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We consider a system of N disordered mean-field interacting diffusions
within spatial constraints: each particle 6; is attached to one site x; of a pe-
riodic lattice and the interaction between particles 6; and ¢; decreases as
|x; —x; | =% for « € [0, 1). In a previous work [Ann. Appl. Probab. 24 (2014)
1946-1993], it was shown that the empirical measure of the particles con-
verges in large population to the solution of a nonlinear partial differential
equation of McKean—Vlasov type. The purpose of the present paper is to
study the fluctuations associated to this convergence. We exhibit in particular
a phase transition in the scaling and in the nature of the fluctuations: when
a € [0, %), the fluctuations are Gaussian, governed by a linear SPDE, with

scaling /N whereas the fluctuations are deterministic with scaling N 1= jp
the case « € (%, 1).
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1. Introduction. The aim of the paper is to study the large population fluc-
tuations of disordered mean-field interacting diffusions within spatial interaction.
A general instance of the model may be given by the following system of N cou-
pled stochastic differential equations in O :=R™ (m > 1):

1
d6;s = (O, ) dt + —— Y T'(Ois, 01,04, 0))V(xi, x;)dt +dB;
AN 2R,
JF#
(1.1)
ieAy,t€[0,T],

where T > 0 is a fixed but arbitrary time horizon. In (1.1), ¢(6; s, w;) models the
local dynamics of the particle 6;, I'(6; ;, w;, 0}, wj) governs the interaction be-
tween particles 6; and 6; and (B;);ea, 1s a collection of independent standard
Brownian motions modeling thermal noise in the system. Both local dynamics
and interaction are perturbed by an independent random environment that is a se-
quence of i.i.d. random variables (w;);>1 in £ :=R" (n > 1) modeling some local
inhomogeneity for each particle.

The novelty of (1.1) is that some geometry is imposed on the interactions: the
ith-particle 6; in (1.1) is positioned at site x; of a periodic lattice (of dimension 1
for simplicity) and the interaction between two particles depends on the distance
between them. Namely, define Ay :={—N, ..., N} with —N and N being identi-
fied, with cardinal |A x| = 2N and suppose that for all i € Ay, the particle 6; is at
the fixed position x; := ﬁ € Xy, where Xy := {x; := ﬁz € Ay} is a subset of
the one-dimensional circle &' := R/Z. Making the obvious identification between
X € [—%, %] and its equivalence class x € X, the Euclidean norm | - | on [—%, %]
induces a distance d(-, -) on X by

(12) Vi=x[1], y=yllleX, d(x 3 =min(x—y|,1—]x—y|).
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The interaction in (1.1) is supposed to decrease polynomially with the distance
between particles through the spatial weight

(1.3) W(x,y):=d(x,y)™ ¢, x,ye X,

where « is a parameter in [0, 1).

REMARK 1.1. We will often drop the notation j # i in sums as in (1.1), since,
with no loss of generality, one can define W (x, x) := 0 for all x.

1.1. Weakly interacting diffusions.

Mean-field models in physics and neuroscience. In the particular case where
o =0 and w; =0, the geometry and the disorder in (1.1) become irrelevant and
we retrieve the usual class of weakly interacting diffusions (studied since McKean,
Oelschlédger and Sznitman [19, 32, 34, 40]). Such systems are encountered in the
context of statistical physics and biology (synchronization of large populations
of individuals, collective behavior of social insects, emergence of synchrony in
neural networks [6, 14, 41]) and for particle approximations of nonlinear partial
differential equations (see, e.g., [10, 30] and references therein). Usual questions
for this class of models concern their large population behavior (propagation of
chaos, existence of a continuous limit for the empirical measure of the particles
[19, 28, 34], fluctuations around this limit [16, 28, 39] and large deviations [13])
as well as their long-time behavior [9, 30].

A recent interest for similar mean-field diffusions has been developed for the
modeling of the spiking activity of neurons in a noisy environment (e.g., Hodgkin—
Huxley and FitzHugh—Nagumo oscillators [6, 15, 41]). In this context, 6; repre-
sents the electrical activity of one single neuron, I" captures synaptic connections
between neurons and the disorder w; models an inhomogeneous behavior between
inhibition and excitation. We refer to [6] for more details on application of these
models to neuroscience.

Another illustration of weakly interacting diffusions concerns statistical physics
and models of synchronization of oscillators. In particular, the Kuramoto model
(see, e.g., [1, 20, 28, 38]) describes the synchronization of rotators 6; in R/2x7Z
with inhomogeneous frequencies w;:

K
d;; = w; dt + ~ > sin(9j,; — 60, dt + o dBi,
=1
(1.4) !
t>0,i=1,...,N.

The system (1.4) is well known to exhibit a phase transition between incoherence
to synchrony as the interaction strength K > 0 increases. We refer to the mentioned
references for further details on the dynamical properties of (1.4).
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Diffusions in spatial interaction. The motivation of going beyond pure mean-
field interactions comes from the biological observation that neurons do not in-
teract in a mean-field way (see [11, 42] and references therein). There has been
recently a growing interest in models closer to the topology of real neuronal net-
works [22, 36, 42]. Even though the analysis of such models seems to be difficult
in general, it is quite natural to expect that properties valid in the pure mean-field
case (the first of them being the existence of a continuous limit in an infinite popu-
lation) still hold for perturbations of the mean-field case, namely for systems where
the interactions are not strictly identical, but where the number of connections is
sufficiently large to ensure some self-averaging as the population size increases.

In this perspective, the main motivation of (1.1) comes from works of Rogers
and Wille [37] and of Gupta, Potters and Ruffo [22] (see also [12, 31]) where a
spatial version of the Kuramoto model is introduced:

do dr + ad NE in(6 0;+) ! dr +odB
i = wj — sin(@j; —6; ;) ——— odB;;,
it i N = Jst it |xi _xj|a it
(1.5)

t>0,i=1,...,N.

In (1.5) [and more generally in (1.1)], the particles are still interacting on the com-
plete graph but the strength of interaction decreases polynomially with the distance
between particles.

System (1.5) has to be related to analogous models of statistical physics with
long-range interactions (e.g., the Ising model or X'Y-model with interaction in r ~%;
see [3] and references therein). The influence of the spatial decay in (1.5) on the
synchronization properties of the system (in particular the existence of critical ex-
ponents and finite size effects) does not seem to be completely understood so far.

Empirical measure and McKean—Vlasov limit. Note that in (1.1), 6; € O :=
R™, but one should also think to the case of O being a compact domain of R™;
see, for example, O = R/27Z in the Kuramoto case (1.5). For any vectors u and
v in O (or £), |u| stands for the euclidean norm of u and u - v is the scalar product
between u and v.

We endow (1.1) with an initial condition: the particles (6; 0);=1,...n are inde-
pendent and identically distributed according to some law ¢ on O. The disorder
(wi)i=1,....n 1s a sequence of independent random variables, identically distributed
according to some law u on &, independently from (6; 0)icay and (Bi)icay -

All the statistical information of (1.1) is contained in the empirical measure of
the particles, disorder and positions (that is a random process in the set of proba-
bilities on O x £ x X):

1
(1.6) W= D S0y NZL1€l0T]
AN ER,
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The object of a previous work [29] was to show that, under mild assumptions on the
model (see [29], Theorem 2.18), the empirical measure vy converges, as N — oo,
to the unique solution v of the following weak McKean—Vlasov equation:

/fdvz=/fdvo+/0t/(%Aef+V9f

(1.7)

x {c + f L(-,0,0)W(-, X)vs(dd, dd, d)z)}) dvy ds,
for any regular test function (0, w, x) — f (6, w, x) and where the initial condition
is

(1.8) 10(d8, dw, dx) := ¢(d6) i (dw) dx.

The main difficulty in the analysis of (1.7) is that it involves the singular kernel W
so that even the well-posedness of such equation is unclear. We refer to [29] for
more details. Equation (1.7) is a spatial generalization of the standard McKean—
Vlasov equation in the pure mean-field case (see, e.g., [19, 28, 34]).

Fluctuations around the mean-field limit. The purpose of this work is to ad-
dress the question of the fluctuations of the empirical measure vy (1.6) around its
limit v (1.7). We are in particular interested in the influence of the geometry on the
speed of convergence of vy toward v.

DEFINITION 1.2. Define the fluctuation process
(19) nN,l :=aN(VN’t_Ut), NZIJG[O, T]a

where ay is an appropriate renormalizing factor.

The first contribution of the paper is to exhibit a phase transition in the size of
the fluctuation of (1.1): the correct scaling ay in (1.9) depends on the value of the
spatial parameter « € [0, 1) in (1.3) with respect to the critical value %

DEFINITION 1.3 (Fluctuation renormalization). Fix 0 <« < 1 and define for
N=>1

1

N%, f0<a< —,
(1.10) ay = 1 2
Ni—« if5<a<1.

Let us show intuitively that Definition 1.3 provides the correct scaling for (1.9).
The convergence of vy toward v is due to the competition of two effects: the con-
vergence of the empirical distribution of the initial condition 6; o and the Brownian
motions B; (which scales typically as +/N) and the convergence with respect to the
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spatial variable x;. To fix ideas, set c =0 and I' = 1 in (1.1). In this case, everything
boils down to the approximation of the integral [, |x_+|c, dx by the Riemann sum

1 N 1 : :
N J=l e A simple estimate (see Lemma 3.4 below) shows that the rate of

this last convergence is exactly N!'~%. Definition 1.3 simply chooses the predom-
inant scaling in both cases. Note that this scaling had already been observed by
Firpo and Ruffo [17], equation (27) in a similar context.

This intuition also suggests that when « < % the randomness prevails and one
should obtain Gaussian fluctuations as N — oo, whereas when o > % the random-
ness disappears under the scaling N '~ and one should obtain a deterministic limit
for . The main result of the paper is precisely to make this intuition rigorous: we
show that the fluctuation process 1y converges to the unique solution of a linear
stochastic partial differential equation when o < % (see Theorem 2.7) and that ny

has a deterministic limit in the supercritical case o > % (see Theorem 2.8).

What makes the analysis difficult here is the singularity of the spatial kernel
W in (1.1). An important aspect of the paper is the introduction of an auxiliary
weighted fluctuation process Hy (in addition to 7y) that is necessary to capture
the spatial variations of the system and to cope with the singularity of the weight
. We refer to Section 2 for more details.

On the quenched fluctuations. The main results (Theorems 2.7 and 2.8) are
averaged with respect to the disorder (w;);. Although we did not go in this direc-
tion for the simplicity of exposition, analogous results also hold in the quenched
set-up, that is when we only integrate in (1.1) w.r.t. the Brownian noise and the
initial condition, and not w.r.t. the disorder. This has been carried out in a previous
paper [28] in the nonspatial case. We let the reader adapt a similar strategy to the
present situation.

Existing literature. The use of weighted empirical processes such as Hy (see
Section 2.1) in the context of interacting particle systems is reminiscent of previous
works. One should mention in particular the articles of Kurtz and Xiong [26, 27]
on particle approximations for nonlinear SPDEs.

The present paper uses Hilbertian techniques already introduced by Fernandez
and Méléard [16] (see also [28, 39]) who proved a similar central limit theorem for
weakly interacting diffusions without spatial geometry [i.e., « = 0 in the frame-
work of (1.1)]. It is shown in [16] that the fluctuations are governed by a linear
SPDE and that the convergence holds in some appropriate weighted Sobolev space
of distributions. One can see the first result of the paper (Theorem 2.7) as a gener-
alization of the result of Fernandez and M¢léard to the spatial case: when o < %
the spatial damping on the interactions in (1.1) is not strong enough to have an
effect on the behavior of the fluctuations of the system and the fluctuations remain

Gaussian.
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The supercritical case (Theorem 2.8) may also be related to a class of mod-
els previously studied in the literature, that is, moderately interacting diffusions
[24, 35]. This class of models also exhibits deterministic fluctuations (see [24]
page 755), but one should point out that the precise scaling ay is not explicitly
known in this case ([24], Remark 3.15).

Comments and perspectives. The main conclusion of Theorem 2.8 is that, in
the case o > l the leading term in the asymptotic expansion of the empirical
measure vy around v is deterministic, of order ——; N . A natural question would
be to ask about the existence and the nature of the next term in this expansion.
Concerning the dependence in the spatial variable, one easily sees that the term

following Nl 7 in the asymptotic expansion of % > 7, i is of order , which

is in any case smaller than the Gaussian scaling \/ﬁ. Consequently, one should

expect the next term in the expansion of vy to be Gaussian, of order \/Lﬁ The

precise form of this term remains unclear, though. Note that a similar analysis has
been made by Oelschlédger in [35] concerning moderately interacting diffusions.
Another natural question would be to ask what happens at the critical case o = %
(i.e., when the spatial and Gaussian fluctuations are exactly of the same order).
Although it is natural to think that the correct scaling is exactly /N, the present
work only provides partial answers. A closer look to the proof below shows that

the scaling is at least N (see Section 2.4). To derive the correct scaling and limit
for the fluctuations in this case seems to require alternative techniques.

The behavior as N — oo of systems similar to (1.1) in the case o > 1 is also of
interest and is the object of an ongoing work. The existence of a continuous limit
at the level of the law of large number is doubtful in this case.

It is likely that the results presented here should be generalized to other models
of interacting diffusions, especially to systems with random inhomogeneous con-
nectivities (in the spirit of [5, 7]) which are of particular interest in the context of
neuroscience [6]. This will be the object of a future work.

Outline of the paper. In Section 2, we specify the assumptions on the model
and state the main results (Theorems 2.7 and 2.8). Section 3 is devoted to prove
tightness of the fluctuation process in an appropriate space of distributions. The
identification of the limits is done in Section 4. Section 5 contains the proofs of
technical propositions.

2. Main results. In the rest of the paper, T = (6, w, x) stands for an element
of O x & x X. In particular, forany s € [0, T'],i € Ay, 75 = (i 5, 0, x;). We use
also the duality notation

2.1) (A, f) = /omx £, w, x)A(dF, do, dx),
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where A is ameasure on O x € x X and (0, w, x) — f (0, w, x) is a test function on
O x € x X. We also use functions of two variables defined on (O x £ x X)? and
introduce notation for the corresponding partial integrals: for any such function
(t,7) — g(z, T), define

(22) (g, A1(t) =g, 216, w, x) ::/O . Xg(@,w,x,é,d),i)k(dé,dd),di),
(2.3) [g,A12(F) =g, A (0, d, %) ::/O . Xg(@,w,x,é,cb,i)k(d@,dw,dx).

With a slight abuse of notation, we will often drop the subscript whenever it is clear
from the context and write [, -] instead of [-, -];, i = 1, 2. With these notation, one
can write the dynamics (1.1) only in terms of the empirical measure (1.6)

d0;; =0, wi)dt + [TV, vy 100 s, wi, x;)dt +dB; ;,
2.4)
ieAn,te]0,T],

where ["'W, v ] = [TV, vy i stands for (2.2) with the choice of g(0, w, x, 9,
@,x):=T0,w,0,»)V(x,x) and A := vy ;. Note also that the McKean—Vlasov
equation (1.7) may be written as

t
2.5) (e ) = (vo. )+ fo (vs. LIvs1f)ds,

where, for any measure A on O x £ x X, the generator L[)] is given by
1
(2.6) LIA]f(T) = iAgf(r) + Vo f () - {c(0, w) + [TV, A](1)}.
2.1. Decomposition of the fluctuation process.

Two-particle fluctuation process. The main difficulty in the analysis of (1.9)
comes from the singularity of the spatial kernel W (1.3). In particular, if one stud-
ies the process ny alone, one would need to consider test functions (6, w, x) —
f (0, w, x) with singularities w.r.t. x whereas the embeddings techniques used in
this work require a minimal regularity on the test functions (see Section 3.3 below).
Hence, the main idea is to introduce an auxiliary process H y in order to bypass the
lack of regularity of the kernel W. This process, that we call two-particle fluctua-
tion process, is the key object in order to understand the influence of the positions
(xi, x ) of the particles on the fluctuations of the whole system.

DEFINITION 2.1. Define the two-particle fluctuation process by

HN,; = CZN<
2.7)

S Wi 30,0 — VN ® v,(wo)(dr, az),

ijeAn

|ANI?

tel0,T],
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that is, for any test function (6, w, x, 6,0,%)=(1,%) > g(1, %)

(HN,t»g>: <|A |2 XI:\ lp(xlvxj)g(tltvrjl)
2.8) hIhy

|A Z flp(xl’x)g(flt» f)W(d‘[))

ZEAN

The process Hy captures the mutual fluctuations of two particles (6;,6;) in-
stead of one. One can easily see that H captures the correct fluctuations induced
by the space variables (especially in the supercritical case o > %): taking g =1

in (2.8), one obtains that (Hy,, 1) = ﬁZiGAN{aN(ﬁ Yjeny Yxi,xj) —
[ W(x;, X)dx)}, which, by Lemma 3.4 below and Definition 1.3, is exactly of
order 1 when o > %

What makes the use of Hy critical is that it enables to separate the issue of
the singularity of the spatial kernel W from the issue of the regularity of the test
functions g: it is the process H y itself that carries the singularity in (x, X), not the
test functions. Hence, we are allowed to (and we will in the sequel) consider test
functions as regular as required in all variables (6, w, x), which is crucial for the
Sobolev embeddings techniques used in the paper. Note that it is also necessary to
consider the process Hy in the subcritical case o < % even if H =limy_ 00 HN

does not appear in the final convergence result (see Theorem 2.7).

Relations between ny and Hy. Itis immediate to see from (1.9) and (2.7) that
for all test functions (t, T) — g(t, T)

(29) (HN,N g) = (nN,lv <vN,lv \yg))’ te [O’ T]7

where by (nn.:, (v, Wg)) we mean (ny . (d7), (vy,(d7), W(x, X)g(z, T))).
A natural question would be to ask if an equality similar to (2.9) holds in the
limit as N — oo

(210) (ﬁl" g) = <77t» (Vt’ wg))v re [O’ T],

for any possible limits ny ; = N—o00 1 and Hy 1 = N—oo Hi-

Equality (2.10) is certainly true in the case without space (that is the case con-
sidered in [16, 28], equivalent to « = 0 in (1.1)). One result of the paper is to show
that (2.10) remains true in the subcritical case 0 < o < 5 (although the proof for
this equality is not straightforward, see Proposition 4.9). In this case, the limiting
process H becomes a posteriori useless for the determination of n: we will show
in Theorem 2.7 (see also Remark 4.10) that, using (2.10), one can characterize the
limit of 5y as the unique solution to a linear SPDE (2.36) involving only 7 and not
the auxiliary process .

