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In recent years there has been a growing interest in the study of the dy-
namics of stochastic populations. A key question in population biology is to
understand the conditions under which populations coexist or go extinct. The-
oretical and empirical studies have shown that coexistence can be facilitated
or negated by both biotic interactions and environmental fluctuations. We
study the dynamics of n populations that live in a stochastic environment and
which can interact nonlinearly (through competition for resources, predator—
prey behavior, etc.). Our models are described by n-dimensional Kolmogorov
systems with white noise (stochastic differential equations—SDE). We give
sharp conditions under which the populations converge exponentially fast to
their unique stationary distribution as well as conditions under which some
populations go extinct exponentially fast.

The analysis is done by a careful study of the properties of the invariant
measures of the process that are supported on the boundary of the domain. To
our knowledge this is one of the first general results describing the asymptotic
behavior of stochastic Kolmogorov systems in non-compact domains.

We are able to fully describe the properties of many of the SDE that appear
in the literature. In particular, we extend results on two dimensional Lotka-
Volterra models, two dimensional predator—prey models, n dimensional sim-
ple food chains, and two predator and one prey models. We also show how
one can use our methods to classify the dynamics of any two-dimensional
stochastic Kolmogorov system satisfying some mild assumptions.
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1. Introduction. Real populations do not evolve in isolation and as a result
much of ecology is concerned with understanding the characteristics that allow two
species to coexist, or one species to take over the habitat of another. It is of fun-
damental importance to understand what will happen to an invading species. Will
it invade successfully or die out in the attempt? If it does invade, will it coexist
with the native population? Mathematical models for invasibility have contributed
significantly to the understanding of the epidemiology of infectious disease out-
breaks [Cross et al. (2005)] and ecological processes [Law and Morton (1996),
Caswell (2001)]. There is widespread empirical evidence that heterogeneity, aris-
ing from abiotic (precipitation, temperature, sunlight) or biotic (competition, pre-
dation) factors, is important in determining invasibility [Davies et al. (2005), PySek
and Hulme (2005)]. The fluctuations of the environment make the dynamics of
populations inherently stochastic.

The combined effects of biotic interactions and environmental fluctuations are
key when trying to determine species richness. Sometimes biotic effects can result
in species going extinct. However, if one adds the effects of a random environ-
ment, extinction might be reversed into coexistence. In other instances, determin-
istic systems that coexist become extinct once one takes into account environ-
mental fluctuations. A successful way of studying this interplay is by modelling
the populations as discrete or continuous-time Markov processes and looking at
the long-term behavior of these processes [Benaim and Schreiber (2009), Benaim,
Hofbauer and Sandholm (2008), Blath, Etheridge and Meredith (2007), Cattiaux
and Méléard (2010), Cattiaux et al. (2009), Chesson (2000), Evans, Hening and
Schreiber (2015), Evans et al. (2013), Lande, Engen and Saether (2003), Schreiber,
Benaim and Atchadé (2011), Schreiber and Lloyd-Smith (2009)].

A natural way of analyzing the coexistence of species is by analyzing the aver-
age per-capita growth rate of a population when rare. Intuitively, if this growth rate
is positive the respective population increases when rare, and can invade, while if
it is negative the population decreases and goes extinct. If there are only two pop-
ulations, then coexistence is ensured if each population can invade when it is rare
and the other population is stationary [Chesson and Ellner (1989), Evans, Hening
and Schreiber (2015), Turelli (1977)].

There is a general theory for coexistence for deterministic models [Hofbauer
(1981), Hofbauer and So (1989), Hutson (1984)]. It is shown that a sufficient con-
dition for persistence is the existence of a fixed set of weights associated with the
interacting populations such that this weighted combination of the populations’s
invasion rates is positive for any invariant measure supported by the boundary
(i.e., associated to a sub-collection of populations); see Hofbauer (1981).

A few recent studies have explored the effect of environmental stochasticity on
continuous-time models. In Benaim, Hofbauer and Sandholm (2008), the authors
found that if a deterministic continuous-time model satisfies the above persistence
criterion, then under some weak assumptions the corresponding stochastic differ-
ential equation with a small diffusion term has a positive stationary distribution
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concentrated on the positive global attractor of the deterministic system. For gen-
eral stochastic difference and differential equations with arbitrary levels of noise on
a compact state space, sufficient conditions for persistence are given in Schreiber,
Benaim and Atchadé (2011).

The aim of this paper is two-fold. First, we want to have a general theory that
gives sharp sufficient conditions for both persistence and extinction for stochastic
Kolmogorov systems. Second, we want our methods to work on noncompact state
spaces (e.g., R,).

The criteria we present for persistence are the same as those in Schreiber, Be-
naim and Atchadé (2011). However, we extend their result to noncompact state
spaces and we prove that the convergence rate is exponential. We note that some
of our persistence results have been announced in the 2014 Bernoulli lecture of
Michel Benaim. Furthermore, criteria for persistence for general Markov processes
appear in Benaim (2014) and we use some of those ideas in our proofs. We come
up with natural assumptions under which one or more populations go extinct with
nonzero probability. There do not seem to be general criteria for extinction in the
literature. Results have been obtained for a Lotka—Volterra competitive system in
the two-dimensional setting for SDE [Evans, Hening and Schreiber (2015)] and
piecewise-deterministic Markov processes [Benaim and Lobry (2016)]. However,
in these cases there are only two or three ergodic invariant probability measures on
the boundary and as such the proofs simplify significantly.

It should be noted that most of the related results in the literature are obtained
by choosing a function and imposing conditions such that the function has some
Lyapunov-type properties. The choice of a Lyapunov function is usually artificial
and imposes unnecessary constraints on the system. The results one gets are there-
fore limited as the particular Lyapunov function does not reflect the true nature
of the dynamical system. Our approach is to carefully analyze the dynamics of
the process near the boundary of its domain. Because of this, we are able to fully
characterize and classify the asymptotic behavior of the system.

As corollaries of our main theorems, we extend results on two-dimensional
Lotka—Volterra models [see Evans, Hening and Schreiber (2015), Benaim and
Lobry (2016)], two-dimensional predator—prey models [see Chen and Kulperger
(2005), Rudnicki (2003), Rudnicki and Pichér (2007)], two predator and one prey
models [see Liu and Bai (2016)] and populations modeled by SDE in a compact
state space [see Schreiber, Benaim and Atchadé (2011)].

The paper is organized as follows. In Section 1.1, we define our framework,
the problems we study, our different assumptions and the main results. In Sec-
tion 2, we exhibit a few examples that fall into our general setting (Lotka—Volterra
competition and predator—prey models). We also give an example of a coopera-
tive Lotka—Volterra model that does not satisfy our assumptions. However, in this
case either the solution blows up in finite time or there is no invariant probability
measure supported by the interior of the domain. In Section 3, we analyze some
of the properties of the SDE that models our populations. In particular, we show it



1896 A. HENING AND D. H. NGUYEN

has a well-defined strong solution X for all # > 0 and that this solution is pathwise
unique. Section 4 is devoted to the study of conditions under which X converges to
its unique invariant probability measure on R;° := (0, c0)". In Theorem 4.1, we
show that, under some natural assumptions, X is strongly stochastically persistent
and that the convergence in total variation of its transition probability to a unique
stationary distribution on R’} ® is exponentially fast. In Section 5, we look at when
one or more of the populations go extinct with a positive probability. First, we
show in Theorem 5.1 that if there exists an invariant probability measure living on
the boundary that is a sink, then the process converges to the boundary in a weak
sense. Under a few extra assumptions, we show in Theorem 5.2 that for every sink
invariant measure p on the boundary the process converges with strictly positive
probability to the support of u. Finally, we present in the Appendix the proofs of
some auxiliary lemmas from Section 3 and Section 5.

1.1. Notation and results. We work on a complete probability space (€2, F,
{F:}i>0, P) with a filtration {F;};>0 satisfying the usual conditions. Consider a
stochastic Kolmogorov system

(L) dX;(t) = X;(0) f; (X)) dt + X; (1) gi (X)) dEi(t), i=1,....n

taking values in [0, 00)". We assume E(7) = (E{(¢), ..., E,(t))T = ' TB(¢) where
[isan x n matrix such that T ' = ¥ = (0ij)nxn and B(t) = (B (?), ..., By(1))
is a vector of independent standard Brownian motions adapted to the filtration
(F1)r>0. The SDE (1.1) is describing the dynamics of n interacting populations
X(t) = (X1(t), ..., X,(t))i=0. Throughout the paper, we set R" := [0, 0c0)" and
R’} := (0, 00)".

REMARK 1.1. One might wonder if one could treat the more general model

dXi(t) =X, (@) f; (X)) dt

n
+ Xi(0gi (X(1)) > i (X(1) dB; (1), i=1,...,n.
j=1

In our model (1.1), we work with a constant correlation matrix X = (o;;) but it
can be seen that the proofs do not depend on whether X is constant or a function
of x. Thus, our results still hold if ¥ depends on x as long as it is bounded and
locally Lipschitz. Actually, we can always assume it is bounded because we can
normalize ¥ and absorb the necessary factors into g; (X).

The drift term of our system is due to the deterministic dynamics while the
diffusion term is due to the effects of random fluctuations of the environment. The
drift for population i is given by X;(¢) f; (X(¢)) where f; is its per-capita growth
rate. From now on, the process given by the solution to (1.1) will be denoted by X
or (X(7))r>0.
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Let £ be the infinitesimal generator of the process X. For smooth enough func-
tions F: R — IR, the generator £ acts as
F 1 3’F
LF(x)= i fi(x)— = iiXiXgi i(X) ——(x).
(x) Zx fi®g - +3 Z] 081 ()8 () 55— (9
We use the norm ||x|| = >_7_, |x;| in R". Fora, b € R, leta Ab := min{a, b} and
a Vv b:=max{a, b}. Similarly, we let \}_, u; := min; u; and \/7_, u; := max; u;.
We remark that (1.1) can be seen as a generalization to noncompact state spaces

of the model studied in Schreiber, Benaim and Atchadé (2011). The following is a
standing assumption throughout the paper.

ASSUMPTION 1.1. The coefficients of (1.1) satisfy the following conditions:

(1) diag(g1(x), ..., gn(X))I'"T'diag(g1(X), ..., g (X)) = (gi(X)g;(X)0i;)nxn
is a positive definite matrix for any x € R’} .

(2) fi(),gi(-) : R, — R are locally Lipschitz functions for any i =1, ...,n.

(3) There exist ¢ = (cy, ..., cy) € R%° and y, > 0 such that

Yicixi fi(x) 12 joijcicjxix;jgi(x)g,; (%)
1+c¢Tx 2 (1 +¢Tx)?

lim sup[
flx [l o0

(1.2)
+ yb(l + (£ +g?(x)))] <0

REMARK 1.2. Parts (2) and (3) of Assumption 1.1 guarantee the existence
and uniqueness of strong solutions to (1.1). We need part (1) of Assumption 1.1 to
ensure that the solution to (1.1) is a nondegenerate diffusion. Moreover, we show
later that (3) implies the tightness of the family of transition probabilities of the
solution to (1.1).

REMARK 1.3. There are a few different ways to add stochastic noise to de-
terministic population dynamics. We assume that the environment mainly affects
the growth/death rates of the populations. See Braumann (2002), Evans, Hening
and Schreiber (2015), Evans et al. (2013), Gard (1988), Hening, Nguyen and Yin
(2017), Schreiber, Benaim and Atchadé (2011), Turelli (1977) for more details.

We next define what we mean by persistence and extinction in our setting.

DEFINITION 1.1. The process X is strongly stochastically persistent if it has
a unique invariant probability measure 7* on R, and

(1.3) Jim | Px(t,x,) =7*()|ry =0, xeRL,
where ||-, -||Tv is the total variation norm and Px(#, X, -) is the transition probability

of (X(7))>0.
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DEFINITION 1.2. If X(0) =x € R":°, we say the population X; goes extinct
with probability px > 0 if

PX{ lim X;(t) :0} = px.
—00
We say the population X; goes extinct if for all x € RY°

Px{tl_i)rgoX,-(t) :0} —1.

