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A PECULIAR TWO POINT BOUNDARY VALUE PROBLEM

BY HUADONG PANG!2 AND DANIEL W. STROOCK?
Massachusetts Institute of Technology

In this paper we consider a one-dimensional diffusion equation on the
interval [0, 1] satisfying non-Feller boundary conditions. As a consequence,
the initial value Cauchy problem fails to preserve nonnegativity or bounded-
ness. Nonetheless, probability theory plays an interesting role in our analysis
and understanding of solutions to this equation.

1. Introduction. In this article, we continue the study, started in [6] and [7],
of a diffusion equation in one dimension with a boundary condition for which the
minimum principle fails. The main distinction between the situation here and the
one studied earlier is that we are now dealing with a problem in which there are
two boundary points, not just one, and the addition of the second boundary point
introduces some new phenomena which we find interesting.

Although the relationship is not immediately apparent, related considerations
appear in [3] and [4].

1.1. The problem and a basic result. Let F be the space of bounded func-
tions on [0, 1] which are continuous on (0, 1) but not necessarily continuous at
the boundary {0, 1}. Convergence of {f,}{° € F to f in F means that {|| f[lu}5°
is bounded, f,(x) — f(x) for each x € [0, 1] and uniformly for x in compact
subsets of (0, 1).

In the next definition, and hereafter, we use the probabilistic convention of writ-
ing u(t, x) where analysts would use u(x, ¢). As usual,

2
L'tEa—u, u/Ea—M and u”Ea—u.
ot ax 9x2
Now let U be the space of functions u € C2((0, o00) x [0, 1]; R) with the proper-
ties that u is bounded on (0, 1] x [0, 1] and, foreach 0 < T} < T» < 00, 1, 1’ and
u” are bounded on [T, T>] x [0, 1]. Note that we are insisting that u be C 1.2 right
up to, and including, the spacial boundary (0, co) x {0, 1}.

Because its proof is more easily understood after seeing the proofs of the other
results in this article, we have put the derivation of the following basic existence
and uniqueness statement into an Appendix at the end of this article.
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THEOREM 1.1. Let (u,0) € R? be given.

(1) Suppose that u € U satisfies

|

w=su"+ pu on (0, 00) x (0, 1),

(1.1)
W(t,0) = —ou'(t,0) and 0@, 1)=cu'(t,1)  fort e (0,00).

If, as t \( 0, u(t,-) converges uniformly on compact subsets of (0, 1), then both
u(t,0) and u(t, 1) converge as t \( 0, and so u(t, -) converges in F.

(i1) Given f € F, there is a unique u y € U which satisfies (1.1) and the initial
condition that, as t \ 0, u(t, -) converges to f in F.

In particular, if Q; f =u¢(t,-), then {Q; :t > 0} is a semigroup of bounded, con-
tinuous operators on F. [See (3.2) below for more information.)

For semigroup enthusiasts, it may be helpful to think of the operator Q; as
exp(t ) where H f = %f” + wf’ with domain

dom(F#)
={f €C?(0, 1L R): 3 /() + nf (k) = (=)' o f'(x) for k € {0, 1}}.

For probabilists, it may be helpful to remark that, unless o <0, {Q; :t > 0} is not
a Markov semigroup.

1.2. Nonnegativity and growth of solutions. 1f o <0, then uz(-,-) > 0 if and
only if f > 0, and therefore {Q; :t > 0} is a Markov (i.e., nonnegativity preserv-
ing) semigroup. This may be proved by either an elementary minimum principle
argument or the well-known probabilistic model. [The corresponding diffusion is
Brownian motion in (0, 1) with drift u which, depending on whether ¢ = 0 or
o < 0, is either absorbed when it hits {0, 1} or has a “sticky” reflection there.]
However, when o > 0, the minimum principle is lost, and, as a consequence
{Q¢:t = 0} is no longer Markov. Nonetheless, we will show that there is a certain
{Q; :t > O}-invariant subspace of F on which the Q;’s do preserve nonnegativity.
To describe this subspace, we need the following.

THEOREM 1.2.  Given a continuously differentiable function J : [0, 1] —> R2,
set

J5 (O Ji(1
BO=1 Lo 51
2 2
1

= (20# - %(1/(0)’ J/(l))> <_O (1)>
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Then, for each 0 > 0 and u € R, there exist a unique solution J°" to
') = pd @)+ BU)J(x)=0  on[0,1]

J(0) = (%’) and J(1) = (;’j)
which satisfies

1 <1, if o > ucothu,
1.2 Ji dx |~ -
(1.2) kgg,xl}/o ko)l dx { <1, if o < ucothu.

R)

Moreover, J>" > 0 in the sense that both of its components are nonnegative.
Finally, set B>* = B(J%"). Then B>" has real eigenvalues )ff’“ < Ag’“ <0,
)\g’ﬂ < 0 if and only if 0 > ucoth u, and the corresponding eigenvector VOU’“ can
be chosen to be strictly positive with (V(;7 Yo+ (V(;7 ‘"Y1 =1, whereas the eigenvec-
tor \Lf’“ corresponding to )ff’“ can be chosen so that (Vlg’”)o >0> (Vf’“)l and

(V7)o — (V7)1 = 1. (See Lemmas 2.1 and 2.2 below for more information.)

