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LARGE DEVIATIONS AND LAWS OF THE ITERATED
LOGARITHM FOR THE LOCAL TIMES OF
ADDITIVE STABLE PROCESSES!'

BY X1A CHEN
University of Tennessee

We study the upper tail behaviors of the local times of the additive stable
processes. Let X1(¢),..., Xp(¢) be independent, d-dimensional symmetric
stable processes with stable index 0 < « < 2 and consider the additive stable
process Y(tl, costp) =X (t1) + -+ Xp(tp). Under the condition d < ap,
we obtain a precise form of the large deviation principle for the local time

1 !
nx([O,t]p)z/(‘) /(; Sx (X1 + -+ Xp(sp))dsy -+ dsp

of the multiparameter process X(f1,..., tp), and for its supremum norm
sup,crd 1 ([0, t]7). Our results apply to the law of the iterated logarithm
and our approach is based on Fourier analysis, moment computation and time
exponentiation.

1. Introduction. Throughout, X(¢),..., X,(¢) are independent d-dimen-
sional symmetric stable processes with identical distribution. We use the notation
X (1) for a stable process with the same distribution as X (¢), ..., X, (¢). In this pa-
per, the stable index « € (0, 2]. By our assumptions, there is a continuous function
¥ (L) >0 on R? with

YA =r*% (1) and Y(—A)=v¥®}), r>0, AeRY,
such that
(1.1 Eet X0 — o=1¥ () t>0, AeRY,

Since we only consider nondegenerate stable processes, there is a constant C > 0
such that

CHA" <y () < CIA“.

Unless assuming otherwise, X1(0) =--- = X,(0) =0.
The following p-parameter, d-dimensional random field:
Xt tp) = X1(t) + -+ Xp(1p), (11, 1p) € RDP,

Received May 2005; revised March 2006.
1 Supported in part by NSF Grant DMS-04-05188.
AMS 2000 subject classifications. 60F10, 60F15, 60J55, 60G52.
Key words and phrases. Additive stable process, local time, law of the iterated logarithm, large
deviations.

602


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/009117906000000601
http://www.imstat.org
http://www.ams.org/msc/

LOCAL TIMES OF ADDITIVE STABLE PROCESSES 603

is called an additive stable process.

Since they locally resemble stable sheets, and since they are more amenable to
analysis, additive stable processes first arose to simplify the study of stable sheets
(see [9, 10, 17] and [18]). They also arise in the theory of intersection and self-
intersection of stable processes (see [15, 22] and [26]). As pointed out below [see
(1.12)], the local time of additive processes is actually an intersection local time as
p = 2. We refer the reader to [1, 2, 4, 6-8] and [25] for some recent developments
in the large deviations for intersection local times. We also point out the reference
[5] for the study on the small ball probabilities of the additive stable processes.
The study of additive processes also connects to probabilistic potential theory. We
mention [16, 20-22] and refer the reader to the detailed discussion and for further
reference.

In this work, we consider the local times of X (1, ..., tp) which are formally
given as

nX(l):/Iax(xl(sl)Jr-..+X,,(sp))ds1---ds,,, xeRY, I (RN,

We rely on two recent papers by Khoshnevisan, Xiao and Zhong [23, 24] for the
constructions of the local time n* (/). In their papers, Khoshnevisan, Xiao and
Zhong [23, 24] consider a more general multiparameter random field named ad-
ditive Lévy process, which is generated by independent Lévy processes. In their
construction, n* (1) is defined as the density function of the occupation measure

Mnr:

MI(A) - /I 8Y(Sl S[))(A) dSl o dSp, A - Rd’

.....

in the case when p 1 is absolutely continuous with respect to the Lebesgue measure
on R?. Applying Theorem 1.1 in [23] to our setting, the local time 1* (1) exists for
every super interval I C (R™)? if and only if

(1.2) d <ap.

Under (1.2),

(1.3) /d[nx(l)]zdx <00  as.
R

for every finite d-dimensional interval / C (R™)? (Theorem 1.3 of [23]). Further,
(1.2) also implies that almost surely, the local time

7" ([0, 117), (x,1) e RY x RT,

is jointly continuous in (x, t) (Corollary 3.3 of [24]).

We mention that in the stable case, Khoshnevisan, Xiao and Zhong ([24], Theo-
rems 4.3 and 5.3) carried out some tail estimates for the local time 1 which yields
a sharp rate.
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In this paper, our goal is to establish the large deviations and the laws of the
iterated logarithm for the local times of additive stable processes. In particular, we
shall identify, as much as we can, the constants appearing in these limit forms.

Recall that the characteristic exponent ¥ (A) is defined by (1.1) and write

fO+v)fy) 4
1.4 - dy | da,
e ”ﬁﬁ?’:lfw[ S e o W e V}

where

171=( [, f2<x>dx)1/2.

Clearly, p > 0. We now prove that under the condition (1.2), p < co. Indeed, by
Holder inequality

[ fA+wy)fy) 4 }”
R VTHYA+y)VT+HU(y)
p-1 lfFO A+ ) F()
< (/Rd|f<x+y>f<y>|dy) [, TERTTe R Ko et

By the Cauchy—Schwarz inequality and shift-invariance,

L ire+nsmiay < [ Porar=1.

Hence,
FO+ () P
/Rd[ NV e N o dy] ar
FOAN L)
= fR (fR A+ 9O+ y)P2(1+ g ()P dy) ar
2
:U F )] dk] 5/ L
ke (14 9 ()72 ke (1 + 9 ()P
Thus,
(1.5) </ L R
‘ P=Jea U+ Gy

where the last step follows from (1.2).
Our first main theorem is the large deviation principle for 1°([0, £]7). By the
scaling property of the stable processes X1(-), ..., X,(-), it can be verified that

(1.6) n°([0, 117) £ 1@r=D/e 0 ([0, 177).

Without loss of generality, we need only to consider 7°([0, 1]7) instead in the
following theorem.
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THEOREM 1.1. Under (1.2),

d d \ (er—d)/d
(1.7)  lim 1~/ "10g P{y°([0, 117) = 1} = —(2n>‘”—(1 N _) -
1—>00 o

ap

P
where p is given in (1.4).

We now connect Theorem 1.1 with some known results. As p =1 and @ > 1,
we have that ¢ (1) = ¢|A|* and that

TS Y N
= Su =
P |\f||2p:1 —oo A/ 1+ c|A|¥ —oo 1 +c|A|*

Theorem 1.1 becomes a classic large deviation result for the local time of the stable
process X (t) (see, e.g., [27]):

1 1 a—1
lim =% logP{n°([0, 1]) > t} = —(271)“—(1 — —) o <.
[—00 o o

We mention the large deviations for the intersection local time formally given
as

P t
Py — .
([0, 17) fR d[}:[l fo 8x<Xj(s))ds}dx

under the condition
(1.8) pd—a)<d.

We refer the reader to the recent papers [4, 6] and [7] for the details on this subject.
In particular, as p = 2, in which case (1.2) and (1.8) are equivalent to “d < 2«,”
we have (Theorem 1 in [7]) that

(1.9) tl_i)rgot_“/d log P{a([0, 11%) > 1} = _i(

’

2\ Qa—d)/d
o (Garty)

2aMy

where

12
110) my = sup {( [ lsrax)  — [ woarmPal.

gEeFy
(L1 Fy = {g € L2R); gl =1and fR YWIZR)Pdr < oo},
g = / g(x)e** dx, reRY.
R4

On the other hand, by the fact that p =2 and d < 2«,

(1.12) (0, 11%) £ 7°([0, 11%).
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Consequently, (1.9) is a direct corollary of Theorem 1.1, in the light of Lemma A.2
given in the Appendix.

By the continuity of n* ([0, ¢]?) when viewed as a function of x, and by the fact
that 7 ([0, ¢]7) is locally supported, we have that almost surely sup, ga n* ([0,
t]7) < co. By scaling, we have that for any ¢ > 0,

(1.13) sup n* ([0, 117) £ 1@P=D/* sup p* ([0, 177).
xelRd xeRd

It has been known (see, e.g., [13] and [19]) that as p = 1, sup, g« n* ([0, 1]17) has
a tail behavior same as 170([0, 1]7). The following theorem claims that it remains
true for p > 2.

THEOREM 1.2.  Under (1.2),

lim r~*/4 log]P’{ sup 7°([0, 117) > t}

t—00
xeRd

d d \ (p—d)/d
=@l (1= ) e,
ap

o

(1.14)

where the constant p is given in (1.4).
Theorems 1.1 and 1.2 apply to the following law of the iterated logarithm.

THEOREM 1.3.  Assume (1.2). Then for any x € R,
limsup = @P=D/* (Joglogt)~4/*n* ([0, 117)

(1-15) o d/ (p—d/e)
o d \—(p—d/a
= (2n)_d<g> (1 — —) 0 a.s.
d op
and
limsupt~@P~D/*(Joglog r)~4/% sup n* ([0, 117)
(1 16) —00 xe]Rd
' {4 d \~(p=d/o®)
=(Q2m) - 1—— 0 a.s.
d op

Our approach consists of three tools: time exponentiation, Fourier transforma-
tion and moment estimation. To outline some key ideas used in this paper, we first
cite a lemma given in [25].