EXAMPLE 1.1. Most of the common ecological models satisfy condition
(1.2).

o Consider the linear one-dimensional model
dX(t)=aX(t)dt+oX()dB(t).
Ifa — % < 0, then (1.2) is satisfied for any ¢ > 0.
e Consider the logistic model
dX(t)=X@)|[a —bX(t)]dt +0oX(t)dB(1), b > 0.

Then equation (1.2) is satisfied for any ¢ > 0.
e Consider the competitive Lotka—Volterra model

d&@=XM{%—Xﬁpﬁ@}h+&m&@mWE@,
J
withbj; >0, j,i=1,...,n.
If Y7, g2(x) < K(1 + |Ix]| + A’_; g2(x)), then (1.2) is satisfied with ¢ =
(I,...,1). We give a short argument for why this is true. Since b;; > 0, there
is b > 0 such that

2iXilai — 2 bjix;j) - _
(1.4) S <—b(1+2i:xl)

if ||x|| is sufficiently large. By the Cauchy—Schwarz inequality, there are 61, 62 > 0
such that
(1.5) _121,/ OijXiXj8i (X)zgj (%) < _51L1(X)2 < -5, /\ giZ(X) ’
2 A+ (I+ Y x0) I
when ||x|| is sufficiently large. In light of (1.4) and (1.5), if er'lzl gl.z(x) <
K(1+ x|l + A_; g7(x)), we can find y;, > 0 such that
2ixilai =3 bjix)X) 13 01j%ix;8i (X)g(X)
L42xi 2 (143 %)

+yb(1 +Z(a,~ — ij,'xj' +gi2(x)>> <0
i j

for sufficiently large ||x||. As a result, (1.2) holds.
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e Consider the predator—prey Lotka—Volterra model

dX(t) = X()[ar — b1 X () —c1Y(1)]dt + X (1)g1(X (1), Y (1)) dE; (1),
dY (1) =Y ()[—az = bY (1) + 2 X ()] dt + Y (1) g2(X (1), Y (1)) d E2 (1),

with by, by > 0,¢1,¢2>0,a2 > 0. If Y7 g2(x,y) < K1+ x +y + g2(x,y) A
g%(x, y)), one can use arguments similar to those from the competitive Lotka—
Volterra model to show that (1.2) is satisfied with ¢ = (¢, c1).

Let M be the set of ergodic invariant probability measures of X supported on
the boundary dR” :=R” \ R’°. Note that if we let §* be the Dirac measure con-
centrated at 0 then §* € M so that M # @. For a subset M C M, denote by
Conv(M) the convex hull of M, that is, the set of probability measures & of the
form () =3, e 51 pup () with p, > 0,3 5 pp =1

Consider u € M. Assume p # §*. Since the diffusion X is nondegenerate in
each subspace, there exist 0 < nj < --- < ng < n such that supp(pn) = R’_’ﬁ where

Ri::{(xl,...,xn)ERi:xizoifielli}
for 1, :={n1,...,nx} and I ={1,...,n}\ {ny,...,ng}. If u=4%, then we note
that R = {0}. Let
R/° ={x1,...,x) €eRY 1x; =0ifi € I and x; > 0 if x; € [, }

and B]Ri = ler \ ler’o.
The following condition ensures strong stochastic persistence.

ASSUMPTION 1.2. For any i € Conv(M), one has

Jmax {3} =0,
l

=1,...,n}
where

0ii g} (x)

)= [ R,i(fl«x) - T)M(dX).

[In view of Lemma 3.3, A; (w) is well defined.]

THEOREM 1.1. Suppose that Assumptions 1.1 and 1.2 hold. Then X is
strongly stochastically persistent and converges exponentially fast to its unique
invariant probability measure T* on ]R’jr’o.

The proof of this result is presented in detail in Section 4. The following remark
gives a rough intuitive sketch of the proof.
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REMARK 1.4. From a dynamical point of view, the solution in the interior
domain R;° is persistent if every invariant probability measure on the boundary
is a “repeller.” In a deterministic setting, an equilibrium is a repeller if it has a
positive Lyapunov exponent. In a stochastic model, ergodic invariant measures
play a similar role. To determine the Lyapunov exponents of an ergodic invariant
measure, one can look at the equation for In X; (¢). An application of 1t6’s lemma
yields that

nX;(r) WnX;©0) 1, 87 (X(5))0ii
; = ; +;/0 |:f,(X(s))— ) }ds

1 t
. /0 g1 (X(5)) dEi (s).

If X is close to the support of an ergodic invariant measure p for a long time,

then
L 87 (X(9))oii
;/0 [f,(X(s))— f]ds

can be approximated by the average with respect to u

2 ..
= [ (#0052 ) uax)
while the term
InX;©0) 1 |
2 fo ¢i(X(5)) dE: (s)

is negligible. This implies that A(w;),i =1, ..., n are the Lyapunov exponents of
w [it can also be seen that A(u;) gives the long-term growth rate of X;(¢) if X is
close to the support of w]. As a result, if max?_,{A(u;)} > 0, then the invariant
measure u is a “repeller.” Therefore, Assumption 1.2 guarantees the persistence
of the population. Moreover, by evaluating the exponential rate mx# for suffi-
ciently large T (so that the ergodicity takes effect), we can show that the solution
goes away from the boundary exponentially fast, and then obtain a geometric rate
of convergence in total variation under Assumptions 1.1 and 1.2. This is achieved
by constructing a suitable Lyapunov function with the help of the Laplace trans-
form and the approximations that were mentioned above. Note that since we work
on a noncompact space, Assumption 1.2 part (3) is needed to show that the solution
enters a compact subset of R’} exponentially fast.

The following condition will imply extinction.

ASSUMPTION 1.3. There exists a & € M such that
(1.6) max{A;(n)} <O.
i€l
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If Ri # {0}, suppose further that for any v € Conv(M,), we have
1.7) max{A; (v)} >0,
i€l

where M, := {v" € M :supp(v') C IR/ }.

Define
(1.8) M= {u € M : u satisfies Assumption 1.3}
and
(1.9) M2 = M\ M.

THEOREM 1.2. Under Assumptions 1.1 and 1.3, for any 6 > O sufficiently
small and any x € R';° we have

n B
(1.10) t@gg}&(/\ X,-(t)) =0.
i=1

The proof of this result is given in Section 5.

REMARK 1.5. If an ergodic invariant measure p with support on the boundary
is an “attractor,” it will attract solutions starting nearby. Intuitively, condition (1.6)
forces X;(t),i € I li to get close to O if the solution starts close to Ri’o. We need
condition (1.7) to ensure that j is a “sink” in R, that is, if X is close to R "°, it
is not pulled away to the boundary 8R‘f;’° of ]R‘fr’o (see Remark 1.6).

To prove Theorem 1.2, using the idea above, we construct a Lyapunov func-
tion U vanishing on R%"° such that ExU (X(T)) < U(x) if x € R’} sufficiently
close to Ri’o and T is a sufficiently large time. Then we can construct a su-
permartingale to show that with a large probability X;(r),i € I;, cannot go far
from O if the starting point of X is sufficiently close to RY"°. With some addi-
tional arguments from the theory of Markov processes, we can show that X has
no invariant probability measure in R’;° and approaches the boundary in some
sense.

In the case when there is no persistence, one may want to know exactly which
species go extinct and which survive. We answer this question in Theorem 5.2.
Relying on the repulsion of invariant measures in M? = M \ M! and properties
of the randomized occupation measures, we can deduce that the process X must
enter the “attracting” region of some invariant measure in M!. Finally, the at-
traction property of the measures from M helps us characterize the survival and
extinction of each species.
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REMARK 1.6. If condition (1.7) does not hold, we could have the following
bad situation. Assume there exists v € M, such that

Ai(v)} =0.
ierrllf\gu{ )}

In this case, v is not always a “repeller.” Solutions that start near Ri’o will tend
to stay close to R_’ﬁ since A; () < 0,i € I};. However, if v is not a repeller the
solutions may concentrate on R” C 9RY . Now, if there exists an i* € [ .. such that

Ai=(v) > 0 then solutions can be pushed away from Ri since X;+(¢) will tend to
increase.

To characterize the extinction of specific populations, we need some additional
conditions.

ASSUMPTION 1.4. Suppose that there is a §; > 0 such that
. Iy g
Ixli=o00 1+ 37 (I fi )] + 1 gi (%)[%)

Without loss of generality, suppose that §; < dg (where §¢ is defined at the begin-
ning of Section 3).

REMARK 1.7. Assumption 1.4 forces the growth rates of giz(-) to be slightly
lower than those of | f; (-)|. This is needed in order to suppress the diffusion part so
that we can obtain the tightness of the random normalized occupation measures

~ 1 rt
I, () := ;/0 1ix(5)e} ds, t>0
2 ~ ~
as well as the convergence of fR’i (fix) — 8i Z(X))H,k (dx) to A; () given that IT;,
converges weakly to 7 for some sequence (fx)xen With limg_, » #x = 00. Having
these properties, we can analyze the asymptotic behavior of the sample paths of
the solution.

To describe exactly which populations go extinct, we need an additional as-
sumption which ensures that apart from those in Conv(M ), invariant probability
measures are “repellers.”

ASSUMPTION 1.5. Suppose that one of the following is true:
o« M?>=0.
e Foranyv e Conv(M?), max—1,..a}{Ai(v)} > 0.

For any initial condition X(0) =x € R , denote the weak™-limit set of the fam-
ily {IT;(-), t > 1} by U =U(w).
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THEOREM 1.3. Suppose that Assumptions 1.1, 1.4 and 1.5 are satisfied and
M £ 3. Then for any x € R}°

(1.11) > pi=1,
uweM!

where
In X; (1)

PH .= PX{L{(Q)) = {u} and lim
=00

X

=) <0,i El;i}
>0, xeRio,,ueMl.

REMARK 1.8. Our results can be easily modified and applied to SDE living
on smooth enough domains D C R". We chose to work on [0, 0c0)" because it was
the most natural noncompact example for the dynamics of biological populations.
In particular, one can recover and extend the results from Schreiber, Benaim and
Atchadé (2011) where the authors looked at the state space D = {(y1, ..., yu) €
Ry sy +--+yn=1}.

2. Examples. We present some applications of our main results. We will
make use of Theorems 1.1, 1.2 and 1.3 together with the following intuitive lemma
whose proof is postponed to Section 5.

LEMMA 2.1. Forany p € M andi € I, we have A;(j1) = 0.

REMARK 2.1. The intuition behind Lemma 2.1 is the following: if we are
inside the support of an ergodic invariant measure w then we are at an ‘equilibrium’
and the process does not tend to grow or decay.