Referring to the quantities in Theorem 1.2, we have the following. When u =0,
some of the same conclusions were obtained in [8] using an entirely different ap-
proach, one which is based on the use of an inner product which is not definite.
Also, the criterion given below for nonnegativity is analogous to, but somewhat
more involved, than the one given in [6], where the same sort of problem is con-
sidered on half line [0, c0),

THEOREM 1.3. Assume that o > 0, and, for f € F, define

o f(o)_<f9']00’u>
[y —
b f‘(f(1>—<f, J{”“>>’

where (@, ) = ]01 X)) (x)dx. Then uy > 0 if and only if f >0 and DM f =
an’“ for some o > 0. Moreover, if FO" denotes the subspace of f € F with
Do* f =0, then Fo" is invariant under {Q; :t > 0} and the restriction {Q; |
Fo "t >0} is a Markov semigroup which is conservative (i.e., Q;1 =1) if and
only if o > pcoth w. Finally, if f € F and D" f = aOVg’M + aIVIU’M, then, uni-
formly for x € [0, 1]

(1.3) a1 #0==> lim e up(t,x) =argy" (x)
and
tl_lglo e”gquu‘f(t,x) =a0g8’“(x), ifo > ucoth i,
1.4) a1 =0%#ay)= tl_i)Igot_luf(t, x) =apgy " (x), ifo = pcothp,
tl_l)rgo up(t,x)= aogg’“(x), ifo < ucothpu,

where g?’“ takes both strictly positive and strictly negative values whereas gg s
always strictly positive and is constant when o < pcoth u. [Explicit expressions
are given for g,f’”, k €{0, 1}, in (3.1) below.]



1626 H. PANG AND D. W. STROOCK

REMARK. Itshould be mentioned that the Harnack principle discussed in Sec-
tion 5 of [7] transfers immediately to the setting here. Namely, if # is a non-
negative solution to 1 = %u” + wu’ in a region of the form [T}, T»] x [0, R]
and u(¢,0) = —ou'(z,0) for t € [T}, T»], then, for each T} <t < t, < T» and
0 < r < R, there is a constant C < oo such that u(s,x) < Cu(t,y) for all
(s,x),(t,y) €[t1, 1] x [0,r], and an analogous result holds when the region is
of the form [T7, T2] x [R, 1]. The surprising aspect of this Harnack principle is
that, because of the boundary condition, one can control u(s, x) in terms of u(z, y)
even when s > ¢, whereas usual Harnack principles for nonnegative solutions to
parabolic equations give control only when s < .

1.3. The basic probabilistic model. The necessary stochastic calculus may be
found, for example, in [2] or [5]. In particular, the second of these also contains
the relevant “Markovian” results.

The probabilistic model associated with our boundary value problem can be
described as follows. First, let X be Brownian motion with drift i and reflection at
the boundary {0, 1}. That is, if B a standard Brownian motion, then one description
of X is as the solution to the Skorohod stochastic integral equation

0=<X;=Xo+ B +ut+ (Lo)y — (L) =1,

where Lo and L are the “local times” of X at O and 1, respectively. In particular,
for k € {0, 1}, t ~» (Ly); is nonincreasing and increases only on {7 : X; = k}. Next,
set

O =1—0"' (L) —0 (L1,
(1.5)

G=inf{tr >0: P, >t} and Y, =X(&).
When o = 0, the interpretation of ¢; is that it is equal ¢ A inf{t > 0: X, € {0, 1}},
and so Y is absorbed at the first time it leaves (0, 1). When o < 0, Y is Brownian
motion in (0, 1) with drift u and a “sticky” (i.e., it spends positive time) reflection
at {0, 1}. When o > 0, ¢; may be infinite, in which case we send Y; to a “grave-
yard” d (i.e., an absorbing state outside of [0, 1]).

The connection between (1.1) and these processes is that, for each f € F and

T > 0, an application of standard Itd calculus shows that (note that X¢ € {0, 1} and
o0>0=¢y>0as.)

(1.6) ur(T — 4, X;) € Ris a continuous local martingale in ¢.

In particular,

u ¢ bounded and IP’(;T =00 = 1}1}1 up(T — o Xy) :0‘X0 :x) =1
t/¢r

(1.7)
== uys(T,x) =E[f (Y1), {1 < 00|Xo=x].

Similarly,

(1.8) wp>0=up(T,x)>E[f(Yr), {1 < oo|Xo=x].
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REMARK. It should be emphasized that, although the process Y is a familiar,
continuous diffusion when o < 0, it is discontinuous when o > 0. Indeed, when
o > 0, although Y behaves just like X as long as it stays away from {0, 1}, upon
approaching {0, 1}, Y either jumps back inside or gets sent to d. In particular, even
though it is right-continuous and has left limits, Y is not a Hunt process because
its jump times are totally accessible.

