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BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS WITH
RANDOM STOPPING TIME AND SINGULAR FINAL CONDITION

BY A. POPIER
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In this paper we are concerned with one-dimensional backward stochas-
tic differential equations (BSDE in short) of the following type:

T T
Y,=s—/ Yvddr— [ z.dB.. 10,
INT INT

where 7 is a stopping time, ¢ is a positive constant and £ is a ¥z -measurable
random variable such that P(§ = +o00) > 0. We study the link between these
BSDE and the Dirichlet problem on a domain D C RY and with boundary
condition g, with g = 400 on a set of positive Lebesgue measure.

We also extend our results for more general BSDE.

Introduction. Let (2, ¥, P) be a probability space, B = (B;);>0 a Brownian
motion defined on this space, with values in R4, (F1)i=0 is the standard filtra-
tion of the Brownian motion. Also given are t a {¥;}-stopping time, & a real,
F-measurable random variable, called the final condition, and f:Q x RT x R x
R? — R the generator.

We wish to find a progressively measurable solution (Y, Z), with values in
R x RY, of the BSDE

T T
(1) Yi=E&+ f@ Y, Z)dr — Z,dBy, t>0.
AT AT

Such equations, in the nonlinear case, have been introduced by Pardoux and
Peng in 1990 in [19], when 7 is replaced by a constant time 7" > 0. They gave
the first existence and uniqueness result. Since then, BSDE have been studied with
great interest (see the references in [18]). In particular, Peng [20] describes how the
solution Y of (1) for an unbounded random terminal time is related to a semilinear
elliptic PDE. Viscosity solutions for such equations will be constructed by sto-
chastic methods (see Theorem 8 below). This generalization of the Feynman—Kac
formula is a reason for studying random terminal times.

Let us recall the definition of a solution of (1) which can be found in [4].

DEFINITION 1. A solution of the BSDE (1) is a pair {(Y;, Z;), t > 0} of pro-
gressively measurable processes with values in R x R¢ such that, P-a.s.:
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e ontheset{r >t},Y; =& and Z, =0,
o t— 1, f(¢,Y:, Z;) belongs to L)
e andforall0 <t <T,

(0, 00), t — Z; belongs to LIZOC(O, 00),

loc

TNt

TNAT
Yore = Yrne + / F Y, Z,)dr — / Z.dB,.

INT
A solution is said to be an L”-solution for some p > 1 if, moreover, for some
reR,

T T
E( sup el’“|Y,|P+/ el’“|Yt|sz+f el’”|Y,|P—2||Z,||2dt> < +00.
0<t<t 0 0

We assume that the generator f:Q x R x R x RY — R is such that:

(HO) f(-,y,2) is progressively measurable, for all y, z;
(H1) 3K >0, such that a.s. V¢, y, z, 7/,

|f(t,yaZ)_f(t»)’»Z,)|fK“Z_Z,“?
(H2) I € R, such that a.s. vz, y, V', z,
O=(ft.y, 20— fEt. . 2) <uly —y%

(H3) y— f(t,y,z) is continuous, Yz, z, a.s.
(H4) forallr > Oandalln € N*, v, (t) = SUP|y| <, |f(,y,0)— f(t,0,0)| belongs

to L1((0,n) x ).

Now for some p > 1 we suppose that there exists A > v, = u + 2( 1) , such that
(H5) E[/ eP!| £(1,0,0)|? dt} <400

0
and

T —_
(H6) E[ef’“|s|"+ Ji ep“|f<z,e—”ﬂ’s,,e—“ﬂ’m)vdt]<+oo,
0

where &€ = e"r7¢, &, =E(£|F;) and 7 is predictable and such that

_ _ +o0 00 p/2
e=B@®+ [ was. ([ mPar) |<c.

Let us recall Theorem 5.2 of [4].

THEOREM 1. Under the conditions (HO)—(H6), there exists a unique solution
(Y, Z) of the BSDE (1), which, moreover, satisfies, for A > v, such that (H5) and
(H6) hold:

E( sup e”M Y|P + e”“|Yr|P*2(|Yr|2+ ||Zr||2>dr)
0<t<rt

) .
ch(el’“|§|P+f ePM | £ (1,0, 0)|pdr>,
0
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for some constant c = c(p, A, K, ).

REMARK 1. The previous theorem is a generalization of the result of Darling
and Pardoux (Theorem 3.4 in [6]) or of Pardoux (Theorem 4.1 in [18]). In [6] or
[18] the result is given in the case p = 2. Here we have expressed the theorem for
the dimension one (§ and Y; belong to R). But it is still true in higher dimensions
(see [4]; the product in (H2) must be replaced by the scalar product in R").

Note that if f is a Lipschitz function, the condition (H2) holds.

From now and in the rest of the paper we are concerned with the BSDE

T T
3) Yi=t— | Y, \Y.%dr— | Z,dB,  withg>D0.

INT INT

Here the function f is deterministic and equal to

ft,y,2)=—ylyl.

f satisfies all conditions (HO)—(H4) of Theorem 1, with K = & = 0 (which implies
v, =0 forall p > 1). Indeed, f is a nonincreasing function, thereby,

—( =)0 =y <0.
Since f(¢,0,0) =0, (HS) is always satisfied.
The stopping time 7 is defined as follows. Let D be an open bounded subset

of R4, whose boundary is at least of class C? (see [12] for the definition of a
regular boundary). For all x € R?, let X* denote the solution of the SDE:

) Xf:x—}—/otb(Xf)dr—l—/Oto(Xf)dBr fort > 0.

The functions b and o are defined on R?, with values respectively in R? and R¥*¢
and are measurable such that:

e Lipschitz condition: there exists K > 0 such that

L) ¥(x,y) eRT xR Jlo(x) —o ()l < Klx —y;

e Boundedness condition:

(B) VxeRY  [b()]+ llo ()]l < K;

e Uniform ellipticity: there exists a constant & > 0 such that

(E) VxeR?Y  oo*(x)>ald.

In the rest of this paper (L), (B) and (E) are supposed to be satisfied. Under these
assumptions, from a result of Yu Verete@ikov [24] and [25], equation (4) has a
unique strong solution X*. For each x € D, we define the stopping time

(5) T =1, =inf{t >0, X}' ¢ D}.
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Our stopping time satisfies the following two properties. Since D is bounded and
since the conditions (B) and (E) hold

(Ch every point x € 3D is regular.

In particular, if x € 9D, t, =0 a.s. (see [3], Corollary 3.2). This assumption (C1)
is important to define a singular solution (see Definition 2 below). Moreover, since
(L), (B) and (E) hold, we have the following result (see [21], Theorem 2.1 and
[18], Remark 5.6): for all x € D, 7, < 400 a.s. and there exists 8 > 0 such that

(C2) sup E(ef™) < oco.
xeD
This property will be used to construct solutions of the BSDE (3) for bounded
terminal conditions & (see Proposition 2).
From the papers [6, 18] or [20], we know that the BSDE (3) with terminal time
equal to T = t,, and final data equal to & = h(X )T‘X) is associated with the following
elliptic PDE with Dirichlet condition #:

—Lu+ulul?=0 on D,

(6)
u=nh on dD;

where £ is the second order partial differential operator: for all ¢ € C&(Rd ),
(7) VxeR?!  Lo(x) =1 Trace(co*(x) D*p(x)) + b(x)Ve(x).

In the rest of this paper V and D? will denote respectively the gradient and the
Hessian matrix. If (Y*, Z*) denotes the solution of the BSDE (3) with terminal
data 7 (X7 ), the connection is given by the formula

ux)=Yy.

Le Gall [13] succeeded in describing all solutions of the equation Au = u? in

the unit disk D in R? by a purely probabilistic method. He established a 1-1 cor-
respondence between all solutions and all pairs (I', v), where I" is a closed subset
of 3D and v is a Radon measure on d D \ I". The set I is the set of singular points
of d D where the solution explodes badly: roughly speaking, near points of I, the
solution behaves like the inverse of the squared distance to the boundary. The mea-
sure v can be interpreted as the “boundary value” of # on d D \ . The solution
corresponding to (I', v) is expressed in terms of the Brownian snake (a path-valued
Markov process). In [14] the results announced in [13] are proved in detail and are
extended to a general smooth domain in R2.

The pair (I',v) is called the boundary trace for positive solution of the
PDE (6). The definition of boundary trace in general was provided by Marcus and
Véron [15] who showed by analytic methods that every positive solution of (6)
possesses a unique trace. The trace can be described by a (possibly unbounded)
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positive regular Borel measure v on d D. The correspondence between (I', v) and
v is given by

~ | v(A), if AC@D\T),
”(A)_{oo, if ANT #,

for every Borel subset A of 0 D.

The corresponding boundary value problem is presented in [15] in the subcrit-
ical case 0 < g <2/(d — 1) and in [16] in the supercritical case ¢ > 2/(d — 1).
In the subcritical case, for every pair (I, v), the problem has a unique solution.
Remark that in [13] and [14], ¢ = 1 and d = 2, that is, the subcritical case is stud-
ied: g =1<2/(2—1)=2/(d — 1). In the supercritical case Marcus and Véron
derive necessary and sufficient conditions for the existence of a maximal solution.
Similar conditions were obtained by Dynkin and Kuznetsov [8] for ¢ < 1. Their
method relies on probabilistic techniques and is not extendable to ¢ > 1, because
the main tool is the g-superdiffusion which is not defined for g > 1.

The object of the present paper is to give a probabilistic representation of the
solution of the PDE (6) in terms of the solution of the related BSDE (3). In general,
a solution of the PDE has a “blow-up” set I'. Therefore, the final data £ of the
BSDE must be allowed to be infinite with positive probability and the set {£ =
o0} corresponds to I'. Hence, our first problem is to find a solution of (3) when
& is infinite with positive probability, which implies, in particular, that (H6) is not
satisfied.

Note that there are some differences between our work and the results of Le
Gall or Dynkin and Kuznetsov. With the superprocesses (see [14] or [8]), it should
be assumed that g < 1. In our case there is no restriction on g > 0.

Moreover, the Dirichlet boundary condition for the PDE (6) is not taken in the
same sense in the two approaches. With the notion of the boundary trace (see [8,
14, 15] and [16]), there always exists a maximal positive solution; if g <2/(d — 1),
this solution is unique, and if ¢ > 2/(d — 1), the problem (6) may possess more
than one positive solution. More precisely, assume that D is the unit ball in R?,
that ¢ > 2/(d — 1) and denote by s the Borel measure on d D which assigns
the value +o00 to every nonempty set. Then for every ¢ > 0, there exists a positive
solution of (6) such that u(0) < ¢ and the trace of u is p (see Proposition 5.1 of
[16]).