LEMMA 1.4 (Lemma 2.3 in [25]). Let Y be any nonnegative random variable
and let 0 > 0 be fixed. Assume that

1
(1.17) lim —log ——EY" = —«

n—oopn = (n!)?
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for some k € R. Then we have

(1.18) lim 1~ 1ogP{Y > 1} = —6¢/7.
=00

In their original statement, Konig and Morters assume that 6 > 0 is an integer.
By examining their proof, we find that # can be any positive number.

Lemma 1.4 simply says that in order to have a tail estimate for a nonnegative
random variable with certain precision, one needs to understand its high moment
asymptotics. In Section 2 we first introduce a theorem (Theorem 2.1 below) with-
out proof (which will be given in later sections) in which the high moment asymp-
totics are evaluated for the local time of additive stable process stopped at p in-
dependent exponential times. Then we prove Theorem 1.1 based on Theorem 2.1.
Although the scheme of time exponentiation has become standard in the area of
limit theory since the remarkable work done by Darling and Kac [11], it is not
usual to see such an idea being used in the context of multiparameter processes, at
least not at the level of precision carried out in this work.

In Section 3 we prove the lower bound for Theorem 2.1. By Fourier transforma-
tion the moment of the local time (run up to exponential times) can be represented
as an &£ ,-norm. Then the lower bound follows from a simple argument via spectral
theory.

The upper bound of Theorem 2.1 is much harder than the lower bound and
needs a completely different treatment. In Section 4 we shall establish a discrete
version (Theorem 4.1) of Theorem 2.1. The argument is combinatorial and is par-
tially inspired by the pioneer work of Konig and Mdorters [25] despite some es-
sential differences between the situations faced by them and by us. We shall adopt
a probabilistic approach to handle the moment asymptotics which is no longer a
probabilistic problem. In Section 5 we complete the proof of the upper bound for
Theorem 2.1. In this section we follow an interesting procedure of discretization
by Fourier transform.

We prove Theorem 1.2 in Section 6 and Theorem 1.3 in Section 7. The proof
relies on the exponential integrability of the local time (Lemma 6.1) under the
Holder norm and on some results established in the previous sections.

In the Appendix, we prove two analytic lemmas.

The central part of this work is Theorem 4.1 which is similar in spirit to Propo-
sition 2.2 in [25] where the high moments of intersection local times are estimated.
Here we compare the present paper with the one by Konig and Morters [25]. A key
ingredient in both works is to write the moments in terms of L ,-norms. In the case
of intersection local times (studied by Konig and Morters), the L ,-norm is related
to Green’s function; while in the case of the local times of additive processes, the
L ,-norm is related to the Fourier transform of Green’s function. In Proposition 2.2
in [25], the domain of intersection is limited to a compact set; while in our case the
independent stable processes are allowed to interact at everywhere in R?. Conse-
quently, compactification of the state space is one of several key issues addressed
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in our argument. Finally, both Proposition 2.2 in [25] and Theorem 4.1 are proved
by combinatorial approaches and therefore both treatments contains a certain pro-
cedure of discretization. As to be pointed out at the beginning of Section 5 below,
the classic procedure adapted in [25] is no longer working in our setting. Our way
of discretization is based on some delicate properties of Fourier transformation.

We end this section with the following comment: the moment asymptotics
linked to the weak convergence have been investigated extensively. We refer the
interested reader to the survey paper by Fitzsimmons and Pitman [14] for an
overview. In the study of the weak convergence, the power of the moment is of-
ten fixed. However, much less has been explored on the high moment asymptotics
(where the power tends to infinity) which are usually linked to the large devia-
tions through some general large deviation principles like Lemma 1.4. The study
of high moment asymptotics has great potential in solving some hard problems on
the large deviations, such as the large deviations for the intersection local times of
general Markovian and Gaussian processes, and for the local times of some other
multiparameter processes like stable sheets. It is too early to see a full scale of ap-
plications possibly brought by the research of high moment asymptotics; we leave
it to future study.

2. Time exponentiation. In the rest of the paper, we introduce the nota-
tions 11, ..., T, for independent exponential times with parameter 1, and %, for
the set of all permutations on {1, ...,n}. We assume the independence between
{t1,...,7p} and {X(2), ..., X, (1)}. At first, we try to represent the nth moment
of the random variable

n°([0, 711 x -+ x [0, T,])

in a reasonably nice form.
By Fourier transform, for any 1, ...,7, >0,

n°([0, 111 x - - x [0, 2,])

1 .
= W/];%d [/];xd 7 ([0, 11] X -+ x [0, £,])e™™ dx] da

1 t tp
= Gnyd /Rddk,/ol”.fo exp{ir - (Xi1(s1) + -+ X, (sp)) ) dsy--- dsp

where the second step follows from the definition of the local times as the density
of occupation measures. Hence, for any integer n > 1,

E[1°([0, 711 x - -~ x [0, 2,])"]

1
- dhy---d)
(2m)dn /(Rd)" : "

P n

X Hf Eexp{iZAk-X(sk)}ds1---dsn.
. [O,t']n
j=17m

k=1
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Let )", be the permutation group on the set {1, ..., n}. By time rearrangement and
by independence of the increments,

n
/ Eexp iZkk-X(sk) dsi---ds,
(021" k=1

n
- Eexpyi A - X (s dsi---ds
Z /{Oinfmfsnftj} p{ Z o k) (k)} 1 n

oES, k=1
n n
= Eexpii A (-)>
(7; /0<Y1< <s‘”<[] { ];(Z;( olJ

X (X (sx) — X(Sk—l))}dsl - dsy

= Z/ Hexp{ (sk—sk_l)w<zxa<,))}dsl---dsn,
j=k

gex, 0SS 1= S =ti}
where we adopt the convention that so = 0. Thus
E[n°([0, 1] x -+- x [0, 1,])""]

1
:ﬁ/ dnd)\.]"'d)xn
Q2)an Jwrd)

10| Tewf-oi-s

h=1oes, J0=s1==sn=tn} |
n
¢<Zkg(j)>}dsl--'dsn
=k

To simplify the above representation, we replace t1,...,1, by 71, ..., Tp:

E[n°([0, 1] x --- x [0, 7,])"]

1
:ﬁ/dnd/\l.--dxn
(2m)an J(wrd)

[Z/ e ' dt

oEY,

X ex Sk — Sk_
/{o<s,< <sn<z}kl_[1 P{ (Sk — Sk—1)
n p
X lﬁ<z )\,a-(j))}dsl .- -dsn:|
j=k

2.1)
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1 - !
:—(Zn)d” /(Rd)ndklu-dkn Z 1_[/ eXp{—tW(;{)ug(j)>}dt:|

LoeX, k=1

S

2 o) ]

1
= G /(Rd)n dy ---dA
LoeX, k=1

where the second step follows from the identity ((1.9) in [4]) that

o0 n o0
/ e’ dt/ l_[ Or(Sk — Sg—1)dsy---ds, = l_[ / e Tor(t)dt.
0 {0 k=170

<s1<- <sn<[}k 1

Write Q(A) = [1 4+ (1)]~". By the bijection j — n — j and by the permutation
invariance,

E[n°([0, 1] x --- x [0, 7,])"]

1 n k P
:W/(Rd)ndkl...dkn[z ]"[Q(ng(j))} :

cex, k=1 \j=1

(2.2)

We state the following theorem which will be proved in Sections 3-5.
THEOREM 2.1. Under (1.2),

E[n°([0, 71] x -+ x [0, 7,])"] = log

o1 1
(2.3) nll)rrgoglog O

where p > 0 is given in (1.4).
As it turns out, the hard part of Theorem 1.2 is on the upper bound. On the other

hand, if the right constant were not part of our concern, we could establish the
upper bound in a much easier way. Indeed, by Jensen’s inequality,

j(Rd)n dry--- dkn[ Z ﬁ Q(Xk: Aa(j))r

oeX, k=1 j=1

n k
<)ty / i ...d)tnknl QP(ZI)LU(”)
= j=

gEX,

=7 [ diiedin [] 0700

k=1

- (n!)P(fRd Q”(/\)dk>n
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where the second step follows from variable substitution. By (2.2), we obtain the
following upper bound:

limsup — lo
el 1 08 anyp

. 1
E[n°([0, 711 x - - x [0, 7,]) ]§log((2n)d /Rd QP(A)dk>.

Unfortunately, by examining the argument we used to derive (1.5), it is not hard
to see that as p > 2, we would miss the right constant by doing that.

