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We study a McKean—Vlasov equation arising from a mean-field model of
a particle system with positive feedback. As particles hit a barrier, they cause
the other particles to jump in the direction of the barrier and this feedback
mechanism leads to the possibility that the system can exhibit contagious
blow-ups. Using a fixed-point argument, we construct a differentiable solu-
tion up to a first explosion time. Our main contribution is a proof of unique-
ness in the class of cadlag functions, which confirms the validity of related
propagation-of-chaos results in the literature. We extend the allowed initial
conditions to include densities with any power law decay at the boundary,
and connect the exponent of decay with the growth exponent of the solu-
tion in small time in a precise way. This takes us asymptotically close to the
control on initial conditions required for a global solution theory. A novel
minimality result and trapping technique are introduced to prove uniqueness.

1. Introduction. This paper concerns a McKean—Vlasov problem, formu-
lated probabilistically as

X =Xo+ B —alLy,
(1.1) T =inf{r >0:X,; <0},
Lt :]PJ(‘L— S t)’

where @ € R is a constant, B is a standard Brownian motion and X is an inde-
pendent random variable distributed on the positive half-line. We denote the law
of X¢ by vp. A solution to this problem is a deterministic and initially zero cadlag
function ¢ — L; that is increasing and for which (1.1) holds for any Brownian
motion B. Viewing (1.1) as an SDE in X, notice that there is no distinction to be
made between strong and weak notions of solution: knowing L fixes the law of
X and, together with any Brownian motion, L fixes a pathwise construction of X.
When « > 0, the equations have a positive feedback effect and this is the case we
consider here. The situation for & < 0 is classical and existence and uniqueness of
smooth solutions is known [2—4].
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Our motivation for studying (1.1) comes from mathematical finance, where it
can serve as a simple model for contagion in large financial networks or large port-
folios of defaultable entities. To illustrate how (1.1) may emerge in this context,
consider a large system of N banks. Following the structural approach to credit
risk, we say that the ith bank defaults when its asset value, A;, hits a default bar-
rier, D!. This gives rise to the notion of distance-to-default, for which a simple
model could be of the form

. . . _ t 1 ,
Y, ::10g(Aj)—10g(D;)=X6+/ b(s)ds—l—/ o(s)dBg, i=1,...,N,
0 0

where Xé, e Xév are i.i.d. copies of Xo and B!, ..., BN are independent Brow-
nian motions. Next, we can introduce an element of contagion with a model in
which the default of one bank causes the other banks to lose a proportion o/ N of
their assets. For large N, we have 1 —a/N ~ exp{—a/N}, so the new asset values,
A, can then be defined by

N
Hexp{ t>T1N}A _exp[ Z Z>T,N} t<thh,

Zl52

where v :=inf{r > 0: X"V <0} for X'V := 1og(A;?N ) —log(D}). After taking
logarithms, it follows that the new distances-to-default, X"V, satisfy

. . 1Y
(12)  dXx/N =b(t)dt +o(1)dB —adLY  with LN = 5 > v,

fori =1,...,N.If we let N — oo, then the same arguments as in [6] show that
we can recover solutions to (1.1)—with the corresponding drift and volatility—as
suitable topological limit points of the particle system (1.2), and these solutions are
global: they exist for all # > 0. As regards the form of (1.2), we will concentrate
the analysis in this paper on the simplest case (1.1) and then we devote the final
Section 6 to a discussion of more general coefficients.

The first version of the problem (1.1) appeared in the mathematical neuro-
science literature as a mean-field limit of a large network of electrically coupled
neurons [2, 3, 5, 6]. In this setting, each neuron is identified with an electrical
potential (given by an SDE) and when it reaches a threshold voltage, the neuron
fires an electrical signal to the other neurons, which then become excited to higher
voltage levels. After reaching the threshold, the neuron is instantaneously reset to
a predetermined value and it then continues to evolve according to this rule in-
definitely. Therefore, the model is different to our setting as we do not reset the
mean-field particle in (1.1), however, the essential mathematical difficulties from
the positive feedback remain common to both models. With regard to the financial
framework introduced above, we note that a similar model for default contagion
(with constant drift and volatility) was recently proposed in [14].
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Mathematically, the McKean—Vlasov problem (1.1) can be recast in a num-
ber of ways. We denote the law of X; killed at the origin by v; and set v;(¢) :=
E[¢ (X;)1;-.], for suitable test functions ¢. Then a simple application of It6’s for-
mula gives the nonlinear PDE

1 t t
(6) = 0(6) + 5 fo vy(¢")ds — /0 vy(¢')dLy,

(1.3)
L;=1 —/ Vs (dx),

0
for ¢ € C? with ¢(0) =0 and ¢ > 0. Writing V; for the density of v; (which exists
by Proposition 2.1), we can formally integrate by parts in (1.3) to find the Dirichlet
problem

1 1
(1.4) 8 Vi(x) = Eaxsz(X) + L3, Vi(x), L= Easz(O), Vi(0) =0,

on the positive half-line. In other words, the law of X (absorbed at the origin)
solves the heat equation on (0, co) with a drift term proportional to the flux across
the Dirichlet boundary at zero—the latter being a highly singular nonlocal nonlin-
earity. Setting v(¢, x) ;== —V;(x — L) in (1.4), the equations for v and L can be
viewed as a Stefan problem with supercooling on the semi-infinite strip (cL;, 00).
From this point of view, it is known that L] may explode in finite time as has been
analysed (on a finite strip) in the series of papers [8—10, 13].
A third characterisation of (1.1) is as the solution to the integral equation

o0 x —al; ! L, — L

where @ is the c.d.f. of the Normal distribution. This is a Volterra integral equation
of the first kind, and a derivation can be obtained by following [15]. The formula-
tion that is most helpful here is to view the problem as a fixed point of the map I
defined by

Xf :XO+Bt —(th,
(1.6) t“ =inf{t >0: X" <0},
re), =P(x* <1),

that is, a solution to I'[L] = L. We will use this map in stating and proving our
main theorems. The key is to find a suitable space on which I" stabilises and to
show that it is contractive (Theorems 1.6 and 1.7). Note that [5, 14] also take
this approach to the problem, but our techniques differ in that they are entirely
probabilistic and do not rely on PDE estimates.

A very interesting feature of the problem (1.1) is that it exhibits a phase tran-
sition in the continuity of solutions as the feedback strength, «, increases. The
methods of [5], for the neuroscience version of the problem, show that for « suf-
ficiently small (and vy = 8, with x > 0) there is a unique solution to (1.1) in the
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F1G. 1. Example of a solution to (1.3), (1.4) showing two blow-up times. The pixel intensity repre-
sents the value of the solution density at that space-time coordinate. The initial condition is a linear
combination of indicator functions of three disjoint sets.

class of continuously differentiable functions. On the other hand, the extremely
simple proof below (modified from [2]) shows that (1.1) cannot have a continu-
ous solution for values of « that are sufficiently large. When this is the case, the
positive feedback becomes too great and at some point in time the loss process,
L, undergoes a jump discontinuity, which we call a blow-up. In other words, in an
infinitesimal period of time, a macroscopic proportion of the mass in the PDE (1.3)
is lost at the boundary, that is, the system blows up (see Figure 1). It is intriguing
that this result can be proved so simply and with no technical estimates, although
of course the threshold obtained below is not sharp and the proof does not reveal
anything about the nature of the blow-ups.

THEOREM 1.1 (Blow-up for large ). Let mg := foooxvo(dx). If o > 2my,
then any solution to (1.1) cannot be continuous for all times.

PROOF. For a contradiction, suppose L solves (1.1) and is continuous. Stop-
ping X at T, we then get
0<Xint =Xo+ Binr —aLiar.

Taking expectations and rearranging,
o0
mOZaIE[L,M]—>a]E[LT]=a/ LydLyg ast — 00,
0

where we note that 7 < oo a.s. and L, = 1, since Brownian motion hits every
level with probability 1. As L is continuous and increasing, the integral can be
computed exactly, so we get

1 1
mo > Ea(LCZ’O —L}) = 7%

which is the required contradiction. [
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Vi (@) Vie(e + aALy) Vi(a)

x x T

FIG. 2. Onthe left, Vi_ is the density just before a jump of size ALy . This density is then translated
by a AL; and the mass falling below the boundary at zero equals the change in the loss, which gives
(1.7). After the jump, the system is restarted from the density on the right. Notice that, in general, this
new initial condition will not vanish at the origin.

From Theorem 1.1, it is clear that, in general, we cannot restrict our search to
solutions of (1.1) that are continuous and so we must allow cadlag solutions. If a
solution has a jump of size AL; at time ¢, then the instantaneous loss must equal
the mass of v,_ absorbed at the boundary after a translation by —a AL,, that is,

(1.7) vi—(0,aAL;) = ALy,

see Figure 2. Unfortunately, this equation alone is not sufficient to determine the
jump sizes of a discontinuous solution. In particular, AL; = 0 is always a solution,
but in general this is an invalid jump size by Theorem 1.1. To continue the solution
after a blow-up, we must decide how to choose the jump size from the solution set
of (1.7). In [6], the authors introduce the term physical solution for a solution, L,
that satisfies

(1.8) AL; =inf{x > 0:v,_(0, ax) < x}

for all + > 0. The next result justifies that this is a natural condition, as it is the
smallest possible choice of jump size that admits cadlag solutions (see Section 2
for a proof and further discussion).