On the contrary, we will show that (2.10) does not hold in the supercritical case
o > %: the limiting processes 1 and H found in Theorem 2.8 lead to different
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expressions in (2.10): when g =1 in (2.10), one obtains that (H;, 1) = (Ho, 1) =
x (o) # 0 [see (2.38) and (4.3)]. On the other hand, (v;, ¥ (-, X)) = fX W(x,x)dx
is a constant C (equal to %, recall Lemma 3.4) and we see from (2.38) that
(n, C)=0.

The reason for this difference is that, when o > %, the predominant scaling
(i.e., N'=%) comes from the rate of convergence of the discrete Riemann sum
JI\#L Yjeny Y(xi,x)) toward.the int@gral S W (x;, X)dx '(Lemma 3.4). This scal-
ing is strongly related to the singularity of the kernel W: if we had replaced W by
a regular (e.g., C!) function, the rate of convergence of this Riemann sum would
become % and the predominant scaling of the whole system would still be v/N.
If one naively replaces in (2.9) the empirical measure vy by its McKean—Vlasov
limit v, the singularity in space disappears: the function x > (v;, W(-,X)g(-, T)) is
continuous (provided g is). In particular, in (2.9), the term (ny ;, (v;, ¥g)) does not
contribute to the scaling N'~¢. It only appears in (MN.t, (VN — v, Wg)), which is
a function of H y ; but not of ny ; alone. Hence, there is no hope to have a closed
formula for n when o > %: we obtain as N — oo a system of coupled deterministic
equations in (n, H); see (2.38).

Semimartingale representation of the fluctuation processes. The starting point
of the analysis is to write a semimartingale decomposition for both processes ny
and Hy. We see in (2.11) the use of the process Hy: the singular part in the
semimartingale decomposition of 1y is completely expressed in terms of H .

PROPOSITION 2.2 (Semimartingale representation of ny ). For every test
function (0, w, x) — f(0,w, x), forall t €0, T], one has

t
(v £) = (o, £+ f (8.5 LIvs] f)ds
2.11) 0

+ [ s, oL a5 + M,
where L[vg] is the propagator defined in (2.6) and
(2.12)  O[f1(z,?) = P[f10, 0, x,0,d,%) =V f(0,0,%)-TO,0,0,d),
and where the martingale term is given by

t
2:/vaf(ei,s,w,-,x,-)-dBi,s, 10, 7).
0

ieAN

an
213 MY =Tan

PROPOSITION 2.3 (Semimartingale representation for Hy). For any regular
and bounded test function (t,7) — g(t, T),

t
(e 8) = My 8) + /0 (Hy.s, Zog) ds
(2.14)

t t H)
—1—/0 FN’Sgds—i—/(; GN,Sgds—i-./\/lN,tg,
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where
(2.15) Zg(t. %)=L Vg(r.5) + LPg(x.7),
for
1
ZWe(z,7) = 580,58, D)+ Vg, 1) {0, 0) + [T, 0,](1)]
(2.16)

+V;8(z, ) - {c(0, @) + [T, v](F)},
2.17)  LPg(r, %) :=(vs, W(-, x)V5g(-, 7)) - T'(0, 0,0, d),
where the remaining terms Fy and Gy are
(2.18)  Fysg:=(Hn.s Vog(r,T)-[TW, vy — v5]()),
(2.19)  Gn.sg:=(Hny, (vN s — Vs, W(, ) V580, 1D) - T(0, 0,0, d))

and the martingale part ./\/l ) is given by

M(H) e Z / Vgg(ft s> Tis) W (xi, x;) - dBj s
| NI i iehn
(220) |AN| Z f ( Z V@g('ﬁs, T] S)lp(xl7-x])

ieAN jEA
- / Vog (s, ©)W (xi, s (df)) . dBj.

The proofs of Propositions 2.2 and 2.3 are given in Section 5.1. The whole point
of the paper is to take the limit as N — oo in the semimartingale decompositions
(2.11) and (2.14).

2.2. Assumptions. Define the following integer:
(2.21) P:=m+n+1=dim(O x £ x X).

The local dynamics term (6, w) — c(6, w) in (1.1) is supposed to be differentiable
w.r.t. (6, ®) up to order 3 P 49 and satisfies a one-sided Lipschitz condition w.r.t. 9,
uniformly in w:
(222)  sup{(@ —6)-(c(H,w) —c(@,®)} <L —61>, (0,0) e

wef
for some constant L. We also suppose that (6, ) — c(8, w) and its derivatives up
to order 3P + 9 are bounded in 6 with polynomial bound in w: there exist ¢ > 1

and C > 0 such that for all differential operator D in (6, ®) of order smaller than
3P+9

(2.23) sup|Dc (8, w)| < C(1 + o), wecf.
0eO



FLUCTUATIONS FOR MEAN-FIELD DIFFUSIONS IN SPATIAL INTERACTION 3851

The interaction term I' in (1.1) is supposed to be bounded by ||I'|~, globally
Lipschitz-continuous on (O x £)2, with a Lipschitz constant || T llLip and differen-
tiable in all variables up to order 3 P + 9 with bounded derivatives. We also require
that

(2.24) > sup (/ |D§’wF(9—,cD,9,w)|d9_> < +00.
[k|<2p+30-0,0 \O

Define the following exponents [where ¢ is given by (2.23)]:

(2.25) y = max(P, EJ + L) +1,
(2.26) k:=m+1 and k:=«-+2y,
(2.27) t:=n+2t+1 and (:=t¢+42y.

The law ¢ of the particles (6;0);ea, is assumed to be absolutely continuous with
respect to the Lebesgue measure on O = R" and its density [that we also denote
by 6 — ¢ (6) with a slight abuse of notation] satisfies the integrability condition

(2.28) dp > m, / £(6)P do < +o0.
@)
We also assume that ¢ and p satisfy the moment conditions
(2.29) / 1013 (d0) < +00 and / lw|¥ 1 (dw) < +o0,
@] E

where (k, t) are given in (2.26) and (2.27). In what follows, we denote as E(-) the
expectation with respect to the initial condition 6; ¢, the Brownian motions (B;)
and the disorder (w;) (i.e., we work in the averaged model).

2.3. Estimates on the McKean—Vlasov equation. We first recall some results
concerning the continuous limit (1.7). The crucial object here is the nonlinear pro-
cess associated to the McKean—Vlasov equation (1.7) [29, 40]. The following re-
sult is a direct consequence of [29], Section 3.2.

PROPOSITION 2.4.  Under the assumptions made in Section 2.2, there is path-
wise existence and uniqueness of the solution (0;", w, X)tefo,1] Of the nonlinear
system

- t - =
0" =0y +‘/0 (c(67°, @) + [TV, A1(05¢, @, x)) ds + By,

A=Ay (dO) u(dw) dx,

A7 ?(d0)u(dw) is the law of (6, w),
(2.30)
tel0,T],

satisfying sup, -y f(|9|8’2 V |3 (d8, dw, dx) < 400, where i and T are given
in (2.26) and (2.27).
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PROPOSITION 2.5. Under the hypothesis made in Section 2.2, there exists a
unique weak solution t — v; in C([0, T], M1(O x € x X)) to (1.7) satisfying

sup | (161% v |0|¥)v, (d6, do, dx) < 4-00.
t<T

Moreover, there exists a continuous measure-valued process t — & on O x & such
that

(2.31) v;(df, dw, dx) = &;(d9, dw) dx, tel0,T].

The process & admits a regular density (t,0, w) — p: (0, w) with respect to df &
p(dw)

(2.32) £(d0,dw) = p;(0, w) do u(dw), tel0,T],

and this density p satisfies the a priori estimates: there exists 0 < gy < % such that

1 L
(233) 0<p0) = wegie0T)
. 1+ ol
(2.34) |d1vep;(<9,a)){ < T we&, te(0,T].
1402

The proof of Proposition 2.5 is postponed to Section 5.2.

PROPOSITION 2.6.  The particle system (1.1) and the nonlinear process (2.30)
satisfy the moment conditions

(2.35)  sup sup E(sup |9,-,S|8’2) <400 and sup E(sup}éﬁgk) < 400,
N>lieAyn s<T xeX s<T

where k is given in (2.26).

PROOF. The estimate on the nonlinear process 6 is a direct consequence of
Proposition 2.4. The same estimate for the particle system is standard and left to
the reader. [

2.4. Fluctuations results. We prove the convergence of the fluctuation pro-
cesses in appropriate Sobolev weighted spaces of distributions V and W that are
defined in the next section, using Hilbertian techniques developed by Fernandez
and Méléard in [16]. We only state the result here and refer to Section 3.3 for
precise definitions of these spaces.
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Fluctuation result in the subcritical case o < % The first main result of the

paper is the following [recall the definition of the propagator L[v,] in (2.6)]:

THEOREM 2.7. Suppose a < % Under the hypothesis of Section 2.2, the
random process (ny)n>1 defined by (1.9) converges in law as N — oo to n €
C([0, T1], Vf;g/};éizy)) solution in Vﬁ_’é( py2) t0 the linear stochastic partial differen-
tial equation

t
(2.36) =0+ [ Longds+MP, 1e0.7],

where
237 LifO,w,x):=Llv]fO,w,x)+ (vs, Vof()-T(,- 0, 0)¥(, x)).

The process ng is Gaussian with explicit covariance given in Proposition 4.1 and
MW is an explicit martingale given in Definition 4.2. ng and M™ are indepen-
dent.

Fluctuation result when o > % The second main result concerns the fluctua-
tions of (1.1) in the supercritical case. For technical reasons (see Section 4.5), in
addition to the assumptions of Section 2.2, we restrict here to the case where O is
no longer R™ but a compact domain of R™. The example we have particularly in
mind here is the Kuramoto case where O = R /27 Z. We also suppose here that the
support of the distribution p of the disorder is compact. These further assumptions
are made in order to ensure uniqueness of a solution to (2.38) below, due to the
nonstandard nature of the operator .%; (see Section 4.5).

THEOREM 2.8. Suppose o > % Under the hypothesis of Section 2.2 and the
assumptions made just above, the random process (nn, Hy)n=1 converges in law
as N — oo 1o (1, H), solution in C([0, T1, VE3(33 @ WE(317) to the system
of coupled deterministic equations

t t
= / L{vsT*nyds + f O*H, ds,
0 0
t

(2.38)
M, =Ho+ /O LM, ds,

tel0,T],

where H is a nontrivial initial condition defined in Proposition 4.1 and L[vg]*
(resp., ®* and L) is the dual of the propagator L[vs] defined in (2.6) [resp., of
the linear form ® defined in (2.12) and the linear operator 5 defined in (2.15)].

REMARK 2.9. The assumptions of Theorems 2.7 and 2.8 do not cover the
case of FitzHugh—Nagumo oscillators [that is when only a one-sided Lipchitz con-
tinuity on ¢ as in (2.22) and polynomial bound on c is required]. A careful reading
of the following shows that the tightness results (Theorems 3.23 and 3.24) are in-
deed true in the FitzHugh—Nagumo case. We impose these restrictive conditions to
establish uniqueness of the limits.
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Comments on the critical fluctuations o = % In the critical case @ = %, it is

expected that the correct scaling is ay = +/ N although the techniques used in this
work do not seem to make this intuition rigorous. Nevertheless, a closer look at the
proofs below shows the following partial result.

PROPOSITION 2.10 (Critical fluctuations). When a = %, under the assump-

tions of Section 2.2, the following convergence holds in C([0, T, VK_JEZ/ if:zy)):
v N

(2.39) ——(wy —v)—0, as N — oo.
InN

3. Tightness results. This section is devoted to the tightness of ny and Hy,
based on their semimartingale decomposition (2.11) and (2.14).

3.1. First estimates on V. We recall here some simple estimates of the ker-
nel W:

LEMMA 3.1 ([21], Lemma 2.5). There exists a constant C that only depends
on o such for all (x,y, z)

1 1
3.1) |\Il(x,y)—\If(x,z)|5Cd(y,z)<d(x’y)a+1 +d(x,z)a+1>‘

LEMMA 3.2 ([29], Lemma 6.1). For all 8 > 0, there exists a constant C > (
(that only depends on B), such that for all N > 1, for all i € Ay,

. . —B N, l.fO<,3<1,
(3.2) ) d(i L) <c{NmN, Fp=1
' . . \2N’2N - ’ -
JEAN, j#i NA, ifp>1.

REMARK 3.3. An easy consequence of Lemma 3.2 that will be continuously
used in the following is that, since o € [0, 1):

1
(3.3) sup sup —— Z W (x;, x;) < —+o0.
N>lieAy |AN| jeEAN

The following (very simple) lemma is at the core of the difficulties of the paper:
the rate of convergence, as N — oo, of the Riemann sum associated to the function
X x% to its integral is N'~% which is in particular smaller than the Gaussian

scaling W, when o > %

LEMMA 3.4. Foralla €[0,1), N >1andi € Ay, the quantity

(3.4) N“"‘(L > \I-’(x,',xj)—/X\IJ(xi,)?)dX)

AN 2R,
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is independent of i € Ay and converges as N — 00 to a constant x (o) % 0 (that
depends only on o).

PROOF. From the definition of d(-, -) in (1.2), a direct calculatlon shows that
Jv W (x;, X)dx is actually mdependent ofi e Ay and equal to 1 ~ - Moreover, one

directly sees from (1.2) that |A | Yieay Y(xi, xj) = Nl_a (Zk | ka) M. By
a usual comparison with 1ntegrals

il /Nldt+1+ 1 /1< 1)”2—:1 o s

L L I o«

=k 1t 2 2N* Jo (u + k)l
N1« 1 1 1 1 1\ V=l o

= — — — — = — _du.

I~ 1-a 27 2Na /o(” )Z(quk)‘”+1

Defining C () ::—ﬁ—i—%—fl 2)Zk I Wdu;ﬁO one obtains

+00

N1 o 1 o
Z +C()+2N“+/< __>Z(u+k)“+ld

Consequently,

Z 205 Nl—a a—1

BRI T ( 4 Cla) +rN) -

IA | exy l—« N
2¢ 24C () 20 201

T1_a N« Ty’ N

where ry — 0 as N — o0o. Lemma 3.4 follows with y («) :=2C(x). O

3.2. Estimates on the nonlinear process. The tightness result is based on a
coupling argument: for all i € Ay, define the nonlinear process 6; associated to
the diffusion 6;, with the same Brownian motion B;, initial condition 6; o, disorder
w; and position x;:

_ t _
Oir =0i0+ /0 {cOi s, wi) + [TV, v51(0; 5, wi, xi) } ds + Bj,

3.5)
tel0,T],i e Apn.

REMARK 3.5. Note that, due to the rotational invariance of X', the function
0,w,x)— [I'Y, 1], w, x) is actually independent of x [see (5.8)], so that the
definition of 6 (contrary to the microscopic particle system 6; y in (2.4)) does
not depend on the position x;. But we keep this dependence for consistency of
notation.
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The following proposition quantifies how good the approximation of 6; by 6; is
shown in the following.

PROPOSITION 3.6.  Recall the definition of the scaling parameter ay in (1.10).
There exists a constant C > 0 only depending on T, c, I" and WV such that

C
(3.6) E(max sup |6;., — ,,,|8) <—<. 1=N.
IEAN1<T aN

The proof of Proposition 3.6 is given in Section 5.3.

3.3. Weighted-Sobolev spaces. We introduce weighted spaces of distributions
[16, 28] for the study of processes ny and Hy. The definitions are given in two
steps, since 1y acts on test functions of one variable T +— f(t) whereas Hy acts
on test functions of two variables (t, T) — g(t, 7). The only thing that differs from
the usual Sobolev norm is the presence of a polynomial weight made necessary for
the control in (1.1) of the term (0, w) > ¢(6, w) on O x &.

Sobolev spaces on O x £ x X. Recall the notationt = (6, w,x) e O xE x X
and the definition of «, ¢ in (2.23) and of P in (2.21). For all [,/ > 0 and p > 0,
define the norm || - ||, ;. ;7 over test functions T — f(7) by

/ Dk f(0) |2 )
—dr ) ,
(1416 + |wl")?

where, if k = (k1,...,kp)and T = (0, w,x) = @D, ...,0m O oM x)
we define [k| i= T2 ki and DEF(x) i= o -0k, 0t abni ok £ (o).

Denote by Vi;l/ the completion of regular functions with compact support under

(3.7) 1 fll s = (

[k|<p

i . . r,
the norm || - || .17 (Vf,;l oIl p,2,17) is an Hilbert space. Denote by Vl_’lp, its dual,
with norm || - || ; 1.
Denote as Ci;l/ the Banach space of functions f with continuous derivatives up

k n
D /6.0 01 _ o for all k| < p. Endow

to order p such that limjg|4 |- 0o SUP ey AT

this space with the norm || - || Ll given by
p

|D¥ £ (1))
3.8 /= sup ————.
( ) ”f”C;?/ kIZSp ‘[p 1 + |9|l + |a)|l

One has the continuous embeddings (see [2] or [16] Section 2.1):

(3.9) Vi s el r=0,9> P21, >0,
(3.10) cl s VK s ks ks Dy,

r r — 2 2
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and the Hilbert—Schmidt embedding

(3.11) A

e VIPRITR > 0,9 > P/2, k> P/2,1,1' 2 0.

The corresponding Hilbert—Schmidt embedding holds for the dual spaces:

(3.12) viklk gt r>0,g>P/2,k>P/2,1,I'>0.

Sobolev spaces on (O x £ x X)%>. We now define similar Sobolev spaces for
test functions of two variables (z, T) — g(t, 7). Forall [,/ > 0 and p > 0, define:

IDEDEg(r D\

(3.13) Iglpar=( 2 T~—/2dtdt)’
lk|+1k|<p e s
and
|DEDEg(z, 7)]

314 = RN S
(.14) 811 WHZ];K P LD

<p

where the weight w is given by
(3.15) w(t, T,4,1) = (14101 +161) (1 + |0 + &)

.. ’ l’l/ /
Define similarly (W5! || - (1100, (W2, L1+ [l =p.7) and (C5" || - ”Cﬁz’l,) the cor-

responding spaces. We use for simplicity the same notation for the norms above,
since the distinction between both cases will be often clear from the context. Sim-
ilarly, one has the embeddings

(3.16) W s el r20,9> P =0,
(3.17) CH' s WEK' >0 k>m+ LK >n+1,
(3.18) WhL s WIHRIHE > 0.5 Pk > P> 0,

I+k,l'+k LU
(319) W_r — W_(q+r)a

For the proof of tightness of (ny, Hy) and the identification of its limit, we will
need in Section 4 several instances of the spaces V and W, for different choices
of the Sobolev parameters (p, [,1’). In the rest of Section 3, we work with general
parameters and the precise values of the parameters will be specified in Section 4.

r>0,g> P, k> Pl I >0.

