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CENTRAL LIMIT THEOREM FOR STATIONARY
LINEAR PROCESSES

BY MAGDA PELIGRAD! AND SERGEY UTEV
University of Cincinnati and University of Nottingham

We establish the central limit theorem for linear processes with depen-
dent innovations including martingales and mixingale type of assumptions
as defined in McLeish [Ann. Probab. 5 (1977) 616-621] and motivated by
Gordin [Soviet Math. Dokl. 10 (1969) 1174-1176]. In doing so we shall pre-
serve the generality of the coefficients, including the long range dependence
case, and we shall express the variance of partial sums in a form easy to apply.
Ergodicity is not required.

1. Introduction. Let (§;);cz be a stationary sequence of random variables
with E[sg] < oo and E[£y] = 0. Let (a;);cz be a sequence of real numbers such
that Y,z a? = A < 0o and denote by

o0

n
X = Z ar+;&j, Sn=ZXk,
k=1

j=—00

)

o0
. . 2 __ 2
bpj=ajy1+---+aj, and by= Y b, ;.
j=—00

The so-called noncausal linear process (Xi)xez is widely used in a variety of
applied fields. It is properly defined for any square summable sequence (a;);cz if
and only if the stationary sequence of innovations (;);cz has a bounded spectral
density. In general, the covariances of (Xy)rcz might not be summable so that
the linear process might exhibit long range dependence. An important question is
to describe the asymptotic properties of the variance and the asymptotic behavior
of S, properly normalized. In this paper we shall address both these questions.
A simple result with very useful consequences is contained in Lemma A.3(iii).
It turns out that, when the innovations have a continuous spectral density f(x),
the variance of S, is asymptotically proportional to f (O)bﬁ, up to a numerical
constant. This fact suggests to further study the asymptotic distribution of S, /b,,.
As we shall see in this paper, if the sequence (§;);c7z is a martingale difference
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sequence or its partial sums can be approximated in a certain way by martingales,
then, despite the long range dependence, S,/b, satisfies a certain central limit
theorem.

To allow for flexibility in applications, we define a stationary filtration as in [17].
We assume that § = g(Y;, j <1i), where (¥;);cz is an underlying stationary se-
quence. Denote by J its invariant sigma field and by (¥;); <7z an increasing filtration
of sigma fields #; = o (Y}, j <i). The pair [(F;);cz; 4] will be called a stationary
filtration. For the case when for every i, §; = Y;, and g(¥;, j <i) =Y;, then F; is
simply the sigma algebra generated by &;, j <i.

In the sequel || - ||2 denotes the norm in Lo, || X |2 = (E[X]%)/2.

We shall establish the following result:

THEOREM 1. Let (&)icz be a stationary sequence with E[Sf] < 00,
El[&] =0 and stationary filtration [(¥;)icz; I]. Define (Xi)k>1, Sn and b, as
above and assume b, — o0 as n — 00. Assume that

o0
Tj= Y |E[&E&|F-j)]|<oco  forall j and

k=0
(2)
1
— Z ri—o0 as p — oo.
P o
Then, (&)icz has a continuous spectral density f(x) and there is a nonnega-
tive random variable 1 measurable with respect to § such that n™'E (X Fo £0)2
Fo) > nin Ly asn— oo and E(n) =2rf(0). In addition,

Var(S
fim Y60 oo 0) and

3)
S
b—n = /1N in distribution as n — 00,
n
where N is a standard normal variable independent of . Moreover, if the sequence

(&))iez is ergodic and condition (2) is satisfied, then the central limit theorem in (3)
holds with n =2n f(0).

