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LARGE-TIME OPTION PRICING USING THE
DONSKER-VARADHAN LDP—CORRELATED STOCHASTIC
VOLATILITY WITH STOCHASTIC INTEREST RATES AND JUMPS

BY MARTIN FORDE AND ROHINI KUMAR!
King’s College London and Wayne State University

We establish a large-time large deviation principle (LDP) for a gen-
eral mean-reverting stochastic volatility model with nonzero correlation and
sublinear growth for the volatility coefficient, using the Donsker—Varadhan
[Comm. Pure Appl. Math. 36 (1983) 183-212] LDP for the occupation mea-
sure of a Feller process under mild ergodicity conditions. We verify that these
conditions are satisfied when the process driving the volatility is an Ornstein—
Uhlenbeck (OU) process with a perturbed (sublinear) drift. We then translate
these results into large-time asymptotics for call options and implied volatility
and we verify our results numerically using Monte Carlo simulation. Finally,
we extend our analysis to include a CIR short rate process and an independent
driving Lévy process.

1. Introduction. The last few years has seen the emergence of a number
of articles on large-time asymptotics for stochastic volatility models, with and
without jumps. Using the Girtner—Ellis theorem from large deviations theory, [13]
compute the asymptotic (i.e., leading order) implied volatility smile for the well-
known Heston model in the so-called large-time, large log-moneyness regime, un-
der a mild restriction on the model parameters, and the rate function is computed
numerically as a Fenchel-Legendre transform which is just a one-dimensional
root-finding exercise. [17] show that the asymptotic smile can actually be com-
puted in closed-form via the SVI parameterization and [14] compute the correction
term to this smile using saddlepoint methods; [12] derives a similar result for the
Stein—Stein model and [19] derive a similar result for a displaced Heston model
(and relax the aforementioned condition on the parameters). [18] extended the re-
sults in [13] to a general class of affine stochastic volatility models (with jumps),
which includes the Heston, Bates and the Barndorff-Nielsen—Shephard model, and
under mild assumptions, they show that the limiting smile necessarily corresponds
to the smile generated by an exponential Lévy model. More recently, [15] com-
pute large-time asymptotics for a fractional local-stochastic volatility model and
large-time asymptotics for European and barrier options under conventional and
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fractional exponential Lévy models, using the deAcosta LDP for a Lévy process
on path space.

[11] derives a large deviation principle for the log stock price under an uncorre-
lated stochastic volatility model driven by an Ornstein—Uhlenbeck process with a
bounded volatility function. For this, we use the fact that the occupation measure
for the Ornstein—Uhlenbeck process satisfies an LDP with a good, convex lower
semicontinuous rate function under the topology of weak convergence (and under
the Prokhorov metric); see Section 7 in Donsker and Varadhan [5] (see also page
178 in Stroock [25] and Proposition 1.3 in [21]), combined with the standard con-
traction principle and exponential tightness. The large-time regime is also closely
related to the small-time, fast mean reverting regime considered in Feng, Fouque
and Kumar [8] for a more general stochastic volatility model. The problem then
falls into the class of homogenization and averaging problems for nonlinear HIB
type equations, where the fast volatility variable lives on a noncompact set.

1.1. Outline of article. In this article, we consider a stochastic volatility
model for a log stock price process X; of the form

1
dX, = —Ea(Yz)zdt +o(¥)(J1 = p2dW! + pdW?),

(1.1)
dY, = (—a¥, + g(Y)))dt +dW?,

where W', W? are independent Brownian motions. We first relax the assumptions
that o is bounded and p and g are zero that are imposed in [11]. This requires an
auxiliary result, namely that the variance of a probability measure on the real line
can be bounded in terms of the Donsker—Varadhan rate function of the measure.
Using this property, we then establish an LDP for (X, /¢) using the trivial joint LDP
for the two independent variables (th /t, 1y) (where p; is the occupation measure
of Y), combined with the extended contraction principle for noncontinuous func-
tionals given in Theorem 4.2.23 in [3]. This is the same theorem which can be used
to prove the Freidlin-Wentzell small-noise LDP from Schilder’s theorem, despite
the lack of continuity of the Itd map in the sup norm topology (see, e.g., proof of
Theorem 5.6.7 in [3]), and is also used in rough paths theory to prove the small-
noise LDP for a rough differential equation driven by fractional Brownian motion
(cf. Section 15.7 and Proposition 19.14 in [16]). The rate function for X;/t in this

article has the variational representation / (x) = inf,cp(r) [% + Iy ()], for
some linear functionals M (u), v(u) which depend on the correlation p between
the log stock price process and the Y process. For the at-the-money case x = 0
with p = 0, we find that the rate function reduces to the classical Rayleigh—Ritz
formula for the principal eigenvalue A1 of an associated Sturm—Liouville equation.

In Section 5, we translate these results into large-time asymptotics for call op-
tions and implied volatility; this requires computing the corresponding LDP for

the log stock price under the so-called Share measure P* associated with using
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the stock price process as the numéraire, and in Section 6, we compute / (x) nu-
merically, using the Ritz method from the theory of calculus of variations. The
Ritz method is described at length in Gelfand and Fomin [10]—we choose an n-
dimensional subspace of the space of admissible functions, in this case the Hilbert

space L?(jto0), and we then minimize the objective function % + Iy ()
by minimizing over the subspace for the n Fourier coefficients.

In Section 7, we enrich the general model with an additional independent CIR
short rate process r; and an independent driving Lévy process Z;. It is well known
that stochastic interest rates make a significant difference to the price of European
options at large maturities, but to our knowledge this effect has never been properly
quantified using asymptotics; specifically, we show that the log stock price now
satisfies the LDP with rate function /,(x) = infy y a4 y+.=x[1(y) + Icir(a) +
V7 (2)] where Icir (a) = k*(a — 6,)%/(2ac}?) is the rate function for 1 fj ry ds, and
V7 (x) is the rate function for Z, /1.