DEFINITION 3.7. Fix two integers kg > 0 and 1y > 0 and define [recall (2.25)]
(3.20) (k1,t1) = (ko +y,0+¥).
Note that the definition of (k, k1, Lo, t1) ensures that the Sobolev embeddings

(3.11), (3.12), (3.18) and (3.19) are true with [ = kg, I’ = 19 and k = y (provided
the regularity index ¢ is such that g > P).
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Continuity of linear forms. We place ourselves in the context of test functions
of two variables. Define the following linear forms describing the variations of the
test functions with respect to either (6, w) or to the space variable x.

DEFINITION 3.8 (Continuity in 6). For fixed t = (0, w,x), T = (6,®,%) €
O xEx X,and t, 7w € O, define the linear forms:

3.21) Riznn(g):=g0,0,x, é, 0,X)—g(mw, w,x,7T,0,X),
(3.22) Sr7(8) :=g(z, 1),
(3.23) T:7(g) :=divg g(7, T) +divs g(7, 7).

DEFINITION 3.9 (Continuity in x). For any a,b € X, A subinterval of X,
TeOXEXX, N>1,iecAy, (11,...., ) €O XEXXON, r=1,...,m,
& e M1(O x &), define the linear forms

Ug) = ur,a,b,A,S (g)

(3.24)
= / Wb, §) / (¢(, 8,8, a) — g(z.0, &, 7))E(d6, dd) dF,
A

1
(325 V(g) = Un.ir(8) :=—— > & (Tk, )W (xs, X;),
IANT 2R

(3.26) W(g) = Whn.ire(g) i=/89<r>g(fi,f)‘I’(Xi,f)é(dé,d@)df-

PROPOSITION 3.10. Forall t,t,n, 7, for any g > P + 2, the linear forms of
Definition 3.8 are continuous on WZI’” , with norms:

IRz 27,7l ~gucr < C(18 =7 +16 = 7 1) ey (7, T, 70, 7).

1S 2l —g.x1, < Cw(T, T,K1,01),

17221 =g.er, < Cw(T, T,K1,L1),
where w is defined in (3.15) and
B2 X (T T, 7) = 14101 + 1011 + |7 [ + |7 + ol + |@]"
and where the constant C is independent of (t, T, 7, 7).

PROOF.  We prove the first estimate of Proposition 3.10. Fix g regular, with

compact support in (6, w, 8, @).

|Rt,f,n,ﬁ(g)| = (|‘9 -+ |é — 77[|)

X sup Z(au(’)g(u’ w,X,V, CT), i) + 3v(r)g(u, w, X, U, (I), i))

u,v
Ur=1
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<C(10 —m|+10 = T|) Xy (7. T, 70, gl ern

< C(160 = 7| +10 = 7 1) Xy, (7 T 70, €l g 1 [by (3.16)],

where the supremum in the first inequality is taken over |u| < |6] + |§| and |v| <
|7r| 4+ || and where the integer P is defined in (2.21). The result follows by a
density argument. The proofs of the estimates on S and T are similar and left to
the reader. [

PROPOSITION 3.11. Forany g > P + 2, the linear forms of Definition 3.9 are
continuous on WZ‘ 1 in the sense that

(328)  WUll—g.r,e0 < C(1 4101 + |o]") (sup |a—x|)/AIIf(b,)E)di,

xeEA

C
(329 WVl —gur < = D w(tk T k1, )W 00, X)),
IANT 2R

(330 IWlgurn =€ [ w(E 5kt 06, o).
PROOF. Using the moment estimates of Proposition 2.6,

Ug)| < /A Wb, 7) di

/(g(r, 6,d,a) — g(t,0,d,%))E(d0, dd)

<Cligllgn /w(r,f,/q,Ll)g(dé,d@)fA\p(b,)ma—;z|d)z

< Cllgllgra (1+161° + [0f") (sup b —al) [ Wb, ).

XEA

The proof for V and W are similar and left to the reader. [

3.4. Tightness criterion. 'We prove tightness for both fluctuation processes ny
(1.9) and Hy (2.7) in suitable V and W defined in Section 3.3. We recall the
tightness criterion used here ([23], page 35): a sequence of (Q2y, Fy ;)-adapted
processes (Yn)y>1 with paths in C([0, T'], H) where H is an Hilbert space is tight
if both conditions hold:

1. There exists an Hilbert space Hp such that Hy — H (with Hilbert—Schmidt
injection) and such that forallr < T,

(3.31) supE(|[ Y. [17,) < +o0.
N
2. Aldous condition: for every €1, &2 > 0, there exists so > 0 and an integer Ny
such that for every (Fy ;)-stopping time Ty < 7T,
(3.32) sup sup P([| Yy oy — YN, oy +sllm = €1) < &2.

N> s=S0
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3.5. Tightness of the two-particle fluctuation process Hy .

PROPOSITION 3.12.  Under the assumptions made in Section 2.2, for any q >
P +2,

(3.33) sup sup E(|[Hn ., II*, . ,,) < 4o00.
1<Nt<T arnh

The proof of Proposition 3.12 is given in Section 5.4.

REMARK 3.13.  We deduce from (3.33) that sup, -y <7 E(|Hn ||2_q’,q’“) <
o0, which is the main estimate that we use in the following. A fourth moment

estimate is only needed in Proposition 3.16.

PROPOSITION 3.14. Under the assumptions of Section 2.2, the linear opera-
tor £ defined in (2.15) is continuous from ng’f}; 1o 10 W' there exists some

K0,L0
constant C > 0, such that for all g € W 1'p 5,

(3.34) 1258 lg 1,00 = ClIgllg+P+2.x0,10-

PROOF. The first term %AQ 78 in Z g clearly satisfies (3.34). We concentrate
on the second term (7, 7) > Vgg(7, 7) - ¢(#, w): since we have [|Vog(z, T)c (8,

5 _ ) |DEDE(Vyg(z,7)c(0,0)) - . .
NG e = ZIkIJrIkISqf R drdr, it suffices to estimate the

quantity

|D1Vog(z, T)1?|Dac(0, ®)|* | .
drdr,

w(t, T, k1, 1)2

for all differential operators Dy and D; of order smaller or equal than g. Namely,

|D1Vog(z, T)1?|Dac(0, ®) > | .
dr dt

w(t, T, k1, 1)?

[ ID1Veg(z. D) |Dac(6, o) Pw(z, T, ko, 10)*

—J w(r, T, k0, 10)? w(t, T,K1,101)2 drdt
9 9 O’ O 9 9 9
(3.35) ) ! 12
| D2c(8, w)|“w(z, T, ko, to) N
< llg 1700 - T drdt
q+1 w(Tv T7K17t1)

2
= C”g ||Q+P+2,K0Jo’

thanks to the embedding (3.16) and by assumption on ¢ [recall (2.22)]. Note that
the definition of y in (2.25) ensures that the integral in (3.35) is indeed finite. The
third term in (2.15), (z,T) —~ Vpg(z,T) - [['¥, vs](T) can be treated in the exact



FLUCTUATIONS FOR MEAN-FIELD DIFFUSIONS IN SPATIAL INTERACTION 3861

same way, observing that [['W, vg](7) is actually independent of the space vari-
able x [see (5.8)]. It remains to treat the last term (7, T) = (v, Y (-, x)V58(-, 7)) -

IO, w,0,&).Forallt =0, w, x),
(VS7 \Il(a X)Vé‘g(, T))

— / W(y,x) f Vg (. b v, 0, 0, x)& (dr, dp) dy
X OxE

:/ ,O(Z)/ Vig(m, ¢,z +x,0,w,x)é(dr, do) dz,
X Ox&

where [recall (1.2) and (1.3)]
(3.36) p(2) :=min(jz], 1 — |z[) ™

belongs to L!(X). In particular, for any differential operator D (acting on
(6, w, x)) of order smaller or equal than ¢,

| D(vy, W (-, x) Vg (-, 7))

2/ ,O(z)/ D[V;g(m, ¢, 2+ x,0,w,x)]&(dr, dp) dz
X Ox€&

= Cliglcsomollolir ey /o 5(1 + 170+ 101°) (1 + 181 + |w]©) &, (drr, d)
X

< Cligllg+P+2,c0,10 (1 + 101 + |@]),

since &; has finite moments of order x¢ in 6 and ¢ in w (recall Proposition 2.6).
Since I'(-, -) is supposed to be regular and bounded as well as its derivatives (recall
Section 2.2), it suffices to estimate,

/ID(vs,‘11(-,JC)V(§g(-,f))|2
w(t, T, K1, (1)2

drdrt

(141010 + |w]©0)>

2
=< C||g||q+P+2,l{0,[0 / w(T E K1 L])Q drdr
9 9 9

2
=< C”g ||q+P—|—2’K0’[0‘

This completes the proof of Proposition 3.14. [

PROPOSITION 3.15.  Under the assumptions of Section 2.2, for any g > P +2,
® defined in (2.12) is a continuous linear operator from V;‘:fg 1o 10 W', that

is, there exists a constant C > 0 such that for all f € Vg‘i‘g 42
(3.37) [P Uy iy = CUF g P2,0H0-

PROOF. Straightforward, since I" and its derivatives are bounded. [J
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PROPOSITION 3.16. For any q > P + 2, the remaining terms Fn and Gy in
the semimartingale decomposition (2.14) of Hy converge uniformly in time to 0,
as N — oo, in W'il;' : more precisely, there exists a constant C > 0 such that

C

(3.38) SUpE(| Fn 112 .0y) < )
t<T N

) c

(3.39) supE(IGN.( 12 00) < —
t<T ay

The proof of Proposition 3.16 is given in Section 5.5.

PROPOSITION 3.17. For any g > P + 2, the process Mg{) defined in (2.20)

Kl t

is a martingale with values in W_"' and there exists a constant C > 0 such that

2

(H) an
(3.40) supE(HM ||_q ‘. t1) < Cm.

The proof of Proposition 3.17 is given in Section 5.6.

REMARK 3.18. Due to the embedding (3.19), one has || - [|—(g+P+2),x0,00 =
C|l|l=g.k,.1,» SO that every estimate [especially (3.38), (3.39) and (3.40)] involving
the || - [|—g,«,,,,-norm is also valid for the || - || - (g4 P+2),xp,,0-NOrM.

PROPOSITION 3.19. Under the hypotheses of Section 2.2, for any ¢ > P + 2,

the two-particle fluctuation process Hy belongs uniformly to WKO(;O+ P+2):
(3.41) sup E(sup | Hn, 1> < 400.
K}{’/ (t<¥ t1=(g+P+2),x0, zo)

PROOF. Let (,),>1 be a complete orthonormal system in Wq‘lrtg +2- Then,
forall p > 1,

t t
<HN,t,wp>2sc(mN,o,wp)zw / (Hvss Zopry)Pds + T /O Py 2 ds

+T/ G s pl2ds + (M0 12>,

so that, by Doob’s inequality,

(3 sup(tn.r v, )?)

p>1 t<T

sc(E<Z<HNowp)+T/ B(3 (s Lo ) s

p=1 p=1
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+T/ (Z|FNS¢,, )ds+T/ <Z|GN,swp|2>ds

pzl p>1
+E(Z}M(H) |))
pzl
Since B(sup, 1 10,112 (g1 p12 wg) = ECE p1 80Py <7 (Hiv1 ¥p)?), we obtain

from the previous bound that

E(sup IHw 12 (q+P+2).k0, to)

l’<

T
< (B0 g pamrsgie) + T [ B( X (s 2 s

p=1
(3.42) -

T
2 2
+ T/O E(IFN 1= g+ p+2).10.00) 45 + T/O E(IG N5 IZ g+ P+2),k0.0) 9

MG 1210000
Using (3.40) and Remark 3.18, one obtains that
(3.43) sup E(| MY s p22)00) < T00
and using (3.33), one obtams a similar bound for the initial fluctuations
(3.44) sup E(I1HN.0l1% (g p12) sp.i9) < T00-

Moreover, if one introduces the linear form €y s : ¥ — (Hy s, -Z5 ), we see from
Proposition 3.14 that £y is continuous on W ;4 p2) «..o: indeed, for all ¥ €

Wig+P+2).k0.10
N s < IHN sl =guer.o 145V gt
< ClIHN sl —qura ¥ g+ P12.0000  [bY B.34)].
In particular,

B( 3 (s L)) = Bl g1 2 10) = CE(Hn el )

p>1
< C sup sup E(II/HN,sHZ_q,KHl) < 400 [by (3.33)].
1<Ns<T

Putting the previous estimate as well as (3.38), (3.39), (3.43) and (3.44) into (3.42),
one obtains the result (3.41). Proposition 3.19 is proven. [J

The rest of this section is devoted to prove the tightness of the two-particle
fluctuation process Hy. We follow here the lines of [16, 24, 28].
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PROPOSITION 3.20. Forall g > P+2,forevery N > 1, the trajectories of the

two-particle fluctuation process Hy and the martingale M%{) are almost-surely

. . K0,L0
continuous in Wq+P+2.

PROOF. We only prove the result for H y, the proof for Mﬁi) being similar.
Using again a complete orthonormal system () p>1 in WZ?:}’, 42> We know that
(see the proof of Proposition 3.19) with probability 1, for all € > 0, there exists
po > 1 such that Zp>p0 sup, <7 {(Hn.1, Wp>2 < %. Let0 <¢ <T and t, asequence
converging to ¢, as m — oo. Then

2
IHN 0 = HN I (g4 P12) k0,10

= Hny — Hni ¥p)
p=1

PO
<Y Hny = AN Up) P 2> (HN ot ¥p)* + s ¥)?)

P>Do

p=1

Po ) e
<D (M = ¥p)* + 5 <,
p=1

for #,, sufficiently close to ¢ (by continuity of the map ¢ — (Hy ,, V) for all
p=po. U

K0,L0

PROPOSITION 3.21. The process Hy is a semimartingale in W—(q+P+2

in this space

) and

t t t
(3.45) Hy.=Hyo+ /O L Hy .y ds + /O F.sds + /O Gy ds + M3,

where £ is the adjoint of Z; and M%{) is a martingale in WK_O((L;’_’_ p42) With

Doob—Meyer proce’fs L((Mﬁ{) ) with values in L(W;‘:f}; Iy W'f)(;(ﬂr pi2)) is given
0-t0

for every @, qu+P+2 by

2 t
(3.46) <<M$))>,<¢><w)=(M§$*)¢,M§3“‘)w>t=|j‘i—fjvl fo by s (VN (@, ¥) ds,

where for any measure . on O x £ x X [we recall (2.3) and write 6 =
@D, ....0m)e0],

by s (W@ P) =Y / (@50, 0) W, 1], (D[ B0 Y)W, AL, (IA(AT)
r=1

(3.47) +> / By p(t, W (x, Dy (F, ¥)A(dD)A(T)
r=1
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+3 / B ¥ (T, DU (x, DY (7, )0 (dD)A(dF)
r=1

m
+ 3 [ e @ i
r=1
and

1
eV (T, 0) = —— 3 doo(r, 1)V, x))
’ AN ieny

(3.48)
- / g (T, T)W (x, X)vs(dT).

PROOF. It is a simple adaptation to our case of [16], Proposition 4.5. We re-
fer to it for details. Note that, using the independence of the Brownian motions
(Bi)ieAy» One has

(M0, MGy,

2 m ;
a
:|AN|4 Z Z/o 5009 (Tis» Tjs) W (xi, X5) Oy
N1 i jkeny r=1
x w(l—k’s’ T]?‘S)llj(xk’ x])dS
2 m
b S [ i W e (s ¥ ds
|A |3 0 g(r)(p 15> b],8 irXj N,s .55
N i,jeAnr=1
2 m
* - Z Z ta~ ¥ (Tis, Tjs)W(xi x‘)f(r) (tj.s,p)ds
[An|3 0 G(r) i,55 Tj,s i X))En s (Tis, @
N i,jeAnr=1
2
L N Zi le(r (T 0. )€ (5;.5. ) ds
|AN|2 0 N.,s i,s: P N.s(Ti,ss ,

ieAyr=1

which is precisely (3.46). [

PROPOSITION 3.22. The sequence of the laws of (MS{))NzI is tight in

PROOF. We prove that Mg\f]) satisfies the tightness criterion of Section 3.4:
by Proposition 3.17, the first part of the tightness criterion above is verified for
Hy = W'il(}” and H = W'?(;‘L p42)» since the embedding W'ilq’” (N W'io(;; P12
is Hilbert—Schmidt. The second part of the criterion is verified if (by Rebolledo’s

theorem, see [23], page 40) it is satisfied by the trace tryo- ((MEVH) ».Lete) >
—(g+P+2)
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O and Ty < T be a stopping time. For a complete orthonormal system (¥,) ,>1 in

Wg‘j:;l - We have
(H) (H)
P(|tr "0(‘31,”)(( N ))TN+s - trW'i()(;;&P+2)(<MN >>TN| > ¢1)

1 Tn+s

< —E(/ tryy<o-0 bN,u(VN,u)d”)
&1 Tn —(g+P+2)

Tn+s
<—ZZ (/ /(/%(r)lﬁp(fl,fz)

p>1r 1

2
« wxl,xz)wv,u(dn)) vN,u<dr2)du)

+ ZZE(f [ v v du)

p>1r 1

2 Tn+s
+_ZZE(/ /3 n¥p(t1, )V (x1, X2)

x €0 (22, Y p)on (AT vy 1 (dT2) du)

=AN1+AN2+ AN 3.