The following corollary extends the projective CLT theorem of Volny [22]
(which, in turn, was inspired by Heyde [11], Theorem 2) and Corollary 2 (mixin-
gale type CLT) of Maxwell and Woodroofe [17] to dependent sequences generated
by linear processes and, in addition, proves the continuity of the corresponding
spectral density. This corollary also develops a result by Wu and Min [24] who
considered the case of absolute summable weights.
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COROLLARY 2. Let (&)icz be a stationary sequence with E($12) < 00,
E[&y] = 0 and stationary filtration [(F;)icz; d]. Consider the projection opera-
tor P;(Y)=E[Y|¥;] — E[Y|F;-1] and assume that

o
4) E)F_x0)=0 almost surely and Z | P—i (&0)]l2 < o0.
i=1

Then, the conclusion of Theorem 1 holds. In particular, (4) is satisfied if

(5) > 0T 2 E & Fo)ll2 < oo.

n=1

To comment on the conditions used in our results, first we mention that as-
sumption (2) implies that the initial sequence (&;);cz satisfies the Gordin martin-
gale approximation condition (8) defined later. Various conditions are known to
be sufficient for (8), such as the original Gordin condition, sup,, |E(& + -+ +
&1 F0) |2 < oo and its modifications introduced in [11], Theorem 1, or in [9], The-
orem 5.2, in [5, 7, 17, 19]. By considering telescoping sums &, = O, — O,—1
with the stationary sequence (Q;);cz having an unbounded spectral density, one
can easily show that those conditions are not enough for (3). On the other hand,
examples similar to those in [22], Theorem 7, show that the Gordin type condi-
tions mentioned above, imposed to partial sums, are not necessary for (3) and (4).
As a matter of fact, we shall construct an example to show that the conditions of
Corollary 2 are optimal.

PROPOSITION 3. Let ; be a sequence of nonnegative numbers such that
Yo — 0 as n — o0. Then, there exists a strictly stationary ergodic sequence
(&))iez with unbounded spectral density such that

> U EGIF Dl <00 and Y dlPa(E)lh < oo

n=1 n=1

It seems that even for martingales our result is new and extends the CLT of
Ibragimov [13] for linear processes with i.i.d. innovations and also the CLT of
Billingsley [1] and Ibragimov [14] for stationary ergodic martingale differences
to linear processes of stationary martingale differences. It also incorporates corre-
sponding results by Heyde [11] and Hannan [10].

PROPOSITION 4. Let (§);cz be a stationary sequence of martingale differ-
ences with finite second moment o2. Then (3) holds. Moreover, one can choose
n=~FE (§g|1). In particular, if the martingale difference is ergodic, n = E (E&l
J) =02
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The paper is organized as follows. Proofs are given in Section 2. Various exam-
ples are collected in Section 3. Among them is an application to strongly mixing
structures that provides a sharp result under minimal assumptions. This section
also contains the proof of Proposition 3. Finally, the Appendix gathers some tech-
nical facts about some sequences of numbers and spectral densities of stationary
processes summarized as a few lemmas.

2. Proofs.

PROOF OF PROPOSITION 4. Denoting by b, j =ajy1 + -+ ajyn, We ex-

press the sum S, /b, = (1/by,) Z?‘;_Oo by, j&€; and apply the central limit theorem

for the triangular array of martingale differences (by, ;j&;/b,) jez. as it was done
in [20], pages 448-449, where the Lindeberg condition was established. We have

only to verify the convergence condition

1 o0
(6) 3 Z brzlng% -7 in probability as n — oo.

n j=—co

We start the proof by fixing a positive integer p and by making small
blocks of normalized sums of consecutive random variables. Define #, ; =

p! Zfip(k_l)H bz’i and decompose the sum in (6) in the following way:

1 & 2 &2 1 - 1 2k 2
b 2 bnisi=m 2 P’mk(‘ > 5;)

n j=—oo n k=—o0 j=pk—1)+1

e K
I DD DR U

n k=—o0 j=pk—1)+1
= Jn,l + Jn,2-

Notice first that Y ), ptyx = b,% and, as a consequence, by stationarity and the L
ergodic theorem, the following convergence holds uniformly in n:

1
(- > g})-E(ggm)‘—m as p — 00.

