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ON THE STRUCTURE OF SOLUTIONS OF ERGODIC
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Bellman equations of ergodic type related to risk-sensitive control are
considered. We treat the case that the nonlinear term is positive quadratic
form on first-order partial derivatives of solution, which includes linear ex-
ponential quadratic Gaussian control problem. In this paper we prove that
the equation in general has multiple solutions. We shall specify the set of
all the classical solutions and classify the solutions by a global behavior of
the diffusion process associated with the given solution. The solution associ-
ated with ergodic diffusion process plays particular role. We shall also prove
the uniqueness of such solution. Furthermore, the solution which gives us
ergodicity is stable under perturbation of coefficients. Finally, we have a rep-
resentation result for the solution corresponding to the ergodic diffusion.

1. Introduction. We consider the following nonlinear partial differential
equation:

(1.1)  3Di(@’D;W)+ 38" D;WD;W +b-VW+V=A  inR",
or equivalently
1d" Di;W + 36" DiWD;W +b- VW + V = A,

(1.2) - . 1 .
b'(x) =b'(x) + 3 Dja" (x),

where a(x) = [a(x)], a(x) = [a’(x)] are symmetric matrices,
b(x) = (b'(x),...,b"Y (x)) is a mapping of RY into RY, and V(x) is a func-
tion on RV . Here we utilize the notation D;j = 82/8xl- dxj, D; = d/0dx; and the
summation convention for multiple indexes. We think of a pair (W, A) of func-
tion W (x) and constant A as a solution of (1.1). Equation (1.1) is called an ergodic
type Bellman equation. Such equations have been treated in ergodic control prob-
lems (cf. [1]). In ergodic control problems, a is negative-definite and more general
forms of (1.1) have been studied under rather general conditions (cf. [2]). On the
other hand, (1.1) also appears in risk-sensitive problems in infinite time horizon
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and has been studied under certain conditions (cf. [10, 13, 14, 20]). One of the
main features of (1.1) in risk-sensitive control is that @ might be indefinite. Indeed,
the following equation is studied in a risk-sensitive control problem (see [10]):

1. 0 ..
(13) 5a"DyjW + Za D;WD;W + inf (£ (x.2) - VW + L(x.2)} = A,
Z

where f:]RN x Z—>RN L:RN x Z— R, Z is a Borel subset in RM and 0 is
a constant in R\ {0} which is called a risk-sensitive parameter. Equation (1.3) is
considered to characterize a logarithm-exponential type criterion per unit time on
infinite time:

1
(1.4) A =infliminf - log E[e’ I Lz dr),

Z. T>o

where {X;} is a controlled diffusion process satisfying
dX; = f(Xp,z)dt +o(X)dB;,  Xo=xeRY,  a(x)=(00")" (@),

{B:} is standard Brownian motion and {z;} is a Z-valued process which is con-
sidered as a control. The infimum in (1.4) is taken over some class of {z;}. In
particular, if we take f(x,z) =b(x) + C(x)z, L(x,2) = V(x) + (1/2)z7 S(x)z,
Z = RM, where C(x), S(x) are matrices with suitable dimension and S(x) is
positive-definite, then (1.3) reads

2a" Di;W + 3(0a—CST'CTY'DiWD;W +b-VW + V = A.

Note that the sign of nonlinear term @ = 6a — CS~'CT depends on 6. We also
remark that the infimum in (1.3) is attained at z = —S(x) "' C(x)T VW (x). We are
concerned with the case that 8a — CS~!CT is positive-definite since in this paper
we shall study the solutions of (1.1) in the case that a is positive-definite. Recently,
it has also become known that this case happens in some investment problems
in mathematical finance (cf. [3, 8, 11, 12, 21]). However, we remark that, unlike
these papers, the verification theorem will not be considered in this paper. The
verification theorem is to show A in (1.4) is equal to A* in Theorem 2.6 and

7 =—-SX)~'CX) VW (X))

is a feedback optimal control, W* is a solution corresponding to A* [W* is usu-
ally unique if W*(0) = 0]. See also [15] for some examples from investment prob-
lems. The relation between the drift term aVW* in (1.8) for W = W* and z
as well as its role in the risk-sensitive control problem can be seen from the ar-
guments in [11, 12]. The main merit of our study is to show that multiple solu-
tions exist in general for such equations. We also provide particular solution(s)
that is(are) responsible for the verification theorem. We observe that the case when
6a — CS~ICT is negative-definite can also be treated by considering the equation
for (—W). Therefore, according to Theorem 2.6, we have the following interesting
observation. Assume ¢; < a(x) < ¢ and ¢; < C(x)S(x)"'C(x)T < ¢, for some
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constants ¢y, ¢ > 0. Then for small 6 > 0, there is A* (depending on 0) such that
the above equation has solution if and only if A < A*. For large 6 > 0, there is A*
(depending on 6) such that the above equation has solution if and only if A > A*,
In a risk-sensitive control problem, it is more interesting to assume V (x) — oo as
|x| — oo. In this case, it may happen that A* = oo for large 6. See some discussion
in [20].

As we mentioned in the above, the studies of solutions for Bellman equations
from an analytical point of view are considered to be fundamental to determine an
optimal control. Note that solutions of (1.1) have ambiguity of additive constant,
that is, if (W, A) is a solution of (1.1), W(x) + c still satisfies (1.1) for each con-
stant c¢. As some examples show, it is known that (1.1) has multiple solutions even
if we identify the solutions up to additive constants. So, it is important to study
how we pick up a particular solution of (1.1) which gives an optimal control for
the problems at hand. A common way to obtain a particular solution for ergodic
type Bellman equations is to study the discounted type equations. The discounted
type Bellman equation corresponding to (1.1) is as follows:

1D D;Wy) + 38" DiWyDjWo +b - VWy + V = aW,.

o > 0 is called a discount factor. Under certain conditions, it is shown that
Wy (x) — Wy (xo) normalized at some point xg € RN and a W, converge to some
function W(x) and some constant A, respectively. Furthermore (W, A) satis-
fies (1.1) (cf. [10, 13, 14]). Under the conditions including the linear exponential
quadratic Gaussian (LEQG) control problem, we need to consider the case that
b(x) [resp. V(x)] is at most linearly growing (resp. quadratically growing). Un-
der such settings, W is characterized to meet some growth condition and (W, A)
obtained by this procedure is considered to be the right solution (cf. [13, 14]).

In the present paper we directly tackle (1.1) without the procedure using the
discounted type equation under the conditions including the LEQG case. We shall
specify the set of A for which (1.1) has a smooth solution. Furthermore we shall
characterize the set of A by noting the global behavior of diffusion process which
is related to some control problem.

To explain how we relate (1.1) to a control problem, we shall give a control
interpretation to (1.1). Let (2, F, P, {¥;}) be a probability space with filtration.
Consider the following controlled stochastic differential equation (SDE):

dX, = (b(X;) +u)dt +o(X)dB;,  Xo=xeRY o(x)=ax)'/?,

where {B;} is N-dimensional {%;}-Brownian motion and {u;} is an
{F;}-progressively measurable process taking its value in RY. {u,} is considered
as control process. We define the value function as follows:

T—t L
v(t, x) =sup Ey [/0 (V(Xs) — %&i;l(Xs)ui,ug)ds],
u,
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where &51 is the (i, j)-component in inverse of a. By using the Bellman principle,
we see that v(¢, x) satisfies the following equation formally:

v 1 .. . 1.
—v+—a”Dijv+ sup {(b(x)—i—u)-va——ai.luluj}+V=O
ar | 2 WeRN 27
(1.5)
in (0, 7) x RV,
(1.6) (T, x) =0, x eRV.

Since sup, gy {(b + u) - Viv — (1/2)&i;luiuj} = (1/2)a" DivDjv + b - Vyv,
(1.5) reduces to the following:

ov 1 ij 1 Aij -

a7 + Ea Djjv+ Ea DivDjv+b-V,v+V =0.
Note that the supremum is attained at i (z, x) = a(x)Vyv(t, x). If —(dv/91)(0, x)
converges to some constant A and v(0, x) — v(0, xg) normalized at some point
xo € RV converges to some function W (x) as T — 0o, we have formally the fol-
lowing equation which we shall discuss in this paper:

1d" Di;W + 36 DiWD;W +b- VW +V = A.