We only treat the first term above and leave the remaining two to the reader

1
A= ZZ (fr ot 2 (et T e

p>lr 1 i€EAN JEAN

2
X W(x;, x,-)) du)

~n ol

where Vy ; , is the linear form introduced in (3.25) for the choice of (t1 4, ...,
Tv.u). By (3.29), one obtains [writing w(tk ,, Ti,,) instead of w(zk . Ti u, k1, (1)1,

Z Vi, r|| (q+P+2).K0.t0 du)
ieAy

Cm Tnts /] 2
Ay, < SE([ (G T e ) d)
81|AN| iGAN TN |AN| kEAN
Cs
= Y Wl )W O x)E(SUp Wk T )W (T T )
81|AN| i,k,lEAN u<T
Cs
< —

— ’

&1
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using Proposition 2.6 and Remark 3.3. This term is lower or equal than any &, > 0
provided s is sufficiently small. The treatment of the remaining terms can be done
in the same way, using the continuity of the linear form Wy defined in (3.26). [J

THEOREM 3.23. The sequence of the laws of (Hn)n>1 is tight in C([0, T],
K0,
W—O(q(ii-P—i-Z))'

PROOF. Proposition 3.12 implies, as in the proof of Proposition 3.22, that the
first item of the tightness criterion of Section 3.4 is satisfied for the process Hy .
We verify now the second part of the tightness criterion. Since it is verified for the
process My,'[) (see Proposition 3.22) it suffices to prove it for the three terms [re-
call (3.45)] 3 L¥Hn s ds, [§ Fn.sds and [§ Gy ds. Concerning [ L Hy s ds,
if (Yp)p>11isa compleFe orj[honorrnal system in Wg(:f}), 42> We have successively,
for all &; > 0 and stopping time Ty < T,

TN-}-S TN
P<H/ gu*HN,u du —/ gu*/HN,u du
0 0

= 81)
—(q+P+2),x0,k0

1 TN+s 2

< —2E( / LIHN udu )
&7 Ty —(g+P+2),k0,t0
S Ty+s * 2

< —2E f ||fu HN,u ||—(q+P+2),K0aL0 du
&1 Ty
s Tn+s

< _ZE(_/ Z(%N,u,fu‘ﬁp)zd”)
€1 v p=1
Cs Ty+s

< _ZE(/ ||HN,M ||2—q,/(1,11 du)
81 TN

By Proposition 3.12, this expectation is finite. The same kind of estimates can be
proven concerning the remaining terms using Proposition 3.16 and Remark 3.18.
The process Hy satisfies the tightness criterion, and hence, Theorem 3.23 is
proven. [

3.6. Tightness of the fluctuation process ny. Note that it is possible to retrieve
the fluctuation process ny from the two-particle process Hy. Indeed, we easily
see from (2.9) that, for all function t — f(7),

(3.49) (N> £) = Hnas F),
for the choice of
(3.50) FO,w,x,0,0,%):=d(x,%)*f0,d,X).

Unfortunately, deriving the tightness of ny from the tightness of Hy is not easy:
the main difficulty is that, whatever the regularity of f may be, the function F in
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(3.50) will always be at most a-Holder in the space variables (x, X), which is not a
sufficient regularity for the test functions and the Sobolev embeddings used in the
previous section.

The strategy we follow is simply to adapt the proof of the tightness of H y to the
set-up of ny. Note that the proof becomes considerably easier since the definition
of the process ny (contrary to H ) does not incorporate any spatial singularities:
in the semimartingale decomposition (2.11) of 5y, all the singularities in x are
inside the term involving H . Due to the similarity between the proof of Theo-
rem 3.24 and the arguments of Section 3.5, we will only sketch the main lines of
proof in this paragraph and leave the details to the reader. Recall the definitions of
the weighted Sobolev spaces V in Section 3.3.

THEOREM 3.24. For any g > P + 2, the sequence of the laws of (NN)n>1 IS

tight in C([0, T1, V50, 1)),
PROOF. Following the same procedure as in Proposition 3.12, it is easy to
2
prove that sup,_ E(IInN,tllz_qul’”) < % Here, || - || - «,,., stands for the norm
given by (3.7). A uniform bound about 5y similar to (3.41), that is,
(3.51) sup E(sup|nn, [ < 400,
153 (tig 1INt (q+P+2),Ko,to)

can be proven along the same lines as in the proof of Proposition 3.19, using the
semimartingale decomposition (2.11) of ny. The continuity of the underlying lin-

ear operator L[v,] from VZ%?) oto A\

(3.52) ILvsTf sy 0y = CUFllg+Pt2.00.00

can be proven as in Proposition 3.14. It is also immediate to derive bounds similar

to Propositions 3.17 and 3.22 about the martingale process Mg\)}) defined in (2.13)
(recall in particular Remark 3.18), that is,

2
a
3.53 E(|M7 |2 <c—AN_
( ) tSlElI]:’) (” N,l‘”—q,lﬂ,[l) — |AN|
The only unusual term in (2.11) is fé (Hn s, PLf]) ds (recall the definition of @[ f]
in (2.12)). Using in particular the existence of a constant C > 0 such that |®[ ]| <

C| fll4+p+2 for any test function f € V;‘i‘g o, this gives that

|(HN,S9 d)[f])| = C”HN,S||—(q+P+2),/co,to||f||q+P+2,Ko,to

and we can use the boundedness of the process Hy in W'io(;o+ p2) broven in
Proposition 3.19 to conclude. The rest of the proof of Theorem 3.24 follows the
same lines as in the proof of Theorem 3.23. [J
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4. Convergence of the fluctuation processes. The rest of the paper is de-
voted to the identification of the limits as N — oo of the couple (ny, Hy) in
C([0,T], V& W) for some Sobolev spaces V and W defined in Section 3.3. Obvi-
ously, since each component of this couple is tight, the couple is also tight.

4.1. Identification of the initial value and the martingale part. Note that at
t =0, the marginal &y(df, dw) on O x & of the McKean—Vlasov process vg (1.8)
is equal to ¢(df) ® u(dw) (see (5.6) below).

PROPOSITION 4.1. For any g > P + 2, under the assumptions made in Sec-
tion 2.2, the sequence (nn 0, Hn 0)n>1 of the fluctuation processes at t =0 con-

verges in law, as N — 00, in VK_O(’;O_’_ pi2) ® W'io(;o+ p12) to the process (no, Ho)
defined by

. 1 . . KQ,LO KQ,L) .
o ifx < 5> (Mo, Ho) is a Gaussian process on V_(q+P+2) ) W_(q+P+2) with
covariance,

(&) )

=Cy(f1, )+ Cpu(fi1,82) + Cypu(f2,81) + Culgr, g2),

@.1)

where

1
Cy(f1, f2) = Ef)({(fl(',x)fz(-,x),fo)—(fl (-, x), &) f2(-, x), &)} dx,

1
Crulf. )= 3 fX (£ (08, &l x). &)
(42) _<f(’x)ag0)<[glpv 50](,x),50>}dxa
1
Crlgr 82) =5 /X{<[g1w, w0l 1) [g2¥, vl (-, %), &)

- <[g1 \'I‘Jv VO]('7 x)’ so)([g2‘p7 UO](" x)’ éo)} dx9

where f1, f>» and f (resp., g1, g» and g) are test functions on O x £ x X

(resp., (O x & x /1’)2), (f (%), 80) = Joxe [0, 0, x)€0(d6, dw) [recall (2.1)]
and where [gW, 9]0, @, X) = [gWV, vol2(0, ®, X) [recall (2.3)].
o ifa > %, (no, Ho) is a deterministic process given by

no =0,
@9 IWO’ g) = x(a)f g0, w,x,0,d,x)E(d0, dw)&y(dd, dd) dx,
(OxE?2xX

for any bounded C? bounded function g with bounded derivatives and where
x (@) is the constant defined in Lemma 3.4.



3870 E. LUCON AND W. STANNAT

The proof of Proposition 4.1 is given in Section 5.7.

We identify now the limit of the martingale part My := (Mg\?), Mg{)) in the
&mimartingale decomposition of the process (ny, Hy) (2.11) and (2.14). Here,
My is seen as a square integrable martingale in V'ﬁ)(’;(ﬂr pi2) @ W'ﬁ)(;ﬂr p2)» for
anyqg > P +2.

DEFINITION 4.2. Define the process M = (M® , M®*)) e V’i"(’;‘)+ pin @
WS,

1. Ifa < %, M is a Gaussian process with covariance,

\ (1~
() (2))
@4)  =E(MP )+ M) M () + M (g2)))

=K1, )+ K8 (1 g0 + K8 (£, 80 + K0 (61, 82),

where (g ) (g) € V;ﬂ’_tg_s_z @ Wg(itg_ﬂ, s,t€[0,T] and

1 SAt m
KR f) =5 /0 / gl 891 1(7) B f2(T)va(dT) dut,

1 [sAt m
KIPF=5 [ [ Xt FOI000 % v, Eud du,
0 r=1
4.5)

]C(H)( '_1 SAL m 5 v -
st (81, g2) = 2 Jo E [( g(r)gl) s Vu]z(f)
r=1

x [(35) 82) W, vu ], (F)vi (dT) du.

2. Ifa > %, M =MD MY is equally 0.

PROPOSITION 4.3. For any q > P + 2, the process MN = (M(n),

/\/15\7,{)) N>1is a martingale in V'ﬁ’(’é"_F pi2)® W'ﬁ)(;o_F p2) With Doob—Meyer process

(M) with values in L(VES'S, @ WO V00 @ Wl ) given

q+P+2 q+P+2" ¥ —(g+P+2) —(g+P+2)
by
i M\ (f2
(Ml (g1> (&)
(4.6) = (M), PO + (M), () e + (M), (F)(g2)

+ (M), (g1)(g2).
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In@.6). (1), (£) eVi's , @ WS, and

(M), ()

4.7) 2

Z / Zag(r)fl(el Saa)lv-xl)ae(r)fZ(el s @, x;)ds

2
IANI e

is the Doob—Meyer in L(Vq+P+2, V'io(’;(;PJrz)) associated to ME\’;), ((M%{) N is
given by (3.46) and

(4.8) N|3 Z /289(’)f(rjs)ag(r)g(fls7fjs)lp(xz,xj)ds
i,jEAN
2 Z / Zae(’)f(fl S)ENS(Tzs,g)ds
ieAy

where 61(\7)? is given in (3.48). Moreover, under the assumptions made in Sec-

tion 2.2, the process (My) N>1 converges in law in V<o ( p + pi2) @ W'io(;o+ P42)

as N — 0o, to the process M given in Definition 4.2.

The proof of Proposition 4.3 is given in Section 5.8.
The following result is a straightforward consequence of the independence of
(05,0, wi, Bi), i € An.

PROPOSITION 4.4. In the case of « < %, the processes (0o, Ho) introduced
in Proposition 4.1 and M = (MW, M) defined in Definition 4.2 are indepen-
dent.

4.2. Identification of the limit. So far, all the analysis has been made for gen-
eral Sobolev indices (g, ko, tg). We now specify the adequate parameters: recall
the definition of (k, t) in (2.26) and (2.27) and define

(4.9) g:=P+2 and (xo,t0):=(K+y.,L+V),

so that by definition of (k,t1), k1 =k and ¢; =t [recall (2.26) and (3.20)].
The conclusion of Section 3 for this choice of parameters is that the process
(v, Hy)v=1 is tight in C([0, 71, VES5T @ W) and that any of its accu-
mulation point (1, ) belongs to the same space. In order to have a closed formula
for (n, H), we need to increase the regularity of the test functions, and hence, en-
large the space of distributions: we will give a characterization of (1, ) in the
larger space C([0, T, Vﬁ_’é(},ﬂ) ® Wf’é(P+2)).
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PROPOSITION 4.5. Under the assumptions of Section 2.2, the process
(N, HN)N>1 has convergent subsequences in C([0, T], V%erz/ ﬁizy) ® ngg’ Iﬁ-,izy))

and any accumulation point (n, H) is a solution in Vﬁ_’é( pi2) @ Wﬁ_é( p2) l0 the
following system of coupled equations:

t t
m=n0+f L[vs]*nsds—l-/ O*H, ds + MM,
(4.10) 0 0 tel0,T],

! (H)
Ht:HO+/0 zj%sds—i_M[ )

where (no, Ho) is defined in Proposition 4.1, (M MM is given in Defini-
tion 4.2 and L[vg]* (resp., ®* and L) is the dual of L|vs] defined in (2.6) [resp.,
of ® defined in (2.12) and %; defined in (2.15)].

PROOF. Consider a subsequence [that we rename by (ny, H ) for simplicity]

converging in C([0, T'], Vf;g’;f:zy) @ WK_JQE’ ;f:zy)) to (n, H). We easily deduce from

(3.41) and (3.51) that
2 2
(4.11) E(g?(”%”—2<P+2>.g+m+y + 100220129 4 y.cty)) < 00

An application of (3.34), (3.37) and (3.52) in the case of ¢ = 2(P + 2), ko = k and
to =t leads to

”L[Us]f||2(P+2),£+y,£+y =< C”f”?)(P-FQ),E,p
(412) ”CD[f] ||2(P+2),g+y,£+y =< C||f||3(P+2),£,y
1-Z5gllap+2).cty.ty < ClgN3P+2).k.0-

Estimate (4.11) together with (4.12) shows that fé L[vg]*nsds and fot O*H, ds
(resp., fé 2 Hsds) make sense as a Bochner integral in Vﬁ_é (P+2) (resp., in
Wfé (p+2))- Furthermore, Proposition 4.1 and 4.3 concerning the convergence of
the initial value (ny,0, Hy,0) and the martingale part (M("), ./\/lg\?,i)) and Proposi-
tion 3.16 are also valid for the choice of the parameters g = 2(P + 2), ko = k and
to = t. Moreover, for every (g) € Vg&, 12 ® Wg(ip 12, 1 €10, 71,

t
(Nts £) = (In.0s )+ /0 (.5, LIvs]f)ds
t
+f (Hu s, ®LFT)ds + M. f,
(4.13) 0 ¢
My g) = Hno.g) + /0 (H.ss-Zog) ds

t t (H)
+f0 FN,Sgds—l—/O Gnsgds + My g
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For fixed ({g; ) in Vg&ép +2L) ® Wg(ju +2)> define the continuous functional from
K, K,

t t
(U, f) — (o, f) — / (i, L[vs] f)ds — / (5, D f1)ds
fg(u,v):= 0 p 0

(v 8) = (v0.8) = [ (0. Zig) ds
Since (1) in V35,5 @ Wiip o) = Va5 @ W55 and since (3, H) is an
accumulation point of (ny, Hy) in C([0, T'], Vf;g’ };fzy) ® WK_JZFZ/ ILL:ZV)), one has that
Mye(mn, Hy) — M fg(n,H), as N — oo, which completes the proof of Propo-

sition 4.5. O

4.3. Some uniqueness results. We derive in this section two uniqueness results
that will be useful in the following. The first one concerns functional equations

driven by the linear operator ,,2”5(1) defined in (2.16). The second one addresses the
same problem about the linear operator L[vg] given by (2.6). We treat in details

the case of .,2”5(1) in Section 4.3. The treatment of the operator L[v,] being strictly
identical, we only state the result in Section 4.3 and leave the proof to the reader.

Uniqueness for linear functional equations driven by .i”s(l). Recall the defini-
tion of the operator ,iﬂs(l) in (2.16). Forall0<s <t <T and (1,7) € (O x £ X
X)2, define as Xs1(7,T) 1= (O (1), (:)S,,(f)) the unique solution of the following
stochastic differential equation in (R™)2:

t
Oy (1) =0 + / o(t, O, (), ) dr + B, — By,
(4.14) :

~ ~ t ~ ~ ~
Ou,(®) =0+ [ v(t.6,,(0).0)dr + B~ B,
S
for two independent Brownian motions B and BinR™ (1,7)=(0,w,x,0,d,%)
and where
(4.15) v(t,0,w) =c(®,w) + [TV, 1,](0, w).

We recall here that the quantity [["W, v;] is indeed independent of x (Remark 3.5).
Define for any test function g

(4.16) U1, 5)8(t,7) =Ep 3(g(Xo(r, D))

PROPOSITION 4.6. Under the assumptions of Section 2.2, for any functional
R inC([0, T], Wﬁ_’é(m_z)), there is at most one solution in C([0, T, Wﬁ_;glptizy)) to
the equation

t t
4.17) A,:/O (.fs(l))*.Asds+/O Ryds,  t€[0,T], in W35,
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Moreover, one has the representation
! 0.0
(4.18) A = /0 U(t,s)*Ryds, in C2ypg)s
where U is given in (4.16).
The proof of Proposition 4.6 is given in Section 5.9.

Uniqueness for linear functional equations driven by L[vs]. We now state
similar results for the operator L[vs] defined in (2.6). Since the proof is iden-
tical to Proposition 4.6, we only state the result. For all 0 <s <f¢ < T and
T=(0,0,x) €O x & x X, define as Y; () the unique solution of the follow-
ing stochastic differential equation in O:

t
(4.19) Ys,t(t):9+/ v(t, Ys.r (1), w)dr + B, — By,
N
for B Brownian motion in O and v defined as in (4.15) and introduce the flow

(4.20) V(t,s)f(x) =Ep(f (Y (1))

LEMMA 4.7.  Under the assumptions of Section 2.2, the operator L[v;] is con-

. 0, 0,2t
tinuous from Csp ¢ 10 C3p o)

|}L[Ut]f||cgbzpt+2) S C”f”Cg}i+8’ re [07 t]v

LIl f = LIvlf o <Clifllcoe lt—sl,  s,2€[0,T].
3(P+2) 3P+8
For any j <3P + 8, the operator V(t,s) is a linear operator from C?’O to C?’L
such that

(4.21) [V, ) f| 00 < ClLFIl 00, 0<s=<r<T,
J J

4.22) |V, s)f=V(t.s)f] 00 < Cllfllcoo Vs —s, 0<s<s <t<T.
J J+

Moreover, the following backward Kolmogorov equation holds: for every f €

0,0 .
C3P+9'
t
(4.23) V(t,s)f—f:/ LvV@.r)fdr,  inC3p. ).
N

PROPOSITION 4.8. Under the assumptions of Section 2.2, for any functional
R in C(]0, T], Vﬁ_’é(m_z)), there is at most one solution in C([0, T, VK_JZF(}/}’,L__:ZV)) to

the equation

t t
(4.24) A,:/O L[v,]*Asds—l—/O Ryds,  1€[0,T],in V<5, s
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Moreover, one has the representation

t
(4.25) A = /0 V(t,s)*Ryds,  inC®9ps),
where V is given in (4.20).

4.4. Convergence when o < % The first result of the paragraph concerns the
representation result (2.10) of the two-particle process H in terms of the fluctuation
process 7 is indeed true when o < % (Section 2.1). More precisely, we prove the
following.

PROPOSITION 4.9.  Suppose o < % Under the assumptions of Section 2.2, the
process

(426)  Anigi=(Hn. 8) —(vs (. W), ge WY 1 €[0,T]

converges in law to 0, in C([0, T], Wﬁ_;g/f’,izy)), as N — oo.

REMARK 4.10. Let us admit for a moment Proposition 4.9. This result [ap-
plied to the function g = ®[f] where ® is defined in (2.12)] combined with the

analysis made in Section 4.2 shows that each accumulation point n of ny is actu-
ally a solution in Vf’é( pi2) tO the uncoupled equation (2.36).

PROOF OF PROPOSITION 4.9. The strategy is the following: first, write the
semimartingale decomposition the process Ay (based on the corresponding de-
compositions of ny and Hy), second, prove that any accumulation point is a so-
lution to a linear PDE and third, prove that the unique solution to this equation is
the trivial solution 0.

First, observe that the tightness of the processes Hy and ny implies the tight-
ness of the process Ay itself in C([0, T, WK_JEE/ I;fzy)). Fix now a test function
(z,T) +— g(t,7). An application of the semimartingale decomposition of ny
(2.11) to a regular time-dependent test function (¢, ) — f;(7) gives

t
(N.r fi) = (1,00 fo) + / (x5, LIvs1fy)ds
(4.27) 0

t t
+ /0 (M s, BLAT)ds + MD, £ + /0 (5. B ) ds.
In the particular case of

(4.28) [i@) = (v, ¥(-, D)g(-, D)),
we have, using (1.7),

1
3, fi(E) = <vt<dr>, W(x, f)(EAeg(T, ?)