In order to make the connection between Y and the functions J,f "* in Theo-
rem 1.2, we will need the following lemma about the behavior of ®; as t — co.

LEMMA 1.1. Assume that o > 0 and take pcothy =1 when u = 0. Then,
almost surely,

. | oo, ifo > pcothu,
(1.9) zl—lfgo ®r = { —00, if o < pcothpu,
and
(1.10) o = pucothyu = limsup £P; = oo.
—00

In particular, for all T > 0, 0 > pcothu = {7 < o0 a.s. and o < pcothy —
lim;_ 5o ®; = —00 a.s. on {{7 = 00}.

PROOF. Assume that u # 0, and set
e—Z/Lx

v ==(v+ e

> coth .

Then, %w” +uy’ = —pcothw and ¥'(0) = 1 = —y/(1), and so, by 1td’s formula,

t
M, = /O ¥'(X.)dB,

=¥ (X;) + (ucothu)t — (Lo)r — (L1)s
=Y (X;) — (0 — pcoth )t + o d;.

Since lim;_, o 1| M;| = 0 a.s., this proves that

a.s.,

which completes the proof of (1.9) when © # 0 and o # pcoth . In addition,
when p # 0 and o = p coth u, the preceding says that ¥ (X;) + o ®; = M;, and
so the desired result will follow once we check that limsup,_, ., £M; = oo a.s.,
which, in turn, comes down to showing that [;° ¢’ (X:)?dt = oo a.s. But, by



1628 H. PANG AND D. W. STROOCK

standard ergodic theoretic considerations,

MeZMy

dy

1 ! 2
lim —/ V' (X.)?dt :f v ()?v(dy) >0 where v(dy) = ——
t—>oo t Jo 0,1) ezl‘L —1

is the stationary measure for X. Thus, the case when p # 0 is complete. The case
© = 0 can be handled in the same way by considering the function v (x) = x(1 —
x). O

As a consequence of Lemma 1.1, we can now make the connection alluded to
above.

THEOREM 1.4. Assume that o > 0. For all bounded, measurable ¢ :
0,1) — R,

(1.11) E[¢(Xg,), S0 < 0olXo =k] = (@, JJ"), k e {0, 1}.

In particular, P(¢y < oo|Xo =k) = (1, J,f’“) and J,g’u/(l, J,f’“) is the density for
the distribution of Yo = X¢, given that Xo =k and {y < 0.

PROOF. Clearly, it suffices to treat the case when ¢ is continuous as well
as bounded. Given such a ¢, define f € F so that f | (0,1) = ¢ and f(k) =
(¢, J'") for k € {0, 1}. Then, by Theorem 1.3, u s is bounded and, as t — oo,
u ¢(t,x) —> O uniformly for x € [0, 1] when o < u coth . Hence, by Lemma 1.1
and (1.7),

(@, J;H) = f (k) =E[p(Xg), S0 < 00| Xo =k]. O

2. The Riccati equation. In this section we will prove Theorem 1.2 and the
connection between solutions to (R) and solutions to (1.1). Throughout, we assume
that o > 0.

2.1. Uniqueness of solutions to (R).

THEOREM 2.1. Suppose that J € CQ([O, 11; R?) is a solution to (R), and de-
fine B(J) accordingly, as in Theorem 1.1 Next, for f € F, set

fO) = (f, Jo))
JF—={fh/)

Then, forany f € F, Djuf(t) =e "BUDI f andso D' f =0 = Djuf(t) =0
for all t = 0. In particular, if m(J) = fol [Jo(x)|dx Vv fol [J1(x)|dx < 1, then
D’ f = 0 implies that |lufllu < || fllu, and, if m(J) < 1, then D’ f = 0 implies
lur(@®)|ly —> 0ast — oo. Finally, if J > 0, then for any nonnegative f € F with
the property that D’ f is a nonnegative eigenvector of B(J), ur>0.

DJfE(
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PROOF. If J is any solution to (R), then,

d 1 A /
g0, ) = (Su 0 + . 1)

1 1
= <”f(t), S - MJ> + 5 Wy (. DI (1)~ (1,0) T (0)

1
— 3y (. DI’ M)~ up(2,0)1'(0)

+ ol p (@, DI(1) —up (2, 0)J(0))

— —B()us(t), J)+ % (”f(t’ O)) +B() (uf(t’ 0)> ’

up(t, 1) up(t, 1)
and so %Djuf(t) = —B(J)Djuf(t), which is equivalent to Djuf(t) =
e 1B DY £,

Now assume that m(J) < 1 and that D’ f = 0. To see that luflla < N fllu, let
& > 0 be given and suppose that [|u ¢(t)|lu > || f|lu + & for some # > 0. We can then
find a T > 0 such that ||u ¢ (T)|lu = | fllu + &> llug(@)|u for 0 <t < T. Clearly,
there exists an x € [0, 1] for which [u ¢ (T, x)| = || fI| +&.If x € (0, 1), then, by the
strong maximum principle for the parabolic operator 9, — %83 — W0y, |u r| must
be constantly equal to || f||y + & on (0, T') x (0, 1), which is obviously impossible.
Thus, it remains to check that x can always be chosen from (0, 1). To this end,
simply note that if |u (T, x)| < || f|lu + ¢ for all x € (0, 1), then, for k € {0, 1},
lup(T, k)| =Kuyg(T), Ji)l < | fllu+ e also.

