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We study super-replication of contingent claims in an illiquid market
with model uncertainty. Illiquidity is captured by nonlinear transaction costs
in discrete time and model uncertainty arises as our only assumption on stock
price returns is that they are in a range specified by fixed volatility bounds. We
provide a dual characterization of super-replication prices as a supremum of
penalized expectations for the contingent claim’s payoft. We also describe the
scaling limit of this dual representation when the number of trading periods
increases to infinity. Hence, this paper complements the results in [Finance
Stoch. 17 (2013) 447-475] and [Ann. Appl. Probab. 5 (1995) 198-221] for
the case of model uncertainty.

1. Introduction. We study an illiquid discrete-time market with model un-
certainty. As in [11], we consider the case where the size of the trade has an im-
mediate but temporary effect on the price of the asset. This model captures the
classical case of proportional transaction costs as well as other illiquidity models
such as the discrete-time version of the model introduced by Cetin, Jarrow and
Protter in [5] for continuous time. By contrast to [11], our sole assumption on the
price dynamics of the traded security is that the absolute value of the log-returns
is bounded from below and above. This is a natural discrete-time version of the
widely studied uncertain volatility models; see, for example, [8, 22] and [25]. The
paper [10] studies super-replication of game options in such a discrete-time model,
but does not allow for any market frictions.

The benchmark problem in models with uncertain volatilities is the description
of super-replication prices. In our version of such a result in a model with trans-
action costs, we provide a general duality for European options with an upper-
semicontinuous payoff. Specifically, Theorem 2.2 provides a combination of the
dual characterization for super-replication prices in frictionless uncertain volatil-
ity models (see [8]) with analogous duality formulae in binomial markets with
frictions (see [11]). Let us emphasize that, under volatility uncertainty, we do not
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define super-replication prices merely in an almost sure-sense because we actually
insist on super-replication for any possible evolution of stock prices which respects
the specified volatility bounds. Since, in contrast to [11], in our setup the set of all
possible stock price evolutions is uncountable; we cannot find a dominating proba-
bility measure which will give positive weight to every possible evolution of stock
prices. Hence, the duality result of Theorem 2.2 goes beyond the now classical
results for almost sure super-replication, and it complements the findings of [4],
who consider a probabilistically more general setting albeit without frictions. For
a discussion of the fundamental theorem of asset pricing with proportional trans-
action costs under model uncertainty, see [3]. The key observation for the proof
of Theorem 2.2 is that for continuous payoffs one can find approximative discrete
models where classical duality results give us super-replication strategies that can
be lifted to the original setting with uncertain volatilities in a way that allows us to
control the difference in profits and losses.

In Theorem 2.3, we consider the special case of a convex payoff profile. In fric-
tionless models with volatility uncertainty, it is well known from, for example,
[18, 21] or Remark 7.20 in [15] that the super-replication price coincides with the
one computed in the classical model where the volatility always takes the max-
imal value. We show that this result also holds in our framework with nonlinear
transaction costs if these are deterministic.

Finally, we study the scaling limit of our super-replication prices when the num-
ber of trading periods becomes large. Theorem 2.7 describes this scaling limit as
the value of a stochastic volatility control problem on the Wiener space. We use the
duality result Theorem 2.2 and study the limit of the dual terms by applying the
theory of weak convergence of stochastic processes. This extends the approach
taken in [11], since we need to extend Kusuoka’s construction of suitable martin-
gales (see [19], Section 5) to our setting with volatility uncertainty. As a result,
we get an understanding of how Kusuoka’s finding of volatility uncertainty in the
description of the scaling limit is extended to our setting which already starts with
volatility uncertainty. In the special case of a frictionless setup, we recover Peng’s
[23] result that the limit is equal to the payoff’s G-expectation with upper and
lower bounds as in the discrete setup. In setups with market frictions, continuous-
time models are known to produce trivial super-replication prices when one con-
siders proportional transaction costs (cf., e.g., [20] and [24]) or no liquidity effect
at all when one has nonlinear, differentiable transaction costs or market impact;
see [5] or [2]. Our scaling limit, by contrast, gives a value in between these two
extremes and can be viewed as a convex measure of risk for the payoff as in [14]
or [16].

Our approach to the proof of the main results is purely probabilistic and based
on the theory of weak convergence of stochastic processes. This approach allows
us to study a quite general class of path dependent European options, and a general
class of nonlinear transaction costs.
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2. Preliminaries and main results.

2.1. The discrete-time model. Let us start by introducing a discrete time fi-
nancial model with volatility uncertainty. We fix a time horizon N € N and con-
sider a financial market with a riskless savings account and a risky stock. The
savings account will be used as a numeraire, and thus we normalize its value
at time n =0,..., N to B, = 1. The stock price evolution starting from s > 0
will be denoted by S, > 0,7 =0, 1,..., N. Hence, by introducing the log-return
X, 2 log(S;/Sn—1) for period n =1, ..., N we can write

n
(2.1) Sn:soexp<z Xm), n=0,...,N.

m=1
Our sole assumption on these dynamics will be that there are volatility bounds
on the stock’s price fluctuations in the sense that the absolute values of these log-
returns are bounded from below and above:

(2.2) o <|X,l <o, n=1,...,N,
for some constants 0 < g <o < oo. In other words the log-returns will take values
in the path-space
QL Q2 lo=01,...,xn) eRY 1o <|xy| <F,n=1,...,N}
and identifying these returns with the canonical process
Xi(w) £ xi forw = (x1,...,xny) €

we find that (2.1) allows us to view the stock’s price evolution as a process S =
(Sn)n=0.....n defined on 2. Clearly, the canonical filtration

Fo2o(Xy,..., X, n=0,...,N,

coincides with the one generated by S = (S;;)n=0.... n. Similar models with volatil-
ity uncertainty have been considered in [10].

The aim of the present paper is to study the combined effects of volatility un-
certainty and nonlinear transaction costs. Following [5, 11, 17], we assume these
costs to be given by a penalty function

g:{0,1,...,N} x 2 x R— R4,

where g(n, w, ) denotes the costs (in terms of our numeraire B) of trading 8 € R
worth of stock at time n when the evolution of the stock price is determined by the
returns from w € Q2.

ASSUMPTION 2.1. The cost function

g:{0,1,...,N} x 2 xR—> R4

is (Fu)n=0,.... n-adapted. Moreover, for any n =0, ..., N, the costs g(n, w, B) are
a nonnegative convex function in g € R with g(n, w, 0) = 0 for any fixed w € Q
and a continuous function in w € 2 for any fixed g € R.
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For simplicity of notation, we will often suppress the dependence of costs on
w and simply write g,(8) for g(n, w, B). We will proceed similarly with other
functions depending on w € .