In our case the Dirichlet condition in (6) is taken in the viscosity sense (see
Definition 4 in Section 5). The results are rather different: there exists a minimal
positive viscosity solution. But we are unable to give conditions to ensure unique-
ness of the solution.

Main results. In the first section we will prove an a priori estimate which is a
probabilistic generalization of the Keller—Osserman inequality.
In Section 2 and in the rest of the paper we assume

E>0 a.s.
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and we allow & to be infinite with positive probability: P(§ = 4+00) > 0. We must
modify Definition 1 of a BSDE when & does not satisfy the condition (H6).

In the rest of this paper p denotes the distance from the boundary of D. For
x € D, for all positive 1, let us define the stopping time

®) T, =inf{t > 0, p(X;) < n}.
REMARK 2. For x € D, r,;c < 1y a.s. and if x € D, when n goes to 0, r,;“ con-

verges to 7, a.s. When x € 9D, for all n > 0, t,;‘ = 1, = 0 a.s., because every point
x € 3D is regular [condition (C1)].

Therefore, we suppose x to be in D and for convenience, we omit the variable x.

DEFRINITION 2. For an F;-measurable & such that P(§ > 0) = 1 and
P& = o0) > 0, the process (Y, Z) is a solution of the BSDE (3) if:

(D1) forallp >0andall T >0,

N )
E( sup |Yiar, 2+ |Zy| dBr) < +00;
0<t<T
(D2) P-as.forall0 <f <T andall n > 0,
Yt/\r,, = YT/\r,] _f

tAT,

T AT TNty

n
vavitar - [ zap,:

AT,
(D3) ontheset{t >}, Y; =& and Z; =0, and P-a.s.,

t—l>iI-i1-loo Yine =§.

We first construct a process {(Y;, Z;); t > 0} satisfying the conditions (D1) and
(D2) of the previous definition. (Y, Z) is the limit of the sequence of processes
(Y™, Z™), solution (in the sense of Definition 1) of the BSDE (3) with terminal
condition £ A n. From the first section we already know that there exists a constant
C such that

Vi=0  pYI(Xin0)Ye < C.
Moreover, we prove the following:
PROPOSITION 1. On {§ = 400} the explosion rate of Y is in the order of

0 29(X;77): there exists a positive constant C depending on D, g, the bound on
b and o in (B) and on the constant o in (E), such that

liminf p /‘I(XMT)YMr >C a.s. on {& = +oo}.

t——+400
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Without other assumption on &, we cannot prove that (Y, Z) satisfies the condi-
tion (D3) of Definition 2.

In Section 3 we first prove that P-a.s. the limit of Y, as t goes to +o00 exists
and

lim YA > E&.
dim Yinez

Then we add some assumptions on & and on the diffusion X to insure that the
condition (D3) holds. We prove the following:

THEOREM 2. Under the assumptions:

e the terminal data & satisfies
(A1) § =g(Xo),

where g :R? — R is a function such that Fso = {g = +00} N 3D is a closed
set;
o onRY\ Fy, g is locally bounded, that is, for all compact set X C R?\ Fa,

(A2) glx € L®(RY).
e the boundary d D belongs to C>;

the process Y is continuous, that is, lim;_, y o Yinr = & P-a.s.

In the next section we prove if there exists a solution (Y, Z) of the BSDE (3) in
the sense of Definition 2, then Y > Y. Therefore, if the process (Y, Z) is a solution
(e.g., if the assumptions of Theorem 2 hold), it is the minimal solution.

In the last section we show the connection between the BSDE (3) with terminal
condition g(X’t‘x) and the PDE (6) with Dirichlet condition g. The assumptions of
Theorem 2 hold. In the previous sections we have defined a process {(Y;*, Z}); t >}
which is a solution of the BSDE (3) with terminal data g(X’;x). Next we define

ux)=Yy.

The main result follows:

THEOREM 3. Under the assumptions of Theorem 2, u is a viscosity solution
of the PDE (6) with Dirichlet condition g.

Here we do not suppose that a viscosity solution is continuous. But under some
stronger assumptions on the operator £, we also give some regularity properties
of the solution u#. We also prove that  is the minimal solution.

In the last section we will see that these results are still true with more general
generators f.
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THEOREM 4. Assume that f is a nonincreasing and C' function with
f(0) =0, and such that there exists g > 0, k > 0 s.t.,

9) Vy>0  f(y) <—xy'™.

If € is a nonnegative random variable, with P(§ = 4+00) > 0, and such that the
assumptions of Theorem 2 hold, then there exists a process (Y, Z), solution of the
BSDE

T T

(10) Y, =&+ fX¥r)dr — Z,dB,
INT

INT

[in the sense of Definition 2, with f instead of y — —y|y|? in (D2)].

Moreover the conclusion of Theorem 3 is still true: there exists a minimal vis-
cosity solution for the PDE

Lu+ fu)=0 on D,

(11)
u=g on dD.

Important remark on the condition (E). The condition (E) can be relaxed. In
the rest of the paper we can also work with the assumptions (L), (B) and we add
the following condition: b is continuous and satisfies the monotonicity condition:
there exists u € R such that

(M) Vix,y) eRIx RT  (x — ylb(x) — b(y)) < plx — yI%;

here (-|-) denotes the scalar product in R?. Under these assumptions equation (4)
has a unique strong solution X*. For each x € D, we define the stopping time

T =1, =inf{t >0, X ¢ D}.

We also assume that the conditions (C1) and (C2) hold.

Under the assumptions (M), (L), (B), (C1) and (C2), the results which may be
false are in Section 2, Proposition 1, and in Section 5, Propositions 11 and 12. We
are unable to control the explosion rate of Y (see Remark 5), nor to prove that the
viscosity solution u is continuous on D without the ellipticity condition.

In the rest of the paper all results (except maybe Propositions 1, 11 and 12)
could be proved without the condition (E). Indeed, we use this assumption only in
the proofs of Propositions 4 and 8, in order to control the Green function G(x, -)
associated to the process X* killed at t,. Under (E), this function G(x, -) is con-
tinuous on D except at the point x, and is integrable on D. This assumption on G
can replace (E) (see, e.g., [21] for more details on G).
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1. An a priori estimate. Let (Y, Z) be the solution of the BSDE (3) with
terminal data £ such that the hypothesis (H6) holds. We will need an a priori in-
equality in order to control Y, for ¢ € [0, +00[. The idea comes from the Keller—
Osserman inequality which is true for any open set D ([11] and [17]). Denote by p
the distance to the boundary of D C R?.

THEOREM 5 (Keller—Osserman).  There exists a positive constant C = C(q, d)
such that if u is any C2(D) solution of

—Au+ulul?=0 inD,
then for all x € D,

|M(X)|SW-

Recall that in our case D is supposed to be bounded and 3D € C?. The process
X* is the solution of (4), and the stopping time t, is defined by (5). We will prove
the following:

THEOREM 6 (A priori estimate). There exists a constant C [depending on the
open set D, on q and on the bound in (B) of b and o such that for every x € D
and every solution (Y, Z) of the BSDE (3) with terminal time T, and terminal data
& such that (H6) holds, we have

(12) vVt >0 |Yt|§W.
We define the signed distance d
d(x):{dist.(x,aD):,o(x), %f xeDC,l
—dist(x, D), if x eRY\ D.
For i > 0, let
My (x eRY [d(x)] < ).

The following lemma (see [9], Lemma 14.16) relates the smoothness of the dis-
tance function d in I';, to that of the boundary 9 D.

LEMMA 1. Let D be bounded and 9D € C* for k > 2. Then there exists a
positive constant |1 depending on D such that d € C k(FM).

PROOF OF THEOREM 6. Recall that D is an open bounded subset of R? with
dD e C2. From the previous lemma we already know that there exists a positive
constant p such that on I';,, the signed distance function d belongs to C 2. And
d = p is continuous on D. There exists a positive constant R (depending only
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on D) such that forallx € D,0<d(x) =p(x) <R.Let ® C*®(R%; [0, 1]) such
that ® is equal to 1 on RY \ T',, and is equal to 0 on 'y, 5.
For 0 <& <1 and C > 0, we define a function ¥, € CQ(Rd; R.) such that
on D,
C
[(1—®)p+RD+e]¥4a’

8:

Such_a function exists because (1 — ®)p + R® + ¢ > ¢ on D. Remark that if
xeD,
C
W (x) < W-
We denote by 6, the function (1 — ®)p + RO + 8,glat is,on D, ¥, = C0;2/q.
We apply the Itd formula to We(X7,, ), where x € D. For convenience, we fix
¢ >0and x € D and we omit the index ¢ and x. Forall0 <7 < T,

TAT |
W(Xine) = W (X7ne) — / WX, dr

INT

T AT

- f VW(X,)o (X,)dB,

(13) INT
T AT
_f [V (X)b(X,)
INT
+ %Trace(ao*(Xr)Dz‘IJ(Xr)) - LI’(Xr)Hq]d’”'
Now
wlte — C1+49—2/q—2
0V _2C 4 00
ax; q ax;’
) 2
v %(EH)@—M—ZEE_ 2€ y-2sg-1 90
axiaxj qg \q ox; 8xj q 0x; 8xj

Therefore,

1

(V)b + 5 Trace(oo*D*W) — W'+
26
(14) = —ce—z/q—l[cq +—(Vo)b
q

102 2, 0 *1)2
——|—4+1)|loVO||” + —Trace(co™D?9) |;
q\q q



BSDE WITH SINGULAR FINAL CONDITION 1081

and b, 0, 6, VO and_ D?0 are bounded on D. So we can choose the constant C
such that for all x € D

20(x)

1/2 5
C?+ (VO (x))b(x) — —(— + l)llo(x)VQ(x)ll
1) q\q

f(x) 0 P2
+ ——Trace(o (x)a™(x)D“6(x)) > 0.
q

The constant C depends only on D, on ¢ and on the bound in (B) of b and 0. We
have obtained forall0 <¢ < T,
TNt

W(Xine) = W(X7ne) — / VW(X,)o(X,)dB,

INT
TAT TAT
— f (X)) " dr +/ U, dr;
INT INT
with U a nonnegative adapted process, and on {t > t},
C
V(Xinr) = 827

If (Y, Z) is the solution of the BSDE (3) with a final condition & in L*° (2, ;, P)
(see Remark 4), we can find 0 < & < 1 such that

C
1§] < 274 a.s.

