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In the classical quickest detection problem, one must detect as quickly
as possible when a Brownian motion without drift “changes” into a Brown-
ian motion with positive drift. The change occurs at an unknown “disorder”
time with exponential distribution. There is a penalty for declaring too early
that the change has occurred, and a cost for late detection proportional to the
time between occurrence of the change and the time when the change is de-
clared. Here, we consider the case where there is also a cost for observing the
process. This stochastic control problem can be formulated using either the
notion of strong solution or of weak solution of the s.d.e. that defines the ob-
servation process. We show that the value function is the same in both cases,
even though no optimal strategy exists in the strong formulation. We deter-
mine the optimal strategy in the weak formulation and show, using a form of
the “principle of smooth fit” and under natural hypotheses on the parameters
of the problem, that the optimal strategy takes the form of a two-threshold
policy: observe only when the posterior probability that the change has al-
ready occurred, given the observations, is larger than a threshold A > 0, and
declare that the disorder time has occurred when this posterior probability
exceeds a threshold B > A. The constants A and B are determined explicitly
from the parameters of the problem.

1. Introduction. The classical quickest detection problem [23], Chapter 4.4,
is as follows. One observes a stochastic process X = (X;);>o that solves the
stochastic differential equation (s.d.e.)

(11) dthrl{QSt}dt+0dW[.

Here, r > 0, 0 > 0, W = (W;)>0 is a standard Brownian motion, and 6 is a non-
negative random variable that is independent of (W;), sometimes called a “disorder
time,” or a “change point.” The random variable 6 is not observed directly, but only
through its effect on the sample paths of X. When ¢ < 0, the observer is simply
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watching a Brownian motion, but when ¢ > 6, a drift (or signal) with intensity
r appears. The observer seeks to detect as quickly as possible the appearance of
this signal, while keeping sufficiently low the probability of a “false alarm,” that
is, declaring that the signal has appeared when, in fact, it has not. Typically, the
distribution of 0 is assumed known, and, given 6 > 0, even equal to an exponen-
tial distribution with known parameter A > 0; see [19] for many variations on this
problem and for numerous references.

In this paper, we consider the situation where there is an observation cost b > 0
per unit time, and the observer can choose to observe or not. When he does not
observe, the process X is constant (dX; = 0), and when he does observe, X sat-
isfies (1.1). The objective is to detect the appearance of the signal as quickly as
possible, while keeping low the probability of false alarm and the cost of obser-
vation. Therefore, the problem is no longer an optimal stopping problem but an
optimal stopping/control problem.

There are several papers in the literature that consider this type of problem, in
which there is either a cost or a constraint on observations. A discussion already
appears in Bather [5], with a precise continuous-time formulation given in Balmer
[1, 2]: he allows only a restricted class of policies and uses a different cost func-
tion than the one we define in (2.4) below. Dayanik [9] considers a continuous-time
problem with observations allowed only at fixed times. Banerjee and Veeravalli [3,
4] consider a discrete-time formulation, in which observations are costly only if
they occur before the alarm time. They show that a two-threshold policy is asymp-
totically optimal. Finally, Bayraktar and Kravitz [6] consider a continuous-time
problem in which observations are allowed only at a discrete set of times that is
determined adaptively.

In this paper, we consider that the control & = (h;);>0 is a [0, 1]-valued pro-
cess, where h; = 1 means that observation occurs, and #; = 0 means absence of
observation. Therefore, the observation process is described by the stochastic dif-
ferential

(1.2) dX; =rhlg<;ydt +o/h,dW,,  Xo=0.

Note that when /&, € {0, 1}, the square-root has no effect. However, it will be conve-
nient during the resolution of the problem to consider also %, € [0, 1], and since we
are free to decide the formulation when 0 < s, < 1, we have chosen to use (1.2).

We assume that all objects are defined on a filtered probability space (€2, F,
(F)i=0, P). Therefore, W, = W;(w), 8 = 6(w), and h; = h;(®). The assumption
that 4, depends on w (h; = h;(w)) does not create difficulties with definition of the
(““h-controlled”) process X via formula (1.2). However, we must define precisely
what information the observer can use to decide to switch from one value of /4, (w)
to another.

