The Annals of Applied Statistics

2018, Vol. 12, No. 3, 1535-1557
https://doi.org/10.1214/17-AOAS1120

© Institute of Mathematical Statistics, 2018

JOINT SIGNIFICANCE TESTS FOR MEDIATION EFFECTS
OF SOCIOECONOMIC ADVERSITY ON ADIPOSITY
VIA EPIGENETICS!'

BY YEN-TSUNG HUANG
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Mediation analysis has become a popular practice in biomedical re-
search. We conduct mediation analyses to investigate whether epigenetic vari-
ations mediate the effect of socioeconomic disadvantage on adiposity. Me-
diation effects can be expressed as a product of two parameters: one for
the exposure-mediator association and the other for the mediator-outcome
association conditional on the exposure. Under multi-mediator models, we
study joint significance tests which examine the two parameters separately
and compare with the widely used product significance tests which focus on
the product of two parameters. Normal approximation of product significance
tests depends on both effect size and sample size. We show that joint signif-
icance tests are intersection-union tests with size o and asymptotically more
powerful than the normality-based product significance tests. Based on the
theoretical results, we construct powerful testing procedures for gene-based
mediation analyses and path-specific analyses. Advantage of joint signifi-
cance tests is supported by simulation as well as the results of locus-based
and gene-based mediation analyses of chromosome 17. Our analyses suggest
that methylation of FASN gene mediates the effect of socioeconomic adver-
sity on adiposity.

1. Introduction. Mediation analysis first proposed in psychological literature
has been a popular approach [Baron and Kenny (1986), MacKinnon (2008)]. As il-
lustrated in Figure 1a with a directed acyclic graph [Robins (2003)], the mediation
model includes an exposure S, a mediator M, and an outcome Y. Mediation anal-
ysis decomposes the effect of the exposure on the outcome into an indirect effect
mediated through the mediator and a direct effect not through the mediator, aiming
for better understanding of the underlying mechanism. By employing the coun-
terfactuals [Rubin (1978)], ignorability assumptions for effect identifiability have
been carefully studied [Imai, Keele and Yamamoto (2010), Pearl (2001), Robins
and Greenland (1992), VanderWeele and Vansteelandt (2009)]. Built upon that,
advanced methodology of mediation analysis has been developed for dichotomous
outcomes [ VanderWeele and Vansteelandt (2010)] as well as time-to-event survival
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F1G. 1. Directed acyclic graph (DAG) of causal mediation models.

outcomes [Lange and Hansen (2011), Tchetgen Tchetgen (2011), VanderWeele
(2011)].

This paper is motivated by a study where 285,163 epigenetic DNA methyla-
tion loci were investigated one at a time as a potential mediator in relation to
the effect of socioeconomic adversity on adiposity measured by body mass in-
dex (BMI) [Loucks et al. (2016)]. Epigenetics has been known as an “epicenter”
that integrates the influence of environment and genetics [Loucks et al. (2016)].
Childhood socioeconomic disadvantage is associated with obesity [Senese et al.
(2009)] and epigenetic DNA methylation [Borghol et al. (2012)]. Genome-wide
analysis has shown that epigenetic marks are associated with later life obesity risk
in New England Family Study (NEFS) [Agha et al. (2015)]. Based on their pair-
wise relationships in existing literature, we hypothesize that adiposity affected by
socioeconomic status may arise as results of alterations of biological mechanisms
via epigenetic regulation.

Suppose that the mediation model as illustrated in Figure 1a contains BMI and
the mediator of DNA methylation level. Under this model, we further assume that
BMI Y is linearly determined by the socioeconomic index S and the mediator
M (DNA methylation): E(Y) = Bo + BsS + By M, and the mediator is linearly
determined by the exposure S: E(M) = ¢ + asS. The mediation effect can be
expressed as a product of the two parameters, asfy [Baron and Kenny (1986),
MacKinnon (2008)]. The product expression for the mediation effect is shared
by mediation analyses for dichotomous or survival outcome under certain model
specification and can be easily extended to incorporate the exposure-by-mediator
interaction [Lange and Hansen (2011), VanderWeele (2011), VanderWeele and
Vansteelandt (2010)]. Two classes of hypothesis tests have been proposed to test
Hy : agBy = 0. One is to estimate ag and Bj with maximum likelihood esti-
mators &g and /§M, respectively, and to compare &SﬁM with its underlying dis-
tribution, termed product significance test (PT). The underlying distribution can
be approximated by Gaussian distribution using delta method [Sobel (1982)], nor-
mal product distribution (NP), that is, the distribution for product of two normals
[MacKinnon et al. (2002)] or bootstrapping [Bollen and Stine (1990), Preacher
and Hayes (2008)]. The other class of tests examines Hy : s =0and Hy : By =0
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separately, termed joint significance test (JT) [MacKinnon et al. (2002)], and JT is
statistically significant if both tests are significant.

Simulation studies by MacKinnon et al. (2002) suggested that PT with boot-
strapping had better power than PT with various distribution approximations. For
the motivating epigenomic study, PT with bootstrapping is not feasible because of
its computation cost. We show in data application that analyses of DNA methy-
lation loci in chromosome 17 with 1000 bootstrap replicates take 16 hours, and
the projected computation time for all chromosomes is >11 days with 1000 repli-
cates and >300 years with precision to reach the genome-wide significance level.
Therefore, there is an imperative need for analytic approaches. The simulation of
MacKinnon et al. (2002) also suggested that JT may have decent power over PT,
which had a lack of theoretical justification. Furthermore, little is studied regard-
ing validity and test size of JT. Besides single-locus analyses, we were particularly
interested to know whether all methylation loci within a gene en bloc mediate the
socioeconomic effect on BMI, which is the so-called gene-based analyses. Gene-
based approach in genome-wide analyses has been shown superior in statistical
power and biological relevance [Wu et al. (2010)]. To our knowledge, however,
none can be found for JT about its application or generalization to multi-mediator
models. This paper aims to characterize the asymptotic properties of JT and PT;
moreover, bootstrap-based PT (PT-B) and a recently developed method based on
normal product distribution (PT-NP) [Huang and Pan (2016)] are compared via
simulation.