This is considered to characterize the long-time average cost defined as following:

. 1 r 1, o
(1.7) A= sg.pthLs;p —Ex UO (V(XS) — 5al.jl(xs)u;ug> ds]
Following the Bellman principle, we can expect that i, = a(X;)VW (X,) should
be a candidate of optimal control for (1.7), where {X;} is defined by the controlled

(1.8) dX; = (b(X;) +avVW(X,))dt +o(X,)dB,;,  Xo=x.

We shall study the structure of solutions of (1.1) by relating to (1.8) under condi-
tions which include the LEQG case, that is, b(x) [resp. V (x)] has at most linear
growth (resp. quadratic growth).

The paper is organized as follows.

In Section 2 we shall specify the set of A for which (1.1) has a solution under
rather general conditions on b(x) and V (x). Indeed, it is proved that the set of A is
equal to closed half-line [A*, o) for some A* € (—o0, 00).

In Section 3 we shall classify A according to the global property of the dif-
fusion process defined by (1.8). We shall prove that for A > A*, the diffu-
sion process {X;} in (1.8) corresponding to solution (W, A) is transient and
for A = A*, {X,} is ergodic. Moreover, we shall show that solution W(x) cor-
responding to A* is unique up to additive constant.

We show the structure of solutions in Sections 2 and 3. In Section 4 we shall
consider the problem that the structures specified in Sections 2 and 3 are preserved
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under the perturbation on coefficients in (1.1). More precisely, consider (1.1) with
a=a,, d=a,, b=>b,,V=V,:

1D;(a DjW,) + 14" DiW,DjW, +b - VW, + V, = A,.

In similar ways to Sections 2 and 3 we can find [A};, oo) for (1.1) parameterized
by n and solution W), corresponding to A is unique. In Section 4 we mainly study
the case that a, = a, a, = a, b, = b, independent of n, and shall show that if V,,
converges to V, A converges to A* and unique solution W, corresponding to A
converges to unique solution corresponding to A*.

In Section 5 we shall study the representation for A*. To obtain the representa-
tion result, we consider perturbation on V and notice the dependence on V for A*.
By using the representation, we can prove the moment condition for invariant mea-
sure of the ergodic diffusion process in (1.8) corresponding to A*.

Last, we mention the connection to positive solutions of linear equations. Sup-

pose a'/ (x) = a' (x),i, j=1,..., N.If we take the transformation ¢ (x) = "V
in (1.1), we have
(1.9) 1a"Dij¢p +b-Vo+ Vo =Ag.

Thus, in the case that @/ (x) = a% (x), the study of solutions for (1.1) reduces to
that of positive solutions for (1.9). We note that the structure of A specified in
this paper is considered to be a generalization in the theory of positive harmonic
function for linear differential operators (cf. [22]). Some applications of our results
to the evaluation of large time asymptotics of expectations of diffusion processes
will be given in [17].

2. Set of A with solutions. In the present section we shall consider the set
of A for which (1.1) has a classical solution W under rather general conditions.
In the next section we shall classify A by following the global behavior of the
diffusion process related to the solution W corresponding to A.

We define the following set:

(2.1) A ={A: there exists smooth function W satisfying (1.1) for A}.

Under the assumptions given below, we can prove that + has the following form
for some A* € (—o0, 00):

A =[A", 00).

For simplicity, we always assume a'/, 4"/, b, V are sufficiently smooth. We shall
give the following assumptions:

(A1) There exist 0 < v; < v, such that

nE? <d¥ (g <wmlE)? Vx,EeRV.
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(A2) There exist 0 < w1 < w2 such that
uils? <a¥ 0gs; < pals? Va g eRY,
(A3) There exists a smooth function Wy(x) such that
1D;(a" D;jWo)+ 33" DiWoD;Wo+b-VWo+V — —c0  as |x| —> <.

REMARK 2.1. Note that it follows from (A1), (A2) that there exist ¢, ¢ > 0
such that

(2.2) ca(x) <a(x) < éa(x), x eRV.

REMARK 2.2. In the following, we give some interesting examples for (A3).

(a) Assume a;;(x), d;;j(x) are bounded together with their derivatives. Assume
also that there are cq, ro > 0 such that

b(x) - x < —colx|?, x| > ro.

(b) Assume g;;(x), a;j(x) are bounded together with their derivatives. Assume
also that there are cq, ro > 0 such that

b(x)-x =colx|*,  |x|=ro.
(c) Assume V(x) - —o0 as |x| — oo.

For (a), we take Wy(x) = c|x|2 for small ¢ > 0. For (b), we take Wy(x) = —c|x|2
for small ¢ > 0. For (c), we take Wy =0.

REMARK 2.3. For the purpose of discussion in the present section, we can
replace (A3) with the existence of a super solution of (1.1) for some A to ensure
that A # &. We need (A3) to classify A in the next section. In the following, we
show for any A and R > 0, we can construct a subsolution of (1.2) in B # Wwith
boundary value Wy on 9By, where B is open ball with radius R centered at 0.
Indeed, we consider linear partial differential equation with Dirichlet boundary
condition:

3Di(aDjWo)+b-VWo+V =A in Bj,
Wo(x) = Wo(x)  ondBj.

Under (Al) and smoothness of coefficients, we have unique solution
Wo € C2*(B) N C(Bj). By (A2), we have

3Di(a’ D;Wo) + 34 DiWoD;Wo+b-VWo+V >=A  in B.
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In order to see A # &, consider the following Dirichlet problem:
(2.3) 1D;i(a" DjWg) + 34V DiWgrD;jWg +b-VWr+V = A in Bg,
(2.4) Wgr =Wy on 0 Bg,

where By is open ball with radius R centered at 0 and Wj is taken from (A3). Note
that (2.3) is equivalent to

(2.5)  1aVD;jWg+ 14V D;WrD;Wg+b-VWr+V =A  in Bg.
By (A3), Wy satisfies the following inequality for some A:
1D;(a’D;Wo) + 34V DiWoD;Wo +b-VWo+V <A inR".

Also, from Remark 2.3, we see that for R > R, there exists a smooth func-
tion Wy(x) such that

1D;(a’ D;Wo) + £V DiWoD;Wo +b-VWo+V >A  in Bg.

Then, under (A1)—~(A3), there exists Wg € C>%(Bg) satisfying (2.3) and (2.4)
(cf. [18], Chapter 4, Theorem 8.4).

We need a uniform bound for VWpg on compact sets to obtain a solution W
of (1.1) by sending the radius R to oco. The following gradient estimate is also
useful in the later discussions.

LEMMA 2.4. Let Wg be a smooth function satisfying (2.3) in Br. Under (A1)
and (A2), we have for each r > 0 and R > 2r

(2.6) sup |[VWg|? < Cr + CA,
By

where C is a nonnegative constant independent of r and R, and C, is a constant
depending only on r.

PROOF. Equation (1.1) has the nonlinear term similar to those treated in
[13, 14] and we can follow the same arguments to obtain the gradient estimate.
However, we shall give a proof to specify the dependence of A.

We set W = Wr for simplicity. By differentiating each side of (2.5) on xi, we
have

I Dxa" DijW + 3a" D;j W + £ Dya"’ D;WD; W
2.7) N . .
—{-fllJD,'WDjkW + Db DiW +b'DiyW + DV =0.
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Let us set G = (1/2) Y, (D W)?. Then, using (2.7)
—1a" D;;G — 4" D;WD;G — b' D;G
= —3a" DyWD;jx W — 3a"/ Di; W Dij W
(2.8) —a""D;WDyW D jx W — b' Dy W Dy W
= 3 Dva"’ DyW D W + 3 Dya"’ D;W D ;W Dy W
+ Dib' DiW Dy W + DV Dy W — 3a" D W Dy W.

We note the second-order derivative terms. Then, we have

1 y s
RHS of (2.8) < — Da'/ 12| |IDW|? + | D*W|?
of ( )_45(§|al)l |+4I |

1 . -
+ EDk&U D;WD;WDW + Dib'D;W D W

1 .. 1 ..
+ D VDLW — Zalj Dy WD W — Zal! Dy WDi; W

1

» 1 »
2 2 ~
< ﬁ(; j:|Da”| )lDWl + 5 Dxa" DiW D, W D W

N 1
+ Dyb' D;W Dy W + DV Dy W — Z“U Dy W D W,

where § > 0 is a small constant. Indeed, we can take § satisfying 6 < vy. From
matrix inequality (tr AB)? < Nvy(tr AB?) where A, B are N x N -symmetric ma-
trices, A is nonnegative-definite and v, is the maximum eigenvalue of A, we finally
obtain the following inequality:

1 .. . .
——=a"’D;jG —a’D;WD;G —b'D;G
2.9) ]
< CrIDW|+CrDW [P+ G IDWI = (@ DyyW)* in Bay.
2

Here and in the proof below, we suppose that C, is constant depending only on r
and C is nonnegative constant independent of r and R.