Next assume that m(J) < 1 and that D’ f = 0. To see that lur@)lu —> 0 as
t — 00, it suffices to show that |[u (1) ||y < 8]l f|lu for some 6 € (0, 1) which is in-
dependent of f. Indeed, by the semigroup property and the fact that D u r@®=0
for all > 0, one would then know that ||u ¢ (¢)|ly < 6" || f|lu for t > n. To produce
such a 6, let p denote that first time that the process X leaves (0, 1). Then

ur(,x) =E[f(X1),p>11Xo=x]+E[us(1—p, Xp), p = 1]Xo=x].

Because (i lu < [1.f lu and Jup (t, k)| = [(u 7 (2. ), Ji)| <m(D)| £ lu. this leads to
lur(Dllu <O fllu with 6 =1 —n(1 —m(J)), where n = infyejo,11P(p < 11 X0 =
x) > 0.

Finally, assume that J > 0 and that D’ f is a nonnegative eigenvector for
B(J). If f >0 and uy ever becomes negative, then there exists a 7 > 0 such
that u s(t) > 0 for t € [0, T) and u ¢ (T, x) = 0 for some x € [0, 1]. Again, from
the strong maximum principle, we get a contradiction if x € (0, 1). At the same
time, because u ¢ (T, k) > (u s (T), Ji) for k € {0, 1}, we see that the only way that
u ¢(T') can vanish somewhere on [0, 1] is if vanishes somewhere on (0, 1). Thus,
when f >0, uy > 0. To handle the case when f > 0, define g € F so that g =1
in (0, 1) and g(k) = (1, Ji) for k € {0, 1}. Next, apply the preceding result to see
that u y + eug =u . >0 forall £ > 0, and conclude that u y > 0. [
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COROLLARY 2.1. Let J be a solution to R which satisfies (1.2). Then
(f. i) =E[f(Xg), Lo < 00| Xo = k| for f € F and k € {0, 1}

if either o > pcothu and (cf. the notation in Theorem 2.1) m(J) <1 or o <
wcoth u and m(J) < 1. In particular, in each of these cases, there is at most one
such J, that J must be nonnegative, and (1, Ji.) =P({o < o0o|X = k) fork € {1,2}.

PROOF. Given the results in Theorem 2.1, there is no difference between the
proof of this result and the proof given earlier of Theorem 1.4. [

By combining Theorems 1.4 and 2.1 with (1.8), we have a proof of the
first assertion in Theorem 1.4. Namely, if u ¢ > 0, then (1.8) says that f(k) >
E[f(X¢), ¢o < 00| X = k] and Theorem 1.4 says that E[ f(X¢,), o < 00| X =
k1= (f. J.'"). Hence, we now know that uy > 0 = D" f > 0, and, by the
semigroup property, this self-improves to u y > 0 = D> *u y(t) > 0 for all t > 0.
Now suppose (cf. Theorems 1.2 and 1.3) that D" f = agVy + a1 V. Then, by
Theorem 2.1, D%u (1) = age™0" Vo + aje™" 'Vy. Thus, if a; # 0, then the
ratio of the components of D% "u ¢(t) is negative for sufficiently large r > 0, and
soa; =0if uy > 0. Hence, uy > 0= 0 < D" f = agVy and therefore that
ap > 0.

2.2. Existence of solution to (R). To find solutions to (R), we will first look
for solutions to

1Lgyr _ . (20 (0
2.1 3J"—wuJ'+BJ=0 w1th](0)_<0)and](l)_<20)

for any nonsingular matrix B, and we will then see how to choose B so that B =

B(J). For this purpose, set Q = /2 — 2B (because of potential problems coming
from nilpotence, this assignment of 2 should be thought of as an ansatz which is
justified, ex post facto by the fact that it works) and

sinh(1 — x) 2 <1> _sinhxQ (0)}
2.2 J =20e"| —— H ,
@2 (x) =20¢ [ sinh 0) ¢ sinhQ \1

where we take fﬂl—hxa‘)” = x when w = 0. It is clear that the J in (2.2) solves (2.1).
In addition,

-1 0 Q 0 e+
B(J)_cr[,u< 0 l)_QCOthQ+sinhQ(€_“ 0)}
Hence, we are looking for B’s such that the corresponding €2 satisfies

2 2
wl—-Q (-1 0 Q 0 et
W <o 1)—QcothQ+SinhQ<e_u 0)'

(2.3)
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To solve (2.3), suppose that W = (wy, w1) is a left eigenvector of €2 with eigen-
value w. Then

2 2

1 —w e Hw
——wp = — (U + wcothw)wy + — wi,
2% sinh w
qu —w? etw
—w] = (Iu, — CL)COthCl))U)] + R wo,
2% sinh w
and so
2 2 ® sinh
w w e sinh w
—IZ(M —|—a)cothw+u)—,
wo 20
wo w? — w? e *sinhw
_:( —|—a)cotha)—u>—~
w1 20 w

In particular, @ must be a solution to

2 2 2
(2.4(+)) P2 | ocothw=x+/u?+ ——
20 sinh” w

and
5 w? et sinh w
Hn S tu ,
sinh” w w
5 w? e Msinhw
MWt .
sinh” w w

LEMMA 2.1. There is a unique w > 0 which solves (2.4(—)). Moreover, if |
denotes this unique solution, then w| > |i|. On the other hand, ||| is always a
solution to (2.4(+)), and there is a second solution w € (||, w1) if o > pcoth w.

