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For many stochastic diffusion processes with mean field interaction, con-
vergence of the rescaled total mass processes towards a diffusion process is
known.

Here, we show convergence of the so-called finite system scheme for inter-
acting jump-type processes known as mutually catalytic branching processes
with infinite branching rate. Due to the lack of second moments, the rescaling
of time is different from the finite rate mutually catalytic case. The limit of
rescaled total mass processes is identified as the finite rate mutually catalytic
branching diffusion. The convergence of rescaled processes holds jointly with
convergence of coordinate processes, where the latter converge at a different
time scale.

1. Introduction and main results.

1.1. The finite systems scheme. The finite systems scheme for interacting dif-
fusion processes was developed by Cox and Greven [5] and Cox, Greven and Shiga
[6] as a tool for a quantitative description of large, but finite, systems in terms of
the equilibrium distributions of their infinite counterparts. In order to describe the
idea, it is most convenient to sketch an example. In fact, we will only describe the
so-called mean field finite systems scheme here. For N € N let S¥ :={1,..., N}
be a finite site space. Each site k € S carries a diffusion process (X ,N (k))r=0 with
values in an interval /. Furthermore, the diffusion processes interact mutually via
symmetric migration. More formally, we have the following set of stochastic dif-
ferential equations (the second line being an equivalent reformulation of the first
line):

dXN k) = (AN XN) (k) dr + /g (XN (k) d B, (k)
(1.1) 1

=~ 2 (XN = XN ) dr +g (X () d By k),
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ke SNt > 0. Here, B(k), k € SV, are independent Brownian motions and the

matrix

! if k #1
- 1 3
N

——1, ifk=I,
N

(1.2) ANk, 1) =

is the transition operator for migration between sites. The function g : I — [0, 00)
is the so-called diffusion coefficient and is assumed to be sufficiently smooth and
well behaved. We will denote the continuous time transition matrix of A" by

1
(1.3) AN (k1) = =)+ Lppe™.

Note that e'A" is the time 7 transition matrix of a continuous time Markov chain on
SV that makes uniformly distributed jumps at rate 1 and this is the chain defined
by the g-matrix AV,

Most prominent examples are:

(@) I =R, gy (x) =y > 0, so-called “interacting Brownian motions”,

(b) I =1[0,00), gy(x) = yxz, so-called “parabolic Anderson model with
Brownian potential”,

(¢) I =[0,1], gy (x) = yx(1 — x), so-called “stepping stone model”.

Let

1
(1.4) oy =—> xNk, =0,
keSN

be the average process of the system (1.1). Due to the choice of A" the matrix
multiplication in (1.1) can be rewritten as

(1.5) dxN@k)=(©F — xNk))dt ++/g(XN(k))dB,(k), keSV,t>0.

We give a very rough sketch of the basic idea of the finite systems scheme. Assume
that @6\’ converges weakly to some value 6 as N — oco. By a law of large numbers,
we get limy_, o0 @fv =0 for all + > 0, and hence, formally, the equation (1.5) for
one coordinate converges to

(1.6)  dX,(k)= (6 — X,(k))dt +/g(X,(k))dB;(k),  keN,t>0,

as N — oo. The diffusions X (k), k € N, are now independent and (under suitable
assumptions on g) converge for t — oo to an ergodic equilibrium distribution vg =
.

Now an appropriate time-rescaling gives a nontrivial limit for ®". More pre-
cisely, for BV := N, under mild assumptions on g, the time-rescaled process
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(@2’ N z)fio converges to a diffusion process ® which is the solution of the stochas-
tic differential equation

(1.7) de, = ./g*(©,)dB,;, t>0.

Here, B is a Brownian motion and
(1.8) g = [ g

is the (approximate and up to a factor 1/N?) mean contribution of a single coordi-
nate X" (k) to the square variation process (©V).

The nonlinear map g — g* was studied in a series of papers by [2, 3] and (in a
multi-dimensional situation) [8]. In particular, the fixed shapes (i.e., g* =c - g for
some ¢ > 0) are (uniquely up to linear factors) identified as:

e g(x)=1if I =R,
e g(x)=x1if I =[0, 00),
e g(x)=x(1—x)if I =10,1].

In the situation of two-dimensional interacting models, formally corresponding to
(1.1) with I = Ri, the only nontrivial fixed shape is g((«#, v)) =u - v for u, v > 0.
For this situation, the finite systems scheme was developed by [4].

We see that the average process @ fluctuates on a slower time scale than the
individual coordinate processes X N (k). Hence, from time BVt to BNt + s (with
s > 0 large) the coordinates have enough time to converge (independently) to their
equilibrium state vg, (given 62]1\’; = 6’). Thus, we should have (in the sense of
weak convergence of finite dimensional distributions)

(19 L, (X, () eg) =5 [ PE(0.d8) 50 @ (v5) ),

where P,g (x, dy) denotes the transition probabilities of ® from (1.7). One could
even expect that the full processes X" (and not only the marginal at time S¢)
converge. To be more precise, denote by Dg the distribution of the process (X;);>0,
where X is the stationary solution of (1.6). Then, under some mild regularity con-
ditions on g,

N— . N
(1.10) E((@gNt, ((XgNtﬂ(k))szo)keSN)) _§°/ptg(9,d9/)(39, ® (v;?’/)@ ).
The statements (1.9) and (1.10) are often referred to as (mean field) finite systems

scheme. The formal statements are proved (in greater generality) in [ 7], Theorem 1,
and for a two-dimensional setting in [4].
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1.2. The infinite rate renormalization. Consider first the case of one-dimen-
sional interacting diffusions with compact / = [0, 1]. For the renormalization map
g — g%, the only fixed shape is g(x) = x(1 — x), that is, the Wright-Fisher diffu-
sion. However, the Wright—Fisher diffusion also pops up as the result of a renor-
malization procedure that we explain now. Consider the solution XN+ of (1.1)
with g replaced by g¥ =y - g for some y > 0. We assume that g(x) = 0 for
x=0,1and g(x) > 0 for x € (0, 1). One can show that, as y — 00, XNY con-
verges (e.g., in finite dimensional distributions or in the Meyer—Zheng pseudo-path
topology) to a process X N with values in {0, I}SN. In fact, in the interior (0, 1) of
1, the coordinate processes fluctuate faster and faster and are thus (in the limit)
driven to the boundary of / immediately. Furthermore, since

t
X (k) — X5 (k) —/ AVXNY (kyds,  1>0,ke SV,
0
is a martingale, it can be seen that also
t
XN (k) — xY (k) —/ AVNXNkyds,  t>0,kesV,
0

is a martingale. From the martingale property, it can be deduced that X” is a voter
model with a symmetric updating mechanism. With this convergence in mind, the
voter process can be seen as an “infinite rate” (y = oo) model. The average process

N . . .
®X" of the voter process is known as the Moran model from population genetics.

It is well known that (@%;v),zo converges in finite dimensional distributions (and
even in the Skorohod topology) to the Wright—Fisher diffusion, that is, to the solu-
tion of the stochastic differential equation

dY[ =V Y[(l - Yl‘)dBl

Here, we see that the diffusion function g(x) = x(1 — x) shows up in the limiting
equation for the infinite rate renormalization scheme if / = [0, 1]. One could try
to find also the fixed shapes for / = [0, o0) and / =R as limits of an infinite rate
renormalization. However, a little thought shows that the limit as y — oo is either
trivial (I = [0, 00)) or not well defined (I = R). Hence, for interacting diffusions
which are one-dimensional at each site not much more can be done.

The situation becomes more interesting in the two-dimensional setting corre-
sponding formally to I = Ri. Similar to the universal convergence to the voter
process described above, in the two-dimensional setting, under some conditions
on g, there is a nontrivial discontinuous limiting process XV if for g¥ = y g we let
y — oo. Similar to the voter process which takes values at each site in the bound-
ary {0, 1} of [0, 1], the universal limiting process X" takes values in the boundary
of RZ, that is,

E :=10,00)%\ (0, 00).
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REMARK 1.1. For x = (x1,x3) € R2, we call the two coordinates the types.
If x € E with xo =0, we say x is of type 1, if x; =0 we say x is of type 2.

The limiting process X"V does not depend on the details of the diffusion func-
tion g as long as g is strictly positive in (0, 00)? and 0 at the quadrant’s boundary
E (and is sufficiently regular to allow existence of a solution to SDEs); see [15],
Theorem 1.5, for a formal statement. The process X" is called infinite rate mu-
tually catalytic branching process or MCB(00) since it was introduced as infinite
branching rate limit of mutually catalytic branching processes as will be discussed
in the next subsection.