PROPOSITION 1.2 (Physical solutions have minimal jumps). Suppose L is any
cadlag process satisfying (1.1). Then

AL; > inf{x > 0:v,_(0, ax) < x},

for every t > 0. In particular, if the right-hand side is nonzero for some t > 0, then
L has a blow-up at time t.

It is helpful to consider the density function, V;_, of v;_ in light of Proposi-
tion 1.2. If, at some time ¢, V;_ is greater than or equal to the critical value of o !
on a nonzero interval about the origin, then a blow-up in L is forced to occur at
that time (this is what happens in Figure 2).

In [6], it is shown that there exist (global) physical solutions to the neuroscience
version of equation (1.1), for any o > 0, albeit with an initial measure vg that
vanishes in a neighbourhood of zero. Those solutions arise as topological limit
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points of a corresponding finite particle system analogous to (1.2). Consequently,
the authors are unable to establish regularity results on the solutions. The main
advantage of a fixed-point argument is that solutions are guaranteed to have known
regularity, at least on a small time interval.

Our motivation in this paper is to make progress towards the following conjec-
ture.

CONJECTURE 1.3 (Global uniqueness). Solutions to (1.1) that satisfy the
physical jump condition (1.8) are unique. Furthermore, between jump times the
solution is continuously differentiable, and we predict +/z-singularities immedi-
ately before and after jumps, which is to say: For all #) > 0 that satisfy AL, > 0,
we have L;(H_h =O0(|h|7'?),as h — 0.

Currently, we are far from proving Conjecture 1.3, and the major obstruction
concerns the initial conditions. To see why, notice that after a jump has taken place,
we must, in general, restart the system from an initial law that has a density which
does not vanish at the origin (see Figure 2, as well as Proposition 2.1 concerning
the existence of a density for v at all times). In fact, without further analysis, all
we can say about the measure v; after a blow-up at time 7 is that

inf{x >0:v,(0,xx) <x}=0.

Therefore, to attack Conjecture 1.3 it is necessary to make progress towards the
following simpler goal.

CONJECTURE 1.4 (Uniqueness for nonvanishing initial laws). Suppose vp has
a density and satisfies inf{x > 0 : v9(0, ax) < x} = 0. Then the solution, L, to
(1.1) is unique and continuously differentiable up to a small time, and it satisfies
Li=0@""?ast]0.

Initial conditions that do not vanish at the origin are currently outside the scope
of known results, and the results that do exist only tackle the uniqueness in a too re-
strictive class of candidate solutions. In the literature, the closest to Conjecture 1.4
is [14], Theorem 2.6, which is established for a slight variant of our problem: Given
an initial density Vo € H 1(0, 0o0) with V(0) =0, it gives existence and uniqueness
up to the first time the L2-norm of L’ explodes in the class of candidate solutions
for which L € H'(0, to) for some 7 > 0. Here, H!(a, b) denotes the usual Sobolev
space with one weak derivative in L?(a, b). We note that these conditions on Vp
imply that it decays like o(x!/?) near the origin, so it is far from what is needed in
order to proceed to a global uniqueness theory. The aforementioned was preceded
by [5], Theorem 4.1, which gives existence and uniqueness on a small time interval
in the class of C! solutions, starting from an initial density that decays like O (x)
as x — 0. The connection between the boundary decay of the initial condition and
the short-time regularity of solutions will feature prominently in our results below.
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Moreover, the existing results in the literature leave open the question of
whether there is (short-time) uniqueness in the wider class of cadlag solutions.
This is more than just a technical curiosity: Indeed, the physical and financial mo-
tivations for (1.1) derive from the corresponding particle system, as presented in
(1.2), but the requisite regularity of its limit points is not known and could be dif-
ficult to verify a priori—all we know is that they are cadlag. Thus, it obstructs the
full convergence in law of the finite system (i.e., the propagation of chaos).

1.1. Main results. Our contribution here is to construct an H ' solution to (1.1)
up to the first time its ! norm explodes, and to show that it is the unique solution
on this time interval amongst all possible cadlag solutions (Theorem 1.8). We al-
low initial densities with any power law decay at the origin, that is, decay of order
O(x?) as x — 0 for some 0 < B < 1. To be precise, we consider initial condi-
tions, vg, that have a bounded initial density, Vj, for which we can find constants
C, D, x, > 0 such that

(1.9) Vo(x) < CxPl,<,, + D1,.,,  forevery x > 0.

A key observation is that it is only the values of C, x, and g that determine the
behaviour of solutions in short time (Theorem 1.7). The reason for assuming an
initial density is that this state is reached after any nonzero period of time anyway
(Proposition 2.1). Below, we state our main results chronologically to make it clear
how they are connected.

First, we introduce the following subsets of H'.

DEFINITION 1.5. For y € (0, %), A >0andfy>0,let S(y, A, tp) denote the
subset of H1(0, 19) given by

Sy, A, 10) :={€ e H'(0,19) : £, < At™7 forae. t € [0, 10]}.

Our first argument is to show that, on these sets, I is an L°°-contraction. The
proof follows by comparing the first hitting times of a single Brownian motion
driven by two different drift functions (Proposition 3.1), which is a coupling of
the X ¢ processes in (1.6) to the same Brownian motion B. As a by-product of this
method, we can deduce that differentiable solutions are minimal in the class of
potential cadlag solutions, which is an important ingredient in the main uniqueness
result (Theorem 1.8). The power of the technique lies in the ability to estimate the
positive part of the difference (L; — L;)*, for two solutions L and L, assuming
only the regularity properties of L and not L.

THEOREM 1.6 (Contraction and minimality). For any y € (0, %) and A > 0,
there exists ty > 0 such that for all £, le S(y, A, 1y),

_ 1 _
[T = T e 0,1 < 516 = Do
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Moreover, if there exists a solution L € S(y, A, ty) to (1.1) for some y € (0, %),
A > 0and ty > 0 and another solution L that is cadlag, then L, > L; forall t < 1.

To construct a fixed-point solution, we find choices of the parameters y, A and
fo such that the map I" stabilises on the set S(y, A, fp). An interesting product of
our technique is that we are able to recover the exact regularity of the solutions
at time zero from the decay of the initial condition near the Dirichlet boundary.
Thus, the main factor in the short-time growth of solutions is the behaviour of the
heat equation with absorbing boundary conditions and not the feedback effect in
the model. This should be an indication that something new is required to tackle
Conjecture 1.3. Crucially, we rely on Girsanov’s theorem to control ¢ — B; — af;,
for which we require £ € H 1(0, 19). Notice, however, that if Vy(4-0) > 0 as in the
hypothesis of Conjecture 1.3, then we must have £, > const. x /¢ (by comparison
with the case o = 0), and so we can no longer expect this approach to be viable.

THEOREM 1.7 (Stability and fixed point). There exists a constant K > 0 de-
pending only on B, C and x, such that for all ¢ > O there exists to for which
1-— 11—
r :S(T'B, K +s,t0> — S(T'B, K + ¢, to).
Hence T has a fixed point, L =T[L], in S(I_Tﬁ, K + ¢, ty) and this solution is
unique in the class of candidate solutions in Uy, <12, 40 S(¥, A, 10).

This short-time fixed-point construction can be extended by observing that if L
is in the space H'(0, fo), then, by appealing to Girsanov’s theorem, we can show
that the density V;,— must have decay of order O (xP) near the Dirichlet boundary.
In other words, we can recover the regularity of the initial condition at time #y, and
so exactly the same argument can be applied to the system restarted from time #.
Consequently, we can extend the solution constructed in Theorem 1.7 onto another
small nonzero time interval and iterate this procedure, so long as the solution we
obtain is in H'. The catch that prevents this procedure from giving a differentiable
solution for all times (recall that this would contradict Theorem 1.1) is that we
lose control of the constants in the relevant S subsets. Hence the construction
only applies up to the first time the H'-norm of the solution explodes. Trivially,
this occurs no later than the first jump, however, the mathematical challenge in
attempting to restart the problem after an explosion time seems no less difficult
than Conjecture 1.4.

THEOREM 1.8 (Uniqueness up to explosion). There exists a solution, L, to
(1.1) up to time

fexplode 1= sup{t > 0 [|L|l 1., < 00} € (0, oc]
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such that, for every ty < fexplode» we have L € S (%, K, ty) for some constant
K > 0. Furthermore, L is the unique solution on [0, texplode): If L is any other

generic cadlag solution to (1.1) on [0, t] for some t < texplode, then Ly = L forall
s €[0,1].

The analogous result for the McKean—Vlasov problem corresponding to (1.2) is
presented in Section 6. The first step towards uniqueness is given by Theorem 1.6:
The differentiable solution constructed in the first part of Theorem 1.8 is minimal,
so it must be a lower bound of any generic candidate cadlag solution, at least in
small time. To obtain an upper bound, we introduce a family of processes in which
we kill a small proportion, ¢ > 0, of the initial condition at time zero. In Sec-
tion 5, we show that these modified solutions cannot overlap and so they bound
the generic solutions from above. By returning to the contraction argument in The-
orem 1.6, we show that these modified solutions converge to the differentiable
solution as the amount of deleted mass, &, tends to zero. Thus, the envelope of so-
lutions shrinks to zero size and this forces uniqueness of solutions. The power of
this method is that it circumvents the need to have quantitative information about
the generic candidate cadlag solutions.