EXAMPLE 2.1. Consider a stochastic Lotka—Volterra competitive model

dXi(t)=Xi1()[a1 — b1 X1(1) — c1 X2(t) | dt + X1 (1) dE; (1),

2.1
@ dX>(t) = Xo(t)[az — baX2(t) — c2X1(1)]dt + Xa(t) dEa(2),

where b;,c¢; > 0,i = 1,2. It is straightforward to see that A;(§*) = a; — %,
i=1,2.If 11(8%) < 0 [resp., A2(8*) < 0] there is no invariant probability measure
on R, :={(x1,0) : x; > 0} [resp., R7 :={(0,x2) : x2 > 0}] in view of Theo-
rem 1.1. If A;(8%) > 0, there is a unique invariant probability measure ; on R?,
i =1,2. By Lemma 2.1, we have

hi(us) = ap — 20— b,»/ xiui (dx) = 0
2 RY,

which implies
2a; — o

22) [ ) ==

i+
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Thus

02
A2(y) = A@ [az — — — X1

} 022 2a1 — o1y
1+ 2

dx) = ay — == —
ni1(dx) =ap S, @ b,

and

o11 o11 2a; — o
Ar(2) Z/O [al - 7 - cmz]uz(dX) =da) — 7 - CIT-
R+ 2

Using Theorems 1.1 and 1.3, we have the following classification:

o If A1(8™) > 0,12(6%) > 0 and A1 (2) > 0, A2(xe1) > 0, any invariant proba-
bility measure in aRi has the form p = poé™ + p1u1 + paua with 0 < po, p1, p2
and po + p1 + p2 = 1. It can easily be verified that max;—; 2{A; (1)} > O for any p
having the form above. As a result, there is a unique invariant probability measure
7* on Ri’o and P(¢,x,:),X € Ri’o converges to 77 * in total variation exponentially
fast.

o If 1;(8") <0,i = 1,2, then X;(r) converges to 0 almost surely with the ex-
ponential rate A;(§) for any initial condition x = (x1, x) € Ri’o.

o If 2;(8%) >0,1;(8") <Oforonei €{1,2}and j € {1,2}\ {i}, then A (x;) <
0 and X () converges to 0 almost surely with the exponential rate A;(u;) for
any initial condition x = (x1, x2) € Ri’o and the randomized occupation measure
converges weakly to u; almost surely.

o If 4;(6%) > 0,7 €{1,2} and A1 (u2) < 0,22(u1) <O, then p¥ > 0,i =1,2
and p} + p3 =1 where

In X ;(7)

Pt = Pfut) = () and tim, =i € L2\ D))

o If 11(6") > 0,12(8") >0, Aj(i) <0,4;(u;) >0 for i, j € {1,2},i # J,
then X () converges to 0 almost surely with the exponential rate A ;(u;) and the
randomized occupation measure converges weakly to u; almost surely for any
initial condition x = (x{, x2) € R%°.

This extends and generalizes the results from Evans, Hening and Schreiber (2015).

EXAMPLE 2.2. Consider a stochastic Lotka—Volterra model with two preda-
tors competing for one prey:

dX1(t) = X1(O)]a1 — b1 X1(1) — 21 X2(t) — e31X3(0) ] dt + X1 (1) dE1 (1),
(2.3) 1dXa(1) = Xo()[—azr — baXo(1) + c12X1(t) — c32X3(t) | dt + Xo (1) d Ea (1),

dX3(1) = X3(t)[—a3 — b3X3(1) + c13X 1 (1) — c23X2(2) ] dt + Xo (1) dE3(1).
Assume thata;, b; > 0,i =1, 3, ¢21, ¢31, ¢12, €21, €31, ¢32 > 0. Note that, if cp3 > 0

and c3p > 0, then (2.3) describes an interacting population of two predators
(X2, X3) competing for one prey X. If ca3 <0 and ¢3; > 0, then (2.3) is a model
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of a tri-trophic food chain where X3 is the top predator and X3 is the intermediate
species.

In order to analyze this model, first consider the equation on the boundary
{(0, x2, x3) : x2, x3 > 0}. Since A;(8%) = —a; — % < 0,i = 2,3, an application
of Theorem 1.2 to the space {(0, x2, x3) : x2, x3 > 0} shows that there is only one
invariant probability measure on {(0, x, x3) : x2, x3 > 0}, which is §*. It indicates
that without the prey, both predators die out.

Now, consider the equation on the boundaries Ry := {(x1, x2,0) : x1, xo > 0}
and R34 := {(x1,0,x3) : x1,x3 > 0}. If 11(8%) = a1 — &L <0, §* is the unique
invariant probability measure on Ri by virtue of Theorem 1.2. If A1(8§*) > 0, there
is an invariant probability measure 1 on R} 4 = {(x1,0,0) : x; > 0}. Similar to
(2.2), we have

2a1 — o011
(2.4) / xip (dx) = 2o
R, 2b)
Thus
(17
M= [ Pm——wwm4mwm
R}, 2
y 2ai —
=—a,~—& cliu, i=2,3.
2 2b;

If 11(8%) > 0and A; (1) <0,i =2,3, by Theorem 1.2, there is no invariant prob-
ability measure on R, .

If (%) > 0 and A(e1) > 0, by Theorem 1.1, there is an invariant probability
measure /12 on R}, 4-In light of Lemma 2.1, we have

[ mpn@=a, [ e =4,

12+ Ry,

where (A, Az) be the unique solution to

o1l
ar—— - bix1 —c21x2 =0,
022
—ay — > = brxy + c1px1 =0.

In this case,

033
A3(p12) = f [—03 -5 +c13x1 — 023x2}M12(dX)

o

12+

033
=—a3 - — +c13A1 — c23A0.
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Similarly, if A1(6*) > 0 and A3(u1) > 0, by Theorem 1.1, there is an invariant

(e}

probability measure (13 on R{; n and

022
A2(13) = / . [—az -5 +ci1px1 — 632X3}M13(dx)
13+

022 ~ ~
=—ap — > + c12A1 — 3243,

where (A\ 1s 23) is the unique solution to
o1l
ar—— - bixi —c31x3 =0,
033

—az — > = byx3 + c13x1 = 0.
By the ergodic decomposition theorem, every invariant probability measure on
aRi is a convex combination of §*, w1, w12, 13 (When these measures exist).
Some computations for the Lyapunov exponents with respect to a convex com-
bination of these ergodic measures together with an application of Theorem 1.1
show that P(¢,X,-),X € Ri’o converges exponentially fast to an invariant probabil-

ity measure 7 * on Ri’o if one of the following is satisfied:

e A1(8%) >0, Aa(;1) >0, 23(ie1) < 0 and A3(u12) > 0.
e 11(8%) >0, A2(1) <0, A3(1) > 0 and A2 (@ 13) > 0.
e A1(8%) >0, (1) >0, A3(11) >0, A3(re12) > 0, and A2 (p13) > 0.

As an application of Theorem 1.3, we have the following classification for ex-
tinction:

e If 11(6") < 0, then for any initial condition x € Rio, Xi1(1), Xo2(t), X3(1),
converge to 0 almost surely with the exponential rates A;(6%),i = 1, 2, 3, respec-
tively.

o If A1 (8™) >0, Aj (1) <0,i =2,3 then X;(r),i =2, 3 converge to 0 almost
surely with the exponential rate A; (1), i = 2, 3, respectively, and the occupation
measure converges almost surely for any initial condition x € Rio to 1.

o If A1(8") >0, A (1) > 0,4 (1) <0,2;(u1) <0 for i, j € {2,3},i # j,
then X ;(¢) converges to 0 almost surely with the exponential rate A j(1¢1;) and the
occupation measure converges almost surely for any initial condition x € Rio to
M1i-

o If 11(8%) > 0, Aa(p1) > 0, A3(;1) > 0, A (p1;) <0, 2; (1) >0 fori, je
{2,3},i # j then X;(r) converges to 0 almost surely with the exponential rate
Aj(11;) and the occupation measure converges almost surely for any initial condi-
tion X € Rio to fi1;.

o If A1(8%) >0, Aa(ue1) > 0, A3(;1) > 0, A2 (13) <0, A3(p12) < 0, then p¥ >
0,i =2,3 and p3 + p3 =1 where
In X; (1)

t

p¥ :IP’X{Z/I(a)) = {u;} and lim =2%i(n1j),1 €{2,3}\ {j}}-
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Elementary but tedious computations show that our results significantly improve
those in Liu and Bai (2016).

Restricting our analysis to Rj>4 (this describes the evolution of one predator
and its prey) we get

dX1(1)=X1()[a1 — b1 X1(t) — e Xa()]dt + X1 (1) dE (1),

2.5
(2) dX>(t) = Xo(t)[—az — b2 X2 (1) + c12X1(1)]dt + X2(t) dE2(2).

In view of the analysis above, if 11 (6*) < 0 then X(¢), X»(¢) converge to 0 almost
surely with the exponential rates A1(8*) and A,(8), respectively. If A;(8*) > 0
and Xo(u1) < O, then X, converges to 0 almost surely with the exponential rate
A2(w1) and the occupation measure of the process (X1, X») converges to wp. If
A1(8%) > 0, A2(u1) > 0, the transition probability of (X(¢), X2(f)) on RS, con-
verges to an invariant probability measure in total variation with an exponential
rate. These results are similar to those appearing in Rudnicki (2003), Rudnicki and
Pichér (2007). However, we generalize their results by obtaining a geometric rate
of convergence.

REMARK 2.2. The condition for persistence in Rudnicki (2003), Rudnicki
and Pichér (2007) is obtained by constructing a Lyapunov function V satisfying
LV(X) <—a,xe R%r’o for some a > 0. The papers describe how to construct the
functions V rather than giving an explicit formula. It seems to us that the function
V constructed in Rudnicki (2003) is not twice differentiable.

EXAMPLE 2.3. Consider a stochastic Lotka—Volterra cooperative model

2.6) dXi(t) =X 1(t)[a1 — b1 X1(t) + c1 X2(r)]dt + X1 (1) dE( (1),

dXo(1) = Xo(t)[az — b2 Xo(1) + 2 X1 (1) | dt + X2(1) d Ex (1),
where a;, b;,c; > 0,a; — % > 0,i =1,2. As shown in Example 2.1, there ex-
ist unique invariant probability measures p; on R?, ,i = 1,2 (defined in Exam-
ple 2.1). Moreover,

p)) 022 2a1 — o1y
A2 () 2/ [az - —+ cle]m(dx) =a——+c——>0
RS, 2 2 2by
and
o1l o1l 2a; — 02
A1(p2) =f [al - — +61X2]M2(dX) =ay——+c———>0.
RS, 2 2 2by
Suppose further that

2.7 biby —cicp < 0.
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REMARK 2.3. We note that a similar example has been studied in Cattiaux
and Méléard (2010). The main difference is that the authors of Cattiaux and
Meéléard (2010) consider demographic stochasticity instead of environmental
stochasticity; their diffusion terms look like +/X;(¢) d E;(¢). In their setting, the
diffusion hits one of the two axes in finite time almost surely and they study the
existence of quasi-stationary distributions (since there are no nontrivial stationary
distributions). We note however that they need b1 by — c1cp > 0 together with some
other symmetry assumptions.

Standard computations show that part (3) of Assumption 1.1 is not satisfied
by this model. Since a; — % >0 and A; > 0,i = 1,2, Assumption 1.2 holds.
However, we show that the solution either blows up in finite time almost surely or
there is no invariant measure on Ri’o.

We argue by contradiction. Suppose (X1(¢), X2(¢)) does not blow up in finite
time and has an invariant measure on R%r’o. As aresult, (X1(t), X»(¢)) is arecurrent
process. It follows from It6’s formula that

bpyInX1(t) +b1InX>(t) byInX1(0) 4+ b11In X,(0)
t t

o11 022
b - b -
+ 2(611 5 >+ 1(612 > >

1 t
+ (c1c2 —blbz);/o Xi1(s)ds

1 t
+?/0 (bszl(S)-i-bldEz(S)).
Since

1 t
lim — [ (bydE\(s) +bidEy(s)) =0 as.,
0

t—00 t
br(ay — %) + bi(ax — %) > 0and cjca — b1by > 0, it follows that

. byInX1(¢) + b1 1n X2(1)
lim sup >0

t—00 t

a.s.

Thus, (X1(¢), X2(¢)) cannot be a recurrent process in ]R%r’o. This is a contradic-
tion.

EXAMPLE 2.4. Consider the two-dimensional system
(2.8) dXi(t)=X; (@) fi(X(0)) dt + X; (1) g (X(1)) d Ei (1), i=1,2.