The paper is structured as follows. In Section 2, we introduce the New England
Family Study. In Section 3, we study multivariate mediation effects. In Section 4,
we show that joint significance tests are intersection-union tests with size «. In
Section 5, we conduct extensive simulation studies to evaluate the theoretical re-
sults. The epigenetic study is presented in Section 6. The paper concludes with a
discussion in Section 7.

2. The New England Family Study (NEFS). The data used for mediation
analyses were nested within the New England Family Study [Huang et al. (2016)],
which is comprised of 17,921 offspring of pregnant women in the Collaborative
Perinatal Project from Providence (Rhode Island) and Boston (Massachusetts) in
the United States (US), recruited between 1959 and 1974 [Hardy (1971)]. We con-
ducted mediation analyses in 74 women with adequate adipose tissue collected
from needle biopsy for genome-wide epigenetic profiling. Childhood socioeco-
nomic disadvantage at age 7 was assessed by a socioeconomic index, which sum-
marized average percentile of both parents’ educational attainment, occupation,
and income relative to the US population [Loucks et al. (2016)]; and adiposity
was directly assessed using BMI (kg/m?) at mean age 47 years. DNA methyla-
tion of biopsy adipose tissue samples collected at adulthood was evaluated using
the Infinium HumanMethylation450K BeadChip (Illumina, San Diego, CA). We
performed both locus-centric (Figure 1a) and gene-centric analyses (Figure 1b),
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examining 16,394 loci and 1151 genes on chromosome 17. There were 24 methy-
lation loci and 9 genes with p < 0.05 using normality-based product significance
test (PT-N). We are also interested in the mediation effect by epigenetics that is
further mediated by the childhood BMI. It is the so-called path-specific effects
(PSEs), that is, mediation effects through certain sequences of mediators [Avin,
Shpitser and Pearl (2005), Taylor, MacKinnon and Tein (2008), VanderWeele and
Vansteelandt (2013)]. To this end, we set up the mediation model in Figure 1c, with
S, M, G, and Y being socioeconomic index, BMI at age 7, DNA methylation, and
BMI at adulthood, respectively. Normality-based tests for PSE through epigenetics
of an obesity-related genes FASN and childhood BMI showed no promising results
[Table S1 in the Supplementary Material Huang (2018)].

The study demonstrates the utility of mediation analyses in interrogating the
mechanism of well-established exposure-outcome relationships. However, we also
found that the conventional mediation test was not a powerful test, and the normal
approximation may not hold under certain circumstances. To address these, we
propose two multivariate JTs: one for the marginal mediation effect with multiple
mediators (Figure 1b), and the other one for path-specific effects (Figure 1c).

3. Hypothesis test of mediation effect. We propose two joint significance
tests and rigorously study their theoretical properties prior to applying to the epi-
genetic studies.

3.1. Hypothesis test of U,f V,. Consider a mediation model in Figure 1b that
can be expressed with two models:

(1) Y; =X! By + SiBs + M/ By +evi,
() M; = AxX; + Sias + e pi,

where V;, M; = My;,.... M p,-)T, S; and X; are the outcome BMI, the mediators
DNA methylation levels, the exposure measured by a socioeconomic index and co-
variates, respectively, for subjecti, i =1, ..., n, X; is a g-by-1 vector with the first
element being 1 (the intercept), Ax is a p-by-¢ matrix, B, = (Bm1, - - -, ﬂMp)T,
oag = (agl,...,ozsp)T, Ey ~ N(O, U)%), epm N(O, EM), and ZM is a p—by—p
bounded covariance matrix. Under assumptions of no unmeasured confounding,
ey and ej are independent and do not depend on a5 or B;,, and the mediation
effect can be expressed as oz§ B [Huang and Pan (2016)].

Model (1) can be extended to incorporate logistic regression models [Vander-
Weele and Vansteelandt (2010)], additive hazard models [Lange and Hansen
(2011)], Cox proportional hazard models [VanderWeele (2011)], with the follow-
ing general model: h; = XiTﬁX + SiBs + MiTﬂM, where h; = logitPr(¥; = 1)
for logistic models, h; = A7 (¢ | X;, S;, M;), the hazard, for additive hazard mod-
els (T is survival time), and h; = logA7 (¢ | X;, S;, M;) for Cox models. Other
extensions such as accelerated failure time (AFT) models [VanderWeele (2011)]
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and semiparametric probit models [Huang and Cai (2016)] can be expressed as:
h(T;) = Xl.TﬂX + S; Bs + Ml-TﬂM + &y;, where ey ~ N (0, 1) in probit models and
follows a parametric distribution such as Weibull or a nonparametric distribution
in AFT models. The expression of mediation effects from these extensions is iden-
tical to ocg B, with interpretation depending on the effect scale and model as-
sumptions. Under these models, maximum likelihood estimators of ag and B,
scaled by +/n are asymptotically normal, that is, \/n(&s — es) — N (0, =) and
Jn (B m — By) — N(0, Xg) where X, and Xz are bounded matrices. Another
extension is to incorporate S-by-M interaction in model (1) by replacing §,, with
By + BsyS- The scaled estimator /n (B M+ 3 sy ) still follows Gaussian distri-
bution asymptotically.

Since mediation effects from the above models share the same expression, a
product of the two parameters a5 and f;,, we focus on the null hypothesis: Hy :
agﬁM = 0. Denote 0* = (%, ...,0%)T and 9;‘ is either ag; or By;. Here, we do
not consider perfect cancellation of component-wise mediation effects, that is, at
least one of ag; and Byy; is O for all j under the null, and such a null hypothesis is
equivalent to the following null:

Oury =10 = (af. 8" Zw,e*—o,e*e{aSJ,ﬁMj},o\O*eW

where w; is an arbitrary nonzero Weight. We compare the asymptotic product sig-

nificance test based on n&gfi u and a joint significance test proposed in the fol-
lowing.

