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In this paper, we prove a necessary and sufficient condition for the edge
universality of sample covariance matrices with general population. We con-
sider sample covariance matrices of the form Q = T X (T X)*, where X is an
My x N random matrix with X;; = N_l/zq,-j such that g;; are i.i.d. random
variables with zero mean and unit variance, and 7 is an M| x M5 determin-
istic matrix such that 7*T is diagonal. We study the asymptotic behavior of
the largest eigenvalues of Q when M := min{M7, M»} and N tend to infin-
ity with limy _, oo N/M = d € (0, 00). We prove that the Tracy—Widom law
holds for the largest eigenvalue of Q if and only if limg—, o s4]P’(|q,~ jl=s)=
0 under mild assumptions of 7. The necessity and sufficiency of this condi-
tion for the edge universality was first proved for Wigner matrices by Lee and
Yin [Duke Math. J. 163 (2014) 117-173].
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1. Introduction. Sample covariance matrices are fundamental objects in
modern multivariate statistics. In the classical setting [2], for an M x N sample
matrix X, people focus on the asymptotic properties of X X* when M is fixed and
N goes to infinity. In this case, the central limit theorem and law of large num-
bers can be applied to the statistical inference procedure. However, the advance
of technology has led to high dimensional data such that M is comparable to or
even larger than N [26, 27]. This high dimensionality cannot be handled with the
classical multivariate statistical theory.

An important topic in the statistical study of sample covariance matrices is the
distribution of the largest eigenvalues, which have been playing essential roles in
analyzing the data matrices. For example, they are of great interest to principal
component analysis (PCA) [28], which is a standard technique for dimensional-
ity reduction and provides a way to identify patterns from real data. Also, the
largest eigenvalues are commonly used in hypothesis testing, such as the well-
known Roy’s largest root test [37]. For a detailed review, one can refer to [27, 41,
54].

In this paper, we study the largest eigenvalues of sample covariance matrices
with comparable dimensions and general population (i.e., the expectation of the
sample covariance matrices are nonscalar matrices). More specifically, we con-
sider sample covariance matrices of the form Q = T X (T X)*, where the sample
X = (x;;) 18 an M, x N random matrix with i.i.d. entries such that Ex;; =0 and
E|x11 |2 =N~ and T is an M| x M, deterministic matrix. On dimensionality, we
assume that N/M — d as N — oo, where M := min{M, M>}. In the last decade,
random matrix theory has been proved to be one of the most powerful tools in
dealing with this kind of large dimensional random matrices. It is well known
that the empirical spectral distribution (ESD) of Q converges to the (deformed)
Marchenko—Pastur (MP) law [34], whose rightmost edge A, gives the asymptotic
location of the largest eigenvalue. Furthermore, it was proved in a series of papers
that under a proper N%/3 scaling, the distribution of the largest eigenvalue A1 of Q
around A, converges to the Tracy—Widom distribution [49, 50], which arises as the
limiting distribution of the rescaled largest eigenvalues of the Gaussian orthogonal
ensemble (GOE). This result is commonly referred to as the edge universality, in
the sense that it is independent of the detailed distribution of the entries of X. The
Tracy—Widom distribution of (A1 — A,-) was first proved for Q with X consisting
of i.i.d. centered real or complex Gaussian random entries (i.e., X is a Wishart
matrix) and with trivial population (i.e., T = I') [26]. The edge universality in the
T = I case was later proved for all random matrices X whose entries satisfy ar-
bitrary sub-exponential distribution [42, 43]. When T is a (nonscalar) diagonal
matrix, the Tracy—Widom distribution was first proved for Wishart matrix X in
[14] (nonsingular T case) and [38] (singular T case). Later the edge universality
in the case with diagonal 7 was proved in [6, 32] for random matrices X with
sub-exponentially distributed entries. The most general case with rectangular and
nondiagonal 7 is considered in [31], where the edge universality was proved for
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X with sub-exponentially distributed entries. Similar results have been proved for
Wigner matrices in [18, 33, 48].

In this paper, we prove a necessary and sufficient condition for the edge univer-
sality of sample covariance matrices with general population. Briefly speaking, we
will prove the following result.

If T*T is diagonal and satisfies some mild assumptions, then the rescaled eigen-

values N3 (M (Q) — Ay) converges weakly to the Tracy—Widom distribution if and
only if the entries of X satisfy the following tail condition:

. 4 .
(1.1) Tim s*P(lgn| > 5) =0.

For a precise statement of the result, one can refer to Theorem 2.7. Note that
under the assumption that 7*T is diagonal, the matrix Q is equivalent (in terms
of eigenvalues) to a sample covariance matrix with diagonal 7. Hence our result
is basically an improvement of the ones in [6, 32]. The condition (1.1) provides
a simple criterion for the edge universality of sample covariance matrices without
assuming any other properties of matrix entries.

Note that the condition (1.1) is slightly weaker than the finite fourth moment
condition for v/Nxi;. In the null case with T = I, it was proved previously in
[55] that &1 — A, almost surely if the fourth moment exists. Later the finite fourth
moment condition is proved to be also necessary for the almost sure convergence of
A1 in [5]. Our theorem, however, shows that the existence of finite fourth moment
is not necessary for the Tracy—Widom fluctuation. In fact, one can easily construct
random variables that satisfies condition (1.1) but has infinite fourth moment. For
example, we can use the following probability density function with x = (log x)~!
tail:

e*(4logx + 1)

0= x> (logx)?

{x>e}-

Then in this case A does not converge to A, almost surely, but N 2/3 (A1 — Ap) still
converges weakly to the Tracy—Widom distribution. On the other hand, Silverstein
proved that A; — X, in probability under the condition (1.1) [44]. So our result
can be also regarded as an improvement of the one in [44].

The necessity and sufficiency of the condition (1.1) for the edge universality of
Wigner matrix ensembles has been proved by Lee and Yin in [33]. The main idea
of our proof is similar to theirs. For the necessity part, the key observation is that
if the condition (1.1) does not hold, then X has a large entry with nonzero proba-
bility. As a result, the largest eigenvalue of Q can be larger than C with nonzero
probability for any fixed constant C > A, thatis, A; 4 A, in probability. The suf-
ficiency part is more delicate. A key observation of [33] is that if we introduce a
“cutoff” on the matrix elements of X at the level N ¢, then the matrix with cutoff
can well approximate the original matrix in terms of the largest singular value if
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and only if the condition (1.1) holds. Thus our problem can be reduced to proving
the edge universality of the sample covariance matrices whose entries have size
(or support) < N~%. In [6, 32], the edge universality for sample covariance ma-
trices has been proved assuming a sub-exponential decay of the x;; entries; see
Lemma 3.13. Under their assumptions, the typical size of the x;; entries are of
order O(N~!/2+#) for any constant & > 0. Then a major part of this paper is de-
voted to extending the “small” support case to the “large” support case where the
x;j entries have size N ™. This can be accomplished with a Green function com-
parison method, which has been applied successfully in proving the universality of
covariance matrices [42, 43]. A technical difficulty is that the change of the sample
covariance matrix @ is nonlinear in terms of the change of X. To handle this, we
use the self-adjoint linearization trick; see Definition 3.4.

This paper is organized as follows. In Section 2, we define the deformed
Marchenko—Pastur law and its rightmost edge (i.e., the soft edge) A,, and then
state the main theorem—Theorem 2.7—of this paper. In Section 3, we introduce
the notation and collect some tools that will be used to prove the main theorem. In
Section 4, we prove Theorem 2.7. In Section 5 and Section 6, we prove some key
lemmas and theorems that are used in the proof of main result. In particular, the
Green function comparison is performed in Section 6. In Appendix A, we prove
the local law of sample covariance matrices with support N~ for some constant
¢ > 0.

REMARK 1.1. In this paper, we do not consider the edge universality at the
leftmost edge for the smallest eigenvalues. It will be studied elsewhere. Let A; be
the leftmost edge of the deformed Marchenko-Pastur law. It is worth mentioning
that the condition (1.1) can be shown to be sufficient for the edge universality at X;
if ;; A 0 as N — oo. However, it seems that (1.1) is not necessary. So far, there is
no conjecture about the necessary and sufficient condition for the edge universality
at the leftmost edge.

Conventions. All quantities that are not explicitly constant may depend on N,
and we usually omit N from our notation. We use C to denote a generic large
positive constant, whose value may change from one line to the next. Similarly,
we use ¢, T and c¢ to denote generic small positive constants. For two quantities
ay and by depending on N, the notation ay = O (by) means that |ay| < C|by/|
for some constant C > 0, and ay = o(by) means that |ay| < cy|by| for some
positive sequence {cy} with cy — 0 as N — co. We also use the notation ay ~

by if ay = O(by) and by = O(ay). For a matrix A, we use [|All := [|A|l2_, 2
to denote the operator norm and ||Al|lgs the Hilbert—Schmidt norm; for a vector
v = (v;))?_;, vl = |Ivll2 stands for the Euclidean norm, while |v| = ||v||; stands

for the /' -norm. In this paper, we often write an n x n identity matrix 7, as 1 or
I without causing any confusions. If two random variables X and Y have the same

N . d
distribution, we write X =Y.
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2. Definitions and main result.

2.1. Sample covariance matrices with general populations. We consider the
M x M sample covariance matrix Q; := T X (T X)*, where T is a deterministic
My x M; matrix and X is a random M, x N matrix. We assume X = (x;;) has
entries x;; = N‘l/zq,-j, I <i<M;and 1< j <N, where g;; are i.i.d. random
variables satisfying

2.1) Eqi1 =0,  Elgnu*=1.

In this paper, we regard N as the fundamental (large) parameter and M; o =
M 2(N) as depending on N. We define M := min{M;, M>} and the aspect ratio
dy := N/M. Moreover, we assume that

2.2) dy — d € (0, 00) as N — oo.

For simplicity of notation, we will almost always abbreviate dy as d in this paper.
We denote the eigenvalues of Q; in decreasing order by A1(Q1) > --- > Ay, (Q1).
We will also need the N x N matrix Q) := (T X)*T X and denote its eigenvalues
by 21(Q2) > --- > An(Q2). Since Q; and Q) share the same nonzero eigenvalues,
we will for simplicity write A j, 1 < j < min{N, M1}, to denote the jth eigenvalue
of both Q1 and Q) without causing any confusion.

We assume that T*T is diagonal. In other words, T has a singular decomposi-
tion T = U D, where U is an M| x M, unitary matrix and D is an M| x M5 rectan-
gular diagonal matrix. Then it is equivalent to study the eigenvalues of DX (D X)*.
When M| < M, (i.e., M = M), we can write D = (D, 0) where D is an M x M
diagonal matrix such that Dy; > --- > Dyp. Hence we have DX = DX, where
X is the upper M x N block of X with i.i.d. entries Xjj,1<i<Mand1<j<N.
On the other hand, when M| > M> (i.e., M = M>), we can write D = (10)) where

D is an M x M diagonal matrix as above. Then DX = (DOX ), which shares the

same nonzero singular values with DX. The above discussions show that we can
make the following stronger assumption on 7':

23)  My=My=M and T=D=diag(o,*,0,”,....0,/7),
where
opz0p=--=oy =0.
Under the above assumption, the population covariance matrix of Q; is defined as
(2.4) ¥ :=EQ, = D? =diag(oy, 09, ..., 0um).

We denote the empirical spectral density of X by

1 M
2.5 =— ) 6.
(2.5) N Mi:ZI :
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We assume that there exists a small constant T > 0 such that

(2.6) o<t ! and nn([0,7])<1—7  forall N.
Note the first condition means that the operator norm of ¥ is bounded by !, and
the second condition means that the spectrum of X cannot concentrate at zero.
For definiteness, in this paper we focus on the real case, that is, the random vari-
able g1 is real. However, we remark that our proof can be applied to the complex
case after minor modifications if we assume in addition that Reg1; and Img; are
independent centered random variables with variance 1/2.
We summarize our basic assumptions here for future reference.

ASSUMPTION 2.1. We assume that X is an M x N random matrix with real
i.i.d. entries satisfying (2.1) and (2.2). We assume that 7" is an M x M deterministic
diagonal matrix satisfying (2.3) and (2.6).

2.2. Deformed Marchenko—Pastur law. In this paper, we will study the eigen-
value statistics of Q1 » through their Green functions or resolvents.

DEFINITION 2.2 (Green functions). For z = F +in € C4, where C; is the

upper half complex plane, we define the Green functions for Q; > as
2.7) G1(x):=(DXX*D*—z2)"',  Gy2):=(X*D*DX —z)"".

We denote the empirical spectral densities (ESD) of Qj > as

(N) 1 (N) 1 N
= — E Sy , = — O .
pl M = )"I(Ql) /02 N ; )H(QZ)
Then the Stieltjes’ transforms of pj > are given by

1 1
™ (2) = / —— ("0 = - TG,

1 1
m$" @)= [ ——p" ) = S TeGa(2).

Throughout the rest of this paper, we omit the super-index N from our notation.

REMARK 2.3. Since the nonzero eigenvalues of Q; and Q, are identical, and
Q1 has M — N more (or N — M less) zero eigenvalues, we have

(2.8) p1=p2d + (1 —d)do

and

1-d
(2.9) mi(z) = - +dma(2).
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In the case D = Iy« u, it is well known that the ESD of X*X, p,, converges
weakly to the Marchenko—Pastur (MP) law [34]:

(2.10) pmp(x) dx = L VO =00 = A dx,
27T X

where A1 = (1 &+ d~Y%)2. Moreover, m1(z) converges to the Stieltjes’ transform

mmp(z) of pmp(z), which can be computed explicitly as

d' =1 —z4+iJO; —2) — X))
2z ’

Moreover, one can verify that myp(z) satisfies the self-consistent equation [6, 43,
45]

(2.11) mmp(z) =

Z€C+.

1 1
i (0) =—z+d 1 +mMp(Z)’ Immmp(z) > 0 for z €C+.
Using (2.8) and (2.9), it is easy to get the expressions for pi., the asymptotic
eigenvalue density of Q1, and m ., the Stieltjes’ transform of pj..

If D is nonidentity but the ESD 7y in (2.5) converges weakly to some 7, then it
was shown in [34] that the empirical eigenvalue distribution of Qj still converges
in probability to some deterministic distributions pj., referred to as the deformed
Marchenko—Pastur law below. It can be described through the Stieltjes’ transform:
P2c(dx)

f2e(2) 1= T —2 z=E+ineCs.

(2.12)

For any given probability measure 7 compactly supported on R, we define m,,
as the unique solution to the self-consistent equation [6, 31, 32]

1 X

(2.13) . =—z+d"! / — R (dx),
M (2) L+ rae(2)x

where the branch-cut is chosen such that Im#iy.(z) > 0forz € Cy. It is well

known that the functional equation (2.13) has a unique solution that is uniformly

bounded on C under the assumptions (2.2) and (2.6) [34]. Letting n N\ 0, we can

recover the asymptotic eigenvalue density oo, with the inverse formula

n .1 N .
(2.14) P2c(E) = lim — Immy . (E 4+ in).
O 7T

The measure py. is sometimes called the multiplicative free convolution of & and
the MP law; see, for example, [1, 52]. Again with (2.8) and (2.9), we can easily
obtain 711, and p1.(2).

Similar to (2.13), for any finite N we define mgcv) as the unique solution to the
self-consistent equation

(2.15) N (dx),

1 n d_l / X
e R S
m () 1+ m5Y (2)x



1686 X.DING AND F. YANG

and define péﬁl) through the inverse formula as in (2.14). Then we define m(ljcV>
and pfiv) (z) using (2.8) and (2.9). In the rest of this paper, we will always omit
the super-index N from our notation. The properties of m 2. and pj 2. have been
studied extensively; see, for example, [3, 4, 7, 24, 31, 46, 47]. Here, we collect
some basic results that will be used in our proof. In particular, we shall define the
rightmost edge (i.e., the soft edge) of p1 2.

Corresponding to the equation in (2.15), we define the function

X
dx).
1+man( 2

Then my.(z) can be characterized as the unique solution to the equation z = f ()
with Imm > 0.

