0, 1/2))

. 1 172
Ug(x):ZEO F(x(6))do, x e L%, 1),

if,c(\p) = éE[f(YrC)III(YC)e—ﬁa(YC)]’

&c i 12 —12(p(Ty)—0)?
BE(W) = /n3r(1/2_r)E[\IJ(Tr)e .

LEMMA B.2. Letc> 0. Forall W € C,(L?(0,1/2)),

12 172 .
lim Zf’c(llf) dr = Ef(\ll)dr.
0

e—>0J0

PROOF. Notice that VU, (x) = —1 f(x)1. By (B.2), for all ¥ € C}(L%(0,
1/2)),

E[8, W (¥©)eUsr)]
(B.4) ) U
=E[24(y (Y¢) — c)W(¥)e V=] - /O SEC(W) dr.

Comparing this formula with (B.3) we obtain the thesis forall & € C ,l (L%(0, 1 /2)).
Now, by (B.4), for ¥ =1,

172 A
fo SEC(1)dr =E[24(y (Y) — ¢)e VD],
and therefore
12 .
. ,C _ c
812% A 2o dr =E[24(y (Y€) — C)I(Yfelé)] < 00.
By density, this yields the thesis for all ¥ € Cy, (L?(0, 1 /2)). U

‘We now set for € > 0

A 1 A
Ug'(x) ::l/ F(x(0))do =Ug(x) — Ug(x), xeLz(O, 1).
e Jip



1738

A. DEBUSSCHE AND L. ZAMBOTTI

We notice now that, by (A.1) and (B.2), we can compute explicitly the conditional
distribution of Y given (Y, r € [0, 1/2]). Indeed, we have for all w € C([0, 1/2])
and ® € C»(L*(0, 1))

E[®(Y)|YS = wy, V0 €[0,1/2]] = E[®(B(c, ))]

where

wy, 0 €0, 1/2],
“ R 1/2
By(c, ) = w1/2+39—1/2—,09—1/2</0

0el1/2,1],

é+y<w>—c),

and pp :=120(1 —0), 6 € [0, 1/2]. Then we have

Since e

1 A YD A
THC(P) = EfE[QD(B(c, w))e VeBEoNsecdey)y  vrelo,1/2].

U converges monotonically to 1p, with K = {w € C(0,1]):

wy > 0,60 € [1/2,1]}, then it is easy to conclude from Lemma B.2 that

1/2
Jy!

X5¢dr converges as € — 0 to a finite positive measure and therefore it is

tight. By symmetry, this yields (B.1).
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