Suppose that Assumptions 1.1 and 1.4 hold. If A;(§*) = f;(0) — %giz(ﬂ)o,-,- > 0,
then (X(#)) has a unique invariant probability measure ; on Ry . (which is defined
as in Example 2.1). The density p;(-) of u; can be found explicitly (in terms of
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integrals) by solving the Fokker—Plank equation

d . oji d? 27— 0 0
—E[pi () fi (@)] + TW[M (w)g; @] =0,  u>0,

where # = (1,0) if i =1 and & = (0, u) if i =2. Then A;(u;), i, j=1,2,i #j
can be computed in terms of integrals. Using arguments similar to those in Ex-
amples 2.1 and 2.2, we have the following classification, which generalizes the
Lotka—Volterra competitive and predator—prey models in previous examples:

o If 1;(6%) >0,i=1,2, 11 (u2) > 0, A2(1t1) > 0, then there is a unique invari-
ant probability measure 7 * on ]Ri’o and P(t,X,-),X € ]R%r’o converges to 7 * in total
variation exponentially fast.

o If A;(8™) >0, Aj(S*) <0,4;(uj) >0forsomei =1,2and j #1i, then there
is a unique invariant probability measure 7* on Ri’o and P(¢,X,-),X € Ri’o con-
verges to 7 * in total variation exponentially fast.

o If 2;(6%) < 0,i = 1,2 then X;(r) converges to 0 at the exponential rate
Ai(8%),i=1,2.

o If ;(6™) > 0,A;(u;) <0and 1;(8%) <O fori,j=1,2,i % j, then X;(1)
converges to 0 at the exponential rate A j («;) and the randomized occupation mea-
sure converges weakly to ;.

o If 2;(6%) > 0,4;(u;) <0and A;(6") > 0,1;(u;) >0fori,j=1,2,i # ],
then X () converges to O at the exponential rate A;(u;) and the randomized oc-
cupation measure converges weakly to ;.

o If A1(8%) >0,12(8") > 0, A1(12) <0, A2(p1) <O, then p¥ > 0,i =1,2 and
p} + py =1 where

In X (1)

p§=]P>x{u(a)):{m}and Jlim =/\j(ui),je{1,2}\{i}}.

REMARK 2.4. Our methods can also be used to study the simple food chain
dXi(t) =X1(t)(ai0 — a1 X1(t) — a12X2(2)) dt + X1 (1) dE1 (1),
dX»(t) = Xo(t)(—azo + a21 X1(t) — anXo(t) — anX3(t))dt
+ Xo2(t) dEx (1),

@9 dX, 1 (1) = Xno1 () (=an-1.0 + dn—1.n—2Xn—2(1)
— ap—1p—1Xn—1(t) — an—1,,X,) dt
+ Xn—1(1)dEp—1 (1),
dX, (1) = X, (1) (—an0 + ann—1Xn—1(t) — ann X, (1)) dt
+ X, (t)dE,(t).
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In this model, X describes a prey species, which is at the bottom of the food
chain. The next n — 1 species are predators. Species 1 has a per-capita growth rate
ajo > 0 and its members compete for resources according to the intracompetition
rate aj; > 0. Predator species j has a death rate —a jo < 0, preys upon species j — 1
at rate a; j—1 > 0, competes with its own members at rate a;; > 0 and is preyed
upon by predator j + 1 at rate a; j+1 > 0. The last species, X,,, is considered to
be the apex predator of the food chain. Using Theorems 1.1, 1.2 and 1.3, together
with some linear algebra, we can have a sharp classification for the persistence and
extinction of each species in the system (2.9). A detailed analysis of this can be
found in Hening and Nguyen (2017a, 2017b).

3. Invariant measures, Lyapunov exponents and log-Laplace transforms.
In this section, we explore some of the properties of the SDE (1.1). These will be
used in later sections in order to prove the main results. In view of (1.2), there is
an M > 0 such that

[Zi cixi fi(x) 12 j0ijcicjxix;jgi(x)g,; (%)
1+¢Tx 2 (14+c¢Tx)?

1) (14 L0 A0 +57w)] <0

if ||x|| > M. Since

|81 () g (®)oij| < %Iaz‘jl(|gi(x){2 +1g;®|)
we can find 8o € (0, & A 1) such that
32) 380 |gi(®giXoij| +80 > g X) <y > g (x),  xeRL.
ij i i
By (3.1) and (3.2), we have

Yoicixi fi(x) lzi,j 0ijcicjxix;jgi(X)g;(X)
l4+c¢'x 2 (1 +c¢Tx)?

(3.3) + o +80 Y (| i)+ g- )

1

+380 Y _|gi(x)gj(x)oij| <0 forall |x|| > M.
ij

Forp=(p1,..., pn) € R}, |Ipll < 8o, define the function V : R}° — Ry by

l+e¢'x

pi -
iX

(3.4) V(x) =
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Using (3.3), one can define

{ Yicxifix) 1Y) 0ijcicjxix;gi(X)g; (%)
l14+c¢'x 2 (1+c¢Tx)?

H := sup

xeR’
3.5) i 5 : 2 _ . .
Vo +80 ) (| fi 0| + 87 () +380 ) |8 ()8 (X)aij |
i ij
< 00.
LEMMA 3.1. For any x € R" |, there exists a pathwise unique strong solution
(X(t)) to (1.1) with initial value X(0) =x. Let I C{1,...,n}and x € ]R{i_’o where
Rioz{xeRﬁ:xizOU‘i¢Iandxi >0ifiel}.

The solution (X(t)) with initial value X will stay forever in ]Ri’o with probability 1.
Moreover, for x € R:° and V defined by (3.4), we have

(3.6) Ex V% (X (1)) < exp(8oH1) V().

LEMMA 3.2. There are Hy, Hy > 0 such that for any x € R" ,t > 0
3.7) Ex(1 4 ¢"X(1)% < Hy + (1 4 ¢ x)0e 00!
and

t
Ex/ (1+ cTX(s))5°[1 + > (1/(X®)] + |gi (X(s))]z)] ds
(3.8) 0 i
T\
<Hy((1+¢'x)"+1).

Moreover, the solution process (X(t)) is a Feller process on R} .

REMARK 3.1. There are different possible definitions of “Feller” in the liter-

ature. What we mean by Feller is that the semigroup (7;);>¢ of the process maps
the set of bounded continuous functions Cp(R"}) into itself, that is,

T(Co(R})) CCp(RY).,  1=0.
Define the family of measures:

1t
H?(.)::?/o Py {X(s) € -} ds, xeRY,1>0.

LEMMA 3.3. Let u be an invariant probability measure of X. Then

J

(1 +ch)50<1 +> (] + |gl~(x)|2)>u(dx) <H

n
+
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and

) 11(dx) = 0.

/ <Z,~ cixi fi(X) 12,-,,- 0jjcicjxix;jgi(X)g;(X)
R\ 1+cTx 2 (1+cTx)2

LEMMA 3.4. Suppose the following:

o The sequences (Xp)ken C Ry, (Ti)ren C Ry are such that ||X¢|| < M, Ty > 1
forall k € N and limy_ o Ty = 00.

o The sequence (H?;)keN converges weakly to an invariant probability mea-
sure .

o The function h : R} — R is any continuous function satisfying |h(x)| <

Kn(14¢")°(1+ 3 i) + 12 (01%), x € RY, for some K, > 0, § < 8o.

Then one has

kgrgloéih(x)n’;i(dx) =A;n+h(x)n(dx).

LEMMA 3.5. LetY be a random variable, 8y > 0 a constant, and suppose
Eexp(6pY) + Eexp(—6pY) < K.

Theg the log-Laplace transform ¢ (0) = InEexp(0Y) is twice differentiable on
[0, 22) and

do .
%(O) =[EY,

d*¢ 6o
0= 50) <K, ee[o, —)
for some K> > 0 depending only on K.

REMARK 3.2. We note that we got the very nice idea of using the log-Laplace
transform in the proofs of our persistence results from the manuscript Benaim
(2014).

To proceed, let us recall some technical concepts and results needed to prove
the main theorem. Let ® = (P, Py, ...) be a discrete-time Markov chain on a
general state space (E, £), where £ is a countably generated o-algebra. Denote
by P the Markov transition kernel for ®. If there is a nontrivial o-finite positive
measure ¢ on (E, £), such that for any A € & satisfying ¢(A) > 0 we have

o0
> PHx, A) >0, x€E,

n=1

where P" is the n-step transition kernel of ®, then the Markov chain @ is called
irreducible. It can be shown [see Nummelin (1984)] that if @ is irreducible, then
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there exists a positive integer d and disjoint subsets Ey, ..., E4—1 such that for all
i=0,...,d —1andall x € E;, we have

Px,Ej) =1 where j =i + 1 (mod d).

The smallest positive integer d satisfying the above is called the period of ®. An
aperiodic Markov chain is a chain with period d = 1.

A set C € € is called petite, if there exists a nonnegative sequence (@, ),eN With
> o° | an = 1 and a nontrivial positive measure v on (E, &) such that

o8}
Y a,P'(x,A)=v(A), xeC,A€E.

n=1

We have the following lemma.

LEMMA 3.6. For any T > 0, the Markov chain {X(kT), k € N} on ]R'_?,_’o is
irreducible and aperiodic. Moreover, every compact set K C R';° is petite.

The proofs of the above lemmas are collected in the Appendix.

4. Persistence. This section is devoted to finding conditions under which X
converges to a unique invariant probability measure supported on R’;°.

It is shown in Schreiber, Benaim and Atchadé [(2011), Lemma 4], by the min-
max principle that Assumption 1.2 is equivalent to the existence of p > 0 such
that

4.1 i i\ =2p%>0.
“.1) ;m;;{ZP G0} =207 >
By rescaling if necessary, we can assume that ||p|| = do.

LEMMA 4.1. Suppose that Assumption 1.2 holds. Let p and p* be as in (4.1).
There exists a T* > 0 such that, for any T > T*,x € 0R"_, ||x|| < M one has

17 .
42) 7 [ Eox@)dr <o,

where

Yucixi fi(x) 12X j0ijcicjxixjgi(X)g;(X)
P (x) := T - = T3
1+c'x 2 (14+c¢'x)

—lZpi<ﬁ(x>—%f2(x)).

(4.3)
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PROOF. We argue by contradiction. Suppose that the conclusion of this lemma
is not true. Then we can find x; € IR, ||x¢|| < M and Ty > 0, limg_, oo T = 00
such that

1 Tk
(4.4) ﬂ/o Ex, ®(X(t))dt > —p*,  keN.
Note that
1 t
1% (dy) := - / Py, {X(s) € dy} ds.
0

By Tonelli’s theorem, we get that

1 t
/ (+cTy) I dy) = f (4eTy) / Py |X(s) € dy) ds
“5) R" R tJo
1 t
= / Ey, (1 + ¢ X(5))% ds.
0

It follows from Lemma 3.2 that

1 t
sup (1 —i—cTy)‘SOH;"‘ (dy) = sup ;/(; Ex, (1 +cTX(s))8° ds

keN,t>0/R%} keN,t>0
1 t
(4.6) < s L[N+ (TR g
Ix|<M,r>0 ! JO
< Q.

This implies that the family (H)}i)keN is tight in R".. As a result, (H’}’;)keN has
a convergent subsequence in the weak*-topology. Without loss of generality, we
can suppose that {H’}’; : k € N} is a convergent sequence in the weak™ topology. It
can be shown (by Ethier and Kurtz [(2009), Theorem 9.9], or by Evans, Hening
and Schreiber [(2015), Proposition 6.4]), that its limit is an invariant probability
measure u of X. As a consequence of Lemma 3.4,

1

. Ti
Jim /0 Ey, &(X(1)) di = /R , PO

In view of Lemma 3.3 and (4.1), we get that

1

Tk n
1 JR— —_— — . . J— *
Jim = [ By o(X0) dr 3 pikit) = 20",

which contradicts (4.4). [

From now on, let n* € N be such that

4.7) vp(n*—1)> H.
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PROPOSITION 4.1. Let V() be defined by (3.4) with p and p* satisfying (4.1)
and T* > 0 satisfying the assumptions of Lemma 4.1. There are 0 € (0, 8—0), Ky >
0, such that for any T € [T*,n*T*] and x e R, ||x|| < M,

1
ExV?(X(T)) < V/(x) exp(—EH,o*T) + Kp.
PROOF. We have from It6’s formula that

(4.8) In V(X(T)) =1n V (X(0)) + G(T),

where
T
G(T) = /0 O (X(2))dt

Ty iciXi(t)gi(X(t))dE;(t)
+~/0 [ 1+c¢™X(®)

4.9)

—Zm&@mwﬁm]

In view of (4.8) and (3.6),
Ex V% (X(T))
Véo(x)

Let V() : R’} > Ry be defined by V) =(1+c'x) [T, x”. We can use (3.3)
and some of the estimates from the proof of Lemma 3.1 to obtain

Ex V3 (X(T))

(4.10) Exexp(80G(T)) = <exp(8oHT).