LEMMA 3.1. Suppose that U, and V, are two independent multivariate
Gaussian variables with respective means JLy,,, [y,, and bounded covariances X1,
3, where U,, and V,, are sequences of random variables, and j, and p,, are
sequences of vectors indexed by n. If/LlTn Yoy, + l'(’gnzll'l’Z}’L — 00 as n — 00,

vlv,—u?
then —————Eub__ _, N(0, ).
\/ﬂ1,122ﬂ1n+”’2,,21ﬂ2n

REMARK 1. Letting U, = /nds and V,, = \/nB,,, one can use Lemma 3.1 to
~T 5 T
n(@gBy—agBy)
\/naEEﬂaernﬂLEaﬂM
oo. To satisfy the condition ;LlTn Yopy, + [,l,gnz][l,zn = mxgﬁlgocs + nﬁgﬁaﬂs —
0o, one needs either large effects or sample size under the alternative hypothe-
sis, and at least one large nonzero effect and large sample size under the null

show that converges to standard normal distribution, as n —

~T % —m2
hypothesis. We denote two test statistics Tyry = Ty (“of B f:’ﬂTO; 3 for PT-N*
§ “Bn®STP N HanP M
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s (@fBy—0)? .
and Tyry = TS g5+, SanBor for PT-N where nX¥g, — Xg and nZy, — Xy as
n— oo.

With p =1, Lemma 3.1 is simplified to an alternative version of the theorem in
Aroian (1947) stating that the product of two normal variables standardized by the
product of their standard deviation, o1, and 07, converges to normal as &2 or &2

e e oI 0

goes to infinity. We next propose a joint significance test for null (3). !

DEFINITION 1 (JT of UI'V,). Let %, =[™" & ], w= (w w,)T

n ni. n — 0 Eﬂn ’ - 1seees p ’

w; € {&Sj, ,BMj}, wh = (w’f, ey w;, wj‘;“, ceey w;p)T where if w; = &Sja then
* __ * A A * _ po * _

w; =0 and Wy, = as;j; if wj = Buyj, then w; = Bm;j and W = 0. Calculate

{W*T %, w*} over 27 possible combinations of w; and perform a two-sided z-test

AT
Vi where Vi = max{w*! X, w*}.
max

It is trivial to show that with p = 1, the above procedure is simplified to the
univariate JT where one tests Hy : s = 0 and Hp : By = 0, and picks the larger
p-value [MacKinnon et al. (2002)]. The procedure can be construed as a mul-
tivariate generalization by weighting the parameter (e.g., the mediator-outcome
association) with the other (e.g., the exposure-mediator association). Asymptotic
independence of \/nag and /n B u can be established by the second derivative of

a2 2
the joint log-likelihood of models (1) and (2): 2 10§§ (Yava'X’S) =2 ‘Oga;; W@'i‘f’M) +
MO&g Mo%s

W =0, where (Y | X, S,M) and f(M | X, S) are probability density
Mo%g

functions of models (1) and (2), respectively. We note that w in Definition 1 can
be specified as any arbitrary weights, for example, w = 1. We choose the above
weighting scheme such that we are able to compare its performance with the prod-
uct significance tests. The test conditional on the estimated weights can be viewed
as a test conditional on the data estimating the weighting parameters.

ag):,g,las-s-ﬂLEm,lBM
- a5 Spabs+BY SanBy
n“ByZanBy — 00 as n — oo, and asjasipp,jk > 0 and ByjBmipa,jk = 0,
where pq, jk is covariance of \/nas; and /nasx and pg, jk is that of ﬁ,@Mj and
Jn Buk. Under the null (3), the JT in Definition 1 is asymptotically more powerful

than the PT based on fUTV.

THEOREM 3.1. Suppose that

— 1 and nzagEﬂnaS +

The condition nzoegZ,gnaS + nzﬂ,{,, YanBy — 00 (e.g., large sample size or
effect) is for normal approximation of PT. JT works regardless of the effect size.
What Theorem 3.1 establishes is that even under the condition that normal ap-
proximation works well for PT, it is still less powerful than JT. The intuition is
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that under the null of as # 0 and B, = 0, for example, — (f‘gﬁi"’T)z — =
@B’ Bl By @)’ s s B BB
1= T S pis BT Tanin =y —C where ¢ = |0, (1)| under Hy and
|Op(1)| under Hy (B, # 0). Therefore, PT and JT follow the same distribution
under the null, but the difference ¢ guarantees a better power in JT. For imple-
mentation, one may transform the mediators to be uncorrelated conditional on § to
ensure pg, jk = Pa, jk = 0, and thus asjasipp, ik = BmjBumkPa, jk ~ 0. Specifically,
we orthogonally diagonalize the sample covariance of residuals in model (2) Y
by uzyu’ = diag(vy, ..., vp) and perform the proposed tests on the transformed
mediators P; = uM; [Huang and Pan (2016)].

3.2. Hypothesis test of U,V,W,. Tests for the mediation effect agﬂ M €X-
amine the marginal mediation effect without characterizing the effect mediated
through specific mediators. To address this limitation, mediation effects through
certain sequences of mediators or the path-specific effects (PSEs) have been pro-
posed [Avin, Shpitser and Pearl (2005), Taylor, MacKinnon and Tein (2008),
VanderWeele and Vansteelandt (2013)]. Here, we study PSEs in the model with
two mediators (Figure 1c).

We propose the following three models to represent the two-mediator mediation
model, as illustrated in Figure 1c:

4) Yi =X By + S;Bs + Mi By + GiBc + evi.
(3) G; =X"ax + Sias + Moy + €6i,
(6) M; =Xy x +Siys +eumi

where ey ~ N (O, U%), e~ N(O, aé), and ey ~ N (O, 01%,[), all independent of ¢,
oy, ¥s. Under the assumption of no unmeasured confounding, ey, g, and g7 are
also independent, and the effect of socioeconomic adversity S on adult BMI Y
mediated through childhood BMI M and possibly through DNA methylation G
can be expressed as ys(Buy + aarfBc). One can further identify the effect of S on
Y mediated through M and G (the horizontal path in Figure 1c) with effect size
of ysayrBc under strong identifiability assumptions [Albert and Nelson (2011),
Taylor, MacKinnon and Tein (2008)] or the model assumption 8j; = 0. The null
hypothesis for this path-specific effect is

@) Hy : ysapypBc =0.