1
(2.16) f(m) ::—E+d1§1/

LEMMA 2.4 (Support of the deformed MP law). The densities p1. and pac
have the same support on R, which is a union of connected components:

p
(2.17) supp p1,2¢ N (0, 00) = |_J @, az—11N (0, 00),
k=1

where p € N depends only on my. Here, ay are characterized as following: there

exists a real sequence {bk}ii | such that (x, m) = (ax, b) are the real solutions to
the equations

(2.18) x=f(m) and f'(m)=0.

Moreover, we have by € (—afl, 0). Finally, under assumptions (2.2) and (2.6), we
have ay < C for some positive constant C.

For the proof of this lemma, one can refer to Lemma 2.6 and Appendix A.1 of
[31]. It is easy to observe that my.(ar) = by according to the definition of f. We
shall call a; the edges of the deformed MP law p,.. In particular, we will focus on
the rightmost edge A, := aj. To establish our result, we need the following extra
assumption.

ASSUMPTION 2.5. For o] defined in (2.3), we assume that there exists a small
constant T > 0 such that

(2.19) 11+ moc(Ar)or| > T for all N.

REMARK 2.6. The above assumption has previously appeared in [6, 14, 31].
It guarantees a regular square-root behavior of the spectral density pp. near A,
(see Lemma 3.6 below), which is used in proving the local deformed MP law at
the soft edge. Note that f(m) has singularities at m = —ai_l for nonzero o, so the
condition (2.19) simply rules out the singularity of f at mo.(;).
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2.3. Main result. The main result of this paper is the following theorem. It
establishes the necessary and sufficient condition for the edge universality of the
deformed covariance matrix O at the soft edge A,. We define the following tail
condition for the entries of X:

. 4 _
(2.20) Tim s*P(lgn1| > 5) =0.

THEOREM 2.7. Let @y = X*T*TX be an N x N sample covariance matrix
with X and T satisfying Assumptions 2.1 and 2.5. Let A1 be the largest eigenvalues

of Qs.

e Sufficient condition: If the tail condition (2.20) holds, then we have
(2.21) ngnmP(N2/3(x1 —A) <s)= Jim_ PG (N*3 (1 —A,) <)
for all s € R, where PC denotes the law for X with ii.d. Gaussian entries.

e Necessary condition: If the condition (2.20) does not hold for X, then for any
fixed s > A,, we have

(2.22) limsupP(A; > s) > 0.

N—o0

REMARK 2.8. In [32], it was proved that there exists yp = y9(N) depending
only on 7y and the aspect ratio dy such that

lim PC(yoN?3(h — 4,) <5) = Fi(s)
N—o0

for all s € R, where F} is the type-1 Tracy—Widom distribution. The scaling factor
o is given by [14]

1 1/( x )3 ) 1
— == —— ) aydx) - ——,
ve dJ \TxmacOx) ™ Mac(hr)?

and Assumption 2.5 assures that yg ~ 1 for all N. Hence (2.21) and (2.22) together
show that the distribution of the rescaled largest eigenvalue of Q, converges to the
Tracy—Widom distribution if and only if the condition (2.20) holds.

REMARK 2.9. The universality result (2.21) can be extended to the joint dis-
tribution of the k largest eigenvalues for any fixed k:

Jim PV =) < 51), i)

(2.23) ‘ Girars
= lim PO((N*P (i —A) <81)1<1<1)
N—o00 ==
for all s1, 52, ..., 5% € R. Let HOOF be an N x N random matrix belonging to the

Gaussian orthogonal ensemble. The joint distribution of the k largest eigenvalues
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of HOOE ulGOE > > ukGOE, can be written in terms of the Airy kernel for any
fixed k [23]. It was proved in [32] that

Nh—I>noo PG((VONZ/?,()W —Ar) < si)lgigk)
- 1vh—r>noop((N2/3 (1" =2) <51) i)

for all s1, 52, ..., sk € R. Hence (2.23) gives a complete description of the finite-
dimensional correlation functions of the largest eigenvalues of Q.

2.4. Statistical applications. In this subsection, we briefly discuss possible ap-
plications of our results to high-dimensional statistics. Theorem 2.7 indicates that
the Tracy—Widom distribution still holds true for the data with heavy tails as in
(2.20). Heavy-tailed data is commonly collected in insurance, finance and telecom-
munications [11]. For example, the log-return of S&P500 index is a heavy-tailed
time series and is usually calibrated using distributions with only few moments.
For this type of data, many high dimensional statistical hypothesis tests that rely on
some strong moment assumptions cannot be employed. For example, the spheric-
ity test based on arithmetic mean of the eigenvalues and maximum likelihood ratio
principle needs either Gaussian assumption or high moments assumption [22, 40,
54]. Hence, our result on the distribution of the largest singular value can serve as
a valuable tool for many statistical applications.

We now give a few concrete examples of applications to multivariate statistics,
empirical finance and signal processing. Consider the following model:

(2.24) x=TIs+ Tz,

where s is a k-dimensional centered vector with population covariance matrix S, z
is an M-dimensional random vector with i.i.d. mean zero and variance one entries,
[" is an M x k deterministic matrix of full rank and T is a M x M deterministic
matrix. Moreover, we assume that the vectors s and z are independent. In practice,
suppose we observe N such i.i.d. samples.

This model has many applications in statistics. One example is from multivari-
ate statistics. It is important to determine if there exists any relation between two
sets of variables. To test independence, we consider a multivariate multiple regres-
sion model (2.24) in the sense that X, s are the two sets of variables for testing [25].
We wish to test the null hypothesis that these regression coefficients (entries of ')
are all equal to zero:

(2.25) H,:I'=0 vs. H,: T #0.

Another example is from financial studies [19-21]. In the empirical research of
finance, (2.24) is the factor model, where s is the common factor, I" is the factor
loading matrix and z is the idiosyncratic component. In order to analyze the stock
return x, we first need to know if the factor s is significant for the prediction.
Here, the statistical test can also be constructed as (2.25). The third example is
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from classic signal processing [29], where (2.24) gives the standard signal-plus-
noise model. A fundamental task is to detect the signals via observed samples,
and the very first step is to know whether there exists any such signal. Hence our
hypothesis testing problem can be formulated as

H,: k=0 vs. H,:k>1.

For the above hypothesis testing problems, under H,, the population covariance
matrix of x is TT*, and T'ST* + T T* under H,. The largest eigenvalue of the ob-
served samples then serves as a natural choice for the tests. Under the high dimen-
sional setting, this problem was studied in [8, 35] under the assumptions that z is
Gaussian and T = [. Nadakuditi and Silverstein [36] also considered this problem
with correlated Gaussian noise (i.e., T is not a multiple of 7). Under the assump-
tion that the entries have arbitrarily high moments, the problem beyond Gaussian
assumption was considered in [6, 32]. Our result shows that, for the heavy-tailed
data satisfying (2.20), we can still employ the previous statistical inference meth-
ods.

Unfortunately, in practice, T is usually unknown. In particular, the parameters
A and yp in Theorem 2.7, Remark 2.8 and Remark 2.9 are unknown, and it would
appear that our result cannot be applied directly. Following the strategy in [39], we
can use the following statistics:

A — A2
2 —As
The main advantage of T} is that its limiting distribution is independent of A, and
yo under H,, which makes it asymptotically pivotal. As mentioned in Remark 2.9,
we have a complete description of the limiting distribution of T;. Although the
explicit formula is unavailable currently, one can approximate the limiting distri-
bution of T using numerical simulations for the extreme eigenvalues of GOE or
GUE.

Our result can be also used in model checking problems in time series analy-
sis, especially the analysis of financial time series [13, 51]. In most of the model
building processes, the last step is devoted to checking whether the residuals are
white noise, which is an essential driving element of the time series. We assume
the residuals have GARCH effect. Consider the GARCH(1, 1) model, where the
residuals r; and the volatility o, satisfy

ry = 0t€&y, UIZZW+arl?_1+ﬂat2_ly

(2.26) T;:

where &, is a standard white noise. We want to check the null hypothesis that the
residuals are white noise:

H,:0a==0 vs. Hg:a8#0.

Assuming that K points of r; are available, we can construct an M x N matrix R
with M N = K [13], Section 3. Under H,,, the population covariance matrix is w/.
Then the largest eigenvalue (or T1) of RR* can be used as our test statistic.
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3. Basic notation and tools.

3.1. Notation. Following the notation in [15, 17], we will use the following
definition to characterize events of high probability.

DEFINITION 3.1 (High probability event). Define
(3.1) ¢ := (log N)logloe N,

We say that an N-dependent event 2 holds with &-high probability if there exist
constant ¢, C > 0 independent of N, such that

3.2) P(22) > 1 — N€ exp(—c¢®)

for all sufficiently large N. For simplicity, for the case £ = 1, we just say high
probability. Note that if (3.2) holds, then P(£2) > 1 — exp(—¢’ (ps) for any constant
0<c <ec.

DEFINITION 3.2 (Bounded support condition). A family of M x N matrices
X = (x;;) are said to satisfy the bounded support condition with g = g(N) if

3.3) IF’( max lxij| < q) >1-— e N

for some ¢ > 0. Here, ¢ = g(N) depends on N and usually satisfies
N_l/zlogN <g< N7,

for some small constant ¢ > 0. Whenever (3.3) holds, we say that X has support g.

REMARK 3.3. Note that the Gaussian distribution satisfies the condition (3.3)
with ¢ < N=¢ for any ¢ < 1/2. We also remark that if (3.3) holds, then the
event {|x;j| <q,V1 <i <M,1 < j < N} holds with §-high probability for any
fixed & > 0 according to Definition 3.1. For this reason, the bad event {|x;;| >
q for some 7, j} is negligible, and we will not consider the case where the band
event happens throughout the proof.

Next, we introduce a convenient self-adjoint linearization trick, which has been
proved to be useful in studying the local laws of random matrices of the A* A type
[12, 31, 53]. We define the following (N + M) x (N + M) block matrix, which is
a linear function of X.

DEFINITION 3.4 (Linearizing block matrix). For z € C,, we define the
(N + M) x (N + M) block matrix
(DX)* 0

(3.4) HEH(X):=< 0 DX),
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and its Green function

-1
o ¢=0ha= (_(ll)ﬂéfx)l”“l —zl;;xzv) '

DEFINITION 3.5 (Index sets). We define the index sets:
Ir:=1{1,..., M}, Ly={M+1,...,.M+ N}, IT:=T1UD.
Then we label the indices of the matrices according to
X=Xip:i€l,nely) and D =diag(D;;:iely).

In the rest of this paper, whenever referring to the entries of H and G, we will
consistently use the latin letters i, j € 7y, greek letters u, v € Z, and a, b € . For
I <i<min{N,M}and M +1 < u <M+ min{N, M}, we introduce the notation
i:=i+MeTI and n:=pu— M eZ. For any Z x 7 matrix A, we define the
following 2 x 2 submatrices:

Aji A

(3.6) Api=7 U),  1<i,j<min{N, M}.
A; j A- 3

We shall call Ay;;j a diagonal group if i = j, and an off-diagonal group otherwise.

It is easy to verify that the eigenvalues Aj(H) > --- > Apy4n(H) of H are re-
lated to the ones of Q> through

(3.7) Ai(H) = —=Ansm—i+1(H) =1 (D2), I<i<NAM,
and
Ai(H) =0, NAM+1<i<NVM,

where we used the notation N A M := min{N, M} and N v M := max{N, M}.
Furthermore, by the Schur complement formula, we can verify that

[ #Dxx*D* —z)"" (DXxx*D*—z)"'DX
48) “\X*D*(DXX*D* —z)”'  (X*D*DX —z)”!

. ( 201 Q1DX> ( 201 DXQz)
S \X*D*Gy Gy ) \GX*D* Gy )7

Thus a control of G yields directly a control of the resolvents G; » defined in (2.7).
By (3.8), we immediately get that

1 1
mle— Gil‘, mzzﬁ Z G,LL,M-
Lier HET
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Next, we introduce the spectral decomposition of G. Let
NAM

DX = > Vit
k=1

be a singular value decomposition of DX, where

AMZA > -2 AN =2 0=ANaMmt1 =" =ANvM,

and {ék},i”: 1 and {x} ,1{\’:1 are orthonormal bases of R”! and R”2, respectively. Then
using (3.8), we can get that for i, j € Z1 and u, v € 15,

M AP
(3.9) Gijzz%, =Z kaZ)EkZ(v)’

k=1 pr

NAM NAM %o
(3.10) Gip= Y. % Gu= 3 %

k=1 k=1

3.2. Main tools. For small constant ¢y > 0 and large constants Cp, C; > 0, we
define a domain of the spectral parameter z = E +in as

G (o, Co, C1) i= {Z=E+i773)»r—COSESCO)»r snsl}.

L
"N
We define the distance to the rightmost edge as
(3.12) Kk =kg:=|E — A forz=FE +in.

Then we have the following lemma, which summarizes some basic properties of

mac and pac.

LEMMA 3.6 (Lemma 2.1 and Lemma 2.3 in [7]). There exists sufficiently
small constant ¢ > 0 such that

(3.13) P2c(xX) ~ /A —x forall x € [\, —2¢, As].
The Stieltjes’ transform my. satisfies that
(3.14) mae(@)] ~ 1
and

n/~x+mn, E> Ay,
3.15 Im ~

forz=E+ine S(c, Cy, —00).

REMARK 3.7. Recall that a; are the edges of the spectral density p.; see
(2.17). Hence pa.(ar) = 0, and we must have ay < A, —2¢ for 2 <k <2p. In
particular, S(cgp, Co, C1) is away from all the other edges if we choose ¢y < c.
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DEFINITION 3.8 (Classical locations of eigenvalues). The classical location
y; of the jth eigenvalue of Q) is defined as

+o00 J -1
(3.16) Yji= sup{f P2c(x)dx > —}
X x N
In particular, we have y; = A,.

REMARK 3.9. If y; lies in the bulk of py., then by the positivity of oy, we
can define y; through the equation

/ o0 ( ) j—l
1Y x)dx = ——.
Vi 2 N

We can also define the classical location of the jth eigenvalue of Q; by changing
p2c to piecand (j —1)/N to (j — 1)/M in (3.16). By (2.8), this gives the same
location as y; for j < N A M.

DEFINITION 3.10 (Deterministic limit of G). We define the deterministic
limit IT of the Green function G in (3.8) as

—1
3.17 e e [ —(1+m2(@E) 0
( : © ( 0 mac(2)INxN ’

where X is defined in (2.4).

In the rest of this section, we present some results that will be used in the proof
of Theorem 2.7. Their proofs will be given in subsequent sections.

LEMMA 3.11 (Local deformed MP law). Suppose the Assumptions 2.1
and 2.5 hold. Suppose X satisfies the bounded support condition (3.3) with
g < N~? for some constant ¢ > 0. Fix Co > 0 and let c; > 0 be a sufficiently
small constant. Then there exist constants C1 > 0 and & > 3 such that the follow-
ing events hold with &-high probability:

61y () |l -ma@)|=e¢ (minfy, 4 }+i)},

2€8(2¢1.C0.C1) K+

1 c 1
619 N {mx(Gue - Mue] <67 (g +‘/m”§72n(1) + N—ﬂ) |

7€8(2¢1,Co,C1)

(3.20) {IH|?> <A + ¢ (g> + N723)).

The estimates in (3.18) and (3.19) are usually referred to as the averaged local
law and entrywise local law, respectively. In fact, under different assumptions, they
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have been proved previously in different forms [6, 31]. For completeness, we will
give a concise proof in Appendix A that fits into our setting.

The local laws (3.18) and (3.19) can be used to derive some important properties
of the eigenvectors and eigenvalues of the random matrices. For instance, they lead
to the following results about the delocalization of eigenvectors and the rigidity of
eigenvalues. Note that (3.21) gives an almost optimal estimate on the flatness of
the singular vectors of DX, while (3.22) gives some quite precise information on
the locations of the singular values of D X. We will prove them in Section 5.