(4.11) T = XPCOHT).
Note that
(4.12) Vo (x) = VOx)(1+¢x) 72 < Vo(x).

Applying (4.12) to (4.11) yields
ExV 0 (X(T))
V= (x)
_ BV X(T))
(4.13) — V(x)
_ B VX))
Vo (x)
<(1+ CTX)Z(SO exp(8oHT).
By (4.10) and (4.13), the assumptions of Lemma 3.5 hold for G(T'). Therefore,
there is K> > 0 such that
0 < dfx.1
~ do?

Ex exp(—80G(T)) =

(1+c"x)™

3 8
©)<K, forallde [0, 50) xR, x| < M, T € [T*,n*T*],
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where
dx.7(0) =InExexp(0G(T)).

In view of Lemma 4.1 and the Feiller property of (X(¢)), there exists a § > 0 such
that if ||x|| < M, dist(x, 0R"}) < and T € [T*, n*T*] then

_ Y ciXi(n) fi(X(1)
G = /0 "( 1+ ¢ X(7)
i jciciXi()Xj(1)gi(X())g, (X(l))Gij>
- dt
2(1 + (:TX(I))2

(4.14) 2X (1)
oii g (X(t
—Zpl/ (ki) = T g
< 3 *T
<—2°'T.
Another application of Lemma 3.5 yields
¢x T

3
(0) =ExG(T) < —Z,o*T forx e RL°, |Ix|| <M, T € [T*, n*T*].

By a Taylor expansion around 6 = 0, for [|x|| < M,dist(x,0R") < 5,T €
[T*,n*T*] and 6 € [0, 8—0) we have

~ 3 ~
bur(®) < =10"TO+ 07K,

If we choose any 6 < (0, 0) satisfying 6 < KT* we obtain that

- 1
dx,17(0) < —EP*TQ
4.15) )
for all x € R™°, |Ix|| < M, dist(x, 0R".) < 8,7 € [T*,n*T"].

In light of (4.15), we have for such ¢ and [x|| < M, 0 < dist(x, dR’}) < 5, T €

[T*, n*T*] that

Ex VO (X(T))
VO (x)

In view of (3.6), we have for x satisfying ||x|| < M, dist(x, dR") > Sand T €

[T*, n*T*] that

(4.17)  EyVY(X(T)) <exp(6n*T*H) sup [Vx)} =: Ky < 0.

lIx/| <M. dist(x,dR™)>§

The desired result follows from (4.16) and (4.17). [

(4.16) =exphy.7(0) < exp(—%p*T@).
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THEOREM 4.1.  Suppose that Assumptions 1.1 and 1.2 hold. Let 6 be as in
Proposition4.1,n* as in (4.7). Therearek =k (0, T*) € (0,1), K =K(©0,T*) >0
such that
(4.18) ExVO(X(n*T*)) <«VP(x)+ K  forallx e R,

As a result, X is strongly persistent. Furthermore, the convergence of its transition
probability in total variation to its unique probability measure w* on R';° is expo-
nentially fast. For any initial value x € R, and any r*-integrable function f, we
have

1T ¥
(4.19) IP’X{TILmOO?/O f(X(t))dt:/mof(u)n (du)} =1.

PROOF. By direct calculation and using (3.3), we have

(4.20) Lvl(x) <—0yVix)  if x| > M.
Define
(4.21) t =inf{r >0: | X(1)| < M}.

In view of (4.20), we can obtain from Dynkin’s formula that
Ex[exp(@ys(t An*T*)VE(X(z An*T*))]

TAR*T*

< V(%) + Ex /O exp(@yps)[LVE (X()) + 075 VO (X(5))] ds

< V().
Thus,
VO (x) > Ex[exp(@ys (v An*T*) VO (X(x An*T*))]
= Ex[Lr<e— )7+ exp(0y5 (t An* T*) VO (X(x An*T¥))]
+ Ex[l{(n*—l)T*<r<n*T*} exp(@y;,(r A n*T*))Ve (X(T A I’I*T*))]
(4.22) + Ex[Lirsnsrs) exp(0yp (v An*T*) VO (X(x An*T*))]
> Ex[ljr<(us—1yr VO (X(1))]
+ exp(ey;,(n* - 1)T*)Ex[l{(n*—l)T*<r<n*T*}VG(X('E))]
+ exp(eybn*T*)Ex[l{IZn*T*} VO (X(I’Z*T*))]
By the strong Markov property of (X(#)) and Proposition 4.1, we obtain
Ex[Lr<re—yr) VO (X(n*T"))]
1 ko k
(4.23) < Ex[Lr<e—nre[Ko + 727 T0V(X(D)]]

1
< Kg+ CXP<_EGP*T*>EX[1{r§(n*—l)T*} VG (X(‘L’))]
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By making use again of the strong Markov property of (X(¢)) and (3.6), we get
Ex[ 1w -1y 7+ <c <nry VO (X (n*T¥))]
(4.24) < Ex[ Lo )7+ <r ey T 7OV (X ()]

< exp( HT*)Ex[1{—1y7* <t <12y (V? (X(1)))].
Applying (4.23) and (4.24) to (4.22) yields
VO (x) > Ex[Lir<e—1yr V2 (X(0))]
+exp(0yp(n* — )T Ex[ 1w —1y7+ <7 <nry VO (X (D)) ]
+ exp(0ypn* T*)Ex[1r=pers) VO (X(n*T*))]

1
> exp(iep*T*>EX[1{'£§(FI*—1)T*} VG(X(I’I*T*))]

(4.25) 1
— exp(iep*T*)Kg +exp(—0HT*)exp(Oyp(n* — 1)T*)

x Ex[ - 1)1+ <oy VO (X (n*T7))]
+ exp(0ypn* T*)Ex[1r=ners) VO (X(n*T*))]

1
> exp(mOT*)ExV? (X(n*T*)) — K¢ exp(EGp*T*),

where m = min{%p*, ypn*, yp(n* — 1) — H} > 0 by (4.7). The proof of (4.18) is
complete by taking k = exp(—m6T*) and

1
K =Ky exp(zep*T*> exp(—mOT?).

By Lemma 3.6, the Markov chain {X(kn*T*) : k € N} is irreducible and aperiodic.
Moreover, each compact subset of R’ is petite. Applying the second corollary of
Meyn and Tweedie [(1992), Theorem 6.2], we deduce from (4.25) that

(4.26) | P(kn*T*, %, -) — () | py < Cxr¥,

where 7* is an invariant probability measure of {X(kn*T*), k € N} on R';°, for
some r € (0, 1) and Cx > 0 a constant depending on x € R,°.

On the other hand, it follows from (4.25) and Meyn and Tweedie [(1992), The-
orem 6.2], that for any compact set K C R’:°, we have Ext} < oo where 7} is the
first time the Markov chain {X(kn*T*), k € N} enters K. Thus, the process X is a
positive recurrent diffusion, or equivalently, X has a unique invariant probability
measure on ]R'jr’o [see, e.g., Khasminskii (2012), Chapter 4]. Because of (4.26), the
unique invariant probability measure of the process X must be 7*. Moreover, it is
well known that || P (¢, x, -) — 7*(-)|ITv is decreasing in ¢ (it can be shown easily
using the Kolmogorov—Chapman equation). We therefore obtain an exponential
upper bound for || P (¢, X, ) — 7 *()||rv. O
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5. Extinction. This section is devoted to the study of conditions under which
some of the species will go extinct with strictly positive probability.

LEMMA 5.1. Forany u e Mandi € 1, we have A;(j1) =0

PROOF. In view of Itd’s formula,

In X; (1) lnX(O) g2 (X(5))0ii
p p t/ [ﬁ(X( ) — #]d +- /g, (X(s))dE;(s).

In the same manner as in the second part of the proof of Lemma 3.3, we can show
that if X(0) =x9 € R} and i € I,,, then

N 87 (X())aii
t1_1>rgo; 5 [f,- (X(s)) — ’T”}ds =xi(pn)  Pyas.
and
.1t
tl_l)IgO; A gi(X(s))dEi(s) =0 Px,-a.s.

Consequently,

. InX;(1)

lim =Xxi(w) Py,-a.s.

1—00

On the other hand, because the diffusion is nondegenerate, and the process X has
an ergodic invariant probability measure on R%"°, it follows from Khasminskii
(1960) that X is positive recurrent on Ri’o. If A;i(n) #£ 0 for some i € [,,, then
with probability 1 we have that as + — oo either X;(t) — 0 [if A;(u) < 0] or
X;(t) — oo [if A; (u) > 0]. This contradicts the fact that X is positive recurrent on
R/ As aresult, A; (u) =0foriel,. O

Condition (1.7) is equivalent to the existence of 0 < p; < 8, i € I, such that
for any v € M, we have

Z piri(v) > 0.
iel,
Thus, there is p € (0, §p) sufficiently small such that
.1) Z piri(v) — pmax{k M} >0 forany v e M.
iel,
In view of (5.1), (1.6) and Lemma 5.1, there is p, > 0 such that for any v € M, U
{u},

(5.2) > piri(v) — pmax{1;(v)} > 3p..

iel,
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LEMMA 5.2. Suppose that Assumption 1.3 holds. Let M be as in (3.1), H as
in (3.5) and p;, p, pe as in (5.2). Let n, € N such that yp(n, — 1) > H. There are
T, >0, 8, > 0 such that, forany T € [T,,n.T,], ||X|| <M, x; < 8,1 € Iﬁ, we have

i/TE (Zic,-Xi(t)fi(X(t)) Zi,jCiCin(f)Xj(l)gi(X(t))gj(X(l))Gij)dt
T

1+e'X@t) 2(1 4+ e"X(1))?
1182 (X(1))
- Di Ex(fz X(f) 17> dt
sarf
6 17 (X (1))
0ii§8;
+P52?§{T/0 Ex(fi(X(z))——g2 )dr}
=< —Pe-

PROOF. Analogous to Lemma 4.1, using (5.2), one can show there exists a
T, > O such that forany T > T,,x € RY, x|l < M, we have

l/T]E (ZiciXi(t)ﬁ(X(t)) Zi,jCiCin(I)Xj(t)gi(X(t))gj(X(t))Uij)dt
T X B

1+¢TX(®) 2(1 +¢TX(t))?2
2
01182 (X(1))
_,gp’Tf (ﬁ X(1)) - fﬁr
CY 17 2(X(1))
0ii§;
+P€2‘}"§{T/O Ex(ﬁ(X(t))——g ; )dr}
= _2106'

By the Feller property of (X(t)) and compactness of the set {x € R, ||x|| < M},
there is a §, > 0 such that for any T € [T, n.Te], ||X|| < M, x; < ,i € I;i’ the
estimate (5.3) holds. [J

PROPOSITION 5.1. Suppose that Assumption 1.3 holds. Let §o > 0 be as in
(3.2). Thereis a 6 € (0, 8o) such that forany T € [T,,n.T,] andx € ]R'jr’o satisfying
X[l <M, x; <8, i €I one has

1
BUs (X(T) = exp(— 00T ) Un ),

where M, T,, p;, P, 8¢, e are as in Lemma 5.2 and

p 0
Up(x) = Z[(l—i—c x)x—‘] ., xeRY°.

ielf H;e] X
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»
X

PROOF. Foriel ﬁ, let U;j(x) = (14+¢'x) Similar to Proposition 4.1,

rj*
jeluY;
by making use of Lemma 5.2, one can find a 6 > O such that for T € [T,, n.7T.],
x € R° with ||x]| < M, and x; < §, we have

BU/ (X(T) < exp(— 3007 ) U (9.