Similar to Section 3.1, Y can be dichotomous or survival outcomes, and under cer-
tain model specification, the path-specific effect can be expressed as ysom Bg.
Suppose that pg, &y, and Bg are MLEs of ys, ap, and ﬁg,Arespectively,
and \/n(ys — ys) = N(0,07), /n(éay — am) = N(0,07), Vn(Bc — ) —
N (0, ag) where 05, 00% and o*é are all bounded. One can construct PT of null (7)

32

by comparing n%/27sé B with its underlying distribution.
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LEMMA 3.2. Suppose that U,, V,, and W, follow independent Gaussian
distributions with respective means [A1n, U2, and |43, and bounded variances
0*12, 022, and 032, where Uy, V,, W, are sequences of random variables in-
dexed by n. If at least two of Win, U, U3n €O to infinity as n — o0, then

Un Vo Wi — 10 420 430
2

——L L ns M converges to the standard normal.
\/Mln”2n03 Hi4y, 143,05 1, 143,01

REMARK 2. LetU, =./nys, V, = /ndy and W, = ﬁ,éc n3/2()7S&M/§G —
VSO ,BG)alj‘l,W converges to the standard normal distribution where aévw =

2,,2.2 2 2,202 2 2,2 g2 2
nTysayop +n YsBGoy + nTaypgo, (— o0 as n — 00) and construct test

s a0
— 2()/s0t2M/2362 0) >, Where no2 — o2 nol — a‘f,
Ys O[Mo'ﬂn—i—ys 'BGUail+aM'BG Oyn

yn y? on
nagn — aé. Tyvw asymptotically follows the central x? distribution with 1 de-

statistic Tyyw =

gree of freedom (DF) under the null (PT-N*). By plugging in ys, &y and Be, we

. A Doy A _0)2
obtain Tyyw = —= samPc =0~ (PT-N).
§A 05tV BEO 0y BEO2,

We next propose a joint significance test to test null (7).

DEFINITION 2 (JT of U, V,,W,). Conduct two-sided z-tests on —‘/ﬁ‘zsl , ‘/’ﬂ&";l ,
b /nayn A/ oy,
and ﬁ'—ﬁfl by comparing with N (0, 1), and obtain the largest p-value from the

naﬂn
three tests as the p-value of the joint significance test of null (7).

2.2 2 2p2 2 2 g2 2
yiay0q +ySBeos, oy Beo
THEOREM 3.2. [f 54 5-o o g
V§ ¥ Op,+ Vs PGOan Ty BGoyn )
two of vs, oy, and Bg are nonzero, the joint significance test of Vs, &y, and Bg
in Definition 2 is asymptotically more powerful than the product significance test

based on Tyyw.

— 1 as n — oo, and at least

Causal assumptions for identifying a§ By and ysap B are discussed in the
Supplementary Material[Huang (2018)].

4. Size of joint significance test. In this section, we show that the proposed
JTs have proper test sizes. We first establish that JT is an Intersection-Union Test
(IUT), a test with a rejection region of the form R = ﬂle Ry, where Ry is the
rejection region for a test of Hog : 6 € O [Berger and Hsu (1996)]. For JT of
UI'V, in Definition 1 for the null (3): Ho: Up—; _ 2» Oyry, « is obviously an

~TH 2
IUT because {% > k'} where Vj is an element of {w*” ¥, w*} corresponds to
the rejection region Ry for Oyry ;. and « is a cut-off value. For JT of U, V, W, in
Definition 2, null (7) is equivalent to

.....

Hy:Opywi UBpyyw2UBOpyws,
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where Oyvwi =1{0 = (vs,apm, Bo)T 1 vs =0,am € R, B € R}, Opywa =10 :
ys € N,opy =0, € N}, Ouywz ={0 : ys € R,ay € N, Bg = 0}, and the
rejection region is Ryywyi N Ryyvwz2 N Ryyws where Ryywi, Ruvwa, and
Ryvyws are the rejection regions for tests of Opywi, Ouvwe, and Opyws, re-
spectively. Therefore, under the corresponding null, the two proposed JTs are
IUTs, which have been shown level o tests, that is, SUPge@, 7 () < «a [Berger
and Hsu (1996)], where 7 (6) is the power function and ©g = U_1,...2» Ourv, &
or Ug=1.2.3 ®uvwk. We show in the Appendix that they are also size « tests.

THEOREM 4.1. Under their corresponding null hypotheses, joint significance
tests in Definitions 1 and 2 are intersection-union tests and size o tests, that is,
SUPgep, 7 (0) = .

In product significance test, the strong effect of a parameter amplifies the effect
of the other parameter since, for example, &g ,3 M are examined as a product in the
numerator of test statistic f"UTV. However, it pays the price by introducing more
variability in the denominator of fUTV and ends up with lower power than joint
significance test, as shown in Theorem 3.1. The separate testing in JT serves as
a mechanism to protect Type I Error rate. For example, if g =0 and 83y > 0, a
test that tends to reject the null by being affected by the very large B y may inflate
Type I Error rate. In this case, JT is dominated by testing as = 0, and thus is not
likely to reject the null and has well-protected Type I Error rate.