2. The Donsker—Varadhan large deviation principle. Let 2 denote the
space of real-valued functions w(-) on —o0 < t < oo with discontinuities of the
first kind, normalized to be right continuous, and with convergence induced by the
Skorokhod topology on bounded intervals. Let (Y, P,) be a Markov process on
2 with invariant distribution poo(dy) such that the mapping y — P, is weakly
continuous (which implies the Feller property for the process Y). Let p(¢, x, dy)
denote the transition probability for ¥, P; denote the semigroup associated with
Y, and let L denote the infinitesimal generator of P; and D = D(L) C Cp(R) its
domain. For each t > 0 and A € B(R), let

1 t
o (A) = ;/0 1a(Yy) ds

denote the occupation time distribution of Y, that is, the proportion of time that ¥
spends in the set A. For each ¢t > 0 and w, u,(-) is a probability measure on R. Let
P(R) denote the space of probability measures on (R, B(R)). Then from [5] (or
page 178 in Stroock [25] or Pinsky [23]), under suitable recurrence and transitivity
conditions (see the next subsection for details), u,(-) satisfies the LDP as t — o0
in the topology of weak convergence, with a convex, lower semicontinuous rate
function Iy : P(R) — [0, oo] given by
. o Lu

2.1 Iy(n) = — inf —du

ueDtJ—co U
for each € P(R), where DT is the set of u in the domain D of L withu >¢& > 0
for some & > 0. More precisely, if we define a probability measure Q; y on P(R)

by Oy =Py o0 ,ut_], then for any closed set C C P(R) (weak topology) and for
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any open set on G C P(R) we have

1
limsup —log Q; ,(C) < — inf Iy(n),
t—oo I neC

(2.2) |
1513331‘; log Q; y(G) > — ,ié“é Iy ().

Iy () is know as the /-function for the process Y.

REMARK 2.1. By the ergodic theorem, Oy y it S0 a8t — 00, and it is well
known that Iy (u) = 0 if and only if u = o (see, e.g., the proof of Corollary 1.5
in [23]).

2.1. Sufficient conditions for the LDP upper and lower bounds. In [26]
(page 34) and [5, 6], it is shown that the following five conditions imply the LDP
upper bound in (2.2).

There exists a sequence u,;, of functions in D(L) with the five properties:

1. u,(y) >c >0 for y and n.

2. For all compact sets K C R, there exists a constant Cg such that
SUp g Sup, Un(y) < Ck.

3. Vu(y) :=—(Luy,/u,)(y) > —C forall n and y.

4. There exists a function V (y) such that for all y € R, lim,, . V,,(¥) = V(¥).

5. The set {y: V(y) < £} is compact for all £ < co.

Moreover, the following two conditions imply the LDP lower bound:
There exists a density function for p(1, x, dy) with respect to a reference mea-
sure @ on R such that:

I p(1,x,dy) = p(l,x,y)a(dy).
II. p(1,x,-) as a mapping from R — L!(«) is continuous.

These two conditions are given in [6, 26], where the LDP is proved as a corol-
lary of a more general LDP on path space in terms of the entropy function (see
Theorem 13.1.31 in [26]). These two conditions simplify the more cumbersome
conditions for the LDP lower bound given on page 393 in [5].

2.2. Examples: The OU process and the perturbed OU process.
e For the Ornstein—Uhlenbeck process,
dY[ = —OlY[dt +th

conditions 1-5 in Section 2.1 are satisfied with u,(y) = cosh(nf(y/n)), if
O(y) =y for 0 <y <1 and 0,6',0” are uniformly bounded on R and 6
is odd (see Sections 7 in [5] and [6]), and in this case V(y) = —%(y) =
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—% + yatanh y, which tends to |y| as y — Fo00. In the next bullet point, we
will show that the two lower bounds are also satisfied, as a special case of a
more general perturbed OU process. Thus, p; satisfies the LDP with rate Iy (1)
asin (2.1) as t — o0o. The OU process has a unique invariant distribution given
by teo(y) = (%)%e_“yz, that is, N (O, ia). If 1 is absolutely continuous with
respect to [, then [because the OU process is symmetric, that is, its generator
is self-adjoint with respect to oo (y)] we can simplify the rate function [y to

1 o0
2.3) (o) =5 /_ VO ()

if ¥ € L*(uoo), Where ¢ = di—‘; is the Radon—-Nikodym derivative and ¢ =
/¢ (see page 179 under exercise (8.28) in Stroock [25]). If u is not absolutely
continuous with respect to o, then Iy (u) = co. The representation in (2.3)
will be used for the numerics in Section 6 using the Ritz method.

e For a perturbed OU process of the form

(2.4) dY, = (—aY, + g(¥)) dt +dW,,

where g is C? with sublinear growth at £00 and continuous bounded derivatives
of all orders up and including 3, the —«y drift term swamps the g(y) term as
|y| — oo and the five conditions 1-5 for the LDP upper bound are still satisfied
with the same u,,(y) as above. This includes the case when, for example, g(y) =
a6 for a constant 8 which is the mean-reversion level for Y.

LEMMA 2.1. The perturbed OU process in (2.4) satisfies the two lower bound
conditions I and Il above.

PROOF. See Appendix B. [

We also note that the process Y in (2.4) has a unique invariant distribution given
by

2 "y
oy eryO g(u)du

2.5 = m .
(2.5) Moo (y) foo e_auzeryOg(v)dvdu du

2.3. The Prokhorov metric on P(R) and goodness of the rate function Iy (1).
We can also topologize P(R) with the Prokhorov metric, defined as

d(w, w1) =inf{8 > 0: u(C) < pu1(C®) 4 8 for all closed C € B(R)}
for p, 1 € P(R), where C? is the d-neighbourhood of C? (see page 96 in
Ethier and Kurtz [7]). Under this metric, P(R) is a metric space [note also that

2The set of all points which are of distance < § from C.
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d(u, py) < 1forall i, u1]. Moreover, R is separable, so convergence of measures
in the Prokhorov metric is equivalent to weak convergence of measures (see The-
orem 3.1 part (a) and part (b) in [7] for details), so the Donsker—Varadhan LDP for
u: also holds in the topology induced by the metric d.

REMARK 2.2. By Lemma 7.1 (see also page 461) in [5] i, is exponentially
tight in the weak topology (and thus also in the Prokhorov topology), and thus (by
Lemma 1.2.18 in [3]) Iy (-) is a good rate function.

2.4. The tail behaviour of probability measures inside the level sets of Iy. The
following lemma is the main observation on which the article is based, which char-
acterizes the tail behaviour of the measures inside a level set of Iy.

LEMMA 2.2. Consider the perturbed OU process in (2.4). Then for u € P(R)
we have the following bound for the second moment of | in terms of Iy (i):

0
[ Puay = k@ 0+ Ks@)
—00
for some constants K> () > 0 and K3 ().