Jj=pk—=1)+1

E|J,1—EE)|<E

It remains to notice that by relation (A.1) in Lemma A.1 from the Appendix it
follows that

1 o0 pk
Eln2l EEgl 35 X0 b —takl >0 asn—co.
N k=—00 j=p(k—1)+1 ]

PROOF OF THEOREM 1. In order to prove this theorem, we shall use a block-
ing technique and then we shall approximate the sums of variables in blocks by
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martingale differences. As before, let p be a fixed positive integer and denote by
Iy ={(k—-1p+1,...,kp}. So I}’s are blocks of consecutive integers of size p
and Z = U2 _ o Ir. We start with the following decomposition:

Z bn j€j = Z > buj&j-

mj=—o0 by k=—o00 jely

—00

With the notation ¢, x = % Yie 1, bn.i» we further decompose W), into two terms:

= — Z \/_an(\/—zééj) Z Z[b”] Cn,k]";:j

n k=—o00 jelx n k=—o00 jely

= Bn,l + Bn,2-

We shall show first that B, » is negligible for the convergence in distribution.
Notice that by condition 2 and Lemma A.3(ii), (§;);cz has a continuous spectral
density and by the second inequality in part (i) of Lemma A.3, the variance of B, »
is bounded by

E(Bn,z>25< 50]+2Z|E(sofk)|)b2 Yo Y b —cnil

N k=—o0 jel
whence, by Lemma A.1 and taking into account condition (2), it follows that
E(B,2)*>—0  asn— oo.

To analyze B, 1, we denote the weighted sum in a block of size p by

y” —Zgj, keZ and Gy = Fip.
fJEIk

Then, Yk(p ) is G -measurable and define

zP = E(¥ge—1) and VP =y -z

Obviously Vk(p )is a stationary sequence of martingale differences and Yk(p ) =

Zy ) 4 Vk(p ) Tt follows that B,.1 can be decomposed into a linear process with
stationary martingale differences innovations and another one involving Z; P,
We shall show first that the term involving Z ,Ep ) is negligible for the convergence
in distribution in the sense that
2
=0.
2

(7) lim lim —

p—>oon—>00 ph

Z \/_Cn X Z(P))

k=—o0
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By Lemma A.l, we notice that (l/b,%) YR o pcik — 1 as n - oo and
also that the coefficients dy, y = ,/pcp i satisfy (A.3). Therefore, according to
Lemma A.3(iii), we deduce that

2

=2rfP(0),
2

lim —
n—00 br21

i «/ﬁcn,k(zlip))

k=—00

where f(P)(x) denotes the spectral density of Z ,Ep ) On the other hand, since

2

(2

k=1

El

1
2 f 0 = Jim,
2

in order to establish (7), it is enough to show that

o0
, (1) 7P| —
plgnOOE_:|E(Zl zZ")| =0

Sle(Ee) 20

By the triangle inequality and condition (2), obviously

First, we observe that

00 1 p o0
YNIEZPZP) <2~ Y Y |EIEE| Fo)én|

k=1 i=1n=i
1 14
52—ZF,-—>O as p — oo.
Pici

To complete the proof, we have to show that the remaining linear process in-
volving the martingale differences satisfies the desired CLT. We shall denote by

X]Ep) Z \/_Cn kV(P) and S(p) Z X(P)
]_—OO

Notice that by Lemma A.1 and Proposition 4 it follows that, for any p fixed,

S /b, — E([Vo(p)]zu)N as n — oo,

where N is a standard normal variable independent of {. In order to complete the
proof, by theorem Theorem 3.2 in [2], we have only to establish that

E(VPP14) > n  as p— o
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With this aim, let 7, = &1 + - - - + &,. By applying the above decomposition and
arguments to partial sums (the case ap =1 and a; =0 for j > 1), we deduce that
we have the following martingale approximation:

[n/m]

2T, - Y (V)

Jj=l1

(8) lim lim

m— 00 n—00

=0,
2

where [x] denotes the integer part of x, implying that Gordin’s condition [8] is
satisfied. Thus, by Proposition 1 in [4], there exists a nonnegative variable n mea-
surable with respect to J{, such that

E|E(p~'T}|1F) —n| >0  asp— oo.