Fix arbitrary £ € B, and take a cut-off function ¢ € C§° (RV) satisfying the
following:

0<p<1inRY, @& =1, ¢=0inB (5",
(2.10)
Vgl <C¢'?, D% <C,

where B, (£) is open ball with radius » centered at £. Let xo be a maximum point
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of G in B, (&). By the maximum principle, we can see
0 < —1a"’ D;j(¢G) — a" D;WD;(¢G) — b' D; (¢G)
=¢{—3d" DijG — 4" D;WD;G — b' D;G}
(2.11) - %aij(Dijﬁﬂ)G —aDipD;G —a" Djp(DiW)G — b’ (Dig)G
< o114 DG — & D W D;G — B DiG)
+C.G+Col PG at xo,

where we used 0 = D(¢G) = GD¢ + ¢ DG and (2.10). From (2.5) and (2.9), it is
implied that

1 .
RHS of (2.11) < ¢{C,.G'* + C,G + C,G*/* — m(a’-’DijW)z}
2

+C,.G + Cp'?G3?

(2.12) =¢|C, G2 +C,G+C.G?

1 1., - 2
——(—=aY"D;WD;W —b'D;W —V + A
sz< A ’ + ) }
+C.G+Co'2G??  atx.

By (A2), the following inequalities hold for some positive constant ¥ which de-
pends on w1,

1 .. -
—EA”D,-WD]‘W—Z)ID,‘W —-V4+A
M1 2
(2.13) 5—7|DW| +C.|DW|—=V +A

<—k|DWP*+C, —V +A.
In the case that —x|[DW|?> + C, — V + A > 0 at xg, we have
KIDW*(x0) < Cr = V(x0) + A < Cr + A,
where we used xg € B»,. Since
3IDWEE) = 3IDWP©)¢E) < G (xo)g(x0),
we obtain the following gradient estimate at &:
kIDWP(E) < C; + A
We next consider the case that

—k|DW)P?+C,—V+A<0  atxp.
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By (2.13),
RHS of (2.12)

1

<p{C.G'?+C,G+C.G¥? - N—(—KlDW|2 +C —V+ A)z}
V2

(2.14) +C,G + Cop'/?G??

<¢{CG?+C,G+C.G* -

4ic? G2+ G V—I—A)}
Nvy Nvy "

+C,G +Cp'? G2,
If C, —V+A>xG(xy)/4 or C, = G(xg9) we have the bound IDW (&) <

C, + CA in the same way as the above case. We shall consider the case that
Cr—V+ A<kG(xg)/4 and C, < G(xg). Then, from (2.14), we have

42 2 k2 5
—G"+—G
Nvy Nvy

0< go{G3/2 +C.G+C.G¥? —
+C.G+ Cp' 2632
< —C19G* + C29'?G** + C3C, G
E—C1¢G2+C2¢1/ZG3/Z+C3G at xo, é3EC3Cr,

where Cy, Ca, C3 are positive constants independent of r, R and A. By setting
X = (pl/z(xo)Gl/z(xo), we have
0<—CiX*+C2X +Cs.
Therefore, we have
C3 203 C3 205C
X2=¢pG(xp) < =2+ <-%4 L.
@ (0)_Cf o S C

Since (1/2)|[DW|*(&) = (1/2)IDW|*(£)¢p?(£) < G(xo)p(xp), we obtain the
bound for [DW|(&§). O

REMARK 2.5. Under some growth conditions for coefficients of (1.2), we
can obtain growth order for gradient of solutions. For instance, besides (A1), (A2),
suppose the following growth conditions: Da'/ (x), Da% (x) are bounded and there
exist ¢y, ¢y > 0 and m > 1 such that

b)) < cr(1+ |x|™), IDb()| < c1(1+ |x|™™h,
V@I <1+ x*™), DV <1+ x| h.
Then, in Lemma 2.4, we can take C, = C (1 + r2™), that is,
sup IVWRIZ < C(1+r?" 4+ A), 0<2r<R.
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We may normalize Wg as Wg(0) = 0 because (1.1) does not include a zeroth
term on Wg. Then, from Lemma 2.4, there exists W € C(R") such that Wg con-
verges to W on each compact set as R — oo by taking a subsequence if necessary.
Also, since {Wg}gr-o, is bounded in H 1(Br) by Lemma 2.4, Wg converges to
w leoc—strongly and Hléc—weakly. Furthermore, we can see that VWpg converges

leoc—strongly in a similar way to Lemma 2.8 in [14] and Section 1.4 in [20].

We rewrite (2.3), (2.4) in integral form:
—%/aijDiWRngodx + %/&ijDiWRDjWRgodx
+/b-VWR¢dx+/V¢dx:/A¢dx, @ € C°(BR).

Fix r > 0. Since Wg converges to W Hlloc—strongly, we obtain the following by
sending R to oo:

—%/aijD,-WDj(pdx-l- %f&"f'D,-WDijdx

+/b-VW(de+fV§0dX=ng0dX, ¢ € C(B),r > 0.

Owing to the regularity theorem of elliptic equations and the imbedding theorem,
we have W as a classical solution of (1.1). Therefore, we have proved that A £ &.
We shall state and prove the form of the set of A.

THEOREM 2.6. Under the assumptions (Al1)-(A3), there exists A* €
(=00, 00) such that A =[A*, 00).

PROOF. In order to show inf A > —o0, we suppose inf A = —o0, that is, there
exists {A,} C »A such that A, tends to —oo as n — oco. Let W, be a solution
of (1.1) corresponding to A,. Then, by the integral form of (1.1), we have

—%/aifDl-W,,Dj<pdx+%/&ifD,-WnDjqu)dx
(2.15)
—i—/b-VW,,godx—i—]V(pdx:fAn(pdx, @ € CRM).

Take ¢ € C{° (R™) such that [ @dx #0. Since {A,} is bounded from above, it is
implied from Lemma 2.4 that

(2.16) sup |[VW,| < C;,
B,

where C, is a constant independent of n and r is taken such that supgp C By.
Therefore, the left-hand side of (2.15) is bounded on n. On the other hand, the
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right-hand side of (2.15) is unbounded because of the assumption which we made
above. This leads to a contradiction.

We shall next prove if A € s, then [[\, 00) C . Let W be a solution corre-
sponding to A. For arbitrary A > A, we have

(2.17) 3Di(a"D;jW)+ 3" D;WD;W +b-VW+V=A<A  inR".
By Remark 2.3, for R> R, there exists WO such that
(2.18)  1Di(a" D;Wo) + 34 DiWoD;Wo +b-VWo+V >A  in B

Consider the Dirichlet problem (2.3) with boundary condition Wg = Wy on 9 Bg.
From (2.17), (2.18), the existence of a classical solution for this Dirichlet problem
is guaranteed by Theorem 8.4, Chapter 4 in [18]. In the same manner as that right
after the proof of Lemma 2.4, we can see that there exists a smooth function W
satisfying (1.1) for A.

We shall prove that A* = inf 4 actually belongs to 4. {A,} is a sequence in A
such that A, — A* and W, is a solution of (1.1) corresponding to A, normalized
as W,(0) = 0. Then, W, satisfies (2.15). Since {A,} is bounded, it follows from
Lemma 2.4 that (2.16) holds for some constant C, independent of n. Following
the same way as the discussion after Lemma 2.4, we can see that a sequence of W,
converges to W* e C(R") uniformly on compact sets and ngc—strongly. By taking
a limit in (2.15) as n — oo, we have

—%/aijD,-W*Dj(pdx—i-%/&DiW*DjW*q)dx

+/‘b‘VW*<pdx+/V<pdx=/A*(pdx Vo e CRY).