(2.5()

wi
wo
wo
wi

PROOF. Without loss in generality, we will assume that u > 0.
Clearly, w > 0 solves (2.4(—)) if and only if g{(w) = 0, where

2
gl(a))Ew2—2owcothw—20m_u2.
sinh” w

Since g1(0) < 0 and lim,,— » g1 (@) = 00, it is clear that g; vanishes somewhere
on (0, 0o). To prove that it vanishes only once and that it can do so only in (u, 00),
first note that

[ 2
g1(w) > 0= (w — o cothw)? > o coth? w + 20, | u? + .a)z + 12,
sinh” w
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which is impossible unless w > o coth w, in which case w > (20 cothw) Vv w. Fur-
thermore, if w > 20 coth w, then

1, 1 )
~g81(w) =w—ocothw —0o >
2 \/ 12 + 2/ sinh? @ Sinh” @

(1 —wcothw)

o o
> o cothw — — = — (coshw — 1) > 0.
sinhw sinhw

Knowing that g1 (w) > 0 = g} (@) > 0 and that w > u, the first part of the lemma
is now proved.
Turning to the second part, set

2
g0(®) =’ —20wcothw+2m_u2_
sinh” w

Then w satisfies (2.4(+4)) if and only if go(w) = 0, and clearly go(u) = 0. In ad-
dition, since g|(w) > 0 = go(w) > 0 and g; > 0 on [w], 00), we know that go
can vanish only on (0, w;). Finally, to show that it vanishes somewhere on (i, @)
if o > pcoth i, note that, since go(w;) > 0 and go(u) = 0, it suffices to check
that o > pcoth u = g, () < 0. But (1) = (ncoth u — o) tanh 1, and so this
is clear. [

From now on, we take w; as in Lemma 2.1 and wq to be a solution to (2.4(+))
which is equal to |u| if 0 < pcothp and is in (Juw;) if o > pcoth p. The corre-
sponding solution J to (R) is given by 2o e** /(wgow11 — woiwip) times

—n sinhxwg  sinhxw sinh(1 — x)wq sinh(1 — x)w;
( e Twojwyg o - | tweow ] —————— Wy wj g )
9

0 ] 20} w]

sinh(1 —x)wg  sinh(1 —x)w sinhxwq sinhxwq

—woow10< )—e_“melo +e Mwgowy g

@0 w]

where Wi = (wko, wg1) is a left eigenvector of 2 with eigenvalue wy.

REMARK. For those readers who are wondering, the reason why, when o <
ucoth i, we take wg to be the solution to (2.7(+)) which is greater than |u| is to
get a solution to (R) which satisfies (1.2).

LEMMA 2.2. The preceding J is a nonnegative solution to (R). In addition,
(1, Jo)=1=(1,Jy) ifo = ucothp and (1, Jo) Vv (1, J1) < 1 ifo < pcoth . The
2 2

£ ;w" ,k €{0, 1}, and associated right eigenvectors

eigenvalues of B(J) are Ay =
Vie = (3\0) satisfy

v sinh awy, \ 2 e sinh w,
([ () )

Vk0 Wk

Hence, they can be chosen so that vog A vo;r > 0 with vo; + vo1 = 1 and vig > 0 >
v11 with vig — vy = 1.
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PROOF. To check that J is nonnegative, we begin by remarking that u(y) =
M ““hy‘”' > 0 for y € [0, 1]. Indeed, u(0) = 0 = u(1) and u” < w?u. Hence,
if u achleves a strictly negative minimum, it would have todosoatsome y € (0, 1),
in which case we would have the contradiction 0 < u”(y) < a)lu(y) < 0. Because
of this remark, it suffices to show that all the numbers

Woow11 — Wo1W10 woow1] — Wol W10
woWi —woeow10
WwoowW1] — WolwW10 woow11 — Wo1wW10
and

woowW11 —Wwo1W10

are positive. But, using (2 8(:|:)) this is an elementary, if somewhat tedious, task.