Moreover, the Tanaka formula (see [10]) leads to, forall0 <t < T,

T AT
sign(Y,) Y, Y, |9 dr —/ sign(Y,)Z, d By,

INT

T AT

|Y,M|=|Ym|—/

INT

+2(Aspc(0) — AT pc(0))

TArT TAT
— Yol — / Y, 1+ dr — f sign(Y,)Z, dB,
INT

INT
+2(A:(0) = AT (0)),

where A is a local time of Y. Thus, A7z (0) > A;x;(0) a.s.
By a comparison theorem (Corollary 4.4.2 in [6]), we have a.s.

vVt >0 |Yt|§\ps(XtAr)§m‘

By a density argument, it is clear that, if (¥, Z) is the solution of the BSDE (3)
with a final condition & satisfying (H6), then

Vi>0 |V <——M0—.
"7 p (X D
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REMARK 3. The constant C depends only on the bound in (B), on D and q.
Moreover, in the special case where D is a ball and where the drift in the SDE is
equal to 0, the constant C depends only on q and on the bound of o and not on the
center nor the radius of the ball. For example, if X is the Brownian motion, (12) is

true for any C such that
472 4d
C‘fz—(—+1)+—.
q\q q

PROOF. In the case of a ball, we can give a slightly different proof because we
have an explicit expression for the distance function. We will assume that D is the
ball centered at y and with radius R. In this case the function p is equal to

R? —|x —yl?
px)=R—|x—y| < — = =0(x),
if x is in the ball. The function @ is not of class C2 on the whole space. We modify

6 in order to have a C? function. For all 0 < ¢ < RZ, on the ball G, 6. will be equal
to

R*+e—|x—yl?
R

and on the whole space R?, 6, is positive and of class C2. Remark that on D, 6; is
greater than 6. Now we consider the function

Oe (x) =

e

and like in the proof of Theorem 6, we prove that there exists a constant C such
that the inequality (15) with b = 0 holds. But now for x € D,

2 2 4 2
VO (x) = _E(X —y) = [lo(xX)VO: ()| = EIIG(X)(X -
2
< %u VP < 4K
D20 (x) = —%Id = Trace(o (x)o*(x) D%0.(x))

2 T N - 2K
=-z race(o (x)o™(x)) > =

It suffices to choose C such that
4 /2 , 4K
Cq2—<—+1)K + —
q\q q

in order to have (15). If X is the Brownian motion B, that is, o = 1Id, C? >
3(% + 1)+ %. Here C depends only on the dimension d and on ¢, like in the
Keller—Osserman theorem. [
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2. Approximation. We first prove a technical result which gives a sufficient
condition on £ to insure existence and uniqueness of the solution of the BSDE (3).
In our case forall p > 1, v, =0and f(z,0,0) =0.

PROPOSITION 2. Under the condition (C2) on the first exit time T of the
diffusion X, let & be an F;-measurable random variable such that &€ € L" with
r > 2(1+ q). Hence, there exists p > 1 and A > 0 such that the condition (H6) is
satisfied:

T
(H6) E[el’“|g|l’ +/ "M [E(g|F) |7 dt] < +o0.
0

PROOF. With @ > 1, y > 1 such that 1/ + 1/y =1, the Holder inequality
leads to

E(eP*T|g1P) < [E(e“P*) [V [R(1&|7P)]V7 .

If £ € L" with r > 1, there exists y > 1 and p > 1 such that yp < r. From (C2),
we can choose A > 0 such that Aap < 8.
For the rest of the condition (H6), we have f(y) = —y|y|? and thus,

IE[ [ e”“lf(Ef’S)l”dt} < E[ [ ef’“Eff(@W“*‘”)dr}

PAT _
SEI:e 1 sup E%(|§|p(1+Q)):|
AP 1el0,7]

1/y
< i[Ee“P“]‘/a[E sup Ef”fﬂsvp“*q))} :
Ap 1€[0,7]

From the Burkholder-Davis—Gundy inequality we obtain

E sup E%(|E|VP(1+Q)) < C[E|§|2)’p(1+®]1/2.
t€l0,7]
If r >2(14¢q), we can choose y > 1, p > 1 and A > O sufficiently small such that
2yp(14+¢q) <randaip <. U

REMARK 4. From the previous proposition, if £ € L" for some r > 2(1 + ¢q),
there exists p > 1 and A > 0 such that the condition (H6) is satisfied. From The-
orem 1, there exists a unique L”-solution (Y, Z) of the BSDE (3) which satisfies
the estimate (2).

For terminal data &, if (Y, Z) is a L?-solution for some p > 1, then (¥, Z) is
also a L” -solution for all 1 < p’ < p. Therefore, if (Y’,Z') is a L” _solution for
some p’ < p, then we can easily prove that (Y, Z) = (Y', Z').

If £ € L, from the proof of Proposition 2, (H6) holds for every p > 1 and
A=p/p.
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We are interested in the case where & is a nonnegative random variable with this
new assumption:

P =+00) > 0.

We still assume that the conditions (L), (B) and (E) hold, that T = 7, is the exit
time of the diffusion X* from the set D, and that T satisfies (C1) and (C2). From
Remark 2, we can suppose x to be in D and for convenience, we omit the vari-
able x. We suppose that & is F;-measurable.

Now for each n € N*, let &, = & A n be our final condition. With Remark 4 we
obtain the following:

LEMMA 2. There exists a unique solution (Y", Z") (in the sense of Defini-
tion 1) of the BSDE (3) with terminal data & A n.
From a comparison theorem (see Corollary 4.4.2 in [6]), we have a.s.
Vi>0,n<m o<y!<vy/"
Define the progressively measurable process Y by
(16) Y; = lim Y/ vt > 0.
n—0o0

PROPOSITION 3. The sequence (Z™), N+ converges also to a process Z and
(Y, Z) satisfies the assumptions (D1) and (D2) of Definition 2.

PROOF. From (16), we already know that (Y"),cn+ converges to Y.
From the Itd formula and the Burkholder-Davis—Gundy inequality, there exists
a constant K such that forall n > 0,n >m and 0 <,

S/\T,]
E( sup |/, — Yﬁ,ﬁﬂ) +IE/ 1z" — z™||*dr
t€[0,s] 0
< KE(Y{\,, = Y%, ).
See (8) for the definition of 7,,. But with the inequality (12),
i C C
" p(Xsng,)) T 0

and with the Lebesgue theorem, we conclude that (Y,”Mn, Z-nm,,)n converges to

(Yorrys Zoar,) in L2(2; C(R1;Ry)) x L2(2 x RT) and (Y7}, converges uni-
formly to Y. o, .
Hence, (Y, Z) satisfies the following equation: for all 0 <t < s, for all > 0,

S/\Tﬂ

v _ _'/-S/\TU(Y )1+‘1d _/ 7. dB
tAt, = Lsar, ] r r ] r r-

ATy ATy
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From this equation, with the 1t6 formula and the estimate (12), we deduce that
B sup (Yo, ) +E [ 12,12 dr < KEIYorr
tel0,s] 0
- K - K
= 0 (Xgpg) 24
Therefore, (Y, Z) satisfies the conditions (D1) and (D2) of Definition 2. [

From Definition 1, we also have that on the set {t > t}, ¥; = & and Z; = 0. With
the monotonicity of the sequence Y”, we can conclude that

IiminfY; o; > & a.s.
t—4+o0

It remains to show the converse inequality,

limsup Yiar <&,
t— 400

to have the last condition (D3). Without more assumptions on £, we cannot prove
(D3). But we are able to give some other estimates on Y and Z.

PROPOSITION 4. For all ¢ > 1, there exists K such that

T
E fo 1Z: 12 p (X0 dr < K.

PROOF. We use again the notations I';,, the function 6 =6y = (1 — ®)p + RP
as in the proof of Theorem 6, and 7, for n < . Recall that 6 € C 2(D; R) and on D,
0=(—®)p+ RD>d>0. Of course, x — |0(x)|[*/21¢ is not in C2(R?), but
this function belongs to C2(D \ I";;) and we can define this function on the rest of
R4\ D)U I";, in order to have the required regularity. The It6 formula leads to

(V)0 )70 (Xipg )T

IAT,
— (YI)20(Xo)Hate + f NZr 20X dr
0

IAT,

INT,

+2/ ’I(Yf)2+q9(Xr)4/q+8dr+2/ Y:’Q(Xr)4/q+8Z:’dBr

0 0

4 INT,
F(Ze) [T @00 N (X, dr + 0 (X dB)

q 0

(4 +8) ATy " 4 _

+ ELED [y 2[5+ o= 1)ocxn et 2o vece P

+0(X,)¥ate] Trace(aa*(Xr)sz(Xr))] dr

4 INT
+ 2(5 + s) /0 "Yro(X,)Y e 20ve(X,)o (X, dr.
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Then

E Nt Zn 29 X 4/q+8d
A I1Z 1170 (X,) r

4 AT
+ 2(— + S)E/ Tyre(X,)Y 11 200X, o (X)) dr
q 0

is bounded from above by

E((Y]r, )70 (Xing,)949)

4 tATy
- (— + e)E/ YM20(x)¥te=lve(x,)b(X,) dr
q 0

174 AL 4/q+e—1 * 2
a7n - —(— +e>u«:/ (Y™20(X,)"9+¢ = Trace(o 0 *(X,) D0(X,)) dr
2\q 0

o) G ) [T oo tec)
2\q q 0

x |lo(X,)VO(X,) | dr.

In the proof of Theorem 6, we have obtained that there exists some constant C
such that for all » € N* and for all r > 0,

(18) (Y" 20X n0)¥1 < C.

INT

Moreover b _and o are bounded [assumption (B)], and V8 and D?0 are also
bounded on D. Thus, the right-hand side of (17) is bounded by

T T
K(l-HE/ Qa_l(Xr)dr+E/ GS_Z(X,)dr)
0 0

We denote by p(t, x, y) the density of P*(X; € dy; t > t). P* means that the
diffusion process X starts from x € D at time 0. Then

T o0
E f 65~ (X,) dr = / f 60"~ () p(r. x, y)dydr
0 0 D

=/ 0°=1 ()G (x, y) dy,
D

where G is the Green function associated to the process X Kkilled at time t
(see [21], Section 4.2, Theorem 2.5).

