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LOGARITHMIC SOBOLEV INEQUALITY
FOR ZERO-RANGE DYNAMICS

By PAOLO DAI PRA AND GUSTAVO POSTA

Universita di Padova and Politecnico di Milano

‘We prove that the logarithmic Sobolev constant for zero-range processes
in a box of diameter L grows as L2

1. Introduction. Let A be a cube in Z¢, and ¢: N — [0, +00) be a function
such that ¢(0) = 0 and c(n) > O for every n > 0. The zero-range process associated
to c(-) is a stochastic system of moving particles in A, which evolves according
to the following rule: for each site x € A, containing 7, particles, with probabil-
ity rate c(ny), one particle jumps from x to one of its nearest neighbors chosen
with equal probability. Waiting jump times of different sites are independent. This
process conserves the total number of particles N; for each N > 1, the zero-range
process restricted on configurations with N particles is a finite irreducible Markov

chain, whose unique invariant measure vﬁ’ is proportional to
1
(1.D) [M1-—:
XEA C(nx)‘

where

1, forn =0,

c(n)! = { .
cim)c(n—1)---c(1), otherwise.

Moreover, the process is reversible with respect to vf\v . Note that in the special
case c(n) = An, the process reduces to a system of independent simple symmetric
random walks.

Under suitable growth conditions on c(-) (see [7]), the zero range process may
be defined in the infinite lattice Z¢. In this case the extremal invariant measures
form a one parameter family of infinite product measures, with marginals

1L )t
Z(a(p)) c(k)!’
where p > 0, Z(x(p)) is the normalization, and «(p) is uniquely determined by
the condition 1, [1x] = p (we use here the notation u[ f] for [ fdu).
Zero-range processes have been extensively studied in terms of their hydrody-
namic scaling (see [7]). In proving the hydrodynamic limit for interacting particle

(1.2) wplne =kl
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systems, estimates on the spectral gap of the generator of the process are often
essential. Although such estimates can be avoided for zero-range processes, due to
their special structure, the question on how the spectral gap depends on the volume
arises naturally. Let 6’1)21 be the Dirichlet form associated to the zero-range process

in A =1[0,L1% N Z? with N particles. Then the following Poincaré inequality
holds for each f € Lz(vf\v) (see [8]):

(1.3) VALS f1= CL2Ew (S, /),

where C may depend on the dimension d but not on N or L. In other terms,

(1.3) says that the spectral gap of the Markov generator associated to SUX shrinks

proportionally to ﬁ independently of the number of particles N.

Our aim in this paper is to strengthen (1.3) by proving the logarithmic Sobolev
inequality: for each f > 0,

(1.4) Ent,y (/) < CL*€,v(Vf. V],

where Ent,y(f) = vN[flog f1 — vY[f1logvN[f]. Note that, in the case
c(n) = An, inequality (1.4) is well known to hold. In that case the system is com-
prised of independent particles. For a single particle (N = 1), inequality (1.4)
reduces to the well-known estimates of the logarithmic Sobolev constant of a sym-
metric random walk. The case of N > 1 independent particles follows from the
tensor property of the logarithmic Sobolev inequality.

By taking hydrodynamic scaling, it is possible to derive from (1.4) various
smoothing properties of the nonlinear semigroup associated with the partial dif-
ferential equation

(1.5) du = s Aa(w)).

In recent years, Poincaré and logarithmic Sobolev inequalities have been proved
for a number of interacting particle systems, both in presence (see [2, 10]) and in
absence (see [12, 15]) of conservation laws, when the possible number of par-
ticles allowed for any site is bounded. When the particle number per site is un-
bounded, very few results are available for conservative dynamics, we can only
cite [8] and [14]. In particular, to our knowledge, there is no conservative system
with unbounded particle number per site for which the logarithmic Sobolev in-
equality has been proved to have diffusive scaling. The interest for results in this
direction is illustrated in [7], page 423. A common tool in the works concerning
dynamics with conservation of the number of particles is the use of ergodic prop-
erties of associated nonconservative dynamics. Such dynamics are chosen in such
a way that the grand canonical invariant measure for the conservative dynamics
at a given particle density (1, in our case) is reversible for the nonconservative
one. For example, the nonconservative process corresponding to zero-range is the
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one for which particle numbers at different sites are independent, and, for a given
site x, 1y evolves according to a birth and death process with death rate c(,) and
constant birth rate «(p). Let us denote by 81’{‘/) the Dirichlet form for this process;
the following Poincaré inequality is shown in [8]:

(1.6) wolfs F1=CELSG (S 1),

where C is independent of both p and L. In the proof of (1.3), that is by induction
on L, a result even stronger than (1.6) is used in [8]. Similarly, in the proof of the
logarithmic Sobolev inequality for Kawasaki dynamics (see [2]), one relies on the
fact that the corresponding nonconservative dynamics (Glauber dynamics) satisfy
a logarithmic Sobolev inequality with a constant independent on both density and
volume. Thus, following the same principle, the proof of (1.4) would require the
logarithmic Sobolev inequality

1.7 Ent,, (f) < CEXS(/ .V ).

However, under the most commonly used conditions on c(-), this inequality fails,
in the sense that there is no constant C such that (1.7) holds for every f > 0 (even
for p and L fixed). For instance, we already noticed that, in the case c(n) = An,
(1.4) holds, but it is not hard to show that (1.7) does not. Technically speaking, this
is one of the key difficulties in the proof of (1.4).

The proof of (1.4) is by induction on |A|. Two schemes are available: the so
called martingale method, introduced in [10], where, roughly speaking, one point
is added to A at each step of the induction; the duplication method used in [2],
where the volume of A is doubled at each step. For Kawasaki dynamics, as well for
the proof of (1.3), the two methods are essentially equivalent. This is not the case
for (1.4): following the martingale method, a serious difficulty arises at a very early
stage of the proof, for a simple reason that is illustrated in Section 3.2. Although
the essence of our strategy is borrowed from the one in [2], the lack of (1.7) and
unboundedness of particle density have required substantial and nontrivial original
work.

The proof turns out to be very long and technical. In a first stage we show that
the logarithmic Sobolev inequality holds with a constant independent of N, that is,

Ent,x (f) < s(DEN(VF. VT,

with no reasonable control on the growth of s(L). This part, that comes for free for
Kawasaki dynamics as well as for any system with bounded density of particles, is
contained in [4], and we summarize it here without proofs. In the second stage, that
we give here in detail, we set up a second induction in |A| to get the L?-growth,
that is well known to be optimal. This second induction relies on the so-called two
blocks-type estimates; the idea of using these estimates in the context of logaritmic
Sobolev inequalities is due to Lu and Yau [10]. We have organized the paper in
such a way that the strategy of the proof is outlined free of the main technicalities.
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Thus, after having introduced our notation and stated our main result (Section 2),
the whole proof is outlined in Section 3. The proofs of the main estimates used in
Section 3 are contained in Sections 4 and 5, except for a relevant technical tool,
a comparison inequality between vﬁ/ and 1| A |, that is proved in Section 6.

2. Notation and main result. Throughout this paper, for a given probability
space (2, F,u) and f:€2 — R measurable, we use the following notation for
mean value and covariance:

ulf1:= f Fdu,  ulf.gli=u[(f — ulfD(g — ulg)]
and, for f >0,
Ent,, () := plf log 1 — ulf1log ul f1,

where, by convention, 0log0 = 0. Similarly, for § a sub-o-field of ¥, we let
ulf14] to denote the conditional expectation, and

ulf. 8191 = n[(f — ulf1§D(g — nlgI§DIg]

the conditional covariance.

If A C Q, we denote by 1(x € A) the indicator function of A. If B C A is finite
we will write B CC A. For any x € R, we will write [x] :=inf{n € Z:n > x}.

Let A be a possibly infinite subset of Z¢, and Q4 = N* be the corresponding
configuration space, where N = {0, 1,2, ...} is the set of natural numbers. Given
a configuration n € Q24 and x € A, the natural number 1, will be referred to as the
number of particles at x. Moreover, if A" C A, nas will denote the restriction of n
to A’. For two elements o, £ € Q4, the operations o + & are defined component-
wise (for the difference whenever it returns an element of Q,). In what follows,
given x € A, we make use of the special configuration §*, having one particle at x
and no other particle. For f:Q, — Rand x,y € A, we let

Oxy f(n) = f(n—8"+8)— f(n).

Consider, at a formal level, the operator

(2.1) LALM) =)D cn) duy f (),

XEAY™X

where y ~ x means |x — y| =1, and ¢:N — R is a function such that c(0) =0
and inf{c(n):n > 0} > 0. In the case of A finite, for each N € N\ {0}, L4 is
the infinitesimal generator of an irreducible Markov chain on the finite state space
{n € QA :np = N}, where

ﬁA = an

xeA
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is the total number of particles in A. The unique stationary measure for this
Markov chain is denoted by v X and is given by

2.2) N = ZN 1—

¥ )

where ¢c(0)! :=1, c(k)! :=c(1)---c(k), for k > 0, and ZX is the normalization
factor. The measure v X will be referred to as the canonical measure. Note that the
system is reversible for vi\' , that is, £, is self-adjoint in L>(vY A ) or, equivalently,
the detailed balance condition

(2.3) eV [}l = c(ny + Dol [{n — 8, + 8}

holds for every x € A and n € 2, such that n, > 0.

Consider now a real number p > 0. By the usual statistical mechanics formal-
ism, we introduce the grand canonical probability measure with average density
of particles p:

a(@M Ut m] 1 a(p)"s
Seea, a(@EirEy Z@P) o el

where a(p) is chosen so that u,[nc] = p, x € A, and Z(a(p)) is the correspond-
ing normalization. Clearly, 1, is a product measure with marginals given by (1.2).

2.4 mplin}l =

Note that «(p) is the inverse of the function o — Z(a) >, 2 et that is analytic and
strictly increasing in some interval of the form (0, «*). The inverse function theo-
rem for analytic functions guarantees that «(p) is well defined and it is an analytic
function of p € [0, p*), for some p* € (0, +00]. Under mild additional assump-
tions (e.g., lim, c(n) = +o00, see [7], Chapter 2, Lemma 3.3), o (-) is defined in the
whole half line (0, +0c). The normalization will be sometimes denoted by Z ()
or Z(p), depending which parameter needs to be emphasized. Note that £ is
self-adjoint in Lz(u p) too, since identity (2.3) holds with 1, in place of vf\v .