5. Simulation. Numerical experiment is conducted to demonstrate Lemmas
3.1 and 3.2. For the univariate version of Lemma 3.1, U, and V,, are generated
repeatedly for 10,000 times, from two independent Gaussian distributions with re-
spective means 4/n x 0.5 and /n x 0.2 and standard deviations (SD) 1 and 2.
By increasing n, we show that U, V,, —n x 0.5 x 0.2 standardized by its limiting
variance n x 0.5% x 2% +n x 0.2% x 1% converges to standard normal (Figure 2a).
For the multivariate setting, U,, and V,, are generated repeatedly for 10,000 times,
from two independent multivariate Gaussian distributions with respective means
V1 x(0.5,0.25,0.25,0.75,0.75)T and \/n x (0.2,0.1,0.1,0.3,0.3)” and covari-
ance matrices Xy and Xy where Xy is a 5-by-5 matrix with 1 on the diagonal and
0.3 on the off-diagonal and Xy is another 5-by-5 matrix with 1 on the diagonal
and 0.5 on the off-diagonal. By increasing n, we observe that UT'V,, standardized
by mean and variance converges to standard normal (Figure 2b). For Lemma 3.2,
10,000 U, V,, and W, are generated from three independent Gaussian distribu-
tions with respective means /n x 0.5, \/n x 0.2, and 4/n x 0.3 and SD 1, 2,
and 0.5. We show in Figure 2c that standardized U, V,, W, converges to standard
normal.
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FIG. 2.  Quantile—quantile (QQ) plot of U, Vy,, U,{Vn, and U, V, W,, standardized by mean and
variance against standard normal. Uy, Vy,, Wy, Uy, and V,, follow Gaussian distributions described
in Section 5, and n is the scaling parameter.

5.1. Test of U,{ V,. To evaluate the finite-sample performance of tests for null
hypothesis (3), we generate S from standard normal and Y and M according
to the models: ¥; = 1.2+ 0.5 x S; + >, MjiBu; + eyi and M;; = 0.8+ §; x

a5]+£M],,where]—1 .5 0i=1,. nocsj_08x8 Bmj = 0.4 x4,
o = (a51,...,a55) , By = (,3M1,---,/3M5) ; ey; follows standard normal;
emi = (Epmiis ..., emsi)! follows a multivariate normal with zero mean and a 5-

by-5 covariance matrix with 0.8 on the diagonal and O on the off-diagonal; and
ey; and &y; are independent. For the null, as4 = as5 = By1 = By2 = Buz =0,
as) = asy = as3 = 0.48, and B4 = Bys = 0.24 (Figure 3). Two sets of simu-
lation are conducted under the alternative: one with n = 2000 and § increasing
from 0.005 to 0.4 (Figures 4a and b), and the other with § = 0.4 and n from 20
to 500 (Figures 4c and d). Three versions of product significance test are imple-
mented: PT-N approximates the mediation effect using Gaussian distributions as
specified in Remark 1 (and 2); and PT-NP approximates the normal product dis-
tribution with {«® B® — G5By} where «® and B® were resampled repeatedly
from N (&g, &(fn) and N (ﬁM, 6§n), respectively [Huang and Pan (2016)].

Under the null, the test statistic of JT has a faster convergence to X12 distribu-
tion with the same configuration as the sample size increases, compared to PT-N
(Figure 3). Withn =10, p =5, and 6 = 0.4, JT protects Type I Error rate, and dis-

tribution of the test statistic & = $Bu)? approaches Xl distribution (Figures 3c and d).

In contrast, PT-N requires n z "100 to ensure a descent convergence (Figure 3b).
Under the null where we set By1 = By2 = Bm3z = asa = ass = 0 and the rest of
nonzero parameters as og; = 0.8 x § and By; = 0.4 x 8, Type I Error rate of all

four tests approaches 5%, and standardized f"UTV is close to normal when 6 > 0.12
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F1G. 3. Simulation results of tests for U,{Vn under the null. Proportion of p < 0.05 by sample
size n of mediation tests is depicted for the four tests (a) and for JT with a narrower range (c). Test

P ST 1)
statistics of PT-N, —¢ CH ﬂM) — and JT, (a@ﬂ are evaluated against x? distribution with
og Zﬂn“S""ﬂMZmnﬂM max

1 DF [(b) and (d)].

[see the Supplementary Material Huang (2018)]. Under the null of small nonzero
as;j and By, f"UTV (PT-N) does not follow normal distribution, which explains the
very conservative test size of PT-N.

Due to the poor normal approximation of PT-N with small effect or sample
size, the cut-off for the power s1mulat10n is adjusted to ensure 5% error rate. Un-
der the alternative, standardized na g LB, is close to standard normal as § > 0.052
or n > 50 (Figures 4b and d). The proposed JT has the highest power when the
normal approximation for PT gets better, that is, 6 > 0.052 (Figure 4a) or n > 50
(Figure 4c). PT-NP has similar performance to PT-N. Simulation in the univariate
setting, U, V,, is presented in the Supplementary Material [Huang (2018)].

5.2. Test of U, V,W,. We simulate S from standard normal, and M, G, and
Y with the following models: M; =0.8 4+ S; X ys + epi, Gi = 1.2+ 0.5 x S; +



1546 Y.-T. HUANG

Alternative PT-N

0.005 L ad
0.02 ® o
= © 0.052 o~
© —eo01 o

Proportion of p<0.05
Observed 1
4
1

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0 2 4 6 8
5 Expected %°
(a) Power by & (b) QQ plot by §
Alternative PT-N
3 1 %Eo 64:.“ ’
8 - © — e 200 -
S T T T T T < T T T T T
10 50 100 200 500 0 2 4 6 8
n Expected %°
(c) Power by sample size (d) QQ plot by sample size

FI1G. 4. Simulation results of tests for U,{V,, under the alternative. Proportion of p < 0.05 by effect
size indexed by § (a) and by sample size n (c) of mediation tests is depicted. The distribution of fUTV
is evaluated against X2 distribution with 1 DF [(b) and (d)].

M; xay +éegi and ¥; =1.04+0.5 x §; + 0.3 x M; + G; x Bg + €yi, where
ys =0.8 x 8, apyr =0.6 x 6§, Bg =0.5 x §, and ey, £gi and ey; are independent
normal random variables with zero mean and SD 0.8. For the null, we study two
scenarios: one with varying n, and apy =0, ys = 0.48, g = 0.3 (Figure 5), and
the other with varying §, and apy =0, ys = 0.8 x 8, Bg = 0.5 x §, n = 1000 [see
the Supplementary Material Huang (2018)]. We conduct two sets of simulation
under the alternative: one with n = 2000 and § = 0.005 to 0.8 (Figures 6a and b),
and the other with § = 0.4 and n = 50 to 1000 (Figures 6¢ and d).