The proof is complete by noting that

Up(x)= > Uf (x).

ielf O
LEMMA 5.3. Let H be defined by (3.5). For 6 € [0, §y], we have
ExUp (X(1)) < exp(@Ht)Up(x), xeRL°.
PROOF. By the arguments from the proof of (3.6), for 6 <§qg,i € 1 /i we have
ExU? (X(1)) <exp(@H)U!(x),  xeR}°.

From this estimate, we can take the sum over / ; to obtain the desired result. [

REMARK 5.1. It is key to note that the inequalities (A.3) and (A.4) hold if
| pil < 80 no matter if the p;’s are negative or positive. This then allows us to have
the same kind of estimates for Uy and Vj.

THEOREM 5.1. Under Assumptions 1.1 and 1.3, for any § < 89 and any x €
R’;° we have

n
: 3
(5.5) lim Ey /\1 X%(1) =0,
where N\i_; a; =min;—1,__n{a;}.

PROOF. Just as in (4.20), we have

(5.6) LUy (x) < —0ypUp(x) if || x| > M.
Let
&
G- CU,
Mooy 27
Cy:= sup{ llel’;_rl X € ]R:’L’O} < 00,
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and

£ :=inf{r >0: U%(X(1)) = ¢}.
Clearly, if Up(x) < ¢, then & > 0 and for any i € I¢, we get
(5.7 Xi(t) =8, 1 €10, ).
Let

Up(x) := ¢ A Up(x).

We have from the concavity of x > x A ¢ that

ExUs (X(T)) < ¢ ARUy(X(T)).
Let 7 be defined by (4.21). By (5.6) and Dynkin’s formula, we have that

Ex[exp(gyb(f NEN neTe))UQ (X(be(f NEN neTe)))]

Oyp(tAEAR,T,)
< Up(x) + Eyx /0 exp(Oyps)[LUg (X(s)) + 0ypUs (X(s))] ds

< Up(x).
As aresult,
Ug(x) > Ex[exp(0ys(t A& AneT.))Up(X(t AE AnTe))]
> Ex[1{znea(mo—1)7,=r)Ug (X(7))]
(5.8) + Ex[Lz ae A(no—1)T,=£} Us (X(§))]
+exp(0yp(ne — D To)Ex[Ln,—1)T, <t n& <n,T,) U (X (T A §))]
+ exp(OypneTe) Ex[ 1z ne=n,1,)Up (X (1 Te))].

By the strong Markov property of (X(#)) and Proposition 5.1 [which we can use
because of (5.7)],

Ex[1{z At A(ro—1)T, =7} U (X (1. Tp))]
1
(5.9) < B Lot ntne=r1 xp( — 3000 (1T, = ) Ua(X(0) |
< Ex[Lzren(ne—1)T,=1} Us (X(1))].

Similarly, by the strong Markov property of (X(¢)) and Lemma 5.3, we obtain

IEx[l{(ne—l)Te<t/\€<neTe}U@ (X(neTe))]
(5.10) =< Ex[l{(ng—l)Te<r/\é<ngTe} eXP(QH(neTe —TA S))U@ (X(T N S))]
= eXP(QI_ITe)Ex[l{(ne—l)Te<‘[A§<neTe}U@ (X(T A 5))]
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If Ug(x) < ¢, then applying (5.9), (5.10) and the inequality Uy (X(n.T,)) <
Ug(X(n.T, A &)) to (5.8) yields
Us (x) = Ug (x)
> Ex[1{znea(mo—1)7,=r)Ug (X(7))]
+Ex[Lirae a(ne—1)T,=) Us (X ()]
+exp(0yp(ne — DTe)Ex[1i(n,— 1T, <t n&<n. T} Us (X(T A §))]
+ exp(OypneTe) Ex[ 1z ne=n,1.)Us (X1 T)) ]
(5.11) > Ex[1{znentm,—1)7,=r) U (X(T)) ]
+ Ex[1e e Atno—1) o) Up (X (1. T2)) ]
+exp(@yp(ne — )T, —OHT,)
X Ex[1(n,—1)T, <t e <n, 7,1 U (X (e Te)) ]
+ exp(OypneTe)Ex[ iz ne=n, 7,1 Us (X (1 Te)) ]
> ExUp(X(ncT.))  (since Up(-) < Up(-)).
Clearly, if Uy (x) > ¢ then
(5.12) ExUs(X(n.T,)) < ¢ = Up(x).

As a result of (5.11), (5.12) and the Markov property of (X(7)), the sequence
{Y(k) : k € N} where Y (k) := Ug(X(kn.T,)) is a supermartingale. For A €
0,¢),e€(0,1),let &), :=inflk e N: Y (k) = A}. If Ug(x) < Ae, we have

(5.13) ExY (kA &) <ExY(0)=Up(x) < Xre for all k € N.

Subsequently, (5.13) combined with the Markov inequality yields
Pu(on <k} <AT'ExY(kAG) <&, keN, Up(x) < re.

Next, let k — oo to get

(5.14) Px{tn <00} <e if Up(X) < Ae.

Note that for a given compact set X C R;° with nonempty interior, and for any
& > 0 there exists a A > 0 such that

(5.15)  Px{Xi@t)>rforallt €[0,n.T.],i=1,...,n}>1—¢, xeK.

This standard fact can be shown in the same manner as (5.20), which is proved
later in Lemma 5.5.

We show by contradiction that (X(¢)) is transient. If the process (X(t)) is re-
current in R’;°, then X(#) will enter K in a finite time almost surely given that
X(0) € R’;°. By the strong Markov property and (5.15), we have

(5.16) Py{X;(kn.T,) > r,i=1,...,n for some k € N} > 1 — ¢, x e RY°.
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Ifxe Ri’o is such that Uy (x) is sufficiently small, then both (5.14) and (5.16) hold,
a contradiction. Thus, X is transient.

As a result, any weak*limit of Px(¢, X, -) is a probability measure concentrated
on dIR” . Suppose that (5.5) does not hold. Then there exist xo € R:’;O, €>0anda
sequence f; 1 0o as k — oo such that

n
(5.17) / (/\xf>PX(tk,xo,dx) >%  foranykeN.
+ \i=l

Since the family {Px(¢,Xo, -), t > 0} is tight in Ri due to Lemma 3.2, there
exists a subsequence of {f;} (still denoted by {t;} for convenience) such that
Px (t, X0, -) converges weakly to 7 as k — oo. Similar computations to the ones
from Lemma 3.4 show that and /(-) is a continuous function on R’; such that for
all x € R we have |[h(x)| < K(1 + IxI)%, 8 < 8o then h(-) is m-integrable and
fR'i h(x) Px(t, X, dX) — fR'i h(x)m(dx). Because m with supp(r) C 0R”, we

have
n
/ (/\ x;‘)n(dx) =0
RE\i=1
and
n
(/\ Xf> < K (1 +|Ix]))°.
i=1
These facts imply

lim </\ x§> Px(t, X0, dx) =0,

k— o0 R'jr i—

which contradicts (5.17). As a result, (5.5) has to hold. [
To prove Theorem 1.3, we need the following lemmas.

LEMMA 5.4. Suppose that Assumption 1.4 is satisfied. Then there is a K>0
such that

1 t
Px{lim sup (14¢" X))
0

x (1 +2_(fiX®)[ + lgi(X(s>)|2)) ds<Ki=1  xeRL

Moreover,

dEi(s)=0{=1, xeR.

(5.18) ]P’x{ lim

t—>o0 t

l/r DiciXi(s)gi(X(s))
0 1+cTX(s)
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LEMMA 5.5. Let Assumption 1.4 be satisfied. There is a K\ > 1 such that

1
(5-19) Fx {htrﬂlo‘éft / Lixei<kyds = 2} =1, xeRl.
Moreover, for any €1, &2 > 0, there is a B > 0 such that for eachi =1, ...,n,

(520) Py{Xi(1) > B,V €[0,n.T.1} > 1—e1  ifxeRY, x| < K1, x> &2,

where n,, T, are as in Lemma 5.2.

LEMMA 5.6. Let Assumption 1.4 be satisfied and let I1,(-) be the random
normalized occupation measure defined in Remark 1.77. Suppose we have a sample
path of X satisfying

1 ~

limsupt (1 +c'X(5))° (1+Z (1fi (X())| + | gi (X(5))] )) ds <K
=00

and that there is a sequence (Ty)ken C R'L such that limyg_, oo Ty = 0o and

(l'ITk( )keN converges weakly to an invariant probablllty measure © of X when

k — o0. Then for this sample path, we have fRn h(x)HTk (dx) — fRn h(X) (dxX)

for any continuous function h : R — R satisfying |h(x)| < Kp(1 + ¢ Tx)% x
I+>(fix]+ lgi(¥)]?),x € R” , with K, a positive constant and § € [0, 81).

The proofs of Lemmas 5.4 and 5.5 are given in the Appendix while that of
Lemma 5.6 is almost the same as that of Lemma 3.4 and is left for the reader.

LEMMA 5.7.  Let Assumption 1.4 be satisfied. For any initial condition X(0) =
x € R, the family {I1;(-),t > 1} is tight in R}, and its weak™-limit set, denoted
by U =U(w) is a family of invariant probability measures of X with probability 1.

PROOF. The tightness follows from Lemma 5.4. The property of the weak™®
limit set of normalized occupation measures was first proved in Schreiber, Benaim
and Atchadé [(2011), Theorems 4, 5] for compact state spaces and then general-
ized to a locally compact state space in Evans, Hening and Schreiber (2015), The-
orem 4.2. Similar results for general Markov processes can be found in Benaim
(2014). O

LEMMA 5.8. Suppose that Assumption 1.4 is satisfied. Let i € M. For any
xeRY°,
Px{U(w) C Conv(M,, U {u})} =Px{UU(w) ={u}}.
REMARK 5.2. Note that, since {U(w) = {u}} C {U(w) C Conv(M, U{u})},

it would be equivalent to prove that {{/(w) C Conv(M, U {u})} = {U(w) = {u}}
Py-a.s. for all x € R°.
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PROOF OF LEMMA 5.8. Since u satisfies Assumption 1.3, it follows from
(1.7) that, there are pl’-L > 0,i € I, such that

(5.21) S piAi(w) =0,  veM,.

i€l

As aresult of Lemmas 3.3, 5.6 and 5.7,

P {lim lfot[zi ci Xi(s) fi(X(s))

1—00 ¢ 1 +cTX(s)
(5.22)
135 jciciXi(9)X ()8 (X(5))g; (X(s))} }
-3 ds=0;=1.
2 (14 cTX(s))?

In light of It&’s formula, it follows from (5.18) and (5.22) that

In X; (¢ In(1 +¢"X(r
}P’X{limsup nX; (@) <0,i= 1,...,n} zPX{limsupw :O}
(523) t—00 t—00 t
=1, xeRL°.
On the other hand, similar to (5.18), we have
1 rt
(5.24) IP’X{ lim —f g,-(X(s))dEi(s):0,i:1,...,n} —1.
t—o0 t Jo

In view of (5.24) and (5.23), to prove the lemma, it suffices to show that if the
following properties:

(a) U(w) C Conv(M,, U{u});

(b)
1 rt
(5.25) lim — [ gi(X(s))dEi(s) =0, i=1,...,n;
r—oo f Jo
(©)
. In X; (1) .
(5.26) lim sup <0, i=1,...,n
1—00

hold then U (w) = {u}.