Next, from B(J) = M the identification of the eigenvalues of B(J) is
clear. In addition, if Wy and W are left eigenvectors of B(J), then the columns of

(%’) are associated right eigenvectors of B(J). Hence, the calculation of M is
a consequence of (2.8(%)).
Turning to the calculation of (1, Ji), observe that, by integrating (R), one sees

that
1—(1,Jo)\ _

Hence, if wg > ||, and therefore B(J) is nondegenerate, 1—{(1,J;)=0fork e
{0, 1}. On the other hand, when wg = ||, ( d 50;) must be a multiple of V. In
particular, this means that either (1, Jo) and (1, J1) are both equal 1, both strictly
greater than 1, or both strictly less than 1. To determine which of these holds, note

that, when wp = ||, 29 = ¢2* and therefore that

9 wO
! inh(1 — 1 inh
<1’JO>+62“<1,11(x>>=2o[/ ewwdﬁe"/ oo S0 W}

0 sinh g 0 sinh p

20 et sinh
M 9

and so
20 e sinh
L= (1 Jo) + e (1= (1, ) =1 4+ = ZE0E
n
2et sinh
_2etsinhp o

Thus, 0 = ucothuy = (1, Jxy) =1 and 0 < ucothu = (1, Jx) < 1 for k €
{0,1}. O
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3. Growth of solutions. In this section we will give the proof of the final part
of Theorem 1.3. To this end, set

(—1)k\/M2 cosh? wy + w? — u? — pwcoshwy

C for k € {0, 1},
k P {0, 1}
and define hg’“ and h‘;’“ by
(e¥®0 + coe(l_x)“’o)e_x“, if o > pcoth p,
1 1
— 41y — (1 +tanh ju)e ™,
gty ={ Iul - n o 2n
(3.1) if o = pcothp and pu #0,
1 —x(1—x), ifo =1and u =0,
1, if o < pcothu,
h(lf’““(x) = (¥ + crell=0en)e=x1,
If uZ’“ denotes u B then
e 0" WM (x),  ifo > pcothp,
ug(t, x) = W if ¢ = 1 coth
o t+hy"(x) if o = pcoth u,
1, if o < pucoth,

and
o, —2* ou
ugt(t,x)=e ! Ry (x).

In addition, because ug’“ > (, the first part of Theorem 1.3 says that D"’“hg’“ isa
nonnegative, scalar multiple of V. At the same time, because, ug’” is unbounded
when o > pcoth u and when o < pcoth i it does not tend to 0 as + — o0, this

scalar cannot be 0. Hence, there exists a Kg # > 0 so that Kg H D”’“hg’“ =W.

We next want to show that K7 # 0 can be chosen so that K{"* D%*h{" = V.
It is clear (cf. Theorem 2.1) that

_BU’#DUaﬂh’lfﬂlL — iDU’“uT’M(t) — —AT’MDU’P’}IT’M.
dt l‘=0
Thus D%*hT* is a scalar multiple of Vj, and, because u$* is unbounded, this
1 p 1
scalar cannot be 0. That is, K f’“ = 0 can be chosen to make K f’“ Do+ g?’“ =V.
Finally, h(f’” must take both strictly positive and strictly negative values. If not,
u" would have to take only one sign, which would lead to that contradiction that
D h{* is a multiple of V.
To complete the program, set

o | KRG, if o > pcothu,

S = Kg’”“, if o < pucothp,
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and g?’“ = Kla’“h({’“. Given f € F, determine ag and a; by D>* f = agVy +
aiVy, and set f = f — aogg’ — arg, % Then ur =ug +aoK0 MOM +

ar K" ul" . Because D@ f =0, as t — 00, u 7(t, ) tends to 0 if o < pcoth p
and, in any case, stays bounded. Clearly, the last part of Theorem 1.3 follows from
these considerations.

As a consequence of the preceding, we see that —)»‘]7’“ is the exact exponential
rate constant governing the growth of the semigroup {Q; : ¢t > 0}. That is, there is
a C < oo such that

— 0t
(3.2) 1Q: fllu < Ce™"1 || fllu,
and there are f’s for which lim,_, o €* || O:fllu>0.
APPENDIX

This appendix is devoted to the proof of Theorem 1.1, and we begin by intro-
ducing a little notation. First, let g(¢, x) = Qmr)~Y 2e"“z/ 2 pe the centered Gauss
kernel with variance ¢, and set G (¢, x) = Y ;7 8(t, x +2k). Clearly, G(t, -) is even

and is periodic with period 2. Next, set

Q0(t, x, y) = ePOITHI2[G (1 y — x) — G2, y + X)),
(A.1)
(t,x,y) € (0,00) x [0, 1]2.

As one can easily check, QU is the fundamental solution to &t = 2u "+ pu’ in
[0, 00) x (0, 1) with boundary condition 0 at {0, 1}. Equivalently, if t; denotes
inf{t > 0: X, =k}, then

P(X, edyand to A 71 > t|Xo =x) = 0°(z, x, y) dy.