PROOF OF THEOREM 1.1. We now prove Theorem 1.1 based on Theo-
rem2.1. Lett1,...,7, > 0. In view of (2.1), by Holder’s inequality,

E[7°([0, 1] x --- x [0,,1)"]
- 1
- (27‘[)‘”’

p
X [ > /{o HCXP{—(Sk — Sk—1)

cex, (0=s1==sn=tn}p
n pyl/p
X w<zxg(j)>}ds1--- dsn:| }
=k

14
= [T{ER (0, 147" }'77 = (11 - - 1,) @ =D/ P B[00, 117)"]
j=1

where the last step follows from (1.6). Thus,
E[n([0, 71] x - x [0, 7,])"]

o o0
:/0 /0 e~ IR0, 1] x -+ x [0, £,1)"]d1y - - dt,

o0 o0
<E[n([0, 117)"] /O /0 (11 - 1)@ =DI @It 41) g gy

—d p
=Efy(o. 17| r(LSn+ 1)
ap
By Theorem 2.1 and the Stirling formula,

N —d/a 1
llllrgg(ljleog(n!) E[5([0, 117)"]

(ap—d)/o
zlog( ap ) —I—logL.
ap —d 2m)d

2.4)
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On the other hand, notice that T = min{zy, ..., 7,} has the exponential distribu-
tion with the parameter p. Hence,

E[n([0,71] x --- x [0, 7,D]" = E[n([0, £17)"] = E¢@P~D/®nE [y ([0, 1]7)"]

ap —d
=p_((ap—d)/a)nr(1 + pa n)E[T]([O, l]p)n]

where the second step follows from (1.6). By the Stirling formula and Theorem 1.2
we have

lim sup 1 log(n!)~4*E[n ([0, 117)"]

(2'5) n—oo N
| ap =D/ |
< —_—.
<tog( 25 T Gy
Combining (2.4) and (2.5) gives
1 ap (Olp—d)/a p
: _ n—d/a PR P
(2.6) nli)rrolo " log(n!) E[n([0, 11")"] = log<ap — d) + log )
Finally, Theorem 1.1 follows from Lemma 1.4. [
3. Lower bound for Theorem 2.1. In this section we prove
. 0 n
(3.1) l}lrgloréf;log (n!)pIE[n ([0, 71] x -+ x [0, T,])"] > log Tk

Our starting point is (2.2). Let ¢ > 1 be the conjugate number of p defined by
p~'4+¢ ! =1andlet f be a positive continuous function on RY with f(—1) =
f@)and || flg = 1. We have

(Lo o5 o))

ceT k=1 \j=1

n n k
[ dxn(n mk)) S Q(Z/\am)
RE" k=1

ceT k=1 \j=1

n n k
=n! diy--- d)»n( f()\k)> Q( k')
/(Rd)” kljl kljl i=1 !

:nz/(Rd)n diy - dxnklz[lmk — M) Q0)

where we follow the convention that Ao = 0.
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Define the linear operator T on L2(R?) as
Te0) =vOW [ 1 =0 Qmemidy.  geL2@h,

To show that T is well defined and continuous on £2(R?), we need only to prove
that there is a constant C > 0 such that

(3.2) (h,Tg) <Cliglalhla, & heL£LXRY).
Indeed,

wTe)= [ [ i =0V0Dh) Qs drdy
= [, f»ay [ VOG0 QG+ 1)gG.+ ) da

- {/R" Uw VORI Q0+ )50+ y)dxrdy}l/p.

Hence, an argument similar to the proof of (1.5) gives that (h, Tg) < || Qll»llgll2 X
Al

In addition, one can see that (h, Tg) = (g, Th) forany g, h € L2(R?). It means
that T is self-adjoint. We now let g be a bounded and locally supported function on
R? with ||g||> = 1. Then there is 8 > 0 such that f > & and Q > § on the support
of g. In addition, notice that Q < 1. Thus,

dry---diy, A — Mj— A
Lo, @ [T 76 =) Q00

2 -2
>67glloo @iy diy---dr, g(h1)

X (1‘[ O (i—1) f (i —Ak_wQ(Ak)) g(hn)
k=2

=8%gl2ie, T" g).

Consider the spectral representation of the self-adjoint operator 7':

(g.Tg) = /_ Ouy(do)

where (14(d6) is a probability measure on R. By the mapping theorem,

[e.¢] o0 n—1
1" = [~ 0" uetde) = ([ ouean)) = (e,

where the second step follows from Jensen’s inequality.
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Hence,

| ! n k P\ l/p
it oe [, 40 0 5 [0(30) | )

ceT k=1 \j=1

> log(s. Tg) =log [ [ Sy =0VO®)/0)eGe() drdy

=tog [ £0| [ ou+n/emst+nemdy|a

Notice that the set of all bounded, locally supported g is dense in £2(R?). Taking
the supremum over g on the right-hand sides gives

| 1 n k p\ l/p
ity [, 0 0 5 TT0(S00) | )

ceT k=1 \j=1
(3.3)

> log sup Rdf(/\)[fRd\/Q(k+V)\/Q(V)g(>»+y)g(y)dy]d/\

lgla=1
Since for any g, the function

Ho) = [ 06 +1\0wst+vstdy

iseven: H(—A) = H()). Hence, taking the supremum over all positive, continuous
and even functions f with || f|l; = 1 on the right-hand side of (3.3) gives

| ! n k P\ l/p
T VNI oy s o |

oeX, k=1 j=1

1 p
> 1oz sw [ [ oo+ nfome+nsmar]| ax

P igh=1/R4

1
= —logp.
p
From the relation (2.2), we have proved (3.1). U

4. A discrete version of Theorem 2.1. The approach for the upper bound
of Theorem 2.1 relies heavily on combinatorics and is therefore best suitable for
the discrete structure. In this section we prove the following discrete version of
Theorem 2.1 with an additional localization assumption.

THEOREM 4.1. Let w(x) and Q(x) be two nonnegative functions on 74 such
that v is locally supported, w(—x) = (x) for all x € Z¢, and that

(4.1) Jim Q@) =o0.
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Then
1 n
lim_—1log > (H ﬂ(xk))[ > H Q(Zx(f(j)):|
n X1,...,xp€Z4 k=1 T oEX, k=1
4.2)
=logp,
where
p
p=sup Y n(x)[ > Jow +y)\/Q(y)f(x+y)f(y)}
[fl2=1 | cpa yezd
and

1/2
|fl2= (Z fz(x)> :

xeZ4

PROOF. The lower bound follows from an obvious modification of the argu-
ment in the previous section. We now prove the upper bound. By assumption, there
is a finite set A C Z9 such that 7(x) > 0 asx € A and 7 (x) =0 as x ¢ A. Without
loss of generality, we may assume that the group generated by A is Z¢. Indeed, if
A does not generate Z?, one can add finitely many lattice points into A to form
an augmented A which generates Z?. Let ¢ > 0 be a small number. Assume that
we have proved the upper bound under this extra condition. We apply it to the sys-
tem where 7 (-) is replaced by 7 (-) defined as: w(x) =m(x) on AU (74 \ A) and
ﬁ(x):sonA\A:

Jimsup — log 3 (ﬁz(;@)[ ZHQ(Z%(}))T

n—oo 1t X1, xp €24 Me=1 foeX, k=1 j=1

< limsup - log 3 (ﬁﬁ@@){ Z]‘[Q(me))}p

n—oo N X1, Xpn€Z4 Nk=1 ‘oeX, k=1 j=1

<log sup Y n(x)[z \/Q(x+y)\/Q(y)f(X+y)f(y)}

Ifla=1 c7a yezd

Letting £ — 0T on the right-hand side gives the desired upper bound.

We may also assume that 7 is a probability measure on A, for otherwise we use
7 (-)/m(A) instead of 7 (-) in the following proof.

We adopt the notation y = (y1, ..., y,) forany y, ..., y, € Z¢ and write
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Letn and X = (x1, ..., x,) € A" be fixed for a moment and write © = L. Then
for each x € A, nu(x) is an integer, and

> ﬁ Q(ixw))

ceT k=1 \j=1

n k
= D> Iypv_y Y Lixeo=y [ | Q(Zyj)
k=1 j=1

V1seees Yn€A gEY,
n k
- Z 1{LZ=M}:H Q(Z y,-) }#{G € Xy; Xo0 =y}
YisesYn€A k=1 j=1

Notice that as L} = “w,

4.3) #o € Tp; xoo =y} = [[ ().