We argue by contradiction. Assume there is a sequence {f;} with limg_, oot =
oo such that l:I,k (-) converges weakly to an invariant probability of the form 7 =
(I —p)m1 4+ pu where p € (0, 1] and 1 € Conv(M,,). It follows from Lemma 5.4
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and (5.21) that

lim — Z p; / (fz X(s )) 7Giigi2;X(S)))ds

k— o0 tk

= Z pihi ()

iely

(5.27) =(-p) Z P;L)Li (r)+p Z P,H)Vi (1)

iel, iel,

=1-p) Z piai () (due to Lemma 5.1)

iel,
> 0.
As aresult of (5.25), (5.27) and 1t6’s formula,

= gim =5t [*](xe) - W)dﬁgi(m))d&m]

>0
which contradicts (5.26). This completes the proof. [J

LEMMA 5.9. Suppose that Assumption 1.4 is satisfied. Let ;1 € M. For any
keN, e>0,thereisa A > 0 such that

n X; (1)
t

1
IP’X{Z/{(a)) ={u} and lim =xi(n) <0,i€ 1;} >1—c¢, xe K™,
=00

where
kA — {XER’iO,k_l <xj<kforiel, xi<Aforic Iﬁ}

“w

PROOF. Let U (x) be the function defined as in the proof of Theorem 5.1.
In view of Lemma 5.5, there is 8 > 0 such that

, X€Hy,

N —

(5.28) Px{ma}zg{Xi O} > BV €10, n. 1} >

where

Hy={x e RY : x| < K1, max(x;} > 1}.
lell‘t'
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It can be seen that

(5.29) V(H,) >0  forve M\ (M, U{u}).

By the definition of U(-), there is A > 0 sufficiently small such that

(5.30) swp (U@} <= inf  {T).
xekchA yeRY® xi>B il

In view of (5.30), since {Y(j) := Ug(X(jneTe)) : j € N} is a supermartingale,
similar to (5.14), we can obtain

(531)  Pyfmax{X;(jnT.)} < Bforall j eN} > 1 - © o itxekhA
il 2

Now, suppose that there is x € ICﬁ*A such that

1 t
(5.32) Px{limsup - l{X(s)eHM} ds > 0} > &.
t—oo [ J0
Then
(5.33) Px{ry, < o0} >,

where 13, = inf{r > 0: X(r) € H,.}.
By the strong Markov property of {X(¢) : + € R}, it follows from (5.28) and
(5.33) that

&,

N —

Px<{‘L"HH <oo}N {;relz}zg{Xi(t)} > B fort € [ty,, T4, —i—neTe]]) >
tely,
which contradicts (5.31). Thus, (5.32) does not hold, that is, we have

1 t
(5.34) IPX{ Hm ~ | 1x()er,)ds = 0} >1—c¢, x e KA.

=00t Jo

If for an w € €2, and a sequence {7;} with lim;_,#; = 00, I:I,j (-) converges
weakly to an invariant probability of the form 7 = (1 — p)m; + pmr where
p € (0,1]and w1 € Conv(M, U{u}), mo € Conv(M\ (M, U{u})) then by (5.29)

. 1 i
lim sup - /0 Lixsyen, 1 ds = w(Hyu) = pm2(Hy) > 0.
j

j—o00
This inequality, combined with Lemma 5.7 and (5.34), implies that
Py |U(w) C Conv(M,, U {u})} > 1 —e, xe Kh2.
Lemma 5.8 and the above force

(5.35) Pyfd(w) ={u}}>1—e,  xeki™
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In view of Lemma 5.6 and (5.35), we have for x € ICZ’A and foreachi=1,...,n
that
Lt g2 (X
(5.36) ]P’x{ lim —/ (ﬁ (X(s)) — M) ds = A, (u)} S1—¢
t—oot Jo 2

The claim of this lemma follows from (5.36), (5.24) and an application of Ito’s
formula. [

THEOREM 5.2. Suppose that Assumptions 1.1, 1.4 and 1.5 are satisfied and
M £ . Then for any x € R}°

(5.37) > PE=1,
ueM!

where forx e R°, € M!

In X; (1)
1t

P ::Px{u(w) = {u} and lim =ri(p) <0,i € Iﬁ} >0.

PROOF. First, suppose that Assumption 1.5 is satisfied with nonempty M?.
Then there is q = (g1, ...,qn) € ]R’fr’o such that ||q|| = 1 and

(5.38) max {Zq,-,\,-(v)} > 0.

veM? i

Using (5.38) and arguing by contradiction, similar to the argument from
Lemma 5.8, we can show that with probability 1, U (w) is a subset of Conv(M) \
Conv(M?). In other words, each invariant probability 7 € /(w) has the form
7 = (1 — p)my + pmy where p € [0, 1), 71 € Conv(M!), 1, € Conv(M?). Let
ko > 1 and for each u € M! define

ng{XERi:xi/\xi_lSko,iEIM}.

By Lemma 5.9, there are k > kp and A > 0 such that
In X; (¢
Px{ n t,()

(5.39) lim
t—>00

=k,-(,u)<0,ielli}>1—s

forall u e M! and x € ICZ’A. Let ¥(-) : R} — [0, 1] be a continuous function
satisfying
1 ifxe | KD,
weM!
0 ifxeR’_’;"\( U ICZ’A).
nemM!

v(x) =
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Since ﬂ](UMeMl ICZ) > 0 for any 71 € Conv(M') and U(w) is a subset of
Conv(M) \ Conv(M?) with probability 1, then we have from Lemma 5.7 that

1 rt
(5.40) Px{ntmgf;/ ¥(X(s))ds > o} —1,  xeR""
g 0
Since ¥ (x) = 0if x € RY\ (U et ICZ’A), we deduce from (5.40) that
NS B n,0
(5.41) Px{lltgggf;/o I{X(S)GUMGMI KZ,A}ds > O} =1, xe Ry

Thus, if X(0) € R:’L’O then {X(s)} will enter peM! IC,’fL’A with probability 1. This
fact, combined with (5.39) and the strong Markov property of {X(s)}, implies that
Z Pl >1—¢, xeR"°,

nem!
where
In X; (1)
t

P;‘:PX{U(@)={M} and lim =k,~(u)<0,ielﬁ :

—>00
Letting ¢ — 0, we obtain (5.37). The positivity of Py follows from (5.39) and the
fact that {X(s)} will visit ICZ’ A with a positive probability due to the nondegeneracy
of the diffusion.

Next, we consider the case when M! # & and M? = @. Then we claim that
MU = {8*} where §* be the Dirac measure concentrated on the origin 0. Indeed,
if M! contains a measure p with R’fr # {0}, then 6" € M,,. Since p satisfies
Assumption 1.3, in view of (1.7), §* € M? which results in a contradiction. Thus,
M = M ={8*}. As aresult, U (w) = {8*} with probability 1. Then we can easily
deduce with probability 1 that

. . o2
lim In X; () :)\1(6*) = £(0) — 0ii§; 0) <

t—00 t 2

since 8 satisfies (1.6). [

0, i=1,...,n

APPENDIX A: PROOFS FOR LEMMAS IN SECTION 3

PROOF OF LEMMA 3.1. We restrict our proof for the existence and uniqueness
of the solution with initial value x € R;°. If x € Ri’o for any I C {l1,...,n}, the
proof carries over. Let V (-) be defined by (3.4). Since || p|| < ¢ < 1, it is obvious
that

(A.1) lim inf{V(x):x; vVx ' >mforsomei=1,...,n}=oc0.
m— o0
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Note that

Yicixifi(x)  So— 12 0ijcicixix;gi(x)g;(x)
l4+c¢'x 2 (14+¢Tx)2

LV (x) = 50v50(x)[

igf (X)oii\ | 8
(A2) —Z@mw—ﬁﬁ?i)+§zmm%&®@®
; i

CipiXioijgi(X)g;j (X)}
— 34
0§ (1 +cx)

Since || p|| < 8o, we have

(A.3)

Y opifi®| <80 ) |fix)]

and

80 2.1, 0ijCiCjxiX ;g (X)g;(X) pigZ(X)oii &
) (1 +c'x)? ZI: 12 + 5 > pip;oij&gi(x)g;(x)
Ci piXioijgi(X)g;(X)

(1+¢"x)

(Ad) =8>
ij

<380 ) _(|gix)g;(X)aij]).

i,J
Applying (3.3), (3.5), (A.3) and (A.4) to (A.2) one gets
(A.5) LVO(x) <8 HV®(x), xeR}°.

Since the coefficients of (1.1) are locally Lipschitz, using (A.1) and (A.5), it
follows from Khasminskii [(2012), Theorem 3.5] that (1.1) has a unique solu-
tion X(¢) that remains in R'jr’o almost surely for all + > 0 whenever X(0) =
X € R:l;o. The estimate (3.6) can also be derived from Khasminskii (2012),
Theorem 3.5. [

PROOF OF LEMMA 3.2. Let V¢(x) := (1 + ¢'x)%. By noting that

>0 0ijcicjXix ;g (X)g;(X)

5
0 (1+cx)?

<80y —|gi®g;X)oij]

i,j
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a direct calculation combined with (3.3) and (3.5) shows that
Yicixi fi(xX) 80— 12 0ijCiCiXiX;gi (X)gj(x)]

LVel(x) = 50Vc(X)[

l+¢lx 2 (1+c¢Tx)?
- 50VC(X)|:Zi Cixi]TCi(X) 1Y UijCiiji);jgiz(X)gj (x)
l+c'x 2 (I14+c¢'x)

480 (/)] + 200) + 80 Y |g,-<x)gj(x>aij|}
(A.6) i iy
= 80Ve()| v + 80 Y_ (| fi0| + g7 ()]

< 80 H Ve L{jx <) — sovc<x>(yb +50 (1] + g <x>|2)>

< 801 — 8o Ve(®) (yb +50 Y (A + g (x>|2)) VxR,

where H, := H supjy<m{Ve(y)}. Letting ng = inf{z > 0 : [|X(#)| > k}, we have
by applying Dynkin’s formula to the function ¢(x, t) = %’ V,(x) and the stop-
ping time 7 A ¢t and making use of (A.6) that

ExeSOVb(??kM) Vc(X(T’]k A t))
NN 5
= Ve(x) + ]Exf €7 (Soyp Ve (X(s)) + LVe(X(s))) ds
(A7) 0
~ NNt
< Ve(x) + SoHﬂEX/ %0168 (g
0
< Ve(x) + Hye”',

where H := yb_l Hi. Letting k — oo in (A.7) together with Fatou’s lemma forces
SV R Ve(X (1)) < Ve(x) + H %! which in turn implies

ExVe(X(1) < Hi + Ve(x)e 07!
as required. Another application of Dynkin’s formula combined with (A.6) yields

ExVe(X((nk A1)))
NNt

= Ve(x) + Fy /O LVe(X(s5))ds

N N\t

< Ve(X) +30ﬁ1E/ ds
0

=3 [ Ve[ 1+ LA K6)] + s (X0) )] as.
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As a result,

83Ex / Ve(X(s) [1 +Z (| £: (X())] + | g (X())| ):|ds < Ve(x) + 8o Hit.

If we let k — o0, we obtain (3.8) with Hy = 80_2 \% (80_1 I:Il).
Finally, since lim x| o0 Ve(X) = 00, it follows easily from (A.7) that

klirn Px{nx <t}=0 uniformly on each compact subset of R’} .
—00

The above coupled with the assumption that f;(-), g;(-),i =1,...,n are locally
Lipschitz allow us to modify the proof of Mao [(1997), Theorem 2.9.3] by a trun-
cation argument in order to get the Markov—Feller property of (X(¢)). U

PROOF OF LEMMA 3.3. It suffices to suppose that u is ergodic.
Let ¢(x) = [(1 +¢'x)%(1 + 3 (| fi ®)| + |gi (%)|?)). Since p is invariant, we
have

(A.8) / (k A §()pu(dx) = lim / <[k A BX(D)) i (dx).

In view of Lemma 3.2,

(A.9) limsup Ex[k A ¢(X(2))] < Ha, xeR].