REMARK 1.9 (Propagation of chaos). Theorem 1.8 resolves ambiguity about
the validity of the propagation of chaos. By following the methods in [6], it can
be shown that the particle system in (1.2) has limit points that converge in law
(with respect to a suitable topology) to a cadlag solution of (1.1). Now that we
have uniqueness amongst general cadlag solutions, we can conclude that this is
in fact full convergence, up to the first explosion time, and not just subsequential
convergence.

Overview of the paper. In Section 2, we motivate and explain the physical
condition (1.8) and prove that it is necessary in order to have a cadlag solution.
In Section 3, we prove Theorem 1.6 via a comparison argument. In Section 4, we
prove Theorem 1.7 by finding a space on which the map I" stabilises. In Section 5,
we prove Theorem 1.8 by extending the fixed-point argument up to the explosion
time and introducing the e-deleted solutions used to bound candidate solutions.
In Section 6, we show how our arguments can be extended to incorporate more
general drift and diffusion coefficients.

2. Minimal jumps and «-fragility: Proof of Proposition 1.2. Our aims in
this section are twofold: First, we prove that the physical jump condition in (1.8)
yields the solution with the smallest possible jump size (at any given instance) and,
second, we provide some intuition for this behaviour.

We begin by observing that regardless of the initial condition, at any time ¢ > 0,
the measure v; will have a density.
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PROPOSITION 2.1 (Existence of a density process). Let (v¢);>0 be the law
of a solution, X, to (1.1) absorbed at the origin. For all t > 0, v; is absolutely
continuous with respect to the Lebesgue measure and, therefore, has a density
function, V; : (0,00) — (0, 00). Moreover, if vy has a density Vo € L™, then
Villoo < I Volloe-

PROOF. By omitting the killing at zero, we have the upper bound
o
vi(S) <P(Xo+ B —aL; €8)= /S/O pr(xo +x —aLy)vo(dxg)dx,

where p; is the Brownian transition kernel. Hence v;(S) < Q)12 Leb(S), so
the first claim follows from the Radon—Nikodym theorem. If vg has a density Vj
in L*°, then we get

o.¢]
Vi) = [ puCro+x = L Vo) dxo < [ Volle,
since [p p;(y)dy = 1. This proves the second claim. [J

As remarked in Section 1, equation (1.7) alone is insufficient to determine the
jump size at a given time. Not only is zero always a solution of that equation, but
there may indeed be many other solutions that differ from the physical solution
given by (1.8).

EXAMPLE 2.2. Suppose we have an initial law vy with density
Vo(x) = 05_110<x<ot + 205_1120:<x<30{-
Then any jump size AL € [0, 1]U {3} solves (1.7), however, the physical solution

is given by the condition ALy = 1; see Figure 3.

Vo(;l’)

2a71" 1 3t

(67 T 1

! !
| |
| |
| |
! !
! ! 1t
| |
| |

o oa 34 ° R R T

F1G. 3. The function from Example 2.2 is on the left. The candidate jumps—that is, solutions to
(1.7)—are the points on the right where the graphs intersect. The point (1, 1) gives the minimal
allowed jump size of 1, since x =1 is the value given by (1.8).
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An alternative way to view the physical jump condition (1.8), which better mo-
tivates Proposition 1.2, is the notion of fragility. To state a proper definition, con-
sider first the sequence

fo(u, a, &) == n(0, ae),
for1(p, @, 8) i= (0, ae + afy (1, a,8))  forn >0,

for a given measure p and constants ¢ > 0 and « > 0. Notice that f,,(u, «, €) is
increasing in n and in €. Hence we can deduce that the limit fo (1, o, €) exists and
is an increasing function of €. Therefore, we can sensibly define the following.

2.1)

DEFINITION 2.3 («-fragility). The measure, i, is said to be a-fragile if

lirr(l)foo(u,a, e) #0.
£—

To see why «-fragility is related to physical solutions, consider starting the heat
equation from an initial law vy. In small time, we will immediately lose mass at
the boundary, say an ¢ amount. To approximate the contagious system in (1.1),
we must then shift the measure down towards the origin by an amount a¢. If we
apply this to vg, we obtain a loss of fy(vg, €, &), which we can then further shift
our initial condition by, and so on, hence obtaining fu(vo, &, €) in the limit. If
this terminal quantity does not shrink to zero with &, we should not expect the
solution to (1.1) to be right continuous at ¢+ = 0: An infinitesimal loss of mass
starts a cascade of losses summing to a nonzero amount. Indeed, this is a heuristic
version of the argument presented in the proof of Proposition 1.2 below. For now,
we notice that there is, in fact, an exact correspondence between foo (4, ¢, 04) and
the physical jump condition (1.8).

PROPOSITION 2.4. For any atomless measure |1 on the positive half-line and
o > 0, we have

lir%foo(p,, a, &) =inf{x > 0: (0, ax) < x}.
e—

PROOF. Write f :=lim,_¢ foo(, &, €) and
xo :=inf{x > 0: (0, ax) < x}.

Suppose f < xg. Then we can find ¢ > 0 such that foo(u, o, &) + € < x9. By
taking the limit as n — oo in (2.1), we get

fOO(/’L’ (X, 8) = /’L(Os (02 +afOO(Mva’ 8)) Z £ + fOO(/’L’ Ola 8)’

where the inequality is due to the definition of xo, but this is clearly a contradiction.
Suppose f > xg. By definition of xq, we can find a sequence (xs) | xg as é | 0
such that

w(0, axs) < x5 — 4.
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Fix any such § > 0 and take ¢ € (0, x5 A ), then we have
Jo(u,a,8) =p(0,ae) < u(0, axs) <x5 — 38 < x5 —¢.
Since fo(u, o, €) + € < x5, we may now repeat the argument to get
filp, o, &) = (0, e +afo(i, o, €)) < (0, axs) < x5 — 8 < x5 — €,

and so on. Proceeding inductively, we conclude that f < x5 — &, so taking § | O
gives f < xg, which is a contradiction. [J

EXAMPLE 2.5. Returning to the density Vy from Example 2.2, we define
Ng = |_e_1 — 1] fore < 1. Then a(n + 1)e <« for all n < N, so we get

SnVo,a,8)=(m+De <1 Vn < N;.

Thereafter, we have o < a (N, + 2)e <2, 50 fn,+1(Vo, a, &) =1 and, since o <
ae + a < 2, it follows that f, (W, «, €) remains equal to 1 for all n > N,. Con-
sequently, we have fo(Vo, @, e) =1 for all € < 1, and hence foo(Vp, o, 0+) =1,
which indeed agrees with the physical jump condition.

REMARK 2.6 (Restarting solutions at a nonzero time). To prove Proposi-
tion 1.2, it will be sufficient to take # = 0 in the statement of the result, since
we can always restart the system at a time ¢ > 0, taking ¢ as our new time origin.
This might be confusing at first glance as we specified Lo = 0 in our definition of a
solution to (1.1). To be clear, if we want to solve (1.1) from a time ¢ > 0 onwards,
and we have a solution L up to time ¢, then we can solve the problem

)?x—x—i-B —alLy,
=inf{s >0: Xx<0}

L _/ ‘c <s V,(x)dx,

LO_O and Lcadlég,

for s > 0, where V; is the density for the problem at time ¢. Indeed, this is exactly
the same formulation as (1.1), except the initial condition is a sub-probability den-
sity. We then have that

Ly:=L;+ Zu—t
is an extension of L for u > ¢, which solves (1.1). Therefore, restarting the system

at a nonzero time is just a matter of normalising the initial condition.

PROOF OF PROPOSITION 1.2. For a contradiction, suppose that L is a cadlag
process satisfying (1.1) for which the inequality in Proposition 1.2 is violated. As
noted in Remark 2.6, it suffices to assume that this occurs at # = 0, and this implies
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that xo := inf{x > 0:v9(0,ax) < x} >0 and L, — 0 as i | 0. By definition of
X0, we have

(0, x) > o 'x for x < axg.

Thus, if F is a decreasing differentiable function, then

ax ox

’ F(o)vodx) = F(arxo)vo(0. axg) — [ " F (x)v0(0, x) dx

axo
zoz_l<ozon(axo)—/0 xF/(x)dx)

oxg
=a! / F(x)dx.
0
Using this lower bound, it holds for any /4 > 0 that

o0
Ly=P<h)> f P(By < aLy — x)vo(dx)
0

axg
>q ! P(B, —alLy <—x)dx
0

ah™ 2 (xg—Ly)
— o lpl2 / ®(—y)dy.
—ah~1/2L,

Here, @ is the Normal c.d.f. and we shall also need the Normal p.d.f., ¢. Observe
that the function
Y(x):=¢x) —xd(—x), xeR
satisfies
(2.2) ¥'(x) = —®(—x) for every x € R.
Now let cg := axp/2. Since we are assuming Lj; — 0, we have a(xo — Lj) > co
for all 4 > O sufficiently small, and hence

—1)2 coh™!/2 coh™1/2
ah™ Ly [ iy, POy =[x =],
Using ®(ah~2L;) =1— ®(—ah~'2Ly) and ¢ (—ah™/2L;) = ¢p(ah™'/2Ly),
we can rearrange this inequality to find that

d(ah™V2Ly) —ah V2L, & (—ah V2 Ly)
< ¢(Coh_l/2) — Coh_l/zq)(—C()h_l/z).