We claim that the last integral is finite. Indeed, if B(x, v) is the ball centered at
x with radius v > 0, since x € D, we can find v > 0 such that B(x,v) C D and
B(x,v)NT', =@. We denote by U the set D\ (B(x,v)UTI,).On U, fg_lG(x, )
is a continuous function and is bounded by K. On I';, [resp. on B(x, v)], G(x, -)
(resp. 0°~1) is continuous and bounded by K . On the boundary of D, ¢! is singu-
lar if ¢ < 1. Recall the definition of 8:0 = (1 — ¢)p + Re. Hence, 0 is equivalent
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to p at the boundary and if &€ > 0, f¢~! is integrable on D. G has a singularity
when y — x, but with Theorem 2.8 and Exercise 4.16 in [21], this singularity is
integrable. Therefore, we split the integral into three terms:

E /O 0°=1(X,) dr = fDe€—1<y>G(x,y>dy
< / 05~ ()G (x, y) dy + / 6051 ()G (x. y) dy
B(x,v) r,
+ fU 651 ()G (x, y) dy
<K )G(x,y)dy—i—K/F 0¢~1(y)dy + K Vol(D)

B(x,v
< +00.

From the second integral, the same arguments show that if ¢ > 1,
T
(19) E/ 05 72(X,) dr < +o0.
0

Therefore, the right-hand side of (17) is bounded by a constant K which does not
depend on 75, n and ¢. And using the Cauchy—Schwarz inequality,

INT,
‘E/ ! Y"0(X )Mt 2y (X))o (X,) dr
0

IATy, 1/2
<(B [ iznPocx e ar)

IATy 1/2
x (B [ o) e Ve o (o) )
0

But since VO and o are bounded and since (18) and (19) hold, if ¢ > 1,
ATy
B[ 00200 v o (X dr < K.
0
Inequality (17) can be written as follows: A, + B, < C,, with

0<A —E/W" 1Z71126(X,) 49+ dr
= Ap = ) r r 8

4
|Bn|=2(—+e)
q

and |C,| < K. Thus, for all n € N* and for all r > 0,

INT,
]E/ ! Y"0(X)Y1 17w (X, )o (X,) dr| < KAL/?
0

E AT n 2 4/q+¢
A I1Z 1170 (Xr) dr <K,
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which implies, by Fatou’s lemma,

E/OT 1Z-11260(X)¥ 9 dr < K.
Since 6 > p on D, we obtain the announced result. [

The condition ¢ > 1 is required in order to insure that
T
IE/ 05 %(X,)dr < co.
0

But this integral is equal to [, Qs_z(y)G(x, y)dy, where G(x,y) is the Green
function associated with the process X* killed at 7. And if, for example, the in-
finitesimal generator of the diffusion X is self-adjoint in L>(R?), that is, £ =
(1/2)div(co*V), then G(x, y) < Kp(y) (see [7], Theorem 9.5) and the previous
integral is finite for any € > 0. Hence, we obtain that, for any ¢ > 0,

T
E fo 12,120 (X)) 4+ dr < oo

In the next proposition we find an adapted process smaller than Y. This process
will give us a lower bound on the explosion rate of Y on the blow-up set {£ = oo}.

PROPOSITION 5 (Lower bound on Y). We define the following process:

Ez[(q(t -1 /\1t) + I/S‘I)l/q]

Then forallt >0, E; <Y;.

=
(o]

t

PROOF. Denote by «; the quantity

1 1/q
%= <q(r—mz)+1/gq) ’

if t <t and oy, =& on {¢t > t}. The process « solves the equation

T
o =ar — / oer1+q1[0,f](r) dr.
t
Note that E; = E(a;|¥;). Thanks to Jensen’s inequality,
T
of 5Eff<aT —/ E}+q1[0,,](r)dr)
t

and the comparison theorem (Corollary 4.4.2 in [6]) achieves the proof. [

We now want to find a lower bound for p(X;,;)*/?E, when ¢ goes to 0o on

{§ = o0}
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LEMMA 3. Let p(x) denote the distance of x € D to the boundary 0D and t
be the exit time from D of the diffusion X . Let the conditions (L), (B) and (E) hold.
Then there exist two positive constants C1 and Co which depend on D, q, o and b
such that for all x € D,

1\ /g
C < p(x)z/quK;) } < Cs.

PROOF. Recall thatif x € D, P*(r > 0) =1 and

E ()= [P "Ya
()=l (o)

If T < h, then sup, 9 p) | X: — x| > p(x). Therefore, we can apply Theorem 4.2.1,
page 87 of [23] to obtain

P'(t <h) < Px( sup | X, —x| > p(x)) < Ky eKehg=Kop(0)?/h
t€[0,h]

We apply this inequality with s =1/y% and y > 1:
1 +00 % 2
/¥4 ,—Kap(x)"y?
Ex(tl/q>§1+/1 KKy g=Kap )%y g,

+o00
<1+ Kk fl e K2y gy

K
_ +ﬂ/+°°e—1<zuul/q—1du
gp(x)21 Jpx)2

Kiek2 +o0
ﬁ‘/‘ eiKZ“ul/qfl du.
qp ()% Jo

Since —1+1/g > —1, we deduce

p(x)z/qu<;> <0

‘[l/q

For the other inequality remark that

+00 1 1/p(x)*/4 1
/ Px(f<—)dy2/ Px(t<—>dy
0 v 0 v

and P (7 < 1/y?) > P*(X1/ya ¢ D). We just have to find a lower bound to

2y [P — +oo — du
pG?l [ P Xy D)y = [ P (X £D) 5
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Let A, be the set (R? \ D)N B(x, 2p(x)) which is not empty, and Vol(A ) denotes
the volume of the set A,. Using the Aronson estimates of [22], we have, foru > 1,

Pt (X,o(x)zu‘l ¢ 5)

1 472
o)
RAD \ 27 ud p(x)?

2
X exp<—1(4uq,0(x)2 - K u) dy

Y2udp(x)?
ok 1 dj2
= Ax<2ﬂqu(X)2>

X exp —Kaulp(x)? — K4M dy
2ud p(x)?

a2
> K3<—2> GXP(—K4qu(X)2)f exp(—2Kqu~7)dy
2mudp(x) Ay

ol Volia,

p(x)d

d/2 )
W) exp(—Kau? p(x)?)

because u > 1. Thus,

5 1/p(x)*4 _
0 (x) /q/o P*(X1/ya ¢ D)dy

T PPN I A (0
= K| [ ewp(—Kaut p(e) T e

with

2r
The integral has a lower bound because the open set D is bounded and the domi-
nated convergence theorem shows that

+o0 +0o0 du

du
: _ 2y« e

d/2
Ks = K3e—2K4<i) / .

We have supposed that d D € C? (which was important in the proof of Theorem 6).
Therefore, the curvature is continuous on d D which is compact; so the curvature
is bounded. There exists » > 0 such that each point y € d D lies on the boundary
of a ball with radius r and this ball is contained in the complementary of D (see
Figure 1).

Instead of calculating the volume of (R4 \ D) N B(x,2p(x)), our problem is
reduced to the following: we find the volume of the intersection of two balls in
that case; see Figure 2.
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boundary of D
ball of radius r

\0

domam D

FIG. 1.

If r < x < 3r, the volume is equal to
o(x) B(x)
Vix)=cr? / (sin@)?do + C2%(x — r)? / (sin9)¢ do,
0 0

where C is the volume of the unit ball in R¢~!,

x24+r? —4(x —r)2>
2xr

a(x) = Arccos<

and

B(x) = Arccos(sx _ 3r)'
4x

Now we must prove that V(x ; 7 > K. We split V (x) in two parts. For the first part,

c2d (x — r)d foﬁ(x)(sm 9)‘1 df, the result is clear because if r < x < 2r,

0 < Arccos(7/8) < B(x) < %

Rd*]

CIN

volume

FIG. 2.
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For the second part, Cr¢ f(;x(x)(sin 0)4do,ifr <x < —4+3ﬁ’”’

x24r2— 4(x — r)2
2xr

€l0,1] = ax)el0,7/2]

and we use the fact that sin is an increasing function on [0, 7 /2[; so

/am(sine)d d6 < a(x)(l - (x2 A r)2)2>d/2
0

2xr

x24r2— 4(x — 1’)2)‘”2

2xr

< 2d/2a(x)<1 —

= <i>d/2a(x)(x — .

xr
Therefore, if r < x < 4+T‘ﬁr,
Vv Arccos(7/8)
V) g f (sinf)? db > 0.
(x —r)d 0

This proves that ():/—(f;d > K and therefore, ,o(x)zEx(%) > C; = KsK. This
achieves the proof in the uniformly elliptic case. [

REMARK 5. If the diffusion matrix is degenerate, the result on the lower
bound may be false. Suppose that o = 0 and b is bounded by k. If the exit time t
is smaller than 1/y9,

k 1/y? t
—zf b(X)|dr > sup /b(xodr = sup |X,—x|>p(x)
v 0 [0,1/y711/0 [0,1/y4]

and thus,

1
p(x)Z/QEx(m) < kp(x) /4

and the limit, as p(x) goes to zero, is zero.

From the inequality (12), we already know that there exists a constant C such
that

V>0 Yy <—— .
- "= (p(Xia))?d

Now we prove Proposition 1:
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PROOF OF PROPOSITION 1. From Proposition 5, we work on the process

= — Et)lZO FOI‘ all t Z 0,

1 1/q
2/q g, = p/ s
PN (Xinr) Br = p7 1 (Xinr)E [(Q(T_T/\t)—i_l/gq) ]

2 % SQIS<OO )1/Q:|
— 024X, )E [(Hng(f_mt)

24 . 1 1/q
X E|| —m8 — 1~ |.
024 (Xype) [(q(r_fm)) g_oo}

The first term in the right-hand side is nonnegative. Let T =t — t A ¢: it is the first
exit time of the diffusion starting at X;,.. Hence,

2 s 1 1/q
X E7| | —— 1:—
P (XiaT) |:(q(l' . /\t)) S_oo]

1\ V/a 1"/ N\ g,
— (5> E% {)OZ/q(Xt/\‘L’)]EX”\T |:<%) ]ISZOO} Z Cl <5) ]Eft (15200)’

where C; is the lower bound of Lemma 3. Thus, we obtain

5 1\ /4 z
P (X ) Er > cl<5) E% (1e_oo)
and we deduce the announced result. [

3. Continuity. Recall that we have constructed a couple of processes (Y, Z)
which satisfy forall >0 and all0 <t <T, Y; >0 and

T Aty | T Aty
YtAr,, = YT/\1:,7 _/ (Yr) +4q dr —/ Zr dBr.
IATy tATy
Moreover, on the set {t > t}, Y, =&, Z; =0 and liminf; ;o Y;Ar > & a.s. We
now want to prove the converse inequality, namely, limsup,_, ,, Yiar <& a.s.
Remark that we just have to show this estimate on the set {§ < +00}.