Therefore, the existence of a classical solution W* of (1.1) for A* follows from
the regularity theorem of elliptic equations (see Theorems 5.1, 6.3, Chapter 4
in[18]). O

3. Classification of solutions.

3.1. Transience and ergodicity of diffusion processes. 1In the last section we
proved that the set of A for which (1.1) has a smooth solution is A4 = [A*, co) for
some A* € (—o00, 00). In the present section we shall study the classification of A
by global behavior of {X;} defined by (1.8).

Let (2, F, P,{¥:}) be a filtered probability space on which N-dimensional
Brownian motion {B,} is defined. For given A € [A*, 00), consider the SDE:

(3.1 dX, = (b(X,) +avVW(X,))dt +o(X;)dB;,  Xo=x,

where W (x) is a solution of (1.1) corresponding to A. We shall classify A ac-
cording to the global properties of {X;}. More precisely, we shall prove that for
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A > A*, {X,} is transient and for A = A*, {X,} is ergodic. Note that solution of
(3.1) might explode in finite time.

We shall next discuss transience of {X;} for A € (A*, 00). We introduce the
operator associated to solution (W, A) of (1.1):

TV A ) = Ef(X)it <tol.  f € Co@RY),
T, =inf{t; X; ¢ B, (0)}, Too = nli)ngo Ty,

where {X,} is a solution of (3.1) up to ¢ < T, corresponding to (W, A).

LEMMA 3.1. Under (A1)—(A3), the following inequality holds for each solu-
tion (W, A) of (1.1):

72 f(x) <k(x)e A=A fe Co@®Y), £ >0,

where c is in Remark 2.1 and k(x) is a constant depending only on x.

PROOF. Let W* be a solution of (1.1) corresponding to A*. We set W, =cW,
Wk = cW*, where ¢ > 0 is taken from Remark 2.1. Then, we have from (1.2)

1 .. | ~
(3.2) Ea”D,-ch—l-Z—CAl]DiWcDch+b-VWC+cV=cA,
1 .. 1 .. -
(3.3) Ea”DijWC*+2—C&UDZ'WC*DJ-WC*+b-VWC*+cV=cA*.
Subtracting (3.3) from (3.2),
la"f'D-~(W — W5+ (b+avVW*) - V(W — W)
2 13 c c c c
1
+ %&V(WC — WX -V(We = W) =c(A — A¥).
Setting W = W, — W, we have
1 .. - ~ - 1 - -
(3.4) EaUDijW + B +avVWw?*) - VW + 2—C&VW VW =c(A — A").
We consider (3.1) and rewrite this as follows:

dX; = (b(X,) +avVW(X,))dt +o(X,)dB,
= (b(X,) +aVW(X,))dt —aVW(X,)dt + o (X,)dB, +aVW(X,)dt

= (b(X,) +aVW*(X,))dt + (%avﬁ/(x,) — aVW(X,)) dt + o (X,)dB;,

where

- s _
3.5) B; = B; +f o VW (X,)dr, S < Too-
0
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Define measure P on &™) = F; . :

dP t ~ | i i
1P 5o :exp[—_/o o VW (Xs)1is<r,) dBs — 5/() avVw. VW(Xs)ﬂ{sgtn}ds]

Then, P is probability measure and (B.Mn)s = (B.az,)s =S A Ty By (3.5), we
have

Ex[f(Xt); 1 <1yl

(3.6) = B [f(X;)elo o VWX Lur) dB+(1/D) JaV WY W (X0 Lozrny ds 4 _ 7]

_ E~x[f(Xt)efO’UVW(XS)]l{SSTn}dﬁs—(l/Z)féaVW-VW(XS)Jl(XSTH]ds; t <]

’

where E. denotes expectation with respect to P. Applying the Itd formula
to W(Xt )a

_ _ - 1 _ _
AW (X,) =VW - (b+&VW* +-avVW —aVW) (X,)dt
C
1 .. _ _ -
+5a" Dij W (X di + 0 VW (X,)dB,
| _
= <5a’JDijW + b +avw*) - VW)(Xt)dt

1 _ _ _ _ _ -
+ (—&VW VW —aVW . VW) (X;)dt + VW (X,)dB,
C

(3.7)

1 _ _
- (—2—avw VW +c(A — A*))(X,)dt
C
1 _ _ _ _ - ~
+ (—&vw VW —aVW - VW)(X,)dt+aVW(X,)dB,
C
_ - 1 _ _
=0 VW(X))dB, — aVW - VW (X;)dr

1/1 - -
Cc

Here we used (3.4). Then, by (3.6) and (3.7), we have
E[f(X1);t <1l
= B[ f(X))e CA=AN+WXD=W@H(1/2) fi(a=(1 /@) VW-IW (X Lisey) ds
< 'cn]
= ||f||ooesuP{W(y)_W(x);yesuppf}

< e—c(A—A*)zEx[e(l/Z)fO’(a—(l/c)&)VW-VW(XS)Jl{XS,n}ds;t< ]
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Since ca(x) < a(x), we have
Ec[f(Xp)it < 1,] < k(x)e A=A

k) = I llwexp(_sup (W) = W)

yesupp f
Taking the limit as n — oo, we obtain

Ex[f(X:)it <10l < k(x)e_C(A—A*)t‘ .
Now we have the result on transience.

THEOREM 3.2. Let (W, A) be a solution of (1.1) and {X;} be a solution of
(3.1) corresponding to (W, A). If (A1)—~(A3) hold, then for A > A*, {X,} is tran-
sient.

PROOF. Let f € Co(RY) and f > 0. Since A > A*, we can see that by
Lemma 3.1,

o0
/ VA f(x)dt < o0.
0

Therefore, {X,} is transient. []

We proved that for A > A*, {X,} defined by (3.1) is transient. We next show that
if A = A*, the corresponding diffusion process {X} satisfying (3.1) is ergodic.
We have to show the following proposition.

PROPOSITION 3.3.  Let (W, A) be a solution of (1.1) and let {X,} be the cor-
responding diffusion process defined by (3.1). Assume (A1)—(A3). If {X,} is tran-
sient, then there exists a > 0 such that

TVA F(x) < Cx)e ™™, feCo@®N), £>0,x RV,

where C(x) is a constant independent of t, but depending on x.

We prepare several lemmas to prove the above proposition.
Let (W, A) be a solution of (1.1) and {X;} be a solution of (3.1). We define
occupation measure for {X;} on {t < T} as follows:

1 t
m(B)s;f 15(X)ds,  BeBRY), 1 <100,
0

where B(RY) is the Borel o-field on RY. Let M;(RY) be the set of probability

measures on B(RY). We think of M;(R") as the topological vector space with

topology compatible to weak convergence. Note that i, € M (RY) on {t < Too).
The following lemma on large deviation type estimate is useful.
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LEMMA 3.4. Let {X;} be a solution of (3.1). Then, the following estimate
holds:

1
llmsup;logP[,ut €K, 1 <To] <— 1nf IV (w

t—00

(3.8)
K is compact set in M1 (RM),

IV (w) is defined as follows:
L iy -
W =— in5/ o), L=3d"Dij+ (b+avWw)-V,
ue u
={ue CZ(RN) :u(x) > 0forall x, Lu/u is bounded above}.

Note that 7" (1) takes values on [0, oo] and is convex, lower semi-continuous
on M (RN). This type of estimate is well known in large deviation theory. As
noted in [5], even if the state space of {X;} is not compact, (3.8) holds for compact
set X (cf. comments in Section 7, page 440 of [5] and see the proof in Section 2.2
of [4] for Brownian motion).

LEMMA 3.5. If IV (u*) = 0 for some u* € M1 (RN), then diffusion process
{X:} defined in (3.1) does not explode in finite time.

PROOF. From assumption " (u*) =0, it is implied that
L
(3.9) /—”du*zo VueU.
u

For u € C§° (RN, u > 0, and constant ¢ > 0,

d VA +c TV ALu
g o = [

u+c u—+c
LTy L(TWAu+c)
e e [H 0
u+c u+c

Since TW-2u + ¢ € U, we have

/ og L quCcl w*>0 Vi
dt u-+c

Thus, we can see that

/log d,u > /‘log—u—i_cdu*
u-+c

(3.10) u+c
—/log du*=0.
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Let {¢,(x)}°2 ; be a sequence in CSO(RN) such that 0 < ¢, (x) <1 and ¢, (x) 1 1
as n — oo. If we take u = ¢,, in (3.10), then we have

WA
¢n+c

Since T,W’Aqbn < TtW’Al,

A
/log +cdu*20
¢n +

By taking the limit as n — oo, we obtain

Aq
/ o e s
Noting that (T,W’Al +¢)/(1+c) <1, we can see that
VA =1, w*-a.s.