In our setup, a trading strategy is a pair & = (y, y) where y denotes the ini-
tial wealth and y : {0, 1,..., N — 1} x 2 — R is an (F,)-adapted process spec-
ifying the number y, = y(n, w) of shares held at the beginning of any period
n=20,..., N — 1 with the stock price evolution given by w € 2. The set of all
portfolios starting with initial capital y will be denoted by A(y).

The evolution of the mark-to-market value Y™ = (Y] (®))n=0,...n Tesulting
from a trading strategy m = (y, y) € A(y) is given by Y] =y and the difference
equation

r?—l—l - Y:f = ¥Yu(Sn+1 — Sn) _gn(()/n - Vn—l)Sn)» n=0,...,N—1,

where we let y_ £ (). Hence, we start with zero stocks in our portfolio and trad-
ing to the new position y, to be held after time »n incurs the transaction costs
8n((Yn — Yn—1)Sn), which is the only friction in our model. Hence, the value Y, rf i
represents the portfolio’s mark-to-market value before the transaction at time n + 1
is made. Note that, focussing on the mark-to-market value rather than the liquida-
tion value, we disregard in particular the costs of unwinding any nonzero position

for simplicity.

2.2. Robust super-replication with frictions. The benchmark problem for
models with uncertain volatility is the super-replication of a contingent claim. We
investigate this problem in the presence of market frictions as specified by a func-
tion g satisfying Assumption 2.1. So consider a European option F : Rﬁ“ — Ry
which pays off F(S) when the stock price evolution is S = (Sy),=o,... v - The super-

replication price V(F) = VC;LE(IF) is then defined as
Vgg’E(F) Zinf{y € R: 37 € A(y) with Y (0) > F(S(w)) Yo € Q5 7}

We emphasize that we require the construction of a robust super-replication strat-
egy m which leads to a terminal value Y5, that dominates the payoff X in any
conceivable scenario w € 2.

Our first result provides a dual description of super-replication prices.

.....

THEOREM 2.2. LetG,:Q2xR—>R,,n=0,1,..., N, denote the Legendre—
Fenchel transform (or convex conjugate) of g, that is,

Gu(a) = sup{ap — gu(B)},  a€R.
BeR

Then, under Assumption 2.1, the super-replication price of any contingent claim
F with upper-semicontinuous payoff function IF : Rﬁ“ — Ry is given by

N-—1
V(F)= sup EP[F(S) _ Z Gn(E]P’[SNl]:n] — Sn)i|’
PePos n=0 Sn
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where Py 5 denotes the set of all Borel probability measures on Q = Qs 7 and
where Ep denotes the expectation with respect to such a probability measure P.

The proof of this theorem will be carried out in Section 3.1 below. Observe
that this result is a hybrid of the dual characterization for super-replication prices
in frictionless uncertain volatility models and of analogous duality formulae in
binomial markets with frictions; see [9] and [11], respectively.

2.3. Convex payoff functions. Our next result deals with the special case where
the payoff F is a nonnegative convex function of the stock price evolution S =
(Sn)n=o0,....n. It is well known that in a frictionless binomial model, the price of a
European option with a convex payoff is an increasing function of the volatility.
This implies that super-replication prices in uncertain volatility models coincide
with the replication costs in the model with maximal compatible volatility; see
[21]. The next theorem gives a generalization of this claim for the setup of volatility
uncertainty under friction.

THEOREM 2.3. Suppose that the cost function g = g(n, w, B) is deterministic
in the sense that it does not depend on w € Q.

Then the super-replication price of any convex payoff IF : Rﬁ“ — R is given
by

VEZO () =V (F),

where Vg (F) & Vg "9 () denotes the super-replication price of F = F(S) in the
Binomial model with frictions for S with volatility o and cost function g.

PROOF. The relation “>" holding true trivially, it suffices to construct, for any
¢ > 0, a strategy y which super-replicates '(S) in every scenario from 2 starting
with initial capital y = ¢ + Vg ().

The binomial model with volatility & can be formalized on 2 {—1, 1}V with
canonical process X (@) = X; for @ = (X1, ..., Xn) € Q by letting the stock price
evolution be given inductively by So&spand S, £ S,_1 exp @X,),n=1,...,N.
With (F)n—o.... N denoting the corresponding canonical filtration, we get from the
definition of Vg (F) that there is an (F,)n=0 ~-adapted process ¥ such that with
¥_, 20 we have

.....

N—1 N—1
(2-3) & +Vg(F) + Z Vn(En-H - En) - Z 8n ((7;1 _Vn—l)gn) = F(g)
n=0 n=0

everywhere on Q.
In view of (2.2), for any w € Q2 and n = 1,..., N there are unique weights

A (@), 25 P (@) = 0 with A5 (@) + A5 () = 1 such that
2.4) eXn(@) — Afﬁl)(a))eﬁ + )»ffl)(a))efﬁ.
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It is readily checked that also the weights

n —n
W@ 2 [ m @), @ =@, ....a") e{-1,+1}",
m=1
sum up to 1. Indeed,

n

(2.5) Yo =TI @+ a5 V@) =1, n=1,...,N.
oe{—1,4+1}n m=1
Moreover, forn =1,..., N — 1 we have
N
—n —n —n —N—n
26 A& =22 T[] (@) +25 D) = >y,
m=n-+1 DN e{—14,1}N-n

which in conjunction with (2.4) and the adaptedness of S entails the representation

Sn(@) =s0 [T (A5 @)e” + 1 (@)e ™)

m=1

= > 5@ L. )2 (@)= S @i ()

Fel-1+1)" @0

2.7

foranyn=1,...,N,w e Q.

Now evaluate (2.3) at @ € , multiply by A% and then take the sum over all
e Q.

The right-hand side of (2.3) then aggregates to

(2.8) R2 ) F(S@))ry = IF( > E(a)x‘;,) =TF(S),
we we
where the estimate follows from (2.5) in conjunction with the convexity of [ :
Rﬁ“ — R and where for the last identity we exploited (2.7).
On the left-hand side of (2.3) the contributions from the constant ¢ + Vg ()
just reproduce this very constant because of (2.5). Since y and S are (?n)nzow, N-
adapted, the nth summand in the first sum of (2.3) contributes

12 Y 7@ (Sur1 @) = 5y (@)35,

weQ
= Z Z (Vngn)(a”,l,,1)(eﬁ_1))\'?n)\"(1721
w"e({—1,1)"xe{~1,1}

By definition of )Lfill) we have

3 (@ = DA =X 1= (S — Su)/Sn
xe{—1,1}
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which entails

L= Y @S0@" L., DAY (Sps1 — Sn)/Su
@"e{—1,1)"

= Yn(Sn+1 — Sn),

where the (F,),—o,... y-adapted process y is given by yp £ Yo and

.....