PROOF. The infinitesimal generator L of Y coincides with the differential op-
erator £ = (—ay + g(y))dy + 2 yy on C%(R). Define a function v such that

Y, O=y=D,
vy =12, (y=z2),
smoothly increasing, (1<y=<2

and v is an odd function. Consequently, ¥, ¥', ¥ are uniformly bounded, ' > 0

and v (u#)/u > 0 and is uniformly bounded when u # 0. Let u,(y) = SV P

with c € (0, A (——&%—~—)). Then
( (Supu;eo @W(u)))

—Lun(y)z—[(—ay+g(y> (cm/f< ) ( )
Sl GG >) ()
T )) e
=[G (;) )
(e C)) v ()
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s () o

=) = L ) = 300 - o Gy |
G )
=1+1l

Observe that the second term /7 is uniformly bounded as v, ¥', ¥ are uniformly
bounded. As for the first term 7, note that w(“) ¥’ (1) > 0 and is uniformly bounded

2
for u # 0, hence —%@w’(u) > — 1f AULAC)] (")'/’ W — . Moreover, since g(y)
has sublinear growth, there exists a constant c1 > 0 such that %yz —yg(y) > —ci

Lu’fl" (y) is uniformly bounded from below. Since ¥ (y/n) =

for all y. Hence, —
y/n and ¥'(y/n) =1 for |y| < n, it is trivial to check that —Lu—’fl”(y) — (ca —

Cz—z)y2 —cyg(y) — % pointwise as n — oo and Lu,, € Cj because Lu,(y) = 0 for
y sufficiently large, so u,, € D'. From this, we obtain

% [, © L
Iy (u) = sup —/ —uduz—f = du.

ueD+ —o0 U —oco Up

Taking the liminf of both sides as n — oo and using Fatou’s lemma, we obtain

o0 2
Iy () > hmmff f_ ((ca - %)yz —cyg(y) — %)M(dy)-

Since yg(y) is subquadratlc, we can find a positive constant K («) such that (ca —
_ 2 2 _ 2 2 _ 2 2
2/2)y? — cyg(y) = CiDy2 4 (oD 2 yg(y) > LR K (a).

Thus, we have that Iy (i) > M 22 y?u(dy) — Ki(a) — 2c and the result
follows by re-arranging. [

3. The stochastic volatility model. We work on a probability space (2, F, P)
unless otherwise stated, with a filtration (F;);>0 and satisfying the usual condi-
tions. We consider the following stochastic volatility model for a log stock price
process X; = log S; driven by a perturbed Ornstein—Uhlenbeck process Y':

1 2 2, = wl

(3.1)
dY; = (—a¥, 4+ g(Y)))dt +dW?,

where o > 0, Xo = x9, Yo = Yo, W W2 are two independent standard Brownian

motions, p € (—1,1), p = /1 — p? and we make the following assumptions on o
and g throughout.
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ASSUMPTION 3.1. o :R+ (0,00) and g : R+ R are both continuous and
satisfy the sublinear growth conditions’

(3.2) o(y) Vgl <Ki(l+]yl")

for some K1 >0, p € (0,1).

ASSUMPTION 3.2. g has continuous bounded derivatives of all orders order
up and including 3, and if p # 0 then o is differentiable and |o’(y)| is bounded.

REMARK 3.3. Note that for the seemingly more general model:

1 _
dX; == fV)di+ (V) (0 dWE + pdW}).

(3.3) §
dV, =[a(m — V,) + h(V)]dt + BdW?

for o, B > 0 and f, & satisfying the same conditions as o and g above, if we set
Y, = %(Vt —m) and 6 (y) = f(By + m), g(y) = h(By + m), then we are trans-
formed back to a model of the model in (3.1), so there is no loss of generality in our
assumption of zero mean reversion level and vol-of-vol (i.e., diffusion coefficient)
equal to 1 in the Y process in (3.1).

We also set Sp = 1 throughout (i.e., xo = 0) without loss of generality, because
X; — xo is independent of xg as the SDEs have no dependence on x.

3.1. The integrated variance. Now let F : P(R) — R denote the linear func-
tional defined by

(3.4) F(u) = / _o2udy).

Note that F may not be continuous in the weak topology because o2

bounded. Define

may not be

o0 1 t
Fluy) = / PO =+ fo o2(Yy) ds,

where 1, (dy) is the occupation measure of Y'; then we see that F'(u;) is the time-
average of the instantaneous variance for Y. We also define

(3.5) 52 = /_ o2 (M)oe () dy,

where (L is defined in (2.5).

3The same condition appears in Feng, Fouque and Kumar [8].
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4. Large-time asymptotics for the stochastic volatility model.

4.1. The main result: The LDP for the log stock price ast — 0o. We now state
the first main result, which is a large deviation principle for the re-scaled log stock
price (X;/t) ast — oo.

THEOREM 4.1. Consider the process X defined in (3.1) and let b(y) =
o(y)(ay—g(y) — %0/())), G(u) = ffooo b(y)u(dy). Then under Assumptions 3.1

and 3.2, X/t satisfies the LDP as t — 0o with a good rate function given by
[(x — M(w))?
2v(w)

where M (1) = —%F(/L) +pG (), v(n) = ,52F(M) and Iy () is the rate function
for the occupation measure of Y defined in (2.1).

4.1 I(x)= inf

I ,
it + Y(M)]

PROOF. Integrating (3.1), we see that
X, = —%/OZJ(YS)st +/OZJ(YS)(des2+/3dWSI).
If we let x (y) = fyyo o (1) du, then
dx (V) = o (F)dY; + 30 (F) ALY,

2 1 1
=o (V) ((—aY +g(Y))dt +dWS) + 3° (Y)dt

which we can integrate and re-arrange as follows:

t Y,)dW?2 Y, t Y (aY. Y, l/Y d
/Oo( D dW? = f)+/0[o( Dt - g (1) - 50 s)} s

t
=+ [ b ds,
Now let Z; = Wll/t and )A(t = X;/t. Conditioning on (¥5; 0 <s <t), we obtain
Xi = —EF(M) + 0| G () + ;X(Yz) + 7WtF(ut)

1 1 o F
(42) L 2P+ o[ G + x|+ 2w

= M(uo) + Vo Zi+ 2 (1),

where M () = —%F(/L) + pG(w) and v(p) = ,62F(,u). From the Girtner—Ellis
theorem, we know that Z; satisfies a large time LDP with good rate function rate
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%zz, we also know that u, satisfies a large time LDP with good rate function Iy (u).

Moreover, Z; and u; are independent, so we have

|
I(zow) = = lim lim —loglP(Z; € Bs(2), jus € Bs(w)

0t—o0 ¢

o1
4.3) = — lim lim —[loglP(Z; € B5(2)) + logP(u; € Bs())]

§—>0t—>00 t

1 2
=52 + Iy (w).

Thus, (Z;, ;) satisfies the weak LDP with rate Z(z, u) = %Zz + Iy (u). Since p;
is exponentially tight (by Remark 2.2), for any ¢ > 0, there exists a compact set
K. C P(R) such that limsup,_, o, %logIP’(,ut ¢ K.) < —c. Thus, for any ¢ > 0,

there exists a compact set [—+/2¢, +/2c] x K. C R x P(R) such that

1
11rnsup— logP((Zs, ) ¢ [ [—v/2¢, V/2¢] x K.)

t— 00

< hmsupllog[ P(1Z:| > v2¢) + P(us ¢ Ko)]

t—00

< max{hmsup —logP(|Z;| > v2¢), limsup —logP(m ¢ KC)}
—00 1—00

< —c.