4 Vog(z.7) - {c(0.w) + [TV, v,]<r>})>
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and

1
Livlfi(E) = <v,(dr), Wi, @(EAggu, 7)

+V;8(t, ) - {c(0, ) + [T, u,](f)})>.
By definition of ®[-] in (2.12), we have also that
O f1(z. T) = vy, W(, 1)V;8(. ) - TO, 0.0,0) = L7 g(z, 7,

where the definition of ,%(2) is given in (2.17). Consequently, one can rewrite
(4.27) as

t
(s (v We)) = (nn,0, (vo, Wg)) + / (1,55 (vs, W2V g)) ds
(4.29) 0

t
+/0 (Hn s, ciﬂs(z)g)ds —i—M%Lﬁ.

Subtracting (4.29) to (2.14) gives, for ¢ € [0, T'],

t t t
AN,zg=.AN,0g+/ AN,S(-’Zg(])g)dS+/ FN,sgdS+/ Gy sgds
0 0
(4.30) a ( )
M( ) VI ft

We already know from Proposition 3.16 that [ Fy sgds + [y Gy sgds con-
verges to 0 as N — oco. We prove that it is also the case for the initial con-
dition and the martingale part in (4.30), when o < % Using Proposition 4.1,
we know that Ay 0g = (Hn.0,8) — (nn.0, (vo, ¥g)) converges as N — oo to
(Ho, &) — (no, (vo, ¥g)). Using the form of the covariance of (ng, Ho) in (4.2),
it is immediate to see that limy_, o An.0=0.

We also deduce from Proposition 4.3 that the martingale part in (4.30) con-
verges as N — 00 to M,(H)g — M,(")ft, where (M, M) is given in Defi-
nition 4.2. From the form of the covariance K ; in (4.5) and the definition of f;
in (4.28), we see that this process is equally 0. Following now the same procedure
as in Section 4.2, we deduce from (4.30) that any accumulation point .4 of Ay in
C([o, 1], WK;E/ PLIZV)) necessarily solves

t
A = / (ZV) A, ds,  1e[0,T).
0
Proposition 4.9 follows directly from Proposition 4.6. [J
Theorem 2.7 is an easy consequence of the following result.

PROPOSITION 4.11. Under the assumptions of Section 2.2, there is unique-
ness in law (as well as pathwise uniqueness) in the limiting SPDE (2.36).
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PROOF. We follow here the strategy used by Mitoma (see [33], Step 3,

page 352) who proved a similar uniqueness result in a slightly different context

of weighted tempered distributions. Let r — n(¢) € C([0, T1, Vﬁ_;z/ 13£:2y)) be a solu-

tion in V23 ) t0 (2.36). For simplicity, we write M in (2.36) instead of M
in the following. Setting

t
(4.31) h(t) :=/0 Lingds =ny —no — M;

and differentiating this quantity with respect to ¢, one obtains that (almost surely
w.r.t. the randomness)

(4.32) %h(t) = L7h(t) + no + M;.

Define for all 0 <¢ < T, all test function f and (0, w, x)

(4.33) Kvlf @, w,x) = v, Vo f() - T, 0,0)¥ (-, x)),
so that the linear operator £; in (2.37)

(4.34) L; = Lv]] + K[v].

Focus for a moment on the regularity of the linear operator K in (4.33): for all
[ > 1, there exists a constant C > 0 such that for all f € CIO", forallu € (0, T]

1 1
(@39) K10 flepo < NS e (g + o7 ).

u%o uao-f-%

where o € [0, %) is defined in Proposition 2.5. Indeed, using the decomposition
1:(df, dw, dx) = p; (0, ) dOu(dw) dx [recall (2.32)], one obtains by integration
by parts

Kv]f (0, w,x)

=" fo . divg(pi (0, ®)T'(0,®,60,w)) f(0, @, D)W (x, %) ddpu(dd) dx
XEXX

=- f divg(pi (0. &) (0, .0,0)) f 0. &, x —2)p(2) A1 (d) dz,
OxExX
where p is defined in (3.36). Hence, for all [ > 1,

1) oo

=3 s
| <1 8-

. A= k
div;(p; (0, @) D,!
/(:)XgXX g(Pt( ) 0

x D2T(0,®,0,w)) D f(0,d, x — 2)p(2) A0 pu(dd) dz
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=Cl e o sup [ v @.)
|k|<l

x DS'DRT(0, @, 6, ))|(1 + |@]') dIp(dd),

where the sum above is taken over all multi-indices k = (k1, kp, k3) such that
|k| < 1. Consequently, using (2.33) and (2.34),

IK[valf] 00
<Clfl (1 - )
—= Cl(),t MO‘O MO[()*F%
/( + @) 1 (dd) > sup (/|D§’wf‘(9_,d),0,w)|d0_>
k|<i+10.0.0 \/ O
<Clfl (1 - )
= CIOJ uao u()[o-‘,—% )

by the assumptions made on pu and I' (recall Section 2.2). Using the semigroup
V (s, t) associated to L[v;], one has

d
EV*(I, wh(u) =—=V*(t, u)L[v,]"h(u) + V*(t, u)(Lhw) + no + M,)

= V*(t, w) (K™ [vulh(u) +no + Mu).

Hence, % is also solution to
t
(4.36) h(t) =/0 V*(t,u)(K*[vu]h(u) —i—no—l-/\/lu)du

The main point of the proof is to see that / solution of (4.36) can be approximated
by the converging sequence (4,),>1 defined recursively as follows:

t
hl(t>=/ VE(t 1) (o + My) du,
(4.37) 0

t
hn(t)zfo V*(t, u)(K* [y lhp—1 () + no + M,,) du, n>2.

Indeed, by the boundedness of the semigroup V (¢, u) (4.21) and by the bounded-
ness of K[v,] (4.35), we obtain that forall0 <u <t < T, forall f € CZ(P+2), for

0,0
allh € C—2(P+2)

K [V (1) f] < [1All oo ||K[vu]V(r,u>f||co,o
—2(P+2)

< Cllhll 0.0

( 1
+
—2(P+2) \ u%o

1 1
<C|h
Clllog, (s + ua0+2>”f”cz<,» N

)”va ) £ o

2(P+2)
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Thus, the sequence (/,),>1 defined in (4.37) satisfies, for all n > 2

tr1 1
Ihnsr ) = b0l oy, =€ [ (o + u0—+2> a0~ b1 oa du

—2(P+2)

Choose now r > 1 such that 1 <r < ﬁ and r* such that % + ri* = 1. Then,
0T73
by Holder inequality, one obtains that ||4,41(¢) — h, () ”2 E,o <C f0’ |, (u) —

—2(P+2)

hn_l(u)llrjgy0 du. By an immediate recursion, for all k > 1, ||hApy144(t) —
—2(P+2)
hn+k(t)||’zyo < Ck i,, so that (h,),>1 is a Cauchy sequence in C([0, T],

—2(P+2)
c%9 o +2)) and thus converges to 4, solution of (4.36). Turning back to n [recall
(4.31)] and writing R(¢) := no + M;, we obtain that n is uniquely written as

t
n,:nli)ngo{noJrM;Jr/ V@, 1) LY R(t) dny
(4.38) +[ / V¥, t)K v I*V*(t,02) L S R(t2) drpdry + -

1 n—1
+/ / / V*(t,tl)K[v,l]*---V*(t,tn)L;';R(tn)dtn---dtzdtl}.
0 Jo 0

This proves pathwise uniqueness. But if one chooses another solution 7 defined on
another probability space, with initial condition 7jo and noise M with the same law
as (no, M) we obtain the same expression as above with R replaced by R (1) =
no + M;. Since R and R have then the same law, uniqueness in law in (2.36)
follows from (4.38). Proposition 4.11 is proven. [

4.5. Convergence when a > % Theorem 2.8 will be proven once we have
established uniqueness of a solution to (2.38). The main issue here is that the linear
operator .%; in (2.15) is not the generator of a diffusion, due to the nonstandard
integro-differential term .i”s(z) in (2.15). In particular, the existence of a semigroup
solving a backward Kolmogorov equation similar to (5.58) is unclear in the case
of .%;. Thus, we restrict here to the case where the state space O is compact and ¢
bounded (see Section 2.4).

PROPOSITION 4.12. Under the assumptions of Sections 2.2 and 2.4, there
exists at most one solution (n, H) in C([0, T], VK_;{;B/) ) WK_}LE/ if:zy)) to (2.38).

PROOF. The supplementary assumptions made in the beginning at the para-
graph ensure that the weighted norms introduced in Section 3.3 are now equiva-
lent to the usual Sobolev norms without weights. The purpose here is to use the
regularizing properties of the heat kernel in those spaces.
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Let (n™W, HD) and (@, HP) be two solutions of (2.38) in C([0, T,
VALY @ WESTET ) The difference H = 1D —H @ isin C([0, T1, W375T)
and solves in Wﬁ_é( P+2)

~ t ~
(4.39) H, :/0 (ZL5) Hy ds.

In particular, it is a solution to the following equation [with unknown A €
C([0. T1, W3IET0T:

t/1 * t
(440) At :A <§A9’é‘) As ds +/0 Rs dS,
where

1 *
4.41) R, = (.,2’} — EAg’é) Hy, se[0,T].

Denote by (6, 0) g: (0, 0) the heat kernel on ©O% and by

(4.42) G(s,D¢(T, T) := g5 * ¢(T, T),

the corresponding semigroup (note that the convolution only concerns the variables
(6, 0)). It is standard to prove a backward Kolmogorov equation similar to (5.58)
concerning G:

i .
(4.43) G(t,s)g—g= / EAe,é(G(I’ r)g)dr, in C3(p+2).
S

By the same procedure as in Proposition 4.6, one obtains that (4.40) has a unique
solution (which is necessarily 7{) that satisfies,

- t
(4.44) H[ = f G(t, S)*RS ds, in C_3(p+2),
0

that is, for all g in C3(p42),

~ ry . 1
(4.45) (Hiv 8) :/0 <Hs, (.ng - 5A9’9~>G(I, s)g> ds.

Note also that the coefficients in .%; do not depend on the space variables (x, X)
(by rotational invariance) and that ®[ f] in (2.12) only depends on x, not on X.
Hence, with no loss of generality, we can consider test functions g depending only
on (6, w, x, 6, @). Using the regularizing properties of the heat kernel, we deduce
from (4.44) that, for some constant C > 0 and some 8 € (0, %),

~ t 1 -
4.46 ol <c/ Y maL ds.
(4.46) IHell-3(P42) < A Sﬂmﬂ sll=3(p4+2yds
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Let us admit for a moment (4.46). Then, following the same procedure as in [13],
Step 3, page 763, we obtain directly the uniqueness for . Consequently, 7 :=
n®@ — M solves

t
(4.47) N = / L[vs]*7}5 ds, tel0,T].
0

Applying Proposition 4.8, we obtain that 77 = 0 and Proposition 4.12 follows.
Hence, it remains to prove (4.46). One has for any differential operators D; and
D> of order g and ¢, such that 3(P + 2),

||Dl(v9G(z,s)g)-(ch)|}§=/(0 . Z)Z{Dl(VQG(t,s)g)-(ch)|2dtdf

gc/ VoG (t,s)D1g|* dr d7
(OxEXTZ)?

<€ IDi1gl3
=1 18113-

The term Vyg(z, 7) - [['W, vg](7) in (2.15) can be treated in the same way, using
the boundedness of I" and its derivatives. For the last term in (2.15), it suffices to
estimate, for any differential operator D of order smaller than 3(P + 2),

f!(vs, W(, x)V;8(, ) df dwdx
2
:/‘/ ‘I’(M)/ V580, ®,2,6,0)ps (0, @) dIp(dd) dz| d6 dwdx
X Ox&

N Ox:‘)(/X’p #(V58(. 0. 0). &) (x) dx> do dw,

where we recall the definition of p in (3.36). By Young’s inequality,

/‘(Vs, W, x)Vsg(, t)>’2d9 dwdx

<otk [, ([ I¥5eC.0.00. 60 0 ) o do
><

< ||p||%/ |V9g(0 w, x,0, a))| ps(e w)d@u(dw)d@da)dx
OXE)

2
_ ol

= g0

/(o o V8O- 050, (1 + [61') 46 46 dou(dd) dr,
X X

where we used the a priori estimate (2.33) on the density p. As in (4.44), injecting
D.G(t,s)g = G(t,s)D; g, we obtain

f|<vs, W(, x)V;G(t,5)Drg (-, 7))|* d6 dw dx

||p||1

f|V G(t,s)D.g(0,&,x,0, a))] (1+ |@|') d d6 dwpu(dd) dx.
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Another application of Young’s inequality and usual estimate on the heat kernel
lead to

C
/|(vs, W(,x)V;G(t,5)D-g(-, ‘E)>|2d9 dodx < 0

——  _D.gl?.
5 I1Desl

The inequality (4.46) follows by density. [

5. Proofs.

5.1. Proof of Propositions 2.2 and 2.3. We prove in this paragraph the semi-
martingale decompositions of processes ny and Hy of Section 2.1.

PROOF OF PROPOSITION 2.2. Writing It6’s formula for (1.1) gives

! 1
(on.i, f) = (w0, f) +./0 <UN,s, §A9f>ds
(5.1) t
1
[ o Vot e+ D vy )ds + MY, .

Combining the McKean—Vlasov equation (1.7) and (5.1), one obtains

t 1
(nzv,z,f>=<mv,o,f>+/0 <mv,s,§A9f+V0f'C>dS+M53,)t

t
+ /0 (an(vn.s — vs. Vo f - [T, vy])
+ ClN(VN,s, Vof - [TW, vy — Vs])) ds

t 1
= (v, f) +/0 <nN,s, A0 +Vof - {e+ITY, vs]}>ds

t
+ /0 an(vns, Vo f - I0W, vy s — vy T)ds + M, £.

I:MN,t
The remaining term u  can be computed as
i 1
uni= | aN(—2 S VoS (@) T, 1600 07)W (5. x,)
0 |AN| i,jEAN
1

_ m Z /VQf(Ti,s) T (65, w;,0, cb)\y(xi,j)vs(df)) ds

iEAN
t
= [ Pns.ots)as.
Proposition 2.2 follows. [

PROOF OF PROPOSITION 2.3.  Applying It6’s formula to (2.4) [for any regular
two-variable function (t,7) — g(t,7) = g(0, w, x, 0, ®, X)], one obtains, for all
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tel0,T]
1 t
8(Tis, Tjr) = 8(Ti0,Tj0) + Efo A 8(Tis, Tjs)ds

t
+ f Vo (Tiss Tjs) - [cOrss 1) + [TV, vy, 1(11.5) ) ds
(5.2) 0

t

+ /0 Vig (s Tis) - [cOr5e ) + [0, vy 1(77.5) ) ds
t t

+‘/(; Vog(Tis, Tj,s) - dB; s +/(; Vég(fi,S7 Tj,s)' dBj,s-

Applying Ito’s Formula to the process ¢ — [ W(x;, X)g(ti s, T)v;(dT) [recall
(1.7)]:

f W(xi, )g (11, T, (dF)
- / W (xi, $)g (50, F)vo(dF)

1 t
5 [ [ o8, e, v
(5.3) 0

n fo [ f W (x, §)Vog (tig, E)05 (A7) - {c(Org, @) + [TW, vy s1(zis) | ds
t
+ /0 / W (x, §)Vog(ti s, T)vs(d7) - dBis

t ~
+ / f W (xi, )V (T, ©) - {c(@. @) + [TV, v,1() vy (A7) ds.
0
Combining (5.2) and (5.3), we have
(HN,Iv g) = (HN,()’ g)

t 1

[ (v 580,480, 2) + Vag (e ) - c(6.0)
+V;8(7, ) -c(é,a))>ds

(5.4) t
+ [ s, Vg 2) - IP W v 1) ds + Mg

an
[An]

t
+ Z /0 {/ W (xi, ¥)V8(tis, T) - [TW, vy 1(F)vy s (dT)

ieAN

- [ Wi V5800500, vs](f)vs(df)}~
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We treat the last term of (5.4) apart: it can be written as the sum of Ay and By
where

Avii=pt Y /\v(xl,x,)vegm,r]s)

i,jeAn
X {[F\I’, VN,S](Tj s) — [, Vs](fj s)} ds

taN {
~Jo AN ZA AN

Y T 05,015, o)W (x;,x1)
leAN

Z Veg(‘[, sy Tj, s)\p(xz»x])}

ieAN
{|AN|
—/r(ej,s,wj,é,a))w(xj,i)vs(df)}ds

t ~
=/O(HN,S,(vN,S,vég(-,r)xp(-,x))-r(e,w,e,a)))ds

and By is given by

( Z \p(xtax])vgg(fls’ 7j, s) - [, Vs](fj )

JjeEAN

- / Wi, )V (i, ) - [TV, ] (P, (df)) ds

— /t(HN,S, V;8(t, ) - [TW, v,](5))ds
0

Rewriting (5.4) in term of Ay, By, Fy and G gives Proposition 2.3. [J

5.2. Proof of Proposition 2.5. A solution to (1.7) is provided by the nonlinear
measure (A;):c[o,7] introduced in Proposition 2.4. Indeed, applying 1t6’s formula
to any function (0, w, x) — f(6, w, x) that is C? w.r.t. 6, one obtains

£(67°, o, x)
1 rt _ t —
(5.5) = f(6o, w,x) + 5/0 Agf (07, @, x)ds +/0 Vo f-c(0;7“, w)ds

t t _
+/ Vof - [TW, 160, w, x)ds —1—/ Vo (07, w,x) - dBs.
0 0

Taking the expectation in (5.5) gives that ¢ — A; is a weak solution to (1.7). The
uniqueness in (1.7) is a consequence of [29], Proposition 2.19. We now turn to
the decomposition (2.31): assume for a moment that a decomposition like (2.31)
exists. Necessarily & must satisfy

(5.6) £0(df, dw) = £(d0) u(dw)
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and for all r > 0 and regular test function (6, w) — h(6, ) independent of x
6.7 0 (&, h) = <$,, —Agh + Voh - c> (v, Vol - [TW, v]).
Since by assumption, v;(df, dw, dx) = & (df, w) dx,

v, vt](e,w,x)zfo L T0.0.0.0)% (D, 0)dF

(5.8)
_ </O><5 6, w0, )& dd, @)) (/X W(x, )E)di).