In other words, for all & > 0 sufficiently small, we have
\D(ah_l/th) < lI!(coh_l/z),

but this then gives us our required contradiction: By (2.2), W is strictly decreasing,
and if L, — 0 as & | 0 then we can certainly find % sufficiently small so that
ah~ V2L, <coh™ V2. O
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3. Contractivity of I' and minimality of differentiable solutions: Proof of
Theorem 1.6. The main objective in this section is to prove Theorem 1.6, which
states that differentiable solutions are minimal and that " is contractive on L.
The key technique is the following comparison result, which is obtained by cou-
pling two outputs, I'[¢] and I'[£], of the map (1.6) to the same driving Brownian
motion.

PROPOSITION 3.1 (Comparison). Let £ and £ be two increasing and initially
zero cadlag functions and I" be defined as in (1.6) for model parameters o and vy.
Suppose that € is continuous on [0, ty). Then

Z{ZCD( M) —l}dl"[ﬁ] f t<i
o s s or every 0,

where x := max{x, 0} and ® is the Normal c.d f.

(rLel, — i)t 5/

0

PROOF. It is no loss of generality to take a Brownian motion, B, and initial
value, X, such that (1.6) holds with this B and this X for both £ and ¢, that is,

X' =Xo+ B —al, and X'=Xo+ B —al,,

where we denote the respective hitting times of zero by t and 7.
By conditioning on the value of 7, we have

I'[¢], =T, <Pzt <t,T>1)

= ftP(f > t|t =s)dT'[€]s
0

t _

_ : 14 _

_/O P<uéﬁ)f,t] X{ > 0z =s)dT[e];
t

3.1) < / ]P’( inf {X{+ B, — By —a(l, — I5)} > 0|t =s)dF[£]s,
0 uels,t]” -

where in the final line we have discarded the contribution on u € [0, s]. Since ¢ is
increasing and « > 0, we can further bound (3.1) by

F[Z],—F[Z_],f/otﬂ”( inf {X!+ B, — B} > 0[r =s)dT[el,.

uels,t]
On the event {t = s}, we have Xf =0, so
Xy =X — Xy =a(ty — &)

and thus we have

- t -
rle), - TIe) < /0 P(,inf (Bu— By} > —a(t; ;) drle);
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t
</ IP( inf {By — By} > —a(ls .y )+)d1“[£]3

- uels,t]

_/ {ch( ¢ — S)+)—1}dr[e]s.

Since the right-hand side is positive, we can replace the left-hand side by its max-
imum with zero, so the proof is complete. [

When I'[€] is differentiable with power law control on its derivative near zero,
then we are able to use this derivative to get a more direct bound.

COROLLARY 3.2. Suppose that '[£] € S(y, A, ty) for some y € (0, %), A>0
and to > 0 (recall Definition 1.5). Then there exists co > 0, independent of ty and
£, such that

; s — )7t
e R

T—ds foreveryt <ty,
0 (t —s)2sY

where £ is any cadlag function that is increasing and initially zero.

PROOF. We begin by noticing that x > 2&(ax) — 1 is bounded above on
x > 0 by the linear function

X cixi=a,/2/mx.
Therefore, by Proposition 3.1,

7\t
(T[e], = T[E]) " < e /’ Mrmg ds.

0 (t—s)2

The result follows since I'[£], < As~7, by definition of S(y, A, 1p). O
It is now a straightforward task to prove Theorem 1.6.

PROOF OF THEOREM 1.6. With A and y fixed as in the statement of the result,
take £, £ € S (v, A, tp), where we will show how to take fg sufficiently small (and
independent of £ and £) so that we have the result. With ¢o > 0 as in Corollary 3.2
and the symmetry in £ <> £, we have

ds

- AV t
|C[e]; — Trel| SCO/ — = ds < collt — €]l Lo, ’0)/ —_—
(t—s)2s7

(t—s)2s87

1, i}
<citg "€ —Lllr=0,1)

for t < tg, where c; > 0 is a constant independent of #g, £ and ‘. Consequently, it

suffices to take #y such that clté /2=y < %
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For the second half of the result, take 7o now fixed as in the statement. By the
same estimate as above applied to Corollary 3.2, we have

1
- 1y -
(Li— L)t <eirf (L - L)+||L°0(o,tl) for every t <1y,

1_
where 1 is any time with #; < #9. Therefore, taking ¢#; > 0 such that cltf Y <1

forces
(L= L) | oy =0

thatis L, > L, fort <1.
By returning to Corollary 3.2, and repeating the same estimate again, we can
deduce that
- - 4 ¢ ds
(Li— L))" <|(L-L) ||L°°(t1,t2) ————ds for every t <t,
151 (t — s)isV

for any f, < #9. Thus, by taking #, > | sufficiently close to ¢, we can again force
7yt
(L= L) foo,0) =0

Continuing to repeat this argument, we obtain a sequence of times 1| <fp < --- <
th <--- <ty If t, = t5 < 1y, then the argument also applies at time 7, and so can
be restarted. Furthermore, if this procedure ever terminates at a time strictly less
than 79, then the argument can be restarted (by left continuity) for a nonzero time,
thus contradicting the termination. Hence we conclude that we have L > L up to
the time #5. U

4. Stability of I' and the fixed-point argument: Proof of Theorem 1.7.
Here, we show that we can choose parameters such that I' maps S(y, A, fp) into
itself. From this and Theorem 1.6, we are then able to conclude the existence of
a solution in short time by the Banach fixed-point theorem. We will also carefully
track the contribution to the regularity of the solution near time zero due to the
decay of the initial density near the Dirichlet boundary. To this end, we will see

that the exponent # in Theorem 1.7 comes directly from Lemma 4.2 below.

LEMMA 4.1. With £ and T" above,
o0 o0 t
rieh =1 [ [ G0 devotaro) + 2 [ E[pi- (X)L des.
where

2

1 .
pr(x) = \/ﬁe 2, Gi(x,y):=pi(x—y)— p(x+y).
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PROOF. Fix t and take u to be the solution to the backward heat equation on
the positive half-line with Dirichlet boundary condition:

1
atu(sax)-i_zaxxu(sax):()? M(',O):O, u(t,x):1x>0-
That is, let
00
u(s0)i= [ Gy dy.

By applying Itd’s formula to s — u(s, Xsa¢), we obtain
1
du(s, Xsnr) = 1s<r{8s + Eaxx }M(S, Xs)ds + 15 0xu(s, Xs)d(Bs — aly).
Since dsu + %8,6 xu =0, integrating in time and taking expectation gives

t
E[1(t. Xir)] = E[u0. Xo)] — [ E[L-c0,u(s. X,)]dts
where the endpoints take the values

E[u(t, X,0)] =P(x > 1) = 1 —T'[£],,

E[u(0, Xo)] = E/(;OO G:(Xo,x)dx = /Ooo /000 G (xg, x) dxvy(dxg).

It remains to notice that

_a=p?  _en?
A—s) — e 20—9) }dy

o0 1
axM(S,X):/(; max{e

o0 1 _a—p? _Gn?
=~ s tile T ey
2 x2
=—— ¢ 2= =2p;_.(x).
T2 —9) Di—s(x) ]

Our strategy is to apply the method of difference quotients [7], Section 5.8.2,
Theorem 3, using Lemma 4.1. With ¢, § > 0 fixed, the starting point is to write

T[€]4s — T[E] = — /0 fo (Gr45(x0, x) — G (x0, x)) dxvo(dxo)
t+46
+2a /t E[pris_s(X)1y-c]dty

t
+ 205‘/0 E[(pt+8—s(Xs) - pt—s(Xs))1s<r]d£S

4.1) =L+ 5L+
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In order to estimate these three integrals we must make use of the assumption (1.9)
on the behaviour of vy near the origin. Recall that we have constants C, D, x,, 8 >
0 such that

Vo(x) < CxPli<y, + D1y,
LEMMA 4.2 (I). There exists to = to(C, D, x,) >0 and K = K(C,x,) >0
such that
0<1 <K (St_#,
forallt <tyandé € (0, 1).
REMARK 4.3 (Constants). In the proof below, we will allow the constants to

increase as necessary, but we will pay close attention to ensure that K does not
depend on D (whereas 79 does).

PROOF OF LEMMA 4.2. By the fundamental theorem of calculus, and proper-
ties of G, we have

o0 OO 1
I=-5 f / / 8 G195 (2, x) d6 dxvo(dz)
o Jo Jo
S o0 oo 1
=——/ / / 0xxGr105(z, x) dO dxvo(dz)
2Jo Jo Jo
) 1 0
=2 [ | 8:Giras(0. v0(dz) o
2 Jo Jo

8 Lo z _ 2
= A ———e¢ 2409
JE/() /0 (t +68)2°¢ 99 Vo(z) dz do

8 1 00 Z 12 1
- /_27,/0/0 WE_TVO((I+95)7Z)dZd0.