@)=Y @S)@ L. AT (@)/S(@), weQ,

oe{—1,1}
forn=1,..., N — 1. In a similar fashion, the nth summand from the second sum
in (2.3) gives
1,2 Y 0(7,@) — Vet @) S (@))25
weQ
> gn ( Y @) =7, (@))S, @)x‘;&)
weQ

= gn((yn - Vn—l)Sn),

where the estimate is due to (2.5) and the convexity of g, : R — R and where the
last identity is due to the adaptedness of 7, S and to (2.6). As a consequence, the
left-hand side of (2.3) aggregates in the above manner to

N-1 N-1
LEc+ V@) + Y In— Y 1,
n=0 n=0
N—-1 N-1
=¢ +Vg(F) + Z Yn(Sn+1 — Sn) — Z gn(()/n - Vn—l)Sn)-
n=0 n=0

In light of our estimate (2.8) for the analogously aggregated right-hand side of (2.3)
this shows that y super-replicates IF(S) with initial capital & + V¢ (IF). This com-
pletes our proof. [

2.4. Scaling limit. Our last result gives a dual description for the scaling limit
of our super-replication prices when the number of periods N becomes large, stock
returns are scaled by 1/+/N and earned over periods of length 1/N. The limiting
trading costs will be specified in terms of a function

h:[0,1] x C[0,1] x R - R4,
(t, w, B) > hy(w, B)
such that:

e for any t € [0, 1], w € C[0, 1], B — h;(w, B) is nonnegative and convex with
hi(w,0) =0;
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e for any B € R the process h(B) = (h;(w, B)):e[0,1] 1S progressively measurable
in the sense that h;(w, B) = h; (W, B) if wyo,;) = W0,7]-

For technical reasons, we were able to establish our scaling limit only for a
suitably truncated penalty function. For a given truncation level ¢ > 0, we consider
the linearly extrapolated costs A€ given by

hi(w, B), for 8 € I.(h),
hf(w’ﬁ)é{ [, B) Beleh)

linear extrapolation with slope ¢ beyond 1.(h),

where I.(h) £ {f e R: |%| < ¢} denotes the interval around zero where the slope

of h has not yet exceeded ¢ in absolute value. For a truncated penalty ki€, the
dual formula of super-replication prices will only involve measures which satisfy
a certain tightness condition; this allows us to establish the upper bound of our
scaling limit in Section 3.2.2. For the original 4 (by taking c to infinity), we can
only prove the lower bound of the super-replication prices; the proof for a tight
upper bound remaining an open problem in this case.

The cost for the N period model with returns in

Q¥ 2oV = (x1.....x8) 1 0/VN < x| <G/VN.n=1,.... N}

are given by
c ¢ <N
(2.9) g @V B) 2 XN (5" ). B).

where EN (w") € C[0, 1] denotes the continuous linear interpolation in C[0, 1] of
the points

n
EQI/N(‘UN)ASOGXP<ZXm>, n=0,...,N,

m=1

for o = (x1,...,xy) € QV.
The technical assumption for our asymptotics to work out is the following.

ASSUMPTION 2.4. The Legendre—Fenchel transform H : [0, 1] x C[O0, 1] x
R — R with

H;(w, a) = sup{ef — hy(w, B)}, tel0,1l,weC[0, 1], eR
BeR

has polynomial growth in (w, ) uniformly in ¢ in the sense that there are constants
C, p1, p2 = 0 such that

Hy(w,a) < C(1+ wlIZ) (1 + |a|??), (t,w,a)e[0,1] x C[0, 1] x R.

In addition, H is continuous in (¢, w) and essentially quadratic in o asymptotically,
that is, there is a function H : [0, 1] x C[0, 1] — R, such that for any sequence
{(tn, wN, an)}y=1 ... converging to (¢, w, ) in [0, 1] x C[0, 1] x R we have

N—o00
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Let us give two examples.

EXAMPLE 2.5. (i) Proportional transaction costs: Fix ¢ > 0 and consider the
cost functions given by

gV, p) L —IB|

VN

for our binomial market model with N trading periods. This example was studied
in [19] for binomial models and corresponds in our setup to the case H = H = 0.
(i1) Quadratic costs. For a given constant A > 0, let

he(w, B) = AB*.

Fix ¢ > 0 and observe that our truncation A€ of 4 is then

AB? if Bl < >
. 9 f— 2A7
he(w, B) = 2
cB — e else.
Thus, the penalty in the N-step binomial model is given by
c
AB?, if [B] < :
Vel N 2AVN
&’ (CL) ’ﬂ) = c C2
— B = ——, else.
VN 4AN

Hence, the marginal costs from trading slightly higher volumes are linear for a
small total trading volume and constant for a large one. This example corresponds

2 ~
to the case where H,(w, B8) = f—A and H,(w) = ﬁ'

REMARK 2.6. A sufficient condition for a limiting cost process / to satisfy
our Assumption 2.4 is the joint validity of:

(i) there exists & > 0 such that for any (¢, w) € [0, T] x C*[0, T], the second
derivative %(t, w, B) exists for any —ew(t) < B < ew(t), and is continuous at
(t, w,0), and

(i1) we have

ah 2
—(,w,0)=0 and

inf inf —(t,w, B)>0.
9B (t.w)€l0.T]x €10, Bl <ew(r) IB>
Indeed, sufficiency of these conditions can be verified by use of a Taylor expansion.

Under Assumption 2.4, the scaling limit for the discrete-time super-replication
prices can be described as follows.
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THEOREM 2.7. Suppose that Assumption 2.4 holds and that o > 0. Fur-
thermore assume that F : C[0, 1] — R is continuous with polynomial growth:
0<F(S) <C+|Slleo)?, S € CIO0, 1], for some constants C, p > 0.

Then we have

_ 1.
lim VNN @) = sup IEW[IF‘(S")— / Ht(S”)a%m)df]
0

N.c
N—oo & oex(c)
where:

o EV denotes the expectation with respect to PV, the Wiener measure on
(C[0, 1], B(C[0, 1)), for which the canonical process W is a Brownian motion,

e > (c) is the class of processes o > 0 on Wiener space which are progressively
measurable with respect to the filtration generated by W and such that

a(oy) <c
for
lo?2—02
o 0<o=<o,
2 o
a(c) =10, g<0<0,
102 —52 _
P— o=<o,
2 o
e S7 denotes the stock price evolution with volatility o :
t 1 rt
St"ésoexp</ OSdWS_E Uszds>, 0<r<l.
0 0

The proof of this result is deferred to Section 3.2. One way to interpret Theo-
rem 2.7 is that it describes the scaling limit of super-replication prices as a con-
vex risk measure for the payoff; see [14] or [16]. The class X (c) parametrizes the
volatility models which one chooses to take into account and the integral term mea-
sures the relevance one associates with the payoff’s mean under any such model.
From this perspective, the most relevant models are those where the volatility stays
within the prescribed uncertainty region [0, o] (so that the integral term vanishes).
One also considers models with higher or lower volatilities o;, though, [for as long
as a(o;) < c], but diminishes their relevance according to the average difference
of their local variances from o2 on the low and &> on the high side as measured
by a(oy). In particular, the scaling limit of our super-replication prices is bounded
from below by the G-expectation SUPyefo.5] EW[F(S%)]. In the frictionless case

(where h =0, H = 00), the penalty for choosing a volatility model with values
outside the interval [0, o] is infinite and we recover the well-known frictionless
characterization of super-replication prices under uncertainty as the payoff’s G-
expectation.