As already noticed in the proof of Lemma 3.4, the integral [, W(x,X)dx =

2y /2 |3L‘f1 = 2 , is independent of x. Consequently, (5.7) becomes

o

(5.9 01 (&, h) = <§t, Agh + Vgh - c> <§,, l_aVQh . [F,S,]>.

Equation (5.9) endowed with &y(df, dw) = ¢(df)u(dw) is a standard McKean—
Vlasov equation with regular coefficients, and hence, admits a unique solution
(see, e.g., [13] or [34], Lemma 10). Defining X;(d9, dw, dx) := &;(df, dw) dx and
observing that %[F, &] = [V, A;], one readily sees that # — A; is a solution
of (1.7). By uniqueness in (1.7), A = v and (2.31) follows.

We focus now on the regularity of & solution of (5.9). We follow here the strat-
egy developed in [20], Proposition 7.1: fix T > 0, w € Supp(u) and ¢ — &; the
umque solution in C([0, T], M (O x &)) to (5.9). Define A;(0, w) :=c(0, w) +
1 — [I',&1(0, w) and consider the linear equation:

1
(5.10) 0 p (0, ) = —Apt(9 w) — dive (p; (8, ) A (0, w)),
such that for u-a.e. w, for all f € C(O),
(5.11) / f(9)190(9,w)d9=/ f(0)¢(do).
o o

For fixed w € Supp(u), A.(, ®) is continuous in ¢ and regular in 8, by assumption
on I". Suppose for a moment that we have found a solution p;(8, w) to (5.10)-
(5.11) such that for p-a.e. w, p;(-, w) is strictly positive on (0, 7] x O. In partic-
ular, for such a solution p, the quantity [, p;(0, w)dd is conserved for ¢ > 0, so
that p;(-, ) is indeed a probability density for all # > 0. Then both probability
measures & (df, dw) and p; (0, w) ddu(dw) solve

f £(0, 0)vi(d6, do)
OxE
1 t
5.12) = /O .00 @nEe) + /0 /O B80S (0,006, do) ds

t
+/0 /ng Vo £ (6, ) Ay (8, vy (d6, dw) ds.
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By [28] or [34], Lemma 10, uniqueness in (5.9) is precisely a consequence
of uniqueness in (5.12). Hence, by uniqueness in (5.12), &(df,dw) = p;(@,
w) dfu(dw). So it suffices to exhibit a weak solution p; (6, ) to (5.10) such that
(5.11) is satisfied. This fact can be deduced from standard results for uniform
parabolic PDEs (see [4, 18] for precise definitions). In particular, a standard re-
sult (see [18], Theorem 2, page 251 or [4], Section 7) states that (5.10) admits a
fundamental solution G (0, t; 6', s, w) (t > s), satisfying, for all j € {0, 1}, for any
differential operator D; ¢ in 6 of order j

, c1(w) ( 0 — 0’ )
5.13 DipgG(0,1;0,s,0)| < - - )
©-13) 1Ds0G( 5.0) (cr(w)(t —s)) 2" P c2(w)(t —s)

for positive constants c; and c> that only depend on the bound and the modulus of
continuity of A; (see [18], Theorem 1, page 241). In particular, by the assumptions
made in Section 2.2, one can suppose without loss of generality that forall i =1, 2,
ci(w) =a;(1V |wl|"Y), for some ¢; > 0. Thanks to Theorem 3, page 256 in [18], the
following expression of p; (6, w):

(5.14) pi(0, 0) = /OG(G,t;G’,O, )¢ (0') do’

defines a classical solution of (5.10) on (0, T] x X such that (5.11) is satisfied.
The positivity and boundedness of p; (-, w) for ¢t > 0 is a consequence of [4], The-
orem 7, page 661. Applying (5.13) with j =0 gives

02
0=p:i(0,0) < &f exp(—u)g(e’) do’
@

(c2(0)1)? 2 (w)t

2 1
a0 ([ L=V Caw
(c2(@)r)2 \JOo o (w)t (Cz(a))t)%(l_§)

where in (5.15) % + 5 =1 [recall (2.28)]. Similarly, using again (5.13), one has

c1(w) 1
A=) 3+
)2 2 q’ 272 q

(5.16) |diV9p;(9,a))} <C
o (w

The parameter p in (5.16) is such that %(1 — %) < % [recall (2.28)]. By definition
of the ¢;, i = 1,2 and by (2.29), the estimates (2.33) and (2.34) follow. Proposi-
tion 2.5 is proven.
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5.3. Proof of Proposition 3.6. Since the initial condition and the Brownian
motion are the same for 6; and 6;, one has: for all i € Ay,

— ! - = 4
160 — 0;.1® < 32(/ (0is — bi5) - (c(br5, i) — c(Bi5, i) dS>
0
t _
(5.17) + 32(/0 (0is — 6i5) - ([T, N 516 5, @i, X;)
. 4
- [F\I’Iv vS](Gi,Sv i, xl)) ds) .

Using the one-sided Lipschitz condition on c, it is possible to bound the first
term in (5.17) by 32L4(fy 16;,s — 0is|* ds)* < 32L4T3 [§ maxiep  sup, <, 1054 —

é,-vu |8 ds. Introducing the empirical measure of the nonlinear processes 01, ...,0N)
5.18) tel0, T]—~ v —1 ) —1 ) N=>1
: : Uy, = > 8 wx) = > . >
t [AN] JEAN s AN jeAn v

the last term in (5.17) can estimated above by C(Ay + By + Cy) (where C > 0)
where

t )
Ay = ( /O 615 — i [TV, vy 5 16rs, @1, 30)
B 4
T, oy 1@, o, 1) ds> ,
(5.19) t .
By := ( fo 6hs — By ||ITW, v —ﬁN,s]w,-,s,w,»,xi)!ds) ,
t _ _ 4
Cy:= (/0 6.5 — 0i 5| [[TW, Uy s — vs](0i5, i, Xi)| dS) .

Concerning Ay and By, by the Lipschitz continuity of I", for some C > 0,

t )
Ay < (/0 61 —e,-,s|/|r(9i,s,w,-,9,w>

4
- F(éi,55 a)ia 9’ a))|\p(xi9x)vN,S(d9a dC(), dx) ds)

1 4 t _ 4
< ||F||ﬁip(m > o) ([ o0 =l ds)

JEAN

L N u<s

t -
< CT Iy [ maxsup|fi, —fiul*ds  [by B3)],
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and

( ) f 615 — G5 [T @iy, 1. 6551 )

JGA

4
TGy, i, B 0))| W i, x,-)ds)

4
<|Tr ”Llp(lA Z \Ij(xlvxj)/ |01s_ lS‘IIejS‘_ jS|ds)

]EA

4

< Iy (5 > wesxp) ([ mas sup 6y, — 72 ds
je

z —_
< CT?|T|{; | max sup 0 —0;08ds  [recall (3.3)].

N u=<s

It remains to study the term Cy (5.19). Since we obviously have
T3 ot _ g T3 ot B _ 3
Cn < —f 615 = Buslds + = [ 0% B = 01 r 50 s

(5200 <— " max sup |0, — ;.. ds

0 [€EAN u<s
TS o ] .
+7f0 [P, By = vl 01, 5 ds,

we concentrate on the term cy = |[['W, Uy s — vs](é,-,s, w;, xi)| in (5.20). Using
the decomposition v(df, dw,dx) = £(df, dw) dx [recall (2.31)], we have cy <
dy + ey where

dN = ‘|A— Z lIJ(xi,xj)<F(9_,~,s,a),-,Q_j,s,a)j)
e
(5.21) JERN
— [T, 1.0, @0, dw)) ,
= ’ An /F(le,a),,é’ w)&5(d0, dw)W (x;, x;)
AN
(5.22) e

—/F(éi,s,wi,e,wm(de,dw)w(xi,x)dx‘.

We treat first the term dy. We use the notation 7; ; := _F(G_,-,wi,éj,a)j) —
JT(6;, wi, 0, w)&(dO, dw). Note that, by independence of the 6;, for J # ki, ky, k3
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andi # J

E((Ths Tix)Tiky  Tiky)) = EE((Tr s - Tin ) (Tiky - Tii)0r, 7 # J))
E(( ik " E(Tl J|9rvr#l))(Tl ky * lkx)) 0.
—/_/

=0
Consequently,
8
(dN ’|A ZTi,,’\IJ(x,',xj)
J?ﬁi
1 4
AN > (H‘I’(xi,xkl)2>E(|Ti,k,|2|Ti,k2|2|Ti,k3|2|Ti,k4|2)
kl,kz,k3,k47ﬁi =1
1 4
=TanF. = (H‘I’(Xi,xk,)2>E(lTi,k1|2|Ti,k2|2|T,-,k3|2|T,-,k4|2)
ki,k2 k3, ks \I=1
]disztingts4
6
T 2 YOG 00"V i) BT P T P T )
k.l
leStiHCtS
623+ |82‘P<xl,xk> Wi, 1) (T 41T 1)
ksl
T IANE Y EIT P W (i, x0)°
k
1 4
§C||1“||§o<IA B Yoo TG, xe)?
N1 k) ko ks kg 1=1
distincts
1
b 2 W W w0 W G )
k.l
diJstincts
1
42\11()6;,)%) “‘If(x,,xl)‘“" 8le(xi»xk)8a ’
|A * = [ANI® 7

where we used that |7; j| < 2||T'[|cc and where C is a numerical constant. An
application of Lemma 3.2 on (5.23) leads to an upper bound of E(d,%,) of the
form % f0<a< %, (resp., W 1f < o < 1), for some constant C.
It remains to treat the term ey in (5.22): for simplicity, we use the notation
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Tis:= [T (6, w;,0,0)E(d, dw), so that

Z/ s (W (xi, xj) — W(x;, x))dx

JEAN

ClIT [loo
Nl-«a '

<P Z/ W (xi, ) — (a0 dx <

JEAN

ECN_(I_C‘)

Taking the expectation in (5.17) and applying Gronwall’s lemma completes the
proof of Proposition 3.6.

5.4. Proof of Proposition 3.12. Since we work in this proof with the same
Sobolev space Wg'"'! (and its dual), we write in this proof | - ||, instead of
|l - llg.xy.;» for simplicity of notation. Introducing the nonlinear process 7;; =
(6; 1, wi, x;) (Proposition 3.6), one can decompose (Hy ;, g) into the sum of three
terms:

(524)  In.(g):= > Wi, x)(g (T Tjn) — 8(Tis. Ti)),

TA 12
|A | i,JEAN

Tna(g) = ay (| X el f)

i,jeAn
(5.25)
- Z /W(x,,x)g(r,,,r)v,(dﬂ)
| leA
(5.26) Kn,:(g):= Z /‘ll(xl,x) 8@ ) — g(tig, ©)vi(dT).
|A ZEAN

Intuitively, the boundedness of Zy and Ky in this decomposition comes from
Proposition 3.6: each particle 6; is well approximated by its corresponding non-
linear process ;. The most technical part of the proof concerns the evaluation of
Jy and relies on cancellation arguments in the expression of Jy(g)?, using the
independence of the 0;)ien v- The main point of the proof is that we need an es-
timate that is uniform in g. To do so, we use Hibertian techniques similar to [16,
28].
Concerning Zy ;(g), one has

2
a
Ing(9)? = |AN| > W X)W ek, 1) (8 (Tie T
i,j.kJleAN
— 8T, Ti)) (& (thes T1t) — 8(Ths T1t))

2

ay
= A S Wi, )W Ok, 3R (@) Rt (2),
i,jkleAy
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where we have written, for simplicity R; j, =R .. g .4, [recal G.21)]. Ap-
plying the previous equality to an orthonormal system (g ) ,>1 in the Hilbert space
W;'"'! and using Parseval’s identity, one obtains

Izt = (X Ewaep)l” )

p=1

, 2
=< aN|4 Z ‘I’(xi,xj)lIJ(Xk,m)ZRi,j,t(gp)RkM(gP)>

IANT; jiTeny p>1

2

<( ay
~\|An/*

4
|1il E Z l_[\p(xll’le)l_[”Ruﬂz” —q-

11 Lig =1

2
Z "I’(xi»xj)"p(xk»xl)“Ri,j,t||—q||Rk,l,t||—q)
ijkleAy

By Proposition 3.10 and Cauchy—Schwarz inequality,

4 4 4
E(l_[ ”Ril,jz,t”—q) =< CE(H Xiy, jist 1_[(|9i1,t l[ l‘| + |9]l t— ]1 l‘|)>
=1 =1 =1

ool —

4 LA
SCHE(XS,]',; SHE |9i,t tt|+|01t jt|)8)
=1 =1

where y; ; is a shortcut for x,, ., (Ti,, Tj 1, 9_,;,, 9_,;,) [recall (3.27)] and where we
used (3.6) and Proposition 2.6. Consequently, using (3.3),

C
1<§VuP<T1<:(||IN,||_) sup(m > ]_[( |Z\D(Xi1,xj‘)>>

..... iseAn =1 JEAN

< +00.

We now turn to the estimation of Jy ; in (5.25): forall N > 1,¢ € [0, T]

a
Tnste) = 3 3 (|A Y e )

ieAy JeAN

— / W(x;, X)g(Tis, T)vy (df))

(527) = > Wx) (8 B) — [ 80,5568, d) )

TA 12
|A | i,JEAN
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+|Z—N| > <|A | 3 lIJ(xz,x])/ (£, 0. 0, x)E:(d0, dd)

NlieAy jeAn
-/ xv<x,~,x>g<a,t,f)w<df>)
= Iy (&) + Iy (8)-

The linear form J Ii,l) in (5.27) captures the random fluctuations of the nonlinear
processes around their mean value (for fixed positions), whereas J 1&/2 ) captures the
variations of the positions of the particles (for a fixed randomness). The first term
in (5.27) can be simply written as in,l’)l(g) = |Xg|2 Zi,jeAN W(xi, xj)Ai (&),
where

Aia(9) = g(Fian Tjt) — / ¢(Fir, 0. @, )6 (d6, i)
(5.28)
= g(Tit, Tjp) — E(g(fi,z, T T, T # J)

Using again a complete orthonormal system (g,) p>1 in WK1 i

2
A1, = (S o e0?)

r>1

2
(A 42 > \'Ij(xi’xj)\p(xbxl)Ai,j,t(gr)Ak,l,t(gr))
(5.29) [ AN r>1i,jkleAy
|A |8 Z Z 1_[ lIJ(xl]v x]])All Jl» t(gr)
N rs>111 ..... 141 1

JiseJa

X Aig,jz,t(gr)Ai3,j3,t(gs)Ai4,j4,t(gs)-

Taking the expectation in (5.29), we need to estimate the quantity

(5.30)  E(l1, b, I3, 14) :=E(A;, j,.1(8) Ay, 0.1 (8r) Ai, 3.0 (85) Ay, ju .t (&5)),

for every sets of couples I; := (ij, j;), [ = 1,...,4. A crucial observation is that
forall j € Ay,
(5.31) E(A; j(@|Trr #J)=0

by definition of the A; ; in (5.28). (5.31) leads to cancellations in (5.30). We give
here a simple combinatoric argument in order to derive the relevant contributions
to the estimation of the expectation of (5.29): associate a vertex to each {ij, ji}
(I=1,...,4) and draw an edge between two vertices k and [ (k,/ =1, ...,4) if
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{1, 1} {i1, 52} {iv, j1} {j1,j2} {i1, 1} {i2, 1} {in, ji} {ir, j2}
o—©

{i3,J3} {i3,ja} {iz, g1} {d2,Ja}

o—o

(4) (B) ()

{ja,Ja}

{i1, 1} {i1, j1} i, g}

{1, 73} A {i, 1}

(@)

{j1, 3}

FI1G. 1. The only nontrivial contributions to (5.30) correspond to indices given by the above dia-
grams.

and only if {ij, ji} N {ix, jx} # @ (see Figure 1). Note that when a vertex (labelled
for example by /1 = {i1, j1}) is isolated (i.e., {i1, j1} N {i2, i3, 14, jo, j3, ja} = D),
by independence of the random variables 7;, one obtains that

E(I1, I, I3, 14) = E(Aj, j, Ay, 5 Ay, W E(Ai, 11T, 7 # j1)) = 0.

Using this last observation, it is easy to enumerate by inspection all the possible
nontrivial contributions to the expectation of (5.29): they are listed in Figure 1. We
only give here a detailed analysis of the two extreme cases [i.e., the largest (A)
and smallest (G)] and leave the remaining cases to the reader. The largest contri-
bution of E(Iy, I», I3, I4) in E(|| JI(\,I)t ||‘iq) corresponds to the case (A) in Figure 1
where the set of indices {Iy, I», I3, 14} is separated into {/, I»} and {I3, 14} with
the property that {i1, ji, i2, j2} N {i3, j3,i4, ja} = &. By independence of the ran-
dom variables (7;);ca , the contribution of this term to E(||J ,E,l)t i 7 is then

2

2
632 (Do ¥ W)Y wEA ) A, )

4
ot AN i ay

First, note that thanks to (5.31), whenever i £/ and j #£1,

E(Aij,1(8)Ak1,1(8) =E(Ai j 1 (QE(Ak1,1(®)|Ts, 7 #1)) =0,

so that we can suppose that the indices (i, j, k, /) in (5.32) are such that i =/ or
Jj = 1. We first treat the case i = [: here, we can further assume that k = j, since if



3894 E. LUCON AND W. STANNAT

k # j, one has that E(A; j Ay ;) = E(Ar ;E(A; j|T-,r # j)) = 0. Hence, for fixed
i, J,
D E(Aiji(8p)A}ii(8p))

p=1

< Z E(Ai,j,t(gp)z)%E(Aj,i,t(gp)z)%

p>1
1 _ _ 1
<C > E(gp(Tis. T1.0%)2E(gp (T4, T10)?)?
p=1
3 3
- C(Z E(g, (7. f,-,»z)) (Z E(g) (7., fl-,t)z))
pzl p=1

1
= CE(ISz,,.2,,17 ) PE(IS%,,.5.,1%) .
where S is defined in (3.22). Thanks to Propositions 3.10 and 2.6, the last quantity
is bounded by a constant that is uniform in 7, j. Consequently, the contribution of
the case i =1, j = k to (5.32) can be bounded above by

2 a2 ) 2
Z \D(x,,x])) (IA a Z d(xi, xj)~ a).

4
|A | i,jeAn i,jeAn

(5.33) C(

When o < 2, the latter quantity is bounded above by (C )2 N2’ by (3.3).

When o > 5 , this contribution is of order (N 1(\7 “ N2 = 152 . We turn to the case
where j = l in (5.32). Proceeding as before and using again (3.3), one easily sees
that the contribution of this case to (5.32) can be bounded above by

2 2 2\2
(5.34) C( oo \Il(x,,xj)\ll(xk,xj)) 5c(%N),

4
|AN| i,j.keAn

which is uniformly bounded in N, in both cases o < % and o > %, by definition of
ap . One can conclude that (5.32) is uniformly bounded in N.