When A is infinite, existence and uniqueness in law of a Feller process gen-
erated by L, requires conditions on the rate function c(-). It is shown in [7],
Section 2.6, that a sufficient condition is that c(-) is Lipschitz:

CONDITION 2.1 (LG).

sup [c(k + 1) — c(k)| := a1 < +o0.
keN

As remarked in [8] for the spectral gap, diffusive scaling of the logarithmic
Sobolev inequality requires extra-conditions; in particular, our main result would
not hold true in the case c(k) = c1(k € N\ {0}). The following condition, which is
the same assumed in [8], is a monotonicity requirement on c(-) that rules out the
case just mentioned.
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CONDITION 2.2 (M). There exists kg > 0 and a> > 0 such that c(k) — c(j) >
ap forany j e Nand k > j + ko.

We state here without proof some direct consequences of Conditions 2.1 and 2.2.
The proofs of some of them can be found in [8].
PROPOSITION 2.3.

1. There exists Ag > 0 such that Aalk <c(k) < Aok for any k € N.
2. Let 6%(p) := pplnx, nl, then

2 2
2.5) 0<inf TP < qupT® _ Lo
p>0 p p=>0 P
3. Let a(p) be the function appearing in (2.4); then
(2.6) 0 < inf M < sup M < +o00.

p>0p p>0 P

For A infinite, the grand canonical measures u, are well defined, and, under
Condition 2.1, it can be shown that £, can be extended from cylindrical func-
tions to Lz(u p); moreover, the grand canonical measures are all stationary for the
system. In the rest of the paper the same symbol 11, will denote both the grand
canonical probability measure on any A C Z? and its one-dimensional marginal,
which is a probability on N.

In what follows, we choose A = [0, L]¢ N Z4. In order to state our main result,
we define the Dirichlet form corresponding to £ 4 and vfx\’ :

Q27 Ex(fie)=—vAlfLagl=75 ) D vilc(ne) ey f(m)dxyg()].

XEAY™X

THEOREM 2.1. Assume that Conditions 2.1 and 2.2 hold. Then there exists a

constant C > 0 that only depends on a1, ar and d, such that, for every choice of
N>1,L>2and f:Q2p = R, f>0,we have

(2.8) Ent,x (f) < CLZSUX F. V).

3. Outline of the proof. The proof will be given in one dimension. The ex-
tension to higher dimensions follows the analogous extension for the spectral gap,
that is given in [7], Appendix 3.3.

3.1. Step 1: duplication. The idea is to prove Theorem 2.1 by induction
on |A|. Suppose |A| =2L,sothat A = Ay U Ap, |[A1|=|A2| =L, where A1, A>
are two disjoint adjacent segments in Z. By a basic identity on the entropy, we
have

3. Ent,y (/) = v [Ent,vy, ()] +Ent,y X[ 17a,])-
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_ N_7
Note that vf\v [17A,]1= vln\‘:‘ ® vy, " Thus, by the tensor property of the entropy
(see [1], Theorem 3.2.2),

(3.2) VN [Ent, gz, 1(H] < VR [Ent o, () +Ent vy, (F)]:
Ay VA,

Now, let s(L, N) be the maximum of the logarithmic Sobolev constant for the
zero-range process in volumes A with |A| < L and less that N particles, that is,
s(L, N) is the smallest constant such that

Entyr (f) <s(L, N)&x (V. V),
forall f >0, |A| <L and n < N. Then, by (3.2),

Vﬁ, [Entvﬁ’[.ml\l ](f)]

(3.3) <s(L N[ 1, (VTN F) + & vn, VIV T)]
=s(L,NENNVT.VF).

Identity (3.1) and inequality (3.3) suggest estimating s(L, N) by induction on L.
The hardest thing is to make appropriate estimates on the term Entviv (vfxv [flna, D).
Note that this term is the entropy of a function depending only on the number of
particles in Aj.

3.2. Step 2: logarithmic Sobolev inequality for the distribution of the number of
particles in Aq. Let

yN(n) =y n) :=vN[iia, =n].

v (-) is a probability measure on {0, 1, ..., N} that is reversible for the birth and
death process with generator

1
Ag(n) = [—V(:(:) ) A 1}(<p(n +1) =)
(3.4)
y(n—1)
LA | 1=
+[ LA ](«)(n ) — o(n)

and Dirichlet form

N
D(@.9) = (9, A0} 12 = S [y (W) Ay (n = DI(0(n) —g(n — D).

n=1
Logarithmic Sobolev inequalities for birth and death processes are studied in [13].

The nontrivial proof that conditions in [13] are satisfied by y (n) leads to the fol-
lowing result, whose proof is in [4].
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PROPOSITION 3.1. The Markov chain with generator (3.4) has a logarithmic
Sobolev constant proportional to N, that is, there exists a constant C > 0 such
that, for all ¢ > 0,

Ent, (¢) < CND(J/@, /®).

REMARK 3.2. At this point it is possible to see why we use the duplication
approach of [2] instead of the martingale method of Lu and Yau [10]. Indeed,
assume A, is as above, A is a single point and c(n) = An. In this case y (-) is a
Binomial with N trials and probability of success 1/L. It is well known (see [5])
that the associated birth and death process (3.4) has a logarithmic Sobolev constant
of order N log(L). The extra factor log(L) does not get fixed by the rest of our
argument.

We now apply Proposition 3.1 to the second summand of the right-hand side of
(3.1), and we obtain

Ent,y (V) [ £17,)

3 2
SCN Yy Ay = 1)][‘/1)/]:,[16"7/\1 =n] _\/Vzly[ﬂﬁm =n-— 1]]
(3.5) ”;1
ym)Aymn—1)
<CN
- ngl W fliia, =01V N[ flia, =n—1]

x (VN[ f17a, =n] = vN[fliia, =n —1])°,

2
where we have used the inequality (\/x — /¥ )2 < G y > 0.

xVy

3.3. Step 3: study of the term vf\v[flﬁ,\] =n]— vf\v[f|ﬁ,\1 =n—1]. Oneofthe
key points in the proof of Theorem 2.1 consists in finding the “right” representation
for the discrete gradient vﬁ’[fm,\l =n]— vf\\'[fIﬁA1 = n — 1], which appears in
the right-hand side of (3.5). The following result is proved in [4].

PROPOSITION 3.3. Forevery f and everyn=1,2,..., N, we have

VX[flﬁAl =n] _Vzl\v[fm/\l =n—1]

-1
(3.6) :M_(}’AV[ 3 h(nx)c(ny)ayxf’ﬁm:n—l]

)/(l’l) nL xeA1,yeNr

+ vy [f, > htoemy|ia, =n— 1})

xeA1,yeAr
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where
1
h(n) = nt .
cn+1)
Moreover, by exchanging the roles of A1 and A», the right-hand side of (3.6) can
be equivalently written as, for everyn =0,1,..., N — 1,
y(N —n) 1

y(N—n+1)(N—-—n+1)L

(3.7) x (WX [ > hyemo) dey £iia, = n}
xelA1,yeAr

ol [f, S ke, :nD
xeA1,yeA,

The representations (3.6) and (3.7) will be used for n > & and n < %, respec-

2
tively. For convenience, we rewrite (3.6) and (3.7) as

(3.8) va [fliia, =n] — v} [flia, =n — 1] =: A(n) + B(n),
where
yin—1) 1
y(n) nL
N - N
X VA[ > h(nx)C(ny)f)yxf‘m\1 =n—1}, fornz?
xeA1,yeAr
(3.9) A(n):= SN —m) |
Y(N—n+ D (N—n+1DL
SN [ > h(ny>c<nx>axyf]ﬁm =n}, forn < %
xelA1,yeAr
and
yn—1) 1
y(n) nL
N _ N
XV [f, > h(nx)C(ny)‘nA1 =n— 1}, forn > >
(3.10) B(n):= eAnyeh

y(N —n) 1
y(N—n+1)(N—n+1DL

N [f, Yo k(e

xeA1,yeNr

_ N
77A1=n], forn<5.
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Thus, our next aim is to get estimates on the two terms in the right-hand side
of (3.8). It is useful to stress that the two terms are qualitatively different. The
first term, A(n), contains discrete gradients of f. It is mainly this term that is
responsible for the growth L2 of the logarithmic Sobolev constant. Estimates on
A(n) are essentially insensitive to the precise form of ¢(-). Indeed, the dependence
of A(n) on L and N is of the same order as in the case c(n) = An, that is, the
case of independent particles. Quite differently, the term B(n) vanishes in the case
of independent particles, since, in that case, the term ) . Al yeAs h(nx)c(ny) is
a.s. constant with respect to vf\v [-Ina, =n — 1]. Thus, B(n) somewhat depends
on interaction between particles. Note that our model is not necessarily a “small
perturbation” of a system of independent particles; there is no small parameter
in the model that guarantees that B(n) is small enough. Essentially all technical
results of this paper are concerned with estimating B (n).

3.4. Step 4: estimates on A(n). The following proposition, proved in [4], gives
the key estimate on A(n).

PROPOSITION 3.4. There is a constant C > 0 such that
CL? _ _
N (Vzlxv[flﬂm :n]vvzl\v[flnlh :n_l])

X[y(n )gvA[mA—n 1](\/_\/_)+3N[|m—n(ff)}

y (n)

A%(n) <

Let us try to see where we are now. Let us ignore, for the moment, the term B(n),
that is, let us pretend that B(n) = 0. Thus, by (3.8) and Proposition 3.4, we would
have

(Vﬁ’[fml\l =n] - Vﬁ\v[flﬁAl =n- 1])2
CL? - N[ f15
(3.1D) ST(VA[f|77A1:”]VVA[f|T7A1=”—1])

* |:y(n )811/\[ iay=n— 1](\/7 \/7) [‘|’7A1:”](\/7’ \/7)}

y(n)
Inserting (3.11) into (3.5), we get, for some possibly different constant C,
(3.12) Ent,y (v} (£17a,)) < CL26,x (V. /T,

where we have used the obvious identity:

(3.13) VA [Ex g (VI V= Ex (V)

which holds for any o-field §. Inequality (3.12), together with (3.1) and (3.3),
yields

(3.14) s2L,N) <s(L,N)+ CL>.
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Thus, if we can show that

(3.15) sups(2, N) < 400,
N

(see Proposition 3.7 next) then Theorem 2.1 would follow from (3.14). In all this,
however, we have totally ignored the contribution of B(n).