We will show that there is a time scale AV such that (X ,QVN;)sz converges in
the Skorohod topology to a process that solves the two-dimensional analogue of
(1.1) with g((u, v)) = (8/m)uv, the fixed shape of the transformation g — g* in
two dimensions. Furthermore, we will develop the finite systems scheme in the
sense of (1.9) and (1.10). Unlike the voter model, the limiting process X N lacks
second moments (but possesses all pth moments for p < 2) and is described by
a jump type stochastic differential equation. Hence, usual standard arguments of
computing the square variation process do not work. Furthermore, the typical scal-
ing in the presence of variances does not work properly and we have to employ a
logarithmic correction:

N
"~ logN’

(1.11) Y

1.3. Mutually catalytic branching processes. In this subsection, we define the
universal infinite rate limiting process X"V of two-dimensional interacting diffu-
sion processes on Ri with sites space SV. The process is introduced as infinite
rate limit of mutually catalytic branching processes and can be characterized as
solution to a stochastic equation.

Dawson and Perkins [9] introduced a spatial two-type branching model where
the local branching rate of type 1 is proportional to the amount of type 2 particles
at the same site and vice versa. Furthermore, the infinitesimal individuals migrate
through space according to some Markov kernel. In our setting with mean-field
interaction A" on SV, the model can be described as the (unique weak) solution
of the system of stochastic differential equations driven by independent Brownian
motions

(1L12) dXN 7 (k) = AV XNV () de + \Jy XN7-1 () XN-r2 (k) d B (K)

fori =1,2, ke SV, y > 0 and ¢ > 0. This model is called mutually catalytic
branching model with finite rate y, or MCB(y ), and solutions

X7 () = (XN %), XN (k) e R
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are called mutually catalytic branching processes. As one can see, this is a partic-

ular case of a two-dimensional interacting diffusion model with g(u, v) = yuv.
Now we give the description of the infinite rate mutually catalytic branching

process MCB(00). If in (1.12) we let y — o0, then, heuristically, the single co-

ordinates X,N ¥ (k) are driven to the boundary E of Ri immediately. Since the
diffusion is isotropic, the distribution of the exit point does not depend on the
specific diffusion coefficient, and thus is the same as for planar Brownian mo-
tion W = (W', W?) on [0, 00)?, started at Wy = x (this is a consequence of the
Dubins—Schwarz theorem). Let Q,(dy) denote the harmonic measure of planar
Brownian motion on Ri, started at x € Ri. That is, O, (dy) is the distribution of
the exit point of a planar Brownian motion in the quadrant started at x. Loosely
speaking, if site k is populated by type 2, then migration of type 2 individuals re-
sults in deterministic (discrete space heat flow) changes while type 1 immigration
results in jump activity.

Using the explicit Lebesgue densities of the harmonic measures Q, for x €
(0, <><>)2 (see, e.g., [15], Lemma 1.2), it is easy to show that for x = (x1,0) € E,
the vague limit

1
= lim —
Vy 81_>0 e Q(xl,s)

exists on E \ {x}. The analogous statement holds for x = (0, x2) € E. The measure
vy can be thought of as the prototypic measure for jumps away from x when there
is an immigration of the respective other type. Due to symmetry and a scaling re-
lation, all the measures v, are simple transformations [described below implicitly,
see also [14], discussion before (5.5)] of the measure v := v(j ). This measure v
on E can be explicitly described in terms of its Lebesgue densities

4 i )
- dy1, if y1 >0,y =0,
1— 21 2
(1.13) b(dy) = Z( y)=(1+y1)
— 224y, iy, =0, yy> 0
‘7-[(1 )2 b 9 p— 9

on E. Properties of v are collected in some lemmas in the Appendix. The jump
structure of the MCB(o0) process XV is described be means of a Poisson point
process N on N x E x Rt x RT with intensity measure

N =(RVRLR .

Here, ¢ denotes the counting measure on N and A the Lebesgue measure on RT.
In order to describe the intensity of jumps depending on the current state of the
system, let

1Y (k) = 1N ) + 12 (k)

1. X AV X2 (k)
=1

N1 _— ke SV,
(k)>0} XIN,Z(k) {X;" (k)>0} th\’,l(k)
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Note that ItN (k) is well defined because either va (k) is of type 1, that is,
XN1(k) > 0and X2 (k) = 0, or of type 2, thatis, X">(k) > 0 and X! (k) = 0.
Since the off-diagonal entries of AV are nonnegative, the rates ItN’l(k), I,N’z(k)
and I,N (k) are nonnegative.

The jumps of MCB(co) are governed by the function J : E x E — R?

Ji(y, X))
J ,X) = )
0= (a0
where the coordinate jumps
(yi— Dxi,  ifx= (’8) ,
Ji(y, x) = 0
y2X2, if x = ( ) ,
X2
and
Yoxi, ifx = <x1> ,
0
Sy, x) = 0
(y1 — Dxo, ifx:( ),
X2
depend on the state x = () ) of the system and a point y = (3} ) is chosen from E

according to v.
The system of stochastic equations characterizing MCB (c0) on S¥ is

Xy =Xév’i(")+/oz ANX N J) ds
(1.14) e

5= . N B ,
+/0./0 /Eft(y’Xs—UO)(N N') (K}, dy, dr, ds),

fori =1,2, k€ SV and r > 0. The idea is that each coordinate X tN (k) experiences
a drift towards the mean of all coordinates. In addition, it is a (non-trivial) con-
sequence of the particular form of the jump function J that solutions are forced
to remain only at the boundary E of [0, 00)%: Jumps go from E to E and the
compensator cancels with the drift (compare Section 2 of [15]). Also note that the
dr-contribution does not play a role for the jump target but instead only determines
the jump rate which is proportional to 7.

REMARK 1.2. To facilitate the understanding of equation (1.14) let us recall
the interpretation of the jump mechanism through generalized voter processes in-
stead of types (see [11]): If just before time ¢ voter k has opinion A with a strength
of conviction x1, that is, X tN_ (k) = (XO1 ), then with a rate which is the total convic-
tion strength of all neighbors of opposite opinion B relativized by the conviction
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strength x| of voter k, voter k chooses to reconsider his/her opinion: he/she chooses
anew opinion according to v. If the point y € E chosen by v takes the form (y, 0),
then the opinion of voter k does not change but the strength is multiplied by y;.
Conversely, if the chosen point is (0, y2) then the opinion of voter k£ changes and
the strength is multiplied by y»>. Hence, there are four possible types of jumps:

e opinion A — opinion A:

(0)~ ()= ()"0 )x= @)+ ((5)-G))

e opinion A — opinion B:

6)7 () =) ()= (6)+2 ((3)- ()

e opinion B — opinion B:

()= (i) =) G2 )== ()= ((3)- ()

e opinion B — opinion A:

()= (5)= () (2) =)+ (()-()

By definition, v has infinite mass on the positive part of the x-axis with a pole
at () whereas the mass of v on the positive y-axis is finite. This means that in
finite time there are infinitely many tiny changes in strength of conviction without
changing the opinion whereas there are only finitely many changes of opinion.

Here is the main theorem for convergence of MCB(y) to MCB(c0):

THEOREM O ([15], Theorem 1.5). If X(I)V € ESN, then (1.14) has a unique
weak solution (X,N),zo with XtN(k) e E forallt >0 and k € SN The unique
solution of (1.14) is called MCB(o0) and

MCB(y) =5’ MCB (c0)

in the sense of weak convergence in the Meyer—Zheng topology.

The claimed universality of MCB(0co) was also established in Theorem 1.5 of
[15]: In fact, the diffusion function is not necessarily g(u, v) = uv as for mutu-
ally catalytic branching. The diffusion function only needs to vanish on E and be
positive on (0, 00)2.
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1.4. Our results. We will establish a finite systems scheme for MCB(00) in
the sense of (1.9) and (1.10) with BV = N/log N as in (1.11) and with P% re-
placed by the semigroup P3/™ of MCB(8/). Since the major part of the work
is proving convergence of the average process, we formulate this statement in a
separate theorem first.

Let

. 1 Y .
zN :=NZX,N”(1¢), i=1,2kesN >0,

and Zf\’ = (ZtN 1 Z,N ’2) be the average processes. Define the time-rescaled pro-
cesses

(1.15) XN (k) ::Xg;,it(k), keSN,i=1,2,1>0,

and ZV := Z», , where 8" is given by (1.11). We will also write IN (k) := ﬁNt(k)

BNt
for the scaled jump rates.