Thus, (Z;, uy) is exponentially tight, so (Z;, u;) satisfies the full LDP and (by
Lemma 1.2.18b in [3]) the rate function Z(z, ) is good. From (4.2), we have

X LX =0(Zs, ) + = X(Yt)
where ¢ : R x P(R) — Ris given by ¢(z, n) = M () + /v(u)z. Similarly, define

;(:n =" (Zs, 1),

where ¢ (z) = M™(u) + ~/v™(n)z, where we have truncated the integrands in
M () and v(p) to get

1 1
M0 = [[ (=520 4 b)) 1pim + (=302 + pb0) ) 152

1
+ (=507 m) + pbem) 1y <o |idy)

and

V() = 52 f (020D Ly zm + 02(m) Ly + 02 (—m) Ly < ] (d).
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Since the integrands are bounded and continuous functions of R, M™(u) and
v™ () are continuous functionals of n under the weak topology. Using the Holder
continuity of the square root function: |/x — /y| < /[x — y[, we have

X0 — X0 < M) — M )|+ o (o) — v o1 Zi] + ‘?x(m

Then
P(|X; — X| > 8)

< P(!M(Mz) — M )|+ o (o) — v (o124 + ‘?x(m

~5)

1
< P(|M(Mz) — M )|+ o) — v o1 2] > 58)
“4.4)

1
+]P>< ?X(Y,) > 55)

=< By 0y M oy G =m i 21 b Ly e =e) + BTy (1e) > ¢)

+IP’< ?X(Y,) > %5)

We will use the following lemma in the subsequent proof.

LEMMA 4.1. Consider the Y process defined in (3.1). Then for v > 0 we have

limsup,_, o, %log IP(| %X (Y)| > v) = —o0, where x (-) is defined as in the proof of

Theorem 4.1.
PROOF. See Appendix C. [

Recall that M (u) = —4 F (1) + pG (1) and v(1) = p> F (). Thenif Iy (1) < c,
from Lemmas A.1 to A.4 in Appendix A we obtain

4.5) |M () =M™ ()| v () = v™ ()] < ym(c),
where ¥, (¢) =2A(= + —) (Ka(@)c + K3()) for some A > 0and g =1+ p,

and y,,(c) —> 0asm — oo. Now let ¢ =P(Iy (i) > ¢) +IP’(|§X(Y,)| > %8). Then
using (4.5), we can now further bound the right-hand side of (4.4) as follows:

P(|X, — X"| > 8) < E(L, .+ mmizii=slivan=e) +¢
1
<P(r@ + @121 > 38) +¢

%a—ym(o)H_

Pl|Z
= (' =T
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Letting ¢+ — oo and using the LDP for u; and the LDP for Z; and Lemma 4.1
we obtain

11msup—log]P’(|X, X" >8) < —M Ac
=00 2ym(c)
Now set ¢ = c(m) = m”? where g € (0,2—¢g). Then Yo = VYm(c(m)) = 2A(# +
o q)(Kz(Ol)mﬂ + K3()) - 0 as m — oo and
lim hmsupllogIP’(|Xt X" > 8) < —oo.
m—0 ¢ 500

Thus, X/ is an exponentially good approximation to X, in the sense of Defini-
tion 4.2.14 in [3]. From the analysis above, we have

lim sup sup lp(z, ) — @™ (z, )|
m—>00 (z,u):Z(z,u)<R

<limsup sup [[M (1) — M™ ()| + Vv () — v (w)zl|

MO0 (Zw): sy (W<R
< limsup sup |V (R) + /Ym (R)V2R|
M7 (s Iy (W=R
=0.
Thus, by Theorem 4.2.23 in [3], X ¢ satisfies the LDP with good rate function

1
(4.6) I(x)= inf [—22 + IY(M)].
(2. ): M (W) +/v)z=x L2

But v(p) = p? foo 2(y),t,c(dy) > 0 because o2 is strictly positive. Thus, we

can re-write the right-hand side of (4.6) as lnfuep(R)[# + Iy(n)]. O

4.2. Properties of the rate function I (x). The following two corollaries estab-
lish some basic properties of I (x).

COROLLARY 4.2. The infimum of I (x) in (4.1) is attained uniquely at

1_
(4.7) Xmin = M (o) = =57,
where M(-) is defined as in Theorem 4.1 and & is defined in (3.5).

PROOF. Let I(x,u) = % + Iy(w). Then, by (4.1), I(x) =
inf epmr) I (x, n). Setting u = oo we have I(Xmin, hoo) =
Iy (Jteo) = 0. Therefore,

0<I(xmin)= 1Inf Ixmin, 1) < I (Xmin, =0
< I (Xmin) LeP(R) (Xmin» #) < I (Xmin, Hoo)

(Fmin—M (f00))?
Wi T

$0 I (xmin) =0
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We show that xp;j is the unique minimum by contradiction. Suppose there exists
an X # Xmin such that lim, ., I (x, u,) = 0 for some sequence (u,) with u, €
P@R). If I(x, u,) — 0asn— oo then Iy(u,) — 0 and M(u,) — x as n — o0.
We first show that (u,) is a tight sequence. For any k£ > 0,

K2l —k, K < /

g VB dy) = Ko@)y (ua) + K (@),

where we have used Lemma 2.2 for the last inequality. Since Iy (u,) — 0 asn —
0o, we can find a C < oo such that sup, Iy(u,) < C. Hence, kK2 pn[—k, k]¢ <
K>(a)C + K3() for all n. Thus, given € > 0, we can choose k large enough such
that

K> (a)C + K3(@)
<e,
k2

sup il —k, k1° <
n

so () is tight as required.

Hence, (1) has a convergent subsequence. Without loss of generality, we de-
note the convergent subsequence by (u,) and let i denote the limit point. Then
Iy () = 0 by lower semicontinuity of Iy [i.e., Iy(n) < liminf,, ., Iy(u,) = 0]
and by uniqueness of minimizer of Iy we obtain © = eo. We will next show that
M (un) & M([too) = Xmin Which gives the contradiction.