LEMMA 3.12. Suppose the events (3.18) and (3.19) hold with &-high prob-
ability. Then there exists constant C{ > 0 such that the following events hold with
&1-high probability:

(1) Delocalization:

¢
(3.21) N {maxle +max oo < 57
kihy—ci<y<hr .

(2) Rigidity of eigenvalues: if ¢ < N~ for some constant ¢ > 1/3,

(3.22) N =yl =S (7PN 147,

JiAr—ci Syj <Ay

where A is the jth eigenvalue of (DX)*DX and y; is defined in (3.16).

With Lemma 3.11, Lemma 3.12 and a standard Green function comparison
method, one can prove the following edge universality result when the support
q is small. For the details of the method, the reader can refer to for example, [6],
Section 4, [32], Section 4, [15], Theorem 2.7, [18], Section 6 and [43], Section 4.

LEMMA 3.13 (Theorem 1.3 of [6]). Let XV and XV be two sample co-
variance matrices satisfying the assumptions in Lemma 3.11. Moreover, suppose
qg < goCN —1/2 for some constant C > 0. Then there exist constants €, > 0 such
that, for any s € R, we have

PY(N*3(h—a) <s =N =N <PV (N*3(r1 —4,) <)
(3.23)
<PY(N?P(q—1)<s+N )+ N2,
where PV and PV denote the laws of XV and XV, respectively.

REMARK 3.14. As in [15, 18, 33], Lemma 3.13, as well as Theorem 3.16
below, can be can be generalized to finite correlation functions of the k largest
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eigenvalues for any fixed k:

PY(N*3 (i —2,) <s; — N7%) )—N7°

1<i<k

(3.24) <PY((N* (i =) < s1)1251)
<PY((N*Pi—r) <si+N7) ) + N2

The proof of (3.24) is similar to that of (3.23) except that it uses a general form of
the Green function comparison theorem; see, for example, [18], Theorem 6.4. As
a corollary, we can then get the stronger universality result (2.23).

For any matrix X satisfying Assumption 2.1 and the tail condition (2.20), we
can construct a matrix X that approximates X with probability 1 — o(1), and
satisfies Assumption 2.1, the bounded support condition (3.3) with ¢ < N~¢ for
some small ¢ > 0, and

(3.25) Elx;;|> < BN/ Elx;;|* < B(log N)N >

for some constant B > 0 (see Section 4 for the details). We will need the following
local law, eigenvalues rigidity and edge universality results for covariance matrices
with large support and satisfying condition (3.25).

THEOREM 3.15 (Rigidity of eigenvalues: large support case). Suppose the
Assumptions 2.1 and 2.5 hold. Suppose X satisfies the bounded support condition
(3.3) withgq < N —9 for some constant ¢ > 0 and the condition (3.25). Fix the
constants cy, Co, C1 and & as given in Lemma 3.11. Then there exists constant
C> > 0, depending only on c1, C1, B and ¢, such that with high probability we
have

C
(3.26) max  |ma(z) — mae(a)] < &
z€8(c1,Co,Cr) N?’]
for sufficiently large N. Moreover, (3.26) implies that for some constant C >0, the
following events hold with high probability:

(3.27) N =yl <P

Jihr—c1=Zyj <Ay

and
§0é
(3.28) { sup |n(E) —nC(E)| < —}
E>Ar—ci N
where

1 +00
(3.29) n(E) = N#{kj > E}, ne(E) :2/; P2c(x)dx.
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THEOREM 3.16. Let X"V and XV be two i.i.d. sample covariance matrices
satisfying the assumptions in Theorem 3.15. Then there exist constants €,8 > 0
such that, for any s € R, we have

PY(N?P( —a) <s = N5 =N <PV (N?(n; —1,) <5)
(3.30)
<PY(N*POq—1)<s+N°)+ N,

where PV and PV denote the laws of XV and XV, respectively.

LEMMA 3.17 (Bounds on G;;: large support case). Let X be a sample covari-
ance matrix satisfying the assumptions in Theorem 3.15. Then for any 0 < ¢ < 1
and z € S(c1,Co,Co))N{z=E+in:n=> N_1+"}, we have the following weak
bound:

(331) E|Gap(@)|* §<pc3<

Immy.(2) 1
Ny T (Nn)2> azb

for some constant C3 > 0.

In proving Theorem 3.15, Theorem 3.16 and Lemma 3.17, we will make use
of the results in Lemmas 3.11-3.13 for covariance matrices with small support.
In fact, given any matrix X satisfying the assumptions in Theorem 3.15, we can
construct a matrix X having the same first four moments as X but with smaller
support g = O(N~'/2log N).

LEMMA 3.18 (Lemma 5.1 in [33]). Suppose X satisfies the assumptions in
Theorem 3.15. Then there exists another matrix X = (Xij), such that X satisfies
the bounded support condition (3.3) with g = O (N~ 11210g N), and the first four
moments of the entries of X and X match, that is,

(3.32) Ex Exlj, k=1,2,3,4.

From Lemmas 3.11-3.13, we see that Theorems 3.15, 3.16 and Lemma 3.17
hold for X. Then due to (3.32), we expect that X has “similar properties” as X,
so that these results also hold for X. This will be proved with a Green function
comparison method, that is, we expand the Green functions with X in terms of
Green functions with X using resolvent expansions, and then estimate the relevant
error terms; see Section 6 for more details.

4. Proof of of the main result. In this section, we prove Theorem 2.7 with
the results in Section 3.2. We begin by proving the necessity part.

PROOF OF THE NECESSITY. Assume that lims_>oos4]P’(|q11| >s) # 0. Then
we can find a constant 0 < ¢g < 1/2 and a sequence {r,} such that r, — 0o as
n — oo and

4.1 P(lgij| > ra) > cor, .
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Fix any s > A,. We denote L := [tM |, I :=+/ 7~ ls and define the event
'y ={There existi and j, 1 <i <L, 1< j <N, such that |x;;| > I}.

We first show that A;(Q>) > s when I'y holds. Suppose |x;;| > I for some
I<i<Land1<j<N.Letuce R” such that u(k) = dkj. By assumption (2.6),
we have g; > 7 for i < L. Hence

M
M(Q2) = (u, (DX (DX))= Y oy}, > oixdy = T(Vr—ls) =5
k=1
Now we choose N € {L(r,,/l)zj :n € N}. With the choice N = L(rn/I)ZJ, we have
1—P(Ty) = (1= P(axnt| = 1)V < (1 = P(lgnl = ra))""
4.2) VL 2
<(1- corn_4) <(1- clN_z)c2

for some constant ¢; > 0 depending on cg and I, and some constant ¢y > 0 de-

pending on t and d. Since (1 — clN_z)CzN2 < ¢3 for some constant 0 < ¢3 < 1 in-
dependent of N, the above inequality shows that P(I'y) > 1 — ¢3 > 0. This shows
that limsupy_, . P(I'y) > 0 and concludes the proof. [

PROOF OF THE SUFFICIENCY. Given the matrix X satisfying Assumption 2.1
and the tail condition (2.20), we introduce a cutoff on its matrix entries at the level
N~¢. For any fixed ¢ > 0, define

ay :=P(jq11| > N'/279), By :=E[1(lg11| > NY*%)qi1].
By (2.20) and integration by parts, we get that for any § > 0 and large enough N,
4.3) ay SN By < SNTIEE

Let p(x) be the distribution density of ¢g11. Then we define independent random
variables qisj, qu, ¢ij, 1 <i <M and 1< j <N, in the following ways:

° qu has distribution density ps(x), where

BN
x J—
4.4) ps(x) = 1( x — ﬂ’ < Nl/Z—s)M;
—ON 1—ay
. ql-lj has distribution density o;(x), where
BN 1/2 px — IEZ )
4.5) pz(x)=1<x— ‘>N / —8)7N;
—ay OoN

e ¢;j is a Bernoulli 0-1 random variable with P(c;; = 1) = ay and
Pcij=0=1—ay.
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Let X*, X! and X be random matrices such that XY- =N~ 1/2q;j, Xl< =N~ 1/2qu
and X =¢;j. By (4.4), (4.5) and the fact that X ¢ 1s Bernoulli, it is easy to check

that for independent X°, X Iand X°©,

L By

4.6 X; _XS 1-X§; XIX‘——
(4.6) ij = Xi;( i)+ TN —an’

where by (4.3), we have

< 28N72+38'
x/_ 1 —oan ‘

Therefore, if we define the M x N matrix ¥ = (¥;;) by

I BN
Y,'J'=—

VN 1—ay
we have ||Y|| < ¢cN~!+3¢ for some constant ¢ > 0. In the proof below, one will
see that [ D(X + Y)|| = 4”*((X + Y)*D*D(X 4 ¥)) = O(1) with probability
1 — o(1), where A (-) denotes the largest eigenvalue of the random matrix. Then it
is easy to verify that with probability 1 — o(1),

for all i and j,

4.7) |)»1((X + Y)*D*D(X + Y)) — )\I(X*D*DXH — 0(N—1+3€)‘

Thus the deterministic part in (4.6) is negligible under the scaling N%/3.
By (2.20) and integration by parts, it is easy to check that

Eqy, =0, Elg},[>=1-0(N~"%),

(4.8) 5 )
Elgi;[" = 0(), Elg},|" = O(logN).

We note that X := (E|qu 1)~1/2X* is a matrix that satisfies the assumptions for

X in Theorem 3.16. Together with the estimate for Elqisj |2 in (4.8), we conclude
that there exist constants ¢, § > 0 such that for any s € R,

PO (N?P(n —A) <s = N75) = N2 <P(N*3(h — 4,) <5)

4.9) G (nr2/3 B
<PO(N*POu—r)<s+N )+ N,

where P* denotes the law for X* and P¢ denotes the law for a Gaussian covariance
matrix. Now we write the first two terms on the right-hand side of (4.6) as

X5(1= X5) + X1 X5 = X5, + Rij X{,
where R;j := X f = X fj It remains to show that the effect of the R;; X ,‘J terms on
A1 is negligible. We call the corresponding matrix as R := (R;; Xl-cj). Note that
Xi; ¢ is independent of X;; ;o and R;;
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We first introduce a cutoff on matrix X¢ as X¢ :=1 AX€, where
A= {#{G. j): X[ =1} < N>}
N {ij =Xy=1=1{,j}={kDor{i,jin{k1}=o}.

If we regard the matrix X¢ as a sequence X¢ of NM i.i.d. Bernoulli random vari-
ables, it is easy to obtain from the large deviation formula that

MN
(4.10) P(Z X¢ < N58) > 1 —exp(—N¥)
i=1

for sufficiently large N. Suppose the number m of the nonzero elements in X€ is
given with m < N>¢. Then it is easy to check that

MN
]P’(Eli:k,j;élorigék,j:lsuchthatij:X,i,:l)ZXf:m)
@.11)

i=l

= O(mzN_l).
Combining the estimates (4.10) and (4.11), we get that
(4.12) P(A) > 1 — O(N~1F10),

On the other hand, by condition (2.20), we have
(4.13) P(|R;j| > w) fP(IquI > %N”z) =o(N7?)
for any fixed constant w > 0. Hence if we introduce the matrix
—_— .. c
E = l(A N {n}f}XlRlﬂ < a)})R ,
then
(4.14) P(E=R°)=1-o0(1)

by (4.12) and (4.13). Thus we only need to study the largest eigenvalue of
(X* + E)*D*D(X* + E), where max; ; |E;;| < ® and the rank of E is less than
N>¢_In fact, it suffices to prove that

(4.15) P(Ay =2 E| < N7 =1-0(1),

where A := A1 ((X*)*D*DX*) and kf =M (X + E)*D*D(X* + E)). The es-
timate (4.15), combined with (4.7), (4.9) and (4.14), concludes (2.21).

Now we prove (4.15). Note that X¢ is independent of X*, so the positions of
the nonzero elements of E are independent of X*. Without loss of generality, we
assume the m nonzero entries of DE are

(4‘16) 611’6227”'961’”]’”7 mSNSS'
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For the other choices of the positions of nonzero entries, the proof is exactly the
same. But we make this assumption to simplify the notation. By (2.6) and the
definition of E, we have |e;;| < tlwforl <i<m.

We define the matrices:

5. 0 DX*® E._ g5 . 0 DE
H '_<(DXS)* 0 ) and H":=H"+P, P'_<(DE)* 0 )

Then we have the eigendecomposition P = V PpV™*, where Pp is a 2m x 2m
diagonal matrix

PD :dlag(ell’ e Cmms TE€LLs ey _emm)7
and V is an (M + N) x 2m matrix such that

8a.i/ N2+ 8a. iy /N2, b=i,i <m,
Vab = 5a,i/\/§—5a,(M+i)/~/i b=i+m,i <m,
0, b>2m+ 1.

With the identity

—Iyxm DX
det
e((DXﬁ — 2NN

and Lemma 6.1 of [30], we find that if u ¢ o (DX®)*DX?), then p is an eigen-
value of QY := (X* + y E)*D*D(X*® 4+ y E) if and only if

(4.17) det(V*G*(w)V + (y Pp)~') =0,

K o s IMXM 0 -
6= = (" L))

Define RY := V*G*V + (y Pp)~! for 0 < y < 1. It has the following 2 x 2 blocks
[recall the definition (3.6)]: for 1 <i <m,

y y
( i ):1(1 ! >G[ij]<1 : )
Riim i Ritm jtm 2\1 -1 I -1

| eid™! 0
+%( 0 4wm*>

Now let 1= 1] &+ N73/% We claim that
(4.19) P(det R” (u) #0forall0 <y <1)=1—o(l).

) =det(—Ipyxm) det(X*D*DX — ZINXN)s

where

(4.18)

If (4.19) holds, then w is not an eigenvalue of QY with probability 1 —o(1). Denot-
ing the largest eigenvalue of QY by A, 0< y <1, and defining A? =1limy, g A){,
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we have )‘(1) = A and k% = kf by definition. With the continuity of )»71' with respect
to y and the fact that )\(1) e (] — N34, A+ N—3/%), we find that

AE=al e (A = NI NTIY),

with probability 1 — o(1), that is, we have proved (4.15).
Finally, we prove the claim (4.19). Choose z = A, 4+ i N2/ and note that H*
has support N ~¢. Then by (3.19) and (3.15), we have with high probability,

(4.20) max |G}, (2) — Maa(tr)| < N7/2,
where we also used the Assumption 2.5 and
[mae(z) = mac(hr)| ~ 1z = 1] /2,

which follows from (3.13). For the off-diagonal terms, we use (3.31), (3.15) and
the Markov inequality to conclude that

4.21 G?® <N~US,
.21) atbe(l.mO 1. M+m}| an(@)| =

holds with probability 1 — o(N~1/¢). As pointed out in Remark 3.14, we can ex-
tend (4.9) to finite correlation functions of the largest eigenvalues. Since the largest
eigenvalues in the Gaussian case are separated in the scale ~ N ~2/3, we conclude
that

(4.22) P(min [&; ((X*)*X*) = | = N74) > 1= 0(1).
l
On the other hand, the rigidity result (3.27) gives that with high probability,

(4.23) = A < @SN3 4 N34,

Using (3.21), (4.22), (4.23) and the rigidity estimate (3.27), we can get that with
probability 1 — o(1),

(4.24) max 1G5, (2) — GS,, ()| < N™1/4Fe,
a,
For instance, for «, § € Z5, small ¢ > 0 and large enough C > 0, we have with
probability 1 — o(1) that
|Gap(z) — Gap()|

1 1
< ;kk(a)f/f(ﬁ)wkk — -
=SS h@gel+ L Y !
N33 Vk<hr—c N>/3 Yi>Ar—c Ak — zl|Ak — el
c ¢ 1

=N TN >

|<kmpC Ak — zl|Ak — el
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(PC 1
4+
N k>¢c,yzk>x,_c b= 2l —
< c + @€ + o€ <i Z 1 ><N_1/4+8
— NZ2/3 N1/4 N2/3\ N e — 2l =) = ’

k>¢C7Vk >Ap—cC

where in the first step we used (3.9), in the second step (3.21) and |Ax — z| X
Ak — | 2 1 for yx < A — ¢ due to (3.27), in the third step the Cauchy—Schwarz
inequality, in the fourth step (4.22) and in the last step the rigidity estimate (3.27).
For all the other choices of a and b, we can prove the estimate (4.24) in a similar
way. Now by (4.24), we see that (4.20) and (4.21) still hold if we replace z by
=2+ N—3/4 and double the right-hand sides. Then using max; |e;;| < 7w
and (4.18), we get that forany 0 <y <1,

. _ 1 _
]SII.HSIE’VHR%' AR piiml} = T h— Emii()»r) +mac ()| — O(NTF/?),
1 _
lfr{lélé’y{|Rl?fi+m ’ Riy+m,i|} = E}Hii(kr) - mZC()‘r)| + O(N 8/2)

and

~1/6
lfiglj?‘;‘m’y(mi}jﬂ + |Rz?/+m,j| + |Rz?fj+m| + |Riy+m,j+m0 =0(N7'9),

hold with probability 1 — o(1). Thus R” is diagonally dominant with probability
1 —o(1) (provided that w is chosen to be sufficiently small). This proves the claim
(4.19), which further gives (4.15) and completes the proof. [J

5. Proof of Lemma 3.12, Theorem 3.15 and Theorem 3.16.

PROOF OF LEMMA 3.12. We first prove the delocalization result in (3.21)
assuming that (3.22) holds with &;-high probability. Choose zo = E + ing €
S(2c1, Co, C1) with ng = €' N~!. By (3.19), we have

|G uu(z0)| = 0(1) with &1-high probability.