X€EA
Indeed, for each x € A there are, respectively, exactly nu(x) of xi,...,x, and
exactly nu(x) of yi,..., y, which are equal to x. Therefore, there are (nu(x))!

ways to match each x-valued component of y to each x-valued component of x.
Thus, (4.3) follows from the multiplication principle.
Hence

> ﬁ Q(JX: xc(j))

oeX, k=1

=<]_[(nu(X))!>y > ﬂ[”:“}i,i[lg(,;yj)}'

x€A 1s-sYn€EA

(4.4)

By the Stirling formula, n! ~ ~/2wnn"e™" (n — 00) and there is C > 0 such that

(L () < Oy () ()" =)

for all x € A and all n > 1. Consequently,

[Tt < Cn* D2 TT 0" exp{np(x) log pu(x)}

xXeA xXeA

= Cn* D2y expin Z w(x)log ;L(x)}

X€EA

< Cn#(A)/zn!exp{n Z w(x)log ,u(x)}.

xXeA
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Therefore,

1 n
4.5) 0 2):: l;[ (ng(j)> <Cn#(A)/Zexp{ Z,u(x)logu(x)}

Jj=1 xX€A

x . ]l{LZ=,U«}lkli[1Q<jZ::1yj)}'

Here and elsewhere below, we follow the convention 0° = 1 or, 0log0=0.
On the other hand, let ¢ > 1 be the conjugate number of p defined by p~! +
g~ ! = 1. For any probability measure v on A, write

enYa@@ent’r,  xeA,

d’”(x):{o, xeZd\ A

Notice that as L) = w, there are exactly nu(x) of ¢, (y1),...,¢u(ys) equal to
¢ (x) for each x € A. Hence,

n k
> ¢M<y1>---¢u<yn>{ﬂQ<Zyj>}
k=1 \j=1

n k
> 1{L%=u}¢u(y1)“'¢u(yn)=kl_[1Q(X;”)}
= j=

Vs YnEA

n k
- % tgen( o) [To( )
k=1 \j=1

V15, In€A xeA

1 1
= exp{n(g > ux)logu(x) + ” > M(X)logﬂ(X)>}

X€eA xXeA

x 2 ﬂ{L%=u}{lﬁQ(;§y.;)}-

Y15 Yn€A
Combining this with (4.5),

L3 Tlo(Xma)

s it j=1

an#<A>/2exp[ 3 () log 22 )}

xeA ( )

n k
x Z ¢M(y1)"'¢,u()’n){l_[ Q(Z)ﬁ)}-
9y j:1

k=1
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By variable substitution,

> ¢u<y1)---¢u<yn>{f[ Q(iyj)}

k=1 \j=

= > JlouGr—zu-00G.

Z1senzneZd k=1

Summarizing what we have proved,

> (ﬁn(a%))[% > ﬁQ<Xk:xom>]p

X1, Xp€Z4 Nk=1 ‘oex, k=1 j=1
n p
(4.6) SCnp#(A)/Z[ sup Y 1‘[¢v<z;<—z“)Q(z;c>}
vEMA) | z.ezd k=1

L (x) }

(x)

X Z n(xl)---zr(xn)exp{nZLz(x)log

X1y Xp€EA x€eA

where M (A) is the space of all probability measures on A equipped with topology
of weak convergence. (In our setting, of course, the weak convergence is equivalent
to the pointwise convergence.) Recall that by Sanov’s theorem (Theorem 2.1.10,
page 16 in [12]), the empirical measure L) satisfies the large deviation principle
governed by the rate function
v(x)
H(lm)=Y_v(x)log ) v e M(A).

By the fact that A is finite and that w (x) > O on A, H (v|m) is continuous on M (A).
By Varadhan’s integral lemma (Theorem 4.3.1, page 137 in [12]),

x€eA

Ly (x)
T (x)

lim llog Z n(xl)---n(xn)exp{nZLZ(x)log

n—-oon
X,eeen Xp€EA xeA

= sup {H(v|r) — H(|m)}=0.
veEM(A)

In view of (4.6), the conclusion follows from the following Lemma 4.2. [J

LEMMA 4.2. Under the assumptions given above,

. 1 " I
limsup—log sup ) 1‘[¢v(xk—xk_1>Q<xk)s;10gp.

n—oo N UGM(A))Q ,,,,, x,,ede:l
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PROOF. Notice that M(A) is a compact space and that for any puog € M(A)
and ¢ > 0, there is a open neighborhood U of g such that u(x) < po(x) + € for
all u € U. Fix ug and write

0 (x) = (1) + &) " mn/P,  xeA
0, x €Z4\ A,
and
1 n
Ae(uo) =limsup—log > []eeCx —xe-1)Q0x0).
n—oo N
X1y xp€Z4 k=1

We need only to show that

1
4.7) limsup A; (o) < —logp uniformly over po € M(A).
e—=01 p
For any x = (x1,...,xq) € 74 write |X|oo = maxj<j<q |X;|. For any integer

a < b we use (a,b]? and [a, b]? below for the d-dimensional boxes of lattice
points. Let No = max {|x|o0; x € A}. Let§ > 0 be fixed and take integer N > 2Ny
sufficiently large so that Q(x) < 8 for all x € Z¢ with |x|sc > N/2. We have
AC (=N, N

o [ ee = -1 Q)

= > > [ ek — yk—n)N

Viseens ynEZdZI,‘..,ZnE(—N,N]d k=1

(4.8)
+ (zk — 2k—1)) Q2yk N + zx)
< > [k —2-1)Q* ().
Zlseees Zne(—N’N]deI

where

Pe(x)= Y :(2yN +x), Q*(x) = sup Q(2yN + x).

yezd yeZd
‘We have
4.9) Pe(x) =@:(x),  x€[—(Q2N — Np), 2N — No)I%,
(4.10) Yo d-x0= Y (). xe(=N.NI,
ye(—N,NJ4 ye(—N,N|

4.11) 0*(x) <8V O®x), x ez
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By (4.10), the kernel
P(X,)’):(Tds(y_x)/ Z (ZS(Z)’ xsye(_N’N]dv
ze(—=N,NJ4

is a transition probability on (—N, N1¢. Let {Yk}k>1 be a Markov chain with the
transition P (x, y). By (4.9), by the definition of ¢, and by the assumption that the
group generated by A is Z¢, {Yk}k>1 s irreducible. By the large deviation principle
for the empirical measures of finite-state Markov chains (Theorems 3.1.2 and 3.1.6
in [12]), the empirical measure

1 n
Lz = — Zayk
Ly

satisfies the large deviation principle on M{(—N, N1¢} governed by the rate func-
tion

I(wy=—inf 37 M(X)10g<u(x)1 >, P(x, y>u<y)>,
" e(=N, N ye(—N, N}
ne M{(—N, N1}
On the other hand,
> [k — zx—1) Q*(zr)

21y zn€(=N,N14 k=1
n
= ( > @(@) Egexp{n(log Q*, LY)}.
xe(—N,NJ4
By Varadhan’s integral lemma (Theorem 4.3.1, page 137 in [12]),

1 n
lim —log Z H(?ig(zk — 2k-1) Q™ (2k)

n—-oon
FS PRETH Zne(_N,N]dkzl

= log< > (o'g(x))

xe(—N,NJ4

+  sup { > M(X)logQ*(X)—I(u)}

neM{(=N. N1}y e(—N NJ¢

“4.12) = sup inf Z m(x) 10g<Q*(x)u(x)_1

peM{(=N.NK} >0 T N



LOCAL TIMES OF ADDITIVE STABLE PROCESSES 621

x ) %(y—x)u(y))

ye(=N,NJ¢

=< sup inf10g< > M(X)Q*(X)M(X)_l%(y—X)u(y)>

peM{(—N N> N TN N

where the last step follows from Jensen’s inequality.

Letu(x) =4/ 0*(x)u(x) and

F) = { V),  xe(=N,NJ,
0, x€Zd\ (=N, NJ“.

We have | f|, =1 and
Y u@ O @u) T @y — Huly)

x,ye(=N,N}¢

= ) PO-0JO®*M ) f ).
x,ye(—=N,N}¥
By (4.9), for any x,y € (=N, N4, x —y ¢ [-(2N — Np), 2N — Np)]?¢ implies
that |x|so = N — No and |y|ee = N — No. In view of (4.11),

Yoo By —x)Q* ) Q* () f(X) f ()

x,ye(—=N,N}¢
< D 9y =)/ Qs(0) Qs (V) f (X) f ()
x,yeZd
+ Y Py —x)/ QF() Q* () F () fF (1),
x,yeB

where Qs(x) =6 v Q(x) and B ={x € (—N, N4, |X|oo = N — Np}. By the fact
[partially from (4.11)] that Q*(x) <& for x € B,

D=0 WM f =S Y Py —x) X))
X,y€B x,ye(—=N,NJ¢

To control the right-hand side, we consider Fourier transformation. For any
function g supported on (—N, N1¢, we introduce the complex function ¥ (g) on
74 by

Fom= ¥ sweplipeonl  yez
xe(=N,NJ4
By orthogonality, for any g and 4 supported on (—N, N1¢,
(4.13) Y FOMF®Mm=2eN Y ghx).