THEOREM 1. Suppose XV is MCB(oc0) on SV with mean-field interaction

AN Assume that sup y IE[(ZO N2 <oofori=1,2and ZN =zeRlasN —
00. Furthermore, assume that there exists a p € (1, 2) such that

1 Y ,
(1.16) Cp=14 sup — S E[(X)(1)"] <00
NeN,i=1,2 N /=

Then

(ZY),op "=5° Z)iz0,

weakly in the Skorokhod space on ]R%r. Here,Z.= (Z', Z?) takes values in Ri and
is the unique strong solution of

(1.17) dZ! =\ly*Zl7Z}dB!, i=1,2,1>0,

driven by independent Brownian motions B, B> with initial condition Zo = z. The
. . 8
branching rate is y* = .
Now we come to the formulation of the finite systems scheme. Denote by
(P,S/”),Zo the semigroup of MCB(8/1), that is,
Ptg/n (z,d7)) =P|Z; €d7 | Zo = 7]

with Z from Theorem 1. As an analogue to (1.6), we consider the (unique strong)
solution in [0, 00)? of the equation

118) ay! " =0 —yP e+ yy? Y awi, i=1,2,1>0,
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where W!, W2 are two independent Brownian motions and 6 = (01,92) €
[0, 00)2. Tt was shown in [14], Theorem 1.3, that the limit Y? of Y%7 =
(Y91 y?r:2y a5 y — 00 exists in the sense of weak convergence of finite di-
mensional distributions. Furthermore, the transition semigroup can be computed
explicitly:

(1.19) P[Yf edy | Y{ =y]= Qurtyr(—e—rp(dy’).

The invariant distribution of Y? is the harmonic measure Qp of planar Brown-
ian motion on (R,)? started at 6. Furthermore, let Qg denote the law of the
stationary process, that is of Y? started with initial distribution Q4. Recall that
BN =N/logN.

THEOREM 2. Under the assumptions of Theorem 1, we have, in the sense of
weak convergence of the finite dimensional distributions: for any t > 0, (i)

(1200 L(ZY (XY ke sM) = [ Va6, @ 02
(i1) and

(1.21) L(Z (X, O g 2k € M) = [ PP (2. a2 60 0.

Theorem 2 shows that in fact a mean field finite systems scheme in the of (1.9)
and (1.10) holds.

1.5. Outline. The proof of Theorem 1 follows a general strategy:

(i) Prove tightness of the sequence (Z )NeN-
(ii) Prove that any limit point of (Z") yen is a weak solution of the SDE (1.17)
with y*
(iii) Prove that all limit points are equal.

Step (1) is carried out by fine moment estimates, (ii) is proved using the method of
characteristics for semimartingales and (iii) is a consequence of (ii) and the strong
uniqueness of solutions to the SDE (1.17).

The proof of Theorem 2 makes use of an approximate duality of MCB(00) to
some deterministic process in order to compare the coordinate processes of XV
with Y9 from (1.19).

The article is organized as follows: In Section 2, the proof of Theorem 1 is
given: We start with a rough heuristics in Section 2.1. Auxiliary moment estimates
are gathered in Section 2.3, tightness arguments are given in Section 2.4 and the
final convergence proof is given in Section 2.5. In order to make the article more
accessible to the reader not familiar with the general theory of semimartingales,
definitions of semimartingale characteristics are recalled in Section 2.2. Finally, in
Section 3, we establish the approximate duality and prove Theorem 2.
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Notation. Throughout this article, C denotes a generic constant that can vary
from line to line.

2. Proof of Theorem 1.

2.1. Heuristics. In this subsection, we give a rough and oversimplified idea
why BN = N/log(N) is the right scaling and why the limiting process is the mu-
tually catalytic branching process with rate 8/m. Assume that N is even and that

2 2zN' o) ifk<N/2,
CTl0,22N ) ifk> N2,

That is, at time 8 Nt the MCB(00) process is such that:

e type 1 is constant on sites k < N /2,
e type 2 is constant on sites k > N /2.

We next argue that large jumps disappear in the limit whereas small jumps lead to
a quadratic variation part including our factor 8/7. As explained in Remark 1.2,
there are different sorts of jumps: big, small, no change of types and change of
types. Analyzing their effects separately explains the limiting process. By symme-
try, it is enough to consider the changes in the first coordinate Z,N o1

Large Jumps; case 1. Jumps of ZtN 1 of size larger than ¢ due to a jump at some
coordinate k < N /2 (no change of type).

The jumps of ZV! of size ¢ at time ¢ are due to all jumps of XV of size ¢N
at all sites k < N /2. We calculate the rate of such jumps: plugging the definition
of AV into the definition of I, multiplying with N /log(N) for the time-scaling,
multiplying by N /2 since there are N /2 possibilities to have such a jump and,
finally, multiplying by the mass of the intensity measure on E so that such a jump
occurs gives the total jump rate

N N ZN?
logN 2 2zN1

v({y:lyi — 11> eN/2Z"1)))

N N ZN? 2
logN222N1

Z@ZN1 /N

1 12~ ~ -
= L ZZNAZN2 Nz
logN &2 m

O’

where the inequality for v comes from the Appendix and for the last convergence
to zero we used the stochastic boundedness of the sequences Z ,i=1,2. The
stochastic boundedness is a consequence of tightness in N which is proved before
using moment bounds.
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Large Jumps; case 2. Jumps of ZN-! of size larger than ¢ at time ¢ due to a jump
at some coordinate k > N /2 (implying a change of type from 2 to 1).
The jump rate for such jumps is calculated and estimated as above:

N -yiN 1
Zi S S sN2

log N 227"
N -~y>N 1 2
= ZZN’ D ASN2 -
log N 2270w

v({y:y2>eN/(2Z?)))

2zZN2/(eN))*

1 12:y125
_ L L25ngnenog,
logN e n

Quadratic variation; Case 1. The quadratic variation of ZV-! at time ¢ due to
jumps of size < ¢ originating from jumps of XV of size < &N at sites k < N/2
grows at rate (compare Lemma A.4 for the asymptotic equivalence)

N N ZM? 27 1\2
_ﬁ/ N1 (y1_1)2< \ ) v(dy)
logN 2 27" Jiy—11<en/@z"")) N

_ ZN,IZN,Z
log N !

/ o G1= D@y
{Iy1—1ll<eN/(2Z, ")}

N—o00 1

~ ~ 4 ~
N,15N,2 N1
Z,Z,"—log(eN/(2Z,"
logNz tﬂg( /(r))

4 v~

N0 ZZNAZN2,
T
Quadratic variation; Case 2. The quadratic variation of ZV-! at time ¢ due to

jumps of size < ¢ originating from jumps of XV of size < &N at sites k > N/2
grows at rate (compare Lemma A.3 for the asymptotic equivalence)

N NZN’]/ 2( ~tN’2>2 @)
logN 2 27N-2 (a<en/@2¥ ) 2\ N g
1 ~N1~N2f 2
= Z. 7" v(d
logN " 71 Jcenjozyay @)
Nooo | ~snisn24 ~N.2
e ZNAZN2 2 00(eN /(22
log N t tog og(e /( t ))
4 . -
N2 ZgNAZN2,

Summing up, we see that asymptotically there are no jumps of size > ¢ and the
square variation grows at rate %ZIN ’IZ,N 2 However, this is exactly the character-

ization of MCB(8/m). In the next subsections, we make this reasoning precise and
rigorous by applying general semimartingale theory.



FINITE SYSTEM SCHEME FOR INFINITE RATE MCB 3125

2.2. Semimartingale setup. The proof of Theorem 1 is based on general limit
theorems for semimartingales that can be found in [13]. For convenience, we col-
lect here some basic facts and definitions. All processes are defined on the state
space

D={a:Ry - R} x Ry, o right-continuous with left limits}

equipped with the Skorohod topology. For definitions and properties, the reader
might consult Chapter VI of [13]. Since all appearing processes are semimartin-
gales, we can use criteria for convergence based on the semimartingale character-
istic triplet. In order to describe the triplet of a two-dimensional semimartingale,
leth = (Z ; ): R? — IR? be a truncation function [that is, compactly supported with
h(x) = x around the origin]. The truncation function is fixed in the background
and all results of interest are independent of its choice. The characteristic triplet
(see [13], Definition I1.2.6) of a two-dimensional semimartingale Y = (§ ;) ona
filtered probability space (2, F, (F;):=0, P) is the triplet (B, C, 1) consisting of:
e B= (g ; ), a predictable process of bounded variation,
o C=(Cij)ij=12= (Y, Y))); j—1 2, where Y¢ = (?;;) is the continuous
martingale part of Y,
e the compensator measure i on (R? x R, B(R? x R,)) of the point process
w? of jumps of Y, also abbreviated as 11, (+) = (- x [0, t]),

so that the canonical representation of Y holds:
Y =Yo+ Y] +hx(uf — ) +hxpt +B,,  1>0,

where h(x) = x — h(x) and * denotes integration against point processes (see for
instance Section II.1 of [13]). Note that—comparing with the special case of a
Lévy process written in Lévy—It6 form—the canonical representation looks more
familiar when h(x) = x1{x|<1), namely,

t
Yi=Yo+ i+ [ [ x(ut = p)dx.ds)
0 Jix|<1
2.1

t
+/f x,uA(dx,ds)+Bt, t>0.
0 Jx|>1

The characteristic triplet depends on the choice of the truncation function 4 but
since & is kept fixed during the proof, we suppress the dependence on 4 in the
notation. From now on, we fix the standard truncation function with

(2.2) h(x) = x1jx <1}
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LEMMA 2.1. Forevery pe[1,2),i =1,2and N € N, the processes ZN are
L?-martingales and can be written as two-dimensional stochastic integral equa-

tions
SN AN N o Nt iMoo N
7Y =75 + 2 / / f —J(y, X" (k

x (N = N')({k}, dy,dr, ds).