Under the null, the test statistic of JT converges to X12 distribution faster than that
of PT-N as n increases (Figure 5). PT-N and JT protect Type I Error rate with n >
1000 and n > 200, respectively (Figures 5a and c), and their test statistics approach
X12 distribution with the similar sample sizes (Figures 5b and d). The cut-offs for
the power simulation of normality-based tests are adjusted by the test size due to
the poor approximation under small effect or sample size. Under the alternative, we
observe that standardized n3/%Psa BG approaches normality as n or § increases.
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FI1G. 5. Simulation results of tests for Uy Vy Wy, under the null. Proportion of p < 0.05 by sample
size n of mediation tests is depicted for the four tests (a) and for JT with a narrower range (c). Test
. (PsémPc)? T8 4y B ;
statistics of PT-N, —— ] —— and JT, min , s are evaluated against

f V.SgaIZW(Tf%n +V§ﬂ(2;0¢§n +a]2\4/3éa}gn { U)%n Og" O-/gn } &
%2 distribution with 1 DF [(b) and (d)].

JT has the highest power among the four tests as normal approximation for PT
improves, and PT-NP and JT have very similar performance (Figure 6). Under
small n (<100) or § (<0.24), Tyyw has a severe departure from normality, which
leads to the conservative Type I Error rate [see the Supplementary Material Huang
(2018)].

In summary, the numerical experiment supports the theoretical results in Sec-
tions 3 and 4. Normal approximation of PT works better for larger effects or sam-
ple size. Under the finite sample, joint significance tests have better power than
normality-based PT, and the performance of NP-based product significance test is
in between.

6. Mediation analysis of NEFS. DNA methylation data are preprocessed us-
ing methylumi package in R [Davis et al. (2015)] and normalized using Beta-
Mixture Quantile Dilation approach [Teschendorff et al. (2013)]. The processed
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FI1G. 6. Simulation results of tests for U, Vy Wy, under the alternative. Proportion of p < 0.05 by
effect size of the nonzero parameter indexed by § (a) and by sample size n (c) of mediation tests is
depicted. The distribution of YA“UVW is evaluated by QQ plots against x2 distribution with 1 degree
of freedom by § [(b)] and sample size [(d)].

methylation values ranging from O to 1 are then logit transformed prior to analy-
ses.

We first set up a mediation model in Figure 1a where S is the socioeconomic in-
dex at age 7, M is methylation level of a locus in chromosome 17, and Y is BMI at
adulthood. We chose to focus on chromosome 17 because (1) it harbors an interest-
ing gene FASN (fatty acid synthase) that has been previously reported for its asso-
ciation with BMI, and (2) the computation cost for analyzing all chromosomes was
too high, especially for the bootstrap-based method. JT and three PTs were con-
ducted to analyze 16,394 methylation loci in chromosome 17 one at a time; and
both PT-NP and PT-B were carried out with 1000 replicates; PT-B approximates
the distribution of &gB) through bootstrapping: {&gb) ,BA](‘I,;) — % Zle &gb) ,BAI(S) 1,
where &gb) and 3](5) are estimated from the bootstrap data, sampled from the orig-
inal data with replacement, and B is the number of bootstrapping, 1000. There are
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F1G. 7. Gene-based mediation analysis of 1151 genes on chromosome 17 using different tests. Red:
p < 0.05; pink: 0.05 < p <O0.1.

243, 24, 193, and 177 methylation loci with p < 0.05 for JT, PT-N, PT-NP, and
PT-B, respectively; computation time is shown in Table 1.

We were interested to examine whether all methylation loci within a gene en
bloc mediate the effect of socioeconomic disadvantage on BMI (Figure 1b) uti-
lizing the multi-mediator analyses in Section 3.1. We conducted the gene-based
analysis, examining 1151 genes with multiple methylation level measures (< 30
loci) one at a time (Figure 7). To satisfy the condition agjasipp, jx = 0 and
BmjBmkpa,jk = 0, we transformed the methylation levels to be uncorrelated by
carrying out singular value decomposition on the sample covariance of the resid-
uals of model (2) and performed the proposed tests on the transformed media-
tors. Using JT, PT-N, PT-NP, and PT-B, respectively, 21, 9, 4, and 2 genes have
p-values < 0.05, and 51, 28, 11, and 8 genes have p < 0.1. FASN is the most
significant gene with 11, 3, 11, and 10 loci having single-locus p < 0.05 using
JT, PT-N, PT-NP, and PT-B, respectively (Figure 8); respective p-values of the
gene-based overall mediation effect are 0.0013, 0.0076, 0.028, and 0.086. PT-B
took 1.58 hours for the 1151 gene-based analyses, compared to 7.52 seconds for
JT (Table 1).

We investigated whether the significant mediation effect by FASN is further
mediated by the childhood BMI. None of the 26 loci revealed such a path-specific
effect (see Supplementary Material Table S1), and cg04029737 had the smallest
p-value: 0.297 in JT, 0.322 in PT-N, 0.318 in PT-NP, and 0.390 in PT-B. JT had
the smallest p-value among the four tests in 19 out of 26 loci. The results suggest
that DNA methylation level of FASN gene mediates the effect of socioeconomic
disadvantage on BMI in women, which may not be mediated by the childhood
BML
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FIG. 8. p-values for mediation effects of 26 methylation loci within FASN gene. The boxes at the
bottom indicate exons of the gene and the numerals indicate the exon numbers.

Studies have shown that FASN is involved in regulation of body weight [Kovacs
et al. (2004), Loftus et al. (2000)]. In mice, FASN expression in adipose tissue
can be affected by high dietary fat [Kadota et al. (2016)]. Compared to those with
high socioeconomic status, individuals with lower socioeconomic status in indus-
trialized nations consume less methyl donor foods such as fruits and vegetables
[Darmon and Drewnowski (2008), Giskes et al. (2010)]. Our analyses support the
mediation mechanism that socioeconomic adversity may affect the dietary habit to
alter epigenetics of FASN, and through regulating gene expression, FASN epige-
netics can further determine body weight.