3.5. Step 5: preliminary analysis of B(n). We confine ourselves to the analysis
of B(n) for n > &, since the case n < % is identical. Consider the covariance

that appears in the right-hand side of the first formula of (3 10). By elementary

properties of the covariance and the fact that v N7 A= " A1 'Qv A2 T , we get

Vﬁ\V |:f’ Z h(nx)c(ny)‘ﬁm =n-— l:|

xeA1,yeN,

(3.16) =i, [ Y h(vps "“[f, > C(ny)ﬂ

XeA| YEA

+vp [v%z SRV h(nx)]vfz "H[ 3 c(ny):|.

xeA| YEA2

It follows by Conditions 2.1 and 2.2 (see Proposition 2.3) that, for some constant
C >0, h(ny) <C and c(ny) < Cny. Thus, a simple estimate on the two summands
in (3.16) yields, for some C > 0,

2—1){C 2

Bz(n)f%(nzvﬁ; "“[ "Ly c(ny)}
eA

(3.17) e

2
CIN—n+1D?% _
+ n2L2 v:z\l |: N— n—H Z h(nx j| )

xelA

Thus, our next aim is to estimate the two covariances in (3.17). We establish two
levels of estimates for these covariances. We first recall the “rough estimates”
on B(n) obtained in [4], which use elementary properties of vf\v . These estimates,
together with the duplication argument mentioned above, will allow to prove that,
forall L,

(3.18) sups(L, N)=s(L) < 400,
N

without, however, any reasonable information on the growth of s(L) in L. Then we
will obtain sharper estimates (two-blocks estimates) on B(n) in the case of L large
enough, say, L > Lg. Repeating the duplication argument starting from size Lo,
we will then succeed in obtaining the right LZ-growth of s(L). Note that, to begin
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this duplication argument, we need to know that sup, s(N, Lg) < 400, which is
by no means a trivial fact. It should be remarked that, for dynamics with exclusion
rules [2, 16], this problem does not appear.

3.6. Rough estimates on B(n): entropy inequality and estimates on moment
generating functions. By (3.17), estimating B?(n) consists in estimating two co-
variances. In general, covariances can be estimated by the following entropy in-
equality that holds for every probability measure v (see [1], Section 1.2.2):

v 1
(3.19) v[f,gl=v[f(g—vIgD] < [Tf] logv[e'¢~1eD] 4 —Enty (),
where f > 0 and ¢ > 0 is arbitrary. Since in (3.17) we need to estimate the square
of a covariance, we write (3.19) with —g in place of g, and obtain

(3.20) |v[f, gll < %ﬂlog(v[et(g_”[g])] Vv v[e!e7eD]) 4 %Ent,,(f).

Therefore, we first get estimates on the moment generating functions v[e* (¢ —v[gD],
and then optimize (3.20) over ¢ > 0.

In [2], for Kawasaki dynamics, estimates for moment generating functions with
respect vf\v are obtained in two main steps: 1. One replaces the canonical ensemble
vﬁxv with the corresponding grand canonical ensemble, by using results on equiv-
alence of ensembles. 2. The nonconservative (Heat Bath) dynamics for the grand
canonical ensemble have a logarithmic Sobolev constant that is uniform in the
volume, from which estimates on moment generating functions follow (see [1],
Section 7.4.1) by the so-called Herbst argument. In our model there are difficulties
for both steps. For step 1, we can prove equivalence of ensemble only for A large,
so the case of small A must be treated separately. For step 2, as we pointed out
in the Introduction, there is no logarithmic Sobolev inequality for the nonconser-
vative dynamics corresponding to the zero-range process. Actually, it would not
be hard to show that good estimates for moment generating functions follow, via
Herbst argument, from a weaker modified logarithmic Sobolev inequality (the en-
tropy inequality in [3]). This inequality holds true [3] in the case c(n) = An, but
nothing is known under our assumptions on c(-).

Our approach is to give estimates on special moment generating functions,
where ad-hoc arguments can be used. Note that the covariances in (3.17) involve
functions of na, or na,. In the next two propositions we write A for Aj and A»,
and denote by N the number of particles in A. Their proof can be found in [4].

PROPOSITION 3.5. Let x € A. Then there is a constant Ay depending on
L = |A| such that, for every N >0 and t € [—1, 1],
(3.21) o [er(com—vﬁ leoD] < PALNT
and
(3.22) vj\V[etN(h(nx)—V,’\v[h(nx)])) < AL ALNEHYNID,
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Using (3.19), (3.20) and (3.22) and optimizing over ¢ > 0, we get estimates on
the covariances appearing in (3.17).

PROPOSITION 3.6. There exists a constant Cy, depending on L = |A| such
that the following inequalities hold:

2
(3.23) v} [f,ZC(nx)} < CLNV{[f1Ent,x (f),

xeA

2
(324 vy [f, > h(nx)} < CLNTWRLAIVA LF1+ Entx ()]

XEA

Inserting these new estimates in (3.17), we obtain, for some possibly differ-
ent Cp,

Cry*(n—1) )
Bz(n) < Wl)f\v[fh]/\l =n— 1]
(3.25) x (N_T';“legﬂ[lzmvxm( N]
N — 1)2
+ (++)(vf[f|ﬁm =n—1]+ vgfz—m [EmvXl (f)])).

In order to simplify (3.25), we use Proposition 7.5 in [4], which gives
n - y(n—1) - Cn

(3.26) C(N—n+1)~ ymn) ~N-n+l1

for some C > 0. It follows that

y2(n—1)N—n+1< C? <y(n—1)C3
v2(n) n? “"N—-n+1~" yn n

and

y2(n—1) (N —n+ 1)? - C?

y2(n) n3 n

Thus, (3.25) implies, for some C; > 0 depending on L, recalling also that n > %,

y(m Ay@m—1)
vNLfliia, =nl1V N [fliia, =n—1]
(327  <Cry(n—DN[flia, =n—1]
+ U?\Tl [Entvf\vz_nﬂ (f)] + vj\V;nJrl [Entv;l\1 (f)])

B*(n)
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Now, we bound the two terms
Entv;:l (f) and Entvivz—nﬂ f)
by, respectively,
S(N, L)&,- /f.vf) and s(N, L)&,y-ns1 V),
1 2

and insert these estimates in (3.6). What comes out is then used to estimate (3.5),
after having obtained the corresponding estimates for n < % Recalling the esti-
mates for A(n), straightforward computations yield

Bnt,x (v [£177,])
< CLEN(V I NT)+CLvi[f1+ Cs(N. LEN (VI V),

for some C > 0 depending on L. Inequality (3.28), together with (3.3), gives, for
a possibly different constant Cy, > 0,

Entvx(f)
< CLEN (VI V) +CLvi[f1+ CLs(N, )EN(VF. V).

To deal with the term vﬁ] [f]in (3.29), we use the following well-known argument.
Set f = (/F — v [/F 2. By the Rothaus inequality (see [1], Lemma 4.3.8),

Ent,y (f) < Ent,x ( H+2NVF V]

Using this inequality and replacing f by f in (3.29), we get, for a different Cp,
Ent, v (f)

(3.30) =< CLSUX(ﬁvﬁ) +CL1)5\V[\/?,\/7] +CLS(N,L)8’U5\V(\/?,\/7)
< DLEN (VT V) + DLs(N, Y& (VT VF),

where, in the last line, we have used the Poincaré inequality (1.3). Therefore,

(3.31) s2L,N) < Drls(L,N)+ 1],

(3.28)

(3.29)

that implies (3.18), provided we prove the following “basis step” for the induction.
PROPOSITION 3.7.

sups(2, N) < +oo.
N

The proof of Proposition 3.7 is also given in [4], Proposition 3.6. As we pointed
out above, (3.31) gives no indication on how s(L) = supy s(N, L) grows with L.
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3.7. Two blocks estimates on B(n). Our goal here is to improve the estimates
in Proposition 3.6, for large A. Following the terminology in [10, 16], we refer to
these estimates as the “two blocks estimates.”

We begin by considering the covariance in (3.23). First note that this covariance
is left unchanged if we replace c(n) by ¢(n) := c(n) — én, where § is a parameter
that may depend on N and L, and whose value, for reasons that will be apparent
later, will be set to § = /(N /L) for N/L not too small, and § = ‘XEVN/LL) for N/L
small. Then we partition A into disjoint blocks Cy, C», ..., C,, that we assume,
with no loss of generality, to have equal size [ = L/m. Denote by § the o-field
generated by 7¢,, nc,, ..., 1ic,,- Note that

77C1

(3.32) VLI =0 @ g @ -+ @ v,

Thus, the usual formula for conditional covariances gives

LS 1=V VNS, gl§1]+ v [ £, vR [gl§1],

and we obtain

(3.33) N [f, > 6<nx)} =y [v% [f, PREUS) 9«“
xXEA

xeA

(3.34) + vl [f Zv”ck[ 3 5(;@“.

k=1 xeCy

We now treat the two summands (3.33) and (3.34). The term (3.33) is much sim-
pler, and it is actually insensitive to the choice of § and /. The following result will
be proved in Section 4.

PROPOSITION 3.8. There is a constant C, possibly depending on [, such that

2
9}] < CNVR[fIvR [Ent,wpi6,(O)]-

335 vy [viv [f, > )

xeA

Now, by (3.18), the zero-range process on Cy with n; particles satisfies the
logarithmic Sobolev inequality with a constant s depending on / but not on ny.
Moreover, by (3.32) and the tensor property of the entropy (3.2), it follows that

Ent N[lg](f)<ZVA [Ent nc (f)|95] <SZVA [8 ”Ck W7 \F)|9]
k=1

Thus, averaging with respect to v A » We easily obtain

uj\\’[Entvav[,lg](f)] <sE,n VT,

and from Proposition 3.8, we obtain the following corollary.
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COROLLARY 3.9. There is a constant C, possibly depending on [, such that

2
(3.36) N [WX [ﬁZé(nx) 9H < CNVAIf1E,y (V. VT)-

xeA

Estimating (3.34) is much harder. Here the choice § becomes essential, as well
as the possibility of choosing [ and L large. The starting point is again to estimate
the covariance in (3.34) by the entropy inequality (3.20). The challenge now is
to get sharp estimates on the moment generating function. Both these estimates
and the optimization of (3.20) over ¢ require considerable work, that we do no
summarize in this preliminary section. The outcome is the following inequality.