3.1. Existence of the limit. We first prove that the limit of Y;A;, as ¢ goes
to +o00, exists a.s. In the proof we will distinguish the two cases: & is greater than
a positive constant and £ is nonnegative.

3.1.1. The case where & is bounded away from zero. We can show that
(Ytaz)r>0 has a limit as + — +oo by using It6’s formula applied to the process
1/(Y™)4. We prove the following result:
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PROPOSITION 6. Let the conditions (B) and (E) hold. Suppose there exists a
real a > 0 such that &€ > a > 0, P-a.s. Then

1 —1/q
e Yoe=[E(qe a0+ (g))-e] L 0=
where ® is a nonnegative supermartingale such that on the set {t > t}, ®; =0.
PROOF. From Proposition 5, for every n € N* and every 0 <1,

‘= E%Kq(f A Jlr (1/( An))q)l/q]'

n
Y/ >

(1]

Since & > «, we have

= (Gmeriram) 12 () ]
= Nga—ran+ /) 157 l—I—qtoﬂ)

1 1/q
> ———— )
- <1 —i—qaqE?t(r))

Therefore,

(1]

1

21 V>0 0<
b =0 D=

1
<—(1+ qa?E% (1)) < 400
o

because the conditions (B) and (E) hold, which implies, in particular, that
7 € L'(). Thus, for all # > 0, (Y/")~? belongs to L' (). We want to apply the
It6 formula to the semi-martingale Y" with the function 0 < x — x~ 9. But we just
have that a.s. for all # > 0, ¥ > 0. For ¢ > 0, we define a C? function fe:R—>R
such that on R,

w=(—)"

Note that for a fixed x € R4, (fe(x))e>0 is increasing and the limit is equal to
f(x) =x719. By the It6 formula, forall 0 <t < T,

" . " B AT - "y B TNt - nH—qd
JeWine) = fe(Yr o) fe(Y,)Z, dB, Le(rH(Y) T dr
INT INT
1 Ine " 2
3 [ ramizitar
INT

(22) -
P . T
=E" f.(Y},,) —E” / FLymyymita dr
INT

1 F; It Vi 2
—IgF f IOz dr.

INT
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Now for x > 0, f/(x)x'*4 = —q(5)'4, thus, —g < f/(x)x'T7 <0, and

/! 1 2+q
=q(1 —_— .
e (x) =¢q( +q)(x +8>
Thereby, a.s. and in LI(Q) forallO<t<T,
TAT
lim E* / LYyt dr = —qEF (T At —1 AT).
8—)0 IAT

From (21), we have that a.s. and in L1 ()

1
. Fr n _ ¥
slgI})E fe(Yr,r)=E 70%,)‘1
and

hm fe(Y! ne) ( v

For the last term in (22), we use the monotone convergence theorem and hence,
we have proved that, forall 0 <t < T,

1 1
=K% +qIET’(T/\t—t/\r)
( /\‘[)q (Y¥Af)q

_q(q+1)E¢,f“f I1Z;11?
2 ine (Y12t

Let T go to 4-o0:

! =E* ! +qE}7(r—t/\r)
(Yihe)? (& An)t
4@+ D / A
2 tne (Y1)
Let n > m. Since £ An > & A m, we obtain, for all 0 <1,
1

= m - n
YR (Yia)e

(23)

=IET’( L >
(EAm)? (& An)
_q(q+1)<E$t/r wds—ﬂz?’fr I1Z311? ds>.

2 AT (Ysm)q-i-Z AT (st)q+2
Now
q(q+1)‘E¢t S 2 — [ s ’
AT (Ysm)q+2 AT (st)quZ

S[E%<<mlm>q_<mln>q)] [( i»q ¥ i»q]
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For a fixed ¢ > 0, the sequences (EF: m)n>] and (ﬁ)nﬂ converge a.s. and

in L' (dominated convergence theorem). Then the sequence (E*: f, At ()l,f q”+2 ds)p=1

converges a.s. and in L' and we denote by & the limit

4G+ Do, / 1z 1

®;, = lim
! inr (YI)a+2

n—+o00 2

On the set {r > t}, ®; =0 a.s. and we have

q(q+1)E,f_~t/f 12312
2 ine (Y)4+2

Fi F 1
SqE (T—[/\T)+E (m)

1
<qBE%(r) + —.
o
Thus,

37 1
&, <gE" () + —.
ol

Tz J Toze)?
745 = g2 95
ar (YI)dF (e (Y1)

— E*‘fr I1Z: 17 ds>E?rE$’/t IZLI°
rar (Y42 70— ine (YM)a+t2

Forr <t,

— &, >E"o,.

We deduce that (®;)p<; is a nonnegative supermartingale. Now for all n € N*,

=qE?’(r—t/\r)+E?’< )—Q(qul)IE?’fT EA§
(¥4 (& An)d 2 iar (YHa+2
Fix ¢ > 0. Taking the limit as n — 400, we deduce
_qIE’(r—t/\t)+E’< ) D,.
(Yinr)d g)

This achieves the proof of Proposition 6. [J

@ being a nonnegative supermartingale, the limit of ®;,, as ¢ goes to +o00
exists P-a.s. and this limit &, - is finite P-a.s. The L'-bounded martingale E¥: (éiq)
converges a.s. to 1/£9 as t goes to 400, then the limit of ¥;,; as t — 400 exists
and is equal to

) 1
Am Yine = (1/€9 — d,-)1/a"
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If we were able to prove that @ is continuous (or ®,- is zero a.s.), we would have
shown that Y is a continuous process.

3.1.2. The case & nonnegative. Now we just assume that £ > 0. We cannot
apply the same arguments because Y” may to equal to zero with positive probabil-
ity, which implies, in particular, that (¥;')™9 ¢ L' (). We will approach Y” in the
following way. We define forn > 1 and m > 1, £ by

1
g =(E ARV —.
m

This random variable is in L? and is greater or equal to 1/m a.s. The BSDE (3)
with £ as terminal condition has a unique solution (Y™, Z™"™) It is immediate
that if m <m’ and n < n’, then

~ ’ ~.
Yn,m S Yn ,m.

As for the sequence Y”, we can define ¥ as the limit when n grows to +o0
of Y™™, That limit Y™ is greater than Y = lim,_, 1~ Y". But for m < m’ for
0<t<T,

- - , TAT - ,
R S e (vl I (e D S B T
T
Tnt
_ / [Zn ,m Z}’l m ]dBr
t

Sn,m Sn,m’ Ine Sn.m’
, , n,m n,m
< -Y — /; [Zr — Zr 1d B,

TNt TArT
AT

and taking the conditional expectation given F;,

0= T~ T BRI - T <

T AT T/\r

Letting first 7 — +o0 and then m’ — 400 in the last estimate leads to

" 1
O < Yl‘/\‘[ YZ‘A‘L' —
Therefore, P-a.s.,
1
?gg| IAT Yl‘/\f|§%-

Since for each m > 0, (17,’7\1)20 has a limit on the left at +00, so does Y.
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3.2. Continuity of Y. We know now that

(24) }gnigthm = ILITOO Yine 2 &

and on the set {t > t}, ¥; = &. In this part we give sufficient conditions to ensure
that the process Y is continuous, that is,

lim YA =€.
im Yoo =¢

It suffices to prove the result on the set {§ < oco}. In the rest of this section, we will
suppose that (A1) and (A2) hold, and P(§ < 00) > 0= F # dD.

3.2.1. A first step. In the first section we have proved the following estimate:

(12) P-as. Vi=0 Y| < ————,

SR PICENEL
where p is the distance to the boundary of D. The constant C depends on g, D and
the bound on » and o in (B). Here we want to construct another estimate which
depends also on the function g. Our result is the following:

PROPOSITION 7.  Suppose that the boundary of D belongs to C3. If U is an
open set such that U N Fso = @ and U N dD # @, then there exists a constant
Cc=CU,g,q,b,0, D) and an open set Dy such that D C Dy and if py denotes
the distance to the boundary of Dy, we have

(25) Pas. VneN Vi>0Y'<——— .
(pu (Xinr))?/e

Recall that T is always the first exit time from D.

PROOF. We suppose that the set F,o = {g = 400} is not equal to 0 D. Hence,
if we define for all € > O the set

Fy; ={y € dD; dist(y, Fx) <€},

there exists &’ > 0 such that F» % 8 D. Moreover, if U is an open subset of R¢ such
that Foo NU = @ and U N 3D # @, there exists 0 < & < &’ such that U N 9D C
oD\ Fg.

Recall that D is a bounded open set of R? with a boundary 8 D € C3. Thus, there
exists ¥ > 0 suchthaton ', ={y € RY; dist(y, d D) < r}, the signed distance d

d(x) = dist(x,0D) = p(x), if xe D,
Y= =dist(x, D), if xeRI\ D,

belongs to C3(I',). Moreover, for all y € I',, there exists a unique x € 3D such
that y = x — d(y) 7 (x), where 77 (x) is the outward normal vector at the point
x € 3D. We have |y — x| = |d(y)| = dist(y, d D). The result can be found in [9].
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We take a function i, :R? — [0, 1] such that Y is of class C 2(Rd Yand ¥, =0
on Fy, and ¥, =1 on 0D \ F;.. With this function we define the set D, as follows:

D,=DU{yeR%3xedD,Ive(0,r/2[st. y=x+vi(x)T (x)},

where 77 (x) always denotes the outward normal vector at the point x € 3D. We
can easily prove that D, is included in D U I',, and that

F,CoD, and 0D\ F»; C D;.

If 3D € C3, then the boundary of D, is of class C2, and from our construction, the
distance to the boundary of D,, denoted by p,, is also a C? function on the set T',.
Moreover, if y € D \ Fa¢, then p,(y) =r/2 > 0.