We now treat the case of the smallest contribution to E(||Jy b | ) which cor-
responds to the case where all the four couples of indices are equal [see the case
(G) in Figure 1]: I} = I, = I3 = 14 = (i, j). This case boils down to estimating
the following quantity:

4
Ay | Z \y(xz,x]) Z E l]t(gr) Aljl‘(gb) )
i,jeAN r,s>1
4
a
(5.35) = A% Y W x)E(lALY,)
i,jeAy
C“?v —4
§|AN|8 Do dxi,xp)TH

i,JEAN



FLUCTUATIONS FOR MEAN-FIELD DIFFUSIONS IN SPATIAL INTERACTION 3895

Using again (3.3), we see that if 0 < o < %, the last quantity is bounded above by

4
C N?Xﬂ == lfa= 4, we obtaln an upper-bound of order —7 lnN If <o < j,the
1

upper—bound is of order & N5 < N3 and in the case 5 <a < 1 one has an upper-

N4 e 1
7 N N

bound of order
this, we can conclude that

(1) 4 ay\?
(5.36) sup (|74} 1%,) §C(W) .

. In any case, this term is bounded in N. From all

We now turn to the second term JNt in (5.27). Setting [g,&](r,x) =

fg(r,@,w,x)ét(dé,dw) [recall (2.2)] and defining A; := [x;,x;1[C X, j €
Ay, one obtains

1
IO = - Z(|A DIRTORNI IR LN

| AN ieAy jeAn

- f w(xl-,mg,sf](f,-,,,f)d)z)

= Z/ (W(xi, 1) [g0 E(Fr g x)) — W (s, g, &1(Frs, ) dF

I NI i,JEAN
= |AN l];\ / [g Sf](rl t"xj)(llj(-xl,.xj) \I](xl,x))
+ |ZN ljeA / \p(x,,x)([g él](flt, X]) g’gt (Tlt,x))

(@) + I ().

Concerning JIS/)t setting u; ;(g) = [g, Ez](fi,z,xj)fAj(\P(xi,Xj) — W(x;,x))dx,
we have

E(|700L,) = |A |4 Z (Z un,h(gr)uiz,jz(gr)uig,jg(gs)u,-4,j4(gs))

..... r,s>1
i
2 1o
aN 5 ) 3
= ( NE > {E(Z ui,j(8p) )(Z Uk (gp) )} ) :
IANT; jizeay U \p2t =1

Using (3.1), it is easy to see that fAj W (x;, x;) — W(x;, x)|dx < More-

OVET,

= li— Jl"‘+1

Y E(gp. &1(Fir x;)7) ZE(/gpm,e @, x})E(d6), dw))

p=1 pzl1

_ E( J 15, .., 1245 @5, d(;))>,
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which is uniformly bounded in i, j and N (recall Proposition 3.10). Consequently,
for some constant C > 0,

) ) ! CN2@=1)
{E<Z i.i(8p) )(Z it (8p) )} T
p=1 p=1
Thus, one obtains that
2 2(a—1) 2 4
(3) aN N > aN
supE(]|/y C C—k7—,
ts? (I ”—q) (|AN|2 Z li — jletlk —etl) = 7 N4(-)

i,jk ey

which is bounded, uniformly in N, by definition of ay. Turning to J ,(\,41 and setting
Ui j(8) :=Uz;, x;.x;.A,.5(8) [recall (3.24)], we have

B = i 3 BTt}

..... I=1

Hence, using the boundedness of the linear form ¢/ in (3.28)

4
E(lVIE) = |4 2 ETT((1+ 1000 + )
=1
i

x(sup Ix;, —x|>/Ail\IJ(xi,,)E)di)

xeAjl

i1,... iy =1 Aj]

x E[T(1+ 165" + [ |")
=1

<c N4|A 3 Z I Z/ Wy, ¥) di

Ligl=1jeAn

4
a
< C _N s
so that supy~; <7 E(||J1<\,4)t||‘iq) < +00. The same estimate about the last term
KCn.: can be proven along the same lines as we have done for the first term Zy ;.
We leave the proof to the reader. Proposition 3.12 is proven.
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5.5. Proof of Proposition 3.16. Writing explicitly F and Gy from their def-
initions (2.18) and (2.19) gives

1
Fyig=—— Y [TV, vy, —v](Ti0)
IANT Ry

1
(5.37) x {w(m S W x) Vog (T, 1)
JEAN

-/ wxi,f)%g(n,hf)w(df))},

1
GnNig=— (Vv — v, W, x) V58, Tip))
AN EX

1
(5.38) X {aN<A— > Wi, x)T O, i, 04, @)
AN R,

—/‘I’(Xi,J?)F(Qi,z,wi,é,cb)w(df)>}-
Forall t = (8, w, x) € O x £ x X, define the linear form Fy ;; by

1
.F = T III ’ V s Ly
vragiman (e W) Vos(r 1)

JEAN
(5.39)
- [ Vs f)w(df)).
Hence,
1
E(IFy.l?,) < —— > B(0%, vy — v (@0 PIF m,012,)
[AN| Py
! 44 4 )4
< — E(|[F‘I’, VNt — Vt](fi,t)| ) E(”]'—N,r,-_,,t”_q) )
AN, 55

by Cauchy—Schwarz inequality. By the same procedure as in Proposition 3.12 in
Section 5.4 [note that the structure of Fy ,, , is very similar to H y, recall (2.8)],
it is easy to show that

sup sup E(|[[W, vy — Uz](Ti,t)|4) <

C
: at’
t<TieAy N

4
sup sup sup E(”‘FN,Q,,,t”_q) < +o00.
N>1t<TieAy

Hence, (3.38) follows. The same argument holds for Gp. Proposition 3.16 is
proven.
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5.6. Proof of Proposition 3.17. For any test function f,

M@ < 3 /vgg(r,s,rj W (x,x)) - dB; s

i,jJEAN

Z /Veg(tlS’Tjs)lIl(xl,xj) dB; s

i,jeAN

Z / [ Vog(ris DYV, B (D) - dBy

IA |2

‘|AN|2

1 2 3
= MY g| + IM( g+ MY gl

We only treat the first term M N, zg, the other two being similar: using a complete

orthonormal system (¢,),>1 in qu "I (we drop the dependence in «1,t; below
for simplicity), we have successively

B(supl My 1, ) = B(sup M50, ) = X B(supliie, )

T p=1 =1
<Y K M(H) Yo,)  (by Doob’s inequality)
p=1
az
< — Z W (xi, x )W (g, X;j)
| N| i,j,keAn
T 5 3
< [ B(ZIViep s mol)
0 p=1
1
2 2
XE<Z|V9~(pp(rk,s,rj,s)|> ds
p=1
2
= > W, x)W (g, x))
| N| i,j.keAn
r 5 1 1
(5.40) <[ BT 1) B Ty 1) s
2
SC|A z Z W (xj, x )W (xg, x5)
(5.41) L PrEhy
X/(; E(w(fi,s, Tj,s))E(w(Tk,s, fj,s))ds
2 2
(5.42) <C W(xi, x))W(xg, x;) <C———,
|An|* 2 o 7T AN

i,j,kGAN
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where we recall in (5.40) the definition (3.23) of the linear form 7, where we used
Proposition 3.10 in (5.41) and Lemma 3.2 in (5.42). This completes the proof of
Proposition 3.17.

5.7. Proof of Proposition 4.1.
_ DEFINITION 5.1.  Define the linear forms on the space of functions (6, w, x,
0,0,X) > g0, w,x,0,d,%) on (O x E x X)%:
(5.43) Pg,w,0,@,x):=g0,w,x,0,d,x),
(5.44) Qg:=g—Pg.

If we fix (6, w, ] , w, x) and we see g as a function of the second spatial variable
X only, we have to think of Pg as the first (constant) term in the Taylor decompo-
sition of X > g(x) around x, Qg being the remainder. We decompose ny .o (1.9)

and Hy o (2.7) into the sum of terms of different scalings (see Remark 5.2 below):
for all test function (0, w, x) — f (0, w, x)

ay
) = 0i,0, i, xi) — [ f, i
(nn.0, f) lANliEXA:N(f( 0, @i, Xi) — [f, §0l(x1))
(5.45) +aN(| o Dl - [ir.a (x)dx)

ieAN

=iy, £+ f)

where [f, &l(x) = [oyg f(6,w,x)§(d0,dw) and for every test functions
(t,7) > gz, 7)

(HN,O? g) Z "Ij(xlvx‘])(g(rl 07‘[] 0) [g’éO](rl,()’x]))

i,jeAN

+ XN Z( Z lp(xi’xj)[g7$0](fi,0,xj)

IANT S N N|jeAN

IA |2

(5.46)
- /X w(xi,mg,so](n,o,i)di)

1 2
:<H5v,)0’ ) (Hgv)o» >

where [recall (2.2)] [g, &1(t, %) = [g, £0]1 (0, @, X, X) = [, £ 8(7, 0, &, $)E0(d0,
da).

REMARK 5.2. 1In(5.45) and (5.46), 17(1) and ’H;}?O capture the fluctuations of
the i.i.d. particles and disorder at ¢+ = 0 (and hence, should scale as 3—% for large N
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with Gaus51an limits in the case ay = +/N). On the other hand, the processes 17( )

and ’H 0 capture the variations of the system w.r.t. the spatial variables (for a ﬁxed

randomness). Hence, the scaling of 17 N 0 and /Hgv)o is governed by the regularity of
the weight W and the test functions. This scaling is in any case different from the
Gaussian scaling and yields to deterministic limits as N — oo.

We first make the observation that in (5.45), ’75\%,)0 converges to 0 as N — oo,
regardless of the value of « e [O 1). Indeed, since f in (5.45) is at least of class

C! [recall (3.9)], one has |(77N 0, = CIV flloo %R which goes to 0 as N — o0

in both cases o < 5 and o > —. Second, using in (5.46) the decomposition of
Definition 5.1, we write

(5.47) (Hy o> )= (H 0 P8)+ (Mg, Qg).

The intuition for (5.47) is that the only (possibly) nontrivial contribution to 7—[53?0
only comes from Pg, the remainder Qg being already sufficiently regular in (x, X)
to compensate for the singularity of the kernel (x, X) — W (x, x) in (5.46): regard-
less of the value of a € [0, 1),

(5.48) (H 53)0, Qg)— 0, as N — oo.

Indeed, since g is at least of class C? [recall (3.9)], one can write

[Qg, &1, , x, %) =/ (800, 0,x,0,,%) — g0, w,x,0,d,x))é(dh, dd)
OxE
X - -
=/ / 0,80, w,x,0,d,u)duty(dd, do)
OxE Jx

=d(x,X) (d(

18 011 (6, o, x. u)du),

=0(0,w,x,X)

where, by assumption on g, the function Q is bounded and of class C'. Writing
Qi(xi, xj) = Q0i0, wi, Xi, X)), (7'[](3,)0, Qg) can be written as

a 1
(457 02)= 7 3 (W S W(xr, x))[Qg. E0l(6r0. 1. x1. X))

iEAN jGAN

- /X w(x,»,)“c‘)[gg,so]w,-,o,wi,xi,adx)

1
- Ij\11Vv| 2 (W > dlxi, x)! 40 (xisx))

icAy jeAn
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~1— ~ 1~
—fdahm “@uhwdﬂ

1eA JEAN
(5.49) —d(x,-,i)l_“Qi(x,-,i))d)E>
an 11—«
- i(Xi, X d is

—d(x;, i)l_“)di>

ﬂ?WZ(Zde)“@W,JQQMMO

ieAN “jJEAN

5
=(H§v,)0’ > <HN0’ )

where A :=[x;, x;11). We treat the two terms in (5.49) separately. First of all,

A Z(Z[ |d (xi, x ) ™% —d(x;, 5)' "‘|dx)

ieAy “jeAn

(HDy &)l < 1 Buglloo—

A long but easy calculation shows that the term within the parentheses is of order
1{,, uniformly in i € Ay (it is the speed of convergence of the Riemann sum asso-

ciated to x — | x|~ toward its integral), so that |<%§3)0’ )| < C4Y, which, in any

case in «, goes to 0 as N — 00. As far as the second term in (5.49) is concerned,
one has

(1Yo 8)| < 1928

(Z fAj |xj—;z|d)z>,

ieAy “jeEAN

IAI

that is of order £ W — N0 0 too. This proves (5.48).
We specify now our analysis to cases o < % and o > % We first treat
the case o < % First, observe that in this case the whole process Hg\%)o (not

only (HN 0» 2g)) converges to 0 as N — oo. Indeed, since one has trivially
[Pg. &l(t, ¥) = [g. £](z, x), we have

<H53)0’73 > Lg. &l(zi0. xi)
|A |l€A
(5.50) |
X {aN<m Z \Il(xi,xj-)—/x\l’(xi,x)dxﬂ,

JEAN
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which by Lemma 3.4 goes to 0 as N — oo. From this and the remarks made
above, everything boils down to the identification of the limit of the pro-

cess (77](\})0, (1) o)N=1. To do so, we identify the limit of Xy := u(ng\})o, )+

(HN 0 &) for any scalars # and v and any test functions f and g. By a den-
sity argument it suffices to identify the limit for test functions g of the type
g6,w,x, 0,, X) = g1(0, a))gz(G @)h(x,x). In such a case, (recall that ay =
VN and |Ay| =2N)

(5.51) <H§Vl’)°’g>l
where
(5.52) 220, 0) 1= gz(@,a))—/gz(é’d))go(dé’dd)).

Intuitively, the term within brackets in (5.51) should be, for large N, close to E(x)
where

(5.53) EX) = %/gl(é,a))h(x,)?)\I/(x,)?)’;‘o(dé,da))dx.

Hence, one can decompose D .0 Into

Z 8200, w;)E(x))

JEAN

B ﬁ
(5.54) |
- J—N jGZAN 82(9j.0. wj)<5(xf)

Ly g1<91o,w,)h<x,,x,)w(x,,x,))

iEAN

4N

©) @
= (HN,O’ 8)+ (HN 0 8)-
Consequently, Xy may be written as

3 4
XN—”<’7N0’f>+U(H§v)0’ >+U<H§v)o» 8)

(5.55) Z( F 010,013+ 0282010.0)E ) )

Y IGAN

+ U<H§3?0v g)-

Let us admit for a moment that ’HX‘,')O converges in L? to 0, as N — oo. Then

Proposition 4.1 for o < % is a consequence of the Lyapounov central limit theo-
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rem (see [8], Theorem 27.3, page 362) applied to (5.55) and the convergence as
N — oo of

= Z (( F 610, wi, %) + V28260, ) E (xt))z)

jeA

to uzC,,(f, ) +2uvCy 3 (f, g) + Cx(g, g) [recall (4.2) and (5.53)]. We are now

left with proving that H%?o in (5.54) goes to 0 in L? as N — oo. Indeed, using
that (6;,0, w;)ien, areii.d. and that E(g2(6; 0, w;)) =0 for all i € Ay, we obtain

1
E(HY 8)) = 5 2 E@00 00?)E@)?

iGAN

2N2 > E(22061,0. 0)*)E(g1 (k0. k)
i,keAN

X h(xp, xi))W (xg, x;) B(x;)

1 _
= Y E(2205.0.0)%)E(81(0),0.»)))
16N~ . .
i,j,keAy

x E(g1(6k,0, wr))h(xj, xi)W (xj, x;i)h(x, X)W (xk, x;)

1
=E(§2(91,0,w1)2)(ﬁ Y E@)?

+

> h(xp, x) W (xg, x;) B (xi)

i kEAN

—E(g1(61,0, ®1)) 2N2

E(g1 (610, a)l))2 e

x ¥ h(x,-,xi)\lf(xj,xi)h(xk,x,-)\v(xk,xi)).
i,j.keAn

As N — oo, this quantity goes to

Jim E((H. 8))
2
—2/;_4()6) dx — 4E(g1(91 o,a)l) /( fh(x W (x, x)dx) dx

2
+2E(g1 (01,0, 1)) /( /h(x W (x, x)dx> dx

=2/E(i)2d£—4/E(i)zdi+2/8(i)2di=0,
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which is the desired result. This completes the proof of Proposition 4.1 in the case
@<l

It remains to treat the case Ot > Z (where ay = N'7%): as already proven in
the case o < 5, the quantity W ZieAN (f 60, wi, x,- — [f, &0l(x;)) converges
in law, so that the initial condition (ny, f) = e NSy (F Bio, @i, x0) —
[f, &0](x;)) converges in law to 0 as N — oo. Since it is also the case for <’7§v)0’ 1),
the whole process ny o converges in law to 0. It remains to identify the limit for
‘Hn o: note that (7—[1(\})0, y=J 15,1’)0(5’), where J) (1) was defined in (5. 27) In partic-
ular, we see from (5.36) and the definition of ay in (1.10) that ’H NO vanishes to
0 as N - oo when o > l . By the remarks made at the beginning of this proof,
it only remains to 1dent1fy the limit of (7—[ N 0, Pg) in (5.47). An application of

Lemma 3.4 to (5.50) clearly shows that (7—[ N0 ‘Pg) converges as N — oo to the
quantity defined in (4.3). This completes the proof of Proposition 4.1.

5.8. Proof of Proposition 4.3. Estimates (4.6), (4.7) and (4.8) are a straight-
forward consequence of the definitions of the martingale terms M(") in (2.13)
and M%{) in (2.20) and of the independence of the Brownian motions B; =
(Bl-(l), e Bl.(m)), i € Ay. It remains to prove the convergence of My to M. First,

remark that the case o > % is a trivial consequence of the estimates (3.43), (3.53)

and the definition of ay in (1.10). L
In the case of o < %, ay = +/N and (Mp)nN>1 1s a sequence of uniformly

square-integrable continuous martingales which is tight in V*° ( Pi2) @ W 2( P42)-
Let M be an accumulation point. By arguments analogous to the ones used in

Section 3 (see in particular Proposition 3.12), it is easy to show that, first, e(r)
defined in (3.48) vanishes to 0 as N — oo and, second, that for all regular test
function (7 ), one can make N — oo in the expression of (M), ( ) in (4.6) and
obtain for all r € [0, T']

(M), (ﬁ) =3 | t / é(agmf(r))zvsmr)ds

t m
+ fo / > 00 f D[ 050) 8 W, v ], (D) vy (dT) ds
r=1

1 rt m ) )
- 5/0 /;[(Bé(,)g)\lj’ v ] ()% (d7) ds.