Then using the spectral decomposition (3.9), we get

N 2
10!k (1) |
(5.1) ————————=ImG,,(z0) = 0Q).
g (v — E)2 +n} g
By (3.22), it is easy to see that Ay + ing € S(2c1, Co, C1) with &;-high probability
for every k such that A, — c; < yx < A,. Then choosing E = Ay in (5.1) yields that
2 ¢!
|§k ([L)| <no= N with &£;-high probability.

The proof for |&x (i) |2 1s similar.
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Now we prove the rigidity results in (3.22) when ¢ < N~'/3. Our argument ba-
sically follows from the ones in [17], Section 8, [18], Section 5 and [43], Section 8.
Recall the notation in (3.29), we first claim the following lemma. It can be proved
with a standard argument using the local law (3.18) and the Helffer—Sjostrand cal-
culus. For the reader’s sake, we include its proof in Appendix B.

LEMMA 5.1.  Suppose the event (3.18) holds with &§-high probability. Then
there exists constant C1 > 0 such that

(5.2) N {nE) = ne®)| < oS (N +¢° + 4> JkE))

E>)\—cy
holds with &1-high probability, where kg is defined in (3.12).
Now we derive the estimate (3.22) from Lemma 5.1. We define the event 2 as
the intersection of the events on which (5.2) and (3.20) hold. We first assume that

Ajy Vi = A — X N=2/3 for some constant K > C;. Then by (3.20)and g < N~1/3,
we have that on €2,

(5.3) hj—yjl <tNT3

for some constant L > max{K, C1}. Note that by (3.13), n.(x) ~ (A, — )6)3/2 for
X near A,, that is,

j
(5.4) ne(yj) =3~ O = vi)*2,

Then in this case, we have j < (p2K . Together with (5.3), we get (3.22) (for a
sufficiently large constant C| > 0).
For the rest of j’s, we use the dyadic decomposition

Ur:={j:yj = & — 1,205 N7 <2, —min{y;, 2} < 21K N2}
for k > 0. By (5.2) and ¢ < N~!/3, we find that on £,
J

(5.5) N=l’lc()/j)=”()\j):”6()‘j)+(p610(N_1+q2M)'

On Q and for j € Uy, the second term on the right-hand side of (5.5) can be esti-
mated as

9061 O(N—l +612\/Wj) < C(pé]N—l + C2k/2¢61+K/2q2N—1/3'
Moreover, on 2 and for j € Uy we have
ne(yj) = 2PN s CrO(NT! + qz,/KA,),

where we used (5.4) again. Then we deduce from (5.5) that

ne()) =ne(yp[1 + 0" 5)].
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Thus on Q and for j € Ui, we have A, — A; ~ A, — y;, and hence |n/.(x)| ~
|n..(y;)| for any x between y; and A ;. Thus mean-value theorem and (5.5) imply
that on 2 and for j € Uy,

Clnc(ej) =ne(yp)l _ Co©
ol G/

(N + 4% /)

A — vl =

C(pé‘

-1 2 2
Sw(N +q° iy a1k = vil)
SC¢C1(j_1/3N_2/3 +C]2)+C§0C1N1/3q2 /l)"]_yjl
oy _ A 1
EC(PCI(] 1/3N 2/3+q2)+C(p2C1q2+§|)¥]_y]|,

where we used that |n/c(yj)| ~ Ay — yj)l/2 ~ (j/N)1/3, Ky; <Ky, + |A; —y;land
ky; ~ (j/N )?/3. Thus the above inequality gives that on Q and for j € Uy,
|)"j _ yj| < C(pZC1 (j—1/3N—2/3 + qZ)
This concludes (3.22). [
With Lemma 3.18, given X satisfying the assumptions in Theorem 3.15, we can
construct a matrix X with support bounded by ¢ = O (N~!/?1og N) and shares the

same first four moments with X. We first prove Theorem 3.15 with the following
lemma. Its proof will be given in Section 6.

LEMMA 5.2. Let X, X be two matrices as in Lemma 3.18,and G = G(X, 2),
G = G(f(, 7) be the corresponding Green functions. For z € S(c1, Co, C1) with
large enough C| > 0, if there exist deterministic quantities J = J(N) and K =
K (N) such that

(5.6) max |Gan(2)| < J, /2 (z) — mae(2)| < K

hold with &\ -high probability for some & > 3, then for any p € 2N with p < ¢, we
have

(5.7) Elma(z) — mae(2)|” < Elia(z) — mac(2)| + (Cp)P(I>+ K + NP,

PROOF OF THEOREM 3.15. By Lemma 3.18, X has support bounded by g =
O(N~'210og N). Together with (3.15), we get

Immo, g2 (log N)?
_ 0(10 N ) _ 0< )
9 & Nn JK+7 Nn




EDGE UNIVERSALITY OF COVARIANCE MATRICES 1705

Then (3.18) and (3.19) show that we can choose

S| I . ¢
J=<0C/2<—+ mmzc) and K:w—
Nn Nn Nn

for some large enough constant C’ > 0 such that (5.6) holds with &;-high proba-
bility. Then using Markov inequality and (5.7), we get that for sufficiently large
constant C, > 0 and small constants ¢, ¢’ > 0,

IP’(|m2(z) — mzc(z)} > (/)CZ(NU)_I)

_ €7 exp(=cg®) | (Cp)PeCr
¢C2P(Nn)_P @CZP

<exp(—c'p),

where we used p = ¢ and the trivial bound |m,(z) — moc(2)]| < Cn_1 [see (A.5)]
on the bad event with probability < exp(—c¢?!). This proves (3.26). Then using
(3.26), one can derive (3.27) and (3.28) with the same arguments as in the previous
proof of Lemma 3.12. In fact, comparing (3.26) with (3.18), it is easy to see that
we can simply take ¢ = 0 in (5.2) and (3.22) to get the desired bounds. [

For the matrix X in Lemma 3.18, it satisfies the desired edge universality ac-
cording to Lemma 3.13. Then Theorem 3.16 follows immediately from the follow-
ing comparison lemma.

LEMMA 5.3. Let X and X be two matrices as in Lemma 3.18. Then there exist
constants €, 8 > 0 such that, for any s € R we have

PX(NP(hy =) <5 = N~5) = N7 <PX (N30 — 2,) <)
(5.8) :
<PY(N*PGq—d) <s+N°)+N7°,

where PX and PX are the laws for X and X, respectively.

By the rigidity result (3.27), we can assume that the parameter s satisfies

(5.9) 5] < ¢F,

since otherwise (3.27) already gives the desired result. Our goal is to write the
distribution of the largest eigenvalue in terms of a cutoff function depending only
on the Green functions. Then it is natural to use the Green function comparison
method to conclude the proof. Let

N(Ey, Ey) :=#{j : E1 <Aj < E3}

denote the number of eigenvalues of Q) =X*D*DX in [E, E3]; similarly we de-
fine \V for Q; = X*D*DX. Then to quantify the distribution of A1, it is equivalent
to use P(NV(E, oo) = 0). Set

(5.10) Ey:=h +2N"234C
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and for any E < E,, define Xk := 1|g g, to be the characteristic function of the
interval [E, E,]. For any n > 0, we define
1 n 1 1

0,(x) =————=—1Im ,
(%) Tx2+n?2 7w x—in

to be an approximate delta function on scale 5. Note that under the above defini-
tions, we have N (E, E,,) = Tr Xg(Q>) and

1 Ey
(5.11) TrXE_l*Qn(Qz)zN;/E lImmz(y—i-in)dy
for any / > 0. Let q be a smooth symmetric cutoff function such that
1 if x| <1/9,
=1 TV
0 if [x| >2/9,

and we assume that q(x) is decreasing when x > 0. Then the following lemma
provides a way to approximate P(N(E, oo) = 0) with a function depending only
on Green functions.

LEMMA 5.4. Fore>0,letn=N"23"% and 1 = N=2/37¢ 2. Suppose The-
orem 3.15 holds. Then for all E such that

3 ~
|E = Arl = SN2,

where the constant C is as in (3.27), (3.28), (5.9) and (5.10), we have

512 Eq(Tr Xg—; *6,,(Q2)) <P(N(E, 00) =0)
' < Eq(Tr X1 % 60,(Q2)) + exp(—ceC)

for some constant ¢ > 0.

PROOF. See [43], Corollary 4.2, or [18], Corollary 6.2, for the proof. The key
inputs are the rigidity estimates (3.27) and (3.28) in Theorem 3.15. [

To prove Lemma 5.3, we need the following Green function comparison result,
which will be proved in Section 6.

LEMMA 5.5. Let X and X be two matrices as in Lemma 3.18. Suppose F -
R — R is a function whose derivatives satisfy
(5.13) sup|[FP)|(141x)) “<Cqy n=1,2,3
X

for some constant C4 > 0. Then for any sufficiently small constant ¢ > 0 and for
any real numbers

E,E\,Exel.:=|x:|x —A| <N} and n:=N"23"¢
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we have

(5.14) |EF(NnImmy(z)) — EF (NnImia(z))| < N~TC¢ = E +in,

and
Ey Ey
‘IEF(N/ Immz(y—l-in)dy) —IEF(N/ Imﬁu(y%—in)dy)‘
(5.15) E E|
< N7OHGe,

where ¢ is defined in Theorem 3.15 and Cs > 0 is some constant.

PROOF OF LEMMA 5.3. Recall that we only need to consider s that satisfies

(5.9). Thus it suffices to assume that |[E — A,| < goéN_ZB. Then by Lemma 5.5
and (5.11), there exists constant § > O such that

(5.16) Eq(Tr X % 0,(Q2)) < Bq(Tr Xg_; % 6,(Q2)) + N~°.

For the choice [ = %N‘zﬁ_g, we also have |[E — [ — A,| < %(péN_ZB. Thus we
can apply Lemma 5.4 to get

(5.17) P(N(E — 21, 00) = 0) < Eq(Tr Xg_; % 6,(D2)) + exp(—ce©).
With (5.16), (5.17) and Lemma 5.4, we get that
P(N(E — 21, 00) = 0) — 2N ° <Eq(Tr X5_; *6,(D2))

(5.18)
<P(N(E, 00) =0).

If we choose E = A, + sN_%, then (5.18) implies that
PX(N23(q —ay) <5 — N™°) —2N 7 < PX(N¥3 (g — 1) < 5).

This proves one of the inequalities in (5.3). The other inequality can be proved in
a similar way using Lemma 5.4 and Lemma 5.5. This proves Lemma 5.3, which
further completes the proof of Theorem 3.16. [J

6. Proof of Lemma 5.2, Lemma 5.5 and Lemma 3.17. For the proof in this
section, we will use the Green function comparison method developed in [33].
More specifically, we will apply the Lindeberg replacement strategy to G in (3.5).
Let X = (x;,) and X = (X;,) be two matrices as in Lemma 3.18 (in this section
we name the indices as in Definition 3.5). Define a bijective ordering map @ on
the index set of X as

O {,w:1<i<M,M+1<pu<M+N}—>{l,..., Ymax = MN}.

For any 1 <y < ymax, we define the matrix XV = (xl.yu) such~that xiy = Xin if
®(, n) <y,and xin = X;, otherwise. Note we have that X0 =X, Xvmx = X and
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X7 satisfies the bounded support condition with ¢ = N~% for all 0 < ¥ < Yimax.
Correspondingly, we define

0 DXY — Iy DXY
Y . Y .
©h # "((DXV)* 0 )’ ¢ —<<ny>* —zszN)

Note that H” and HY~! differ only at the (i, x) and (u,i) elements, where
@ (i, u) = y. Then we define the (N + M) x (N + M) matrices V and W by

-1

Vab = Va,by=(,w} T L@.by=(u.H)/0iXin

and

Wab = (La.py=(.w) + Lita.by=(u.i) )v/0i Xipe»
so that HY and H” ! can be written as
(6.2) H' =04V, H' '=0+Ww

for some (N + M) x (N + M) matrix Q satisfying Q;, = Q; = 0. For simplicity
of notation, we denote the Green functions by

—1
63) S:=G¥, T:=G""\, R:=<Q_(IMxM 0 )) -
0  zlyxn

Under the above definitions, we can write

—1
o0 s(o-(tr 0) ) s

Thus we can expand S using the resolvent expansion till order m:

(6.5) S=R—RVR+ (RV)’R+---+ (=1)"(RV)"R + (-=1)"TH(RV)" 5.
On the other hand, we can also expand R in terms of S,

6.6) R=(I—SV) 'S=S5+SVS+(SV)’S+---+(SV)"S+ (SV)"TIR.

We have similar expansions for 7 and R by replacing V, S with W, T in (6.5) and
(6.6).
By the bounded support condition, we have

(6.7) max |Vap| = /i i = O(N~?),

with &1-high probability. Together with Lemma 3.11 and (6.6), it is easy to check
that max, p |Rup| = O(1) with &;-high probability. Thus there exists a constant
Ce > 0 such that with &;-high probability,

(6.8) sup max max max{|Sus|, | Tap|, | Rap|} < Cé.,
z€8(c1,Co,Cy) ¥ ab
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where we used (3.19) and the fact that mo.(z) is uniformly bounded on
S(c1, Cp, C1). On the other hand, by (A.5) we have the following trivial deter-
ministic bound for S, R and T:

(6.9) max max max{[Sap, | Ta|, | Rapl} < C1~" < N.
a,

In the following discussions, we fix y and i, u such that ® (i, u) = y. The expres-
sions below will depend on y, but we drop this dependence for convenience. For
simplicity, we will use |v| = ||v||1 to denote the / !_norm for any vector v.

The following lemma gives a simple estimate for the remainder terms in (6.5)
and (6.6).

LEMMA 6.1. There exists constant C > 0 such that for any m € N,
(6.10) me;)xmax{|((RV)mS)ab{, [((SV)"R),,|} = O(C’"N_m¢),
a,

with &-high probability.

PROOF. By the definition of V, we have, for example,
6.11)  ((RV)"S),, = > (V0ixip)" Raa, Rpyay + =+ Spyub-
(ar,bp)e{l, ), (1, }:1<I<m

Since there are 2™ terms in the above sum, the conclusion follows immediately
from (6.7) and (6.8). [

From the expression (6.11), one can see that it is helpful to introduce the fol-
lowing notation.

DEFINITION 6.2 (Matrix operators *,). For any two (N + M) x (N + M)
matrices A and B, we define A x,, B as
(6.12) Axy B:=ALB,  (Iy)ab = l@.b)=(.) T L@.b)=r.i))»
where (i, i) is such that ® (i, u) = y. In other words, we have
(A xy B)ab = Aui Bup + AapBib.