Now the proof of (25) is similar to the proof of Theorem 6. Let ® be a C O (RY)
function such that ® =1on D\ T, and ® =0 on I';5. For all 0 < n < r/2 and
C > 0, we define a function ¥ =W, € C 2(Rd; R.) such that on D,

C C

Tl = ®)pe + Re® ]2 (6,179

The constant R; is the supremum of p; on D, and we can easily see that R, <
sup p +r/2 and that 6,, > p, for all n > 0. Remark also that W is of class C 2on D.
We apply the Itd6 formula to W(X;A,) and by the same arguments as in the proof
of Theorem 6, we can choose the constant C [depending only on D, on g and on
the bound of » and ¢ in (B)], such that forall0 <t < T,

TAT

W(Xipe) = U(X7ne) — / VU (X,)o (X,)dB,

INT
Tht Tnt
—/ (X)) dr +f U, dr;
INT INT

with U a nonnegative adapted process. The constant C must satisfy (15), that is,
20 1/2 0
C? 4+ =—L(Vo,)b — ~ (— + 1) lo V8, 11?4+ =L Trace(c o * D*6,) > 0.
q q\q q
Moreover, on {t > 1},

if X; € Fg,

V(X)) = ¢
Xo =

because on 0D, ® =0, and on F, p, =0;

W(X if X, €D\ F,,

>
RECETRT
because on dD, 0 < p. < r/2. Recall that for all n € N, (Y", Z") is the solution
of the BSDE (3) with terminal time t and terminal data g A n. On the compact set
aD \ Fg, by (A2), the function g is bounded by a constant K = K.. We choose
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C > 0and 0 < n < r/2 such that
C C

2—/ >n and —2/ > K.

4 (n+r/2)%4
We can take C > Kr?/9 satisfying (15), and n < r/2 A C4/?/n4/. Note that C
does not depend on 5. Therefore, if we define, for ¢t > 0,

Y, =W¥Xipo) and Z =VW(X)o (X<,
the process (?, Z) satisfies P-a.s., forall0 <r < T,
™ Tnt Trt
Yt ar +/ U,dr — / Z,dB,,
t t

AT AT

- - Trt
Yine=Yrae — /
INT
U being a nonnegative process, and on the set {t > 7}: Y, > g(X7) A n. From the
comparison theorem (Corollary 4.4.2 in [6]) for solutions of a BSDE, we obtain

C
P-a.s. Vi>0Y" <V, (Xjpe) < ————.
L= TN = (e (Xipe)) 24

Since this inequality holds for all n, we have proved the proposition. [

The main interest of Proposition 7 is that if 4 € Co(U) (h has a compact support
included in U) with U N Fo, = @ and U N9 D # &, then the sequence h(X.A7)Y"
is bounded in L*° ([0, +o0o[ x R2): there exists a constant K = K; such that

P-as. Vi>0h(Xa)Y! <K.

We can also prove the following:

PROPOSITION 8. For all v > 1, there exists a constant K = Ky, > 0 such
that

T
4
E /O 1Z 1204 (X)) di < K.

PROOF. Using Proposition 7, the proof is the same as the proof of Proposi-
tion4. [

3.2.2. Continuity: the conclusion. Recall that Foo = {g = +00} N ID is a
closed set, that U is an bounded open set such that U N Foo = @ and U NID # &.

Now we take a function ¢ : R? — R of class CZ and with a compact support
included in U. For B > 0, we apply the Itd formula to the process e ~#' Y/'o(X;):

E(e " (g An)(X)p(X))

(26) =E(e Y] 0(Xinr))

T T
—BE [ e ProX)Y"dr+E | e Pro(X,)Y" Y dr
AT tAT
T T
+E [ e P Y'"Lo(X,)dr +E t e Pr7'Vo(X,)o (X,)dr,

INT AT
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where £ is defined by (7). In (26), every term, except maybe the last one, is
well defined because g > 0, ¢ is a C? function with compact support, and Y
is bounded by n. Now using the Cauchy—Schwarz inequality, we obtain, for all
n>1,

T
E/ e Pz . Ve(X,)o (X)) dr
0
T 4/q+ 172
27) s[E /0 1Z) 117 077 ! ”(Xndr}

T 12
x [E /O e—zﬂ’p;“/q‘”w»||V<p<xr>o—<xr>||2dr] .

We already know that o is bounded on D. The support of V¢ is included in U.
In our previous construction of Dy, we have U N D C Dy and on U N D,
pu >r/2 > 0. Therefore, p54/ 17V ¢ is a continuous and bounded function. With
Proposition 8, we deduce

T
(28) IE/O e Pz . Ve(X,)o(X,)|dr <K.

It is important to remark that the constant K does not depend on 7.
We want to pass to the limit when n — +o00 in (26). With the monotone con-
vergence theorem, we obtain, for all 0 <¢,

im E(e7FT (g Am)(X)p(Xe)) = E(e™T g(Xo)g(Xo));

T T
lim E | e PoX)Y'dr=E|[| e P oX,)Y,dr;
t

n—>+00  Jrar AT

T

T
tim B[ e oo ar =5 [T e e
T

n—+00 AT

The support of the function L¢ is included in U. Therefore, from Proposition 7,
Y"Le(X) is a.s. bounded. From the dominated convergence theorem, we deduce
that, for all 7 > 0,

T T
lim E | e P Y"LoX,)dr=E /t e Py, Lo(X,)dr.
AT

n——+0o AT

The last term in (26) is equal to

T
E [ e Pz Vo(X,)o(X,)dr

INT

T
=E /t e P ot/ TR (X Z) - oy T (X ) V(X )o (X, dr.
AT

From Proposition 8, the sequence ,0?/ a+n/ 2(X)Z”ID. is bounded in LZ([0,
+o0o[x€2) for all n > 1. Therefore, after extraction of a suitable subsequence,
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which we omit as an abuse of notation, ,olz/ gt/ 2(X)Z”ID. converges weakly

in L2([0, +00[x ). The process
e P pg T (X) Ve (X)o (X)1;-

is in L2([0, +00[x€2) because o is bounded, and from our construction,
pEZ/q_”/Z(X)Vw(X)lw. is also bounded. Using Proposition 3, we obtain

T

T
lim E[| e #2" VX, )o(X)dr=E | e P Z -Vo(X,)o(X,)dr.
t

n—+00 INT AT

Finally, letting n — +o00 in (26), we have, for all 0 <¢,
E(e " g(X)e(X+))
= E(e_ﬂ(mr)ymrﬁﬂ(xmr))

T T
e FroX )Y dr +E | e ProX,)(¥,) T dr
t

AT

(29)
— ,BE
INT

T
+E| e P Y, LoX)dr+E| e P Z. - Vo(X,)o(X,)dr.
t

INT AT
From Proposition 7, we know that

T
]E/ e Pro(X,)Y, dr <K,
0

T T
E/ e—ﬁ’¢(x,)(y,)1+er+Ef e Y, | LX) dr <K.
0 0

For the last term, using the Cauchy—Schwarz inequality [see (27)] and Proposi-
tion 4, we obtain

T
Ef e PZ, - Vo(X,)o(X,)|dr <K.
0

Therefore, when ¢ goes to 400 in the equation (29), we obtain, using Fatou’s
lemma,

E(e T g(X0e(Xr) = lim E(e™""Yirrg(Xino)

> 5[0t tim Vi ) |

But recall that we already know that
(24) lim Yiar > g(X¢).
t——+00
Hence, the inequality in (30) is in fact an equality, that is,
Bl g (X (Xo) =E|e o0t tim vin ) |
t—+00

And using again (24), we conclude that

(30)

lim Y., =g(X;), P-a.s. on {g(X;) < oo}
t——+0o0
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4. Minimal solution. In the third section we have constructed a process
(Y, Z) which satisfies the conditions (D1) and (D2) of Definition 2. We will prove
now that, if this process is a solution of the BSDE (3), that is, if it satisfies also the
condition (D3), then it is the minimal nonnegative solution.

THEOREM 7. Let the conditions (L), (B) and (E) hold and let (Y,Z) be a
nonnegative solution of the BSDE (3) (solution in the sense of Definition 2). Then
P-a.s. forallt > 0,

Y, >Y,.
PROOF. Recall that 7, is the first exit time of D \ I';, and we have, for all
0<t=<T,
o - Thty __ TAty __
Virgy =Yoo, = [ @' ar— [ "7, a5,
IAT, IAT,

Forn € N*, (Y", Z") is the solution (in the sense of Definition 1) of the BSDE (3)
with terminal data £ A n. We compare Y with Y":

— _ ThAty, _

Y inz, — Yﬂ\r,, =Y7Ar, — Yﬁmn /Mr Y,)'+e — (Y,")1+4 dr
n
TAt, __
- [ '@ - zpas,
ATy

_ T Aty _
= Yrne = Yo, — f o T, — Y™ dr
t

ATy
TAt, __

[ '@ -zpas,.

IATy
where the process o/ is defined by
n_ () — e
: Y, —Y"
a =(1+q)¥H, ifY,=Y"

a” is a nonnegative process and we have a linear BSDE whose solution is

_ ~ — T Aty
G Finn, = Vi =B o, = i pe(= [ arar)|

ATy

o , ifY, #Y",

From the hypothesis of the theorem, Y is nonnegative and Y" is bounded by 7.
Indeed, onthe set {t > 7}, Y/'=& An<mnandforall0 <t <T,

TNt

Yl =Yr  — TM(Y”)qur— Z"dB
tAnt — TTAT AT r ‘A r r

T

T AT
n n
<V | zas,
T
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thus,
T T T
Y[’MfY;’—f zde,ngn—f zde,gn—/ Z'dB,.
INT INT INT

Taking the conditional expectation, we deduce that, for all > 0, ¥;* <n.
We now pass to the limit in (31) first as n — 0, then as 7 — 400 and with the
Fatou lemma, we obtain for all # > 0,

Yine =Y,

INT

> 0.

Therefore, Y is greater than Y” for all n € N* and thus greater than Y. [
Moreover, we obtain the following result:

PROPOSITION 9. There exists a constant C (the same constant as in Theo-
rem 6) such that P-a.s., for all t > 0,

Y, < ¢
= pz/q(Xt/\t).

PROOF. For all sufficiently small n > 0, we denote by p, the distance from
the boundary of D, = D\ T';, that is,

Dy ={x € D, p(x) = n}.
If x € Dy, p(x) —n < py(x) < p(x). We consider the first exit time
T, =inf{t > 0, X, ¢ 5,7}.

From Theorem 6 we deduce

C C

Vi>0  Yiag < < :
o p%/q(X;/\rn) Ioz/q(xt/\fﬂ) - 77

The constant C which appears in the previous inequality may depend on 5. In the
proof of Theorem 6 we use the fact that there exists u > 0 such that on I';,, the
signed distance function is of class C 2. But if n < u, it is also true that p, is of
class C? on I'y,. So in the proof of the theorem we can use the same function ¢
and the same bound R for p, and p. Moreover, on I'y,, [Vp| =1 and D?p depends
only on the curvature of d D. Therefore, we can choose a constant C independent
of nif n < .
To conclude, let n — 0 and we obtain the desired inequality. [J
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5. Viscosity solution of the associated elliptic PDE. Recall that D is a
bounded open subset of R? with a C3 boundary. For all x € D, {X;;¢ > 0} is
the solution of the SDE (4):

t t
4) Xf:x-i—/ b(xf)dr+/ o(X¥)dB,  fort>0.
0 0

The functions b and o are defined on RY, with values respectively in R4 and R9*4
and such that b and o are continuous on R? and satisfy the conditions (M), (L)
and (B). For each x € D, we define the stopping time 7, = inf{t > 0, X' ¢ D}. We
assume that

(32) P(z, <o00)=1 forall x € D,

that the set of singular points

(C1 I'={x €dD;P(ry >0) >0} is empty,
and that for some 8 > 0 and all x € D,

(C2) Eef™ < oo.