PROPOSITION 3.10. For every € > 0, we can choose l =1., Lo = Lo ¢, and a
finite constant C, such that, for L > Ly,

m ~ 2
N [f, > vgj"[ > E(HX)H
k=1

xeCy

< NoR[fI[Cevi [f1+ CeL?E,n (V. v/ f) + € Ent,w (/).

By putting together the estimates in Corollary 3.9 and Proposition 3.10, we get
the following result.

COROLLARY 3.11. Forevery € > 0, there exists a finite constant C. such that

2
N [f, > C(nx)]

xeA

(3.37)
< NoRLAI[CvR L1+ CeL2Ew (VI .V F ) + e Entn ()]

To complete our two blocks estimate on B(n), we have to estimate the second
covariance in (3.17). The argument follows the same lines as for the first covari-
ance.

PROPOSITION 3.12. For every ¢ > 0, there exists a finite constant Cg such
that

2
N [f, 3 h(nx)]

xeA

(3.38) )

L
< O LCVR T+ CeL? 6 (VI V) + e Bty ().
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3.8. Concluding the proof. Now, as we did in (3.25)-(3.27), we use the in-
equalities obtained in Corollary 3.11 and Proposition 3.12 in order to estimate
B%(n) (for n > %, the other case being identical), and we obtain the following
refinement of (3.27), holding for L sufficiently large:

y(m) Ay(n—1)
v Lf1ia, =nI Vo [flia, =n —1]
<y —1D(Cevy[fliia, =n—1]
+ CeL* € i =n-1) (VI VF)
+eBntp, o ()-

Thus, inserting these estimates in (3.6) and then in (3.5), we obtain, for some C > 0
independent of ¢,

Ent,x (0N f1iia,])
(3.40) <CL2E N (Vf.V )+ CorIf]

+CL2E,w (V[ .V f) + CeEnt,y (v [ f1ia,])-

Thus, by (3.1), (3.3) and (3.40), choosing ¢ so that Ce < 1, eliminating the term
vk’[f] as in (3.30), for some C > 0, we get

(3.41) Ent,x (f) < s(L, N)E,x V) + CLZSUX VT,
that gives

B*(n)

(3.39)

s2L,N) <s(L,N)+CL?,

from which the conclusion follows.
The rest of this paper is devoted to the proof of all results concerning two-blocks
estimates that have been previously stated without proof.

4. Two blocks estimates I: proofs of Propositions 3.8 and 3.10. We begin
with the proof of Proposition 3.8, which is a simple modification of the one of
Proposition 3.6, given in [4].

PROOF OF PROPOSITION 3.8. By (3.32) and the entropy inequality (3.19),
we have

le\v |:fa Z c(nyx) 9:|
XeA

N m i J
< WA LTI) §m o T [CXP<I > (e —vey! [dm)]))]
k=1

4 xeCy

1
+ ; Entvlfy[.m](fl
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We now estimate each term vgik [exp(t > _xec, (c(nx) — vgi" [c(nx)]))] using Propo-
sition 3.5, obtaining, for 0 < ¢ <1,

N [f, > )

xeA

VN Lf19] 1
9:| < 1\‘7(:]\[1‘2 + ?Entvx[_‘g](f),

for some constant C depending on / but not on N. After averaging over v% , we get

@1 vy [v% [f, Y c(n)

xeA

1
9]} <CNtvy[f1+ Vf\v[; Emux[m(f)]'

At this point we observe that (4.1) holds with —c in place of c. Thus, in this last
inequality we can square both sides, and then optimize over ¢ as follows. Set

) Vﬁ\v [Entvllt’[.@](f)]
;= ¥ .
Nvy[f]
If ¢, <1, then plugging ¢, in (4.1), we get the inequality in (3.35), for a possibly

different C > 0. For #, > 1, using point 1 of Proposition 2.3, we get the simple
bounds, for some C > 0,

vx[vx [f, S )

xeA

2
9ﬂ < N2 12 < CN2 N [T

= CNvﬁY[fJVX[Entumm(f)]’

and (3.35) follows in this case too. [

™=

We now turn to the proof of Proposition 3.10. In this proof we set p =
As customary in two block estimates [2, 8], we treat separately the case of small
density.

The following lemma will be used in various parts of the proof.

LEMMA 4.1. Forevery p >0andt € R,

Mp[et(c—ot)] < eaaltze"l'”

’

where o = a(p) and ay is the constant appearing in Condition 2.1.

PROOF. We follow the well-known Herbst argument. Let T be the shift de-
fined by Tf(n) = f(n+ 1). A simple computation shows that

4.2) mplefl=au,[Tf].
Moreover, by Condition 2.1,
4.3) 1Tc—cll4+o0 <ar.
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Now let
B (1) == pple’l.

Suppose, first, r > 0. We have

1 (t) — p () log g (1) = tiplce’ ] — pple’“1log pple’]

<arp,[e' T — '],
where we have used (4.2) and the fact that, by Jensen’s inequality,
—logu,le’“] < —at.
Thus, using the inequality |¢* — | < |x — y|e*™Vle* and (4.5), we get
19'(1) — p(1) logd (1) < aart®>e™'p ().
Letting ¢ (¢) := w, this last inequality becomes
Y'(t) < aare™.
Since
1&31&(:) =pp(c) =a,
we have
Y (1) < ae
that becomes

,up[ez(c—a)] =¢(t)e—oct <eo¢t(eﬂ1t_1) < eaalt2ea1t

To deal with a negative ¢, we need to show that, for ¢ > 0,

2 aqt
—t(c—a)] < eotalt el

’

Hole

which is shown by repeating the above argument. [J

REMARK 4.2. The estimates on ¢ (¢) in the proof of Lemma 4.1 and the fact
that c¢(n) > en for some ¢ > 0 imply that, for some C > 0,

/«Lp[emx] =< €Ct'oeCt-
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4.1. Case of density away from zero. In this section we assume p > pg > 0,
where pg is a constant that will be fixed later. Some of the constants in the estimates
that follow may depend on pg. In what follows we assume vﬁ’ [f]=1. We begin
with the entropy inequality, for ¢ > 0:

ph { f Zvnc"[ 3 amx)H

xeCy

(4.4) < llog v |:exp<t Z(vgi"[ Z c(nx)i| — vy |: Z E(nx):|)>:|
! k=1 xeCy xeCy

1
+ - Baty ().

We have to estimate a moment generating function. One of the ingredients to im-
prove the estimate given in Proposition 3.5 is to replace the canonical ensemble
vﬁ’ by the grand-canonical ensemble . ,. We argue as follows. Define

ag = ij"[ > c(m)} — v} [ > 5(nx)].

xeCy xeCy

By the Cauchy—Schwarz inequality

sl [ gow] A o)
k=1 xeCy xeCy
4.5) = vﬁ' |:exp (t Z ak>]
k=1
1/2
< {vﬁ’ [exp(Zt Z ak>]vﬁ/ [exp(2t Z ak)” .
I<k<m/2 m/2<k<m

Now, for both factors in (4.5), assuming L large enough, we may use the inequality
between ensembles given in the following proposition, whose proof is left for the
final section of this paper. For generality, this proposition is stated (and proved) in
any dimension d > 1.

PROPOSITION 4.1. Fix &y € (0, 1); then there exist vy and Ay > 0 such that,
forany A' ¢ A cC Z¢ with |A| = vo and |A'|/|A| < 8o,

(4.6) VA [nar = oa] < Aopenyiailnar = owl,
forany opr € Qp, N € N\ {0}.
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Thus, using (4.6) with p = N/L in (4.5), we obtain, for some C > 0,

W [exp<ti(v2jk[ ) 5(nx)} Az 5070}))}

k=1 xeCy LxeCy

- 172
5C{,u,o|:exp<2t Z ak):|,up exp(2t Z ak)iH .
1<k<m/2 L m/2<k<m

The next step consists in replacing, in the terms a; in (4.7), the expectation
vj\v [>_xec, €(nx)] by the corresponding i ,-expectation. We recall that, according
to Corollary 6.4 in [8], there is a constant C > 0 such that

“.7

C
(4.8) WA L] = ppleo]l < zx/l + 0.

Thus, using (4.8) in (4.7) and the fact that 1, is a product measure, we get

Al B[ g oo g ew]))
4.9
' ccomfufal [ 2] S]]

xeCy xeCy

To get estimates on the expectation in (4.9), observe that, adding and subtracting
Wi, 1D eC ¢(nx)] and using the Cauchy—Schwarz inequality, we obtain

el g mo] e 0o

(4.10)
< {mole® uple* V312,
where
Y= vZfl |: > E(nx)] - Mﬁcl/l|: > 5(Ux)i|
xeCy xeCy
— Up [vzfl |: Z 5(77x):| - MF]CI/I|: Z 5(77x)i|j|
xeCq xeCy
and

W= e, /z[ > E(nx>} — up[ > 5<nx>}

)CGC] xeC1

— iy |:Mﬁc1/l|: > 5(77x):| —Mp[ > E(HX)H-

xeCy xeCy
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Now our aim is to get separate estimates on the two factors 1, [¢2Y] and Hp [e2V]

in (4.10).

4.1.1. Estimates of the factor | p[eZtY 1in (4.10). In this section we will show
that, for a suitable constant C > 0, the first factor of (4.10) is bounded above by

4.11) exp[Cpt2eC1VPe .