Splitting the z-integral and using the bound on Vj gives

1
8 1 X*([+9(S)77 1-B 22
I < —/ c/ (t+608)" 72 !PT 4z
27 0( 0

00 | 2
+ D (t+606)" 2z 2 dz)d@
X (t+08) 2

< 6 ([(;—# +D(t+8)_% —z<f—ia>)
— e .
T V2

Note that the final term is a bounded function of D and x,, so by taking #y (and §)
sufficiently small we can conclude the result. [
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In order to control /I; from equation (4.1), we need to make some assumptions
on the regularity of £. Provided £ is in H!, we have that r — B, — a{; is absolutely
continuous with respect to Brownian motion, and so we can proceed as below with
a change of measure.

LEMMA 4.4 (A Girsanov argument). Let F : R — R be measurable and
bounded and assume that £ € H'(0, tg) for some to > 0. Then for all ¢ > 1 and
t €10, 10],

21912
(04 ||£ ||L2(0,l)
2(g —1?

where W is a standard Brownian motion, started from vo, and TV is its first hitting
time of the origin, that is, W= inf{r >0: W, =0}.

]E[F(X[)lt<-[] < exp{ }E[F(W,)q1t<fw];,

PROOF. Let Z; denote the Radon—-Nikodym derivative

dQ ! o [t
Zt:d_P]_-t:eXp{aA E;dBS—7 O(E;) dS}

fort € [0, to]. Under Q, t — B; —a{; is a standard Brownian motion by Girsanov’s
theorem. Therefore, applying Holder’s inequality gives

E[F(X)1,<: ] =EYZ, ' F(X)1,..]

Q=

1
<E9[Z "] EY[F(X)1; ]

Q=

1
<E[Z, 7] E[FW), ow]7,

where ¢! 4+ r~! = 1. Finally, it is a simple calculation to see that

B[z ")

a2 209712
exp T(r— D7|le HLZ(O,z) ’
and this completes the proof. [

COROLLARY 4.5. Suppose £ satisfies the conditions of Lemma 4.4 and fix
q > 1. Then there is a constant cy > 0 depending only on Vo and q such that, for
allu,s >0and ¢, n >0,

E[XS pu(X;)1s<r]
210912
2] . )
Scoexp{iwoiw} R e S L S
2(q — 1)
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PROOF. We first prove the bound for Brownian motion, and then we appeal to
the previous lemma for the full result. From the assumption (1.9), we can certainly
find a constant c¢o > 0 such that Vo(x) < cox? for all x > 0, and so

E[WE pu(Wy)1, ] < f / X955 Gy (0. x)xE dxo dx,

where from here on we absorb the relevant numerical constants into cg. Using the
estimate,

2 XX _(x—2x0)2
Gg(xg,x) < 7(27‘[5‘)1/2 T Al)e s

together with the substitution xg — xg — x gives

E[Ws(HPu(Wv)qls<rW]

2

o0 x2 o0 X
4.2) < SO : f x4 e Tr / (x —i—xo)’g(M A 1>e_2_2 dxodx.
0 —X N

uzs?2

Now notice that for generic a, b > 0 we have the inequality
a@a+b)Aal<(@nl)+bBAL.

Hence it holds for x >0, xo > —x and 5 € [0, 1] that

2 2\n 2
x(x+x0)/\1§<x_/\l>+<|x0x|/\1>§(x_> +<|x0x|)
S S S h) h)

Combining this inequality with (x + x0)? < c1(Jx|® + |x0|?), for ¢; > 0 a constant
depending only on S, allows us to bound the inner integral in (4.2) by

*© x2\" xox |\ 2" X
[ o) () (P2 e
—X
! o x2 n X0X 27 X,
Scosf/ (IXI’S+sﬂ/2Ixo|’3)(<—> +<| f/zl) )e—fdxo
o ; -

1_ 1,8
§c0(|x|’3+2”s2 m 4 |x|2s2t2 7.

1/2

Setting this into (4.2) and making the change of variables x — u/“x, we obtain

g—1

g 3 ¢ _g-
E[W p,(We) 1, _w] <co(u2 "5~ s 4 uts —"2 5277),

Finally, the result for X in place of W follows by invoking Lemma 4.4. [

LEMMA 4.6 (Ib). IfL e S(y, A, ty), then there exist constants ¢1 > 0, 61 > 0
and 6, € [0, 1) (depending on £) such that

146, ,— L6,
0<Dh<cié t 2 foreveryt € (0, tg).
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REMARK 4.7. Formally, the integrand in /; converges to a Dirac mass at zero,
evaluated at X and multiplied by 1,,. We expect such an expression to vanish
since s < t implies X > 0. While this argument is not rigorous, it suggests why
I, = 0(8), and hence why this term will not contribute to the bound on I'[¢]’ in the
proof of Theorem 1.7.

PROOF OF LEMMA 4.6.  We begin by applying the bound ¢, < As™" to see
that

t+6 t+6 ,
L= 2“/ E[pt-i—ﬁ—s (Xs)1s<r] dls = 20{/ E[pt—f—(?—s (Xs)1s<r]£s ds
t t

t+6
<20 A f E[prss_s (Xs)1y<c] ds.
t

Taking u =t + 6 — s and ¢ = 0 in Corollary 4.5, and bounding with the worst-case
exponents, gives

_,_n [t n_1_1 1_leq_1y _,_n
L <cpt ” ‘1/ (t+68—s)4 23 ‘/)dS=C351+‘/ 2=~y q,
t

where ¢ and c3 are constants depending on £. The result is now complete by

choosing 1 and ¢ so that y + g < % (possible since y < %) and g — %(1 - %) >0

(take g sufficiently close to 1 and maintain constant ratio n/g). U
The third term, I3, is not so simple to control.

LEMMA 4.8 (I3). Ify < % and t € S(y, A, ty), then there exist constants co >
0, c1 > 0 and 63 > 0 (depending only on Vy and y) such that

_ -8
|I5] < coaAS exp{clazAzté ZV}I_T+93 forevery t € (0, 19).

PROOF. We begin by applying the fundamental theorem of calculus to see that

Pr+s—s(Xs) — pr—s(Xs)
)
=/(; Oy Pr—s+u(Xs) du

1 1)
=5 | (=540 = =5 407 prsa(X) d

and, therefore,

1 )
| Pros—s (Xs) — pr—s(Xs)| < 5 /0 (X2t —s+u) 2+t —s+u) ") pr_sru(Xs) du.
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Taking an expectation and using Corollary 4.5 gives

E[|pl+8—s (Xs) = Pi—s (Xs)‘1s<r]

21107112
|||
< CoSexp{—Lz(O’ZZO)}
2(g—1)
B q—1 g-1 5 1
4.3) x ((t =)zt 27 457N 4 (t — )17 7 95274,

where co depends only on V{y and the choice of ¢ and 7.
By applying the bound (4.3) to the expression for /3, we get

21912
a” || €]y 1/8 —1
(0,79) q n
I3| <2Acoad — =g =(= )
I13] < 2Acom eXp{ 2(qg — 1)? }< (q(Z—ir77 2 q) q y)

1 qg—1 B
Wt )
q 2 29 ¢q
where J is defined to be
t
(4.4) J(a,b) ::/ (t — 5)%sP ds = Cr!Het?b,
0

for a constant C = C(a, b) > 0, provided a > —1 and b > —1. To keep the above
exponents bigger than —1, we need to select n and g so that % < g <1—-2,
whereby we obtain

a2||€/||i2(0,) ﬁfl(lfl),
|I3|§AC00l86Xp{7’20}12q 2=~y
2 -1
20912
=ACoa86xp{M} _%—#(1—5)4-%—}/,
2(q — 1)?

where we have absorbed numerical constants into cg. Since y < %, we can take
q sufficiently close to 1 so that we have the required exponent. The proof is then
complete by noting that

2
A (=2

2 0o
||f/”L2(o,to)5/0 A%s™Vds = 1—2,0 0

PROPOSITION 4.9 (Stability of I').  There exists a constant K > 0 depending
only on C and x, such that for every € > Q there exists ty > 0 for which

F:S(#,K—I—s,t()) %S(%,K—i—e,m),

where to also depends on the model parameters.
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PROOF. Take K and 1y as in the conclusion of Lemma 4.2. We will decrease
the value of #y throughout the proof, but this is the K in the statement of the result.

First, we check that I : S(%, K + ¢, 19) — H'Y(0, t)). Combine Lemmas 4.2,
4.6 and 4.8 to get

Ll€li+s — T'LE]:
)

18 1
<Kt 2 480t 2%

(4.5) + coa (K + &) exp{cia®(K +g)zz(’)3}f%+93,

and so we have

0]
lim sup
§—0 Y0

N — T[] 12
[ ]z+88 [€]; Jt < oo,

By the method of difference quotients [7], Section 5.8.2, Theorem 3, we conclude
that T[¢] is in H! (0, tp), as required.
Taking a pointwise limit in (4.5) gives

1-8 1-8
IT[e))| < Kt™ 2 4 coa(K + &) explcra® (K + s)ztg}t_7+93

1-8 1-8
<Kt~ 7 +coa(K +e)explcra’ (K + s)zt(’f}tg%*T.