Since the diffusion process is nondegenerate [see (A1)],
TVA @) =1 VxeRY,vi>o0.
Finally, as t — oo, we have
Piltos = 00] = lim Pyt < 7] = lim 7,V 100) = 1. 2

LEMMA 3.6. Let {X;} be a solution of (3.1). If IV (u*) =0, then u* is an
invariant measure for {X,}.

PrOOF. Since IV (u*) = —inf,cq [(Lu/u)(x)u*(dx) =0,
Lu x
/—(x)u (dx) >0 YueU.

u
Setting w = logu, we have
(3.11) /(Lw(x) + %an -Vw(x))u*(dx) >0, u=e"eU.
Denote U by

U={uecC*R");IR>r>0st.r <u(x) <R,

Du, D?u have compact support}.

Note that U C U. It is easy to see that if u = ¢ € U, then u; = e** € U for
A € R. Therefore, applying Aw in (3.11) instead of w,

A -
/(Lw(x)—l—Ean~Vw(x))u*(dx) >0, u=e"eU,r>0.
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Taking the limit as A — 0, we have
/Lw(x)u*(dx) >0, u=ce"eU.
Since u = e € U impliesu_j=e % € ﬂ, we obtain the following equation:
/Lw(x),u*(dx)zO, u=eveU.
Noting that C§° (RV) is included in {w: u = e¥ € U}, u* satisfies the following
partial differential equation in distributional sense:
L*u*=0  inRY,

where L* is a formal adjoint of L. Since we assumed the coefficients of L are
sufficiently smooth, u* has a density p*(x) and p* satisfies

L*p*=0  inRM.

Here we recall that diffusion process {X;} does not explode in finite time because
of Lemma 3.5. Then, by slight modifications of the Theorem in page 243 of [24]
to the case that the second-order term of L is divergence form, u*(dx) = p*(x) dx
is actually an invariant measure. [

PROOF OF PROPOSITION 3.3. Let us define Uy as follows:
Uo(x) = —(3a" D;jWo + aVWo - VWo +b - VWo + V),
where we take Wy from (A3). By setting Wy . = cWy and W, = cW, we have
1 .. 1 ~
—a" D,‘j Wo.c + 2—&VW07C VW + b- VWo.c+cV =—cUy,
c

(3.12)
.. 1 ~
Ea”Dich + 2—&VWC VW +b-VW.+cV =cA,
c

where ¢ is in Remark 2.1. In the above equations, subtracting each side of the
equations,

1 .. -~
Ea” Dij(WO,c - W)+ (b +aVW) - (VWy . — VW)

1
+ Za(VWO,C —VW.) - (VWy . — VW) = —c(Up+ A).

Define ¢ as ¢ = e"o.c=We_ Then, we have

1

(3.13) %a"fDij<z'>+(15+&VW)-v$+%((&—ca)v$-v$) =—c(Up+A)o.

AN
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Let {X;} be a solution of (3.1). By the 1td formula and (3.13),
d(é(xt)efg C(UO(Xs)—I—A)ds)

— [Ealj Djjp + (b +aVW) V¢ +c(Uy+ A)(b} (Xt)eféc(Uo(Xs)JrA)ds dt

+ o VP(X,)elo cWoX+Mds g p,

= —%[%(& —ca)Ve - w‘s} (X,)elo cWoX)+0)ds gy
C

+ o VH(X)eh CUoX+Mds g,
Since ca(x) < a(x) and ¢ > 0, we obtain
(3.14) (i(Xt)eféc(Uo(Xs)-i-A)ds <d(x) + /IJV(ﬁ(XS)efS cWo(X+Ndr yp
0
By using stopping time ¢ A 7, in (3.14),
Ex[ag(men)e/gw oK)+ ds] < G().
Then, as n — oo, we have
(3.15) E [¢(X,)elt WXt ds: o ] < G(x).
Let G, be a subset in M (R") defined as follows:
Cn={ne MRV :uB)=1=5VIizm), m=1,

where {4;} is a sequence such that §; — 0 and determined later. Note that G,
is a relative compact set in M (RN) because G, is tight. From the definition
of TtW,A 7,

T f () = Ex[f(X0); i € Gy 1< Toc]
+ Ex[f(X0); s & Ci T < Too]
S N flloo Prlpts € Ciny t < Too]
(3.16) + Ex[f(X0); s & C 1 < Tool,
= 1 flloo Prlits € Cy 1 < Too]
+ 1 /6 Moo Ex[$(X); 111 & Cy 1 < T,
feCo@®Y), f>0.
We shall prove that E[¢(X)); e ¢ Cp,! < Tx] decays exponentially as

t — 00.On the event {iu; ¢ Gy, < Too}, there exists [ > m such that

1 t
(3.17) (B = fo 15 (Xs)ds <18
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which is equivalent to

1 t
(3.18) piB) = [ (X ds > 5.

Then, we have on {1ty ¢ Gy, t < Too}

](;t c(Uo(Xs) + A)ds = /Ot c(Uo(Xs) + A)1p,(Xs)ds
t
+f0 C(U()(XS) + A)ILBIC(XS)dS
(3.19) > igclfc(Uo(x) +A) /Ot 1p,(Xs)ds

t
+ inf c(Uo(x)—i-A)/ 1pe(Xg)ds
x|>1 o !

= Bow: (Bt + Brus (B)t,

where we set o = inf, c(Up(x) + A), B; = inf|y>; c(Up(x) + A). By (A3), there
exists m > 1 such that

(3.20) B >0 Vi>m.
So, we obtain from (3.17)—(3.19),

t
fo c(Uo(Xs) + A)ds = (—|Bol(1 — &) + Bidi)1.

Take a positive constant M > 0. Then we choose §; such that M = —|Bo|(1 —&;) +
B16;. Indeed, §; is defined by

[ Mt1fol
1Bol + B
Then, we have
t
(3.21) / c(Uo(Xs) + A)ds > Mt on {1 & Cp,t < Too}.
0

By (3.15) and (3.21),
B(x) > Ex[p(X)elo WoXtMds. ) g @t <1.0]
> eME [o(X)): s & Coust < Tool.

Therefore we obtain

Ex[¢(X1); ity & Cst < Tool <)M, £>0.
By (3.16), we have

(3.22) TV F) < 1 f oo Pelits € Connt < Tool + [ f I~ oo (x)e M.
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Applying Lemma 3.4,

1
limsup —10g Pl € Cn, 1 < Too] < — inf (),

t—00 HeCy

where G, is the closure of G,,. Since IV (1) is lower semi-continuous and G, is
compact in M| (RN), inf LG IV (w) is attained at some p* € G,,. Since existence
of invariant measure implies recurrence, it follows from Lemmas 3.5 and 3.6 and
transience of {X;}
inf 7% (u) > 0.
HECH

Hence, we can find a positive constant «,,, > 0 such that

(3.23) Pl € Cpyt < Too] < C(x)e “m, t>0.
Then, from (3.22) and (3.23), we obtain
TV F(x) < CQ flloce ™ + 11 £ oo (x)e ™M O

We are ready to prove that for A = A*, the corresponding diffusion process
{X}} is ergodic.

THEOREM 3.7. Let (W*, A*) be a solution of (1.1) corresponding to
A* =inf A and let {X}} be a solution of (3.1) for (W*, A*). Under (A1)—(A3),
{X}} is ergodic.

PROOF. Suppose that { X7} is transient. Then, by Proposition 3.3,

TV A fx) <Ce™™  VfeC®Y), f>0.

Note that « is a positive constant independent of f and x. Taking 0 < ¢ < o, we
see that

[ B xDetsn < waldr = [T 1 paetar
0 0
o0
:C(x)f e @ gt < 0.
0

Then, there exists Green function G (x, y) for (1/2)aij D;j + (l; +aVW* .-V +e
and G (x, y) satisfies the following:

(3.24) 1aVD;jG(,y)+ (b+aVW*) - VG(,y) +eG(,y)=0  inR\{y}.
We take a sequence {y,} in R” such that Yn € Bn+1\l§n. Define <]3n (x) as follows:

G(x, yn)

N
GO, Yn)’ x € R™\{yn}.

d;n(x) =
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Then, we have from (3.24)
(3.25)  %aVDijy + (b +aVW*) -V, +edy =0  inRV\{y,}.
We note that by setting W,, = (1/¢) log ¢,,, (3.25) is equivalent to the following:
1, _ ¢ i - - S - e e
Ea jD,'jWn + Ea JDiWnDjWn +bB+avVW*) - VW, +-=0 in R\ {y,},
c
where c is taken from Remark 2.1. By Lemma 2.4, we have

suprW,,lfCr, r<n.