Let X be a real random variable, and E (X) its expectation. By a straightforward
Taylor expansion, the following inequality holds:

(4.12) E(e®) <exp[E(X) + SE(X%!M)].
Using (4.12) and (4.8), we obtain

~ 2
1ple' ] < exp Ctzw[(%f'[ > 5(%)] —Mﬁcl/l|: > E(nx)D e’Y“

xeCy xeCy

<exp Ctz,up|:<1 + %)ecx 1”’@”]}

(4.13)
_ 2412 _
< exp Ctzup[(l+%) ] [ /1+nc1/1]1/z}

< eXp{CtZ,O[Lp[€2Ct I+n¢, /1 ]}’

where C > 0 is some constant that may change in the different steps (we have used
here the simple inequality ,[(1+ nlﬁ)z] 1/2
the variance estimates in Proposition 2.3).

The next step consists in estimating the expectation 1, [eZC’V e, /1 ]in (4.13).
We make use of the following simple lemma.

< Cp for p > pg, which follows from

LEMMA 4.3. Let X > 0 be a random variable, and g : [0, +00) — [0, +00)
be a function such that, for all t > 0,

(4‘14) E(etX) Setg(t)E(X)‘
Then, for all t > 0,

(4.15) E(eVX) <exp[t/2821) + g(OVEX) ]| +¢'.

PROOF. Let k =2g(2t) + g(t). Then, using the inequality /x < x + 1, the
Cauchy—Schwarz inequality and the Chebyshev inequality,

E(eVX) < E(¢'"VX1(X <kE(X))) + E(e'VX1(X > kE(X)))
< o VFEX) +e'E(e'*1(X > kE(X)))
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< ez«/kE(X) +et[E(eZZX)]1/2[P(X > kE(X))]m

E(etX)
(VEEX) | 1 1g2HE(X)
=e tee GIKE(X)

< o VREX) |t expBE(X)(Zg(m) +g(1) — k)]

Sel‘/kE(X) +et. ]

We now go back to the estimate of (4.13). First, by the inequality /1 +x <1+
/X, we have wolexp2Cty/1 +nc,/1)] < expRCt)u,plexp(2Ct/nc, /1)]. Now,
we apply Lemma 4.3 to X = 5¢, /. Note that ,[7nc,/l] = p and, by what was
observed in Remark 4.2, u,lexp(tnc,/)] < exp(DpteD’), for some D > 0. It
follows by Lemma 4.3 that

pp[e2CV IO < exp[ZC\/ZDe“CD’ + De2CDt /pt] 4 *C".
Putting it all together, we have that, for a suitable constant C > 0, the first factor

of (4.10) is bounded above by (4.11).

4.1.2. Estimates of the factor v, [€2W]in (4.10). In this section we will prove
that, for a suitable constant,

4.16) ,up[etW] < exp[ctzpeCtl\//_)eCtzlzpeC”].

We begin by recalling that ¢(n) = c¢(n) — én. It is only at this point that the
choice of § becomes relevant. Note that, since ,[c] = a(p) — dp, if we define

Fima("0) ~ato) = 8( " = ) = o (") — ety — 5( 2~ )]
we have
(4.17) 1ple™ 1= puple""].

Now we set § = «’(p), in order for F to be a first-order Taylor expansion.
To get estimates on [¢!'F], we proceed as follows. Using the inequality
e <14+x+ %xze“" on ¢''F and the fact that wp[F1=0, we have that

ol < 1+ 1122, [ F2e P,

Then using the inequality 1 + x < ¢*, which holds for x > 0, and the Cauchy—
Schwarz inequality, we get

(4.18) log ppleF] < 121 (o [F4D V2 ([ 11F1]) V2.

We now estimate separately the two expectations in the right-hand side of (4.18).
For the estimate of w,[F 4, we proceed as in Lemma 3.4 in [8]. We remark that
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the same expectation was estimated in [8], but their estimate is not good for us. We
would rather follow here the deeper argument they used to estimate [ F 2]. Let

1 Nx — P
4.19 Z = - ,
(*+19) l 2 o(p)

xeCy

Nx—P

op) 8

where 02(,0) = lpln,n]. By Lemma 5.2 in [8], each u,-moment of
bounded in p > pg. Fix a constant 8 > 0.

e For |Z| > B, the following rough estimate on F' that comes from Lipschitz con-
tinuity of « suffices:

|F| = Co(p)|Z],
for some C > 0. Thus, possibly modifying the value of C, we have
wol FA1(1Z] > B)]
< Co*(p)up[Z*1(Z| > B)]
a*(p)
_Co*p) ! 3 |:(77x —p)? (ny — p)? 0z — P)* (N — p)z}
A "L o) o%p) o) o%(p)

ol Z8]
(4.20)

x,y,z,weCy

(nx — p)* (ny — p)* (n; — p)?
p “p[ 3(p) o) o2p) ]

x,y,2eC

C(B)p?
<=5

where C(8) > 0 depends on 8. In the above derivation we have used the facts:

(a) when the eighth power of Z is developed, if a term 2—2 appears with power
gnth p P o(p) PP p

one, the corresponding expectation is zero; (b) 02(,0) < Cp for some C > 0 (see
Proposition 2.3).
e Suppose |Z| < B. In this case

% - p‘ < Bo(p).

Thus, by the standard estimate on the remainder of a Taylor expansion,

421)  |F|<sup{a’(s):]s — p| < Bo(0)}Z*c%(p) < C(B)o (p)Z?,

where the estimate

(4.22) sup{a’’(s):|s — p| < Bo(p)} < %’
a(p)
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for every p > pg and some D(B) > 0, comes from Lemma 3.5 in [8]. It follows
that

2
(4.23) 1o [FH(1Z] < B)1 < C(B)a* (p)up[Z8] < C(IZ) L,

where 1 p[Zg] is estimated as in (4.20).

Thus, by (4.20) and (4.23),

C,o2

(4.24) ol FH < =,

for some C > 0.
We now estimate the other term in (4.18), namely, u© p[ez’l IF1]. We use again the
rough estimate

|F| <Co(p)lZ].
We get
(4.25) up[e2’l|F|] < Mp[eCtla(p)IZI] < Mp[eCfoecl \nx—pl] < Mp[eCtlmO—p\}

A simple consequence of Condition 2.2 is that there exists a constant C > 0 such
that

In—pl < C(lc(n) —c(p)| + 1),

where c(p), p > 0, is obtained by linear interpolation from c(n), n € N. Moreover,
Lemma 5.8 in [8] states that

lc(p) —a(p)| = C/p
for some C > 0 and every p > 0. Thus,
(4.26) In—pl < Cle(n) —a(p)| +Cy/p+C.
By (4.25), (4.26), the inequality e”! < ¢* 4+ ¢~ and Lemma 4.1, we get
4.27) MP[EZIllFl] < eCtlﬁup[eCzllc(no)—a(p)l] < 2pCH/B HC12 1P peC!
Now, we insert all our estimates in (4.18), and we obtain (4.16).
4.1.3. Final form of the entropy inequality. Note that the estimate given

in (4.16) for the second factor of (4.10) is worse than the one given in (4.11) for
the first factor of (4.10). We can therefore go back to (4.10) and obtain

e ([ 3 00| o 2 00 )

(4.28) 272 Cil
< eXp[Ctz,OeCtl‘/ﬁeCt [“pe ]
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Now, using (4.5), (4.7) and (4.9), we obtain

o [exp(té<‘)2‘ik [;kg("x)] - [ZC ) Dﬂ

(4.29)
< CeCtVN exp [Ct2 geCtl\/ﬁeCtzlzpeC”} )

With this estimate, the entropy inequality (4.4) becomes

N [f, Zijk[ > e(m)ﬂ
k=1 xeCy

(4.30) c N !
< = L CJN+ CITeCtlﬁeC;2]2peCtl + ;Entvﬁ’ (f).

We now note that the whole argument leading to (4.30) is insensitive to the re-

placement of D ;" vgi" [>"rec, €(nx)] with its additive inverse. Inequality (4.30)
holds therefore for the absolute value of the left-hand side, which gives, for some
possibly different C > 0,

m _ 2
o [f, o [ 5 eomﬂ
k=1 xeCx

(4.31)

C 2N cuspocirrpect | C oy
St—z-i-CN-l-Cl‘ l—ze VPe ¢ +t—2Entv/1¥(f)-

4.1.4. Optimization of the entropy inequality. For the optimization of (4.31),
we set
. 1v [MEnth(f)]
1o = N ,
where M is a large constant that will be chosen later. We must consider two differ-
ent regimes:

*

CASEl. f, < M

M
rys "\ M.
M
CASE 2. ty> WAM

Case 1 is more or less modifications of the corresponding argument in the one-
block estimate. Case 2 is much more delicate. We use many ideas contained in [2],
but we have additional problems due to the unboundedness of particle numbers.
The possibility of getting good estimates depends, as we shall see, on the fact that

the p-dependence in (4.31) come through the product 7, /p, and not ¢p, that would
have required much less work. This justifies the struggle in the previous pages.
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M
CASE 1. . <l\/_/\M

Inserting ¢, in (4.31), we get, for some possibly different C > 0,

m 2
N [f, > ink[ > 5<nx)ﬂ
k=1 xeCy

(4.32)

M v cmrecM 1
§CN+C(T€ e e +M)NEntv5\V(f)'

By suitably choosing / and M, for a given ¢ > 0, this last term is smaller than

(4.33) CeN + &N Ent, (f).

So far we have assumed f normalized, that is, vﬁ’ [f]= 1. For the general case,
we may replace f by f/ vﬁ’ [f], and we obtain an inequality stronger that (3.37),
for this Case 1.