(2.3)

PROOF. The proof of the statement can be found in [15], pages 540-542. Here,
we only give a brief outline of the argument.

Note that (2.3) is an immediate consequence of the definition in (1.14) and the
fact that AV is a g-matrix, and hence all the drift terms cancel. In order to show
that ZV! is an LP-martingale, it is enough to show that (for all p € [1,2),¢ >0
and k € SV)

t
(2.4) E[/O Isl\i(k)/E{J(y,Xﬁv_(k))|p/\/’({k},dy,[0,1],ds)} < o0.

This, however, is a consequence of the fact (which can be checked by a direct
computation) that, by definition of v,

/ ly — (1,0)[Pv(dy) < 00 forall p €[1,2). ]
E
PROPOSITION 2.2. For the truncation function h(x) = x1jx <1, the two-

dimensional semimartingale (ng )i>0 from Theorem 1 has the characteristic triplet
BN, CN, uN) with

——pV Z / [ ( 70 XY 0) )o@ 1 o ds

_ _gN trl - N ] y
=—F ,;/0 /ENJ(Y’XS R A e CA O
cV=o,
wi' (4) = pY fo A\{0}< J(y. X; (k))>V(dy)IN(k)ds

fort=>0and A € BR?).

PROOF. The drift terms of X" cancel in the total mass because the migra-
tion operator A" is a g-matrix. By linearity of the Poissonian integral, we split
the integral over E into two integrals containing the small and the large jumps,
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respectively:

N AN N o gNe pIN (k)
) +Z/O /0 /El{|J(y,X§V_(k))|/N§1}
k=1

1
J(y, XN ()N — N')({k}, dy, dr, ds)

N
N BVt 1Y
Zf / / {17 (. X (0)/N>1)

X %J(y,X?’_(k))(/\f—/\/'/)({k},dy,dr, ds).

(2.5)

By Lemma 2.15 below, we have
1
If\i(k) fE 1{|J(y,X§V_(k))|/N>1}N|‘](y’ Xﬁv—(k))"’(dw
(2.6)
8
= 105 [0 1) + (X2 0)].

Let Dy < o0 be as in Lemma 2.3 below. Then, for all k € S N and all s > 0, we
have

AN XN (0 § Dy
N3t(k) XN3t(k)

Hence the right-hand side of (2.6) is bounded by 8D12V /N? < 0.

Recall that N7 ({k}, dy, dr, ds) = v(dy) dr ds. Since the right-hand side of (2.6)
is bounded, the compensator integral of the large jumps in (2.5) is well defined,
and we can split the compensated integral of large jumps:

. N o Nt I (k)
=Zy + Z/O /O /EI{U(y,XﬁV_(k)n/Nsl}
k=1

x %J(y, XN (0)) (N = N')((K). dy, dr, ds)

N epNe 1N
+ f / /1 )
/; o Jo Louxd a1

J (v, XN (k)N ({k}, dy, dr, ds)

BNt 1 (k)
/ f / {17 X ()I/N>1)

J(y, XY ()N (k}, dy, dr, ds).

1N (k) = if X¥37 (k) > 0.

2.7

| -

Mzz

—

2|~TT
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Using the definition of A”, integrating out dr and substituting BV gives the
claim. Note that this final step is also referred to as Grigolionis representation and

can be found for jump diffusion processes for instance in Chapter I11.2 of [13]. [

2.3. Moment estimates. In this section, moment bounds are derived. They will
be needed for the tightness proof.

LEMMA 2.3. Forevery K > 0, we have

: E[(Z)"
]P’[Z,N’lszorsomeIEO]f%, i=1,2,NeN.
In particular, for all N, we have
Dy := sup XN (k) < 00 a.s.

t>0,keSN,i=1,2

PROOF. Recall that ZV¥ is a martingale (Lemma 2.1). Hence, the claim is a
direct consequence of Doob’s inequality. [

LEMMA 2.4. Let (Z")yen be as in Theorem 1, then
N,1,N,2 N,1,N,2
B[z Z") <E[Zy Zy 7]
forallt > 0.

PROOF. Recall from (1.3) the transition semigroup e A" of AN, By Lem-
ma 3.7 of [15], we get the mixed second moment bound

N N
E[xXN ' 0 xN 2] <E[(@A X))o x) D], =0
As in the previous proof, we get

1 N
E[z)'Z)?] :E[W 3 X,N"ac)x,“(l)]
k,[=1

1Y N 1Y N
< B| 3 2 0 e 0 | =21z 2
k=1 =1

forallt >0and N eN. O

LEMMA 2.5. There exists a constant C < oo such that (with the convention
0log0=0)

1 Y : ,
28) SE[| XY k) log(X (k)] <C forallt =0,N eN,i=1,2.
k=1
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PROOF. Let p € (1,2) as in the formulation of Theorem 1. Note that

|xlog(x)| <1 for x € [0, 1]. Furthermore, for x > 1, we have log(x) = ﬁ X

log(x?~1) < ’;fj . Summing up, we have

P
|xlog(x)| <1+ x_l for all x > 0.
p —_—

Hence, the left-hand side in (2.8) is bounded by
(2.9) 1+——ZE (XN (k)"

Recall that QO (dy) denotes the harmonic measure of planar Brownian motion on
[0, 00)? started at x = (x1, x2) € [0, 00)2. By Theorem 2 of [16], we get

(2.10) E[X (k)7] = [ / 0 ,ANXN)(k)<dy)]
By Lemma 2.3 of [16], we have
sin(p/2)

) _sin(p/2)
2.11) /Eyi Qxldy) =7 )

Notethat¢ : [1,2] > R, p+— 2—p) sin(p/2)/sin((rr/2)p) is max1mal forp 2
with ¢ (2) = 2sin(1)/mw < 2/x. Further, note that (xl2 + x5 /2 < x + x . Con-
cluding, we have

(x?+x3)P* forx €0, 00)2.

2
(2.12) / v’ 0. (dy) < 5 (xP +xf)  forx [0, 00)%.
E —-p

Combining (2.10) and (2.12), using Jensen’s inequality in the second line and the
assumption (1.16) in the fourth line, we obtain

; 1 Y Ny N
¥ ZE X w)” v LB X 0) + (X5 0) "]
"2 ka:l
2 A1 Y N N
<52 v 2 Bl DXy )]
2-p o N GE
2 &1 Y ; 4C
=52 2 E(X T 0)] =
2-pioNiIo 2-p
Hence, the claim holds with C :=1 + %. O
COROLLARY 2.6. Define
Ni 2K o =N,
(2.13) yit= DX R (2 + [log(X, ' (K)))),

k=1
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then there exists a constant C < oo such that

E[yN']<C  forallt>0,NeN,i=1,2.
The next identity will be used frequently. It is a result of the choice of AY.

LEMMA 2.7. Fori=1,2, we have

ANXN3 l(k)_l N: N,3—i

X I =1 0202

(X (k)#0}
foranyk=1,...,N.

PROOF. The first equality is immediate from the definition of I, N 31 (k).
The second equality is a direct consequence of the definition of / N ZN and
AN In fact, note that {XN/ (k) # 0} c {XN-3~1 (k) = 0}. Hence,
3— Sl 3— 3
, N %N, o N,3—i o N.,3—i
L o aop AN X3 R) =1 v g, (XE RO (k))

N
1 N3
= I{Xfl‘i(k);éO} (l_zl NXS , l(l))

ZN,3—i

= LM o 20)Zs

This proves the second equality. [

The tightness proof requires a subtle choice of the order py of the moments to
be computed.