1708 P. BANK, Y. DOLINSKY AND S. GOKAY
3. Proofs. In this section, we carry out the proofs of Theorems 2.2 and 2.7.

3.1. Proof of Theorem 2.2. Theorem 2.2 is concerned with the identity
V (F) = U (IF) where

N N=l  Ep[Sn|Fn] — Su
U 2 sup EP[F(S)—ZG,,( rl N|s ] )}
n=0 n

PePy 5

As a first step, we note the following.

LEMMA 3.1. For any measurable F : Ri’“ — Ry, we have that V(F) >
U (F).

PROOF. Letm = (y, y) super-replicate F(S). Then we have

N—-1

FS) < Yi=y+ D (¥a(Sut1 = Sn) — &((a — ¥a-1)Sn))
n=0

=y+ > (V= Va=1)SN = S) = &n((Vn = Yn=1)Sn))-

Taking (conditional) expectations with respect to any I’ € P, 7 this shows that

rN—1
EIF’[F(S)] <y+Ep Z (VYn — Yn—=1) E]P’[Sle - ) gn((yn - Vn—l)Sn):|

Ln=0
= Ep[Sn|Ful — Sy

=y+Ep| > n— Ya-1)5n S —gn((n —Vn_1)Sn)]
Ln=0 n
rN—1

<y +Er Y Gﬂ(Ep[Sm;fn]—Sn)]’
Ln=0 n

where the final estimate follows from the definition of the dual functions G, n =

0,...,N.
Since this holds for arbitrary I’ € Py 7 and any initial wealth y for which we
can find a super-replicating strategy, the preceding estimate yields V (F) > U (F).
O

We next observe that an identity analogous to U (IF) = V (IF) holds for multino-
mial models.

LEMMA 3.2. Fork e {1,2,...} consider the finite set

Qké{er:|xi|=%g+<l—%)Eforsomeje{O,...,k}}
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and let Pé . be the subset of Py & which contains those discrete probability mea-

sures that are supported by Q.
Then we have

VEE) = Uk ),
where
VE(F) =inf{y : Yl(vy’y)(a)) > F(S(w)) Yo € QX for some strategy y )

and

N—-1
Uk(F) = sup E]P’|:F(S) _ Z Gn(EP[SM]:n] — Sn>:|
n=0

PePt - Sn

PROOF. For k = 1, that is, in the binomial case, this is just Theorem 3.1
in [11]. This result is proved by observing that the identity can be cast as a fi-
nite dimensional convex duality claim. The same reasoning actually applies to the
multinomial setup with k > 1 as well. This establishes our claim. [

In a third step, we argue how to pass to the limit k 1 oo, first for continuous F.

LEMMA 3.3.  With the notation of Lemma 3.2, we have
(3.1) UNF) < U®), k=1,2,....
If F is continuous, we have furthermore

(3.2) lim n VEE) > V(F).

PROOF. Estimate (3.1) is immediate from the definitions of U¥(F) and U (F)
k _
as Py 5 C Po 5.

k ~k
To prove (3.2) take, for k = 1,2, ..., a strategy 7 such that Y]:,/ Ok S

F(S) on Q. We will show below that without loss of generality we can assume
that the sequence of 7¥s is uniformly bounded, that is,

(3.3) l7¥|<C  for some constant C > 0.

Now consider the strategies y* £ 7% o pk where p* : Q@ — QF is the projection
which maps w = (x1, ..., xy) to pX(w) =& 2 (X1, ..., xn) € QF with

- A _ J J\= :

X; :max{x <xi:|x|= %g—i— <1 — ;)0 for some j € {0,...,k}}.
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For any initial capital y, we get

k sk
Y7 (@) =Yy (@)

N—-1
= 3 @) ((Snt1(®) = Sp(@)) = (Sp+1(@) — Su(@)))

n=0
N-1
=" (gn(w, (7F(@) — 71 (@) Su(@))
n=0
— gn(@, (7 (@) — 751 (@)) Su(@))).
Because |)7k | <C uniformly in k =1, 2, ..., the first of these two sums has abso-

lute value less than
N—1
2C > w(Sp, lo — &),
n=0

where for any function f we let w(f, §), § > 0, denote the modulus of continuity
over its domain. Similarly, we get for the second sum that its absolute value does
not exceed

N—-1
Z w(gn|Q><[—2C50e3”,2Cs083"]’ |Cl) - (I)| + 2CU)(Sn, |(,() - (Z)l))
n=0

By continuity of S and g,, n =0,..., N — 1, both of these bounds tend to O as
|w — @] — 0. It follows that there are & | 0 as k 1 co such that

YK,”;k (@) < YX,’Vk (w)+e  foralllw—a| <1/k,yeR.
By assumption, [ is also continuous and so we get
F($)(w) = F(S$)(@) + w(F(S), |w — &)
< vy O Gy 4 w(F(S), o — )
< vV ETVEY (o) &g+ w(F(S), 1/K).

It follows that V(F) < V¥(F) + 1/k + ex + w(F(S), 1/k) which implies our
claim (3.2).

It remains to prove the uniform boundedness (3.3) of the sequence ()7" Vk=1.2,....
Clearly, yk = Vk(F) +1/k<A,k=1,2,..., for some A > 0. For any 7k =

(yk, )7"), k=1,2,..., we will prove by induction over n that

Sp o — o A(l +€%)t
34 Yr < A(l o)t d k <"
(3.4) T@=Al+e) ad |70 < gy
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for any & = (F1,...,%y) € QX and n =0, 1,..., N. Since S, > spe "V, our
claim (3.4) then holds for C £ A(1 4+ ¢®)N /((1 — e )spe " N).

Since each ¥ super-replicates a positive claim, we must have Y lﬁ ¢ > 0 in any
possible scenario. In particular, we have

Yot 7Es0(e® —1)=0 and Y 4 pEso(e —1)=0

which allows us to conclude that |)7(§‘| < %. Thus, (3.4) holds for n = 0.