CASE 2. ty> AM.

f
Ent N(f)
Suppose, first, t, > M, thatis, 1 < —/y—. Recalling vy N(f) =1, rough esti-

mates give

m 2
N [f, > vk [ > 5(nx)ﬂ <CN*=< %Entviv(f),
k=1

xeCy

that is better than (4.32). We are thus left with the hardest case

have
v [f, Zvﬁfk[ 3 E(nx)m
k=1 xeCy

,1[<t*<M We

(4.34) <Py [f,ZuﬁCk/z[ 3 6<nx)m
k=1 xeCy
(4.35) + vy [f, Z(vgfk[ > E(UX)} — Mﬁck/z[ > 5(%)})”-
k=1 xeCy xeCk

We begin by estimating (4.35), which is the easiest of the previous two terms.
By (4.8), the expression in (4.35) in bounded above by

(4.36) CVA[ ZX/ LS }



2382 P. DAI PRA AND G. POSTA

By concavity of /-,

77Ck < 1 ﬁ
Z m\/ + L
Since % <t implies 1 <1,/ /Entvkz (f), we get
[p
4.35) <Cmly/1+p UN /Entvlzy f)
/Ent N(f
<C'Lp /N Ent N(f

= NI \/_
We now turn to the estimate of (4.34). This will require a large number of inter-
mediate steps. We begin by writing

V%|:f, Zﬂﬁck/l|: Z 5(’7x)j|:H
k=1

xeCy

(4.37)

(4.38) N [f : Z(um/{ > 5<nx)} —up[ > 5<nx>})”
k=1 xeCy xeCy

(4.39) + vﬁ’[Z(uﬁck/z[ > 5(nx)] — M,o|: > 5(nx)]>]'-
k=1 xeCy xeCy

We now estimate (4.38). From the same argument, the estimate of (4.39) will come
for free. Note that

(4.40) Mﬁck/l|: > 5(%)} —Mp|: > 5(%)} =1Fy,

xeCy xeCy

where
Fe=a( ") o) a1 (% - p).

We now use essentially the same argument as for the estimate of the right-hand
side of (4.17). Set

Nx — P
Zk == Z .
L. o)

We have seen above [see (4.21)] that, for a given 8 > 0, the inequality

(4.41) |Fil < C(B)o ()| Zi)?
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holds on the set {| Zx| < B}, where C(8) 1 400 as 1 4-00. For the case | Z,| > B,
we write

Fy=a(p+0(p)Zi) —a(p) —a'(p)o(p)Zk =: H(Zy).

Since o' is bounded (see formulas (1.3) and (5.2) in [8]), |H'(z)| < Co(p) for
some C > 0, so that

(4.42) |Fk| < Co(p)|Zk.

It follows from (4.41) and (4.42) that, if we choose 8 so that C(8)8 > C and
define

2
Wiy o= |COT for || < B,
B=C(B) +2BC(B)(Iz| — B), for |z| > B,
we have
(4.44) |Fi| < o (p)G(Zg).

Note that G(-) is a €' convex function, and, for some C > 0, G(z) < C(|z| A z2).
By convexity of G (-),

éc(zk)s%i: o(" ,(,(p_)c )
Thus,
(4.38) < —a(p)kpZIVA [f G(%)}
(4.45) _"(p)kgl')“ [f G(%)}
(4.46) —“(p)kpzl"A[ (%ﬂ

To estimate (4.45) and (4.46), we introduce the o -fields
Fr,p=0{nx:x ¢ C UCp}.
Note that
N ne, — nck+nc,,|: (ﬁck - ﬁc,,)]
G| ——L )| FH G| ——
UA|: ( lo,(p) )‘ kpi| vckUC lU(p)

C g tic 2
12 2([0) CleJC,, p[( an ) ]|k:f]ck+r_]cp’
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where we have used the inequality G(z) < C z2. The distribution of nc, under
vgi’[;z% has been analyzed in Lemmas 8.2 and 8.6 of [4], where we have obtained

uniform Gaussian estimates, that imply

nc, —Nc C(ne, +1nc,)

4.47 N[G(7P> F }< — ke
(*47) A lo(p) O 1262(p)
In particular,

“ fic, — iic 2CmN
4.48 N[G(—”) F } <
49 kpz_l . lo(p) Fin | = 1252(p)
Thus,

2CN [N
(4.49) (4:46) = 775 < '\ T Et (1),

where the inequality #, > % has been used.
We now estimate (4.45). By the usual formula for the conditional covariance,

o 2 Ao
— G ————2
m“(”)mzzl A v

L) 3 W N[ (M)~ H

(4.50) —mG(P)k’pZIVA |:f, vp | G 1o(p) Fk,p
) 3 N[ (ﬁCk_ﬁcp) H
@.51) +ma<p>k’§p:jlvA[vA £6(750 A

Using (4.48) and vﬁ’ (f) =1, we get for (4.50) the same upper bound as for (4.46).
The key is now to estimate (4.51). In what follows, for compactness of notation,
we write vg p|-] for vﬁ’[-l?/{,p] and Gy, ), for G(nclkg_(g)c" ). The covariance

Vk,p [fa Gk,p]

is left unchanged if we replace f by f — vk,p[\/f]2 == WDV +
vk, p[+/ f 1). Thus, by the Cauchy—Schwarz inequality,

|Vk,p[f’ Gk,p]|
= {Uk,p[(\/?_ Vk,p[\/?])zle,p - Vk,p[Gk,p”]

x ”k,p[(\/?"‘ Vk,p[\/?])zmkm - Vk,p[Gk,p“]}l/z
=: {D]Dz}l/z.

(4.52)
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In the above expression, Gy, , is bounded from above by C%, for some

C > 0. Its vg p-expectation is estimated again via the Gaussian estimates in Lem-

mas 8.2 and 8.6 of [4], giving
\/ ﬁCk + ﬁCp

Vk,p[Gk,p] <C

lo(p)
Thus,
e, — 7 p| ﬁCk+ﬁCp
Dy < CVk,p|:(\/?_ Vk,p[\/?])z( Clg(p)c + \/;)]
< 1o(p) Uk,p[(\/?— Vk,p[\/?])z]
(4.53)

1 _
x (? log v, p[e'c 7] + \/m)
4+ ;mEntvk’p((ﬁ— Vk,p[\/?])z)’

where we used the by now usual entropy inequality (3.19). The estimates on the
moment generating function
thic, =iicp 1 — 1 1 1 2uliic, Gy +iic,)/2]
vk, ple! kT ]—Vckuc,, R R
can be done through arguments that we used already. We therefore only sketch the
steps needed:

1. By comparison between ensembles, using (4.6) as in (4.7), we reduce the prob-
lem to estimating a moment generating function with respect to the grand

. . _ Ny +nc P

canonical measure [, ,, with pg , = —5—.

2. We are then left to estimate quantities of the form

(4.54) o, [et|7]x_pk.p|]'

3. Lemma 4.1 allows us to estimate

(4.55) tp [0 =PI ] < 2 Cotpte
5P — )

for some C > 0. Now, for r > 0, let c(r) be obtained by linear interpolation
of c(n), n € N. A simple consequence of Condition 2.2 is that there exists a
constant C > 0 such that

(4.56) lr—s| <C(le(r) —c(s)| + 1)
for every r, s > 0. Moreover, by Lemma 5.8 in [8],

(4.57) le(r) —a(r)| < CVr
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for every r > 0. Putting (4.56) and (4.57) together, we get

(4.58) 1nx — pk,pl < Cle(ny) —aor,p)l + C\/0c, +1c,-
4. Using (4.55) and (4.58), we get

4.59) [T < Cexp[Ct.fiic, + iic, + Ct2(fic, +iic,)e "].

Collecting these last estimates and (4.53), we obtain, for r <1,

C 1 - - _ _
D < o) vep[V S \/7][; + /e, +iic, +t(ic, + nc,,)}

(4.60)

To optimize (4.60), we set

a1V (Enty, , (/T = v o WVT DN /v p T V]
e r_’Ck + r_’C,, ‘

If 1, <1, inserting ¢, in (4.60), we get

D; < < Vk,p[\/?’\/?]

aeny 0w
Ent, — 2
X(\/ﬁck+ﬁcp+\/ﬁck+ﬁcpl o, (V7 ”""’WD)>.

Uk,p[\/?7 \/7]

On the other hand, for ¢, > 1,

C(ne, +1c,)
Dy < W"k,p[ﬁ»ﬁ]

C./nc, +nc,
< O VT F Bt (Vi VT D)

lo(p)

that implies (4.61). Now, let & ,(-,-) be the Dirichlet form of the zero-range
process in Cy U C),, where one point of Cy is assumed to be nearest neighbor
to one of Cp, so that exchange of particles is allowed. By (3.18), this process sat-
isfies a logarithmic Sobolev inequality with a constant s(/) depending only on /.
Therefore,

(4.62) Enty,, (VF = v p[VF]?) <508, (VF.VF).

Thus, by (4.61) and (4.62),

C/nc, +1c,
D ;w@p[ﬁ,ﬁ]

1=
lo(p)

(4.63)

C Jiic, +ic,
+ nc—w\/vk,p[\/?, VI lsO&, (V. V)

lo(p)
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Going back to (4.52), we have to estimate D,. This estimate goes along the
same lines as the one for D1, giving

C Jic, +ic,

lo(p)

C an + 77
e N o s O& (VT )
Now we consider the product DjD>. We can use the spectral gap estimate

Vi p VoV 1 < s(D8 p(V/f.+/f) and the trivial bound v ,[/f./f]1 <

Vi, pl f] to obtain, for some new constant C that may depend on /,

Cne, +n
(4.65) DiDs < (’fg—(/j“’)vk,p[flek,p(ﬁ, JT).

So, by the Cauchy—Schwarz inequality and the fact that n¢, + 7c, is i, p-measu-
rable, we get

1)k,p[f]

D, <
(4.64)

N VD1D2) = = ol (e + e, e LA (61 (VT V7))
(4.66)
~ G, + i, 1 W)

Thus, if C is some constant possibly dependent on / which may change from step
to step, by (4.52), (4.66) and Jensen’s inequality, we have

(4. 51>|<—o<p) Z vi [VD1D:]

k,p=1

= 3 ATl + 1) /1R 6 (W7 7))
(4.67) I:n:
SC% \/w]l][ﬁckf]vfxv[gk,p(\/?,\/?)]
k,p=1

Rk

;

Aicus 1 ¥ oA Eep (VF V)

Now consider the term

VA [gk p Z Z Vj\v[c("x)(axy\/?)z]
xe€Cy yeCy,y~x
(4.68) +3 Y W e @)

xeCp yeCp,y~x

+ 0N [(c(nx) + ¢ (1)) Bxgx, V)],
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where x; and x, are the two sites in, respectively, Cy and C, that may ex-
change particles. The first two summand in (4.68) are both bounded above by
81)2/ (W f»~/f)- To bound the third summand, we use the following standard argu-

ment. Assume x, = xi + h, h > 0. Then, by Jensen’s inequality,

VX[C(UXk)(a)Ck,xpﬁ)z]
h 2
= Vf\v |:C(77xk) (Z axk—l—i—l,xk—f—i\/?(n - Sxk + 8xk+i—1)) :|

(4.69) =1

Vﬁl [C(nxk)(axk+i—1sxk+i\/7(n — Oy + ‘Sxk-i-i—l))z]

IA
=
M=

—_

I
.M}

Il
—

Y N [e(nyri1) Buri—togi v/ F)’]:

1

where the last equality is a simple consequence of the detail balance (2.3). Clearly,
since /1 < L, this last term is bounded above by L€,y (V' f»+/f). Putting it all
together, we have

(470) > 0¥ (66, (VT NT)) < CmLEN (VT VT)

for some C > 0. Using (4.70), we can continue (4.67), obtaining, using Jensen’s
inequality again and vf\v (fH=1,

@501 =Y ok Tie L6y (VT
k

@.71) SCmJ [ chk }Léizvf\/_)

< CVNL e (Vf.VF).