When y is fixed, we often drop the subscript y and write A x B for simplicity. Also
we denote the mth power of A under the *, -product by A*", that is,

(6.13) AT = A" = Ax AxAx--- % A.
m
DEFINITION 6.3 (P, x and P, i notation). For k € Nand k= (kq,...,ks) €

N¢, y = ®(i, u), we define

(6.14) Py i Gap = Gy Y
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and

S S S " (k +1)
(615) PVvk(l_[ Ga;ly) = l_[(Py,k; Gatb[) = 1_[ Gafbt ! .

t=1 t=1 t=1
If G| and G, are products of matrix entries as above, then we define
(6.16) Py x(G1 + G2) :=Py kG1 + Py kG2.
Similarly, for the product of the entries of G — I, we define
S )

(6.17) Py,k<1'[<G - ma,b,) =[1(Py 1, (G = Myp,),

r=1 r=1
where

(G —TDup ifa=>band k =0,

Pyi(G —T)gp =
vk ( Jab {GZE,HI) otherwise.

Again, we will often drop the subscript ¥ whenever there is no confusion about it.

REMARK 6.4. Note that P, x and ﬁy?k are not linear operators acting on
matrices, but just notation we use for simplification. Moreover, for k,/ € N and
k € N**1 it is easy to verify that

(6.18) G, G = IR, Py x(Py kGab) = Py k+k|Gab-

For the second equality, note that P, G5 is a sum of products of the entries of
G, where each product contains k + 1 matrix entries.

With the above definitions and bound (6.8), it is easy to prove the following
lemma.

LEMMA 6.5. There exists constant Ce > 0 such that for any k € N*, y, and
ai, by, ..., a, by, we have

P%k (l_[ Aa,b,)
t=1

with &-high probability, where A can be R, S or T .

’

(6.19) max{

)
Py,k(l"[m - ma,b,) “ < CHL

t=1

Now we begin to perform the Green function comparison strategy. The basic
idea is to expand S and 7 in terms of R using the resolvent expansions as in
(6.5) and (6.6), and then compare the two expressions. We expect that the main
terms will cancel since x;, and X;, have the same first four moments, while the
remaining error terms will be sufficiently small since x;, and X;, have support
bounded by N~%. The key is the following Lemma 6.6, whose proof is the same
as the one for Lemma 6.5 in [33].
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LEMMA 6.6 (Green function representation theorem). Let z € S(cy, Co, C1)
and ©(, n) =y. Fix s = O(¢) and ¢ = O(¢). Then we have

E];[satb,z Y AE[(—oixi)*]
(6.20) - pe=t

S
k|/2 _
+ 3 oM AEP, ik T Sap, + O(NF),
5<|k|<2¢ /¢ keNs t=1

where Ag, 0 < k < 4, depend only on R, Ay’s are independent of (a;,b;),
1<t<s,and

(6.21) | Ay | < N~ Ikl9/10=2,

Similarly, we have

S
EJ]IGS —Map = > AE[(—yoixi)*]
=1 0<k<4
(6.22) S
+ Z Uilkl/z.AkEﬁy,k 1_[ Sa,b, + O(N_g),
5<|k|<2¢ /¢, keNS t=1

where Ak, 0 <k <4, depend only on R, and Ax’s are the same as above.
Finally, as (6.20), we have

S S
E l_[ Sa,p, =E 1_[ Rap,
(6.23) = =!

S
+ 3 oM AEP, k[T Sa, + O(NF),
1<|k|<2¢ /¢ keNs t=1

where A are independent of (a;, by), 1 <t <s, and
(6.24) | Ak| < N~IKI#/10,

Note that the terms A and A do depend on y and we have omitted this dependence
in the above expressions.

REMARK 6.7. We emphasize that most of the comparison arguments in [33],
Section 6, can be carried over here due to the introduction of the linearized block
matrix in Definition 3.4 and the local laws given in Lemma 3.11. To make this
point clear, let H = (h;;) and H= (ﬁ,- j) be two N x N real Wigner matrices.
Suppose one would like to compare their Green functions G = (H —z) ! and G =
(H — z)~! through the Lindeberg replacement strategy. Then consider a bijective
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orderingmap @ : {(i, j): 1 <i<j<N}—{1,2,..., N(N + 1)/2}, we have for
i<jand ®(, j) =y,

H' =Q+V, G'=(H"-2)"",
H '=0+w, G '=@E"-77"
where

Vi = Qk,n=a, ) + Lie.n=0,oDhij, Wit = (Leny=ai.jpy + Lie.n=Giin) i

and Q is an N x N matrix satisfying Q;; = Qj; = 0. Compared with (6.2) and
(6.3), we observe the obvious similarity between these two settings. In particular,
the key resolvent expansions (6.5) and (6.6) take the same form as in the Wigner
case. Thus most of the comparison arguments in [33] can be used in our paper,
as long as we have some appropriate estimates on the R, S, T entries, which have
been provided by Lemma 3.11. Due to this reason, we omit the details for the
proof. (In fact, the comparison argument in our paper is a little simpler than the
one in [33], since we do not need to include a separate argument for the diagonal
entries as in the Wigner case.)

It is clear that a result similar to Lemma 6.6 also holds for the product of T
entries. Thus as in (6.20), we define the notation A%, a =0, 1 as follows:

E]]Sab = Y. AE[(—voixi)*]
=1

t= 0<k=<4

(6.25)
Kl/2 17,0 d _
+ 3 o2 ALEP, k [ San, + O(NTF),
5<|k|<2¢ /¢, keNS =1
S
E[]Tus = D AE[(—voi%i)*]

t=1 O<k<4

(6.26)

5
k|/2 1 _
+ 3 oM AL VEP, k [ Ta, + O(NF).
5<|k|<2¢ /¢p keNs =1

Since Ay, 0 < k < 4, depend only on R and x;,, X;, have the same first four
moments, we get from (6.25) and (6.26) that for s = O(¢) and ¢ = O(gp),

S S
E H Gup, — E 1_[ Ga,b,
t=1 t=1
Ymax

N N
-3 (eMen, -e 1))
=1 1=1

y=1
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Vmax

6.27) =y 3 oK

y=15<k|<2¢ /¢ keN®

S )
x (A;OEPVJ( [16L, —AC'EP, k] GZ;})

=1 t=1

+ O(N~¢1?),
where we abbreviate G := G(X, z) and G := G (X, z). Then we obtain that
s s
max O
’E 1_[ Gtht = E 1_[ Gutbr
t=1 =1
(6.28) max k|/2 , : —
+ Z Z Z o A [ EPy k H GZ[b,a
y=1a=0,15<[k|<2¢ /¢, keNs =1
+ O(N4H2).
By (6.19) and (6.21), the second term in (6.28) is bounded by
Ymax k)2 s
,a —a
Z Z Z Z o A EPy x 1_[ GZ,b,
5<k<2¢/¢ y=1a=0,1 [k|=k keN$ =1

(6.29) < Z N—k¢/10sk(cé)s+k+1
5<k<2¢/¢

< 2N75¢/10S5(Cé)s+6 < N75¢/20(Cé)s

for some constant C; > 0, where we used the rough bound #{k € N* : [k| =k} < sk
and s = O(p).

However, the bound in (6.29) is not good enough. To improve it, we iterate
the above arguments as following. Recall that P, [];_, GZ:; is also a sum of
products of G entries. Applying (6.27) again to the term EP, i [T/_; GZ“_b‘j and
replacing ymax in (6.28) with y — a, we obtain that

N
y—a
EPy x| ] Gl

t=1

S
< ‘Epy,k 1169,

t=1

y—a ,
1530 JED M

y'=1a'=0,15<|k'|<2¢ /¢ K eNs+1kI

N
V/_a/
EP, wPyk ]‘[ Gy

=1

x A

+O(N7%).
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Together with (6.28), we have

E 1_[ Gymax ]E 1_[ Gatb[

Vmax

30D MR LTS

y=1a=0,15<|k|<2¢ /¢, keNs
+ 22 o e A AL
v,y a,a KK
+ O(N4F2).
Again using (6.19) and (6.21), it is easy to see that

DD

v,y a,a’ kK

R
‘ Epy,k 1_[ Gg,,b,
=1

S
EPy wPyx [[GL 5 ‘

atb,
t=1

s
y'—a
EPV’,k/P)/,k l_[ Gatb?‘
=1

=N (),

where we used that k' +

k > 10. Repeating the above process for n < 6¢ /¢ times,
we obtain that

s 6¢/¢
SICTIES 3D 3D Jp ol 1 CH I
t=1 n=0 Y1, VYnai,-.. anky,..., k, Jj
X EP}’H P)’l kl l_[ Gatb,
t=1
+ O NI,
where
k; € N*, k, e No kil ks € NeTlkil+lka| .., and
(6.30) 2
S<Iki| = —.
¢

Again using (6.19), (6.21) and s, { = O(¢), we obtain that
)
‘E 1_[ GZZHI;X <|E 1_[ Gatbt
t=1

+CS r{(1‘,:1)((1\/—2)" (N_¢/2O)Zi ki |
n

(6.31)

N
0
Epynskn T 7D)’lskl l_[ Ga,b,
r=1
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for some constant C7 > 0. We remark that the above estimate still holds if we
replace some of the G entries with G entries, since we have only used the absolute
bounds for the relevant entries.

Now we use Lemma 6.6 and (6.31) to complete the proof of Lemma 3.17,
Lemma 5.2 and Lemma 5.5.

PROOF OF LEMMA 3.17. We apply (6.31) to GapGap with s =2 and ¢ = 3.
Recall that X is a bounded support matrix with ¢ = O(N~!/?1log N). Then by
(3.19), we have with &;-high probability,

- Imma.(z) 1
6.32 Gapl < Cl“( — e —) b
( ) |Gapl < @ N7 + N7 a#

for z € S(c1, Cp, C1), where we used that

Immye(2)

N—1/2§C
Nn

9

which fgllows from (3.15). On the other hand, we have the trivial bound
maxg p |Gap| < N on the bad event [see (A.5)]. Hence we can get the bound

Tm n2.(2) 1 )
N7 (Nm? /)’

Eléab|2§C¢2C'+2( a#b.
Again with (3.15), it is easy to check that the right-hand side is larger than N1,
Thus the remainder term O (N ~¢*2) in (6.31) is negligible.

It remains to handle the second term on the right-hand side of (6.31). Let
® (iy, ut) = y;. Then we have

max . {Epymkn T PV] K (GabGab)|
Viseos Vi@, D& U  <p<p i, e}

<C§02C1+2<Im’”’12c(2)Jr 1 >
B Nn (Nn)?)’

(6.33)

since Py, k, - - Py .k Gabéab is a finite sum of the products of the matrix entries

of G and G, and there are at least two off diagonal terms in each product. This
bound immediately gives that

Immi.(2) 1 )

N2\ E e C(
( ) Z | P}/n»kn Pylakl (GabGab)| S(p N?’] (Nn)z

ylsVZ 55555 Vn
for some large enough constant C > 0. Here, if {a, b} N {i;, u;} # @ for some
1 <t < n, we bound the above sum by N —1_ which is due to the lost of a free
index. Plugging this estimate into (6.31), we conclude Lemma 3.17. [
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PROOF OF LEMMA 5.2. For simplicity, instead of (5.7), we shall prove that
|E(m2(z) — mac(2))”|
< [E(2(2) = mac(2))"| + (Cp)P(J2 + K + NP

The proof for (5.7) is exactly the same but with slightly heavier notation.
Define a function f(/, J) such that

(6.35) Y ra,n=1, fU,J)=0
1,J

(6.34)

for I = (ay,an,...,a5) and J = (b1, by, ..., bg). Since A are independent of a,
and b; (1 <t <), we may consider a linear combination of (6.31) with coeffi-
cients given by f (I, J). Moreover, with (6.22), we can extend (6.31) to the product
of (G — I1) entries, that is,

EY fU.D]]G — Mg,
1,J

t=1

=

EY  fUD]]G = M,
1,J

t=1

(6.36) + C§ inax (N—¢>/20)Zi ki |
1LY

N

X ]EZ f(l’ J),]Synykn v '75)/17](1 H(G - H)atbt
1,J t=1
+0(¢cN~¢1?)

for some constant Cg > 0. If wetake a;, = b; € 1o, s = p,{ = p+2and f(I,J) =
N™P[[éq4p,,itis easy to check that

N
637  EY fU.D[[(G*—1),, =EmS —ma)’.  a=0,ma.
1,J t=1

Now to conclude (6.34), it suffices to control the second term on the right-hand
side of (6.36). We consider the terms

P
(6.38) Prakn Prvy [ (G = mac)

=1
for ki, ..., Kk, satisfying (6.30~). By definition of 75, (6.38) is a sum of at most
cX kil products of G, and (G, — my.) terms, where the total number of G,
and (Guu — my,) terms in each productis )_ |k;| + p = O(<p2). Due to the rough
bound (6.9), (6.38) is always bounded by N 0@ Then by the assumption that
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(5.6) and (6.8) hold with &;-high probability with & > 3, we see that the expec-
tation over the event that (5.6) or (6.8) does not hold is negligible. Furthermore,
for each product in (6.38) and any 1 < ¢ < p, there are two u;’s in the indices
of G. These two u;’s can only appear as (1) (Gmm — my.) in the product, or
(2) G,aGpp,, where a, b come from some y; and y; via P (see Definition 6.3).
Then after averaging over N7 ) Ploeensthp? this term becomes (1) #1y — mo., which
is bounded by K by (5.6), or (2) N -1 ZM G,aGp,u,, Which is bounded by
J? + CN~! by (5.6). For any other G’s in the product with no j;, we simply
bound them by C using (6.8). Then, for any fixed y1, ..., ¥u, K1, ..., K;, we have
proved that

p
INT) Z ]E’]Synskn T 75V1sk1 l_[(é.ut,uvt - mZC)
(6.39) NP =1
<cz k(2 4 gk 4 NTHP,
Together with (6.36), this concludes (6.34). [

Recall that with Lemma 5.2, we can prove Theorem 3.15 (see Section 5). Now
we prove Lemma 5.5 with the help of Theorem 3.15.

PROOF OF LEMMA 5.5. For simplicity, we only prove (5.14). The proof for
(5.15) is similar. By (A.6), we have

NImmy(z)
(6.40) 162@ 5 = D IG ? = ———2.
w,v n
Hence it is equivalent to prove that
(6.41) ‘EF(nz > GWEW> — IEF(n2 > G,UE,W) < N9+Cse
Mn,v w,v

forz=FE+inwith E€l, and n=N —2/3—¢ Corresponding to the notation in
(6.3), we denote

x5 = nZZSWEW, .= nZZR,wEw,
[L,V IL’U
(6.42)

xT = n2 Z TMVTW.
n,v

Applying (6.40) to S, T and using (3.26) and (3.15), we get that with high proba-
bility

(6.43) myax{|x3| + T} < NC®
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for some constant C > 0. Since the rank of HY — Q is at most 2, by the Cauchy
interlacing theorem we have

(6.44) |ITrS —TrR| <Cnp~!
Together with (6.43), we also get that
(6.45) m);ax!xR\ < NC¢¢ with high probability.

By (3.19), (6.7) and the expansion (6.6), we get that with high probability,
(6.46) max{|S| + | Ryul} < N™TCE 4 C5y0.

Moreover, by (6.9) we have the trivial bounds

(6.47) [x5|+]x%| = 0(n*N*n~?) = O(N?), max{|Su|+Ruvl} = ON),

on the bad event. Since the bad event holds with exponentially small probability,
we can ignore it in the proof.
Applying the Lindeberg replacement strategy, we get that

F<n2 > GWE,W) — EF(:# > GWGW)
M,U }L,U

Ymax

=Y [EF(x%) —EF(x")].
y=1

From the Taylor expansion, we have

F(x5) — F(x®)

(6.48)

(6.49) 1 1
Lpo I S e SR\
X" +3!F (€s) (x> —x™)7,

511\)

where (g lies between x S and x®. We have a similar expansion for F @y —F@x®)
with ¢g replaced by ¢7.