LEMMA 2.8. Define py =2 — €(1,2) for N =3,4,.... Then

log N

N? 1
NPNlogN 2 —py

PROOF. Plugging-in. O

LEMMA 2.9. Let (Z )NeN be as in Theorem 1 and py =2 —
sup E[sup| 2" — Zg'|"V | < 1218TE[ 2] 20"* + 7' + 27,
N>2 t<T

forT >0andi=1,2.
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PROOF. We only deal with the case i = 1, the argument for i = 2 is analogous.
Using (2.3) gives
PN:|

IE[sup|Z,N’1 - Zév’1|p’\’] :E[sup

t<T t<T

LA
~ 2 Mgy, ()
k=1

_ 1 N,1|pn
= S E[suplUgiy ™

with the martingales

N1 t pIN (k) v )
MY (k)=/0 /0 /Ejl (v, XN ()N = N)((k). dy. dr. ds).
The Burkholder—Davis—Gundy inequality (see, e.g., [10], Theorem VII.92) applied
to the martingale U™N! gives

1 N.1pn] — Cow N.1 7N, 11PN/2
(2.14) WELSIS]?{UﬂNA ]SWIE[[U. LN

where C), = (4p)? is the Burkholder-Davis—Gundy constant and [U NI UN-1 s
the quadratic variation of the pure jump martingale U Note that sup per1,21Cp =
64 < 00, so Cp,, is bounded from above by 64. Next, we need to bound the right-
hand side of (2.14) from above. Note that [U 1 UN-11, is the sum of the squared
jumps of UN-! up to time ¢. Hence,

2
[U,N’l, U'N,l][g%?

LIVATRRN( PN /2
2.1 = ' N (0)2
@.15) (; [ [ atxt @@, dy.ar ds))

N gNe oIV (k)
N DN
5,;/0 /0 fE}Jl(y,XS_(km N({k}, dy, dr, ds),

where the last inequality follows from the elementary inequality (3"; ;)7 <) ; al{’
for all @; > 0 and 0 < g < 1. In fact, the sum over the triple integral in the second
line is an infinite sum with summands a; = Ji(y;, X Q’_ (k;))? for certain random
points (y;, s;, ki) since we integrate against a Poisson point measure.

Now take expectations on both sides of (2.15), recall that N’ is the compensator
measure of NV, to get

2
Bl[U™ UM )

N Nt LN (k)
’ N PN A/
SEL;/O /0 fE|Jl(y,Xs_(k))| N({k},dy,dr,ds)]
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Applying the definition of A/, substituting 8 = 7 Og + in the time-index and plug-
ging in the definition of J gives for (2.14) the upper bound

64N N o1 iV N
NPN—IogNE|:]§/0 /O /E|J1(y,XS k) |PN N ({k}, dy, dr, ds):|
64N 1 YT opoo -
~ NPvlogN [ﬁ;/() fo |1 — DX (k)|
Y1
X IN 2(16);(1 —y1)2(1 Y dyi ds:|
64N2 [
x IN2(k >;(1 2 )2 yzd]
64N2 2o P
FN,1 2
X IS ' (k)—ﬁdyzds]

Let us recall the discussion before the statement of Theorem 1 to explain the reason
for the three cases on the right-hand side of the equality: In order to change the
first coordinate at some given site k£ only three of the four types of jumps are being

counted: ()6)’_) <y6x> N @H <y2x> or (2) e (yéx>

and these correspond to the three integrals in the same order. To bound the in-
tegrands of the summands, we first use the trivial bound a?¥ 1 <144 and
Lemma 2.7 to get

N
Z XNl(k) PNIN3 l(k)

k:l
al 1
N, P ) N v N,3—i
NZX O g g g AN XKD
(2.17) -
N
vV, . 7N ,3—i
NZ X WO g 25
7 N,3— 7N,17N,2
<zZN3 g ZNZN2,
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Using the Fubini—Tonelli theorem and plugging in (2.17) then yields as an upper
bound for (2.16)

64N? (/00 ly1 — 1|V y,
NPNvlogN\Jo (1 —y)2(1+ y1)?
pN+1

+/ Tz +f 2722‘”2)
0 (142 0 (1+y3)

- - T _ T _
XE[/ Z?“Zﬁv’zds+f ZsN’lds—l—/ Zﬁv’zds]
0 0 0

We compute

®» b4 1
/0 (14 y3)? 47 2—py

PN +1

o0
Y2 pPN—3 1 2
—=——=dy <1 +f v =1+ <
/0 (14 y3)? 2—py " 2-pN

and

|y = 1PNy
2 2d 1
o (I—yD)=(I+yp)

(1 — DPVy
|1 —yi|P¥2d 1+/ dy
/ Y Y L A= y20 +y2 ™

=

00 i
+/ dy; < .
2—pnv Jo i+ 1)2 2—pn

Summing up, we get as an upper bound for (2.16)

N2
48 [/ Zledeer/ ZNlds—i—/ Zdes].
NI’NlogNZ PN

Lemma 2.8 and the choice py =2 — @ gives

N? 1
NPNlogN 2 — py

e.

Lemmas 2.1 and 2.4 then imply the final bound

E[sup|ZV" — Z)"' V] < 448eTE[ 20" 2 + 73" + 7]

t<T

and the proof is complete. [J
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2.4. Tightness arguments. The tightness of (ZN )nveN is proved with Aldous’s
tightness criterion (see Aldous [1] Theorem 1, or [17], Theorem 6.8). According
to that, in order to prove that (ZN)yen is tight in the Skorokhod space, it is enough
to show that:

(i) for every fixed ¢ > 0, the set of random variables (ZN )NeN is tight,

(ii) for every sequence of stopping times (ty)nen for the filtrations generated
by (ZN )NeN, bounded above by some T > 0, and for every sequence of positive
real numbers (§y)yen converging to O, |Z rN| — 0 in probability as
N — 0.

™N +6N

We start with (i).

LEMMA 2.10. Under the assumptions of Theorem 1, the sequence (va )NeN
(with values in [0, 00)?) is tight for any t > 0.

PROOF. From Doob’s inequality and Lemma 2.1, we obtain, for 7 > 0 and
K >0,

N E[Zy "]
limsupP[sup Z"' > K] <limsup <% i=1,2.

N—o0 t<T N—o0

Hence, the tightness of (Zﬁv )Nen follows immediately for any > 0. [
Let us next deal with (ii).

LEMMA 2.11. Let (ZN)yen and Cp be as in Theorem 1 and suppose

(TN)NeN Is a sequence of stopping times for the filtrations generated by (ZN)NGN,
uniformly bounded by some T > 0. Then, for every é € (0, 1) and N € N we have

E[|ZY0 s~ ZNi PP <105C,v8,  i=1,2.

‘EN+5
In particular, if §y — 0, then

|ZN1 —ZNW—»O i=1,2,

TN+5N

as N — oo.

PROOF. The lemma is mostly a consequence of the moment bounds and the
strong Markov property: Using Lemma 2.9 and Jensen’s inequality for conditional

expectations with py =2 — log ~ € (1,2) gives

[|Z7:N+6 - ZNJ |PN/2]

=N 12
<E[E[|Z} 5 — 23| 1 Fay ]
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= B[E (|20 - 21|
N
7 7 5 5 1/2
< VI2I8VEE[(ZNAZN-2 4 ZN:1 4 ZN-2)1/2)
<3SVBE[(ZY 20 T+ B2 ) + B2 ).

For the last inequality, we used the elementary inequality v/a +b +c¢ < \/a +
Vb + \/c, a,b,c > 0. Since ZN4 s a nonnegative supermartingale, by the op-
tional sampling theorem, we get E[ZﬁVN”'] < IE[Z(I)V ’i]. Hence, also using Holder’s
inequality,

E[(ZN)?) <1+ E[ZN ] < 14+E[Z5'] < Cp,
=N.15 1/2 ~ 12005 12 1 21172
B[(ZN'Z82) ) < B[Z, PR 257 < (B[ 2y B[ 25 *)) 2.

By Markov’s inequality and the moment assumption on the initial conditions, the
right-hand sides of each of the above inequalities are bounded by C,,. Hence, the
claim follows. [J

Next, we prove that the sequence (ZN)yen is C -tight, that is, it is tight and all
possible limit points are continuous processes. The next proof is also needed in the
final step of the proof of Lemma 2.14 below.

LEMMA 2.12. Under the assumptions of Theorem 1, the sequence (ZN )NeN
is C-tight.