Now, going back to (4.45), (4.46), (4.49), (4.50), (4.51) and (4.71), we have

C /[Ent,y (/)
(4.72) (4.38) < «/_[— +D/L & N(\F f)}

i

where D; depends on [, but C does not. This is very important since, in this
whole argument, / and M are taken large, but not in an independent way. This
last estimate easily extends to (4.39): in this case only the term (4.46) survives.
Finally, putting together (4.37) and (4.72), and choosing M large enough, we
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have

m ~ 2

N [f, ngjk[ > 6(nx>ﬂ
k=1 xeCy

(4.73)

< N[CSLZE:VIAV (V. VF)+eEntn ().

This completes the analysis of Case 2. Together with the estimates obtained
for Case 1, the proof of Proposition 3.10 is completed for densities away from
ZEeT1O0.

4.2. Case of small density. For the case of small density, the two blocks ar-
gument is irrelevant. We indeed succeed in proving Corollary 3.11 directly. We
restate Corollary 3.11 in more convenient terms for small densities.

LEMMA 4.4. For every € > 0, there exists pg > 0 and a constant C > 0 such
that, for % < po,
2
(4.74) vy [f, > c(m)] < Nod [/1(Cevy [f1+ e Ent,y ().

xXeA

PROOF. Without loss of generality, we again assume v% [f1= 1. One more
time we begin with the entropy inequality. Letting p = N /L, we have

N {f, > C(nx):|

xeA

= vy [f, );\(cw) — ?m)}
> <C(nx) — @nx — VX[C(nx) — ?nx}))}

XEA

(4.75)
1
< " log UX |:exp (t

1
+ ~ Ent,x (/).

The next step consists in using the comparison between ensembles as in (4.5)—(4.13):
we do not repeat the argument. Taking into account that

a(p) ]

Mp [C(nx) — ——nx | =0,
P

we are lead to the following estimate:
a(p) a(p)
N [eXp<t > (C(nx) — =y — vy [C(nx) — —nx}))}
xeA p p

(4.76)
< CeCYN (Mp[et(c(nx)—(a<p)/p)nx)])L_
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The point is now to estimate the moment generating function

o [el(C(nx)—(a(P)/P)nx)].

By an extension of Lemma 4.1, we would get an estimate of the form
exp[CoztzeC'"], where o = «(p). Recalling that & and p have the same order as
o | 0, this estimate is not good for p (or o) small. We now show that the right

order, for small o and 7, is ¢€""”, and not e€** Indeed, let
F(t, O[) =y [et(C(UX)_(a/p(a))nx)]’

where we choose to take « rather than p = p(«) as main parameter. F (¢, ) is an
entire analytic function, since ﬁ extends analytically at « = O where it takes the
value c(1), as shown by a direct computation. Note that F is of the form

(4.77) F(t,a) = pp[e'*@m)],
with
o(a,n) =c(n) — * n.
p(a)
We have
(4.78) F0,a)=1,
4.79) 0 F0,0) = pp(p(a,n)) =0,
so that
(4.80) 3,95 F(0,00=0

for all k£ > 0. Finally,
0P F(0,0) = puple*(ar, m)],

from which it follows that
Z' (@)
Z(a)
1
Z(a)

e 07 F (0, 00) = — wolg*(a, n)]

1

+o0 n—
3" ng (o, n)~
— c(n)!

(4.81) +
+ 2uple(a, n) 0y (a, n)].

It is therefore easy to see that

(4.82) 3y 02F(0,0) =0,

provided

(4.83) ¢(0,0) =¢(0,1)=0,
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which is seen by direct inspection.
Fix now a constant M > 0. By (4.78), (4.80) and (4.82), it follows that the
inequality

(4.84) F(t,a) < e’

holds for every ¢ € [0, M] and p < 1, where C), is a constant that may depend
on M. Thus, using (4.75), (4.76) and (4.84), we have

4.85) vy [f, > c(nx):| < % +CvV/N +CyNpt + ;Entvav(f),

xeA

for t € [0, M] and p < 1. We again observe that the same estimate is obtained if
> rea €(ny) is replaced by its opposite. It follows that, for some possibly differ-
ent C, Cyy,

2
C 1
486)  wN| £ Y ctn)| <5 +CN+CuN*o* + = Enty (f).
xeA t2 l—2 UA

For optimizing (4.86), we set

2 _ 1v M[Entv/zy(f)]
If 1, < M, then we can plug it in (4.86), obtaining

2
N [f, 3 c(nx>}

(4.87) t

XEA
(4.88) N
2
<2CN+CyNp (l \Y, [MEntvj\V(f)]) + MEmuj‘((f)-
In the case t, > M, we have
1< ! E
= M—N ntvf\v (f)’
and so
? CN

(4.89) N [f, > c(m)] < CN? = — = Enty (f).

xeA

Using (4.88) and (4.89), choosing first M large enough and then pg small enough,
the statement of Lemma 4.4 follows, for v f{’ [f]1= 1. The general case comes easily
applying this last result to f/ vﬁ’ [f1. O
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5. Two blocks estimates I1: proof of Proposition 3.12. We rewrite (3.38) in
the form

2
V% |:fv Z Ph(ﬂx)}

xeA
< NV TAI[CoNTf1+ C:L?E N(f Vf) +eEnt N(f)]

This is the same as (3.37), with ph(n,) in place of c(ny). We now simply follow
the whole proof of (3.37), and show that the replacement of c(n,) with ph(ny)
does not cause any harm, up to minor modifications.

The first part of the argument (3.32)—(3.35) goes through with no changes, ex-
cept that, in proving (3.35) with ph(#n,) in place of c(n,), we use the estimates
in (3.22) rather than the ones in (3.21). Thus, the statement that corresponds to
Corollary 3.9 follows.

Thus, all we have to show is that there is choice of § = §(p) such that the
statement of Proposition 3.10 holds replacing ¢(n,) with ph(ny) — §nx.

(5.1)

5.1. Case of density away from zero. We now follow the proof given in Sec-
tion 4.1, for p > po, for some pg > 0. The steps described in equations (4.4)—(4.7)
require no changes, since they are only based on the fact that ¢(n,) depends only
on 7,. The first step that needs justification is (4.8), which now reads

C
(5.2) W [ph(n:)] — iplph(n)]] < zm + p.

This follows from Corollary 6.1 in [8], provided we prove that

C
(5.3) wolh(my), h(ne)] < >

for some C > 0. Inequality (5.3) can be proved in various ways. Perhaps the fastest
one makes use of the Poincaré inequality (1.6)

(5.4) ol fs F1< Bup[ecm)f(n —1) — f(m)1?],

that holds for each f having finite ,-variance, where C is a constant that does
not depend on p. Thus,

ol hr01 = g e - AL
2
(5.5) |:C(n)|:c(n)c(n+l) (c(n+1)—c(n))]} }

1
SD“"[c(nH)]’
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where, in the last step, we have used the fact that c(-) is Lipschitz and that C(”—n) is
bounded and bounded away from zero (Proposition 2.3). Finally, a direct compu-

tation shows that

(5.6) [;}_1M<l
' He cn+D] a Z@ Ta

which, together with (5.5) and (5.4), proves (5.3). At this point, inequality (4.10)
for the new ¢ follows immediately.

The estimate of the first factor of (4.10) simply uses (4.8), so now we use (5.2)
instead. The second factor requires some work. As in the estimate of the right-hand
side of (4.17), it can be rewritten in the form 1, [¢/7C], where

ne, /! P } (ﬁcl )
5.7 G = — -6 — — .
o7 , [a(ﬁcl/o () ;o
Set y(p) = (XL;) and
’ 1 ,005/(/))]
5.8 5= Y .
(5.8) py (p) p[a(p) 22(0)

Now, after replacing F' with G in (4.18), we distinguish the two cases |Z| > 8 and
|Z| < B, for some B > 0 suitably chosen, where Z was defined in (4.19).

e For the case | Z| > B, in order to obtain the inequality that corresponds to (4.20),
we must show

(5.9 |Gl = Co(p)|Z].

We examine separately the two summands in (5.7). For the term 6(5¢, /1 — p),
the bound in (5.9) is obvious. For the term

,0[ ﬁcl/l . 1Y :|
a(ic, /1) a(p)]

we set x = ’7li ‘We must show that

C
(5.10) |V(X)—)/(/0)|§;|x—,0|-

Since y is bounded, inequality (5.10) is obvious for |x — p| > %. For the case
|x — p| < 4, it is enough to observe that

c
SUP{|V/(X)| x> g} < >

as it follows from y’(p) = %&";/(m and the fact that p and a(p) have the

same order at both zero and +oco (Proposition 2.3).
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e For the case |Z| < B8, we have, similarly to (4.21),

(5.11) IG| < psuply”(s):]s — p| < Bo(p)}Z%a?(p).
Note that
2d/(s) 2s(a’ ()% sa”(s)

a?(s) a3(s) B a(s)
Since p > pg, we may assume that § is small enough (depending on pg) so that
s —p| < Bo(p)=s > %. The first two summands in (5.12) are bounded by %

The third is the dominant one. By (4.22), it is bounded by C _ Therefore,

so(s)”

(5.12) y'(s) =

(5.13) Gl <C(B)a(p)Z,
which completes the inequality that corresponds to (4.21).
At this point, the part of the proof from (4.23) to (4.31) requires no changes.