So, M is a square integrable martingale whose Doob—Meyer process is determin-
istic, given as above. So M is characterized as a Gaussian process with covariance
given in (4.4). The convergence follows.
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5.9. Proof of Proposition 4.6. The proof of this result is standard and uses
techniques developed by Kunita in [25] and used by Mitoma [33] and Jourdain
and Méléard [24]. Since the following is mostly an adaptation of the approach of
[24] to our case, we sketch the main lines of proof and refer to the mentioned
references for technical details.

Since 6 — c(6, w) and I" are supposed to be bounded as well as their derivatives
up to order 3P + 9, the function 6 — v(t, 6, w) is regular and bounded (with
bounded derivatives), uniformly in ¢ € [0, T]. According to [25], Theorem 4.4,
page 277, the flow X, (7, T)o<s<¢<7 defines a Cc3r+s diffeomorphism. By [25],
for any differential operator D on (R™)? of order smaller that 3P + 8

(5.56) sup sup Ep 5(|DXs, (7, 7)) <400, r>0.
(1,7)eOxEXX 0<s<t<T ’

Using this estimate and backward It6’s formula ([25], Theorem 1.1, page 256), it
is possible to prove (see [24], page 761) that for all g Ci, forall0<s<t<T,
for all (z, 7),

t
G5 Ueg@ D - = [ 20U D
S
The next step is to prove that (5.57) is also valid in the space Cg@z,f +2) This relies
on the following lemma (we refer to [24], Lemma 3.11 for a proof of this result).

LEMMA 5.3. Under the assumptions of Section 2.2, the operator .i”t(l) is con-
tinuous from Cg}i+8 to Cg&lz.fﬂ) and

12V g) 02 <Cligllo. ,  t€l0,1],
C3(P+2) C3pis
| 2Weg— 2 Vgl 02 <Cligll o |t—s|,  s.t€[0,T]
Ci(p+2) Cipys

For any j <3P + 8, the operator U(t,s) is a linear operator from C;)’O to C?’L
such that

|U,9)g] 00 <Cliglqoo,  0<s<t<T,
J J

[UG )8 = Ut 5)glcoc = Clighoo v/s' =5, 0=s=s'=i=T.

Note in particular that there exists C > 0 such that for any differential operator
D of order smaller than 3(P + 2), || D[V, vs] — DTV, v/]]lec < C|t — s], for
any s,t € [0, T]. The change in the parameter ¢ in the spaces C %*in Lemma 5.3
comes from the fact that (6, ®) — c(6, w) is possibly unbounded in w: there exists
C > 0 such that for all differential operators D and D5, with sum of orders smaller

DigD;c D Dyc|(1+|w]* D .
than 3(P + 2), llﬁwétl = 1|+|lc§||‘ | 214|r(\w|2|‘ b<c 1|+|‘(§|‘L, by assumption on c. As
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a consequence of Lemma 5.3, we know that if g € Cg}?+9, S D%(l)(U(t, 5)g)
is continuous in Cg&%f +2) and hence that fot D%(l)(U (t,s)g) ds makes sense as a

Riemann integral in C g@z.f +2) In particular, we obtain, for every g € Cg;? 19

t
(558)  Ult.s)g—g= / LU ng)dr.  in Cipy.

We are now ready to establish the representation (4.18): let A a solution to
(4.17) in C([0, T], WS35, Since WLl < WS . we have, for all

8 €W3ipia)
t t
(5.59) (.A,,g)z/o (As,.,zﬂs<‘)g>ds+/0 (R, g) ds.

Both relations (5.58) and (5.59) are in particular true for every g € Cg},o 495 since
Cgﬁ,fﬂ) — Wgﬁi"ﬂ) [by (3.17) and since by assumption k > m and ¢ > n + 24,
recall (2.26) and (2.27)]. Combining (5.58) and (5.59), one obtains for g € C g;? 49

(Ar, ) =/Ot<(.,21ﬁ1>)*AS+RS,U(z,s)g—ftz,(”(U(t,r)g) dr>ds
x fot<(-$§”)*AS + Ry, U(t, 5)g)ds
t t
_/ f((D?G(l))*fls+Rs,-$r“)(U(t,r)g))drds
0 Js
(5.60) =/Ot((.,2ﬂ;1>)*AS+RS,U(z,s)g)ds
—/tfr((fs(”)*As + Ry, LV(U (1, 1)g))ds dr
0 JO

_ /t<(-i”s“))*AS + Ry, U, 5)g)ds — /ZMr,i”r(”(U(f’ r)g))dr
A 0

- /I(Rs, Ul(t,s)g)ds,
0

where we used again (5.59) in (5.60). Since 02;9 4o isdense in Cgi(;, +2) the identity

A; = [y U(t, s)* Ry ds holds in CQ’S(PH). Since CSE(I)JH) is dense in Wg;;,yf;;y,

uniqueness holds for (4.17) in C([0, T], Wﬁ_;z/ I;Lizy)). Proposition 4.6 is proven.

Acknowledgments. Part of this work was made during the stay of E. Lucon
at the Institut fiir Mathematik at the Technische Universitiit and at the Bernstein
Center for Computational Neuroscience in Berlin. E. Lucon thanks the members
of the Probability group for the warm hospitality.



FLUCTUATIONS FOR MEAN-FIELD DIFFUSIONS IN SPATIAL INTERACTION 3907

We would like to thank the referees for their careful reading and useful com-
ments on the paper.

(1]

(2]
(3]

(4]
(5]
(6]

(7]
(8]
(9]

[10]

(11]
(12]
[13]

(14]

[15]
[16]
(17]
(18]
(19]

[20]

REFERENCES

ACEBRON, J. A., BONILLA, L. L., PEREZ VICENTE, C. J., RITORT, F. and SPIGLER, R.
(2005). The Kuramoto model: A simple paradigm for synchronization phenomena. Rev.
Modern Phys. 77 137-185.

ADAMS, R. A. and FOURNIER, J. J. F. (2003). Sobolev Spaces, 2nd ed. Pure and Applied
Mathematics (Amsterdam) 140. Elsevier, Amsterdam. MR2424078

AIZENMAN, M., CHAYES, J. T., CHAYES, L. and NEWMAN, C. M. (1988). Discontinuity of
the magnetization in one-dimensional 1/|x — y|2 Ising and Potts models. J. Stat. Phys. 50
1-40. MR0939480

ARONSON, D. G. (1968). Non-negative solutions of linear parabolic equations. Ann. Scuola
Norm. Sup. Pisa (3) 22 607-694. MR0435594

AROUS, G. B. and GUIONNET, A. (1995). Large deviations for Langevin spin glass dynamics.
Probab. Theory Related Fields 102 455-509. MR 1346262

BALADRON, J., FAsoLI, D., FAUGERAS, O. and TOUBOUL, J. (2012). Mean-field descrip-
tion and propagation of chaos in networks of Hodgkin—Huxley and FitzHugh—Nagumo
neurons. J. Math. Neurosci. 2 Art. 10, 50. MR2974499

BEN AROUS, G. and GUIONNET, A. (1997). Symmetric Langevin spin glass dynamics. Ann.
Probab. 25 1367-1422. MR1457623

BILLINGSLEY, P. (1995). Probability and Measure, 3rd ed. Wiley, New York. MR1324786

BOLLEY, F., GUILLIN, A. and MALRIEU, F. (2010). Trend to equilibrium and particle ap-
proximation for a weakly selfconsistent Vlasov—Fokker—Planck equation. ESAIM Math.
Model. Numer. Anal. 44 867-884. MR2731396

Bossy, M. and TALAY, D. (1996). Convergence rate for the approximation of the limit law of
weakly interacting particles: Application to the Burgers equation. Ann. Appl. Probab. 6
818-861. MR1410117

BULLMORE, E. and SPORNS, O. (2009). Complex brain networks: Graph theoretical analysis
of structural and functional systems. Nat. Rev., Neurosci. 10 186—198.

CHOWDHURY, D. and CrosSS, M. C. (2010). Synchronization of oscillators with long-range
power law interactions. Phys. Rev. E 82 016205.

DAI1 PRA, P. and DEN HOLLANDER, F. (1996). McKean—Vlasov limit for interacting random
processes in random media. J. Stat. Phys. 84 735-772. MR1400186

DELARUE, F., INGLIS, J., RUBENTHALER, S. and TANRE, E. (2015). Global solvability of
a networked integrate-and-fire model of McKean—Vlasov type. Ann. Appl. Probab. 25
2096-2133. MR3349003

ERMENTROUT, G. B. and TERMAN, D. H. (2010). Mathematical Foundations of Neuro-
science. Interdisciplinary Applied Mathematics 35. Springer, New York. MR2674516

FERNANDEZ, B. and MELEARD, S. (1997). A Hilbertian approach for fluctuations on the
McKean—Vlasov model. Stochastic Process. Appl. 71 33-53. MR1480638

FIrPO, M.-C. and RUFFO, S. (2001). Chaos suppression in the large size limit for long-range
systems. J. Phys. A 34 L511-L.518. MR1863239

FRIEDMAN, A. (1964). Partial Differential Equations of Parabolic Type. Prentice-Hall, Engle-
wood Cliffs, NJ. MR0181836

GARTNER, J. (1988). On the McKean—Vlasov limit for interacting diffusions. Math. Nachr.
137 197-248. MR0968996

GIACOMIN, G., LUCON, E. and POQUET, C. (2014). Coherence stability and effect of random
natural frequencies in populations of coupled oscillators. J. Dynam. Differential Equa-
tions 26 333-367. MR3207725


http://www.ams.org/mathscinet-getitem?mr=2424078
http://www.ams.org/mathscinet-getitem?mr=0939480
http://www.ams.org/mathscinet-getitem?mr=0435594
http://www.ams.org/mathscinet-getitem?mr=1346262
http://www.ams.org/mathscinet-getitem?mr=2974499
http://www.ams.org/mathscinet-getitem?mr=1457623
http://www.ams.org/mathscinet-getitem?mr=1324786
http://www.ams.org/mathscinet-getitem?mr=2731396
http://www.ams.org/mathscinet-getitem?mr=1410117
http://www.ams.org/mathscinet-getitem?mr=1400186
http://www.ams.org/mathscinet-getitem?mr=3349003
http://www.ams.org/mathscinet-getitem?mr=2674516
http://www.ams.org/mathscinet-getitem?mr=1480638
http://www.ams.org/mathscinet-getitem?mr=1863239
http://www.ams.org/mathscinet-getitem?mr=0181836
http://www.ams.org/mathscinet-getitem?mr=0968996
http://www.ams.org/mathscinet-getitem?mr=3207725

3908

(21]

(22]

(23]

[24]

[25]

[26]

[27]

(28]
[29]
(30]

(31]

(32]

[33]
[34]
(35]

[36]

[37]
(38]

(39]

[40]

E. LUCON AND W. STANNAT

GODINHO, D. and QUININAO, C. (2015). Propagation of chaos for a subcritical Keller—Segel
model. Ann. Inst. Henri Poincaré Probab. Stat. 51 965-992. MR3365970

GUPTA, S., POTTERS, M. and RUFFO, S. (2012). One-dimensional lattice of oscillators cou-
pled through power-law interactions: Continuum limit and dynamics of spatial Fourier
modes. Phys. Rev. E 85 066201.

JOFFE, A. and METIVIER, M. (1986). Weak convergence of sequences of semimartingales
with applications to multitype branching processes. Adv. in Appl. Probab. 18 20-65.
MRO0827331

JOURDAIN, B. and MELEARD, S. (1998). Propagation of chaos and fluctuations for a moder-
ate model with smooth initial data. Ann. Inst. Henri Poincaré Probab. Stat. 34 727-766.
MR1653393

KUNITA, H. (1984). Stochastic differential equations and stochastic flows of diffeomorphisms.
In Ecole D’été de Probabilités de Saint-Flour, XII—1982. Lecture Notes in Math. 1097
143-303. Springer, Berlin. MR0876080

KuURrTZ, T. G. and XIONG, J. (1999). Particle representations for a class of nonlinear SPDEs.
Stochastic Process. Appl. 83 103—-126. MR1705602

KurTz, T. G. and XIONG, J. (2004). A stochastic evolution equation arising from the fluc-
tuations of a class of interacting particle systems. Commun. Math. Sci. 2 325-358.
MR2118848

LucoN, E. (2011). Quenched limits and fluctuations of the empirical measure for plane rotators
in random media. Electron. J. Probab. 16 792-829. MR2793244

LuUcoN, E. and STANNAT, W. (2014). Mean field limit for disordered diffusions with singular
interactions. Ann. Appl. Probab. 24 1946-1993. MR3226169

MALRIEU, F. (2003). Convergence to equilibrium for granular media equations and their Euler
schemes. Ann. Appl. Probab. 13 540-560. MR1970276

MARODI, M., D’OVIDIO, F. and VICSEK, T. (2002). Synchronization of oscillators with long
range interaction: Phase transition and anomalous finite size effects. Phys. Rev. E 66
011109.

MCcKEAN, H. P. JR. (1967). Propagation of chaos for a class of non-linear parabolic equations.
In Stochastic Differential Equations (Lecture Series in Differential Equations, Session 7,
Catholic Univ., 1967) 41-57. Air Force Office Sci. Res., Arlington, VA. MR0233437

MITOMA, I. (1985). An co-dimensional inhomogeneous Langevin’s equation. J. Funct. Anal.
61 342-359. MR0820620

OELSCHLAGER, K. (1984). A martingale approach to the law of large numbers for weakly
interacting stochastic processes. Ann. Probab. 12 458-479. MR0735849

OELSCHLAGER, K. (1987). A fluctuation theorem for moderately interacting diffusion pro-
cesses. Probab. Theory Related Fields 74 591-616. MR0876258

OMELCHENKO, 1., RIEMENSCHNEIDER, B., HOVEL, P., MAISTRENKO, Y. and SCHOLL, E.
(2012). Transition from spatial coherence to incoherence in coupled chaotic systems.
Phys. Rev. E 85 026212.

ROGERS, J. L. and WILLE, L. T. (1996). Phase transitions in nonlinear oscillator chains. Phys.
Rev. E 54 R2193-R2196.

STROGATZ, S. H. and MIROLLO, R. E. (1991). Stability of incoherence in a population of
coupled oscillators. J. Stat. Phys. 63 613-635. MR1115806

SZNITMAN, A.-S. (1985). A fluctuation result for nonlinear diffusions. In Infinite-Dimensional
Analysis and Stochastic Processes (Bielefeld, 1983) (S. Albeverio, ed.). Res. Notes in
Math. 124 145-160. Pitman, Boston, MA. MR0865024

SZNITMAN, A.-S. (1991). Topics in propagation of chaos. In Ecole D’Eté de Probabilités
de Saint-Flour XIX—1989. Lecture Notes in Math. 1464 165-251. Springer, Berlin.
MR1108185


http://www.ams.org/mathscinet-getitem?mr=3365970
http://www.ams.org/mathscinet-getitem?mr=0827331
http://www.ams.org/mathscinet-getitem?mr=1653393
http://www.ams.org/mathscinet-getitem?mr=0876080
http://www.ams.org/mathscinet-getitem?mr=1705602
http://www.ams.org/mathscinet-getitem?mr=2118848
http://www.ams.org/mathscinet-getitem?mr=2793244
http://www.ams.org/mathscinet-getitem?mr=3226169
http://www.ams.org/mathscinet-getitem?mr=1970276
http://www.ams.org/mathscinet-getitem?mr=0233437
http://www.ams.org/mathscinet-getitem?mr=0820620
http://www.ams.org/mathscinet-getitem?mr=0735849
http://www.ams.org/mathscinet-getitem?mr=0876258
http://www.ams.org/mathscinet-getitem?mr=1115806
http://www.ams.org/mathscinet-getitem?mr=0865024
http://www.ams.org/mathscinet-getitem?mr=1108185

FLUCTUATIONS FOR MEAN-FIELD DIFFUSIONS IN SPATIAL INTERACTION 3909

[41] TouBOUL, J. (2012). Limits and dynamics of stochastic neuronal networks with random het-
erogeneous delays. J. Stat. Phys. 149 569-597. MR2998591
[42] WAINRIB, G. and TOUBOUL, J. (2013). Topological and dynamical complexity of random

neural networks. Phys. Rev. Lett. 110 118101.

LABORATOIRE MAPS

UNIVERSITE PARIS DESCARTES AND
CNRS, SORBONNE PARIS CITE

45 RUE DES SAINTS PERES

75270 PARIS CEDEX 06

FRANCE

E-MAIL: eric.lucon@parisdescartes.fr

INSTITUT FUR MATHEMATIK

TECHNISCHE UNIVERSITAT BERLIN

STRASSE DES 17. JUNI 136

D-10623 BERLIN

GERMANY

AND

BERNSTEIN CENTER FOR COMPUTATIONAL
NEUROSCIENCE

PHILIPPSTR. 13

D-10115 BERLIN

GERMANY

E-MAIL: stannat@math.tu-berlin.de


http://www.ams.org/mathscinet-getitem?mr=2998591
mailto:eric.lucon@parisdescartes.fr
mailto:stannat@math.tu-berlin.de

	Introduction
	Weakly interacting diffusions
	Mean-ﬁeld models in physics and neuroscience
	Diffusions in spatial interaction
	Empirical measure and McKean-Vlasov limit
	Fluctuations around the mean-ﬁeld limit
	On the quenched ﬂuctuations
	Existing literature
	Comments and perspectives
	Outline of the paper


	Main results
	Decomposition of the ﬂuctuation process
	Two-particle ﬂuctuation process
	Relations between etaN and HN
	Semimartingale representation of the ﬂuctuation processes

	Assumptions
	Estimates on the McKean-Vlasov equation
	Fluctuations results
	Fluctuation result in the subcritical case alpha<1/2
	Fluctuation result when alpha>1/2
	Comments on the critical ﬂuctuations alpha= 1/2


	Tightness results
	First estimates on Psi
	Estimates on the nonlinear process
	Weighted-Sobolev spaces
	Sobolev spaces on OxExX
	Sobolev spaces on (OxExX)2
	Continuity of linear forms

	Tightness criterion
	Tightness of the two-particle ﬂuctuation process HN
	Tightness of the ﬂuctuation process etaN

	Convergence of the ﬂuctuation processes
	Identiﬁcation of the initial value and the martingale part
	Identiﬁcation of the limit
	Some uniqueness results
	Uniqueness for linear functional equations driven by Ls(1)
	Uniqueness for linear functional equations driven by L[nus]

	Convergence when alpha<1/2
	Convergence when alpha>1/2

	Proofs
	Proof of Propositions 2.2 and 2.3
	Proof of Proposition 2.5
	Proof of Proposition 3.6
	Proof of Proposition 3.12
	Proof of Proposition 3.16
	Proof of Proposition 3.17
	Proof of Proposition 4.1
	Proof of Proposition 4.3
	Proof of Proposition 4.6

	Acknowledgments
	References
	Author's Addresses