yE€(—=N,N¢ x€(=N,NJ4
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We now take
hx) = Y. Pelz—x)f().
ze(—N,N)¢
Then
Fh»= Y, [f@ Y @(z—x)exp[i%(x-y)}

ze(=N,NJ4 xe(=N,NJ4

= > f(Z)eXP{i%(Z'y)}

z&(-N,NJ¢
x> Bz —x)eXP{i%((x —2)- y)}
xe(—N,N}4
=F(HWMF @) (=),
where the last step partially follows from the fact that @, is periodic:
Ge(x +2Ny) =@(x),  xe(=N,NJY, yez’
From (4.13), therefore,
Y. P -0

x,ye(=N,N}¢

= ) fh)

xe(=N,NJ4

=N Y FOMFDO)

ye(—=N,N 4
=N Y IFPOOPF @)
ye(—=N,N 4

By the definition of @,

FEGm=Y Y <Ps(2Nz+X)eXP{i%(x'y)}

z€Z4 xe(—N,N 4

b4
= Z Z <Ps(2Nz+x)exp{iﬁ((2Nz+x).y)}
z€Z4 xe(—N,N}¢

= ¥ ewen|ifan|= T emenlite
xezd xeA

Thus, there is a constant C > 0 independent of N (and therefore §), such that
|F (Fe)(y)] < C forany y € (—N, N1¢.
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Therefore, by (4.13) again,
Yo B -0fOfM=CeN Y IFPOOP

x,ye(—N,NJ¢ ye(=N,NJ¢

=C Y flv=cC.

xe(—N,NJ4

Summarizing the above discussion, by (4.12) we have

1 n
lim —log > [ (x — k-1 Q*(zp)

n—-oon
Z1,eesZn€(—N, N4 k=1

slog(C8+ sup D @e(y —x) Qs(x)Qa(y)f(X)f(y))-

If12=1 \ezd
By (4.8),

X1y, Xp€Z4 k=1

slog(C8+ sup D @e(y —x) Qs(x)Qa(y)f(X)f(y))-

If2=1, ezd

Letting § — 0T gives

Xyenns xpeZd k=1

glog( sup Y @e(y —x) Q(x)Q(y)f(x)f(y)>-

1f2=1 \ezd

By the definition of ¢,, for any f € L2(Z%) with | fl, =1,
Y (V=) Q)M f(N) ()

x,yeZd

=Y 0(x) Y JOx+ O fx+ ¥ f(y)

xezd yezZd

= (ko) +&) /I @N? Y SO+ fx+ ) f()

xeA yeZd

< iZ(Mo(X) + 8)}1/q

xXeA
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pyl/p
XlZ”(X)[Z Q(x+y)Q(y)f(x+y)f(y)} }

xeA yeZd
< (1 +e#{Aap/aplir,

Consequently,

1 n
limsup—log Y []eexx —x-1) Q)

n—oo N
1 L1
< —logp + —log(l + e#{A})
4 q
which clearly implies (4.7). [

5. Upper bound for Theorem 2.1. In this section we prove

E[n°([0, 711 x --- x [0, 7,])"] < log

1
5.1 limsup —lo
.1 limsupe log T

Qm)d”

By comparing (2.2) with Theorem 4.1, we need to do two things—Ilocalization
and discretization. In particular, we point out the difficulty in our second task. If
we follow a standard way of discretization, then each of A1, ..., A, will generate a
small error. This may lead to a considerable error generated by

k
Y ha(h)
j=1

as k is large. In view of (2.2), therefore, the standard approach seems not to be
very promising.

Our approach relies on Fourier transformation. Define the probability density &
on R? as

(5.2) h(x) = C 1]‘[<2smx"), Xx=(x1,...,xg) €RY,

k=1\ Yk

where C > 0 is the normalizing constant:

ZSIHXk2
o= [

Xk

Clearly, & is symmetric. One can verify that the Fourier transform nis
h(p) = /d h(x)e ™ dx = C™1Q@m) (L 1y * Ly 110) V).
R : :

In particular, his nonnegative and has the compact support set [—2, 2].
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For each ¢ > 0, write
(5.3) he(x)=e"h(e'x),  xeRe
Define
ne([0, 1] x -+ - x [0, 7,]) :/Rd he CON* ([0, 1] X -+ x [0, £p]) dx.
By Parseval’s identity we have

778([0, tl] XX [O’ tp])
1

= Gyt oy P11
x/tl--‘/tpex {ir-(X1(s) 4+ Xp(sp))} dsi -+ ds
0 0 p 11 pUp 1 P

where
he () = / , he(x)e** dx = Rh(eh).
R
Hence,

E[(1° — 1:)([0, 111 x -+ x [0, 2,1)"]

1 LN
= Gy /(Rd)n diy--- dhy (g[l — h(s,\k)])

14 n

X l_[f Eexp[iZAk-X(sk)}dsl---ds,,.
. J[0,;]"
j=1 !

k=1
Following the same procedure used for (2.2),
E[(n° = ne) (10, 7] x -+ x [0, 7, ])"]

1 n _
= Gy /(Rd)n dip - d, (k];[l[l - h(g)\k)])

G4 [Z 1 Q(ixam)r

ceT k=1 \j=1

(nh? dx dx |”| 1 —h(er p Ek A
< _ .
~ (2m)dn ./(Rd)” : nk:1[ (rl0 j=1 ’

n

Y4 R
- /(Rd)n dhy - dhy [T[1 = h(e G = 2=1))] QP (),

= dn
(2r) k=1
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where Q(\) = [14+¢ (M)]~1, where the second step follows from Holder inequality
and from a suitable index rearrangement, and where the third step follows from the
variable substitution A; — Ar — Ax_1 (recall our convention Ag = 0).

We now prove that

1
lim sup lim sup — log dry---dry
>0+ n—oo N (Rd)yn

(5.5 .
H h(e(i — hi—1))]QF (i) = —

First notice that under the assumption d < «ap,
C 5/ 0P (V) dx < .
R4
Given § > 0 there are u > 0 and N > 0 such that I — h(X) < § as |A| < u, and that
/ QP (M) dx < 6.

{IA1=N}

We take ¢ < u(2N)~!. For each n, write
By = {1 k) € @I M1 <k <ni a2 N2 5.

We have

/(Rdw i 1:[ h(e (e = 2=1))] Q7 ()

< | dry---diy H Q" (i)
B, _1

n

+ diy - dhy T = R(eh — Ak=1))] Q7 (M0).
n k=1

For the first term on the right-hand side,

n

dii--dh, [] QP Ow)

By k=1

: ([n%]) [/Rd QP (V) dx}n_[nm U{MZN} 07 () dx] (/3]

< zncn—[n/3]8[n/3]‘

So we have

1 1 2 1
lim sup — log dkl -dAp 1_[ 0P (hr) <log2+ =logC + = log3.
n—oo N k=1 3 3
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As for the second term, notice that on By, there are at least [n/3] pairs (Ax—1, Ax)
such that |Ag_1| < N and |Ax| < N. For such pairs we have 0 <1 — 71\(8()»]( —
Ak—1)) < &. For any other pairs, we use the general bounds 0 <1 — 71\(8()% —
M—1)) < 1. Therefore,

n
L 1_[ h(e (e — 2e=1))]QF (o)
n
55[”/3]/ dkl“‘d)\nl_[ Qp()uk):CnS[n/ﬂ.
Ry k=1
Thus,
n
lim sup —1og d)»] 1_[ h(e (e — 2e—1))] QP ()
n—oo N k=1
1
<logC + glog(S.
In summary,

1 n ~
lim sup lim sup — log dry -+ dh, H [1—h(e(ie — A—1))] QP (M)
k=1

e—0t n—o0 N (R
2 1 1
< max{log2+ glogC + glog& log C + glog(S}.

Letting § — 0T gives (5.5).
By (5.4),

1
lim sup lim sup — lo
g_)0+p n—)oopl’l g(l’l')p

E[(n° = ne) (10, 71] x -+ x [0, 7p])"] = —o0.

We claim that it can be strengthened into

1
(5.6) limsuplimsup —1og El(n° = )0, 7] x - -+ x [0, D" =—

g—0t n—>00 ( !)p

Indeed, this is automatic if n — oo along the even numbers. As for n =2k + 1, itis
easy to see that our assertion follows from the following use of Holder’s inequality:

El(n° — ne)([0, T1] x - - - x [0, 7, 1)1
<{E|(n° = ne)([0, 7] x - - x [0, T,])|*}1/2

X {E|(770 - 7]3)([0, ‘[1] X o+ X [O’ tp])|2(k+1)}l/2'
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We now fix & > 0 and estimate 1. ([0, 71] x --- x [0, 7,]). Let M > 0O be fixed
but arbitrary. By definition,

ne([0, 1] x -+ x [0, 7p])

(5.7) = Xi‘d f[O,M]d he(YM + 2)n"MF2([0,11] x -+~ x [0, 1,]) dz

5/ B (F0, 1] x -+~ x [0, 1,]) dz.
[O,M]‘l
where

he(x) =" he(YM +2),
yeZd

A0, 0] - x [0, 2D = Y n*™M¥E([0, 1] x -+ x [0,2,])
yeZd

are two periodic functions on R? with the period M > 0.
By Parseval’s identity,

f Fe @0, 1] x - - x [0, 1,]) dz
[0,M]4
1 ~ 2
=i ng:d </[0,M]d he(x) exp{—z ﬁ(y .x)} dx>

x(/ 7 ([0, 1] x --- x [0, ¢ ])exp{iz—n(y'x)}dx)
[0, M4 p M

By periodicity,

~ 2
/ hg(x)exp{—i—n(y-x)}dx
[0, M]4 M
27
= Z / hs(zM—l—x)exp{—z—(y -x)}dx
o [0, M4 M
-3 hg<x)exp{
774 <M+{0.MY¢
_ZGXZ‘; ZM+[0, M)

2 ~(2
=/[édhg(x)exp{—iﬁn(y-x)}dx:h(%y).