— so(l—e™@
Next, assume that (3.4) holds for n and let us prove it for n 4 1. From the induction

assumption, we get
~k . ~k . ~ ~ ~ ~

Y (@) S V(@) + 7 (@) (Sur1(@) — Sp(@))
A(l 4 e%)"

(1 —e ) S, (@)

as required. Again, the portfolio valued at time n + 2 should be nonnegative, for
any possible scenario. Thus,

<A1+ ) + Su(@)(e” — 1) = A(1 +€7)",

...k - ~ ~ ~ —
Y7 (@) + 7y (@) Spa1 (@) (€7 — 1) > 0
and
...k ~ ~ ~ ~ =
Y (@) + 7541 @) Sps1 @) (€7 = 1) 20
and so,
Y (@) _ A+ !
e )Sp11(@) ~ (1 =€) Sy 1(@)
This completes the proof of (3.4). [

72 @) = =

It is immediate from Lemmas 3.1-3.3 that V (IF) = U (IF) for continuous func-
tions FF. For upper-semicontinuous [, we can find continuous functions F¥ with
supg F(S) > F¥(S) > F(S) such that

limsup FX(S(wp)) < F(S(w))

k1 oo,wp—>w

for any w € Q; see, for example, Lemma 5.3 in [12]. The proof of Theorem 2.2
will thus follow from the series of inequalities

V(F) > U(F) > limsup U (F¥) = limsup V (F¥) > V (F),
ktoo ktoo

where the first inequality is due to Lemma 3.1, the last holds because F* > [F and
the identity follows because our claim is already established for continuous F¥.
Hence, the only estimate still to be shown is the second one.
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LEMMA 3.4. IfF is approximated by F¥ k =1,2..., as above we have

U (F) = limsup U (F¥).
k1 oo

PROOF. Without loss of generality, we can assume that (U (Fk))kzl,gv._, con-
verges in R. By definition of U(IE‘k), there is PX € Ps.7 such that, fork=1,2, ...,

N—1
35 UF)- % <Ep {IF"(S) -y Gn(EW[Slen] - S)}
n=0

Sn

We wish to show that the lim sup of the right-hand side of (3.5) as k 1 0o is not
larger than U (IF). To this end, denote by IT the set of Borel probability measures
on € x [0, s0e”V1V. Since € x [0, s0e® VIV is compact, so is IT when endowed
with the weak topology. Now consider the sequence of probabilities measures in
[T obtained by considering the law of

ZF 2 (X, Epe[Sn1, Epe[Sy | F1l, - .. Epe[Sn | Fy—1])

under P* for k = 1,2, .... Due to Prohorov’s theorem, by possibly passing to a
subsequence, we can assume without loss of generality that this sequence con-
verges weakly. By Skorohod’s representation theorem, there thus exists a prob-
ability space («Q, F, I@’) with a P-almost surely convergent sequence of random

variables Zk, k=1,2,..., taking values in € x [0, s0e° N1V, whose laws under
P coincide, respectively, with those of Z¥ under P*, k =1,2,.... Let Z* denote
the P-a.s. existing limit of Zk k=1,2,..., and write it as

7% =(X*,Yo,...,Yn_1).
We will show that
(3.6)  Es[Sy(X®)XP, ..., XP]=Es[V, X, ..., X, n=0,....N.
By construction of Z*, we have for the right-hand side of (3.5):

N-1
R e |
n=0 n

. N=L o BalSv(X0|XE, . XK = 5,(X5)
=E.| FF(S(X5)) — G,,(Xk, P " )}
[ () - X s

The P-a.s. convergence of Z* and the construction of the sequence of FX imply
that the limsupy 4, of the term inside this last expectation is P-a.s. not larger than

n—&@%)

N—1
F(S(X) - 3 G, (f(oo, "
Zi Su(X)
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where we used the lower semi-continuity of G,. Because of the boundedness of
[ on compact sets and because G > 0, it then follows by Fatou’s lemma that the
lim sup of the right-hand side of (3.5) is not larger than

Ej; [IF‘(S(??“)) - 1:2:—; G (XOO %ﬂ

From the definitions it follows that G, (w, «) is adapted and G, (w, -) is convex.
This together with the Jensen inequality and (3.6) yields that for any n < N

oo Y= S (X)) 4 .
EP[Gn(XOO, LH) X$°,...,X,<;°]
Sn(X*°)
. 00 | ¥ 00 001 0
ZG”(XOO,EP[SN(X )X, .. X201 — Su(X ))
Sn(X>)

We conclude that the lim sup of the right-hand side of (3.5) is not larger than

. N-1 o Ea[Sn(X®)|X®, ..., X — S, (X
E@[F(S(XOO))— > Gn<X°°, pLSN(XTIXT, - 1= 5n )>]
=0 S (X)

Since the distribution of X is an element in Py .7, this last expectation is not
larger than U (IF) as we had to show.

It remains to establish (3.6). Let n < N and let f : R" — R be a continuous
bounded function. From the dominated convergence theorem, it follows that

Ep[Yaf(X7°, ... X70)] =kliH;OE@[E@[SN(?A(")I??ka---,?A('J]f(??'fa---,??ﬁ)]
= lim ]EED[SN(X")f(f(k, L X9

=Eg[Sn (X®) f (X% .... X29)].

Thus, by applying standard density arguments we obtain (3.6). This completes our
proof. [J
3.2. Proof of Theorem 2."]. For the proof of the asserted limit,
1 A
G dim v E) = sup BV [IF‘(S") - / A,(5%)a2(0,) dt}
N—00 ce(c) 0

we first have to go through some technical preparations in Section 3.2.1 before we
can establish “<” and then “>" in (3.7) in Sections 3.2.2 and 3.2.3, respectively.



1714 P. BANK, Y. DOLINSKY AND S. GOKAY

3.2.1. Technical preparations. Let us start by recalling that, for N =1,2, ...,
QNz{a)Nz(xh...,xN):g/«/ﬁf | x| fﬁ/ﬁ,nzl,...,N}
allows for the definition of the canonical process
X,Ilv(wN)=xn forn=1,...,N,o =(x1,...,xy) € QV.
We thus can consider the canonical filtration
f,ivéa(an\{,mzl,...,n), n=0,...,N,
which clearly is the same as the one generated by

n
S,?:soexp(ZXm), n=0,...,N,

m=1
since
X,[lvzlnS,’lV—lnS,’lV_l, n=1,...,N.
It will be convenient to let, for a vector y = (yg, ..., yn) € RN+ the func-

tion y € C[O0, 1] denote the continuous linear interpolation on [0, 1] determined by
Yu/N =Yn.n=0,..., N. This gives us, in particular, the continuous time analog

.....

Our first observation is that the continuity of IF allows us to write the supremum
in (3.7) in different ways.

LEMMA 3.5. Let

1 A

R%E sup EW[F(S”) —/ Ht(S‘T)aZ(at) dti|
oeX(c) 0

denote the right-hand side of (3.7).

(i) We have

(3.8) R= sup EP[]F(S)—/OIFI,(S)a2< d<S>t/St2>dt},

PePy 7.0 dt

where Py 7 . denotes the class of probabilities P on (C|0, 1], B(C[O, 1)) under
which the coordinate process S = (S;)o<i<1 is a strictly positive martingale start-
ing at Sy = so whose quadratic variation is absolutely continuous with

(5

/St2> <c, 0 <t <1, P-almost surely.