It follows that E(p~'T7)[4) — n and also E(p~'T7) — 27 £ (0) = En, complet-
ing the proof of the theorem. [J

PROOF OF COROLLARY 2. By using a standard representation technique as
in [9], by the first part of condition (4), we can write

k —J
&= ) P and EGIF-)= ) Pio).

i=—00 i=—00

By stationarity, || P—,(§0)ll2 = | P—n+k(&x)ll2 for any k. Next, P;(§o) and P; (&)
are uncorrelated for i # j, implying that

—J
E[EEGIF- )= Y ELP:i(&)Pi(%0)].

i=—00

As a consequence,

—J
|E[&EElF-)I < Y I1PED 2P0

i=—00

—J
= > IPi—kE)l2ll P (€02

Therefore,
oo —J oo
ti=Y_|E[&E&IF_NI < D IPiE)l2 Y 1Pk Go)ll2,
k=0 i=—o00 k=1

whence, by (4), we derive that lim; .« #; = 0, that proves the validity of condi-
tion (2).

Now, we assume that (5) holds. Obviously, by the martingale convergence theo-
rem and stationarity, || E (£,|%0)||2 is decreasing to || E(£0| F_oo) |2 as n — oo and
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by (5), we deduce that || E(§y|F_x0)ll2 = O, so that the first part, of condition (4)
follows. To verify its second part, we denote by a; := || P—; (§0) 12 = || P—i+x k) |2
for all k € Z, and notice that

0 00
IEGIFIZ= Y IPEDIE =D a?.

i=—00 i=n

Therefore, condition (5) and Lemma A.2 from the Appendix imply

o0 o0 o0 1/2
S IP-i(E)l2 <3 Zn—l/z(Zaf)

o0
=3 " n V2 EE|F0)ll2 < 00

n=1

and the proof is now complete. [J
3. Examples.

Functionals of i.i.d. sequences. We shall start this section by applying Corol-
lary 2 to functionals of i.i.d. sequences. We shall see later that condition (9) re-
quired by this corollary is sharp.

COROLLARY 5. For an i.i.d. sequence of random (Y;)cz, denote by ?’ab the
o -field generated by Yy with a < k < b and define

&= f(..,Yk—1,Y0), keZ.

Assume that E(S )<oo, E(§1) =0and

o0

) Z—néo—E(somo,,)uz < 0o0.

Then, (5) is satisfied and the conclusion of Theorem 1 holds.

PROOF. Observe that  E(&|F_2L) = E((0 — EGIFLIFL) +
E(E (§0|3L“10_ )N F-%). Now, the sigma-fields F; 10 and F_7 are 1ndependent and
so, the second term is equal almost surely to E[E (Eolflo_n)] = 0. Therefore,

1E (B0l F2)1l2 = | E[&0 (%0 — E (Eol F_)]ll2
< ll&ll2lE0 — E ol F1) 12,

(10)
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implying that

Z IE(SnIf )Ilz—Z Il E ol 5 o) lI2

=< ||§0||22 IISo—E(Sol?l w2 < o0. .

The following result extends Proposition 3 in [17] in the context of Bernoulli
shifts (also called Raikov or Riesz—Raikov sums) and follows as an application of
Corollary 2.

Let (ex)kez be an i.i.d. sequence with P(e; = 0) =P(e; = 1) = 1/2 and let

0 1
o=y 2 e and & =gt - [ gndx
k=0 0
where g € .7 (0, 1), (0, 1) being equipped with the Lebesgue measure.
COROLLARY 6. For the Bernoulli shift process, if g € 1.(0, 1) and

av [ o0 oefios ) e <oo

for some t > 1, then (5) is satisfied and the conclusion of Theorem 1 holds with
n=2mf(0).

As a concrete example of a map we can take g(x) = x~?[1 + log(2/x)]~¢
sin(1/x), 0 < x < 1, where either 0 < p < 1/2 or p =1/2 and a > 4. The con-
vergence of the integral (11) is established in the same way as it was indicated
in [17].

We notice that the above Corollary 5, when specified to the Bernoulli shifts,
improves Theorem 19.3.1 in [15], originally established in [12, 13] and motivated
by Kac [16].