—i%(y (x —zM))}dx

h ;27 d
g(x)eXP{—lﬁ(y-x)} x
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Similarly,
n () 11 X (), eXpy1? -X)pdx
[0, ] b P M Y

2w
—/ " ([0, 11] -x[O,tp])exp{zﬁ(y-x)}dx

2
= expii—vy - (X1(s1)+ -+ X, (s }ds-"ds,
[0,11]x---x[0,1p] p{ My ( 16s1) p( p)) 1 p

Hence,

G (B CY I

(5.8)
/ {,27r
X expyi—
[0,71]%---x[0,2,] P M Y

-(Xl(sl) +"'+Xp(Sp))}dsl~--dSp.

Following a procedure same as the one used for (2.2),

E[/[O,M]d B ()70, T1] % -+ x [0, rp])a’z}

:Mld" 2 <1i[ (h—eﬂ»[z ﬁQ(zﬁnJZ:ya(j)ﬂp.

oeX, k=1

By Theorem 4.1,

1o - n
tim L1og (n!)pE[ /[O’M]d e (DT, 7] % -+ x [0, rp])dz]

log(ML sup Zh(zj‘rj )[Z Q(%(X+Y))

[fla=1 |/ cza vezd
(5.9) p
x Q(%y)f(ﬁy)f(y)} )
<log(M~“py),
where
(5.100 py= sup Y. [ > Q(Z_n(x + y))\/Q<2—ﬂy>f(x + y)f(y)T.
If =1 yezdLyezd M M
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In view of (5.7),
1 1
limsup — log ——E[n, ([0, 7] x - -- x [0, 7,])]" < log(M " pp).
n—oo N (nDP
By Lemma A.1 given in the Appendix, letting M — oo on the right-hand side
gives

0

E[n:(10.71] x -+ x [0, )]" < log 15—

1
5.11 limsup —lo
.1 dimsup - log %

Finally, (5.1) follows from (5.6), (5.11) and the fact that
(E[n°(10, 71] x - x [0, 7, )]"}/"

<{E[7:([0, 711 x - x [0, 7,1)]"}

+{EI(1° = 5e) ([0, T1] x - x [0, T, DI"H".

1/n

6. Proof of Theorem 1.2. In the light of Theorem 1.1, the nontrivial part of
Theorem 1.2 is the upper bound. Let M > 0 be fixed and recall that

70, Tl x - x [0, D) = Y M0, 1] x -+ x [0, 7).
yezd
Notice that

6.1) sup n*([0,71] x --- x[0,7,]) < sup 7 ([0, 71] x --- x [0, Tp]).
xeRd xe[0, M1

By Fourier expansion,

— 21
70 ) x e x 10, 5) = 3 aespli (e n .

yezd
where
1 2n —
a(y) = W/[O,M]d exp{—lﬁ(x . y)}ﬂ ([0, 7] x -+ x [0, Tp]) dx
1 2 .
= W/Rd eXP{—’ﬁ(x ')’)}7) ([0, 711 x --- x [0, T,]) dx
1 rm ™ (2n
= W/o /0 exp{—l<ﬁy> . (X1(s1)+...-|-Xp(sl,,))}a's1 - ds).
Thus

7 (0, Tl x - x [0, T ])

1 2
(6.2) = d Z exp{iﬁn(x-y)}

yezd
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/Tl /‘Tp { _(271 )
X expy—i| —
0 0 p M)’

. (X](S]) + ---+Xp(sp))}ds1 dsp.
Let the functions 4 and &, be defined in (5.2) and (5.3), respectively. Recall that

Es(x) = Z he(YM + x), il\()\,) :/dh(x)ei)vx dx.
yezZd R

Write
0. 05D = [ R 0. 7] x - x (0.7, D

By (5.8) and (6.2), and by a procedure similar to the one for (2.2), one can prove
that

E[F7 ([0, 711 x - - x [0, 7, ])"]

1 2 &
(6.3) =@ > exp{tﬁ];(x-yk)}

V1o Yn€Z4

X[ > ﬁ Q(%jémn)]pa

GET, k=1
E[@" =790, 71] x --- x [0, 7,])"]

(6.4) :ﬁ > (ﬁ[exp{i%(x-yk)} —exp{i%(z-yk)}})

Visesyn€Z4 k=1
n 27 k P
X[ Yo I Q(ﬁ Zyam)] :
oeX, k=1 j=1
x,z€[0, M)4,
E[G° — 7)([0, 1] x - - x [0, T,])"]

(6.5) =ﬁ > (ﬁ[l‘ﬁciz\;y")])

yl,---,ynGZd k=1
n 27 k p
X[Z HQ<ﬁ Yoven )| -
oces, k=1 j=1

By (6.5) and by an argument similar to the one used for (5.6),

lim sup lim sup — log IE|(?70 —7)([0, T1] x -+ - x [0, T, D|" = —o0.

e—>0+ n—oo N (I’l!)p
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This, together with (5.9), implies that

1
(6.6) lim sup — log

i° n oM

By Lemma 6.1 given below and by Taylor’s expansion one can easily see that

1
lim sup lim sup — log E sup |3 =70, 1] x - x [0, 7,D|"
§—0+ n—oo N (I’l')p ly—x|<8
(6.7)
= —00.
Given § > 0, let D C [0, M]? be a finite §-net of [0, M]¢:

1/n
{E sup 77 ([0, 7q] x -+ x [0, rp])”}
xe[0,M]d

1/n
< {E sup 77 ([0, 71] x -+~ x [0, Tp])n}
xeD

1/n
(6.8) + {EI SUI|J 5 1G> =)0, 71 x -+ x [0, fp])ln}
y—x|=

1/n
< {#(D) sup  EFE([0, 11] x - x [0, rp])”}
xel0,M]4

1/n
+ {El sullz) 5|(ﬁy — 7)) (0, 71] x - -+ x [0, Tp])|n} .
yxl<

From (6.3) one can see that for any x € [0, M]? and for any integer n > 0,
E[# ([0, 1] x -+ x [0, 7,])"] < E[F°([0, 71] x -+ x [0, T,])"].
By (6.6), (6.7) and (6.8), therefore,

1
limsup — lo
el 1 08 anyp

E[ sup ﬁx([O,fl]X---X[O,rp])”]flogp—ﬂf,-
xel0,M]4 M

In view of (6.1), we have

limsu l10 oM
n—)oopl’l g(n!)P M

IE[ sup 7 ([0, 71] x - -+ x [0, rp])”:| <log

xeRd

By Lemma A.1 given in the Appendix below, letting M — oo on the right-hand
side gives

1
(6.9) limsup —log sup ([0, 71] x - -+ x [0, rp])”} <log

[ P
E .
n—oo N (I’l!)p xeRd (27T)d
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We now adopt the argument used for (2.5) here. For this we replace (2.3) by
(6.9), and replace (1.6) by (1.13). We obtain

hmsup—log(n') d/“E[sup n* ([0, 117)" }

n—oo xcRd

(ap—d)/a
ap p

Comparing this to (2.6) gives

hm llog(n') d/aE[SUP n* ([0, 117)" ]
X d
(6.10) =

ap \@-d/a
=1 1 .
Og( ) o8

Finally, Theorem 1.2 follows from (6.10) and Lemma 1.4.