With ¢ > 0 fixed, we can now take 7y > 0 sufficiently small (since the constants in
the bound in Lemma 4.8 do not depend on the value of #() so that

coa(K +¢) exp{claz(K + s)ztg}tg3 <e,

which completes the proof. [J

With Proposition 4.9 now in place, it remains to show that we can find a fixed
point and deduce that it lives in one of the sets S (%, K +¢&,1p).

PROOF OF THEOREM 1.7. Take K, ¢ and fg as in the conclusion of Propo-
sition 4.9. Take #( sufficiently small so that the first half of Theorem 1.6 holds.
Define the sequence

.=, ¢ =1[" D] foreveryn > 1.

By the Banach fixed-point theorem, we know that there exists a limit point £ —
L in L®°(0, #p), as n — 00, and that I'[L] = L. So L solves (1.1) on [0, fp).

Tosee L €S (#, K +¢, 1p), notice that, since I"[£] is bounded by 1, dominated
convergence gives

0=3| Liys — Ly |?
/ 1+68 A
0 )
to—5 E(n) —E(n) 2
(4.6) < lim sup A B, for every 6 > 0.
n—oo J0 1)
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Proposition 4.9 ensures M e S( %, K + ¢, ty), so we have the estimate
146
(n) (n) ’
|Et+8 -4 = ‘/t (Kgn)) ds
Using this in (4.6) yields
LH—S —L;

to—34
5

and hence the method of difference quotients ([7], Section 5.8.2, Theorem 3), gives
that L is in H'(0, tg). Moreover, it holds pointwise almost everywhere in (0, #g)
that

1-p
<(K+e)yx z34.

2 to —p
dts(K+8)/ 172 dt < o0,
0

(n) (n)
L —L V4 — 1-8
< R TR gy ST o (K +e)t 2,

- o) n— 00

0

so sending § — 0 gives that L € S (#, K + ¢, 1), as required.
The uniqueness statement follows immediately by applying the second half of
Theorem 1.6. [

5. Bootstrapping and full uniqueness up to explosion time: Proof of The-
orem 1.8. Here, we show how the solutions from the fixed-point argument in
the previous section can be extended up to the first time their H' norm explodes.
(Trivially, this time occurs before or at the first jump time.) The key to this boot-
strapping method is to notice that if £ € H'(0, ty), for some f, then necessarily
Vip—(x) = O (x?) (Lemma 5.1). Not only does this show that #y cannot be a jump
time, it also allows us to apply the fixed-point argument once more, thus extend-
ing the solution to H 1(0, 1) for some t; > 1 (Corollary 5.2). The first half of
Theorem 1.8 then follows by iterating this argument (Corollary 5.3).

After the above, we proceed to prove the second half of Theorem 1.8. The idea
is to consider modified initial conditions for which a fixed portion of the initial
density is erased and added to the initial value of the loss process (Definition 5.4).
An argument that shows solutions cannot overlap (Lemma 5.6) then allows us to
trap any general cadlag solution of (1.1) between the modified solutions and the
minimal differentiable solution. The proof concludes by showing that the size of
this trapping envelope shrinks to zero as the size of the initial modification is taken
to zero (Lemma 5.7), thus forcing the minimal solution and the general cadlag
solution to be equal (see Figure 5).

5.1. Bootstrapping of solutions.

LEMMA 5.1 (Recovery of initial exponents). Suppose that L € H'(0, tg)
solves (1.1) for some ty > 0, with the usual assumption (1.9) on Vy. Then there
exists further constants C', D', x. > 0 such that

Vip—(x) < C’xﬁ1x<xi + D/lxzx; for every x > 0.
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PROOF. Note that there exists a limit L,,— = limg4,, Ly, since L must be in-
creasing. Therefore, there exists a left limit density V;,_ (recall Proposition 2.1).
Now fix ¢ < #9. Our strategy is to apply Hunt’s switching identity ([1], Theo-
rem II.1.5), so define the dual process

dX,=dB; +adLy, Ly=1L,_,, T=inf{s > 0: X, <0},

for s € [0, t]. Then we have
[ o@Ex [y XL ]dr = [ v B, [6R0 L] dx,

for all nonnegative measurable functions ¢ and . (Note that, since L € H (0, 19)
and AL;, = 0 by the hypotheses, we have continuity of L.) By taking ¢ = Vj and
Y, an arbitrary nonnegative measurable function, we can conclude that

(5.1) Vi (x) = Exgmx [Vo(X)1, 7]

for almost every x > 0.
Since L € H'(0, to), X is just a Brownian motion with a H I drift. Therefore,
we can apply Lemma 4.4 with X in place of X and F = Vj to get

—~ 1
Exy=x[Vo(X0)1i<z] = CqEwo=x[ (VoW1 ,w)"]7

for any g > 1, where W is a Brownian motion and C; < 0o depends on L, #p and

g and is independent of . (We have absorbed the exponential factor into Cy.) By

the assumption that Vy(x) = O (x#), and increasing C, as needed, we deduce that

X 1
EXO:X [VO(XI)II<?] = C‘]EWOZX [(Wt1t<rw)q'3] 7.
Provided we take g > 1 such that g8 < 1, we can apply Jensen’s inequality to get
IEXO:X[VO()?t)IK?] < CqEW():x[th,<,w]’3 — quﬂ‘

Putting this into (5.1) gives the required bound near zero at time ¢. Proposition 2.1
gives Vi (x) < || Volloo, SO We have the required boundedness away from the origin,
too. Since the constants obtained above are independent of 7, we can find C’, D’
and x, such that

Vi(x) < C/xﬁ1x<xi + D/lxzxi

for all x > 0 and ¢ < 9. By sending ¢ 1 1y, we have the result. [

The implication of Lemma 5.1 is that at the end of the fixed-point argument
from Section 4 we can restart the argument with new initial conditions that have
the same power law decay. As a result, we can push our construction of solutions
by a further nonzero amount of time. Notice, however, that we lose control of the
exact constant that we had in Theorem 1.7, and hence the proceeding results are
qualitative, not quantitative.
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COROLLARY 5.2 (Extending solutions). Suppose we have a solution L €
H' (0, to) to (1.1). Then there exists t| > ty such that L can be extended to a solu-
tion of (1.1) on (0, t1) for which L € H' (0, 11). Furthermore, ifL e S(#, Ko, tp)
for some Ko > 0, then we can find K1 > 0 such that the extension satisfies
LeS(SE ki, m).

PROOF. Since we have L € H'(0, tp), Lemma 5.1 implies that V;,_ satisfies
the condition (1.9), for some constants C, D and x, (that are possibly different to
those for Vp). Therefore, by Theorem 1.7 there exists K1 > 0 and uo > O such that
we can find F € S(%, K1, ug) solving

Xto+u = Xto + B, —aky,
(5.2) ) = inf{u > 0: X1y <0},
F, = ]P)(‘L’(m) <u),

for u < ug (recall Remark 2.6). It follows that, if we define #1 := f¢y + 1 and

- (L if0 <1 < 1o,
L[ = .
Fl—[() lftoft <1,

then L extends L and solves (1.1) for all ¢ € (0, 1) with the required derivative
control. [

Naturally, we can iterate Corollary 5.2 to prove the first half of Theorem 1.8.

COROLLARY 5.3 (Bootstrap to explosion time). There exists a solution, L, to
(1.1) up to time

fexplode 1= sup{t > 0 [|L|l z1(., < 00} € (0, oC]

such that, for every ty < texplode, we have L € S(#, K, to) for some K > 0.

PROOF. By repeating Corollary 5.2, we can find an infinite sequence of times
fo <--- <t, <--- over which we can successively extend L. If t :=lim,_, o t,,
is such that ||L|| g1(o,,) = 00, then we are done. Otherwise, by the left continu-
ity of L, we can restart the argument from 7, by applying Corollary 5.2. This
procedure cannot terminate at a time for which || L[ 510 ) < 00, or else it can be
restarted, hence we conclude the result. [

5.2. Monotonicity and trapping. Our main technical construction will be a
solution to (1.1) for which we delete a portion of the initial condition near the
boundary and add that mass to the loss at time zero, before finally shifting the
density towards zero accordingly.
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DEFINITION 5.4 (e-deleted solutions). Suppose Xo has a density Vj and let
& > 0. Define the McKean—Vlasov problem

& 1 &
Xl = XOIXOE&‘ — 18 + Bt — aLt,
(5.3) ° =inf{r > 0: X; <0},
o0
Li=w0.e)+ [ Pxoma(® < 0)uo(@),
&

where solutions, L?, are taken to be cadlag.

It is not immediately clear that we can solve the above problem for ¢ > 0, how-
ever, careful inspection of the initial loss reveals that we can.