Let m > 0. Then

| M (1n) — M (100)| < |Min (1) — M (ioo)| + [ M (1) — My () |
+ |M (1100) = M (1100)|
< M (n) = M (oo | 4 c(m)(Cr Iy (in) + C2)
+c(m)(C11y (oo) + C2)

[where we have applied Lemma A.1, and C1, C; are constants and c(m) = 1/ m? +
1/m?>~4 for some g € (0, 2)]

= |Mm(ﬂn) - Mm(ﬂoo)| + C(m)(CIIY(Mn) + CZ) +c(m)Cs.
Taking n — oo, we see that
(4.8) Tim [M (1) — M (100)| <0 +2c(m)C

because M, is a continuous functional. Since this holds for any arbitrary m > 0,
taking m — oo and noting that c(m) — 0 as m — 0o, we get M (i) > M (Uoo) =
Xmin-

Finally, using the definition of M (-) in Theorem 4.1, we find that M (1) =
—16% + pb where b = [%_ b(y)jtoc(y) dy. Recall that b(y) is defined in Theo-
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rem 4.1 as b(y) = (ay — g(y))o (y) — %d(y). Then we have

jmses
0 27 gu)du —gy?
= const. X [/ [0 (ay —g(y))]e e " dy
—0o0
_ /Oo %0/(y)e—ay262fyvo g(u)du dy]

= const. X [/ [o’ (y)(ay _ g(y))]EZJj\;)g(u)due—ay2 dy

—0o0

+ / E<7(y)e—‘”>’2e2f3(>“’(“)d“(—%xy +2g(y))dy]
—0oQ
— 0,

where we have integrated by parts in the second expression of the last line. Thus,
we see that xpip = —%62. 0

COROLLARY 4.3. [I(x) in (4.1) is continuous.

PROOF. Let I(x, ) be as defined in Corollary 4.2. Then I (x, u) is upper
semicontinuous in x for u fixed, and I (x) = inf, I (x, ). The pointwise supre-
mum of a family of LSC functions is LSC (see, e.g., Lemma 2.41 on page 43 in
[1]), hence the pointwise infimum of a family of USC functions is USC, so I (x) is
USC. But I (x) is also a rate function, hence I is also LSC. [

4.3. The case x = 0 with p = 0—the Rayleigh—Ritz formula.
COROLLARY 4.4. Forx =0, p=0, 1(0) reduces to

. 1
1(0) =i = Mé%fm[f(“) + Iy(u)]
4.9) - ]
S | w[gaz(yw(y)z + El//(y)z]uoo(y) dy.

el (o)W a=1

PROOF. The first equality in (4.9) just follows by setting x =0 in (4.1) and
simplifying. The second equality just follows by re-writing u in terms of . [

REMARK 4.5. (4.9) is the classical Rayleigh-Ritz formula for the low-
est eigenvalue A; for the Sturm-Liouville problem (—ay + g(y))u’ + %u” —
%az(y)u = —X1u (see page 2 in [4] for more details).



LARGE-TIME OPTION PRICING USING THE DONSKER-VARADHAN LDP 3713
4.4. A general vol-of-vol coefficient. For a more general model of the form,
1 _
dX, = —50(‘/,)2 dt +o (V) (pdW? + pdW)),
dV, = (—aV; + g(V))dt + B(V,) dW?

for g, o satisfying the same conditions as before, g € C 4 with bounded first deriva-
tive (so B is Lipschitz), 0 < 8 < B(v) < B < 00, B(v) = B as [v| — oo and
ﬁ — /3%00 = O(1/1 + |v|") for some y > 0, then making the transformation

Y, = U(V;), where U (v) = Jy 45, we find that

1
ay,=U'(V;)dV; + EU”(V;)d(V)t

/ 2 1 /" 2
=U'(V)[(—aV: +g(Vp))dt + B(V)) dW[] + EU (VoB(V)~dt

1 2 1 /
= BV [(—Oth —i—g(Vt))dt] +dW/ — 5,8 (Vy)dt

C o gV 1, ] )
4.10 =|— V. — —B(V) |d dw
G0 = mgp Vit g,y TP VA AW

=[ari+ (ave - v + (S - 5p ) Jar+aw?

i U—I(Yt))

= —OlY[ + (aYt —

o«
BU~L(Yy))
(g(U—l(Yt)) 1

o\Y MU a1 2
gy 2P )|+

—1
We need to show that the terms aY; — U~(Y,) and sW_ () _

o
BW~L(Y1)) BWU~L(Yy))
% B'(U~1(Y;)) satisfy the sublinear growth condition in Assumption 3.1. Hence-
forth, “sublinear growth” will mean that equation (3.2) is satisfied.

We first look at the term gﬁgi—m — 1 W="(1})). Since 1/8(-) and B'(-) are

bounded functions, it is sufficient to show that g(U -1 (¥:)) has sublinear growth in
Y;. By the definition of ¥ and bounds on B(-), we get V; /B < ¥, < V;/B which then
gives us the inequality BY; < V; = U -y < BY;. Since g has sublinear growth
and V; grows linearly with Y;, we get that g(U~!(Y;)) is a sub linear function
of Y;.

—1,y,
We next show that |y — U

ﬁ(U,l(y))l < constant x (1 4+ |y|)® for some 8 € (0, 1).
By definition of Y and properties of 8(-), we get

v 1 )] v 1 1 v
g © o B(2) ¢ ,3oo+/0 (ﬁ(z) ﬁoo) F4 B +O(1+ v
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and
v v

——=—4 001+ ').

B(w) P ( )
Putting this together, we get

Ul v
y— 4 =U@) — ——=0(1+v|'™).
BU= () p)

Since V; grows linearly with Y;, we get |y — ﬁ(UU__ill(();)ﬂ =0+ |y|1*7’). So |y —
M| < constant if y > 1 and |y — w| < constant x (1 + |y|'77) if
BW-ton' — BUTT) ' —

y € (0, 1). Thus,

1. . _
dX, = —EJ(Y,)Zdt +5(Y)(pdW? 4+ pdW},
dY; = (—aY, + g(Y)))dt +dW?
for some &, g which satisfy Assumptions 3.1 and 3.2, so we are back to a model of
the form in (3.1), and thus the main result in Theorem 4.1 still holds. If we want to

impose less stringent conditions on 8, we would have to manually verify the upper
bound conditions 1-5 and the lower bound conditions A, B in Section 2.1.

5. Call options and implied volatility. We now verify the martingale prop-
erty for S; = eX*. This will be used to define the Share measure P* below.

PROPOSITION 5.1.  (S8/)0<r<oo defined in (3.1) is a martingale.
PROOF. See Appendix D. [J

We consider the family of probability measures }P’i(A) = SLOE(ST 14) defined

foreach 7 >0,forAe F;andt <T [P; is a probability measure on Fr because
(S)o<t<r 1s a martingale by Proposition 5.1]. From Girsanov’s theorem, we have
that

1
5.1) dX; = oY) dt+o () (pd W + pdW?),
dY, = (—aY; + g(¥)) + po (Yy)) dt +dW;?,

where W;*!, W2 are independent PS-Brownian motions. Let P* be a probability
measure under which (X, Y) satisfies (5.1) for all t > 0 with Xo =0 and Yy = yp.