B,
Thus, in a similar way to the proof of existence of solutions of (1.1), we can see
that there exists smooth function W such that

1 .. - ~ - - - e
(3.26) S Dy W+ (G +avW) VW + %aVW VW 42 =0,
Cc
Since (W*, A™*) is a solution of (1.2),
(3.27) 1d D W* +b - VW* + 3aVW* . VW* +V — A* =0.

Adding (3.26) to (3.27), it follows from Remark 2.1 that

1 .. _ . _
0=a" Dyj(W* + W) +b - (VW* + VW)

1, * * ~ * 1 c T b1 * €
+5aVW VW™ +aVW ~VW+§aVW~VW+V— A — =
c

1. . _
> Ea”Dij(W* +W)+b- (VW +VW)

lA * * A * Y 1/\ Y Y * €
+§aVW -VW* +aVWw -VW+5aVW-VW+V— A" — =
C

1 .. _ - _
=§a”Dl~j(W*+W)+b-V(W*+W)
1,\ * Y * T * €
+§aV(W +W)-VIW +W)+V —[A"—=).
C

Thus, W* 4 W is a super solution of (1.1) for A = A* — &/¢. In the same way
as the proof that A 7 & given in Section 2 we can see that there exists a smooth

function W such that
1 N .~ - . €
EafD,-jW+§aVW~VW+b-VW+V=A - -
c

This contradicts A* = inf 4. Therefore, {X} is recurrent.
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In order to see that {X}} is actually ergodic, we recall the proof of Proposi-
tion 3.3. If we suppose infueém v (n) > 0 where m is chosen in (3.20), we can
prove Proposition 3.3, which implies that { X} is transient. Hence, we see that

(3.28) inf IV (w) =0.
HECH

Since G, is compact, (3.28) is attained at u* € C,,. Then, it follows from Lem-

mas 3.5 and 3.6 that ©* is an invariant measure for {X;}. O

3.2. Uniqueness of solutions corresponding to the bottom. We proved that so-
lution (W*, A*) of (1.1) for A* = inf A corresponds to ergodicity to { X} of (3.1).
Now we shall show that the solution corresponding to A* is unique up to an addi-
tive constant. Note that the solution of (1.1) has ambiguity on an additive constant.

THEOREM 3.8. Let W*, i = 1,2, be solutions of (1.1) corresponding
to A* =infA. Under (A1)-(A3), there exists constant k such that W3 (x) =
Wix) +k.

PROOF. Since W/, i =1, 2, are solutions of (1.2),
1d" Dy Wi+ Yavwi - VWi +b- VWi +V = A%,
1d" D Wi + YavW3 - VWi +b- VWi +V = A*.
Subtracting each side in the above equations, we have
59) 1d" Dij (Wi — W3) + (b +avWw3) - (VWi — VW5)
+ Sa(VWF = VW3) - (VW) — W) =0.

Let us set ¢ (x) = Wi =W3) \where c is in Remark 2.1. Rewriting (3.29) in
terms of ¢, we have

1 lj ~ A * 1 A V¢

Ea D,-jqb—i-(b—i-aVWz)-qu—i-z—c(a—ca)7-V¢:O.
Hence it is implied from Remark 2.1 that
(3.30) L¢ = 1a"’ Dij¢ + (b+avVWws) - V¢ <O0.

Letus take x, y € R and consider the SDE of (3.1) for W = Wy
dX; = (b(X) +avVW5 (X)) dt +o(X})dB;,  X§=x.

Define 7, = inf{t: X} ¢ B,}, op,(yy = inf{t: X} € B;(y)}. Note that {X}} is er-
godic from Theorem 3.7, especially recurrent. It follows from the It formula and
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(3.30) that

" INTBY NOBe(y) "
O (X nep nom) =90 + | L$(X?) ds

IATB, NOBg(y) N X
+ /0 Vé(X¥) -0 (X7)dB,

IATB, NOBg(y)

< p(x) + /0 " Ve(X¥) -0 (X¥)dBy.

Thus we have E,[¢ (X )] < ¢(x). By taking the limit as n — oo,

INTB, NOBg(y)

it follows by Fatou’s lemma that E[¢(X] )] < ¢(x). Noting that

INAOBg(y)
Py[op,(y) < ool =1, we have by sending 1 — oo,

E (X5, )] <o),

We note again that {X} hits the boundary of B, (y) in finite time with probabil-
ity 1. Hence we can see that

¢ () = Ex[p(X7, )]z inf ¢.

T 9B:(y)
Taking the limit as ¢ — 0, we obtain
¢ <px),  x,yeRY,

which implies ¢ is constant. Therefore W;* — W' is also constant. []

EXAMPLE 3.9. Let us consider the linear case:
b(x) = Dx;
a(x) =a, alx)=a;
Vix)= %x-Mx—Fv-x.

D, M,a,a are matrices and M is symmetric; a, a are positive-definite. We con-
sider quadratic solution W,

W(x):%x-Kx-i—e-x.
Then
KaK +D"K + KD+ M =0,
(D" + Ka)e+v =0,
A= ltr(a[()—i—%e-fle.

If M is negative-definite, then there is a unique solution K such that K is
nonpositive-definite and D + aK is stable. See [15]. For such K, the equation
for e can be uniquely solved. The stability of D + aK implies that the diffusion
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is ergodic, o is the square root of a. This implies A defined above is equal to A*
and W obtained is the unique solution corresponding to A*. We note there are also
solutions that are not quadratic.

In particular, in the one-dimensioned case, the equation for K becomes

aK?*+2DK + M =0.
If M < 0, the solution is given by

Let
D D\?
PR (13
a a
D D\?
a a
Then
D\ 2
D+aK_=-— (T) —M<0
a
and

R D\?
a

Solution corresponding to K_ is W*.

EXAMPLE 3.10. In [9, 10], the following conditions are considered:

@ ax)=ax)=1.

(b) b(0) =0; b;(x) has continuous first-order derivatives, D;b;(x) is bounded
forall i, j.

(c) There is co > 0 such that for all x,n € R?, - Db(x)n < —co|n|*. Here
Db(x) = (Dibj(x))ij.

(d) V(x),D;V(x),i=1,...,d, are bounded.

Under these conditions, Fleming and co-workers prove that there exists unique
solution (W, A) satisfying the condition

1
VW) = —1IVV]oo,
co

IVV s =sup, |[VV(x)|. Let {X;} be the diffusion,



SOLUTIONS OF BELLMAN EQUATION 309
Denote
1
c=—[[VV]oo-
o
Then
d
By (a), (c) and the mean value theorem,
x-bx) < —c0|x|2.
Property of W implies
x-VW(x) <clx|.
By using a routine argument and considering | X;|? exp(cot), we can prove

2 2 1 (,‘2
Ei[|1X/]7] <exp(—cot)|x|"+ —(d + — ).
Co o

This implies {X,} is ergodic. Therefore, A = A* and W = W*.
In [15], different conditions are considered that are given as follows:

(a) There are ¢y, ¢ > 0 such that
c1 <alx) <c, c1 <ax) <.
(b)’ There are cg, ro > 0 such that
x-b(x) < —colxl’,  lx|=ro.

©) a; j(x), a;j(x) and b; (x) have bounded first-order derivatives.
(d) V(x), VV(x) are bounded.

Then (1.1) with A = A™* has unique solution W* with W*(0) = 0. Moreover, for
any a, B > 0, there are ¢y, g such that

IW*@0)| < alxl? + cap,
IVW*(x)| < alx|? + cqp.
4. Perturbation of coefficients. In the present section we shall consider the

structures of solutions of (1.1) under perturbation of coefficients. This is to con-
sider the following equation parameterized by n € N:

@.1)  1Di(aD;W,) + 3 DiW,D Wy +by - VW, +V,=A,  inR",
or equivalently
2al DijWy + 385 DiW,DjWy, + by - VW, + Vi = Ay,

(42) _ o
bl (x) = bl (x) + 1 Djall (x).
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In the same way as (2.1) we define +A,, as follows:
4.3) A, = {Ay; there exists smooth W, satisfying (4.1) for A, }.