Let us recall the following result (cf. Proposition 5.2. in [18]):

PROPOSITION 10._ Under the conditions (C1) and (C2), the mapping x +— Ty
is a.s. continuous on D.

Let g:9D — R, be a continuous function and for all n € N, we define
gn = g A n. Hence, g, is a continuous function. For all n € N, from Remark 4,
{((Y;"", Z™); t > 0} is the unique solution (in the sense of Definition 1) of the
BSDE (3)

(33) Y = gy (XE ) - f

tATy

Tx Tx

er’”|er’”|‘1dr—/ Z5" dB,.
ATy
We denote by u,, the function defined on D by
un(x) £ Y "
For h € C(0D, R), we consider the elliptic PDE (6) with boundary condition #:
—Lv+vv[?=0 on D;
v=h on dD.

The following definition can be fougd in [1] and [2] (or [5] and [18] for v contin-
uous). If v is a function defined on D, we denote by v* (resp. v) the upper- (resp.
lower-) semicontinuous envelope of v: for all x € D,

v¥(x) = limsup v(x’) and wvi(x)= liminf v(x").
x'—>x,x'eD x'—x, x'eD
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DEFINITION 3 (Viscosity solution).

e v:D — Ris called a viscosity  subsolution of (6) if v* < 400 on D and if for
all ¢ € C*(R?), whenever x € D is a point of local maximum of v* — ¢,

—LPx) + v ()9 <0 if x € D;
min(—L (x) + v (x)[v* ()9, v*(x) —h(x)) <0 ifx €9D.

e v:D — Ris called a viscosity supersolution of (6) if v, > —oo on D and if for
all ¢ € C*(R?), whenever x € D is a point of local minimum of v, — ¢,

—LP(x) + ve(X)|ve(x)]? >0 if x € D;
max(—£¢(x) + V5 () [V ()7, v(x) — h(x)) >0 ifx edD.

e v:D — Riis called a viscosity solution of (6) if it is both a viscosity sub- and
supersolution.

Let us recall the following result (cf. Theorem 5.3. in [18]):

THEOREM 8. Under the assumptions M), (L), (B), (C1) and (C2), since g An
is continuous on dD, u, is continuous on D and it is a viscosity solution of the
elliptic PDE (6) with boundary data g A n.

REMARK 6. Since g A n is continuous on dD, from Theorem 3.3 in [5], it
follows that u,, is the unique continuous viscosity solution of the PDE (6) with
terminal data g A n.

From now on we add the uniformly elliptic condition: there exists a constant
o > 0 such that, for all x € R4,

(E) oo*(x) > ald.

With this assumption, (C1) and (C2) hold if (B) is true. In the previous sections we
have constructed a process {(Y;*, Z;'); t > 0} which is a solution of the BSDE (3)
with terminal data g(X7 ) (in the sense of Definition 2). Y* is the limit of Y*":
forallt > 0,

x _ . x,n
(16) Y; _nl}r-ll}oo Y;r.
If we define
u(x) =Yg,

then u is the limit of the sequence u,,. Thus, u is nonnegative. Since u is the supre-
mum of continuous functions u,, u is lower-semicontinuous on D and satisfies

(34) VxeD ux) < )
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Recall that p is the distance from the boundary 0 D and C is a constant which does
not depend on g. Moreover, u(x) = g(x) on dD. Since g is not bounded on 9D,
we cannot apply Theorem 8. Moreover, the condition v* < 400 in Definition 3
cannot be satisfied on D. Therefore, we change the definition of a solution.

DEFINITION 4 (Unbounded viscosity solution). We say that v is a viscosity
solution of the PDE

—Lv+vv?=0 on D,
(6)
v=g ondD,

with unbounded terminal data g if v is a viscosity solution on D in the sense of
Definition 3 and if

gy < lim  v,() < lim V') <g).
x'—x x'—x
x'eD,xedD x'eD,xedD

Remark that this definition implies that v* < 400 and v, > —o0 on D.
5.1. u is a viscosity solution.
LEMMA 4. The function u is a viscosity solution of the PDE (6) on D.

PROOF. We will use the half-relaxed upper- and lower-limit of the sequence
of functions u,,:

u(x) =limsupu,(x’) and wu(x)=Iliminfu,(x’).
n——+00 n—+00
X —x x'—x
Since {u,} is a nondecreasing sequence of continuous functions, we have
Vx e D w(x) =us(x) =ulx) <u*(x)=ux).

We fix n > 0 and we prove that on D=D \ {x € D, p(x) <n}, u is a viscosity
solution. We already know that

~ _ C
VxeD u(x)fm.

Recall that u, is a continuous viscosity solution ang from the Lemma 6.1 of [5],
we deduce that u is a viscosity solution of (6) on D and this holds for all n > 0.
Therefore, the lemma is proved. [J

Since u,, is a nondecreasing sequence of CY(D) functions, we have,

35) VxedD lirninfDu(x/) >g(x) =u(x).

x'—x, x’

Hence, u, is a supersolution of (6) because u, > g on dD.
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LEMMA 5. The solution u satisfies the boundary condition, that is,

lim w*(x") < g(x) =u(x).
/€D, xedD

PROOF. We already know that

hmmf u(x) > g(x) =u(x).
x'—x
x'eD,xedD

So we just have to prove the converse inequality on the set {g < +o00}. If U is an
open set such that U N Fx, = @ and U N d D # &, there exists an open set Dy and
a constant Cy such that, for all n € N,

Cu

P-a.s. Vit > 0 th’n = W
tAT,

Recall that py is the distance to the boundary of Dy . From the proof of Proposi-
tion 7, the choice of the set Dy and of the constant Cyy does not depend on x € D.
We write again equation (26):

E(e™P™ (g An) (X7 )e(X3,))
= (X)@(x)
(36)
—/SIE/ (X} Yx”dr—i-IE/ e Fro(XHY Y E" 4 dr
+E/O e PrYXn Lo(XF) dr +Ef0 e PrzEn NVo(X¥)o (XF)dr.
The function ¢ :RY — R is of class C? and has a compact support included
in U. The constant 8 is positive. From Proposition 7, there exists a constant Ky
such that, for all n € N,
Ty
‘E/O e Plo(XE)YE" 4+ (X)Y S| Y 4 Y I Lo(XD)]dr
Tx
< KUE/ e Prar.
0

Moreover, using (27), we have

Tx
Ef e Pr1ZEV (XD (X1)| dr
0
1/2
<& [T izeal o ar]
0

N 12
<[B [ o IVeae e P ar |
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Recall that ,054/ 171V ¢ is a continuous and bounded function on D. With Propo-
sition 8, we obtain that

Ty Tx
E f BT ZEM V(X F)o (X5 dr < KyE / P ar.
0 0

Since x +— T, is a continuous function on D and since 7, =0 if x € D, we
have
tX
lim E
!

x'—=x 0
x'eD,xedD

e Prar=o.

If x € 3D and if (x;;)men is a sequence of elements of D which converges to x,
we replace in (36) n by m and x by x,, and we take the limit as m — +o00. We
obtain, by Fatou’s lemma,

lim sup i, (X )@ (X ) = lim sup B(e#%m (g A m) (X" (X" )

m—>—+00 m——+00

< E(hm suple™P%n (g A m) (X2 ) (X2 >]),

m—400

because gg is a bounded function. By continuity of x — X7 and of gg, we have

Lim sup s, (X))@ (x) = limsup u,, (X)) 0 (X)) < g(X) ().

m— 400 m— 400

Finally, on {g < oo}, we have

limsup u*(x’) < g(x).
x'—x
x'eD, xedD

With inequality (35), this achieves the proof of the lemma. [J

5.2. Some regularity results on u. We want to prove now that i is continuous
on D. Here it seems to be necessary to assume the condition (E).

First we prove that, under stronger assumptions on b and o, u belongs to
Co(D;Ry)NCA(D;R,).

PROPOSITION 11. Recall that b and o satisfy always (L), (B), (E) and
D € C3. We assume that b and o belong to CY(D). Then u is in C*(D; Ry).

In order to prove this result, we need the following lemma:

LEMMA 6. The assumptions of Proposition 11 hold. We consider a contin-
uous function h:9D — R. Suppose that (Y, Z) is the solution (in the sense of
Definition 1) of the BSDE

T T

Y,=h(Xs)— | Y|V, |%dr— | Z, dB..

INT INT
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Then there exists a function v: D — RT of class C 0(D) N C%(D) such that
vi>0 Yi=v(Xine) and Z; =Vv(Xia)o (Xino) <.

Moreover, v is solution of the PDE (6) with boundary condition h.

PROOF. Since & is continuous and since b and o belongs to C 1(D), from
the Theorem 15.18 in [9], there exists a unique solution v € C°(D) N C?(D) of
the PDE (6) (see also [15]). We prove that, for all > 0, ¥; = v(X;A;) and Z; =
Vu(Xiar)o (Xiar)1i <. We want to apply the It6 formula to the process v(X).
But we just have v € C 2(D) and we do not know if we can define a function
¥ e C2(R?) such that ¥ = v on D.

We will use some arguments of the proof of Theorem 15.18 in [9]. We define
a sequence {h,,} of functions such that {A,,} approximates & uniformly on 9D
and h,, € C>Y(D). From Theorem 15.10 in [9], there exists a function v,, such
that v, solves the Dirichlet problem (6) with condition /,, on the boundary and
v € C27 (D). We apply the It formula to the process vy, (X): forall0 <7 < T,

TNt

Om(Xine) = vm (X7 pc) — / (L) (X,) dr

INT

TArT
- j Vo (X,)o (X)) dB,
(37) INAT e
— U (X7 0e) — /t X (X1 dr
T

TAT
_‘/t\ Vo (X))o (X)), < dB;.