LEMMA 5.5 (e-deleted solutions exist). Assume vg has a density satisfying
(1.9). Then there exist K > 0, ty > 0 and &9 > 0 such that, for every ¢ € (0, &),

there is a solution L¥ € S(%, K, 1) to (5.3).

PROOF. We begin by noting that, for ¢ < g9 < x,, we have

p
¢ Cc Ce
w0.6) < [ Cxfdrs et < S0
0 1+ 1+

Hence we can certainly take g¢ sufficiently small such that

1
(0, ¢) < Za_ls for every & < gg.

This guarantees that vy (0, €) + }18 < %8 < &, so we can rewrite (5.3) as
5.4 LY =vp(0,¢) + F/,

where Ff is given by the McKean—Vlasov problem

X" =x+4 B —aFf

% =inf{r > 0: X;* <0},

o0
Ff =f P(z®* <t) V5 (x) dx,
0

1
Vo (x) = Vo (x +avp(0, ) + Z£> L tavg(0,6)+e/4>e5

see Figure 4. As noted in Remark 2.6, we can solve to find F¢, since VOS vanishes

onx < %8, so we certainly have the control in (1.9) for some choice of constants.
Furthermore, we have

1 \8
V()S(x) = C<x +av(0, &) + 18> 1x+avo(0,s)+s/4zs

1 \8
EC(X"‘ES) 1x28/2§2ﬂCxﬂ,
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Vo(z) Vo ()

1/0(0, 6) S~

5

|

|

i
e—aw(0,e) — %

FI1G. 4. Given an initial density, V(y, the e-deleted initial condition constructed in (5.4) is obtained
by killing the mass on (0, €) and shifting the density towards the origin by the amount avy (0, €) + 3—‘8.
The proof of Lemma 5.5 shows us that V(f vanishes in a neighbourhood of zero.

so we can find constants such that (1.9) holds for V; uniformly in € € (0, &). Since
the arguments in Section 4 for proving Theorem 1.7 depend only on the constants
in (1.9), we can conclude that the parameters of S obtained in Theorem 1.7 are
constant across the class of initial densities {Vj'}¢, for & < e9. Hence we have the
result. [

The solutions in Lemma 5.5 are useful because we have the following two com-
parison results, which say that the e-deleted solutions dominate and converge to
the traditional solutions of (1.1); see Figure 5.

LEMMA 5.6 (Monotonicity). Let e > 0 and to > 0 be fixed. Assume that L is
a generic solution to (1.1) and that L* solves (5.3) and that both are continuous
on [0, ty). Then

LY > 1L, for every t € [0, tg).

L]
L;
« L
0/
—
vo(0,7) Ly
o (O, 6)
Yy t
0

FIG. 5. On a small time interval, the unique differentiable solution, L, from Corollary 5.3 and the
g-deleted solutions from Definition 5.4 trap any candidate cadlag solution, L, by Lemma 5.6. Here,
n > e. Lemma 5.7 shows that L¢ — L uniformly on a small time interval as ¢ — 0, and so we see
that L = L is forced since the area between the curves above shrinks to zero.
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PROOF. By construction, the result is true at time ¢ = 0. For a contradiction, let
t be the first time at which L = L;. Couple both solutions to the same Brownian
motion:

Xs=Xo+ By —aLy,
& 1 &
XS = XOIX()ZE - ZS + BS — OlLs,
for s € [0, 1), so that taking the difference gives

& 1 &
X5 — X = Xolxy<e + i a(Ly — L) > —e.

B =

Therefore, from the definition of L], we get

Li =P( inf X <0)=lmP( inf X:<0)

O<u<t st O<u<s
1
Zlim}P’( inf X, < —8>
sttt \O<u<s 4
1
(5.5) =L, +P( inf X, € (0, —8]).
O<u<t 4

Now fix any f € Hl([O, t]) such that | L — fl o 0,]) < %s. Then we have

1 3
& 1 _ - P
(5.6) L; ZLz+]P’(OéI;fS{X0+Bu ful € (168, 168)).

By Girsanov’s theorem, u — B, — f, is absolutely continuous with respect to
Brownian motion, and the infimum of Brownian motion has a density, therefore,
the probability on the right-hand side of (5.6) is nonzero. Hence L7 > L,, which is
the required contradiction. [

LEMMA 5.7 (Convergence). Suppose there exist constants y € (0, %), K >0,
to > 0 and g9 > 0 such that L, L® € S(y, K, tg) for all ¢ € (0, 9). Then there
exists 11 € (0, tg] such that

||L8—L||LOO(0J1)—>O ase— 0.

PROOF. We know from Lemma 5.6 that L? > L on [0, f). By following the
argument in Section 3 for the proof of Theorem 1.6, and coupling L and L? to the
same Brownian motion, we have

0<L;—L;=P(r*<t<r1)

t
=/ P(t < t|t® =5)dLS +vp(0, &)
0
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t Ol(Li—Ls)-l-%g o
S/0 (D( (t —s5)1/2 )(L )S ds +19(0, ¢)

<eo(165 Lo+ 3¢) || oy +900,6)
=¢o L>(0,1) 48 0 (t_s)l/Zsy vo(u, &

1
<cot'/*7 (HLg — L] peoo.y + 1‘9) +10(0, €),

where ¢y > 0 is a constant independent of ¢, increasing from line to line as neces-
sary. Therefore, taking a supremum over ¢ < ¢ and taking #; sufficiently small, we
have

1
£~ Loy = 311 = Lm0,

which completes the proof. [J

We are now in a position to complete the proof of the main uniqueness theorem.
As already indicated, the idea is to trap a general candidate solution from below by
the differentiable solution from Corollary 5.3 and from above by the ¢-deleted so-
lutions, and then to shrink the resulting envelope to zero using the uniform control
in Lemma 5.7

PROOF OF THEOREM 1.8. Take the bootstrapped solution, L, from Corol-
lary 5.3. We will be done if we can show that there is not a solution to (1.1) on
[0, 7,) that is distinct from L, for any f, < fexplode- SO for a contradiction, suppose
that L is such a solution and let fump be the first discontinuity of 7 > L,.

By Lemma 5.5, we can find K > 0, #p > 0 and a family L° satisfying the hy-
potheses of Lemma 5.7. By decreasing £ so that fp < fjump, Lemma 5.6 and Theo-

rem 1.6 guarantee
L <L <Lt for every ¢ < fg.

By taking #; € [0, f9) from the conclusion of Lemma 5.7 and sending ¢ — 0, we
conclude that L = L on [0, 1;].

This argument can now be restarted from time #; and iterated as in the proof of
Corollary 5.3, hence we conclude that L = L up to the minimum of #jymp and z,.
If 7, < tjump, then we are done, so suppose fjump < fx. By left continuity, we have
that vy, — = Vg, and, since L does not have a jump at time #jump, the physical
jump condition (1.7) gives

ALy~ =inf{x>0:v,, (0, 0x) < x}
=inf{x > 0: v, (0, ax) <x}=0.

This contradicts #jump being a jump time of L, so the proof is complete. [
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6. Extensions to more general coefficients. In this section, we consider
some simple extensions of (1.1) that incorporate more general drift and diffusion
coefficients. The aim is to outline how the analysis can be reduced to that of the
previous sections and thus we will only provide sketches of the proofs.

To be specific, we consider the McKean—Vlasov problem

dXt :b([, Xl)d[ +U(t)dBt —OldL[,
(6.1) T =inf{r > 0: X; <0},
Lf =P(T St)’

where B is a Brownian motion and the independent initial condition, X, is given
by vg, which is assumed to satisfy (1.9) and taken to be sub-Gaussian. In terms
of the coefficients, we assume that b(¢, x) is Lipschitz in space with |b(¢, x)| <
C(1 + |x|) and we impose the nondegeneracy condition ¢ < o (t) < C for all ¢t €
[0, T]. Furthermore, we impose an upper bound b(z, x) < M for positive x > 0
(this is only used in Section 6.3 and it could be omitted if we could ensure x = 1
in Section 6.1).

The above setup includes the financial model (1.2). Moreover, it, for example,
allows for a Brownian motion with an Ornstein—Uhlenbeck-type drift modelling
the attraction to a “resting state”, as in the original neuroscience model [5]. This
could also be of interest in the financial framework, for example, to include a target
leverage ratio or to model some notion of “flocking to default” as in [11].

THEOREM 6.1 (Existence and uniqueness up to explosion). Let the above as-
sumptions be in place. Then there exists a solution to (6.1) up to time

fexplode := sup{t > 0: LI g1 0.0y < oo} € (0, 00]

such that, for some ,3_ > 0, it holds for every ty < texplode that L isin S (#, K, 1)
for some K > 0. Furthermore, this solution is unique in the class of candidate
solutions with L € o<, <1/2,4-0S (¥, A, 10).

As for (1.1), the notions of weak and strong uniqueness for (6.1), regarded as
an SDE in X, are equivalent: taking the difference of two solutions with the same
B and L cancels all terms apart from the drift, whereby strong uniqueness is im-
mediate from the Lipschitz property of x — b(t, x). In essence, the main point in
the proof of Theorem 6.1 is to have good control on the boundary decay of the
relevant transition densities akin to the classical Dirichlet heat kernel estimates.