Under certain assumptions, we can show that 4, = [A};, 00) for some finite A};.
Furthermore, we can classify the set 4, of A, according to the global behavior of
diffusion process defined by the SDE:

4.4) dX; = (by(X;) + @ VWu (X)) dt +0,(X:)dB;,  0(x) = an(x)V?,

where W, is a solution of (4.1) corresponding to A, and {B;} is F;-standard
Brownian motion on a filtered probability space (2, ¥, P, {¥;}). Indeed, we can
prove that A, = A (resp. A, > A}) corresponds to ergodicity (resp. transience)
of {X;} defined by (4.4) and W)’ corresponding to A’ is unique up to additive
constants.

It is interesting to study stability of solution (W,’, A) corresponding to the bot-
tom of +A,, under perturbation of coefficients. Suppose that all coefficients converge
to corresponding ones, respectively, in some sense:

ij ij Aij L Adj
a; — a", ay —a", b, — b, V, >V as n — 0o.

We hope to prove that W and A} converge to W* and A* = inf A, respectively,
where 4 is defined by (2.1) and W* is a unique solution of (1.1) corresponding
to A*. This means that the solutions corresponding to A = inf., are stable
under the perturbation.

It turns out this is a delicate problem. For the illustration of the idea, we shall
be content with the following special example. The result obtained will be used in
Section 5. We refer to [16] for more general discussion and a counterexample.

We now consider the following special example; we consider the following
equation:

4.5)  3a" DijW, + 53" DiW,DjWy+b-VWy+Vy =Ny, Vo =Vo+ V.
The equation corresponding to the limit of (4.5) is as follows:
4.6)  3d'DjjW+3a"D;WD;W +b-VW+V=A, V=Vy+V.

We assume the following conditions. We suppose implicitly that all the coefficients
are smooth.

(B1) There exists smooth function Wy such that
Uo = —(5a" DijWy + 33" D;WoD;Wo + b - VW + V) — 00
as |x| — oo.

(B2) \:/n, DV, are bounded in RN uniformly on #.
(B3) V, converges to V uniformly on each compact set as n — oo.
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Let W) (resp. W*) be solution of (4.5) [resp. (4.6)] corresponding to A
(resp. A™).

PROPOSITION 4.1.  Under (Al), (A2), (B1)=(B3), A} converges to A*.

PROOF. It is easy to prove that liminf, .o A} > A*. We shall prove
limsup,,_, ., A} < A*. Since W, (resp. W*) is solution of (4.5) for A} [resp. (4.6)
for A*],

1a" Dy WE 4+ Ya i DiWED Wi+ b - VW) + Vo + V, = A},
1d" Dy W* + aV D;W*D;W* +b - VW* + Vo + V = A*.
By subtracting both of sides, we have
3d" Dij(W* — W) + (b +avVWy) - V(W* — W)
+1aV(W* — W) - V(W* = W) = A* — AL+ V, - V.
Then, we can see that for ¢ > 0,

1 ij * * - A * * *
5@ Dij(e(W* = W) + (b +aV W) - V(c(W* = W)
3V (e — W) V(W — W)

=c(A* = A+ V,—V)+ %(ca — )V (c(W* = WH) - V(c(W* = WH).
If we take ¢ > 0 from Remark 2.1, then
1@ Dij(c(W* = W) + (b +aVW,) - V(e(W* — W)))
&7 +3aV(c(W* = W) - V(c(W* = W})) < c(A* — Ak +V, — V).

Let u* be invariant measure of diffusion process X;*" defined by the following
SDE:

dX;" = (b +avVWwH (X" dt +o(X;")dB;, X;" =x.
By the construction of 1, we see that
W*
(4.8) In" () =0,

where

* L,u
L w=—inf [ Zdu,  pe M,
u

ueU,
L, =%a"Dij + (b +avw}) -V,
U, ={u e Cz(RN); u(x) >0, L,u/u is bounded above}.
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Set u = exp(c(W* — W,)). Then, from (4.7), we have

L 1 -
" = Sa Dy (e(WF = WD)+ (b +aV W) - V(eW* = W)

u
1 * * E *
4.9) + EaV(c(W — WD) - V(c(W* = W)))
<c(A* = AF 4V, = V).
Since V, V,, are bounded, u € U,,. Hence, by (4.8),

/ Lt du; > 0.

u

Then, the above inequality and (4.9) imply that
c/(A*—A;Jr\?,,—V)dM;zo.
Therefore we have
A=A > /(\7 — V.
We note that {x'} is tight by the proof of Proposition 3.3. Indeed, {i)} € Con,

_ M+ 1ol

Cn={ne MR, u(B)=1=8§VIl=m}), &=—-—"",
" ‘ : : "= 1Bl + B

Bo= inf {Up(x) +a}, B = inf {Up(x) + o},
xeRN lx|>1
Uo(x) = —sup(3a"/ D;jWo + $aVWo - VWo + b - VW + V),
n
o =i2fA:.
Wy is from (B1) and m is taken so that

Bi>0 Vi>m.
Since V), are uniformly bounded and V,, converges to V uniformly on compact
sets, we can see that

/(V—Vn)d,uZ—>0 (n — 00).

Therefore, we have
linni)solép Ay <A™ 0
THEOREM 4.2. Let W) (resp. W*) be solution of (4.5) for A} [resp. (4.6)
for A*]. Under (A1), (A2), (B1)-(B3), W, (resp. A};) converges to W* (resp. A*)
uniformly on compact sets, ngc-strongly asn— oo.
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PROOF. By using the estimate of VW, as in Lemma 2.4 and the argument in
the proof of Theorem 2.6, we can show W (resp. A}) converges to W* (resp. A*)
uniformly on compact sets, ngc—strongly by taking a subsequence if necessary.
Furthermore (W*, A*) is a solution of (4.6). Indeed, we see that A* = A* by
Proposition 4.1. By uniqueness of solution corresponding to A* in Proposition 4.1,

we have W*(x) = W*(x). O

5. Representation of A*. For (1.1) with the coefficients satisfying the con-
ditions (A1)-(A3), we have proved that there is a unique solution (W*, A*) with
W*(0) =0 and A = A* is the smallest such that (1.1) has solution W. In this
section we will give a representation of A*. From the representation, we will get
some moment condition for p*, the invariant measure for the diffusion in (3.1)
constructed from W = W*, Before we state our main results, we give some nota-
tion.

We shall consider a family of V. That is, we consider a particular Vy and the
bounded perturbation of Vy, say Vg + V for bounded V. Therefore, in this section
we consider the equation

(5.1)  1Di(@"D;W)+3a"D;WD;W +b-VW +Vo+V=A  inR".
The smallest A such that this has solution W is denoted A* (V). We still use W* for
the solution corresponding to A*(V). We shall mention if we want to emphasize

the dependence of W* on V.
In this section we assume the following condition:

(A3) V) is smooth and there exists a smooth function Wy such that

Uo(x) = —(3Di(a" D;Wo) + b - VW + 38" D;WoD; Wy + Vo) — 00

as |x| — oo.
We consider V satisfying the condition:
(5.2) V is smooth, [V(x)| <c, |IDV(x)| <c,
where c is a constant that may depend on V.
Let W be a smooth function. We denote
(5.3) G(W)=1D;(aD;W)+b-VW + 34V D;WD;W + Vp.

For each probability measure x on RY, we define
J () = sup{—(G (W), u); W is smooth and G (W) is bounded above}.

Here for a function f

(fon) = / F) ).

Now we can state our main results.
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THEOREM 5.1.  Assume (Al), (A2), (A3) and (5.2). Let (W*, A*(V)) be the
solution defined above. Then A*(V') has the representation

A* (V)= sup {(V,u)—J(w)}.
peMi(RN)

Here M1 (RN) denotes the set of all probability measures on RY . The supremum
attains at 0 = u*, w* is the invariant measure of the diffusion in (3.1) for W = W*,

From this theorem, we have
AT(V) = (V, u*) = T (")
<(V, u") + (G(Wp), u*)
= (V, 1) + (=Uo, n*).

Therefore, we have the following corollary.