AT

We denote by (Y™, Z™) the solution of the BSDE (3) with terminal data h,,(X;) €
L®(£2). Uniqueness of solution of this BSDE implies

Vi>0 th:vm(Xt/\r) and Z;n=vvm(Xt)O—(Xt)1t<r-

From (C2) and Remark 4, we know that there exists a constant C such that, for all
meN,

0< Y =va(x) < E[ sup eﬂ’|Y;"|2} < CE[e""|hp (X ) 1.
t€[0,7]

Since A, converges uniformly to /# on d D, h,, is a bounded sequence in L°°(d D).

Therefore, the sequence {v,,} is uniformly bounded on D.

From Theorems 6.1, 13.1 and 15.3 in [9], the sequence {v,,} converges uni-
formly on compact subsets of D, together with its first and second derivatives, to
the function v.

Since {vy,} is uniformly bounded on D and convergesto v, forall0 <t <T,
(38) lim th = lim v, (X)) =v(Xinr),

—+00

m——+00 m
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TNt T AT
lim U (X)) o (X)) 17 dr:/ v(X)|v(X,)|?dr.

m—+00 Jiat INT

Using Itd’s formula and the Burkholder—Davis—Gundy inequality, we obtain, for a
constant ¢ independent of m,

T

B[ sup 117~ v+ [1Z0 - Zu0Pdr| < Bl (X0 — h X P
0<t<t 0

Therefore, with (38), we conclude that a.s. Y; = v(X ) for all > 0. Moreover,

there exists a constant K such that

T T
E [ 190n (X0 X)L <clPdr = [ 127 12dr < K < +oo;

and with (37) and (38), forall0 <t < T,
T AT T AT
lim Vo, (X))o (X,)1,<: dB, =/ Z,dB,.

m—>+00 Jrat IAT

Let KX be a compact subset of D. Since the first derivatives of v, converge uni-
formly on &, from the dominated convergence theorem, we deduce

T AT

lim |(Vom (X))o (X)) = V(X,)o (X)L <15 (X,) | dr =0.

m—+400 Jiar

Therefore, for all compact subset X of D, P-a.s.,
Zilyx (Xy) = Vo(X)o (X))l < 1x (Xy).

If {K,} is an increasing sequence of compact subsets of D such that | J,, K, = D,
for all m,

T T
E /0 IVu(X)o (X1 <c g, (X)) |*dt <E fo 1Z:11* dt < +o0

and since t > ¢ implies X; € D, with the monotone convergence theorem, we
deduce

IE/OT IVo(X:)o (X) 1< ||? dt < 0.
Then
I[«:/OT IVu(X)o (X)) <r — Z;||* dt =0.
This achieves the proof of the proposition. [

From Lemma 6, we can deduce that u, belongs to CYD)NC%*(D)if o and b
belong to C' (D).

PROOF OF PROPOSITION 11. We fix n > 0 and we consider the set D, =
D\ {x e D, p(x) <n} for all n > 0. From Lemma 6, u,, € C%(D) and satisfies
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—Lu, + u,ll+q =0on D. And on Dy, u, is bounded by C/nz/q. Therefore, from
Theorem 15.5 in [9], we obtain that Vu, is bounded on D,,. The sequence is
bounded in C! (D2y), thus the limit # is continuous on Dy,, that is, u is continuous
on D. Moreover, we already know that u is continuous on the boundary. Therefore,
we deduce that u belongs to C°(D, R).

Now if we consider the PDE,

—Lv—vv]?=0 on Dy,
v=u on dD,,

from Theorem 15.18 in [9], the equation has a regular solution v € CO(D_,,) N
CZ(D,?). But this solution is also a continuous viscosity solution. Since u is now a
continuous viscosity solution of the same PDE, from the comparison result in [5],
we deduce that v = u, thatis, u € Cz(Dn). Hence, u belongs to Cc*(D). O

Now we want to prove that u is continuous on D without the regularity condi-
tions on b and o of the Proposition 11. We just assume that (M), (L), (E) and (B)
hold.

PROPOSITION 12.  The viscosity solution u is continuous on D and is locally
Holder continuous on D.

PROOF. We will show that for all open sets D’ C D such that D’ C D, there
exists 0 < o < 1 such that the sequence of functions u, is bounded in the space
CY(D"). C*(D’) is the set of functions v such that

e =sup{w, (x,y) € D/} < +00.
lx — y|¢

Since u,, converges to u, we deduce that u belongs to C%(D’) and thus is continu-
ous on D.

In order to prove that u, is a bounded sequence in C*(D’), we will construct a
sequence vy, which will belong to C*(D’) and such that there exists a constant K
such that, forall m € N, ||v, |l < K. Let b, and o, be two sequences of functions
such that:

1. by, and o, belong to CY(D) and b,, and o,, are bounded in L>®(D);
2. by, (resp. oy,) converges to b (resp. o), uniformly on D;
3. oy, satisfies the condition (E).

Let v, be the unique solution in CY%D) N C%(D) (see Lemma 6 or [9]) of the
equation

— LV + v |vm|? =0 on D,

(6)

Un =8 AN onoD,
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where £, is the operator:
vx € R? Lmpx) = %Trace(ama,: (x)ngo(x)) + by (x)Ve(x).

For x € D, let X*”* be the solution of the SDE
t t
Vi >0 Xf'm=x+/ bm(Xf’m)err/ om(X;™)dBy,
0 0

T,, is the first exit time from D of the diffusion X%, (Y*"™ Z*"™M) is the
solution of the BSDE:

Tm Tm
Y = (g Am) (X5 +/ Y yEnm g gy / Z5nm dB,.
t t

From classical results on the SDE, X*'" converges to X* solution of the
SDE (4) and the process (Y*"™ Z%™"™) converges to (Y*", Z*") solution of
the BSDE (33) (see Proposition 4.4 in [6]).

From Lemma 6, we have

U (x) =Yy "™ and  w,(x) = Y5
Therefore, v,, converges to u,. Moreover, we know that v,, is a bounded sequence
in L*°(D). o
Let D’ be a open subset of D such that D’ C D. We apply Theorem 8.24 in [9].
The function v,, is the solution of
LUy = vy|vy|? =g € L.
Therefore, there exists areal 0 < o < 1 and a constant K such that

lvmlle < Kllvmll Lo

The constants depend on the ellipticity constant of o,,, on the bound on b,, and
o in L™ and on the distance between D’ and d D. We deduce that u, belongs to
C%(D’) and the norm ||u, ||, is bounded w.r.t. n € N.

Finally, u belongs to C*(D’). O

5.3. Minimal viscosity solution. We prove the following:

THEOREM 9.  If v is another nonnegative viscosity solution of the PDE (6) (in
the sense of Definition 4), and if v, > g on 0D, then u <v on D.

PROOF. We show that for all n € N*, u,, < v,. The proof is the same as the
proof of Theorem 3.3 in [5]. We fix n, we assume that there exists z € D such
that § = u,,(z) — v«(z) > 0 and we will find a contradiction. The main tool is
Theorem 3.2 in [5]. O
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6. Other generators f. We have considered the generator f(y) = —y|y|9.
The main properties of this function are it is nonincreasing and allows the explo-
sion at time 7 [see (5) for the definition of this stopping time]. But we can also
consider more general generators. Let f:IR — R be a nonincreasing function of
class C!, such that there exists q>0,k>0s.t

9) Vy>0  f(y)<—ky't.

The BSDE (10) has a unique solution if & satisfies the condition (H6). From Re-
mark 4, if & € L®, then (H6) holds. We also assume that f(0) = 0; thus, if £ >0,
then Y; > 0 forall t > 0.

First of all, the conclusion of Theorem 6 holds: there exists a constant C such
that for every solution (Y, Z) of the BSDE (10),

Vi>0 (Y <—F—.
T (p(Xine))Ha

Indeed, with the notation of the proof of Theorem 6, equality (13) becomes

T AT

V(Xine) =W (X7Ae) + t f(X,))dr

AT

TAT
- / VW(X,)o (X,)dB,
t

AT

[ vecme
t

+% Trace(oo*(X,)D*W(X,)) + F¥(X,))]dr.

With assumption (9), equation (14) becomes

1
—(VW)b — 3 Trace(oo*D?W) — £ (V)
26
> o292 [ch + (V)b
q

1(2 2, 0 12
- —(— + 1)||0V9|| + —Trace(co™D 9)];
q \q q

and we can choose C such that the right-hand side is nonnegative. The rest of the
proof remains the same.

Now we suppose that & is a nonnegative, ¥;-measurable random variable such
that P(§ = +00) > 0. As in Section 2, we construct a process (Y, Z) satisfying the
conditions (D1) and (D2) of Definition 2: (Y, Z) is the limit of the sequence of
solutions (Y", Z™) of the BSDE (10) with terminal condition & A n.

For the continuity of Y [condition (D3) of Definition 2], Section 3.2 remains
unchanged, if we have already proved that the limit of Y;., when ¢ goes to +00
exists.
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We define the following function F" on RY :

+00
For= _/y Fx)

With (9) and since f is of class C' and nonincreasing, F is a positive, decreas-
ing and convex function such that limy_, F'(y) = +00, and limy_, o F(y) =0.
Moreover, for ¢ > 0, F; is defined by F:(y) = F(y + ¢).

Now if « is a constant such that £ > o > 0, foralln e N, all t > 0, ¥/" > 0 a.s.
We can apply the Itd formula to F.(Y"):forall0 <z <T,

dx.

. TArT
F.(Y!) =EFiF.(Y},,) + E% f Fl(Y™ F (Y™ dr
(39) . INT
_ IpH ne 1"y ny2
g FI'(y™|1Zz" |2 dr.

INT

Now F/>0and 0 < F/(y) f(y) = f{y(Jyr)S) <1.Let T go to +oo:

Fe(Y" ) <EYF. (s An)+E¥ (t —t A7) < Fe() + EF (r — 1 A T)
<F@)+Ef"(t—1Ar1).

Recall that from (C2), t € L' (). Hence, for all ¢ > 0, sup,, F(Y/") belongs to L'
With (39) and the same ideas as in the proof of Proposition 6, we deduce that, for
t>0,

F(Yirr) =E¥(F(&) + 17—t AT) - O,

where ® is a nonnegative supermartingale.

Finally, if f is a nonincreasing and C' function with f(0) = 0, such that
(9) holds, and if £ is a nonnegative, ¥;-measurable random variable such that
P(¢ = +00) > 0, then the BSDE (10) has a minimal solution (in the sense of Def-
inition 2). And the associated PDE (11) has also a minimal viscosity solution.

The only thing which we cannot describe just with inequality (9), is the behavior
of Y on the set {§ = +o00} (see Proposition 1).

Acknowledgments. The author wishes to thank the referee and Professor Eti-
enne Pardoux for the attention they paid to this article.
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