We conclude that joint significance test is a powerful and very computation-
ally efficient test (Table 1). Implementation codes are available at http://www.stat.
sinica.edu.tw/ythuang/MMT-JT.zip.

7. Discussion. Test size is an upper limit across all parameters in the null
space. As illustrated in simulation studies, the joint significance tests are conserva-
tive if the effect is small and the target size « is achieved if the nonzero parameter
is large. Such a property affects its utility in high-dimensional data analyses. When
applying multiplicity adjustment procedures against theoretical distributions with
exponential or geometric decay of effect size or some empirical distributions close

TABLE 1
Computation time (in seconds unless specified) with 3.40 GHz CPU and 16.0 GB RAM. 1000
replicates for PT-NP and PT-B

No. of analyses JT PT-N PT-NP PT-B
Single-locus analyses (U V) 16,394 64.4 64.1 67.4 16.0 hours
Gene-based analyses (UTV) 1151 7.52 7.46 11.84 1.58 hours

Path-specific effect (UV W) 26 0.08 0.13 0.09 142
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to it, the correction would be very conservative. How to account for multiple test-
ing issue when the majority of signals for both parameters are zero warrants further
studies.

We provide a general insight about why JT is more powerful than PT. In
the univariate mediation effect of agfay, PT with normal approximation tests
Jnas/nBy where both \/ndg and /n /SM vary in their respective distributions;
JT examines &g+/nBy (— asy/nBy) and Buy/nas (— By~/nés), and both con-
verges to a normal distribution multiplied by a constant. The larger variability in
PT can be explicitly expressed by the inequality in the Appendix, which guaran-
tees that either test of &g/n ,BM and ,BM J/nag is more powerful than the PT, and
the validity of JT in combining the separate tests by picking the least significant
one is supported by the theory of IUT.

APPENDIX

PROOF OF LEMMA 3.1. The moment generating function (mgf) of U,{ V, is
Myry, ()
_ 1
2w B |12 %) 1

+o00 +00 ~1 ~1
« f / ATV =3 =) B ) =3 =) TS5 k20 g gy

=125, 5,1
e3P Hl, A= 2) T op 5205, A= 21 50) 7 B pg +ip], A= E1 22) " g,
With uf Sopy, + pd iy, — oo, it can be easily shown that the mgf of Z =

UV, —ul uy,

Vil o tud, T,
to the uniqueness of mgf, Z converges to standard normal distribution. [

, Mz(t) — e%’ 2, the mgf of standard normal distribution. Due

Ty s
PROOF OF THEOREM 3.1. Because %-28r%s*BiyZeiby
aszﬂnaS+I3MEanﬂM

under the null, Tyry = TUTngzi:giigg iZ:ﬁZ converges to central x? distri-
bution with 1 DF. Under thAe assumpAtion asjaskpp,jk = 0 and BajBmkpa, jk = 0,
each term in &gnEﬂn&s + ﬁ;,n ZanBu=n3; &%«jaénj +n Y sk AsjdskPpnjk +
ny. j ,BAZZWUO%M +nd stk ﬁMj ﬁMk,oanjk converges to a nonnegative value, and
1 Viax is a subset of the above 2p? terms. Therefore, asymptotically

(g Byy)? _ WnagBy)®

naSZﬂna5+nﬂM anﬁM 1 Viax

— 1 in probability,

Tyry =
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Note the two sides of the above inequality are the test statistics of PT-N and JT.
If the two statistics follow the same asymptotic distribution under the null, the
inequality implies that the proposed JT always has a smaller p-value than the test
based on Tyry (PT-N), which guarantees that JT is statistically more powerful

A STR 12
than PT-N: 7p7_y (0) = P(Tyry > k) < PSP o ) = 77(6) due to the
above inequality, where ® (y/k) =1 — /2 and ®(-) is the cumulative distribution

function of standard normal. We show in the following that the test statistic of JT
asymptotically also follows x 2 distribution with 1 DF under the null.

Denote a5 = (ocgl,agz)T and B, = (ﬂTM],ﬂ,{n)T, where ag; = (asq, ...,
ozgp/g)T and B, = (ﬁMl,...,ﬂMp/z)T. Without loss of generality, we focus
on the two different types of null hypotheses: (1) ag; =0, aso # 0, B, # 0,
By =0 and (2) as; #0, (as2, .. .,aSP)T =0 and B,; = 0. Under the null of

as1 =0, a50 #0, By #0, and By =0, nViax — w(”;TEwg, where ng =

(ﬂﬂl,OT,?T,agz) and nY, —» X = [20‘* Eoﬁ], a boulzded covarianc? matrix.
Since 4/n(@ —0) — N (0, ), one can show that ﬁ&gﬁM = /nwT (@ —0) —
~TH 2
N (0, wéTEwg). Therefore, % follows x? distribution with 1 DF under
the null.
Under the null of ag; #0, (aso, ..., ocSp)T =0and 8,, =0,

P

nVmax = n&§10§n1 +) &gjnaénj + ) GrsiQsknopnjk

= j#k
+ 231%4‘;”%%@ +) Bt Brinpanii
J J#k
= n&glognl +o0,(1).
Further, we have ﬁ&§ ﬁ v — N, 0‘%1"51) in distribution, provided that \/n x
(ﬁM — By) — N(0, Xp) in distribution and &5 — (51, 01T in probability. The
JT test statistic
AT 4 AT A 2 2 A2 2
(Vna§By)? _ (\/ﬁagﬁM)2< 5104 )(“Sl”"ﬁm)