1—00
As a consequence of Fatou’s lemma, it follows from (A.8) and (A.9) that
/ (k A (%)) u(dx) < Hy for any k € N.
R

Letting k — oo and making use of Fatou’s lemma again, we get
[, #onw < .
R}

By the strong law of large numbers [see, e.g., Khasminskii (2012), Theorem 4.2]
and the p-integrability of > ; (| f; (x)| + |gi2 (x)|) (due to the inequality above), one
gets

" lf’[cixi (s) fi(X(s))

1—00 t 14+ ciXi(s)
1Y jaijciciXi(9)X, (S)gl(X(S))gJ(X(S))}d
(A.10) 2 (1+ 3 ¢iXi())?
cixi fi(x) 13 joijcicjxix;gi(X)g;(X)
= [1+ch "2 (1+c x)? }“(dx)

<00 P,-a.s.
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and

lim ds
t—00 t

1/’ 2 joijcici Xi(s)Xj(s)gi(X(s))g;(X(s))
0 A+ Y ciXi(s))?
>0, 0ijCicjxiX;jgi(X)g;(X)

= - TP u(dx) < oo Py-a.s.
+

The above limit tells us that if we let

Qr:=(L.,L.);
be the quadratic variation of the local martingale

L= /0’ 2.i ciXi(s)8i(X(s)) dEi(s)

14+ ciXi(s)
then
cLoicicixixigi(X)gi(x
limsup% = Li,j OijCic ’T"glz( )8 );L(dx) < 00 P,-a.s.
t—oo [ R%L (1 +c X)

Applying the strong law of large numbers for local martingales [see Mao (1997),
Theorem 1.3.4], one can see that

1Y ciXi(9)gi(X(s) dEi(s)
- =0 P,-as.
tJo L4 ciXi(s)
In view of (A.10), (A.11) and It6’s formula,

. In(14+¢"X@)

lim ———

t—00 t

_ m[zi ¥ £i(9)

1+c¢Tx

(A.11) lim

t—00

(A.12)

1Y joijcicjxix;gi(X)g, (x)
2 (1+¢Tx)2

}u(dx) P,-as.

A simple contradiction argument coupled with (A.12) forces

I [Zi xi /i) _ 1 2oy 01CiC i1 008 ) Ju@o=0. 4

1+c¢x 2 (1+cTx)2

PROOF OF LEMMA 3.4. Let Vj; =sup{(1 +¢"x)% : |x|| < M} and fix & > 0.
Pick [, € N such that

e(1 + ¢ x)%—3

—_— > for any ||x|| > [..
Ky Hy(1 + Vi)
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Let ¢;(-) : R}, — [0, 1] be a continuous function with compact support satisfying
¢1(x) = 11if |x]| < /.. One gets the following sequence of inequalities:

/R’i(l - ¢1(X)){h(x)|n’;’; (dx)
_ To\d
= K fR’i(l #1(x))(1 +¢'x)

X (1 > (1] + g (x)\z))n’;';(dx)
(A.13) i
K

I B s
= KnHa(1+ Var) /]1;;1(1 ¢1(x))(1+¢ ' x)
g (1 + 2. (1l + ?&(X)Iz))“’}’;(dx)

<e

k)

where the last inequality follows by (3.8). Similar to (A.13), we have from
Lemma 3.3 that

(A.14) /R (1 —gr(x))|h(x)|7 (dx) <e.

n
+

Since H’}’; converges weakly to 7, we get

. Xk .
(A.15) lim fR , POV (@) = fR , POV
As a consequence of (A.13), (A.14) and (A.15)

(A.16) lim sup

k— o0

< 2e.

X _
A , OO (@) A , HOT(x)

The desired result follows by letting ¢ — 0.

PROOF OF LEMMA 3.5. It is easy to show that there exists some K3 > 0 such
that

Iy exp(6y) < K3(exp(boy) +exp(—6py)),  k=1,2

for 6 € [0, %0], y € R. For any y € R, let £(y) be a number lying between y and 0
such that exp(§(y)) = ‘EVT_I Pick 9 € [0, 9—0) andlet h e Rsuchthat 0 <0 +h <
970. Then

. exp((@ +h)Y) —exp(0Y)
lim

Jim ; =Y exp(0Y) a.s.
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and
exp((6 + h)Y) —exp(Y)
h

= |¥|exp(0Y + E(hY))

< 2K3[6Xp(00Y) + eXp(—Q()Y)].

By the Lebesgue dominated convergence theorem,

dEexp(0Y 0 +h)Y) —exp(0Y
dhexpOY) _ ) RO+ WY) = expC®Y) _ by ooy),
do h—0 h
Similarly,
d*Eexp(0Y) )
0z =FEY“exp(6Y).

As a result, we obtain
d_¢ . EY exp(#Y)
do Eexp(6Y)
which implies

o
5 (O =EY

and

d*¢ EY?exp(0Y)Eexp(6Y) — [EY exp(6Y)]?
de? [Eexp(0Y)]? '

By Holder’s inequality, we have EY 2 exp(0Y)Eexp(0Y) > [EY exp(8Y )]? and,
therefore,

d*¢ o
Y90 wvoelo ).
462 = e[ 2)

Moreover,
d*¢ - EYZexp(0Y)
d6? — Eexp(9Y)
- K3 (Eexp(@pY) + Eexp(—6pY))
- exp(PEY)

- K3(Eexp(6pY) + Eexp(—6pY))
B exp(—6o|EY])

< K>

for some K5 depending only on K and K3. [
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PROOF OF LEMMA 3.6. Let K C R';° be a compact set and let D be an open,
relatively compact subset of R"° with smooth boundary such that K C D. For
x € D and ¢ > 0, define the measure

Pp(t,x,-) =Px({X(®) € -} N {X(s) € D, s €0, ]}).

For a bounded continuous function f : R"” - R vanishing outside D, let u ¢ (¢, x)
be the solution to

ou .
— 4+ Lu=0 in D x[0,7),
ot

(A17) w(T,x)=f(x)  onD,
u(t,x)=0 ondD x [0, T].

By the Feynman—Kac theorem [see, e.g., Mao (1997), Theorem 2.8.2],

uf(r,x)=/Df(y)PD(T—t,x,dy).

Under the assumption of nondegeneracy [part (1) of Assumption 1.1], we deduce
from Friedman [(2008), Theorem 3.16 and its corollary] that Pp(¢, X, -) has a den-
sity pp(t, x,y) that is strictly positive and continuous in (X,y) € D x D. Since K
is compact, px p(t,y) :=infyeg pp(t, X,y) is strictly positive and continuous in
ye D.

Fory ¢ D, wedefine px p(t,y) =0.Let mg p(-) be the measure whose density
is px.p(T,y). For any x € K and a measurable B C R"°, we have

P(t,x,B)> Pp(T,x, B) >mg p(B).

Thus, K is a petite set for the Markov chain {X(kT'), k € N}. On the other hand,
since pp(t,X,Yy) is strictly positive for any D, we note that

(A.18) P(T,x,B)>0 for any set B whose Lebesgue measure is nonzero.

Thus, {X(kT), k € N} is irreducible. Moreover, it is easy to derive from (A.18)
that there are no disjoint subsets of R’} \ {0}, denoted by Ay, ..., Ag—1 with some
d > 1 such that for any x € A;,

P(T,x,A;)=1 where j =i + 1 (mod d).
As a result, the Markov chain {X(kT), k € N} is aperiodic. [

APPENDIX B: PROOFS FOR LEMMAS IN SECTION 4

PROOF OF LEMMA 5.4. Applying (A.6) with §p replaced by &1 < 8¢, gives us
LO+¢"x)" <81 H —8i(14¢'x)™

B.1
®D x (Vb+512(\fi(X)|+!gi(X)}z)), xeR}

1
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for some H; > 0. Equation (B.1) together with Itd’s formula implies

T 8 T 8
(1+¢ tX(t)) ' _ 4 XO) | ;ftﬁ(l +cTX(5))" ds
0

t
. 1/’ 2 ciXi(s)gi (X(s)) dEi(s)
tJo (1+cTX(s)! =9

(1+c"X(0)% ~ 11y ciXi(s)gi(X(s))dE;(s)
= leHZJF?/o (1 +c X(s)) 0

1 t
_51;/0 (1+CTX(S))81

y (yb 81 (X6 + e (X(s))!z)) ds.

1

Since dFe/ X))
t

51
2t

> 0, the above yields

/(;t(l +eTX(5) (yb +8 2 (i (X)) + e (X(s))|2)>

]

(B.2)

(1+c¢"X(0)* -1 1Y i Xi(s)gi(X(s)) dE;(s)
<—+51H2+;/0 1+ cTX(s)) =0

5 (! T 51 2
=5 (14+¢'X(s)) (yb + 68 Z(|fl~(X(s))| + | i (X(s))| )) ds.

1
Foreachi =1, ..., n, the quadratic variation of

/’ ciXi(s)gi(X(s))dE;(s)
0 (d+cX(s)!-a

is
0, = /’ [ci Xi(5)8i (X(5)) 03 s
Tl A+ dTX(s)2W T
We have the following estimate foreachi =1, ..., n:

[cixigi (X)]%0ii -
(1+CTX)2—281 -

< K,-[(l +cTx)P (yb £ (0] + |gi<x>|2))},

4

(14¢'%)* g2 (x)0y;

where due to Assumption 1.4

{ (1+c™x)%g?(x)0yi }
o+ 81 (1 i ()] 4 18 (%)[2)

K; = sup

n
xeRY
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Thus,
o« dQ; o dA;
(B.3) / — = = / Kiiz =K; <00 a.s.,
o (1+A) 0 (1+Ay)
where

Avi= [ 4+eTX6)" (3 +61 A XE)] + (X)) ) .

1

On the other hand,

(B.4) lim A; > lim ypt =00 a.s.
I—>00 t—00

By (B.3), (B.4) we can use the strong law of large numbers for local martingales
(see Mao [(1997), Theorem 1.3.4]) in order to obtain for eachi =1, ..., n that

im Jo ciXi ()8 (X()(1+TX(5))" " dE; s)
BS) = [+ T (0 + 81 2 (1 fi(X6)] + g (X)) ds

=0 Px-a.s.
This implies
limsu [l /t 2 ciXi(s)gi(X(s)) dEi(s)
l%oop tJo (1 +CTX(s))1—51
t
(B.6) - % A (1+ ch(s))61 ()/b +81 ) _([fi(X()| + |gi (X(s)){z)) ds}
<0 Py-a.s.

Applying (B.6) to (B.2), we get
. 81 (!
lim sup — f (14¢" X)) (yb +80 > (1 £(X(®))] + | gi (X(5)) |2)> ds
t—oo 2t Jo -
(B.7) i
< 31[:11 Pg-a.s.
Similar to the proof of (A.11), we can obtain (5.18) from (B.7) and the strong law

of large numbers for local martingales. The proof is complete. [

_PROOF OF LEMMA 5.5.  Let K, be sufficiently large such that (1 4+ ¢'x)% >
2K if ||x|| > K. By Lemma 5.4,

1t 1 1t 5

lim su —/ 1 = ds < —< limsup — 1+¢"X(5)) ds
msup — | Lxo)- &, 48 = 5z limsup - | (5))
1.1 .
< Z_AK: 3 Py-a.s.,x e R,

which implies (5.19).
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Next, we prove (5.20). Fix i € {1, ..., n} and define \7, = 1+§0T" on {x € R :
X

x; > 0}. Similar to (A.5), it can be shown that
LVOx) <8 HV (x), xeR",x >0.
Let ¢ :=inf{t > 0: X; (t)_1 V | X()|| > k}. We have by Dynkin’s formula that

(neTe) Nk

BV (X((1:T) A 60)) = V20 + By | LV(X(5))ds

~ neT, ~
< VP0x) + SoH /0 Ex V2 (X(s A £)) ds.

1
Using Gronwall’s inequality yields
(B.8) ExVO(X((n.To) A&y)) < V°(x)exp(BoHn,T,),  x€R™L, x;>0.

Let k1 € N sufficiently large such that

~ 1 ~
VO > —  sup  {V®)}exp@oHn.T.)
€1 x| <Ky, xi>¢e2
(B.9) )
forally e RY, y;~ Vv |lyll > k1.

It follows from (B.8) and (B.9) that

ExV X((neT) Ab))
&

]P)X{Ckl <nT.} < - ~ 3o PR =
inf{V,"(y) :ye R,y V Iyl > ki}

forx e ]R{i, x|l < El,xi = &2.

Now inequality (5.20) follows by straightforward computations. [
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