Next, set

, ke{0,1}.

qr(t,x) = <—1>kliQ°<r,x, )
2dy y=k

Then, by Green’s theorem, for a; € C([0, 00); R),
t t
wit.x) = [ qot = oho@dr+ [ @@ —nm@)dr

is the solution to @ = 1 u” + pu' in [0, 00) x (0, 1) satisfying lim ou(t,-) =0
and lim,  u(t, x) = hk(t) Equivalently,

P(ty > 19 € dt|Xo = x) = qo(¢, x) dt,
P(tg > 11 € dt|Xo=x) =q1(t, x) dt.
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In particular, these lead to gx > 0 and
QG +rx = 0%.x.90"¢ 2 dx,

(A2 qrs+1,2)= /(0 0w gt ) dy fork e (0.1)

t t
/ QO(t,x,y)dy+/ qo(f,x)der/ qi(t,x)dr =1
0,1) 0 0

and

Go(t, x) = —e TG (1, x),
(A.3) )

q1(t, x) = = ITITIRG @ 1 - x),
where the second of these comes from G'(¢,1 + x) = —-G'(¢t,—1 — x) =
-G'(t,1 —x).

Clearly,
1
(A.4) 0= 0%t x,y) gt x—y) < ——.
y 8 y ol

In order to estimate g (¢, x), first note that, from (A.3), it is clear that G’ (¢, x) < 0.
Second,

, X 2 X
G'(t,x) = —?G(l‘,x) + A Z m(g(t,2m — x) — g(t,2m + x)) > —?G(t,x).

m=1
Hence,
, X X
(A.5) |G (t,x)| < ;G(t,X) < C;g(IA 1,x)
and so
0 <go(t.x) <C=g(t Al x),
(A.6) !

1 —
05611(l,x)§CTxg(t/\l,l—x)

for some C < o0.
In what follows, we will be using the notation

eZpLx o eZ,u eZpLx -1

wo(x) = , wi(x) = 1 and

1 — e2u

fe=(f,we) for feF.
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Note that if u € U satisfies (1.1), then, after integrating by parts, one finds that

21 21
¢ u(t, 1)~ “e (1. 0),

fo(t) = —lu/(t, 0)+ -

1) = u 1) — “ (. ) + (@, 0),

d (u@,0\_, d ﬁo(t)) (u(t,O))
dt (”(f,l))_zadt (ﬁl(t) +4 u(t, 1))’

_ 20p [P —eP
= eZM —1 —1 1 ’

and therefore
where

Solving this, we see that

_1A (u(t,0) _sA [ u(s,0)
e (u(t,l))_e (u(s,1)>

A (U@, sa (Uo(s) / —zA 4 ((Ho(7)
=20 (00 ) =200 (T6s) ) +20 Mo ) 2
from which it is clear that if, as s \ 0, u(s, -) [ (0, 1) converges pointwise to a

function f:(0,1) — R, then limg\ o u(s, k) exists for k € {0, 1}. Thus, the first
part of Theorem 1.1 is proved, and, in addition, we know that

w(t, 00\ _ 4 f(©0) =20 fio(1)
(u(hl))_e <f(1)—20f1>+20<ﬁ1(t))

(A7) t A
—i—ZU/ =AY <Lf0(‘[)) dt
0

ui(7)
ifu(t,-)— fin F.
Because, for any u € U satisfying it = %u” + pu' and, as r \( O, u(t,") — f
pointwise on (0, 1),

u(t,x) =E[f(X;),00Ao01>1t]X(0)=x]
+ E[u(t — 09,0),00 <t Ao1]X(0) = x]
+ E[u( —01,0),01 <t Aop|X(0) =x]

t
- f 0%, x, ) f () dy + [ g0z, u(t — 7,0y d
0,1) 0

t
+ [ out -z,
0
(A.7) tells us that if u € U satisfies (1.1) and u(¢, -) —> f in F, then

(A.8) u(t,x)=rg(t,x)+ /Ot k(t —1t,x) <g?g§> dr,
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where
rp(t,x) = hp(t,x) + fozq(t — 1, x)e™ (;E% B gzj};) dr,
k(t,x) =20q(t,x) + 20 fotq(t —7,x)e" 4 Adt
with

hy(t,x) = 0%, x,y)f(y)dy and q(t,x) = (qo(t, x), q1(t, x)).
0,1

Our proof of the existence and uniqueness statements in Theorem 1.1 will be
based on an analysis of the integral equation (A.8). Clearly, given f € F, finding
a solution u to (A.8) comes down to finding a ¢ € [0, 00) —> v(f) = (Z?Eg) e R?
which satisfies

(A.9) v(t) =Frt) + /Ot K(t — t)v(r)dr,

where
~ _ (I’f(t, '),U)O) > _ <k(t9')7w0>
rf(”‘<<rf<z,-),w1>) nd RO = ({5 ).
Indeed, if v solves (A.9) and u is defined by

u(t,x)=rp(t,x)+ /Otk(t — 7, x)v(r)dT,

then u satisfies (A.8). Conversely, if u solves (A.8) and v(¢) = (Z?g;), then v solves
(A.9). Thus, existence and uniqueness for solutions to (A.8) is equivalent to exis-
tence and uniqueness for solutions to (A.9).

To prove that, for each f € F, (A.9) has precisely one solution, we use the
following simple lemma.