In the optimization of the entropy inequality (Section 4.1.4), no modifications
are needed for Case 1. For Case 2, the differences begin in (4.40), where Fj must

be replaced by
e/ ! P N
Gk=p[ - - ]—py (p)<——p>-
a(ic, /D a(p) l

The inequalities corresponding to (4.41) and (4.42) are obtained as for (5.9)
and (5.13). After this point, the proof makes no further reference to ¢, and no
changes are required.

5.2. Case of small density. In this case we have to prove the analog of
Lemma 4.4 with ph(n,) in place of c(n,). We replace the first line of (4.75) by

02
B S I > e

xX€EA XEA
The proof is identical to that of Lemma 4.4, except that the function ¢(c«, n)
in (4.77) is now replaced by

n—+1 0>

w(a,n)=pc(n+l) o
Equalities (4.77) and (4.83) hold, so no further change is needed.

6. Comparison between canonical and grand canonical measure: proof of
Proposition 4.1. 'We begin by two technical lemmas, giving uniform estimates on
the canonical measure, in different regimes of density. Define pﬁ (n) :==pplna =
n] for p >0, n €N and A cC Z¢. The idea is to get a Poisson approximation
of PX/ IAI(n) for very small values of N/|A| and to use the uniform local limit
theorem (see Theorem 6.1 in [8]) for the other cases.
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LEMMA 6.1. For every No € N\ {0}, there exists a finite constant Ao such
that

N/IA _ Ao
sup [pp/ M) — =N < 22
0<n<N<Ny n! |[A|

forany A cc 7.

PROOF. Let p := N/|A| and assume, without loss of generality, that 0 € A.
Notice that

Mp[ﬁA =n]
= IL/O|:77A zn}aneali(nx = 1i|Mp|:£Cn€a}\”7x = 1]

+Mp[m\ zn‘rxneagnx > l}up[rxnea[)\(nx > 1}.

We begin by proving that

(6.1) up[maxnx > 1] =0(lAI™h,
xeA

uniformly in 0 < N < Np.

Indeed,

/Jap[maxmc > 1} =1—(1—pplno > 1D
xX€EA

and

I Ja@ e’ & ap)t

ol > 1= 705 & cwr = 2y 2 etk +

_a(p? & c®! a(p)
— Z(p) ek +2)! c(k)!

Since c(k)!/c(k + 2)! is uniformly bounded, we have w,[no > 1] < Blot(,o)2 =
O(JA|~2), uniformly in 0 < N < Ny. Thus,

(1= pplno> 1A = (1= oA = o(a™,
which establishes (6.1).
Now let
+00

pi=> kuplno=klno <11.
k=0
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A trivial calculation shows that

Holnol(ro = DI _ pplnol = pplnol(no > DI _ p = rplnol(no > DI

5=

polno <11 tplno <11 wolno <11
Moreover,
XNka(p)*  a(p)? X (k+2)a(p)*
1 1 = fry
ool > D1 =705 2 o = 26 &+ 2!
_ Baa(p)? +Z°° (k +2)a(p)k
Z(p) = c)!
= Bra(p)*(p+2) = O(IA|™D),
and finally,
. p+0(AID )
6.2 =— = O(|A .
(6.2) P=Tvoua -~ (A7)
Observe that, for any n € {0, ..., |A|}, we have
63) " [ﬁA=n1maxn <1}=('A')ﬁ<1—5)A'—"
) L x€eA r= n )

This comes from the fact that the random variables {n, : x € A}, under the prob-
ability measure ([ max e nx < 1], are Bernoulli independent random variables
with mean p. The remaining part of the proof follows the classical argument of
approximation of the binomial distribution with the Poisson distribution. Using

(6.2) and (6.3), after some simple calculations, we get
Mp[ﬁA =n’maxnx < 1}
xeA

= (M) 5 -y

IA]! N PNk N N
[—+0<|A| )} [1——+0<|A| )}

(Al = m!L]A] Al
1 N [A]
— IV oAl 1= S+ 001
n! |A|
AIGAL =D (A=t T, N ]
1-—40(A
x o T+ 001

n

N
=—c¢ N ro(A™)
n!
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uniformly in 0 < N < Ny and 0 <n < N. This proves that there exist positive
constants v and Bz such that if A cC Z¢ is such that |A| > vy, then

N/IA N _ Bs3
pA/l |(l’l)—7€ N Sm

uniformly in N € N\ {0} with N < Ng and n € N with n < N. The general case
follows easily because the set of n € N, N e N\ {0} and A cC Z¢ such that
n<N < Ny, |A|<v;and 0 € A is finite. [

PROPOSITION 6.2. For any pg > 0, there exist finite positive constants Ay, no
and vy such that

1.
64)  sup /Uz(p)|A|pﬁ(n)_Le—(n—pmoz/(za%p)m\) LMo
neN N2 [a2(p)| Al

for any p < po and any A CC Z% such that o (p)|A| > n.

2.
1 202 Ao
(6.5) sup /Uz(p)|A|pp (n) — e~ =pIADT/ 2o ()IA]) <
p>Po A NG VIAT
neN

forany A CC Z¢ such that |A| > vy.

PROOF. This is a special case of the local limit theorem for u, (see Theo-
rem 6.1in [8]). O

PROOF OF PROPOSITION 4.1. Assume that n :=vpoA’ €{0,..., N}, and
observe that

UN/Anar =0, A = N]
uNyalna = N]

W Ina =oal=

— M’N/|A\[77A/ =0p/, ﬁA\A/ =N —l’l]

BN/l = N1
= unyia|na = oarl - V*N/IAI[ﬁA\/_v =N —n]
mN/ialina = N]
Thus, we have to bound from above the ratio
pnsialiaa =N —nl _ Pain (N =)
unaalia =N1 pNIM )

Fix pg > 0 and consider three different cases.
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Small density case. There exists Ny > 0 such that

N/lAI .
N/IA| ’
No<N<pola| pp""(N)
neZ,Acc7d

Proof of small density case. Assume N/|A| < pg. By point 1 of Proposi-
tion 6.2, there exist positive constants By and ng such that

Jo2N/IADIAN A NSV — )

! e—(N—n—(N/\AI)|A\A/\)2/(202(N/|A|)|A\A/|)

V2

< Bo
T JORN/IADIAN A

uniformly in N/|A| < po, 02(N/|A])|A\ A’| > ng and n € Z. Moreover, by (2.5),
there exist By > 0 such that

/
A\ A > B-
|Al
forany N > Bing/(1 — &p). Similarly, for any N > 8713331/(1 — d8p), we have
o?(N/IADIA\ Al = BN (1 = 80)N > 87 Bj.

Thus, for any N > Ny := [[ng V (87TB )1B1(1 — 80)~ '] such that N < po|A|, we
get

Y1 = 80)N = ny,

o2 (N/IADIA\A'| > B{'N

By
~/_ JoXN/IADIA\ A
1 1 3
< + = :
T Var o Br o 2Vam

VORI /IADIAN ANV = n) <

(6.6)

uniformly in n € N. Similarly, since
By
Vo2N/IADIAL R M (V) —
VOIE(N/IADIA]

uniformly in N/|A| < po, O'Z(N/|A|)|A| > ng and n € Z, by choosing N > N,
again we get

VOo2(N/IADIAIpy

\ <
21

N/|A|
(N) >
J_ \/ 2<N/|A|>|A

ﬁﬁzm

(6.7)
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for any N > Ny such that N < pg|A| and for any n € Z. By (6.6) and (6.7), we get

/1Al
Paa/ (N—n)<3 |A| - 3
pNM vy TIVIANAT T VT35

forany n € Z, No < N < po|Al.

Very small density case. For any fixed Ng > 0,
N/IAI

an N —n)
sup \N/T < +4o00.
0<N=<Ny  pp' " (N)
neZ,ACcZ4

Proof of very small density case. In this case we use the trivial bound
N/IAl (N —n) <1 on the numerator and for the denominator, we use Lemma 6.1,

A\A/
which implies that there exists a positive constant B, such that, forany 0 < N < Ny,
N
N/IA] N ~v_ B2
N)>—
R N Y
for any A CC Z¢. It follows that
NN B, 1 NN
paM )= sup eV - 2> sup eV
0<N<N, N! Al ™ 2 0<n<N, N'

forany 0 < N < Ny, A CC 74 with

Al > 2B>
= V] =
SUPgn<ng (NN /NDe™N
This proves that
N/IAI _
0<N <N, N7IAl ,
<Np Pa (N)
nez,|A|>v;

the general case follows trivially because the set of N € N\ {0} and 0 € A cC Z¢
such that N < Ny such that |A| < vy is finite.

Normal and large density case. There exists vg > 0 such that

pN/IAI
Paiar (N —n)
sup

N/IA|
N=>po|A|,neZ pA/ (N)
ACCZd,|A‘>U()

< 4o00.
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Proof of normal and large density case. Assume that N/|A| > pg. Then, by
point 2 of Proposition 6.2, there exist positive constants B3 and v, the latter de-
pending on &, such that, forany A’ C A CC Z% with |A| > vy and |A'|/|A] < 8o,
we have

|/62<N/|A|>|A A YIS — )

1 eXp[_w—n—(N/|A|)|A\A/|)2} __ B
V2 202(N/|IADIA\ A T VIANA
and
1 B3
Jo2 W /1ADIA NN (V) — ‘5
’ A Nz NN
uniformly in N/|A| > pg, and n € Z. Now take
y 871332
Vo ="V .
0 2 1= 5
Then for any A such that |A| > vy, we have
JoXN/1ADIAN ARV —
P ( n)
1 B; 1 B;
< + =< +
27 JIANA| T 2 (=8 A]
1 1 3

< + =
V2 22 227

and

2(N/IADIA /|A|N B3 1 1 ]’
\/0(/||)||PA()_\/—«/|T\/_7T%/_ Wirs

uniformly in N/|A| > pg, and n € Z. This implies

N/IAI
A\A/ (N_n) < |A| 3

<
p/l\\//lA\(N) B [A\NA| — J/1=14

forany n € Z, N > po|Al, A’ € A ccC Z¢ with |A| > v and |A'|/|A] < .
This completes the proof of (4.6). [
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