When there is no spatial dependence in the drift—as in (1.2)—we can do better
with essentially no extra work. Specifically, we can directly replicate the mono-
tonicity and trapping arguments from Section 5.2, which gives uniqueness amongst
generic cadlag solutions.
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THEOREM 6.2 (Generic uniqueness). Suppose the above assumptions are in
place and that, in addition, b(t, x) = b(t). Then we have uniqueness on [0, fexplode)
amongst all generic cadlag solutions to (6.1) in the same sense as Theorem 1.8.

The remainder of this section concerns the proofs of Theorems 6.1 and 6.2,
however, we will only show how to reduce the analysis to that of Sections 3, 4
and 5. The proof of Theorem 6.1 is split into three succinct parts: First, we discuss
the stability of the fixed-point map (Section 6.1), then we revisit the bootstrap-
ping of short-time existence (Section 6.2), and finally we extend the contractivity
arguments (Section 6.3). Last, the proof of Theorem 6.2 is outlined in Section 6.4.

6.1. Stability of the fixed-point map. Let I' denote the fixed-point map for
(6.1) defined by analogy with (1.6). Then we need to ensure that Proposition 4.9,
concerning the stability of I", also holds true in this more general setting.

The starting point is still the expression for I'[£] from Lemma 4.1, which re-
mains valid with X given by (6.1). Next, we can observe that the Girsanov argu-
ment from Lemma 4.4 will now take the form
2111320,

E[F(X)1i<;] < exp{m

~ 1
}E[F(Xtmtd]q ,
with

dX,=b(t,X;)dt +o(t)dW, and T=inf{t>0:X, <0},

where W is a standard Brownian motion and X is an independent random variable
distributed according to vg. Indeed, we can simply consider the Radon—Nikodym

derivative
t Z/ 2 t g/ 2
:exp{a/ S _dB; — il ( ‘Y)z ds}
F 0 o(s) 2 Jo o(s)

and otherwise repeat the arguments from the proof of Lemma 4.4. From here, we
can apply [12], Theorem 2.7, to see that the absorbed process X has a transition
density V;(x, xo) which satisfies the Dirichlet heat kernel type estimate

dQ
dP

(6.2) V,(x, x0) < C((t "xxo A l)f% + (17 X" x5 A 1)e‘3x5)efc(x7x°)2/t,

for some constants C > 0 and « € (0, 1] only depending on § > 0, where the latter

can be taken sufficiently small such that fO°° %’ vo(dx) < oo.

REMARK 6.3. The estimate (6.2) is derived in [12], Section 6, by first showing
that

~ t ~ ~
Virx0) = G eox) + [ By o [b6s. 03,62, (v, KoL r] s
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where G" is the Green’s function for dsu(s,x) = ——U(S) Oxxu(s,x) as a
terminal- boundary value problem on [0, ) x Ry with u( 0) = 0. This follows
from ideas closely related to those in the proof of Lemma 4.1 and the estimate
then comes from a careful change of measure in the second term to remove the
drift of X.

With a view towards Section 6.2, fix any i < « and set 8 := 8 A k, where 8 is
the decay exponent of the initial condition. Then the power law decay of V,(x, x0)
near the boundary (cf. (6.2)), implies that we can replicate the arguments from Sec-
tion 4 with V; in place of the Dirichlet heat kernel, G,. In this way, Proposition 4.9
remains true only with A in place of 8.

6.2. Density bounds for bootstrapping. Let v, denote the law of X, killed at
the origin. In order to allow bootstrapping of our short-time results, we need to
establish analogues of Lemma 5.1 and Corollary 5.2.

First, referring to (6.2) as above, we can argue by analogy with Proposition 2.1
to see that v, has a density, V;. Moreover,, these same arguments show that V; is

bounded with || V| < || Volloo + C [ €% vy (dx).

Now suppose L € H(0, to) for some #p > 0 and fix # < fo. As in Section 5, we
can then define, for all s < ¢, the dual process

dX;=—b(t —s,X,_;)ds +o(t —s)dBs +adL;,

where Zs = L;_s and B is a Brownian motion. As in the proof of Lemma 5.1, it
follows from Hunt’s switching identity that

Vi) =Bg_ . [Vo(X)li<¢].  T=inf{s >0: X, <0}.

Thus, by the same Girsanov argument as in the extension of Lemma 4.4 above, it
holds for any ¢ > 1 that

(6.3) Vix) < CuBypme [Vo ()12 ],
where
dYy=—b(t —s,X;_y)ds +o(t —s)dB;,
and 7y is the first hitting time of zero by Y. As for X, the absorbed process Y has

a transition density U, (y, yg), so we get

(6.4) EFAWUNL«J=A Vo) Us (. x) dy.

Appealing again to [12], we see that U satisfies precisely the same bound as (6.2).
Now observe that (t~'xy A 1) < P9xP2yP49 for Bg < 1 and recall that Vy(y) <
CyP. Using this and the order x* boundary decay of the second term in (6.2), as
applied to U, (y, x), it follows easily from (6.3) and (6.4) that

Vi(x) < Cé(xﬂ +x</9)  forallt < 1,
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for any g > 1 such that B¢ < 1. Taking ¢ close enough to 1 so that /g < 8 (with
,B_ fixed in Section 6.1) we can conclude that V; satisfies condition (1.9) for every
t € [0, tp) with B as the decay exponent. Given this, we immediately obtain the
desired analogues of Lemma 5.1 and Corollary 5.2.

6.3. Contractivity of the fixed-point map. In this subsection, we finally show
that I" remains an L* contraction, by extending the first part of Theorem 1.6, and
then we complete the proof of Theorem 6.1.

With ¢,¢ € S (v, A, tp) as in the statement of Theorem 1.6, consider for ¢ €

[0, 7p) the corresponding processes X ¢ and X ¢ given by
dXt=b(t, X')dt +o(t)dB, —adt;,,  dX'=b(t,X")dt+0(t)dB, —adi,,

coupled through the same Brownian motion and initial condition. Let 7y and 1;
denote the respective hitting times of zero.

Since £ is increasing, and recalling also the upper bound on b for x > 0, it holds
for all s <u < 7; that

_ __ ru u -
(6.5) xt—xt< c/ o(r)?dr +/ o(r)dB, =: X .
N S
Moreover, by the Lipschitzness of the drift we have
_ t _ _
X6 —xt| < C/O 1X¢ — X dr +alle — 2] 1=.0),
so Gronwall’s lemma yields
X6 — XY < e |1 — €] Lo 0.0)-
Therefore, on the event {ty; = s} it holds for all s < ¢ that
(6.6) X=Xt~ X0 <aColle — U]l L=.5)-
Using (6.5) and (6.6), and arguing as in (3.1), we deduce that

t

Ilel, — TIE, < f

P( inf X+ aCollt = =0, > 0) dT[¢];
0 1]

UEls,

t o0 _
- fo fo iy (x, aColll = Elloe(o.0)) dx dT[£];,

for ¢ < tg, where a simple time-change shows that p, (x, xg) is given explicitly by
5, (2. 20) 1 (1 { 2xxo}) { (x—xo—Cg(r))z}
Dr(x,x0) = ———=\1—expy— expy —
' V2ms(r) s(r) 25 (r)

with ¢(r) = /7" o () du. Noting that c(t — s) < g(t — s) < C(t — s) and using
the bound 1 — e™% <z A 1, it is straightforward to verify that

o0
/ Pr—s(x,aCoy)dx < Cj(t — s)_%y for y > 0.
0
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Thus, it holds for all ¢ < 1y that

_ _ t 1
r[el; — T < Colie — E||L°°(0,t)/0 (t —s) 2dT[{]s.

From here, we can repeat the proof of Theorem 1.6 to get contractivity of I" and
by Section 6.1 we have stability. Thus, the short-time version of Theorem 6.1 holds
by the same arguments as in the proof of Theorem 1.7. Finally, Section 6.2 allows
us to bootstrap this result up to the H' explosion time and so the full Theorem 6.1
follows.

6.4. Minimality, monotonicity and trapping. In this final subsection, we con-
sider the special case b(f, x) = b(t) and sketch the remaining steps towards the
proof of Theorem 6.2.

Proceeding as in Section 6.3, the Gronwall argument is now no longer needed
and instead we immediately get X! = XL — XL < a(L; — Ly)* on {r; = s).
Therefore, the ensuing arguments yield

_ _ t 1
(Li=L* <L =D gy [ =97 L

and hence the exact same reasoning as in the second part of Theorem 1.6 ensures
that any differentiable solution L € S(y, A, fg) is minimal.

In terms of the monotonicity and trapping procedure, the only change in
Lemma 5.6 is that equation (5.6) now reads as

u u
LfZLt—l—]P’(Oinf {Xo—i-f b(r)dr—i—/ o*(r)dBr—fu}
<u<t 0 0

6.7 1 3
( . ) € <B8, ES))

Consequently, the proof of Lemma 5.6 goes through by absolute continuity with
respect to the time-changed Brownian motion u > [y o () d B.. Furthermore, the
proof of Lemma 5.7 follows immediately by applying the same reasoning as in
Section 6.3. Given this, the proof of Theorem 6.2 can be finished in precisely the
same way as the second part of Theorem 1.8.
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