PROOF. By Proposition VI1.3.26(iii) of [13], we need to show that

(2.18) lim P[sup|AZ)|> €] =0
N—o00

s<t

for all ¢, € > 0. According to Lemma VI1.4.22 of [13] this can be deduced from
(2.19) lim E[u) ({|x| > €})]=0,
N—o0

with v from Proposition 2.2. By Corollary A.6 of [15], we have
v({y:|J(y,(1,0))| = L}) <2L™%  forall L >0.
Note that
J(y, (x1,0) =x1J(y, (1,0)) and J;(y, (0,x2)) = J3—i((y2, y1), (x2,0))
for x; >0,y € E andi = 1, 2. Hence, we infer

2.2
v({y:|](y,x)}zL})§2x1:2x2 forallx € E, L > 0.
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Hence, using Proposition 2.2, Lemma 2.7 and Lemma 2.4,

Elw ({x : 1x1 > €})]

N X =N
:E[logng/o /E1{|J(y,5fsN(k>>|/N>e}"(dy)Is (")ds]

| AR 8 - 8
2.20 <E 2 /XN’lkZI,N’zk XN20)2 N (k)] d
(2.20) < LOgNe Ngo[ (2 1N2 (k) + (k)* 1N (k)] ds
4 o
= 6—2/ E[ZN-1ZN-2]ds
log N 0 ‘
4 5 N.1,N,2q9 N—>oo
SlogNe E[Zy Zy "] — 0. 0

2.5. Proof of convergence. To prove convergence of (ZN) yen to a solution of
(1.17), we use general semimartingale theory; see Chapter IX of [13]. By Theo-
rem IX.2.4 of [13], if (YN)yen is a sequence of two-dimensional semimartingales
with modified characteristics (BY, CV, uN) and

(YN, B, CV) =3 (Y, B, 0),
(2.21)
N
(YN, g5 u) "= (Y, g% ),
then Y is a semimartingale with characteristic triplet (B, C, u). The test functions
g : R? - R are continuous, bounded and vanish in a neighbourhood of the origin
(in the terminology of [13] this is the class C2(R?) D C;(R?) defined in [13],
VIIL.2.7) and the modified characteristic C" is defined as
CNT o= CNT (i)« u™¥ =" ABNTABNI, i j=1,2.
§<-
The convergence results for semimartingales are independent of the choice of the

continuous and bounded truncation function & = (Z;) : R? — R? which appears
in the definition of the characteristic triplet.

REMARK 2.13. The reader may recall that in (2.2) we chose the truncation

function h = (};! ) with

(2.22) hi(x) = xi1{x|<1}, i=1,2.

Of course, & is not continuous but our proofs are valid nonetheless as explained in
the proof of the next lemma.

In the next lemma, we identify the characteristics of any limiting point of the
sequence (ZN) yen.
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LEMMA 2.14. IfZ = (é;) is a limiting point of the sequence (ZN)yen from
Theorem 1, then Z is a semimartingale with characteristic triplet:

. 8 -
B=0, =0 and Cf’le{i:j}—/ZSIZszds, i,j=1,2.
T JOo

PROOF. Suppose Z is the weak limit of (ZNk) for some subsequence (Ng). For
ease of notation, we replace the subsequence Nj by the entire sequence of natural
numbers.

By Proposition 2.2, we get CV-i/ = (hihj) * u® because CV =0 and 7 > BY
is continuous (as a sum over integrals over the interval [0, 7]). The main task in the
proof of Lemma 2.14 is to show that

(ZN, BN hihj* puN)

(2.23) R g
Mo (Z,0,1{,-:,~}—/ zslzfds>, ij=12,
T Jo
and
(2.24) (ZN g+ uN) =8 (Z,0).

With (2.23) and (2.24) at hand one would like to apply (2.21) and Theorem I1X.2.4
of [13] to complete the proof of the lemma; however, we have a technical issue.
In order to apply (2.21) and Theorem IX.2.4 of [13], one needs the truncation
function %, which is used in the definition of characteristics, to be continuous.
However, the truncation function 4 defined in (2.22) is discontinuous. Let us show
that our choice of /4 suffices to prove the convergence result. Suppose h is another
truncation function such that i (x) = h(x) for |x| < 1, supp(ﬁ) C{x:|x| <2}
and h is bounded and continuous and such that |ﬁ| < |h|, where as before h(x) =

x — h(x) and z(x) =x— fz(x). For example, take

) = h(x), if x| <1,
aG/1xD) -2 =), if x> 1.

Now denote by BV ( f) and CN( f) the modified characteristic with truncation
function f. Then

B ()| =

g ES/L/ ( )fow»)wdwﬁWMds

v(dy)IY (k) ds

( erNw»)

tor_s1 N
. h(ﬁJ(y,rXs (k)))

v(dy)IN (k) ds
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and the right-hand side is later shown to vanish in the limit; see (2.28) and calcu-
lations below it.
Also note that by (2.19),

Elhihilecaon *uN] < hilloollijlloB[Y ({1x] = 1})]
(2.25)

so that the identity
~N"? H ~ ~ o~ ~ o~
(226)  C"" () =hihj s =hihj s + hihLgeao) * nd

implies that the pointwise limits of C’,N Y (h) and C~’,N "/ (h) coincide. Thus, ac-
cording to the above and (2.21), the lemma is proved if we can show (2.23) and
(2.24) with h as in (2.22).

Before we start proving (2.23) and (2.24), we use Skorohod’s theorem (Theo-
rem 3.1.8 of [12]) to assume in what follows that (ZN ) NeN converges almost surely
in the Skorokhod topology to a limit Z and not only weakly. Later in the proof, we
will assume this almost sure convergence (instead of convergence in probability)
also for two auxiliary processes. Additionally, we proved in Lemma 2.12 that Z
is a continuous process, thus, (ZN) yen converges to Z locally uniformly in time
(Proposition VI.1.17 of [13]). But then we also have almost sure convergence of

t

t

(2.27) lim | f(ZN)ds= / f(Zs)ds < 0
N—00J0 0

for any continuous f : R; x Ry — R uniformly forz € [0, T'] for all T > 0.

Proof of (2.23). Since the limit Z is continuous, it suffices to prove sepa-
rately Skorokhod convergence of the characteristics for each coordinate (Propo-
sition VI.2.2(b) of [13]). The almost sure convergence of (ZN )NeN to Z can be
assumed as explained above (2.27); the latter two are proved in what follows.

The maps ¢ % fé Zsl Zs2 ds and t — 0 are nondecreasing; hence, in order to
prove Skorokhod convergence of the coordinates in (2.23), it is enough to prove
the following convergence (Proposition VI.1.17 of [13]): For every #y > 0, almost
surely, we have uniformly in ¢ € [0, 7],

N N—oo

(2.28) B' — 0
and

N N—oo 8 [ 1.0
(2.29) hihj*p, — 1{,'=j}; A Z,Z;ds.

The most delicate part is (2.29) which we prove first. Note that all what follows is
based on the almost sure convergence of (ZN)nen so that all convergence state-
ments are in the almost sure sense even if not mentioned explicitly.
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Verification of (2.29). Let typ > 0 and ¢ € [0, tp]. Applying Proposition 2.2, one
finds

hih Y = BN 2// ( 1. XY W)

1 ~ ~
x hj (NJ(y, Xﬁ(k)))lj\’(k)u(dy)ds.

Using the definition of J and v [compare also with the decomposition in four
cases discussed above Theorem O or the discussion below (2.16)] yields

B[ [

1 =1
X hj( k), 0>IN2(k)v(d(y1 0)) ds

L Z/ / (——XN . 32310

x h; (—lx’“(k) XNl(k)>1N2(k>v(d(0 ¥2))ds

N
(2.30)

+ﬁNZ/ / ( X’“(k))

—1. 5
x hj(o, le XﬁV»Z(k))ISNJ(k)u(d(yl,0))ds
N2k __XN 2k )
+ gV Z / [ ( (®), = X2
X hj(%f(ﬁv’z(k), —Niﬁv’z(k))fﬁv’l(k)v(d(o, y2))ds
—: TtN’l + TtN,Z + TIN,3 + TINA

In what follows, we discuss separately the limit of each summand T,N 1, T,N 4

of (2.30) for the cases i # j and i = j.

Convergence of (2.30)—the cases i # j. First, note that the choice of 4 yields
h1(x)ha(x) = x1x21{x|<1y so that T,N’1 and T,N’3 vanish. Next, we only show that
T,N’2 vanishes in the limit, the bounds for TtN “+ are precisely the same exchanging
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the roles of XV:! and X"2:
|TN2‘<}3 Z/ f —XNl(k)—XNl()

x 1, IN2 (k) (d(0, y2)) ds.

wxN k) /N<1)

Rearranging terms, Lemma 2.7, Lemma A.5 and plugging-in the definitions leads
to the upper bound

d I 1 1 LU
og 0 og 0

The right-hand side almost surely converges to zero as N — oo due to (2.27). This
completes the proof of (uniformly in ¢ € [0, #p])

lim hihj*,u?/:O fori #£ j.
N—o00
Bounding (2.30)—the cases i = j. It suffices to discuss i = j = 1 as the case
i = j =2 follows from the same calculations by symmetry in X! and XV-2. We
deal with the cases T,N ’1, e, TN 4 separately.