It is reasonable to assume that the control function %; depends on w via the
observation process: /;(w) = h; (X (w)). In this case, the s.d.e. (1.2) will take the
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form

(13) dXt=rh;(X)1{9§,}dt+G\/ht(X)th,

and, inevitably, we have to explain how to formulate this s.d.e. and give a precise
definition of the control & = (h;(X));>0.

These questions are considered in Section 2, where we give two precise but
distinct formulations of the notion of a solution of equation (1.3), according to
whether we interpret X as a strong or weak solution of (1.3). Then we derive
some preliminary properties of the sufficient statistic T[th, which is the conditional
probability, given the observations (X, s € [0, ¢]), that 8 < t. In Section 3, we
study the law of 7/, writing it, and the likelihood ratio ¢! = 7/ /(1 — z), as
solutions of diffusion equations in the filtration X of the observed process. In
this section, we also establish, in the spirit of [11] and [18], a “verification lemma”
(Lemma 3.7) that gives sufficient conditions for the optimality of a strategy.

In Section 4, we give the form of a candidate optimal strategy and associated
candidate value function and derive the ordinary differential equations with two
free boundaries that characterize this function. These are completed by imposing
boundary conditions that imply continuity and an appropriate degree of smooth-
ness at the boundaries; see (4.10)—(4.14). These equations are then solved com-
pletely, up to the resolution of a transcendental equation; see (4.26). The form
of the solution depends on the value of the observation cost b, and it turns out
that there are three regimes: if b is large enough, then it is best never to observe,
and to stop simply when the posterior probability nth exceeds a certain threshold
B €]0, 1[. For smaller positive values of b, there are two thresholds0 < A < B < 1
such that it is best not to observe when nth < A, to observe when rr,h €]A, B[ and
to declare an alarm when n,h > B. The candidate value function is given in Propo-
sitions 4.4 and 4.5, depending on the size of b. The third regime is when b = 0,
which is the classical case of [23] and correspondsto 0 = A < B < 1.

For small positive values of b, the candidate value function and optimal strate-
gies are such that it is not clear whether an optimal strategy does indeed exist! In
fact, in the strong formulation, no optimal strategy exists in general, but such an
optimal strategy does exist in the weak formulation. It turns out, however, that the
value function is the same in both formulations. We discuss this question at the
end of Section 4.

In Section 5, we show that the candidate value function of Section 4 is indeed the
value function in both the weak and strong formulations (Theorems 5.1 and 5.2).
However, because of the absence of an optimal strategy in the strong formulation,
it is not possible to conclude directly from a “verification lemma” (Lemma 3.7)
that the candidate value function is indeed the value function in the strong for-
mulation. Therefore, we use a different approach in Theorem 5.2: for ¢ > 0, we
consider strategies that approximate the candidate optimal strategy but are defined
via s.d.e.’s with sufficiently smooth coefficients. We then compute explicitly the
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cost associated with these strategies. This requires computing the expected time
to hit a threshold, which, in turn, requires solving another o.d.e. [given in (5.11)].
We do this in Section 5, and in Proposition 5.7, we show by direct calculation that
the expected costs of the approximately optimal strategies converge to the can-
didate value function, proving that this is indeed the value function in the strong
formulation.

2. Stating the problem. Consider a filtered probability space (€2, .F,
(F)r>0, P) with a filtration (F;) (satistfying the usual hypotheses [21]). Let 60
be a random variable defined on 2 that is Fyp-measurable. We assume that there
are g € [0, 1] and A > O such that

2.1) PO=0l=my and P{0>x|6>0}=e ™.

We let W = (W;);>0 be a standard Brownian motion adapted to (F;);>0 such
that for all # > 0, the process (W4 — W;, s > 0) is independent of F;. In particular,
(W;)r>0 1s independent of 6.

Controls and stopping times.

DEFINITION 2.1. A progressively measurable process & = (h;(w));>0 defined
on (2, F, (Fy)=0, P) with values in [0, 1] will be called a stochastic control.

Let C (R4, R) denote the space of continuous functions from R to R.

DEFINITION 2.2. A canonical control h = (h;(x));>0 is amap (¢, x) — h;(x)
from Ry x C(R4+, R) to [0, 1] that is progressively measurable for the canonical
filtration on C (R4, R).

A canonical stopping time T = t(x) is a random variable 7: C(R4, R) — R
that is a stopping time relative to the canonical filtration on C (R, R).