1 Vinax

2 2 ~2 2
anﬂX aSlGﬂl aSll’lO’ﬂnl
converges to central x2 distribution with 1 DF because the last two parenthe-
ses converge to 1 in probability. Therefore, both test statistics of JT and PT-N
asymptotically follow central x? distribution with 1 DF under the null. Note the
theorem does not apply to the null of # = 0 because it violates the assumption

nzagEﬂnas + nzﬁz YanB s — oo for normal approximation of PT. [J

PROOF OF LEMMA 3.2. The mgf of U, V, W, is
1

Muy,v,w, () = ) 01030
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Let Z* = U"yzw” where ¢ = ,u%n ,u%naf + ,u%n M%n(fzz + M%n M%nﬁf — 00. It follows
that
_ (w7u3,l)2

o0 Jot ! 2 2
e,ulnlLZizwz/ c+j(“1n02+ﬂznal )w t /Ce 20% dw

1
N2mo3 /—oo

Mz« (t) —

1

\/1 — (u} 0}0? + 3 otoHit?/c

#lnlL2,1M3nl/f+ (lLlnlJ'Zn 3+”“1n”3n 2+”2n/l'§no-12)t2/C

3.7 .2273
X e 1=(u1,0303 +u3, 07032 /¢

Further, by letting Z = Z* — %, we show that

. 1.2
lim Mz(t) =e2"",
at least two of
MinsH2n, 3p—> OO0

which is the mgf of the standard normal. [

PROOF OF THEOREM 3.2. As J5, @) and Bg are MLEs, it can be shown that
Tyvw converges to Tyyw following central X2 distribution with 1 DF under the
null. It can further be shown that

5242 B2
7 Vs M/BG
Uvw = A2 3

75 @y ﬁ}
&304, + p¢BEo +aMIBGGyn

<m1n{ —
—_— 2 ) 2 b 2
900 Oan Ofy,

Equality is attained if any of ps, &p and Bc is zero. If one can show that

~2 32
rmn{ , M z G} follows central x? distribution with 1 DF under the null (see
o 04

yn an

the following), the above inequality implies that the proposed procedure for joint
significance test of ps, &y, and B always has a splaller p-value, and thus better
power than the product significance test based on Tyyw (PT N).

Under the null of ys = 0, orps # 0, and Bg # 0, Pr(“ nps)? _ W “ZMV, Wj?

)/Vl

(‘/_ﬂG) ) — 1 because /nys = 0,(1) and both \/_OIM [— o («/_)] and NaE
nUﬁ
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A2 32 ~2
= 0,(y/n)] go to infinity. It follows that mln{ , f $} = —5- with proba-
n an Bn y

blhty convergmg to 1. Similarly, under the null of Vs ;é 0, oy =0, and Bg # 0,

~2 2
min{ % = , 2 f b } is dominated by 2 ; and under the null of y5 # 0, apr # O,

yn om B Oan

v 5‘%4 ﬂc /36 VS 0‘%4 ﬂc
and Bg =0, mln{ 5, =%} is dominated by —-. =5-, —5", and all follow
yn Oan ﬂn /3,1 Tyn an ﬂn

central x? distribution with 1 DF under their respective null. [

PROOF OF THEOREM 4.1. We apply Theorem 2 in Berger and Hsu (1996) to
prove the JT in Definitions 1 and 2 are size « tests. We have shown in Section 4
that the JTs are IUT for Hy: 0 € ®g = U,{(: 1 ©. To apply the theorem, one needs
to show that there exists a sequence of parameters points 6; € ®; (I =1,...,00)
for some i =1, ..., K such that (i) lim;_. o Py (Z € R;) = « and (ii) for every
j=1,....K,j ;éz llml%oo Py, (Z e R;) =1 where Z is the data.

Let @UTV = {Ofry: Ofry} Ofry = Urer, o ®UTV o and ©fF, o =
Urk=1,...20~ ‘®UTVk’ where ®UTVk {0 T wias; = 0, 2122 wJGJ’f‘ = 0} and
®gTVk {0 : wiBy1 =0, Z/=2 wJG;.k = 0}. For JT of U,{Vn, suppose that

= (ak, B1NT = (07, B3,)T where all elements in B, except By go to 0
and lim;— 0 Bym1; — 00, and thus 6; € @{‘JTV. Denote 0(31 and ‘7/%1 as variances of

J/nagsy and /n. B, respectively, and @ (z)_q) = 1 — . One can show that

A p A
wiosy + ijz wjej

hm Py(Z e RUTV) = ll_l)rgo Py, (‘

> Zl—a ‘ asy = 0)

V Vmax
) nBumua
= lim Pg(‘@ +0p(1)‘ > Zl—a ‘0{511 20)
[—o00 ’3 o
M1l
-«

and
w1 By + X, w67

hm Pgl (Ze RUTV) = ll—l>nolo Py, (’

> Zl—q ‘ Bmi # 0)

\Y Vmax
) Vrw B + O,(1)
= lim P, _ 0
Jim 9,(‘ e > Zl—q ‘ Bmi # )
— 1,

because 1 Vi is bounded, /nw| = O,(1) and ﬂMu — 0.
For JT of U,V,W,, suppose that 6, = (ysi,ms, Bc)T = O, ami, Bei)T €
Ouvwi, limj_ o ap = 00, and lim;— oo Bg1 = 00. It can be shown that

Vnysi

W‘ > Z1—q ‘ Vsz=0> — a,

hm Pgl(Z S RUVWI) = hm Pgl(
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na

ll—l>nolo Pgl (Z € Ryvw») :lgnolo P91< W‘ > Zl—« ‘ oM 750) — 1,
an

and similarly, lim;—, oo Py, (Z € Ryyw3) = limj— o Pe,(l‘/ff S| > 214 | Bol #
Bn

0) — 1. Therefore, both JTs are IUT and satisfy the two conditions (i) and (ii).
By Theorem 2 in Berger and Hsu (1996), they are size « tests. [

Acknowledgments. The author is grateful to the NEFS participants and for
Professor Dylan Small’s help with English editing, and the AE’s and two anony-
mous reviewers’ insightful comments.

SUPPLEMENTARY MATERIAL

Supplement to ‘“Joint significance tests for mediation effects of
socioeconomic adversity on adiposity via epigenetics” (DOI: 10.1214/17-
AOAS1120SUPP; .pdf). Supplementary material includes discussion of causal as-
sumptions, additional simulation studies, and PSE analyses of 26 methylation loci
of FASN.
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