Claim (i): imy 0o T,V = ji izl z2as.
Lemma 2.7 gives

_'BNZ/ /Ooo)x 1) (X))’

TN,2
XLy ¥y nents T Kvdy)ds

1 N
N2 N.1 2
X k — D v(dy)ds
long (k) (1,1+N/>”<£V-‘<k>>x{0}(yl ) v(dy)

zval ZXN W f o= ds

logN 0,1]x{0}

— TIN’I’I N,1,2‘

+ T,
By [15], Lemma A .4, for x > 0, we have

4 X
@ [ =P = > (o +x) - ),
0,x)x {0} b4 14+x

L <

R SNIZN2 ¢
“logNJo 7

which tends to zero by (2.27).
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N,1,1 N>
We now show that 7; " =3 %fot ZS1 Zszds. By (2.31), we get

4
’;log(N)_ (1,1+N/x) {0}(y1_1)ZV(dy)‘
, X
(2.32) )
adl (2+1) log(2) 1JFN/’CJFI‘<3+2|1 )
=—|log| =+ —) —log(2) — ——— + = og(x)|.
2 B\V T BT Ny T2l = g

For the last inequality in (2.32), note that by Lemma A.1

lo (2+1>‘<]10()\+2<\10()|+1
gN x/1 g N~ g '

Furthermore, we have (1 4+ N/x)/(2+ N/x) € [1/2, 1], and hence
1+N/x 1 ‘

‘—log(Z) — - +5

1
<1og(2) + —.
2T Ny | Slee@

2

Finally, since +(log(2) + 5 + 1) <3, we get the last inequality in (2.32).
Hence, we can write

4 (1 -via
TN, _/ ZNAZN2 gy N1
7 Jo

with [recall the definition of Y+ from (2.13)]
TN 1 /ZOZN,ZYN,ldS
t — IOgN 0 s N :

By Corollary 2.6, there exists a C < oo such that
E[rNM!']<C  foralls>0,NeN.

Let ¢ > 0 be arbitrary. Since ZN2isa nonnegative martingale, Doob’s inequal-
ity (Lemma 2.3) yields that for K = K. > 0 large enough and for all N € N, we
have

~ 1 ~
PlsupZV¥-2 > K| < —E[Z)?] <e.
[sup 2" = k] < ZEIZ)] <

Define the event

Ag = {sungv’2 < K}.

s>0

Hence,

1 ! K
B[N 14 ] < K - /OE[YSN’I]a’s < SR N,
log N Jo log N

Together with P[A{] < ¢, this yields that |TtN’1’1’1| Nigo 0 uniformly in ¢ € [0, 0]
N, 1,1

in probability. Hence, the pair (ZV, T, ’1) NeN converges in probability and by
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Skorokhod’s theorem, we can choose a probability space such that the convergence
is even almost sure. Putting everything together we proved Claim (i).

Claim (ii): imy oo T2 = 0.
Lemma 2.7 gives

N.2 NN b-n2 1l ong o
0<TN?<p }j/o 702K (k)fo v(d(0, y2)) ds
k=1

v({0} x RT) ro
N log N 0

By definition, v({0} x R;) < oo; thus, the right-hand side goes to zero by (2.27).

Claim (iii): imy_ 00 T,V = 0.

The integral TtN 3 equals zero almost surely for all # > 0 and N € N since the
integrand vanishes by definition of ;.

Claim (iv): limy—oo T,V = 2 [0 Z1 22 ds.

To prove the claim, we establish an upper bound and a lower bound with the
same limit. Lemma 2.7 and the definition of v give

ZN1ZN2 g5,

N [0 (P2 en2 ) N1
<p ,;fo fo (NXS’ (k)) 1, g2 wen 12 V(0. y2)) ds

N

1 I . 1 -
= ZN1— Xf,“k/ Zv(dy)ds.
logN/() ’ N,; o 01 0N/ 20 2 @)
By Lemma A.2 of [15], for x > 0, we have
2 x2

2 2
v(dy) = —log(l +x°) — — .
/{O}X(O’x)yz (@) =~ log(1 +2) = 5

Hence, by Lemma A.1,

4
‘— log(N) — / yu(dy)
T {0}x(0,N/x)
2
<
— X2 + N2

<1+ [log(1/N?+1/x?)|

+ [log(1 + N?/x?) — 2log(N)|

1
<1+ 5 +2flog(x)] <2+ 2log(x)].

Recall the definition of Y, SN  from (2.13). We infer

4 [ snis
T,N"*::—/ ZNZN2 gs 4 TN
T Jo
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with

1 fo .
!T,N’4’1|S / ZﬁV’IYSN’st.
log N Jo

. N—oo . .
Reasoning as above for TtN’l’l’l, we conclude that T,N’4’l — 0 uniformly in

t € [0, 1] a.s. Hence, we proved Claim (iv). O

Verification of (2.28). We start with a lemma for bounding the first moments of
the jumps.

LEMMA 2.15. Forall § > 0and x € E, we have

/5|J(y,x)|1(17w)(8|J(y,x)|)v(dy) <8(x2 +x2)s2.

PROOF. By symmetry and linearity of J, it is enough to consider the case
8 =1 (otherwise replace éx by x) and x = (x1, 0). The case x = (0, x3) is analo-
gous. Hence,

7. 0] < |G 0|+ |G, 0| = (Iy1 = 1] + y2)x1.
Note that 0 < y; < (1/x;) — 1 under v(dy) implies y; = 0 and |J(y,x)| =
xl\/ﬁfxl(h + 1) <1, thus,

xl_l/E|J(y’x)“(hoo>(|J(y,x)})v(dy)

=/ 31— 1lv(dy) + (14 y2)v(dy).
[y1—11>1/x1,y2=0 y2>(1/x1)—1,y1=0
Note that (since the first factor in the second integral to come is bounded by 1)
/ 31— 1v(dy)
[y1—11>1/x1,y2=0
4 Iyi =TIy 1

8
== 2 2 dyl = —X1.
7T JO,(1—1/x)VO)U(1+1/x1,00) (1 4+ y1)= (1 — y1) b4

Similarly (note that the first factor in the second integral is easily bounded by 4),

+ /"O wn+13 1 16

(14 y)vldy) = — dy) < —xi.
/yz>(1/x|)—1 ov(a/x)-D (3 + D2 (2 +1)? T

i

The claim follows since % <8.
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Let g > O and ¢ € [0, f9]. By Proposition 2.2, Lemma 2.7 and Lemma 2.15 with
8=1/N, we get (2.28) since

N o eto ] - 8
BY| <" Y [ [ 10 XY )@Y B ds
k=1

N
log8 [ TN PR + (KW D ®)ds
k=1

=

N—

16 [0 -n15
zZN1zN2ds =00

- logN Jo °
Proof of (2.24). By assumption, there are €, ¢ > 0 so that g(+) < cl{j.|>¢}. For

the indicator, the bounds were already derived in the proof of Lemma 2.12, and
hence we are done. [

Now we are ready to complete the proof of Theorem 1.

PROOF OF THEOREM 1.  The previous Lemma 2.14 identifies the semimartin-
gale triplet of any possible limit point of the tight sequence (Z")yen. Chap-
ter III.2c of [13] (more precisely Theorem II1.2.32) shows that any limit point
Z = (Z', 7% is a weak solution to the two-dimensional stochastic differential
equation (1.17) started in Zg =z = limNHoo(Z(I)v’l, Z(])V’z).

Let ¢ > 0 and define

T i=inf{r: (Z), Z?) ¢ [e, 00)?}.

Note that pathwise uniqueness holds for the SDE (1.20) for ¢ < 7, since the noise
coefficient is Lipschitz. Letting ¢ | 0, we get pathwise uniqueness up to time 7 :=
sup,.. ¢ Te. Furthermore, we have Zf = Zi fort > 1, i =1, 2, since the noise term
vanishes as soon as Zt1 =or th = 0. Hence, pathwise uniqueness holds for all # >
0. Thus, all limit points of (ZN )nenN are identical in distribution. But this proves
weak convergence of (ZN )NeN to the unique solution of (1.20). O

3. Proof of Theorem 2. We will need special classes of convergence de-
termining functions on Ri and on E, respectively. For x = (x1,x2) and y =

(y1, y2) € R?, define the lozenge product

(3.1 xoyi=—(x1+x2)(y1 + y2) +i(x1 —x2)(y1 — y2)
(with i = +/—1) and set
(3.2) F(x,y)=exp(xoy).

Note that x © y = y ¢ x. By [14], Corollary 2.4, the functions {F (+, 2), z € Ri} and
{F(-,2),z € E} are measure and (weak) convergence determining on Ri and on
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E, respectively. Note that for y € E, the function F(-, y) is harmonic so that, for
feRi andy € E,
(33) | Qo@nFe.»=Fe.y.

We start with a lemma that states the approximate duality relation.