LEMMA A.1. Suppose that M:(0,T] — R ® R is a continuous, 2 x 2
matrix-valued function with the property that L(T) = sup,¢ r t1/2||M(t)||Op <
oo and that v0: (0, T] — R? is a continuous function for which ||v0||o,,T =
SUDP; (0,77 t“100(1)| < oo, where a € [0, 1). If {v":n > 1} is defined inductively
by

V(1) = 0°) + fot M@ — " () dr, te (0,77,

then

n _ 0
Sup |vn(_[) _ vn_l(f)| S (L(T)ﬁ) F(l O[)”U ”C{,T Tn/2—oz‘
€[0,7] Fn/24+1—a)
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In particular, {v" —v°:n > 1} converges uniformly on (0, T to a contiguous func-

tion which tends to 0 as t \, 0. Finally, if v*®° = v0 + lim,,_, oo (V" — v°), then v>
is the unique v : (0, T1 —> R? satisfying

t
v(t) = vo(t) +/ Mt —t)v(r)dr with ||v||e. 7 < 00.
0
In fact, there is a Cy < 00 such that |[v°||q.7 < Co L(T)||00]q,7eC«LDT

Using the estimates in (A.5) and applying Lemma A.1 with ¢ = 0, we now
know that, for each f € F, there is precisely one solution to (A.9), which, in view
of the preceding discussion, means that there is precisely one solution to (A.8).
Moreover, because every solution to (1.1) with initial data f is a solution to (A.8),
this proves that, for each f € F, the only solution to (1.1) is the corresponding
unique solution to (A.8); and, for this reason, in spite of our not having shown
yet that every solution to (A.8) is an admissible solution to (1.1), we will use
u s to denote this solution. Note that, from the last part of Lemma A.1 and our
construction,

(A.11) (2, )l < CIl f lue

for a suitable C < oco.

What remains is to show that solutions to (A.8) have sufficient regularity to
be an admissible solutions to (1.1) and that their dependence on f is sufficiently
continuous. To this end, return to (A.9), set v =7 () and

V(1) = 0°@) + /Ot Kt — o (1) dr.

Then
N . f<0>—2afo> L
v(t)_hf(tH—q(t)<f(1)_26f1 —i—/OK(t )" (T)dr,
where
Ao <léf(t,-),wo>>= A0
b= (G )= [ e roay
with
A0 _ <Q°(r,-,y>,wo>)
0 “’”‘(<Q°(r,-,y>,w1> :

Using integration by parts, one sees that

o (UG
0.9 = (a1 )

and therefore that the estimate in (A.5) together with Lemma A.1 guarantee that

up(t) = (ngf‘ ;?g;) is continuously differentiable on (0, co) and that

(A.12) lip ()] < Ct=V2|| fllue
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for some C < 0o. Combining this with (A.8), it follows that u ¢ is continuously
differentiable with respect to ¢ € (0, c0) and that

£(0) =20 fo
() =20 fy

Since elementary estimates show that sup,. |tQ0(t,x, y)| < oo, we have now
shown that

(A.13) i g (2, )l < Ct M fllue®

uyr(t,x) :fzf(t,x) +k(t,x)f+q(t,x) ( ) + /Otk(t — r)ﬁf(r)dr.

for a suitable C < o0.
It is clear from (A.8) that u ¢ is differentiable on (0, 00) x (0, 1) and that

wp(t,x) =rp(t, x) + /Ot K'(t—t,x)if(r)drt for (¢, x) € (0, 00) x (0, 1).

The contribution of 4  to r’; poses no difficulty and can be extended without dif-
ficulty to (0, co) x [0, 1] as a smooth function. Instead, the problems come from
the appearance of integrals of the form f(g q;(t — )Y (r)dt as x — k. To handle
such terms, we use (A.3) to write

Gh(t, x) = —pqe(t, x) + (—)k et E=0=12112G (¢ — x)
— —ug(t, x) + (= 1) R 2ehk=0=1 2G5 (4 | — ).,

The first term causes no problems. As for the second, we can integrate by parts to
see that

/Ot Gt —1, )% (T)dt = G(t, x)¥(0) + /Ot Gt —t,x)¥(r)dr.

Hence, by (A.12), the preceding expression for u/f(t, x) on (0, 00) x (0, 1) admits
a continuous extension to (0, co0) x [0, 1]. In addition, one can easily check from
our earlier estimates, especially (A.12), that

(A.14) /s (¢, ) la < Ct7 V2| f e

for an appropriate C < co. Finally, because u y is smooth and satisfies it y = %u/ "+
uu' on (0,00) x (0, 1), we now see that u” extends as a continuous function on
(0, 00) x [0, 1] satisfying

(A.15) (2, Ml < Ct | £ llue

for some C < oo.
In view of the preceding, all that we have to do is check that us(t, k) =
(—l)l_kau’f (t, k). To this end, observe that (A.8) is designed so that its solutions

will satisfy
i(t,0)\ _ iio (1) u(t, 0)
(u(r,1))‘2"<ﬁ1<r>)“<u(n1)>
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and that, because 1 = %u” + pu’,

(1]

(2]
(3]

(4]

(3]
(6]
(7]

(8]

2o (i) = () =4 ()
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