PROPOSITION 5.2. X, /t satisfies the LDP under P* as t — oo with a good
rate function given by

VL 2
I*(x)= inf [—(’“ M (w)
2v(w)

nePR)

s (u)],
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where. M*(n) = 5F(n) + pG*(w), where G*(n) = [%[(@y — g(y) —
po(y)o(y) — %o/(y)]u(dy), and the minimum of I*(x) is attained uniquely at
Xy = M*(uk,); where 3 is the invariant distribution of the Y process under P*.

PROOF. If we let g(y) = g(y) + po(y), then g also has sublinear growth,
and the proof then just follows by an almost identical argument to the proofs of
Theorem 4.1 and Corollary 4.2. [J

COROLLARY 5.3.  The unique minimizers Xmin and x;.  of the rate functions
I and I*, respectively (defined in Corollary 4.2 and Proposition 5.2, resp.), satisfy
the inequality X7, > Xmin.
PROOF. Recall the formula of the invariant density for the perturbed OU pro-
—av2 Zf) gw)du
e W 70

cess given in (2.5). Then pl (y) = -

2[4 z(v)dvdu
25 e—au? 1o &) du

, where g(y) = g(y) +

Y
efotyzezfyo g(u)du
T
00 eimt2€2fy0 g)dvdu du

> 1 ;
G*(,uzo) = const f [(ay — g(y))g(y) _ 5O,/(y)]eagyZezfyyOg(u)a,'u dy

. Observe that

po (y) and peo(y) =

—00
© 17rd —ay? 2 [ ~(u)duj|

— t- _ ay }’Og d =O

cons /_OO 2|:dy(or(y)e e ) |dy

Similarly, G (4co) = 0. Thus,
1 1
Xmin = _EF(MOO) +0G(heo) = _EF(MOO) < F(Mzo)

1
= 5 F(150) + PG (Mso) = Xmin- O

By Proposition 5.2, that is, the LDP for (X,/¢) under P*, and the continuity
of the rate function I'*, we obtain the following corollary, which will be used to

characterize the large-time behaviour of call option prices.

COROLLARY 5.4. For the model in (3.1), we have the following large-time
behaviour for digital call options:

1
lim —logP*(X; > xt) = —A™(x) (x > xkin)s
t—>00

min
t]l)ngo;logp (X: <xt) =—A"(x) ()C <xmin)’
where

. % . *
pry o [BEEON Fxz
Inf I°(y). i x < X
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REMARK 5.5. From the definition of A*, we see that A* is nonincreasing for
x < x>. and nondecreasing for x > x*. , and [by the continuity of /*(x), which
can be proved by a similar argument to Corollary 4.3] A* is continuous.

Recall that the payoff of a European call option of strike K is E(S; — K)™, and
the payoff of a European put option with strike K is E(K — S;)".

COROLLARY 5.6. For the model in (3.1), we have the following large-time
asymptotic behaviour for put/call options in the large-time, large log-moneyness
regime:

1
— lim —logE(S, — Soe™")" = A*(x) (x > xkin),s

t—o0 t min

min

1
(52) — lim log[So —E(S; — Soe™) 1= A*(x)  (xmin <X < x15,),
1
—[l_i)rrolO p log(E(Soe™” — 8:)*) = A*(x) (* < Xmin),

PROOF. This is now a standard result; see, for example, Corollary 2.4 in [13].
O

5.1. Implied volatility. Using the same proofs as in Corollary 1.7 and Corol-
lary 2.17 in [13] for the Heston model (see also Theorem 14 in [18] for a general
affine model), we have the following asymptotic behaviour in the large-time, large
log-moneyness regime, where d;(xt) is the implied volatility of a put/call option
with strike Soe*! for model in (3.1):

~ 2 . ~AD
Goo ()2 = lim 67 (x1)

At Fx —2y A2 + A% X)) (¢ & (i, X))
22AT() +x +2) A2+ A*(0x) (¥ € (Yomins Xein)
and we see that 65, (0)> = 8 A*(0). We omit the details for the sake of brevity.

6. Numerical implementation and results. Recall that the rate function /7 (x)

for X;/t under the model in (3.1) is given by I(x) = infuep(R)[% +
Iy (w)]. If g(y) =0, then using the simpler representation for the rate function

in (2.3), we can re-write I (x) as

I(x)= inf
Y EL2(hoo): ¥ [2=1

where now M = M) =[5, m(0)Y (1) ftoo(y) dy, m(y) = —30°(y) + pb(y)
andv=v(y¥) = P> ffooo 0(y)21ﬂ(y)2,uoo(y) dy [the constraint under the inf is just

shorthand for [ ¥ (y)2 e (¥) dy = 11.

[(x—M)2

1 o / 2
v Moo(y)dy]
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0.891

0.88

0.871

0.85r

FIG. 1. Here, we have plotted the right half of the (symmetric) asymptotic implied volatility 6o0(x)
for the Ornstein-Uhlenbeck model with p =0, o = 1 and o (y) = 4/log(1 + &Y) (solid blue line)
using the Ritz method with the NMinimize command in Mathematica and n =7, and the values
obtained using Monte Carlo simulation for t =75 years (grey diagonal crosses) and t = 30 years
(black crosses). For the Monte Carlo, we use 1,000,000 simulations and 1000 time steps and we use
the usual conditioning trick for p = 0 by simulating the integrated variance fé o (Ys)%ds and then
plugging this into the Black—Scholes formula. In this case, x;;in =0.376131 and xpin = —xr’;in, Note
that o (y) ~ /y as y — 00, and thus satisfies the sublinear growth condition.

6.1. The Ritz method. We can use the Ritz method described in Gelfand and
Fomin [10] to provide an approximate numerical solution to this problem in terms
of v, by considering a ¥ = appg + -+ + an@n, Where @o, @2, ..., ¢, are the
first n 4 1 eigenfunctions for the Hilbert space ‘H = L3(R, Uoo) Of square inte-
grable functions with respect to tso(y), which can be computed in closed form as
on(y) = H,(y/ay) (see Section 6.2.1 in Linetsky [22]). We then optimize for the
Fourier coefficients (g, ..., ;) (see Table 1 and Figure 1).

6.2. Numerical results.

TABLE 1
Here we have computed the large-time asymptotic implied volatility 60 (x) using the Ritz method,
and compared to the answers obtained using Monte Carlo for t =75 yrs and t = 30 yrs

X 000 (x) Monte Carlo t =75 Monte Carlo ¢ =30
0.0 0.858305 0.857258 0.856479
0.2 0.860926 0.859900 0.859147
0.4 0.868463 0.867634 0.866509
0.6 0.880036 0.879524 0.877567

0.8 0.894606 0.894606 0.891904
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7. Stochastic interest rates and jumps. We now consider the following
three-factor model for the log stock price X; under P, which incorporates stochas-
tic volatility and a stochastic short rate driven by a CIR square root process:

1
dX, = <r, _ 5a(Y,)Z) dt +o(Y)(pdW? + pdW!) +dZ,,

TD N ay, = (—a¥, + g(¥)) dt +dW?,
dr; =k,(8, —r;)dt + UM/r_,de,

where W1, W2, W3 are independent Brownian motions, xg, kr, 6,, 0, >0, [p| < 1
and 2«6, > 0,2,4 and Z, is a Lévy process independent of W', W2, W3 such
that e% is a martingale, with cumulant generating function (cgf) V;(p) so that
E(eP?) ="/ (P and g, o satisfy Assumptions 3.1 and 3.2.