Let ®(i,u) = vy and fix m € N. We perform the expansion (6.5) and use
Lemma 6.1 to get that with &;-high probability,

(6.50) Sabe =Y (—/0ixip) Pk Rap, + O(C"N™"?).

0<k<m

Using this expansion and bound (6.8), we have that with &;-high probability,
N N
(651) l_[ Satbt = Z Z (Pk 1_[ Ratbt) (_\/a_ixiﬂ)k + O(Cm+sN_m¢)’
=1 O<k=mskel, ; t=1
where

6.52)  k:=(ki..... k). i ={keN":0<k <m, Y ki =k|.
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From the above definition, we have the rough bound
(6.53) |1 k| < st
By Lemma 6.5 and (6.53), the k > m terms in (6.51) can be bounded by

Z Z <,Pkli[Rfltbt>(_\/;ixi,u)k

k>m kely . t=1

< > skCk T (eNTo)t

k>m

e O(Smcm+sN7m¢),
with &1-high probability. Hence with &;-high probability,
S )
1_[ Sa,b, 1_[ Ra;b[ + Z ( \/;lxl/,(/) ( Z 73k 1_[ Ra;b,)
(6.54) t=1 1<k<m kel , 1=l
+ O (s CmS N,
Similarly, we also have with &;-high probability,
N N N
l_[ Tatb, = l_[ Ra,b, + Z (_’\/;lil/l,)k( Z Pk l_[ Ra,b[)
(6.55) r=1 t=1 1<k<m kel ; t=1
+ O(s"CmTS N,

Again we can replace some of the resolvent entries with their complex conjugates
by modifying the notation slightly.
Now we apply (6.54) and (6.55) with s =2 and m :=3/¢ to get that

XS:)CR+ Z ( Z nzzpy,k(Ruvﬁy,v)>(_«/;ixiM)k

1=k=3/¢ ‘kel3y, MV

(6.56)
+0(CN73),
T'— xR + Z ( Z n Z,Pyk(R/,pr.v)>( «/thlu)
1<k=<3/¢ keIWk K,y
(6.57)

+0(CN7?),

with high probability. To control the second term in (6.56), we need the following
lemma.

LEMMA 6.8. Forany fixedk #£0,k € 132/¢,l<’ and p = O(1) with p € 2N, we
have

_ p
(6.58) E> Py k(R Ru)| < (N'TEE)P.
W,V
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PROOF. This is (6.89) of [33], we can repeat the proof there with minor mod-
ifications. In fact, its proof is similar to the one for Lemma 5.2 given above. Thus
we omit the details. [

Given (6.58), with Markov inequality we find that for any fixed k # 0 with
ke 132/ ok there exists constant C > 0 such that

(6.59) [P, kx® ZP kKRR < N713+Ce,

with probability with 1 — N~4 for any fixed A > 0, where we used that n =
N—2/3-¢, Combining (6.56), (6.59), (6.46) and (3.25), we see that there exists
a constant C > 0 such that

(6.60) E[xS — xR]P < N73/24Ce,

for sufficiently large N independent of y, where we used the bound (6.47) on the
bad event with probability O(N~4). Since ¢s is between x5 and x &, we have
|zs| < N with high probability by (6.43). Together with (6.60) and the assump-
tion (5.13), we get

Ymax
(6.61) Y E[FPgs)(x* _ xRy < NoI2Ce
y=1

We have a similar estimate for E[F® ¢r)(xT — xR )31.

Now it only remains to deal with the first term on the right-hand side of (6.49).
Using (6.56), (6.57) and the fact that the first four moments of x;,, and x;, match,
we obtain that for/ =1, 2,

ELFO@R) (8 = x®)] — BFO (5T = <Py
6/¢ s

Z Z Z Enpykr |E( ﬁx,u)k|+|E( \/axm) |)

k= 52[ 1‘kl‘| kkt€]3/ k t=1
+ O(CN73+Ce),

Recall that (3.25) holds for x;, and X;,, x;, has support bounded by O(N =9y,
and X;, has support bounded by O(N ~1/2]og N). Then it is easy to check that
IE(—%:,)%| < (log N)¢ N75/2 and [E(—x;,)*| < (log N)¢ N=2=¢ for k > 5. Using
(6.59), we obtain that for 1 <[ <2

[BLFO@F) (% =2 ®)] = E[FO(F) (o7 —2F)] < N300,

Together with (6.48), (6.49) and (6.61), this concludes the proof. [J
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APPENDIX A: PROOF OF LEMMA 3.11

Throughout the proof, we denote the spectral parameter by z = E + in.

A.1l. Basic tools. In this subsection, we collect some tools that will be used in
the proof. For simplicity, we denote Y := DX.

DEFINITION A.1 (Minors). For T C Z, we define the minor HD := (H,, :
a,b € T\ T) obtained by removing all rows and columns of H indexed by
a € T. Note that we keep the names of indices of H when defining HD, that
is, (H (T))ab = 1{4,p¢T) Hap. Correspondingly, we define the Green function

T T
G .= (HD)™ = Zgl()T G )%;m
rEyen g
G yMgP
ooy ot )

and the partial traces

T 1 T 1 T .1 T _ |l
mg):z—Trgf)z—ZGfi), mg):z—Trgé)z—ZGﬂ),
M Mz N N
i¢T wgT
where we adopt the convention that Gg) =0ifa € T or b € T. We will abbreviate

({a}) = (@), ({a, b}) = (ab), and
(T) (T)

Y=y Y=Y

a¢T @ a,b¢T  a,b
LEMMA A.2 (Resolvent identities). (i) Fori € 71 and u € I, we have

1 ; 1
(A1) G ( Jin =T s

(ii) Fori # j € 1y and nu # v € I, we have
(A2)  Gi= Giicfifl?(yg(ij>y*)ij’ Gy = GWG%)(Y*G(M)Y)W_
Fori €1 and u € 1o, we have

Gip= GiiGﬁ/),L(_YiH« + (YG(W)Y)W)’
(A.3) .
G;,Li = GMMGgL)(_Y;:i + (Y*G(W)Y*);u')'

(iii) Fora € T and b, c € T\ {a},

Gpa G 1 1 GpaGap
(A4 G =Gp - T e .
aa bb be bebe Gaa

(iv) All of the above identities hold for GV instead of G for T C T.
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PROOF. All these identities can be proved using Schur’s complement formula.
The reader can refer to, for example, [31], Lemma 4.4. [

LEMMA A.3. Fix constants cg, Co, C1 > 0. The following estimates hold uni-
Sformly for all z € S(cp, Co, C1):

(A.5) IGl<Cn™t,  19.G| <Cn~?

Furthermore, we have the following identities:

(A.6) Y UGl =Y Gl =

nely Hely
mf Cii
(A.7) Y IGiIP =Y 1GiIF = =,
i€l i€l 2
(A.8) Ejmm|_§]Gm|_Qm+—m0W,
zeIl 1611
G
(A9) S Gl = Y (G ul? = ( )
nel neI 77 <

All of the above estimates remain true for G0 instead of G for any T C T.

PROOF. These estimates and identities can be proved through simple calcula-
tions with (3.8), (3.9) and (3.10). We refer the reader to [31], Lemma 4.6, and [53],
Lemma 3.5. O

LEMMA A.4. Fix constants cg, Co, C1 > 0. For any T C Z, the following
bounds hold uniformly in z € S(cg, Co, C1):

mm
(A.10) |mz—m9W_
and
(T) C|T]
Al (G ) < S
(A1D ’ g ~ Nn

where C > 0 is a constant depending only on t.

PROOF. For u € 7, we have

Z GV/'LGMV
vely G'LL/‘L

2 ImG,, - 1

1Gyul? = <
N|Gw|v§2 T NG

| (M)| —

N
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where in the first step we used (A.4), and in the second and third steps we used the
equality (A.6). Similarly, using (A.4) and (A.8) we get

Gun| 1 (G 2y (G 2
~ NI|G;i|\ z n b4 ~ Nn’

vely Gii
Then we can prove (A.10) by induction on the indices in T. The proof for (A.11)
is similar except that one needs to use the assumption (2.6). [

iz = m| = =

The following large deviation bounds for bounded supported random variables
are proved in [17], Lemma 3.8.

LEMMA A.5. Let (x;), (yi) be independent families of centered and inde-
pendent random variables, and (A;), (B;j) be families of deterministic complex
numbers. Suppose the entries x; and y; have variance at most N —1 and satisfies
the bounded support condition (3.3) with g < N~¢ for some constant ¢ > 0. Then
for any fixed & > 0, the following bounds hold with &-high probability:

1 12
A.12 Aixi| < of Al + — A; 2) }
NCI VR [qmiax| ’|+ﬁ(,z| i
2 2 1 2 172

A13) S xBgy swf[q Bd+qBo+N(Z|Bi,-|) }

i,j i#j
(A.14) Y %iBiixi — Y _(Elxi|*) Bii| < ¢°qBa.

i i

_ 1 1/2
(A.15) > % Bijx; §<p2‘§[q30+—(§ |Bij|2) }
— N\~
i#j i#]
where
Bg := max | Bj;|, B, := max |B;j|.
i i#]j

Finally, we have the following lemma, which is a consequence of the Assump-
tion 2.5.

LEMMA A.6. There exists constants co, T’ > 0 such that
(A.16) |1+ mac(z)or| = 7'
forall 7 € S(co,Cp,C1)and 1 <k <M.

PROOF. By Assumption 2.5 and the fact my.(4,) € (=0 ! 0), we have

L+ mac(h)ox| =7, 1<k<M.
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Applying (3.13) to the Stieltjes’ transform
p2c(dx)
R X—27
one can verify that mo.(z) ~ +/zZ — A, for z close to A,. Hence if k¥ + n < 2¢q for
some sufficiently small constant ¢y > 0, we have
|14+ mac(z)ok| > 7/2.

Then we consider the case with E — A, > ¢g and n < ¢ for some constant c¢; > 0.
In fact, for n =0 and E > A, + cg, ma(E) is real and it is easy to verify that
m/2 -(E) > 0 using the formula (A.17). Hence we have

|1+ oxmac(E)| = |1 + oxmac(hr +co)| = 7/2  for E > A, +co.

(A.17) mac(z) =

Using (A.17) again, we can get that
‘ dmc(z2)

dz

So if ¢y is sufficiently small, we have

5062 for E > A, + ¢p.

1
|1+ oxmac(E +in)| > 5\1 +oxmac(E)| > t/4

for £ > A, + co and n < c;. Finally, it remains to consider the case with n > c;.
If or < [2ma.(z)|~!, then we have |1 + oxmac(z)| > 1/2. Otherwise, we have
Immo(z) ~ 1 by (3.15). Together with (3.14), we get that
|1+ oxmac(z)| > ox Immoe(z) > mmae(@) o
2me(z)
for some constant T’ > 0. O

A.2. Proof of the local laws. Our goal is to prove that G is close to IT in the
sense of entrywise and averaged local laws. Hence it is convenient to introduce the
following random control parameters.

DEFINITION A.7 (Control parameters). We define the entrywise and averaged
errors

(A18) A := max|(G — M)y
a,bel

, Ay = max |Ggpl, 0 :=[my — moc]|.
a#bel

Moreover, we define the random control parameter

I 0 1
(A.19) Wy MO
Nn Nn

and the deterministic control parameter

Immzc 1
N Ny’

(A.20)
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In analogy to [17], Section 3 and [31], Section 5, we introduce the Z variables
Z =1 -E)(GH)™",  agT,
where E,[-]:= E[- | H@)], that is, it is the partial expectation over the randomness
of the ath row and column of H. By (A.1), we have
(A.21) Zi=Ei - DGV, =0 Y. G(’)( —XiMXiv>,
w,vely
and
Z,=E, — 1)(Y*G(“)Y)

= VUIGJGU ( _Xiquu)-

i,jeTy

(A.22)

The following lemma plays a key role in the proof of local laws.

LEMMA A.8. Letcg > 0 be a sufficiently small constant and fix Co, Cy, & > 0.
Define the z-dependent event Z(z) := {A(z) < (logN)~'}. Then there exists
constant C > 0 such that the following estimates hold for all a € T and z €
S(co, Co, C1) with &-high probability:

(A.23) 1(E) (Ao + | Za]) < Co* (g + W),
(A.24) 17 > (Ao +1Zal) < Co* (g + Wp).

PROOF. Applying the large deviation Lemma A.5 to Z; in (A.21), we get that
on &,

arzeotfo (ziotr))

(A.25) : m
(@) 172 i
1 ImG Imm
- b))

N %: n Nn
holds with £-high probability, where we used (2.6), (A.6) and the fact that
maxg p |Gap| = O(1) on event E. Now by (A.18), (A.19) and the bound (A.10),
we have that

(A26) J Immjy’ _ J Immye +Im(mY) — my) +Im(my — mac) _cw,

Nn
Together with (A.25), we conclude that
1(E)|Zi] < Cp™ (g + Vo),
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with &-high probability. Similarly, we can prove the same estimate for 1(E)|Z,|.
In the proof, we also need to use (2.9) and
d—1
Im(—T) = 0(n) = O(Imm2.(2)).

If n > 1, we always have max, » |G4»| = O(1) by (A.5). Then repeating the above
proof, we obtain that

1(n = 1)|Za] < Co* (g + W),

with &-high probability.
Similarly, using (A.2) and Lemmas A.3—A.5, we can prove that with £-high
probability,

(A.27) LE)(IGij| + G ) < Co* (g + Wp),

holds uniformly for i # j and p % v. It remains to prove the bound for G;,
and G ;. Using (A.3), the bounded support condition (3.3) for X;,, the bound
maxg p |Ggp| = O(1) on E, Lemma A.3 and Lemma A.5, we get that with £-high
probability,

> Xile()l,”)Xju )
JsV

r (UD)] 1/2

()

|Giu| = C(Q +

(A.28)

r 1 () 172
<Cp*|q+ N(Z(G(“‘) + - ImG(”‘))> }

v

<Co*|q+

|m(lﬂ)| N Imm(lﬂ-)]
N Nn )

As in (A.26), we can show that

(A.29) ——— = 0(¥p).

For the other term, we have

\/|m<””| \/|m2c| + 1S — ma) + my — mae|

N
0 Imzc|>
ST S < CV,,
Vv VN )"

(A.30)
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where we used (A.10), and that

[moe| _ 0<Imm2c>,
N Nn

n by Lemma 3.6. From (A.28), (A.29) and

since |my.| = O(1) and Immy. 2
(A.30), we obtain that

1(8)|Giul < Co* (q + W),

with £-high probability. Together with (A.27), we get the estimate in (A.23) for A,.
Finally, the estimate (A.24) for A, can be proved in a similar way with the bound
1(n= Dmaxgp |Gapl = O(1). 0

Our proof of the local law starts with an analysis of the self-consistent equation.
Recall that m.(z) is the solution to the equation z = f(m) for f defined in (2.16).

LEMMA A.9. Let cy > 0 be sufficiently small. Fix Co > 0, £ > 3 and
C1 > 8&. Then there exists C > 0 such that the following estimates hold uniformly
in z € S(co, Co, C1) with &-high probability:

(A31) 1(n= D]z = fm2)| < Co* (¢ + N~'?),
(A.32) L(E)|z — f(m2)| < Co* (g + W),
where E is as given in Lemma A.8. Moreover, we have the finer estimates
(A33)  1(E)(z— fm) =1E)(Z]i +[Z]) + 0(¢™ (¢* + V7)),
with &-high probability, where

1 o; 1
(A.34) (2= 5 iEXI:I Wzi, (Z)2:= 5 l;z Z,.