PROOF OF PROPOSITION 3. We shall construct now an example to show that
the conditions of Corollaries 2 and 5 are optimal. Let (¥;);cz be a sequence of
i.1.d. random variables and assume that Y; has a standard normal distribution. As
before, denote by ?’ab the sigma-field generated by variables Yy with a <k < b.
Define the innovations (;);cz as a linear process

k
> wjY),

j=—00
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where {u;; i > 0} is a sequence of nonnegative numbers to be specified. For i < 0,
let u; = 0. First, we notice that P_j (§9) = urY_j and || P—;(&9) ||2 = uy. Therefore,

o0 o0
(12) Y IP_kEo)llz <oo  ifandonlyif ) uy < oo.
k=0 k=0

Notice that E[£0éx] = Z?io ui4 juj and for any positive integer jo, we have

> El&o&] = Z Z Uk jUlj > Uj, Z Uk+jo-

k=0 k=0 j=0

So by Lemma A.3(ii), the spectral density is bounded if and only if Z?io uj < oo.
In particular, combining this remark with relation (12) along with the conclusion
of Corollary 2, it follows that Theorem 1 holds in this example if and only if
condition (2) is satisfied.

To construct u;’s, without loss of generality, assume that ¥, | 0. Let n; =1
and ng 1 oo be such that for k > 1, ng11 — ng > ng41/2 and ; < 1/k* when
J = ng. Now, for nonnegative integers j, let u; = 1/n;y1 when ng < j < ng4q.
By construction,

[ee] 00 Ng4+1—1 00
dui=) Y Umizz) 1=
i=1 k=1 ng k=1

and, therefore, by the above considerations, the stationary sequence (£x)xcz has
unbounded spectral density. By (10), it remains to show that

1:=3" %”(So = E|F°_ )], < oo

Notice that since &y — E(S()l}”f)n) = an*l u_;Y;, and also, since, for j > ng,

i=—00
o0 oo Nj41— 1
RS NI DL INEY
i=j i=k j=n; k+1

we derive the following estimate:




1618 M. PELIGRAD AND S. UTEV

Mixingales. We are going to apply Theorem 1 to mixingales and strongly
mixing sequences. For a stationary sequence of random variables (§;)xcz, we de-
fine ¥, the sigma-field generated by &; with indices m <i <n and the sequences
of coefficients o (n):

a(n) =a(FO_, F°) =sup{|P(AN B) —P(A)P(B)|; Ac F*_, B e F>).

We say that the strictly stationary sequence is strongly mixing if a(n) — 0
as n — 0o. Various examples of mixing sequences can be found in books by
Rio [21] and Bradley [3], along with counterexamples showing that the conditions
we use in the next corollary are sharp for central limit theorem even for partial sum
processes. In the next corollary we shall use a weaker form of the strongly mixing
coefficient, a mixingale type condition, where ¥, is replaced by the sigma-field
generated by &,, namely, a(n) = a(?’foo, F.

COROLLARY 7. Assume that the innovations (&, k € Z) form a stationary
sequence of centered random variables with finite second moment and such that
0 a(k) 5
(13) > 0% () du < oo,
k=170
where Q denotes the cadlag inverse of the function t — P (|&g| > t).
Then the conclusion of Theorem 1 holds. Moreover, with a(k) being replaced
by a(k), the sequence & is ergodic and 1 is a constant n = 2w f (0), where f(x) is
the continuous spectral density of the innovations.

PROOF. According to Theorem 1, it is enough to establish the validity of the
condition (2). We notice that, by Rio’s (1993) covariance inequality (see also [21],
Chapter 4), we have

a(k+j)
|E($kE($o|?_,~))|§/O ! 0*(u)du,

that proves that condition (2) of Theorem 1 holds, since

Z\E(ékE(“;‘o|}‘_j))|§Z/ 0*(w)du — 0 as j — o00.
k=0 i=j 70 O
In comparison with Peligrad and Utev [20], Corollary 7 provides explicit nor-
malizing constants.
To make condition (13) more transparent, we mention that it is implied by the
couple of conditions (as it was derived in [6])

o
ElXo'<oo and Y k¥"Pak)<oco  wheret > 2.
k=1



CLT FOR STATIONARY LINEAR PROCESSES 1619

APPENDIX

Facts about sequences.