Assume that VJ” (p) > 0 and Vj(p) is essentially smooth on some interval
(p—, p+) lie, |Vy(p)| > o0 as p / pi and p \( p-] with p_ <0 <1 < p;.
If welet x_ = V} (0) and Vy(x) = supp[ px — Vj(p)] denote the Legendre trans-
form of Vj, then by the Girtner—Ellis theorem, Z;/¢ satisfies the LDP with rate
function V(x), and x_ is the unique minimum of Vj(x) where Vj(x_) =0 (see
[9] for details).

We will need the following result.

LEMMA 7.1. For the model in (7.1), I'; = %fé rs ds satisfies the LDP as t —
oo with good rate function given by the Fenchel-Legendre transform of VcIr:

2 2
k:(a—0y)
Icr (@) = sup{pa — Ver(p)} = rzizr
a>0 aoy;
where
1
Ver(p) = lim —log E(epfo’ rs ds)
(7 2) t—oo t
‘ K0
— Or_zr [Kr - \/m:l5 fOr‘p = (_OO, p+]’
- r
> for p ¢ (=00, py].
2
and p+ = 2’;’2 . IcIR clearly attains its minimum value of zero at a = 6.

PROOF. Just follows from the known closed-form expression for the moment
generating function of I'; given in, for example, Section 3 in [2] and the Gértner—
Ellis theorem from large deviations theory, using a similar argument to Theo-
rem 2.1 in Forde and Jacquier [13]. [J

From the contraction principle, we now have the following.

4Which ensures that r = 0 is an unattainable boundary.
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COROLLARY 7.1. X;/t satisfies the LDP as t — oo with rate function

I(x) = infy y aqyt=x[1 () + Icir(a) + Vi (2)] = inf, ,[I(y) + Icir(a) +
Vi(x —a—y)], where I (x) is defined as in Theorem 4.1.

REMARK 7.2. For the model in (7.1), if there is no Lévy process component,
by conditioning on I'; = % fot rgds, we can prove the following asymptotic be-
haviour for the price of a digital call option in the large-time, large log-moneyness
regime:

| ot .
lim —logE(e forsdslxt>x,) = —yu;l; I (y),

t—00 t

where I, (x) = inf,cp+[a + [ (x — a) + Icr(a)].

REMARK 7.3. We can adapt this result to compute, for example, large-time
asymptotics for European call options.

APPENDIX A: LINEAR FUNCTIONALS OF THE OCCUPATION MEASURE

LEMMA A.1. Consider a linear functional A : P(R) — R defined by A(n) =
[ X)) i(dy), where X satisfies the growth condition:

(A.T) ] <A1+ 1yl7)
forq € (0,2), A> 0. Then

m2

where A" (1) = [IAD)y1<m) + 20m) Lyomy + A(=m)ly<—m)lie(dy) and
K>(a) > 0 and K3(a) are the constants introduced in Lemma 2.2.

. 11
AW = A7) 224 (=5 4+ ) (Ko@)l () + K@),

PROOF. For Iy(u) < c, using the growth condition on A we obtain
[A () — A" ()|

= [()\(y) - )\(m))l{y>m} + ()‘«(y) - )“(_m))l{y<—m}]/i(dy)

ly|>m

< /|y|>m[<\x<y>\ + A Ly + ()] + A=) 1 (s <y 1)

<4 A(1+1y|?)u(dy)

|y|>m

<4A ! ! RS
=< o R f_ooyu( y)

1 1
<aa(-s ) (K@ () + Ka(@),

where we have used Lemma 2.2 in the final line. O
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LEMMA A.2. o2(y) satisfies the sub-quadratic growth condition
(A2) o?(y) < A1+ [yPP).

where A = 3K 12; thus F [as defined in (3.5)] satisfies the conditions of Lemma A.1
with A(y) = az(y), A=Arandq=2p € (0,2).

PROOF. From the sublinear growth condition o (y) < K1(1 + |y|”), we see
that

o ()2 < A2(1+ [y|P)? = A2 (14 201" + |y?7) <3A%(1 + |y*P),

where the final inequality just comes from the inequality |y|? <1+ |y|??. O

LEMMA A.3. b satisfies the growth condition
(A3) ()| < Aa(1+ |y['P)

for some Ay > 0; hence the functional G defined in Theorem 4.1 satisfies the con-
ditions in Lemma A.1 with A(y) =b(y), A=Azxand g =1+ p € (0, 2).

PROOF. Using the sublinear growth condition (3.2) and the boundedness
of o/, we see that

1 1
b = alyIKi(1+1317) + S o’ | =Kyl +aKily 7 + S ]o]

1
<aKi(1+ Y1) +aKily"P + S0
< Ao(1+ ')

for some Ay > 0. [

LEMMA A.4. Letm(y) = —%az(y) + pb(y). Then m satisfies the growth con-
dition

Im(y)| < As(1 + |y|'*P)

for some Az > 0; thus M satisfies the conditions in Lemma A.1 with A(y) =
m(y),A=Azandqg=1+ p € (0,2).

PROOF. Using (A.2) and (A.3),
1 1
m(y) = |=507 () + pbM| = AL+ ¥IPF) + pAr(1+1y1"7)

< As(1+1y'*7)

for some A3 > 0. [0
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APPENDIX B: PROOF OF LEMMA 2.1

To verify the lower bound conditions I and II, we have to show that p(1, x, dy)
admits a density p(1, x, y) and that

o0
(B.1) Jim _oo|p(1,Xz,y)—p(l,xl,y)|dy=0.
For the rest of the proof, we assume that Yy = x. Let C_}(y) = fxy g(u)du; then
G has sub-quadratic growth and recall that |g| is bounded by assumption. Let
h(y) = —%yz + G (y). Then the perturbed OU process Y in (2.4) satisfies d¥; =
h/(Yt) dt + dW[ and

1
(B.2) dh(Y;) =h' (Y:)(h' (V) dt +dW;) + Eh”(Y’) dt.
We now define a measure QQ such that
B3) 9L LN A 0 dW _ -h 0+ [ 30 ds
dP | £, ’

where 2(y) = h"(y) + (W' ())* = (—a + &'(y)) + (—ay + g(y))* and we have
used (B.2) to remove the stochastic integral term in (B.3). To check that the right-
hand side in (B.3) is a P-martingale, we first define an intermediate change of