PROOF. We first prove (A.33), from which (A.32) follows due to (A.23) and
(A.16). By (A.1), (A.21) and (A.22), we have

(A.35) = 1-Z 36O +Zi=—1—omr+s
i el
and
1 1 (1) 1
(A.36) G—:—z—ﬁzmcﬁ —I—ZM:—z—NZoiGiH-sM,
272 ieT; i€y
where

; 1
& =27Z; —i—a,-(mz—mg)) and Eu = ZM+_ ZO,‘(G[,‘ —Gl(fl')).
i€l
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By (A.10), (A.11) and (A.23), we have for all i and wu,

(A37) L(E)(ei| + lenl) < Co* (g + o),

with &-high probability. Then using (A.36), we get that for any © and v,
(A38)  1(E)Guu — Gu) = LE)GuuGuv(ey — £0) = O (9™ (q + ¥p)),
with &-high probability. This implies that

(A.39) 1(8)|Gup —m2| <Co* (g +Wp).  pel,

with &-high probability.
Now we plug (A.35) into (A.36) and take the average N ! >_,- Note that we
can write

1 1 1 G " 1 G )2 1
—_—=——— —m — —mp) ——.
Gun 2 m% s 2 m% s 2 G
After taking the average, the second term on the right-hand side vanishes and the
third term provides a O((p45 (g + Wy)?) factor by (A.39). On the other hand, using
(A.4) and (A.23) we get that

1 1 GiuGui
1(B) v Z Gi(GElH) _ Gii)‘ < I(E)N Z o; % < C¢4§(q + Wy)?
i€l i€ i
and
GuiGiu

; 1
1(E)|mz —my’| <1(@) 3 < Co* (g + Wp)2,

nel

Gii
with &-high probability. Hence the average of (A.36) gives

Oi

1 1
HE)— =1(8)] -2+ —
@, =1@| N L o= 7+ 0%+ o)

+ [Z]z}

+ 0(¢™ (g + Wp)?),

with &-high probability. Finally, using (A.16) and the definition of E we can ex-
pand the fractions in the sum to get that

1 1 lof} 4 2

1(E _— — 1 =1(E)[Z VA (0] § Y .

( ){z+m2 Nigl-i'ﬁimz} @) (211 +[2]2) + 0(¢* (¢ + ¥p)?)
This concludes (A.33).

Then we prove (A.31). Using the bound 1(n > 1)max, ; |Gap| = O(1), it
is easy to get that |m>| = O(1) and 8 = O(1). Thus we have 1(n > 1)Wg =
O(N~'/2) and (A.37) gives

(A.40) 1 = D(leil + lepl) < Co* (g + N7'/?),
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with £-high probability. First, we claim that for n > 1,
(A41) |my| > Immy > ¢ with &-high probability

for some constant ¢ > 0. By the spectral decomposition (3.9), we have

ImG; —Im% G ]ZV[: B (i)121m<—1 T ) >0
! o Mo ' he=z) "
Then by (A.36), G;}L is of order O(1) and has an imaginary part < —n +
O(¢* (g + N~Y/2)) with &-high probability. This implies that Im G, > n with
&-high probability, which concludes (A.41). Next, we claim that

(A42) 11 +oimy| > ¢’ with &-high probability

for some constant ¢’ > 0. In fact, if o; < |2m»|~!, we trivially have |1 4 ojm3| >
1/2. Otherwise, we have o; 2 1 [since |m>| = O(1)], which gives that

~Y
114 oimz| > o; Immy > ¢’

Finally, with (A.40), (A.41) and (A.42), we can repeat the previous arguments to
get (A.31). O

The following lemma gives the stability of the equation z = f(m). Roughly
speaking, it states that if z — f(m2(z)) is small and m2(z) — mo.(Z) is small for
ImZz > Imz, then my(z) — mp(z) is small. For an arbitrary z € S(cg, Co, C1), we
define the discrete set

L(w) :={z} U{z’ € S(co, Co, C1) : Rez’ =Rez, Imz’ € [Imz, 11N (N7''N)}.

Thus, if Imz > 1, then L(z) = {z}; if Imz < 1, then L(z) is a 1-dimensional lattice
with spacing N!0 plus the point z. Obviously, we have |L(z)| < N'°.

LEMMA A.10. The self-consistent equation z — f(m) = 0 is stable on
S(co, Co, C1) in the following sense. Suppose the z-dependent function § satisfies
N2<§8(2) < (log N)~! for z € S(co, Co, C1) and that § is Lipschitz continuous
with Lipschitz constant < N2. Suppose moreover that for each fixed E, the function
n+— 8(E + in) is nonincreasing for n > 0. Suppose that u; : S(cg, Co, C1) = C
is the Stieltjes’ transform of a probability measure. Let z € S(cqo, Co, C1) and sup-
pose that for all 7' € L(z) we have

(A.43) |z — f(u2)] <8(2).
Then we have

C$é
|u2(Z) - m2c(Z)| =< m

for some constant C > 0 independent of z and N, where « is defined in (3.12).

(A.44)
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PROOF. This result is proved in [31], Appendix A.2. [

Note that by Lemma A.10 and (A.31), we immediately get that
(A45) 1(n = DO() < Cp* (g + N~'72),
with &£-high probability. From (A.24), we obtain the off-diagonal estimate
(A46) 17 = DA,(2) < C* (g + N7'/?),
with £-high probability. Using (A.39), (A.35) and (A.45), we get that
(A47) 17 = D(1Gii = il + G — macl) < Co™ (g + N™'72),

with £-high probability, which gives the diagonal estimate. These bounds can be
easily generalized to the case n > ¢ for some fixed ¢ > 0. Comparing with (3.19),
one can see that the bounds (A.46) and (A.47) are optimal for the n > ¢ case. Now
it remains to deal with the small 5 case (in particular, the local case with n < 1).
We first prove the following weak bound.

LEMMA A.11. Let co > 0 be sufficiently small. Fix Co > 0, £ > 3 and
C| > 8&. Then there exists C > 0 such that with &-high probability,
(A48) A@) = Co* (Vg +(Nm)~'P),
holds uniformly in z € S(cg, Co, C1).

PROOF. One can prove this lemma using a continuity argument as in [9], Sec-
tion 4.1 or [17], Section 3.6. The key inputs are Lemmas A.8—A.10, the diagonal

estimate (A.39) and the estimates (A.45)—(A.47) for the n > 1 case. All the other
parts of the proof are essentially the same. [J

To get stronger local laws in Lemma 3.11, we need stronger bounds on [Z]; and
[Z]2 in (A.33). They follow from the following fluctuation averaging lemma.

_ LEMMA A.12.  Fix a constant § > 0. Suppose q < ¢ ™% and that there exists
S C S(cg, Co, L) with L > 18& such that with & -high probability,

(A.49) A <y(z) forzeSs,

where y is a deterministic function satisfying y (z) < ¢ 5. Then we have that with
(& — tn)-high probability,

1 Immae
(A50)  |[Z1h@)|+|[Zh@)]| < ¢'® (q2+ mm; (z)+y(z))

(Nn)? N7

for z € §, where Ty :=2/loglog N.
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PROOF. We suppose that the event E holds. The bound for [Z], is proved in
Lemma 4.1 of [17]. The bound for [Z]; can be proved in a similar way, except
that the coefficients o; /(1 + mzoi)z are random and depend on i. This can be dealt
with by writing, for any i € 7,

; 1
-
HELy

GuiGiu

(@) 2
= O(Az),
Gii m2 + ( 0)

where by Lemma A.8, we have

1 Immo.(z) + y(z
A35C¢45(q2+\1192)50¢4§(q2+ 2(2) y<>>’

(Nm)? N7
with &£-high probability. Then we write
1 o
[Zh=5 ) —— 5 5% +0(A)

teIl (1+ m(l)az)z

(A.51) ——Z(l— 1)[

lEZ] (1

Z (1— [ %G ] +0(A2).

leI 1+ 201)2
The method to bound the first term in the line (A.51) is a slight modification of the
one in [17] or the simplified proof given in [16], Appendix B. For a demonstration
of this process, one can also refer to the proof of Lemma 4.9 of [53]. Finally, one
can use that the event & holds with &-high probability by Lemma A.11 to conclude
the proof. [

T How)

PROOF OF (3.18) AND (3.19). Fix ¢g, Co > 0, & > 3 and set
L :=120¢, £:=2/log2 +&.
Hence we have £ < 2¢ and L > 60&. Then to prove (3.19), it suffices to prove

z Im 1
(A52) N fro=e(qr D, )
2€8(c0.Co.L) N n

with &£-high probability. ~
By Lemma A.11, the event E holds with &-high probability. Then together with
Lemma A.12 and (A.33), we get that with (§ — 7,y)-high probability,

1 Immzc+C¢2§(ﬁ+(Nn)_l/3)]
(Nn)? Nn

1 :Immy
<c zog( > 18570],
= [“’ TE )T T

2= f(my)| < Co'® [q2 +
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where we used Young’s inequality for the ,/q/(Nn) term. Now applying
Lemma A.10, we get that with (§ — t)-high probability,

0<Col% (g4 L)y MM
=0T ) T Ny T
. 1
< C(pl&f (q + 7(N77)2/3)’

where we used (3.15) in the second step. Then using Lemma A.8, (A.35) and
(A.39), it is easy to obtain that

z z 1 z (Immo,
A<Co*(g+ W) +6 <Co' (q + (N77)2/3> + C‘/’%,/ N—nc
z 1 : (Immy
20 3§ d
=¢ ("+(Nn>2/3>+“’ V Ny

uniformly in z € S(co, Co, L) with (§ — x)-high probability, which is a better
bound than the one in (A.48). We can repeat this process M times, where each
iteration yields a stronger bound on A which holds with a smaller probability.
More specifically, suppose that after k iterations we get the bound

P 1 P Immz
AS3 As< zos( 7) % [mmac
(A.53) =9 q+(Nn)1_f +o N7

uniformly in z € S(co, Co, L) with &’ -high probability. Then by Lemma A.12 and
(A.33), we have with (£’ — 7)-high probability,

1 Immy,
7+
(Nn) N7

+¢zo§(Q+ 1 )+¢_3‘§ Immgc]
Nn (Np'=*)  Nn\ Np

z : Immo,
<C 385( 2 7) 185—]'
<o (o4 =)+,

2 — fmy)| < Co'% [qz +

Then using Lemma A.10, we get that with (§' — ty)-high probability,

: Imm

Nnx +n

z 1
6 < C(ﬂlgS (q + (Nn)l_.[/z

z 1
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Again with Lemma A.8, (A.35) and (A.39), we obtain that

z z 1 ¢ [Imm
A<Co¥(q+V +9<C195( +7)+C % [—<
=Cp=(@+¥)+0=Cop =g (NmI=/2 @ N7
z 1 ¢ [Imm
- 205( 4> 3 [Imme
=0+ =) T Ny

uniformly in z € S(co, Co, L) with (§/ — ty)-high probability. Comparing with
(A.53), we see that the power of (Nn)_1 is increased from 1 —t to 1 — /2, and
moreover, there is no extra constant C appearing on the right-hand side of (A.54).
Thus after M iterations, we get

z 1 ¢ [Imm
A. A< 205( ) ¥ | —=
( 55) —(p q+ (Nn)li(l/z)M71/3 +(p ]V77

uniformly in z € S(cg, Co, L) with (§ — Mty)-high probability. Taking M =
lloglog N/log2] such that

(A.54)

E_m < 4/(3logN) _
3 ™ =&, (N =R = (Nn) <C,
we can then conclude (A.52) and hence (3.19). Finally, to prove (3.18), we only

need to plug (A.52) into Lemma A.12 and then apply Lemma A.10. [

PROOF OF (3.20). The bound in (3.20) follows from a standard application
of the local laws (3.18) and (3.19). The proof is exactly the same as the one for
Lemma 4.4 in [17]. We omit the details here. [J

APPENDIX B: PROOF OF LEMMA 5.1

By (3.20), we have A = || H||> < A, + ¢€' (g% + N=2/3) with &;-high proba-
bility. Hence it suffices to prove (5.2) for E < A, + ¢ (g> + N=2/3). We define
p(x):=N"1 2_j8(x —4j). Itis easy to see that n(E) := 5 p(x)dE and ma(z)
is the Stieltjes’ transform of p(x). Then we introduce the differences:

Ap(x) :=p(x) — p2c(x), Am(z) :=m2(z) —mac(2).
Fix no =@ 'N~, Es = A, + 9T (g> + N23) and A, — ¢ < E1 < E2 — 2n0.
We denote £ := max{E> — E1, no} and k :=min{xg,, kg, }. Let x (y) be a smooth
cutoff function with x (y) =0 for |y| > 2&, x(y) =1 for |y| < &, and |x'(y)| <
CE!. Let f = fE,,E»,n, be a smooth function supported in [E; — no, E2 + 1ol
such that f(x) = 1if x € [E1 + no, E2 — 1o, and | f'] < Cny ', | "] < Cny % if
|x — E;| < no. Using the Helffer—Sjostrand calculus (see, e.g., [10]), we have

f(E):zi/ DFTOXO) + @+
T JR? E—x—1iy
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Then we obtain that

[ raperar
(B.1) < C/Rz(mx){ + VIS GDIX D[ Am (e + iy)| dx dy

(B.2) +CY

f / yf//(x)X(y)ImAm(x-I-iy)dxdy‘
[yI<no JIx—Ei|<no

(B.3) +CY

/ / yf”(x)x(y)ImAm(x+iy)dxdy‘.
[yI=no JIx—Ei|<no

Using (3.18) with n = ng and (3.15), we get that
(B.4) noImmy(E +ing) = O(pC'N 1)

with &;-high probability. Since nImmy.(E + in) is increasing with n, we obtain
that with &;-high probability,

(B.5) n[im Am(E +in)|=0(e“'N~1)  forall 0 < < no.

Moreover, since G(X, z)* = G(X, 7), the estimates (3.18) and (B.5) also hold for
zeC_.

Now we bound the terms (B.1), (B.2) and (B.3). Using (3.18) and that the sup-
port of x’isin £ <|y| < 2&, the term (B.1) is bounded by

L@+ il @Dl o) | ame +i) | dx dy

<C C‘<l+ ng >
—_— w N m?

with &;-high probability. Using | f”| < Cnj, 2 and (B.5), we can bound the terms in
(B.2) by

(B.6)

Cy

g
N 9

/ f yf" ) x () ImAm(x +iy)dxdy| < C
lyl<no /|x—Ei|<no
with &1-high probability. Finally, we integrate the term (B.3) by parts first

in x, and then in y [and use the Cauchy—Riemann equation d Im(Am)/dx =
—dRe(Am)/dy] to get that

/ f V" ()% () Im Am(x + iy) dx dy
y=no VY [x—E;[<no

dRe Am(x +iy)
- W X () dxdy
y=no JIx—Eil<no dy
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(B.7) — f nox (o) f(x) Re Am (x + iro) dx
[x—E;|<no

(B.3) [ [ L X0+ 0 R AmGx + i) dxdy.

We bound the term in (B.7) by O (¢€' N~") using (3.18) and | | < Cngl. The first
term in (B.8) can be estimated by 0(<pC1 (% + ;}%)) as in (B.6). For the second
term in (B.8), we use (3.18) and | f'| < Cno_l to get that with &;-high probability,

/ / xO f'(x)Re Am(x +iy)dxdy
y=no JIx—Ei|<no

28 2

1 q
<C| ¢© (—+ )dy
no Ny = Jk+Yy

2
< CyC (logN + q-& >
N NI
Obviously, the same bounds hold for the y < —nq part. Combining the above esti-
mates, we get that with &;-high probability,

1 2g
E)Ap(E)dE Cl“(— 9 )
Vf()p( )d‘Sso =

1
(B.9) Sﬂﬂml(ﬁ +q°VE2 — E) +’70)

1
§¢2C'+2<N+q3+qzﬂ)’

where we used E> = A, + €111 (g% + N=%/3) in the last step.
For any interval [ :=[E — no, E + no] with E € [\, — ¢y, E2], we have

277(2)
E+no)—n(E—n)<y ——°——
B.10) n(E +no) —n(E —no) i —EP+

= 2noImma(E +ino) = O(p“'N7Y),

with &1-high probability, where we used (B.4) in the last step. On the other hand,
we trivially have

(B.11) ne(E +10) = ne(E —no) = O(no) = O(¢' N7,
with &;-high probability, since the density pa.(x) is bounded by (3.13). Now with
(B.9), (B.10) and (B.11), we get that with &;-high probability,

1
[(n(E2) — n(E)) — (ne(E2) — ne(E))| < cwclﬂ(ﬁ +q°+4* KE)

forall A, —c1 < E < Ey — 2ng. This concludes (5.2) since E3 is chosen such that
n(E>) =n.(E>) =0 with &;-high probability.