LEMMA 6.1. For any number ¢ with 0 < ¢ <min{l, (ap —d)/2}, there is a
positive number ¢ = c(¢, V¥, p) such that

4 1/
(6.11) EEXp{c sup (|(77 790, 711 x -+ - x [0, r,,])|> p}<oo

x,2€[0, M1 lx — Z|€
X#z

PROOF. By (6.4) and Jensen’s inequality, for any x, z € [0, M]¢,

E[G =790, 71] x -+ x [0, 7,])"]

1 —exp{i%((z —X) ')’k)}

o5 2
i)

Y1 YKEL j=l1
NP n 2
s (f1-ef - e
V1o R EZE Me=1
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Fix ¢’ with ¢ < ¢’ <min{l, (ap —d)/2}. We have
(6.12) 'AHAWQNMdA<mL 6 <2z
Notice that

1 2m <1
‘ - exp{lﬁ((z —x) - (yk — yk—l))H <

Hence,
1 | 2
5' - exp{zﬁ((z —x) - (yk — )%—1))”
: 2 ¢
<27¢ ‘1 — exp{iﬁn((z —x)- (yk — yk—1))H
(2 {’ ’ 4
<27¢ (%) 2 — x| [y — ye—11°
Therefore,
E[@* =790, 1] x --- x [0, 7,])"]
(6.13)

< (Jclzd (M |x —zl)w > H vk — yk—11" Qp<_yk>

Voo €2 k=1

By the triangular inequality,

n n
H|yk—yk_1|4”sr[ el + It ¥) = Z Hmr‘“

where for each 1 < k < n, §; has three possible values: 0, 1, or 2, and §; + - - - +
8, = n. The total number of the terms is at most 2". Thus,

<2ﬁn>”d<2ﬁn)€ Z 1_[ vk — yk—11¢ Qp<—yk>

..... reZ4 k=1
27 8¢ » 27
<ZH( )ZW 0" (7).
Sy k=1 yezd

From (6.12) there is a C = C(¢, ¥, p) > 0 such that

G il oG =e

yeZd

2
My
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So we have

Vi Y ELL k=1

By (6.13),

sup [E < mhHr@c),
x,z€[0,M]4

X#Z

[(77 —7)([0, 7] x --- x [0, Tp])]”
M—d(
n=0,1,2,....

Following a standard way of using Holder inequality, we conclude that there is a
Co=Co(¢, ¥, p) > 0 such that

@ =790, Tl x --- x [0, 7, ]) |

sup E o < mhrcy,
x,ze[0,M)4 lx —z|
XF#Z
(6.14)
n=0,1,2,....

Recall that a function W:RT — R™ is a Young function if it is con-
vex, increasing and satisfies W(0) = 0, limy_, o W(x) = co. The Orlicz space
Ly (2, A, P) is defined as the linear space of all random variables X on the prob-
ability space (€2, #, IP) such that

IX|ly = inflc > 0; E¥(c™!X]) < 1} < co.

It has been known that ||-||y defines a norm (called Orlicz norm) and £y (€2, A, IP)
becomes a Banach space under ||-||y.

We now choose the Young function W such that W (x) ~ exp{x!/?} as x — oo.
By (6.14) there is ¢ = ¢(¢, d, p) > 0 such that

1GF =70, 71l x - x [0, TpDllw <clx — 2z,  x,z€[0, M.

By a standard chaining argument (see, e.g., Lemma 9 in [7]),

|7 — 790, 7] x -+ x [0, Tp])]
sup

x,ze[0,M14 |x — Z|{
X#z

< 00,
v

which leads to the desired conclusion. [
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7. Proof of Theorem 1.3. The upper bound in (1.16) and therefore the upper
bound in (1.15) follow from Theorem 1.2, the scaling property given in (1.13) and
a standard procedure via the Borel-Cantelli lemma. It remains to prove that for
any fix x € RY,

lim sup t~ap—d)/o (loglog N~ ([0, 117)

t—00

dja d \~(r—d/®)
> (2n)_d<g) <1 — —) P a.s.
d ap

We first prove that

(7.1)

§—>0+ t—00

lim liminfs ™! IOgPLi?fs n”([0,¢17) > lp}
<

(7.2) ap—d/d
d d \'*P~
> —(2n>“—<1 - —) p=e/e.
o op
Indeed, similarly to Lemma 6.1, for any bounded neighborhood D of 0 and any
0 <¢ <min{l, (ap —d)/2} thereisac=c(D,¢, ¥, p) > 0 such that

|(n¥ — ([0, 71] x - - x [0, rp])|>‘/1’} e
ly —z[¢ '

(7.3) Eexp{c sup (
y,zeD

y#2
By the Chebyshev inequality we have that for any & > 0,

limsuplimsupt_llog]P’{ sup |(170 —n")([0, 1] x --- x [0, D= stp}

§—>0t 100 lyl<s
= —o00.
On the other hand,

]P’{ sup |(n° — n*)([0, T1] x --- x [0, DI = et”}
|y|<é

oo o0
=/ / e—(zl+---+tp)
0 0

x B sup 167 = 010,11 x - x 10,1, = e Ly i,
lyl=d

>/’ /t o (+tip)
—Ja-ex (1—e)t

x IP’{ sup |(n° —n)([0, 11]
ly|<é

><-~-x[O,t,,])lzstP}dtl---dt,,
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> (e—(l—e)t _ e—t)P

x inf IP{ sup [(n° = n)([0, 111 x - x [0, 1,])| = srp}.
(I=e)t=ty,....tp<t ly|<8

So we have

lim sup lim sup ! log inf
§—>0+ t—00 (I=e)t<ty,....tp<t

(7.4)

Bl sup 10" )00, 11 % - x 10,1, = 17| = .
lyl=é

Foranytand (1 —¢)t <t,...,tp <t,
inf »” ([0, 1]7)
lyl=<é

> |i?f(sny([O, 1l x - x[0,1,])
yi=

> n0([0, 1] x -+ x [0, £,]) — ‘yi?<f$|(n0 — )0, 1] x -+ x [0, 2,])]

= ([0, (1= e))”) = inf (0" = ") (0, 1] x -+ x [0, 1, D).

Hence,

P{li?ja n*([0,¢]7) > tp}

+ inf IP{ sup 1(0° = 7%)([0, 1] - -+ x [0, )| > stp}
(I=e)t<ti,...tp<t  ||x|<s
> P{n°([0, (1 — &)117) = (1 + &)tP}.

Consequently,

max{liminft_1 log]P’{ inf n” ([0, ¢]7) > tp},
—00 |y|§8

limsups~!/? log inf
t— 00 (I=e)t<ty,....,tp<t
(7.5)
Bl sup 160 = )0, -+ x 10,1, = et
|y|<8
> lim ¢~ ogP{n°([0, (1 — &)t17) > (1 + &)P}.
— 00
Notice that

P{n°([0, (1 = &)117) = (1 + &)
= ]P’{nO([O, 119> 4+e)(d - 8)_(O‘p_d)/°‘td/ﬂt}.
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By Theorem 1.1,
lim = og P{n°([0, (1 — &)117) = (1 — &)t?}
d\(r-d/d

t—00
ap

(7.6)
(14 )/ (1 — ¢)-@r-D=d gy d
a

Let § — 07 in (7.5). By (7.4) and (7.6) we obtain

. . . — { . y O p > p}
d

d (ap—d)/d
> —(14+)*/4(1 - s)—<“P—d>/d(2n)“—(1 ) p=/.
o

Letting £ — 0™ on the right-hand side leads to (7.2).
We come to the proof of (7.1). For each k > 1, write t; = k¥ and define
,p, k=1,2,....

Xjk@) =Xt +1) — X)), 1>0, j=1,...
Let 13 (1) be the local time of the additive stable process
Xi(sty-evy5p)=X1a(s1) + -+ Xpilsp).

Then for each k, nx 4 n.
-+ X, (). A rough estimate gives that with probability 1, the inequality

Te+1 )Ua

il < 2—15(
loglog e

Let § > 0 be a small number which will be specified later. Write Y = X (#) +

eventually holds. Therefore, with probability 1,
7 (s te0117) = (0, 11 — 0])
inf

> ([0, i1 — 1]7)
|y|<8(t+1/loglogt1)1/®

\Y

(7.7

eventually holds.
For each k, by the scaling property of the stable processes,

inf m ([0, i1 — 17)
|y1<8(txs1/loglog trq )/
d .
= inf n” ([0, te+1 — %]P)

|yI<8(t41/loglogy 1) 1/®
(ap—d)/a _ i
) 11|1<f(3 n” ([0, 1) (k1 — 1) loglog 7 4117)

Il

< Tk+1
loglog tx+1
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Let 6 > 0O satisfy

dfa g \—~(p—d/a)
6 < (271)‘1(3) (1 — —) 0.
d ap

We have

. ) —d
P{ inf 0l ([0, i1 — 1417) = 617 ”“aoglogtkmd/“}
|y1<8(tr41/loglogtyy1) /e

= P{|yi?<fa > (10, 1)) (ts1 — t) loglog t1117) > 9(10g10glk+1)p}-
By (7.2), therefore, one can take § > 0 sufficiently small so that

1
liminf ——— 1og]P>{ inf m ([0, te1 — 1]7)
k— 00 loglogtk+1 |y|<8(tkr1/loglog 1)1/

> Gt(ap_d)/a(loglogtﬂl)d/"‘} > —1.

k+1
Consequently,
ZP{ inf m ([0, 1 — 51P)
. Uyl=8(tis1/loglogtiy )/
> 0150~V (loglog tr.) %/ “} = 00.
Notice that
inf m 0, i1 —1l?),  k=1,2,...

|Y1<=8(tk+1/ loglog ty1) 1/
is an independent sequence. By the Borel-Cantelli lemma,
—(ap—d)/a

limsup, | (loglog tx+1) —d/e
k— 00

x inf ([0, k1 — 6]7) > 6 a.s.
[y|<8(tx+1/loglog 1) 1/®
By (7.7),
limsup 1, 57~ (loglog ti )~ (1, 4117) = 6 s,
k— 00
Consequently,
lim sup (ep—d)/a (loglog 0~ (10, 117) > 6 a.s.

t—00

dfa g \—(p—df@)
0 —> r)~¢ (3) (1 — —> o~
d ap

Letting

proves (7.1).