(ii) The supremum defining R does not change when we take it over -(c) C
3.(c), the class of progressively measurable processes ¢ : [0, 1] x C[0,1] - Ry
on the Wiener space (C[0, 1], B(C[0, 1]), PWY) such that:
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e there is § > 0 such that

(3.9) 0(@—20)"+8<6*<5(@ +2¢) —§
uniformly on [0, 1] x CI0, 1] and such that, in addition,

(3.10) 6=0 on[1—34,1] x C[O, 1].

e 0 is Lipschitz continuous on [0, 1] x C[0, 1].

PROOF. The proof is done similar to the proof of Lemmas 7.1-7.2 in [11].
0

The following technical key lemma can be viewed as an adaption of Kusuoka’s
results from [19] on super-replication with proportional transaction costs to our
uncertain volatility setting with nonlinear costs.

LEMMA 3.6. Under the assumptions of Theorem 2.7 the following holds true:

(i) Let ¢ > 0 and, for N = 1,2,..., let QN be a probability measure on
(QN, FX) for which

(3.11) MY 2R [sN|FN],  n=0,....N,

is close to SN in the sense that Q" -almost surely

N _ §N c
3.12 ‘ L < , n=0,...,N
. S RN
Then we have
p
3.13 E sy 0
( ) Nsilg QN[( n&a.l.).c’N n) ]<oo forany p >
and, with
MN—SN
(3.14) éz (xVy? +2ZS—’"X,§‘{, n=0,...,N,
m=1 m=1 m

there is a subsequence, again denoted by N, such that, for N 1 0o,
~d(S)s IP’),

s
where P is a probability measure in Py 7, S is as in Lemma 3.5(1), and where,

3.5  Law(S".m", 0" Q") = Law(S,S,/
0

=N . . . .
as before, S etc. denote the continuous interpolations on [0, 1] induced by the
vector SN = (S,iv)n:o

,,,,,
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(ii) Foranyc>0and 6 € f](c) as in Lemma 3.5(ii), there exists a sequence of
probability measures (@N ,N=1,2,..., as in (i) such that the weak convergence
in (3.15) holds with P & LaW(S(~r |PY). In addition, we get the weak convergence
(as N 1 00)

N — MN _§N -
(3.16) Law(SN,MN,\/NQ‘QN) = Law($°, 57, a(6)PV).

SN

PROOF. Let us first focus on claim (i). It obviously suffices to prove (3.13)
only for p € {1, 2, ...}. For this, we proceed similar to Kusuoka for his claim (4.23)
in [19] and write

MY — MNN\P
(2" = ()7 (14 ML)
n

_ (M,’X)”(l +,~é (f) (%)J)

Now observe that, when taking the Q" -expectation, the contribution from the sum-
mand for j = 1 can be dropped since it has vanishing 7~ -conditional expectation

due to the martingale property of M" under QV. From (3.12) and Sflv 1/ S,],V =
exp(XY) € [e™7/VN 7/IVN] it follows that MY, ,/MN =1+ O(1/+/N) where
the random O (1/ \/N )-term becomes small uniformly in » and V. Therefore, the

summands for j =2, ..., p are uniformly of the order O (1/N). Thus, we obtain
Egu[(M)51)"] = (1+ O(1/N)Egn[(M))"]
and, so upon iteration,
N
Egn[(M3)P]=(1+ 0(1/N))™ (Mg')".
Clearly, (1 + O(I/N))N is bounded in N. The same holds for Mév =so(1 +
O(l/ﬁ), where we used (3.12)) and S(I)v = s9. Hence,

sup Egn[(MY)"] < oo
N=1.2,...
which by Doob’s inequality entails that even
NP
(3.17) N:SIIJEW.EQN [(n:nol’%Mn ) ] < .

Because of (3.12), this yields our claim (3.13).

Let us next focus on Law(MNlQN )n=1.2,... for which we will verify Kol-
mogorov’s tightness criterion (see [6]) on CI[0, 1]. To this end, recall that
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M, + j /M, + - — 1= 0(1/+/N) and so the quadratic variation of MV satisfies

l
:ZEQ [(Mrlzv—i—] n+j 1) |7, n+j 1]

( max MN) O(/N).

0<n<

From the Burkholder-Davis—Gundy inequality and the bound (3.17) we thus get
Egv[(MY,, — MM)* ] = 0(1/N)?)

which readily gives Kolmogorov’s criterion for our continuous interpolations HN,
N=1,2,....

Having established tightness, we can find a subsequence, again denoted by N,
such that Law(MN|QN )N=1,2,... converges to the law of a continuous process M
on a suitable probability space (2, F, ). We will show next that this process M
is a strictly positive martingale. In fact, by Skorohod’s representation theorem, we
can assume that there are processes MN, N=1,2,...,on (Q, .7:" ]13’) with

Law(3" |1QV) = Law(MV )

which converge P-almost surely to M as N 1 oo. It is then immediate from (3.17)
that the martlngale property of MY under Q" gives the martingale property of

M under P. To see that M is strictly positive, we follow Kusuoka’s argument
for (4.24) and (4.25) in his paper [19] and establish

(3.18) sup E max lnMN2 <0
N= 12 @N[ =0,.. ‘ |]

since this entails the I@’—integrability of maxg<;<1|InM;| by Fatou’s lemma.

For (3.18), recall that M) /MY | =1+ O(1/+/N) uniformly in m and " . This
allows us to use Taylor’s expansion to obtain

My — MmN
—1
InMY —inmN | = % + O(1/N).
m—1
Upon summation over m = 1, ..., n, this gives in conjunction with M(I)V =so(1+
O(1/v/N)):
n MN _ MN
max llnMN] < _max Z % + 0(1).
n=0,..., =0,..., el Mm—l
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Hence,
n MN _ MN 2
N2 —1
EQN [n:rgaXNllnMn ’ ] < ZEQN |:n:rgaXN Z % i| +0(1)

,,,,,,,,,, el m—1

N N N 2
MY —M

< 8EQN[Z (’"ﬁm‘l) } +0(),

- M, _
m=1 m—1

where for the second estimate we used Doob’s inequality for the martingale given
by the sum for which we take the maximum in the above expression. Recalling
again that M~ /M g_l — 1= 0(1/+/N) uniformly in m and »® the above expec-
tation is of order O (1) and we obtain (3.18).