LEMMA 3.1. Lets,t >0, neN, N>n and ky,....k, € SN. If y(j) =
1 (J), »())) € E, then, for every 6 € R2 , we have

E[H F(XN ).y () | ft}
j=1

=[1FE.yD)) [TFIXY k) —6).e7y())
j=1

3.4)

E[/0<U1F XN (k). e y())F (6, (l—e"“)ym))
x( s(zZN, - Q)OZn:y(j))dr‘}',]

j=1
Before we prove the lemma, we show how it implies Theorem 2.
PROOF OF THEOREM 2(i). Because F is convergence determining, a simple

application of the Cramér—Wold device shows that in order to prove Theorem 2(i),
it is enough to show that

lim E[ (Z3v . ) [T F(X5x, (k) y(J))}
(3.5) Jn_
—E[F(Zz,y) [1FZ:,y() }

forall t >0, neN, k(1),...,k(n) e N, y(1),...,y(n) € E and y € ]R%r. Let
t > 0 and recall that 8 = N/log N. Define uy :=2log N. We use Lemma 3.1

with ¢ replaced by SVt — un and s replaced by uy. Furthermore, we assume
0= ZgNz—uN' Note that

B[l = F(XJy,_, kD). e y(D)|] < e™¥|y()HINE[|Zgy,_, . []
(3.6) <e "™ N|y(DIE[1Z5'[]

<C/N
and that the first factor in the integral in (3.4) is bounded by 1.



3146 L. DORING, A. KLENKE AND L. MYTNIK
N : NN N N N—ox
Since ZV is C- -tight and since uy /8 —5°0, we have ZﬂNz cuy T Z/SNt —
0 in probability. Hence, for ki, ..., k, € SN y(j) = 1), »2(j)) € E, y(0) €
R%r and 0 € R%r, we have

j=1

N—o0

[ (Z:,y ) [ F( Zz,y(J)]‘
j=1

n

:NlEnOO‘E[F(ZgNt_uN,y(O)) l_IIF(X/]jN,(kj)vy(j)):|
(3.7) I=

n

E[ (Zgv,_y ,y(0>)1"[F(Z’,§N,_MN,y<j>)”

j=1
uy
< / E
0 [

<C sup E[|ZY

rel0,uy]

" MN(ZﬂNt un+r ,BNt uN ZY(J)

|+

N

BN t—un+r — TpNi— MNH

By Lemma 2.9, the random variables

N
BNt—un+r ZﬂNl—uN ’

sup |2 N >2,

re[0,uy]

are L7-bounded for some g > 1 and are hence uniformly integrable. Since they
converge to 0 in probability, the dominated convergence theorem yields

lim sup E[|ZD — 7Y ]=0.

Nf Nf—
N—>09 c[0.uy] BNt—un—+r BNt—uyn

This completes the proof of Theorem 2(i). U

PROOF OF THEOREM 2(ii). The convergence of finite dimensional distribu-
tions is derived by standard methods and we only sketch the main idea.

Let 0 € ]R%r and let Y% be the stationary process with distribution Qp [recall
that it was defined after (1.19)]. Let m € N and s1 <52 < --- < s, as well as
Y1, ..., Ym € E. Recall from (1.19) that

[ € dy | Y, sk 1 y] = Qg‘“k_Skfl)y.i_(l_e_(fk_fkfl))e (dy/),
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and hence, using also (3.3), we get (for zz € Ri)

E[ ( kazk)|Y9,S§Sk_1]
= [ Qu@B[F(,2) Y5 =5

_/ sz(dZ)F( - _(Sk—Sk—l)Z)F(Q’(l _e—(Sk—Sk—l))Z)‘

Iterating the argument, we get
(38) |:1_[F Sk’ :|:Gm(9ale7Zm)7 ZlavaeRi_s

where the functions G are defined iteratively by

Gl<9,zo=/EQm<dz>F(9,z>

and
G0, z1,...,2%)

(39) = [ Qu@DGI1 (.21, zr2 it + 1)
x F(0, (1 —e*17%)z).
In particular, for y;, y» € E, we have
(310) GZ(Q’ yl’ y2) = F(ev (1 - eSI_Sz)yz)/ Qy1+e51732y2(dZ)F(97 Z)'
E

In order to show Theorem 2(ii), we have to show: For n € N and y(j, k) € E,
k=1,....m,j=1,...,n,y(0) €eR%, and ki, ..., k, € N we have

:]:

lim E|: 5Nz y(O)

N—o00

1_[ F ﬂNl‘-f—sk(kj)’ )’(J’k))i|
(3.11) =t

= ~.
Il

|: Zt,y(o) l_[ Zl’y(]’l) ’y(]’m))i|

For ease of notation, we restrict ourselves to showing (3.11) for m = 2 only.
Using Lemma 3.1, and arguing as in the proof of Theorem 2(i), we get

n
NIEHOOE[ ﬂNZ’y(O) l_[ 'BNI+S2(kJ)’y(.]92))

x [T F(X3,., K, 30, 1))}

j=1
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N—o00

n
= E|: (ZgNz —uy , y(0)) l_[ ﬁNt Uy —e"172)y(4,2))

X F( ,BNt+31(k) (S] Szy(]32)+y(.]v 1))):|

:lm

F(Zy, o (1= €72)y(j.2))

N—o0

= lim E|:F(Zﬂzv, Cuy ,y(O))
1

~.
Il

N
(3.12) X /E Q125 24y(j, ) @D F (X g, (Kj), z)}

= lim IE|: (Z%, BNt —uy ,v(0)) l_[ ﬂNt iy’ (1—¢"72)y(j,2))

N—o0

N
% [E Q 12y (j. 24y 1) @D F (Ligy, - Z)}

[ (Zs, y() [ ] F(Zs. (1 =€) y(j.2))
j=1

X /E Q(es1=2y(j,2)4y(j, 1) (A F (Zr, Z)}
[ (Z:,y(0)) ]—[ 2(Zs, y(j, 1), y(Jﬂ))}

PROOF OF LEMMA 3.1. By [15], Theorem 1.1, we have that

n

= [T F(XXs ) y()) = [T FEN G, ()
j=l1

n

—/0 [TF&N . yD) D@, — XN (D)o y(i)dr
j=1 J

=1
is a martingale with My = 0. Now we replace y(j) by the time dependent function
e“*y(j) for some u € R and subtract the resulting drift to get

n

= [T F(XN (), e TS y(D)F (6, (1 — ) y()))

= [T F(XY G, y(D)F (O, (1 =e")y())

j=1
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- /0 [TF&XE G, e Ty(MD)FO, (1= ")y ()
j=1

X D20, = X (D) o (¢ y () dr

— [ TTPOX Ge Y F@. (1= e7)y())
j=1

Z XN, () —0) o (T y(j))dr
j=l1

n

=[] F(XN (D). T y(D)F (60, (1= T)y ()
j=1

— [T FXNG). e'y(D)F (O, (1 —e“)y()))

j=1

—/S [TF&XN, (). e y(D)F@, (1—e"1)y()))

0 i

X Y (2, —0) o (" y()))dr
j:]

is a martingale with M = 0. Choosing u = —s and taking conditional expectations
gives the claim. [

APPENDIX
LEMMA A.1. Leta > 0. Forall x >0 and y € [0, a], we have
llog(x + y)| < a + [log(x)|.

PrROOF. If x + y < 1, then |log(x + y)| < |log(x)|. If x + y > 1, then by
Taylor expansion, we get

[log(x + y)| =log(x + y) <log(x +a) <log(x) +a < |log(x)|+a. O
We collect some basic properties of the measure v defined in (1.13).

LEMMA A.2. Lete > 0. We have

({0} x (g,00)) =
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and
8 1 o<1
—_ - — ife
_ 2 9 J— b
([0, 00)\ (1 — &, 14 ¢)) x {0}) = ’;8(41 &)
RN l:fgzla
Te+e)
2. 1 .2
<= A )
<2 ae)
PROOF. This is simple calculus. [
LEMMA A.3. For x >0, we have and
2 2 x?
2 2
v(dy) = —log(l +x°) — — < —log(x),
/{0}x(o,x)y2 (@) T g ) rl+x?2 " n gv)

where the inequality holds if x > 2.
PROOF. This is simple calculus. [
LEMMA A.4. For x > 0, we have

5 4 X
[ =Py = (gl 40 - ).
(0,x) x {0} 4 14+x

Hence, for ¢ € (0, 1), we get

4 2 2 2
f (1 —1)2v(dy)=—<10g( +8>— £ 2)5—3
(1—&,14-6) x {0} 4 2—¢ 4—¢ b4

PROOF. This is simple calculus. [

LEMMA A.5. We have

[ yvy =1
E
PROOF. This is simple calculus. [
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