DEFINITION 2.3. A stochastic control & = (h(w));>0 is called an admissible
control if it has the form 4;(w) = h;(X (w)) for a canonical control 4, (x), and the
s.d.e.

(22) dXt=rh,(X)l{9§t}dt—}-G\/h,(X)th, X()=O,

admits a strong solution in the sense of the next definition (Definition 2.4).

DEFINITION 2.4.  Assume that a filtered probability space (€2, F, (F;)r>0, P)
is given a priori together with a random variable 6 = 6 (w) which is Fp-measurable
and satisfies (2.1), and with a Brownian motion W (@) = (W;(w));>0 such that W;
is F;-measurable, for all r > 0.

A strong solution of the s.d.e. (2.2) is a continuous stochastic process X =
(X:(@))s=0 that satisfies (2.2) and X, is F;-measurable, for all > 0.
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One may consider also the case where (2.2) has a weak solution.
DEFINITION 2.5. We assume that a canonical control & = (h;(x));>0 and the

law of 6 in (2.1) are given a priori. A weak solution of the s.d.e. (2.2) is a system
of the following objects:

a filtered probability space (€2, F, (F;)s>0, P) (which is not given a priori);

a Brownian motion W = (W;);>¢ such that W; is F;-measurable, for all ¢ > 0;
— an Fp-measurable random variable 6 with the law specified in (2.1);

an (F;);>o-adapted process X = (X;);>0 which satisfies the s.d.e. (2.2), that is,
forallt >0

t t
2.3) Xl:/ rhS(X)l{gfs}ds—l-/ ovhg(X)dWs.
0 0

DEFINITION 2.6. For the case of strong solutions, a strategy is a pair (h, 1),
where h = (h;(X(®)))s>0, T = T(X(w)) for some canonical control (/;(x));>0
and canonical stopping time 7 (x).

For the case of weak solutions, (%, 7, X) is called a control system.

Cost.

DEFINITION 2.7. The cost associated with a strategy (%, T) or a control sys-
tem (h, 7, X) is

Cth,t)y=C(h,7,X)
2.4)

7(X)
= l{z(x)<6) —|—a(‘L'(X) — Q)I{T(X)Zg} + b/() h:(X)dt,

where a > 0, so as to penalize late detection of the alarm time 8, and b > 0.

Since the case b =0 is covered in [23], Chapter 4.4, we will focus on the case
b > 0.

Objective. Our first objective is to find the value

V = inf E(C(h
Jnf (C(h, 1)),

where the infimum is over all strategies, and to find an optimal strategy (h*, T*)
that achieves this infimum, or at least, to find a strategy that is within ¢ of this
infimum (¢ > 0). A second objective is to find the value
V¥V = inf E(C(h,t, X)),
(h,t,X) ( ( ))

where the infimum is over all control systems, and an optimal control system
(h*, t*, X*). Clearly, V¥ < V.
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Dependence on my. The quantities V and V'V are in fact functions of the num-
ber mg = P{0 = 0}, which we denote g(mrg) and g% (7p):

(2.5) §(w) = inf E(C(h, ),

(2.6) §"Gro) = inf E(C(h, T, X)).

Clearly, g% < g. The following simple lemma (see also [20], Section 2.7) provides
important information about the form of these two functions.

LEMMA 2.8. The functions g and g% are concave.

PROOF. By the law of total probability,

E(C(h, 1))

7(X)
= noE<ar(X) + b/ hi(X) dt]o = o)
0
+ (1 — o)
T(X)
x E(I{T(X)<9} +a(r(X) = 0)1x)-0) + b/o hi(X)dt]6 > 0).
We note that the first expectation does not depend on 7, since 7(X) and A;(X)
are determined by the observation process only, and the second does not either,
since the conditional distribution of 6 given that 6 > 0 does not depend on .
Therefore, 7o — E(C(h, t)) is an affine function of 7o, and g, being the infimum
of affine functions, is concave. The same argument applies to g%. [

Sufficient statistic. Let F X = (]-"IX ) be the natural filtration of the observed
process X, augmented with P-null sets. Let (rr,h) be the optional projection of
(I{p<sy, t = 0) onto this filtration, so that for all ¢, n,h =P{0<t|Xs,s <t}as.
The next several lemmas are identical both for strategies and for control systems,
so we state them only for strategies.