Let us finally turn to the weak convergence (3.13) and introduce, for N =
1,2, ..., the auxiliary discrete stochastic integrals

By applying Theorem 4.3 in [13], (3.12)—(3.13) and the already established weak
convergence of Law(MNK@N )n=1.2.... on C[0, 1], we deduce the weak conver-
L Loy oy
WA\ gy M Five ) o

gence
o)
[N1]

1 A
= Law<<—,Mt,Y,> ‘IP’) as N 1 oo
M, 0<r<l1

<t<l1

(3.19)

on the Skorohod space D[0, 1] x D[O, 1] x D[0, 1] where Y = Jo dM;/M;. Hence,
M = Mpexp(Y — (Y)/2) and, in particular, (In M) = (Y). Moreover, again by
Skorohod’s representation theorem, we can assume that there are processes 1/ SN,
MY and YV on (Q, Ia , }f”) whose joint law under PP coincides with that in (3.19) and
which converge [P-almost surely to 1/M, M and Y, respectively. Now, recalling
that |Xn1¥| <& /+/N we can Taylor expand ¢* =1 + x 4+ x?/2 + O(x?) so that
with (3.12) we can write

N N N
Mm - Mm—l — (1 M}izv - Sr]r:’>eX,1,\{ . Mm—l

S,I,\,]_l Sn];’ SI]1\1,—1
MY MY MY
m +X +_ X + m mXN
3
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Thus, with QN as defined in (3.14), we obtain upon summing over m =1, ..., n:
My MY 1
N 0 N N N /N
n

In terms of YV, MY and OV £ (Qf}’vl])of,fl this amounts to

oN MIN M([)V oN 1 AN
YN = R +1In S —Inso+ - 0] + 0(1/vN)
t 0

fort €{0,1/N, ..., 1}. SinAce all other terms in this expression converge [P-almost
surely as N 1 0o, so does Q" and its limit is given by

lim ON =2(Y; —In M, +1Inso) = (Y), = (InM),, 0<r<l.

Now, fix 0 <s <t <1 and observe that
(In M), — {In M), =1lim(Q;" — O})
Mn _ SvN
T SN SN n/N n/N
[Ns]<n<[Nt] n/N
€olc—20)%(t —5),5(@ +2c)(t —9)]
Hence, (In M) is absolutely continuous with density
d(In M),
dt

which readily implies

€lala —20)", 5@ +20)], 0<t<l,

It thus follows that P £ Law(M |I@’) lies in the class P, 7 . as considered in

Lemma 3.5(i). By the construction and P-almost sure convergence of SM_mN,
QN, this proves (3.15) for this P.

Let us now turn to the proof of item (ii) of our lemma and take a o : [0, 1] x
C[0, 1] — R from the class f)(c) introduced in Lemma 3.5. Fix N € {1, 2, ...} and
define on Q" the processes oV, k™, BY and £ by the following recursion:

ol 20 Vv&y(0) AT, BY 20
and, forn=1,..., N,

o) 2o V5B ) AT,
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Nol (% p (B 1)
(aN)? ’

lnS lnS

NS XY o)

n—1

5N

exp((1 + kXY — iV XN ) —1

J1+2cNaN

Observe that the progressive measurability of & ensures that its evaluation in the
definition of o*,{v and K’iv depends on BN = (Bn];/ )m=o0,...n only via its already
constructed values form =0, ...,n — 1.

Next, define the process g by

N exp(kN XN ) —exp(—(1 +«N)oN /V/N)
(3.20) q, = .
exp((14+x)oN /v/N) —exp(—(1 +«N)oN /V/N)

Consider the probability measure PV on (QV, F. 1]\,\’ ) for which the random variables
gN, ... &Y are iid. with PN(EY = 1) =PV (&N = —1) = 1/2. From (3.10), it
follows that there exists & > 0 for which «» > & — 1/2. Thus |BY — BY || =
O(N~1/2) and also IK,ZLV — /<nN_1| = O(N~Y2) because of the Lipschitz continuity
of &. We conclude that, for sufficiently large N, ¢ € (0, 1) PV -almost surely. For
such N we consider Q¥ given by the Radon-Nikodym derivatives

dQN N - N N
PN v =2 1_[ (@ Ligpy=ny + (1 = g )igy——1y)-

N & pN
Bn _Bn—l

.....

Since PV [£) = £1] = 1/2, our choice of ¢"V (3.20) ensures that BY is a martin-
gale under @N Now consider the stochastic process

MY £ 5V exp(icN x V), n=0,...,N.
From (3.10), it follows that ICN = 0 for sufficiently large N and so My N = = Sy e

Furthermore, from (3.9) we have % < ﬁ' Observe also that
(3.21) My = MY (14 142N (BY = BY))).

Hence, the predictability of oV, " ensures that, along with BV, also M" is

a martingale under QV. Hence, M and QV are as requested in part (i) of our
present lemma.

It thus remains to establish the weak convergence (3.16). By applying Taylor’s
expansion, we get

N N &N Ny~N
N Kn—lo_n—l‘i:n—l + (1 +Kn )Gn

=0(N"'?)  PN-almost surely.
dy 20 £ 1o N ( ) almost surely
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N N
Thus, |2¢Y — 1)gN | — =t — O(N~1/2) PN -almost surely. From the last

(1+KN )rrN
equality and the deﬁmtlon of the measure QV, we get that

Egn[((1+ 1 )o, & — a0, 160 ) 17
= @) (1 +1) + (0, ) ()
—202¢Y = 1) (1 +«MYa NN (o N N
= (M) (1 +2Y) + O(N71/?),
This together with applying the Taylor expansion yields

1 _
EQN[(B;iV—Bévfl)zu'_;ﬁl]:ﬁJFO(N 312).

From Theorem 8.7 in [1], we get the convergence of Law(FN |QV) to Wiener mea-
sure on C[0, 1]. From the continuity of g, it follows that the continuous interpola-
tion on [0, 1] of ({,/1 + 2KNO’N})n _o» that is, the process 6[Nt]/N(§N) under QY
converges in law to ¢ under PW¥ on CJ0, 1]. Thus, Theorem 5.4 in [13] and (3.21)
give the convergence
Law(B" . " 1QY) = Law(W,s°|PV)
on the space C[0, 1] x C[0, 1]. Finally, observe that we have the joint convergence
Law(EN, MN, \/N‘KNO’N“@N) = Law(S&, s, a(6)|]P’W) as N P oo

on C[0, 1] x C[0, 1] x C[O0, 1] and (3.16) follows as required. [J

3.2.2. Proof of “<” in (3.7). Applying Theorem 2.3 with g £ g™ of (2.9)
shows that for N = 1, 2, ... there exists a measure Q" on (QV, fN) such that

o [N 5 VN N.e S,iV)
(322) Vg F) < — +EQN[ ZG ( SN }

n

where GV ¢ is the Legendre—Fenchel transform of g:¢ and where M" is defined
as in Lemma 3.6. Since by construction 4, and thus also gN ¢ has maximum
slope ¢, we have

—~N .
G,iv’c(a):{Hn/N(S ), iflel <c,
00, otherwise.