(0)8)
measure %| F = M,(t), where
(B.4) My (t) = e~ 2 o €200 ds— [ gt dWs

Then M) is a P-martingale since the Novikov condition is satisfied following the
same argument as Appendix D, and
dY[ = —OlY[dt +th,

POV that is, Y is an

(unperturbed) OU process under POU. Now define d%’% |7, := M>(t), where

where Wt =W, — f(; g(Ys)ds is a Brownian motion under

Mo(1) = e~ 2 @YD ds—[ga¥s W

If M5 (1) is a POY-martingale, then we can go straight from P to Q and define as in
(B.3):
dQ

= o MNP ds— [ R 0 aWE _ pr v ()
dP |7,

and M M, will be a P-martingale. To check that M, is a POY martingale, we verify
the Novikov condition

E]P:OU [e% /;Y-FS(aZYMZ) dl/i] _ EIP)OU [e% é ./'SS-I-S eaZYMZ du]

1 ste_ou. 1. 2v2
< _f E]P’ [ezsa Yu]du
& Js



3722 M. FORDE AND R. KUMAR

—au l—e”

by Jensen’s inequality. Under POV, ¥, ~ N (yge™**, 4) so taking & small
enough (say &€ = %), we get EP" [e% fssﬂ("‘zyuz)d“] < 00, for any s > 0. Thus, by
Corollary 5.5.14 on page 199 in [20], M, is a POY-martingale.

By Girsanov’s theorem, Y is standard Brownian motion under Q and for any
f € Cp(R),

/ FOIp(t.x.dy) =EP (£ (V) = EQ[ £ (¥;)eh ¥ —h) =3 [ §(¥s)ds)
—00
=/ T PO HOES (o BEOVAS Y, — 3y (1, x, y) dy
—00

= [T OO 5 )y %, vy dy

(see also equations (6)—(8) in [24]), where y (¢, x,y) = 27[ e~ =0)%/21 , hy) =

J (eu+g@)du=—=4y* +G(y) + §x> = G(x) and G(y) = [} g(u) du and
ot x,y) = EPvo (72 18X dsy

where P, ,y 1s a probability measure under which Y is a Brownian bridge with
Yo=x and Y; = y. Thus, Y has a transition density given by

p(t,x,y) =y, x, )" O Opr, x, y).

- - 2
G (y) is sub-quadratic so we can choose a constant ¢ > 0 such that G(y) <c+ %
Then we see that

SNk _ =W 4G+ G ) e c—Lz’
and
B, x,y) =B (e og“)d‘)
( 3 (—aY+g(¥y)*—3 (—a+g/<Ys>>]ds)
<e ‘2' .

Thus, we have

2 - 2 /
L 6w o= 2 _ o =857+C

(I,x,y) =
p y S

for some constants Cy, C, which are independent of y. Thus, sup,.x p(1,x,y) <

2 . .
c1e~ %" for any compact set K C R. From the main theorem in [24], we also know
that p(¢, x, y) is continuous in x. Hence, we can apply the dominated convergence
theorem to establish (B.1).
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APPENDIX C: PROOF OF LEMMA 4.1

Using the sublinear growth condition on o, we have
y y
/ o(u)du f Ki(14 |ul?)
Y0 y

0
K 1 1
< Kily — yol + ——(IyI""? + [y0 ' 7).
ly — yol 1er(lyl lyol""7)

\li(l('ﬁ)‘l’ < 1’:_—;7 which implies that

x| = <

y
du < K1y — yol + KI/ ul” du
Yo

Thus, lim SUP|y|— 00

(C.1) liminf 222"

for some K > 0, where r = ﬁ € (%, 1) [note that x ~!(-) is well defined because
x'(y) = o (y) > 0]. Then from the analysis in the previous Appendix, we have

P(x (Yy) > tv)

:E@[ehw—h(yo)—%fé(h/(n))zds—%fg h”(Y,odsly> )]
t=>X

av? - g = 1 1 /
(C.2) = EQ[e—T’-I-G(Yz)-l-TO—G(yO)—fo(z(—aYs+g(Ys))2+§(—a+g (YX)))dle,>X*1(tv)]

2 _
ay, - +|,/ K r\2 -
< oGO0+ e S oy, o R (r))

42
S cre ct

for ¢ sufficiently large, for some constants ¢y, ¢ > 0, where we have used (C.1) in
the penultimate line and that Y; ~ N (yg, ) under Q.

APPENDIX D: PROOF OF PROPOSITION 5.1

To show that S, = e~ 2 o 0> (¥ ds+[g o V) (BdWi+pdWD) i martingale, by Corol-
lary 5.13, page 199 in [20], it is sufficient to check the Novikov condition:

1 2
E(eifé" (K‘)d’)<oo; 0<t < o0.

Fix 0 <t < oo. Define u, as in the proof of Lemma 2.2. Then, as in the proof of
Lemma 2.2, —Lu—”:l(y) — coy? —c1yg(y) — ¢2 pointwise as n — 00, where ¢y > 0.
Thus, by Fatou’s lemma we have

/ (coy? — c1yg(y) — c2) e (dy)

—0o0

.. >  Lu,
< liminf —
n— oo —00 un

e (dy) a.s.
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and

E[e! fi’ooo(coyz—qyg(y)—cz))m(dy)] <E(' liminf, 0 /%5, —%’(y)m(dy))
=E

(lim infe' e Lu_? o (dy)>
n—oo

00 Lup
< liminfE[e’ /-~ " (@],
n—oo

As in the proof of Lemma 2.2, using the sublinear growth of g, we can find a

constant C such that coy2 —c1yg(y) —c2) > %yz — C|. From this, we see that

(D.1) IEE[e_C”e%COf(g re ds] < limianEE[ethOOO _%(y)“’(dy)].
- n—>o0

The right-hand side in (D.1) can be bounded as

t Lup t Lup

Ele™ /0 un (Ys)dS] < elOgun(Yo)E[elOg”n(Yt>_10gun(YO)_f0 un (Y:)ds]
(D.2)
S ul’l (yO),

where the inequality follows because logu,(y) = %[mﬁ(%)]2 > 0, and the last
log un (Y;)—logu, (Yo) f§ H4 (Y,) ds

un

equality follows because M; = e is a local martingale
with Mo = 1. Applying this to (D.1) and using the definition of u, (y), we get

(D.3) E[e_clte%c(’fé des] < 5% < 00,

From Assumption 3.1, we know that o->(y) has sub-quadratic growth, and hence
there exists a constant C such that %az(y) < %Oyz + C». Therefore,

1t 2 . 0 rtvy2 g. - 2
E[effog (YS)dA] S]E[ECQteTfO Y da] Se%yo—i-Czt-i-Cl[ < 00

from (D.3).
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