COROLLARY 5.2. We assume the condition as in the above theorem. Then
[ Vo)) < =A% (V) + 1V I

In particular,

/Uo(x)dpc*(x) < 00.

Here || V| is the supnorm of V.

Before we prove Theorem 5.1, we mention some elementary properties
of A*(V).
LEMMA 5.3. (i) A*(V) is Lipschitz with constant 1. That is,
|A* (V) = A* (V) < VI = Valloo

for Vi, Vs satisfying (5.2). From this, A*(V) can be defined for all bounded con-
tinuous functions V by extension.
(1) A*(V)isconvexin V.

PROOF. Let Wy be the solution of (5.1) for V = V|, A = A*(V}). Then
ID;@VD;Wi) + Ya " DiWiD; Wi +b - VWi + Vo + Vs
=A*"(V)+ V2=V
<A VD + V2 = Vi
This implies
A* (V) = A* (VD) +1V2 = Vil o-
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See the argument in the proof of Theorem 2.6. Similarly,
A* (V) S A (V) + IV2 = Vil
Therefore,
IA* (V) = A* (V)| < VI = Vallc.

We now show that A*(V) is convex. Let Vi, V; satisfy (5.2) and W', k =1, 2,
satisfy

1D (@ D;Wi)+ 38" DiWED; Wi +b-VWE+Vo+ Vi =A*(Vi),  k=1,2.

Let 0 <A <1 and denote W =AW[ + (1 —)WF, V=4V, + (1 — A1)V, and
A =AA*(V1) 4+ (1 — A)A*(V3). Then by a simple calculation, we have

ID;i@ DjW)+ 32" D;WD;W +b-VW+Vo+V <A, k=12
This implies

A" (V) < A.
See the proof of Theorem 2.6. That is, we have
A AV + (1 =) V) <AA* (V) + (1 = 1) A* (Vo). O

Denote by Cp (R™N) the collection of all bounded continuous functions defined
on RV, C,(RV) is a Banach space with supnorm. The dual space Cj,(R")* can be
identified with the set of all regular bounded finitely additive set functions defined
on the field generated by closed sets of RY . That is, for an element T € C,(RV)*,
there is regular bounded finitely additive set function p such that

T(V)=/V(x)du(x), V e Cp(R").

See [6], Theorem 1V.6.2. For regular additive function see [6], Theorem II1.5.11.
We note that M (R"V) is a subset of Cj,(RV)*.
For € Cp(RN)*, we define

I(wy= sup {(V,u)— A" (V)}
VeC,RN)

PROPOSITION 5.4. Let V be bounded continuous. Then

A*(V)= sup {(V,u)—T(w)}.
neCp(RN)*

See [7], Proposition 4.1, Chapter 1 or [23], Theorem 7.15.

We shall prove that I (n) = J(w) if u is a probability measure. For V satisfy-
ing (5.2), the supremum is attained at u = u*, where w* is the invariant measure
of the diffusion in (3.1) for W = W*. Our main theorem is a consequence of this.
We begin with some elementary observations. We follow essentially the argument
in [23].
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LEMMA 5.5. IfI(w) < oo, then  is nonnegative and n(RN) = 1.

PROOF. We first prove I () = oo if u is not nonnegative. For such ., we take
V > 0 such that (V) < 0. For any « > 0,

I(n) = (—aV,p) — A" (=aV).
Now A*(—aV) < A*(0), since —aV < 0. Therefore,
I(n) = —a(V,u) — A*(0) - o0

as « tends to infinity. Hence I (i) = oo.
We now prove I (i) = oo if w(@®RN) # 1. For such p,

I () = (. p) — A*@) = apu®RY) —a — A*(0) = a(u(R") — 1) — A*(0).

Here « is any real number. From this, it is easy to see that / (1) =oc0. U
LEMMA 5.6. Let u be a probability measure. Then I () > J ().

PROOF. Let W be a smooth function such that G(W) is bounded above. Take
V, = min{—G(W), n}.

Then V,, is a bounded continuous function.
It is easy to see that

1D;(@’D;W)+ 18" DiWD;W +b-VW + Vo + V, <0.
Therefore, A*(V,) < 0. From the relation
L() > Vi, 1) — A (V) = (Vi 1),

and V,, > —G(W), V,, <V, 41 such that V,, are bounded below, we can apply the
monotone convergence theorem to get

I(pn) = —(G(W), u).
Then
I () = sup{—(G (W), u); W is smooth, G(W) is bounded above} = J (). U

LEMMA 5.7. Let V € C,(RN). Define

J*(V)y= sup {(V,u)—J(w)}
UEM(RN)

Then J*(V) < A*(V).
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PROOF. It is enough to prove this for V satisfying (5.2) which we assume
now. We first observe the relation

JHV) = sﬁp{w, )+ inf{G W), m}}
=supinf{{G(W) + V, u)}
w W
< infsup{{G(W) + V. 1)}
Wou
= iyvf sup {G(W)(x) + V(x)}.

xeRN

Here the «, W are taken over all those satisfying u € M1(RY) and W smooth
with G(W) bounded above. Let W* be the solution of (5.1) for A = A*(V). Take
W = W* in the above relation; we have J*(V) < A*(V). O

LEMMA 5.8. Let V satisfy (5.2) and let u* be the invariant measure of the
diffusion in (3.1) for A = A*(V) and W* the solution of (5.1). Then

A(V)=(V, ") = I(u").

PROOF. We need to prove that
(Vi) = A* (V') <V, u*) = A*(V)
forall V' € Cp(RN). This is equivalent to
AV =AWV = (V' =V, 1),V eCRY).

Since A*(-) is a convex function on Cj(RY), there is a subgradient
it € Cp,(RN)* of this function at V such that

AV = A*(V) = (V' =V, i), Ve Cp®RY).

See [7], Proposition 5.2, Chapter 1. We only need to prove i = u*, since this
implies the claim.

First, the nondecreasing of A*(-) implies jt is nonnegative.

Applying the above relation to V' =V + «, « is constant, and using
A*(V +a) = A*(V) 4+ a, we can easily deduce a(RY) = 1.

Now take ¢, smooth functions on R" satisfying the following properties: 0 <
On < Pn+1 <1, ¢, has compact support, V¢, are bounded uniformly in n, ¢, — 1
uniformly on compact sets. Then Proposition 4.1 implies A*(V +a¢,) — A*(V +
a) =A*(V)+ a as n — oo. Then

limsup o (¢, 1) <
n— oo

for all «. From this, we have

lim (1= ¢, /1) = 0.

n
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Then 1 must be a probability measure. This is a consequence of [6], Theo-
rem II1.5.13.
We now prove

/(%a’j (X)Dij W (x) + (b(x) +aVW*(x)) - VW (x))dji(x) =0

for W smooth function on R” with compact support. This implies /& is an invariant
measure of the diffusion in (3.1). Hence ft = u* by the uniqueness of the invari-
ance measure. To prove this last statement, we take such W and consider

V=V —(3a"DjW + (b+aVW*) - VW + $a" D;WD; W).

Then by a simple calculation, we see
307 Dij(W+ W)+ b- V(W + W)
+ 387 Di(W + WHDj(W + W*) + Vo + V' = A*(V).
Therefore, A*(V') = A*(V). Then,
0> (V' =V, i) =—(3a"DijW + (b+aVW*) - VW + 2a" D;WD; W, u).
We replace W by aW, o > 0, divide the relation by « and let « tend to 0. We get
—(3a" Di;W + (b+aVW*) - VW, 1) < 0.
We replace W by —W. Then we find
(1a" DijW + (b +aVW*)VW, 1) = 0.

This is what we want to prove. [J

COROLLARY 5.9. Let V € C,(RN). Then J*(V) = A*(V). Let . be a prob-
ability measure. Then I () = J ().

PROOF. Weassume V € C,(RY) satisfying (5.2). Let u* be the invariant mea-
sure for the diffusion in (3.1) with W = W*. Then

JEV) =V, 1) = T () = (V, 1) = T(u") = A*(V).

But we have already proved J*(V) < A*(V). Therefore, they are equal.
We now prove I (i) = J (). We use the relation

J(wy= sup {(V,u)—J*(V)}.
VeC,(RN)

See [23], Theorem 7.18. By definition,

I(wy= sup {{V,u)—A"(V)}
VeC,(RN)

Since J*(V) = A*(V) for all V, we have I (u) = J(n). O
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