1736

X.DING AND F. YANG

Acknowledgments. The authors would like to thank Jeremy Quastel, Bélint
Virag and Jun Yin for fruitful discussions and valuable suggestions, which have
significantly improved this paper. The first author wants to thank Jun Yin for the
hospitality when he visited Madison. The second author would like to thank Jun
Yin for the financial support during the writing of this paper. Finally, we are grate-
ful to the referee for carefully reading our manuscript and suggesting several im-
provements.

(1]

(2]
(3]

(4]

(5]

(6]
(7]

(8]

(9]

[10]

(11]

[12]
[13]
[14]

[15]

[16]

REFERENCES

ANDERSON, G. W., GUIONNET, A. and ZEITOUNI, O. (2010). An Introduction to Random
Matrices. Cambridge Studies in Advanced Mathematics 118. Cambridge Univ. Press,
Cambridge. MR2760897

ANDERSON, T. W. (2003). An Introduction to Multivariate Statistical Analysis, 3rd ed. Wiley,
New York. MR1990662

BAIL Z. and SILVERSTEIN, J. W. (2010). Spectral Analysis of Large Dimensional Random
Matrices, 2nd ed. Springer, New York. MR2567175

BAIL, Z. D. and SILVERSTEIN, J. W. (1998). No eigenvalues outside the support of the limiting
spectral distribution of large-dimensional sample covariance matrices. Ann. Probab. 26
316-345. MR1617051

BAl, Z. D., SILVERSTEIN, J. W. and YIN, Y. Q. (1988). A note on the largest eigenvalue
of a large-dimensional sample covariance matrix. J. Multivariate Anal. 26 166-168.
MR0963829

BAO, Z., PAN, G. and ZHOU, W. (2015). Universality for the largest eigenvalue of sample
covariance matrices with general population. Ann. Statist. 43 382—421. MR3311864

BAO, Z. G., PAN, G. M. and ZHOU, W. (2013). Local density of the spectrum on the edge for
sample covariance matrices with general population. Preprint.

BIANCHI, P., DEBBAH, M., MAIDA, M. and NAJIM, J. (2011). Performance of statistical tests
for single-source detection using random matrix theory. IEEE Trans. Inform. Theory 57
2400-2419. MR2809098

BLOEMENDAL, A., ERDOS, L., KNOWLES, A., YAU, H.-T. and YIN, J. (2014). Isotropic
local laws for sample covariance and generalized Wigner matrices. Electron. J. Probab.
19 Art. ID 33. MR3183577

Daviges, E. B. (1995). The functional calculus. J. Lond. Math. Soc. (2) 52 166-176.
MR1345723

Davis, R., HEINY, J., MIKOSCH, T. and XIE, X. (2016). Extreme value analysis for the sam-
ple autocovariance matrices of heavy-tailed multivariate time series. Extremes 19 517—
547. MR3535965

DING, X. C. (2016). Singular vector distribution of sample covariance matrices. Available at
arXiv:1611.01837.

EL KAROUI, N. (2005). Recent results about the largest eigenvalue of random covariance ma-
trices and statistical application. Acta Phys. Polon. B 36 2681-2697. MR2188088

EL KAROUI, N. (2007). Tracy—Widom limit for the largest eigenvalue of a large class of com-
plex sample covariance matrices. Ann. Probab. 35 663—714. MR2308592

ERDOS, L., KNOWLES, A., YAU, H.-T. and YIN, J. (2012). Spectral statistics of Erd6s—Rényi
graphs II: Eigenvalue spacing and the extreme eigenvalues. Comm. Math. Phys. 314 587—
640. MR2964770

ERDOS, L., KNOWLES, A., YAU, H.-T. and YIN, J. (2013). The local semicircle law for a
general class of random matrices. Electron. J. Probab. 18. Art. ID 59. MR3068390


http://www.ams.org/mathscinet-getitem?mr=2760897
http://www.ams.org/mathscinet-getitem?mr=1990662
http://www.ams.org/mathscinet-getitem?mr=2567175
http://www.ams.org/mathscinet-getitem?mr=1617051
http://www.ams.org/mathscinet-getitem?mr=0963829
http://www.ams.org/mathscinet-getitem?mr=3311864
http://www.ams.org/mathscinet-getitem?mr=2809098
http://www.ams.org/mathscinet-getitem?mr=3183577
http://www.ams.org/mathscinet-getitem?mr=1345723
http://www.ams.org/mathscinet-getitem?mr=3535965
http://arxiv.org/abs/arXiv:1611.01837
http://www.ams.org/mathscinet-getitem?mr=2188088
http://www.ams.org/mathscinet-getitem?mr=2308592
http://www.ams.org/mathscinet-getitem?mr=2964770
http://www.ams.org/mathscinet-getitem?mr=3068390

(17]
(18]
[19]
(20]
[21]
(22]
(23]

[24]

[25]
[26]

[27]

(28]
[29]
(30]
[31]

(32]

(33]
[34]

[35]

(36]

[37]
(38]

(39]

EDGE UNIVERSALITY OF COVARIANCE MATRICES 1737

ERDOS, L., KNOWLES, A., YAU, H.-T. and YIN, J. (2013). Spectral statistics of Erd&s—Rényi
graphs I: Local semicircle law. Ann. Probab. 41 2279-2375. MR3098073

ERDOS, L., YAU, H.-T. and YIN, J. (2012). Rigidity of eigenvalues of generalized Wigner
matrices. Adv. Math. 229 1435-1515. MR2871147

FAMA, E. and FRENCH, K. (1992). The cross-section of expected stock returns. J. Finance 47
427-465.

FAN, J., FAN, Y. and Lv, J. (2008). High dimensional covariance matrix estimation using a
factor model. J. Econometrics 147 186—-197. MR2472991

FAN, J., L1AO, Y. and L1U, H. (2016). An overview on the estimation of large covariance and
precision matrices. Econom. J. 19 1-32. MR3501529

FISHER, J. T., SUN, X. Q. and GALLAGHER (2010). A new test for sphericity of the covariance
matrix for high dimensional data. J. Multivariate Anal. 101 2554-2570. MR2719881

FORRESTER, P. J. (1993). The spectrum edge of random matrix ensembles. Nuclear Phys. B
402 709-728. MR1236195

HACHEM, W., HARDY, A. and NAIJIM, J. (2016). Large complex correlated Wishart matri-
ces: Fluctuations and asymptotic independence at the edges. Ann. Probab. 44 2264-2348.
MR3502605

JOHNSON, R. A. and WICHERN, D. W. (2007). Applied Multivariate Statistical Analysis, 6th
ed. Pearson Prentice Hall, Upper Saddle River, NJ. MR2372475

JOHNSTONE, I. M. (2001). On the distribution of the largest eigenvalue in principal compo-
nents analysis. Ann. Statist. 29 295-327. MR1863961

JOHNSTONE, I. M. (2007). High dimensional statistical inference and random matrices. In
International Congress of Mathematicians, Vol. I 307-333. Eur. Math. Soc., Ziirich.
MR2334195

JOLLIFFE, I. T. (2002). Principal Component Analysis, 2nd ed. Springer, New York.
MR2036084

KAY, S. M. (1998). Fundamentals of Statistical Signal Processing, Volume 2: Detection The-
ory. Prentice-Hall, Upper Saddle River, NJ.

KNOWLES, A. and YIN, J. (2013). The isotropic semicircle law and deformation of Wigner
matrices. Comm. Pure Appl. Math. 66 1663—1750. MR3103909

KNOWLES, A. and YIN, J. (2016). Anisotropic local laws for random matrices. Probab. Theory
Related Fields 1-96.

LEE, J. O. and SCHNELLI, K. (2016). Tracy—Widom distribution for the largest eigenvalue of
real sample covariance matrices with general population. Ann. Appl. Probab. 26 3786—
3839. MR3582818

LEE, J. O. and YIN, J. (2014). A necessary and sufficient condition for edge universality of
Wigner matrices. Duke Math. J. 163 117-173. MR3161313

MARCENKO, V. A. and PASTUR, L. A. (1967). Distribution of eigenvalues for some sets of
random matrices. Math. USSR, Sb. 1 457-483. MR208649

NADAKUDITI, R. R. and EDELMAN, A. (2008). Sample eigenvalue based detection of high-
dimensional signals in white noise using relatively few samples. IEEE Trans. Signal Pro-
cess. 56 2625-2638. MR1500236

NADAKUDITI, R. R. and SILVERSTEIN, J. W. (2010). Fundamental limit of sample general-
ized eigenvalue based detection of signals in noise using relatively few signal-bearing and
noise-only samples. IEEE J. Sel. Top. Signal Process. 4 468-480.

NADLER, B. and JOHNSTONE, 1. M. (2011). On the distribution of Roy’s largest root test in
MANOVA and in signal detection in noise. Technical Report 2011-04.

ONATSKI, A. (2008). The Tracy—Widom limit for the largest eigenvalues of singular complex
Wishart matrices. Ann. Appl. Probab. 18 470-490. MR2398763

ONATSKI, A. (2009). Testing hypotheses about the numbers of factors in large factor models.
Econometrica 77 1447-1479. MR2561070


http://www.ams.org/mathscinet-getitem?mr=3098073
http://www.ams.org/mathscinet-getitem?mr=2871147
http://www.ams.org/mathscinet-getitem?mr=2472991
http://www.ams.org/mathscinet-getitem?mr=3501529
http://www.ams.org/mathscinet-getitem?mr=2719881
http://www.ams.org/mathscinet-getitem?mr=1236195
http://www.ams.org/mathscinet-getitem?mr=3502605
http://www.ams.org/mathscinet-getitem?mr=2372475
http://www.ams.org/mathscinet-getitem?mr=1863961
http://www.ams.org/mathscinet-getitem?mr=2334195
http://www.ams.org/mathscinet-getitem?mr=2036084
http://www.ams.org/mathscinet-getitem?mr=3103909
http://www.ams.org/mathscinet-getitem?mr=3582818
http://www.ams.org/mathscinet-getitem?mr=3161313
http://www.ams.org/mathscinet-getitem?mr=208649
http://www.ams.org/mathscinet-getitem?mr=1500236
http://www.ams.org/mathscinet-getitem?mr=2398763
http://www.ams.org/mathscinet-getitem?mr=2561070

1738 X.DING AND F. YANG

[40] ONATSKI, A., MOREIRA, M. J. and HALLIN, M. (2013). Asymptotic power of sphericity tests
for high-dimensional data. Ann. Statist. 41 1204-1231. MR3113808

[41] PAUL, D. and AUE, A. (2014). Random matrix theory in statistics: A review. J. Statist. Plann.
Inference 150 1-29. MR3206718

[42] PiLLAL N. S. and YIN, J. (2012). Edge universality of correlation matrices. Ann. Statist. 40
1737-1763. MR3015042

[43] PILLAL N. S. and YIN, J. (2014). Universality of covariance matrices. Ann. Appl. Probab. 24
935-1001. MR3199978

[44] SILVERSTEIN, J. W. (1989). On the weak limit of the largest eigenvalue of a large dimensional
sample covariance matrix. J. Multivariate Anal. 30 307-311. MR1015375

[45] SILVERSTEIN, J. W. (2009). The Stieltjes transform and its role in eigenvalue behavior of
large dimensional random matrices. In Random Matrix Theory and Its Applications. Lect.
Notes Ser. Inst. Math. Sci. Natl. Univ. Singap. 18 1-25. World Sci. Publ., Hackensack, NJ.
MR2603192

[46] SILVERSTEIN, J. W. and BAI, Z. D. (1995). On the empirical distribution of eigenvalues
of a class of large dimensional random matrices. J. Multivariate Anal. 54 175-192.
MR1345534

[47] SILVERSTEIN, J. W. and CHOI, S.-I. (1995). Analysis of the limiting spectral distribution of
large dimensional random matrices. J. Multivariate Anal. 54 295-309. MR1345541

[48] TAo, T. and VU, V. (2010). Random matrices: Universality of local eigenvalue statistics up to
the edge. Comm. Math. Phys. 298 549-572. MR2669449

[49] TRACY, C. A. and WIDOM, H. (1994). Level-spacing distributions and the Airy kernel. Comm.
Math. Phys. 159 151-174. MR1257246

[50] TrRACY, C. A. and WIDOM, H. (1996). On orthogonal and symplectic matrix ensembles.
Comm. Math. Phys. 177 727-754. MR1385083

[51] TsAy, R. S. (2002). Analysis of Financial Time Series, 3rd ed. Wiley, New York. MR2778591

[52] VoicuLEscu, D. V., DYKEMA, K. J. and NICA, A. (1992). Free Random Variables: A Non-
commutative Probability Approach to Free Products with Applications to Random Ma-
trices, Operator Algebras, and Harmonic Analysis on Free Groups. Amer. Math. Soc.,
Providence, RI. MR1217253

[53] X1, H., YANG, F. and YIN, J. (2017). Local circular law for the product of a deterministic
matrix with a random matrix. Electron. J. Probab. 22 Art. ID 60.

[54] YAo, J. F., BAI, Z. D. and ZHENG, S. R. (2015). Large Sample Covariance Matrices and
High-Dimensional Data Analysis. Cambridge Univ. Press, Cambridge. MR3468554

[55] YIN, Y. Q., BAL, Z. D. and KRISHNAIAH, P. R. (1988). On the limit of the largest eigenvalue
of the large dimensional sample covariance matrix. Probab. Theory Related Fields 78
509-521. MR0950344

DEPARTMENT OF STATISTICS DEPARTMENT OF MATHEMATICS
UNIVERSITY OF TORONTO UNIVERSITY OF WISCONSIN-MADISON
100 ST. GEORGE ST. 480 LINCOLN ST.

TORONTO, ONTARIO M5S 3G3 MADISON, WISCONSIN 53706
CANADA USA

E-MAIL: xiucai.ding @mail.utoronto.ca E-MAIL: fyang75@math.wisc.edu


http://www.ams.org/mathscinet-getitem?mr=3113808
http://www.ams.org/mathscinet-getitem?mr=3206718
http://www.ams.org/mathscinet-getitem?mr=3015042
http://www.ams.org/mathscinet-getitem?mr=3199978
http://www.ams.org/mathscinet-getitem?mr=1015375
http://www.ams.org/mathscinet-getitem?mr=2603192
http://www.ams.org/mathscinet-getitem?mr=1345534
http://www.ams.org/mathscinet-getitem?mr=1345541
http://www.ams.org/mathscinet-getitem?mr=2669449
http://www.ams.org/mathscinet-getitem?mr=1257246
http://www.ams.org/mathscinet-getitem?mr=1385083
http://www.ams.org/mathscinet-getitem?mr=2778591
http://www.ams.org/mathscinet-getitem?mr=1217253
http://www.ams.org/mathscinet-getitem?mr=3468554
http://www.ams.org/mathscinet-getitem?mr=0950344
mailto:xiucai.ding@mail.utoronto.ca
mailto:fyang75@math.wisc.edu

	Introduction
	Deﬁnitions and main result
	Sample covariance matrices with general populations
	Deformed Marchenko-Pastur law
	Main result
	Statistical applications

	Basic notation and tools
	Notation
	Main tools

	Proof of of the main result
	Proof of Lemma 3.12, Theorem 3.15 and Theorem 3.16
	Proof of Lemma 5.2, Lemma 5.5 and Lemma 3.17
	Appendix A: Proof of Lemma 3.11
	Basic tools
	Proof of the local laws

	Appendix B: Proof of Lemma 5.1
	Acknowledgments
	References
	Author's Addresses