640 X. CHEN

APPENDIX

LEMMA A.1. Let p be defined in (1.4) and let py; be defined in (5.10). We
have

(A.1) limsup M 4 py < @)~ 9p.

M— o0

PROOF. Givena > 0and f € L£2(Z%) with | f|» = 1, by Holder inequality

) LEZd\/Q T+ y))\/Q(%y)f(x + y)f(y)T

|x|>Qm)~"1Ma

p—1
< > (Z |f(x +y)f(y)|>

|x|>Q2m)"1Ma \yeZd

x 3 QP/Z(—(x +9) QP/2(2—y)|f(x WO

yeZd
Notice that for any x € Z¢,

YolfEEnfMI= Y =1

yez: yez4
Thus
21 27T p
|x|Z(2nZ)1Ma|: %d \/Q<M(x + )’)>\/Q(ﬁy)f(x + )’)f()’)i|

< ¥ ZQ”/Z(—(x+y))

lx|>Q2m)~1Ma yeZd

x Q”/2< V)i 0 f o)

(2 reolEeom)e)

|x|>Qm)"1Ma yeZd

A

1/2
x( > fz(x+y)f2(y)>

x,yeZd

(2, e Gel)

lx—=yl=Q27)~'Ma
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Notice that
1 21 21
w2 o(G)er(G)

lx—y|>Qr)"1Ma

2d P p
— e[ [ 0reermdidy

as M — oo.
For any given § > 0, therefore, one can find a > 0 such that

1
— sup > [Z,/Q —(x+y)
M [ fl2= 1 lx|>Q27)~ IMa yGZd ( )

(A.2)
p
2
< Jo(Spy) e+ y)f(y)} <5

for sufficiently large M.

For any x = (x1,...,x4) € RY, we write [x] = ([x11, ..., [xq]) for the lattice
part of x. (We also use the notation [- - -] for parenthesis without causing any con-
fusion.) For any f € L2(Z) with [fla=1,

2 [ 2 \/Q(zﬁ”u + y))\/Q(%’y)f(x + y)f(y)T

lx|<@m)~1Mablyezd

-/ .
{Ix=@m)~'Ma)

(oG arsm) e vpsonay|

() [

(&) Lol S ED e
(2] [ ()]

Om) = Q(%[%AD reRY,

o= () () re

where

Write
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fuorn=(z) [ (5] o

—f POndi=Y =1

xezd

We have

We can also see that under this correspondence,

o) (e o )=o) rew

In view of (A.2), therefore, we need only to show that for any fixed a > 0

limsup sup |A|<a d)»|:/Ri\/QM )/ + — —KD\/ Om(y)

M— o0 ||g||2 1

A3 2nf M, d ’
(A.3) Xg(y+ﬁ[g Dg(y) 14

p
= s [ o[ Journ/emse+smay|

ligll2=1

Indeed, by the inverse Fourier transformation the function

UnG) = [ Qutr +y sy + 25 dy

is the Fourier transform of the function

Vum(x) = (2 )d/ Upy(Me™ l)\xd)L
1 )
~ Q) ,/]Rd e dh A;d JOuy + 0\ Qg (y + Mgy dy
(A4
= —1 —i(A=y)x
T @2n)d //Rwde QMg Q()g(y)drdy
1 , 2
= Qnyd ‘ L e7outmemdy
Therefore

L \/ ou(r+27 [ 3or]|eums(y + 35 24] Jerray

a9 =on(Z[])
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1 . 2n[M ixey 2
= o exp{’x | M[E*]WM QMW)g(V)dV‘ dx
1 . 2n [ M
= / l—exp{zx-(k——[—x})}‘
Q2m)d Jra M |27
ixy
[ e entemdy
1 ix-A ix-y
+ (2m)d /];Qde A;de \/QT(V)g(V)dV

By Parseval’s identity and by the fact that Q3 <1,

@ /n;d /Rd eix'ymg()/) di

=/Rd Ou(Y)g*(y)dy ifRd gy dy =1.

Hence, the first term on the right-hand side of (A.5) tends to O uniformly over
A € R and over all g € L2(R?) with ||g|l» = | as M — oo. The second term on
the right-hand side of (A.5) is equal to

e Vutdx =Gy = [ JQuG+ ) Qugt+vetdy.

Consequently, we will have (A.3) if we can prove

2
X dx

2
dx.

2
dx

lltm4>suoop |‘§?|}12p—‘1 {IA|<a} / QM( y) QM(V)g( y)g(y) 14

(A.6)

= /{|x|ga}dk[fRd\/Q(MFV)\/Q(V)g(/\+y)g(y)dy]p,

< su
llgll2=1

By uniform continuity of the function Q we have that Q;(-) — Q(-) uniformly
on RY. Thus, given & > 0 we have

sup [\/Ou G-+ 1)y Qu(n) =00+ ) om)| <e

A,yeRd

for sufficiently large M. Therefore,

{/{lea}dk[/Rd \/QM(A + )/)\/QM(V)g(A + V)g(y)dy]p}l/p

<ol ail[ 0 y)g(y)dy]p}l/p

" {/{A<a} dA[V/Rd VG4 000+ V)g(y)dy}p}l/p.
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Finally, (A.6) follows from the fact that

p
/ d/\[f g+ y)g(y)dy] < Cya?,
{Ir|<a} R4
where Cy is the volume of a d-dimensional unit ball. [

LEMMA A.2. Assume d < 2a. Let My, be defined in (1.10) and let p be de-
fined in (1.4) with p =2. Then

(A7) My = (2r)~de/@a=d) jo/Qa=d),
PROOF. Replace f (1) by +/Q(A)f(A) in (1.4). Then

2
p=sw [ [ 0G4nfotnomsmay|a

2!
where
12
1f 1l e20) = ( [, roow dA) .

By the inverse Fourier transformation and by a computation similar to the one
given in (A.4), the function

U = [, 0G4S0+ 1S () dy

is the Fourier transform of the function

2
Vix)= |

1 .
W /}\Qd e_lny(,y)f(y)dy

By Parseval’s identity

_/Rd [/Rd QA +y)fr+ J/)Q(J/)f()/)dyrdx

= (Qm)? fRd V2(x)dx
‘4

= [ e emrmray| ax
Qm)d Jrd | Jra '
Let p;(x) be the density of X (¢) and write

(e e]
G(x) 2/ pir(x)e " dt, x e RY,
0
Notice that

/ er*G(x)dx = Q).
R4
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If we consider f(A) as the Fourier transform of the function g(x) on R4, then

/ QW) f(y)dy = (271)"/ G(y —xg(y)dy = (2m)'Gg(x),
Rd R4

1£ 152y = @) fR 1 s O~ D8I dxdy = 2m)" (3. Gg).

Summarizing the above steps, we obtain

(A.8) p=02m)*  sup / |Gg(x)|*dx.
(g.Gg)=(2m)~d /R

Write h(x) = Gg(x) and recall the resolvent identity
I=G—Ao0G,

where [ is identity operator and where +4 is the infinitesimal generator of the

Markov process X (¢). Then

(g, Gg) = (h — AR, h) = ||])2 +f YR dr = |hll2 + 1710,
R4

where

1 By, = [, wOOIS 0P d

and where the second step follows from the fact (page 24 in [3]) that

(Ah. h) =—fRJw<A>|ﬁ<x)|2dx.

Hence, from (A.8) we have

(A.9) p = (2m)> sup / ) lh(x)|*dx.
Illo 4RI, ., =)~
Write

@ = swp [o( [ 1scortar) [ worgerra).  oso

geFy
where Fy, is defined in (1.11). By (2.10) in [8] (with p =2),
(A.10) My (0) =62/C=Dp, >0,

Therefore, we will have (A.7) if we can prove that

(A.11) M¢<(27:/);/2> =1.
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Indeed, for any 0 < ¢ < p, by (A.9) there is an A such that || kg2 + I7oll
(27)~? and that

2 =
L)

/ ho)l*dx > @) (p — o).
R
Consequently,

v <<2n)d/2) _ @)= Upa lho@)[*dx)' — foa ¥ W) IR ()| di
AV Jia ()P dx

@O — Jpa b Mo P dA
- Jra lho(x)|>dx

Let ¢ — 07 on the left-hand side. By (A.10), M (@) is continuous. So we have

1.

/2
(A.12) M.p((zi[/)ﬁ )31.
On the other hand, by (A.9) again
(27.[)41/2
M
‘”( Nz )
B (27T)d/2 A 1/2 R 5
_gi”j%{ T (Lscortax) = [ woogeoora)
/2
< sup {21+ [ voorgmaPar]
geFy R4

- [ polreral =1 g
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