In particular, the above sequence of probabilities QM) y= 1,2,... 1s as required in the
first part of Lemma 3.6. We thus obtain the weak convergence (3.15) with some
probability P* € Py 5 ..
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Due to Skorohod’s representation theorem, there exists a probability space
(2, F,P) with processes SN MN and OV, N =1,2, ... and a continuous mar-
tingale M > O such that

3.23) Law(S", 7", 0V |1QY) =Law($V, MV, ONP),  N=1,2,...,
(3.24) Law(S|P*) = Law(M|P),

and such that

(3.25) (S‘N, MV, QN) — (M, M, (InM)) [P-almost surely as N 1 oo.

Due to (3.13) of Lemma 3.6, maxp<;<i §,N is bounded in LP(I@’) for any p > 0.
By Lebesgue’s theorem, the assumed continuity and polynomial growth of F in
conjunction with (3.23) and (3.25) thus suffices to conclude that

(3.26) Egn[F(S")] — E5[F(M)]  as N 1 oc.
Below we will argue that
N—1 N, N —SN
liminf[E G,‘ u)
s | 3 o (M)
LI d{In M),
>Es| | H M 2( —)dt].
- P[A l‘( )Cl dt
Combining (3.22) with (3.26) and (3.27) then gives
L, d{InM
(3.28) limsup V“/ﬁ TN Ry §E@[F(M) —f H,(M)az( %) dt].
0

Ntoo

(3.27)

Because of (3.24) the right-hand side of (3.28) can be viewed as one of the expec-
tations considered in (3.8). We deduce from Lemma 3.5(i) that “<” holds in (3.7).
Let us conclude by proving (3.27) and write

N—1 SN 1 .
(3.29) EQN[Z Gl (S—Nﬂ =E@UO NHinn (SN, AN /V/N) dt},
n=0 n

where

S'N
—c<AN S \/— [Nt /N [Nt]/N <ec.
S[Nz 1/N

Let b : R — R be a convex function such that b(u) = az(ﬁ) for u > 0, for in-
stance

—u, u S _gza

2 \2
(3.30) bu) & %u, —o? <u <0,

QZ

a(vu)?, u>0.
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By Assumption 2.4 and the [P-almost sure convergence of SN to M, the inte-
grand NH[NI]/N(SN, A/\/ﬁ) converges uniformlyinz € [0, 1] and A € [—c, c] to
ﬁt(M)AZ. Moreover, from Lemma 3.7 below we have (Aﬁv)2 >b(NA Qf\zlw]/N)-
Hence, the liminf in (3.27) is bounded from below by

. LN N\2
hNn%ng@[ /O H,(M)(AN) dt]
(3.31)

1
.. A AN
From their definition, it follows that the processes (N A Qf\zl\n] / No<i<t, N =

1,2, ... take values in the interval [g2 —2¢5,5% + 2co], and so they are bounded
uniformly. Hence, we can use Lemma Al.1 in [7] to find, for N = 1,2, ..., con-
vex combinations 8" of elements in this sequence of processes with index in
{N,N +1,...} which converge P ® dr-almost every. Denote the limit process
by (8;)o<s<1. Observe that

t t R
A Sudu:ngnOO/O NAQ{\,n du = (In M),

and so we conclude that §; = d(In M), /dt, P® dt-almost every. Hence, by Fatou’s
lemma,

E@[ /0 A8 dt] = E@[ /0 1 I{I,(M)b((St)dt]

-
< 1mgf1@@[ /O A,(Mb(sY )dt].

By convexity of b and by the construction of 8 this last liminf is not larger than
the lim inf on the right-hand side of (3.31). Hence, we can combine these estimates
to obtain our assertion (3.27).

3.2.3. Proof of “>"in (3.7). Because of Lemma 3.5 it suffices to show that

_ - ., .
(3.32) lilvn%igfvlf,\,/;/ﬁ’a/ﬁ(lt?)zEPw[IF(S”)— /0 Ht(S”)az(&,)dt]

for & € £(c). For such &, we can apply Lemma 3.6(ii) which provides us with
probabilities QN and martingales MN on (QV, ]-'}VV), N =1,2,..., such that

SV MN — SN - -
Law(SN, MN, «/N|S—N|‘QN> = Law(S°, Sg,a(5)|PW)
(3.33)

as N 1 oo.
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We can now use Skorohod’s representation theorem exactly as in Section 3.2.2 to
obtain, in analogy with (3.26), that

(3.34) Egv[F(5")] = Esw[F(S7)]  as N 1 oo.
Set

Mixoyn = Sty
_C§A£Vé\/ﬁ[l]/ INt/N ..

oN
Siveyv
In analogy with (3.29), we have that

N-1 N N
MY —S
. N,
&%E@N[Z G (T)}

n=0 n
1
. oN N
(3.35) :I\III%EOEI@)[,/() NH[N;]/N(S , A /\/N)dl‘]

b o\, 2/~
:EPWI:_/(; Ht(S )a (O';)dt:|,

where the last two equalities follow from our assumptions on H, the moment es-
timate in Lemma 3.6 (which gives uniform integrability) and (3.33) (together with
the Skorohod representation theorem).

Combining (3.34) with (3.35) then allows us to write the right-hand side
of (3.32) as

- L, .
Epw [F(S") —~ /0 H,(S")az(&,)dt]

N—1 N N
; <N N,c Mn B Sn )
= lim E F(S)— G | —) .
tim By P - X e (Mie )|
On the other hand, Theorem 2.2 reveals that such a limit is a lower bound for the
left side of (3.32). This accomplishes our proof that “>"" holds in (3.7).
We complete the section with the following elementary inequality which we
used in the previous proof:

LEMMA 3.7. Forx,y € R, such that |x| € |a, o] we have
b(x* +2xy) < y?,
where b denotes the function of (3.30).
PROOF. We distinguish four cases:
(i) x2+2xy > a2 In this case 0 < x? 4 2xy — &2 < 2xy < 2 |y| and so

1 (x2+ 2xy — 52)2

b(x? 4 2xy) = 1 <y

o2
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(i) o2 <x%+ 2xy < 2. In this case b(x2 + 2xy) = 0 and the statement is

trivial.
(iii) |x% 4+ 2xy| < o?. Set z = x% + 2xy. Assume that z is fixed and introduce

the

L u> gz. Observe that for z € [—gz, gz] the derivative

2
function f,(u) = %

flw)=1-z*/u?>0and so

b(xz +2xy) = %fz(gz) = %fz(xz) = )’2-
o”.

(iv) Finally, assume that x> 4+ 2xy < —o2. Clearly x? 4+ 2xy + y2> > 0 and so

(1]
(2]
(3]
(4]
(5]

(6]

(7]
(8]

(9]

(10]
(1]
(12]
(13]
[14]
(15]
(16]

[17]

b(x% 4 2xy) = —x% — 2xy < y%. O
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