LEMMA A.1. Letb, j=ajy1+---+ajin, for j € Zandn € N. Assume that

o0
b2 = Z b,%7j—>oo and Za]2~<oo.

j=—00 JEZ
Then,
- | —
AD > bnj—bn 11> >0 and = Y b —ba 1 —0.
n j=—o0 n j=—o0

More generally, let p be a positive integer. Starting with zero (in two directions), we
denote blocks of consecutive integers of size p by Iy. For each k, define averages
of the by ; in Iy by cp k = % > icr, bn.i- Then, as n — oo,

1 1
(A.2) ﬁ22|b,,,j—cn,k|2—>o and b—222|b5’j—c£’k|—>0.
n kel jelx nkeZ jelx

PROOF. To simplify the writing, let us denote by (b)? = P2 oo lbnj —
bu,j—1 |2. The validity of the first part of relation (A.1) is straightforward from
the following observation:

o0 e}
B> < Y laj—anpjpilP <4 ) aj,

Jj=—00 j=—00
implying that lim,,_, oo (b}, / b,)? = 0. The second part easily follows by applying
Holder inequality:

[e.e] o
o by —bn i il= " Ibuj = buj1l%|buj + by j—1] < Cb)by.

j=—00 Jj=—00

The proof of (A.2) is similar by taking into account that p is a fixed positive
integer and for any pair of indexes i,/ € I, we have

|bni —bugl* <P Y buj —baj—1I*.
jel ]

LEMMA A.2. Suppose that (aj);eN is a sequence of nonnegative numbers
and Y, is a nonincreasing sequence of nonnegative numbers. Then,

00 00 00 1/2
Zanwn§3zn_l/zlpn<za]%> .
n=1 n=1 k=n
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PROOF. The proof involves an application of the inequality in [23], contained
in his Lemma 1 to g, = a,¥,,, n =1,2,.... We obtain

>t =330 X i)
n=1 n=1 k=n

00 00 1/2
- 32n—1/2wn(za,z) |
n=1 k=n

where at the last step we have used the fact that the sequence v, is nondecreasing.
O

Facts about spectral densities. In the following lemma we combine a few facts
about spectral densities, covariances, behavior of variances of sums and their rela-
tionships. The first two points are known and can be found in books by Bradley [3].

LEMMA A.3. Let (&)icz be a stationary sequence of real valued variables
with E[&y] = 0 and finite second moment. Let F denotes the spectral measure and
f denotes its spectral density (if exists), that is,

Elsotil = [ " e GF () = / Ty dr.

—TT —TT

(i) For any positive integer n and any real numbers ay, ..., ay,

n 2 zln '
E ( Z akék> = / Z akelkt
k=1 -

k=1

o0 n
< (E[s(%] +2) ] |E(§osk>|> > ai
k=1 k=1
(i) Assume (B): Y22, |E(§0&k)| < o0o. Then, f is continuous. Moreover, if
E[&1&0] = O for all k, then the spectral density is bounded if and only if relation (B)
is satisfied.
(iii) Assume that the spectral density f is continuous, and let d ") = (dn,j)jer
be a double array of real numbers with d,f =2 jez di j <0 that satisfies the
condition

2 n
fdt <27 fllso > ag
k=1

1 o0
(A.3) i > ldy,j — dn,j—11* — 0.
Then,

R ?
(A4) lim_ d,%E<j2::ldn,J§J) =27/ (0).
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PRrROOF. (iii) Fix ¢ > 0. By the Stone—Weierstrass theorem, there exists a
trigonometric polynomial P, (t) = Y ;. _, cre'™ such that SUp (-7 | F (1) —
P, (t)| < e. In particular,

m

(A.5) ’f(O)— Y. al<e

k=—m

Whence, by (i),

2 2
1
d2E<Z dn,jgj) / > dy e f(t)dt
JEZ JjeZ
(A.6) ,
=0()+ — f Y dyje'"| Py(t)d.
” JEZ

With the notation A, := d, > > jezdn,jdn, j+k, We have

(A.7) f_

n

2

m

Py()dt =21 Y crAni.

k=—m

Zdn Je

JEZ

By (A.3) and similar arguments as in the proof of Lemma A.1, we can see that A, x
can be easily approximated by d, ’y jez dg’ j and, as a consequence, for any k
fixed, A, x approaches 1 as n — oo, implying that lim,_, 00 27 > )", ckAnk =
2wy, ck. We have now only to combine this convergence with (A.5)
and (A.6) to complete the proof of the statement. [

Acknowledgment. The authors thank the anonymous referee for helpful com-
ments.
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