LEMMA 2.9. With the above notation,

T T
2.7) E(C(h,r)):E(l—ni’%—a/ nshds—i-b/ hsds).
0 0
PROOF. Note that E(1;g) = E(1 — /") and

00 00
E((T - 9)1{r>9}) = E(_/(; 1{9<s}1{s<7:} ds) :/(; E(ﬂshl{s<r}) ds

([ ntas)
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This proves the lemma. [

According to Lemma 2.9, the expected cost associated to a strategy (%, ‘L') is
the expectation of an adapted functional of the posterior probabzlzzy process (7Tt ).
Therefore, it will be natural to express controls as functionals of (JT ). We proceed
with the analysis of this process.

3. Semimartingale characteristics of (n ) and a verification lemma. For
0 <u <t,let u, , be the conditional distribution, given that 6 = u, of X restricted
to [0, ¢], and let u; be the unconditional distribution of X restricted to [0, ¢].

LEMMA 3.1. The Radon—Nikodym derivative of (v, ; with respect to i ; is

dity (/f r I/f r2 )
3.1 = —dX;— - | —=hs(X)ds).
(3.1 diir s expl | zdXs—35 | =3 s(X)ds

PROOF. Recall Girsanov’s theorem [17], Theorem 8.6.6, page 166: let
dZ;=0o(Z)dW,
dZt )/;dt+O'(Zt)sz,

and suppose that under P, the process (W;) is a standard Brownian motion. Define

P by
dP Loy 1 [t o \?
—:exp(—f Vi dwg — — ( yf, ) ds).
dp 0 0(Zs) 2Jo \a(Zy)
If Ep(g—fg) =1, then the law of (Z) under P is the same as the law of (Z;) un-

der P.
If 6 = u, then the law of (X, s <t) is the same as that of (Y, s <t), where

(3.2) dYs =rhs(Y) 1y ds +ovhs(Y)dWs,  0<s<t.

If & =t, then the law of (X, s <) is the same as that of (Z,, s <t), where
dZszades, 0<s<t.

Therefore, for A € B(C([O0, ], R)),

dP
pui(A)=P{Y. € A} = Ep(1a(Y) = Eﬁ<1A<Y->ﬁ>’
where P is defined by
@_ (_ torhs(Y) (rh(Y))d)
dP = €Xp u O'«/hS(Y S 2 oh (Y §

=exp<—/ut ;—zodes —%/I<£> hs(Y)ds>.
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Note in particular that Novikov’s condition [17] is satisfied. Using (3.2), we see
that this can be written

ir=oo(- [ a5 [[(5) mona)
— =€X — — - — .
dP p u 0—2 g 2 u o s s

Therefore, by Girsanov’s theorem,

o) = Ep(1a@yexp( [ L5z, 2/( )h(@dﬁ)
_/ M,;(dw)exp(/ = 2/( ) h (X)ds).

This proves Lemma 3.1. [

Let Fy denote the probability distribution function of 6, so that

P 0, if x <O,
v = { mo+ (1 —mo) (1 — ™), if x > 0.
LEMMA 3.2. We have
td d t d
al = [ Sy = 2L [ SR ()
0— d/’Ll d//Lt 0— d/_zlz[’[

(note that the 0— accounts for the discontinuity of Fyp at 0).

PROOF. The notation fi“ now refers to the right-hand side of (3.1), which is
continuous in u. For the first equahty in the lemma, it suffices to show that for all
B e B(C([0,t],R)),

tdp
E<1{X[O,,]eB} 7 wl Fe(du)> = E(1ix),, e} lio=<1))-
0— apy

To see this, observe that

t
/ dP(w) dpy,r
{X‘[O’[]EB} 0— d

dptu
G )Eﬂdu)—:/ zﬁ(duxf 0P (o) et (@)

{Xl[0,n€B} dity

=A Fo(du)ptus(X1j0.c) € B)

= P{@ Sl‘,X|[0,;] (S B}.

This proves the first equality. The second is a consequence of the chain rule for
Radon—-Nikodym derivatives. [

LEMMA 3.3. We have
h_ l/«z t
! dus

St

1—m

/ %wm—u—mn“ﬁ”

Mt
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PROOF. Asin Lemma 3.2, one checks that
oo d,uu,t
d i

P{0>t|XS,s§t}=/ Fo(du).
t

dﬂfu,t

ince %t
Since dpe s

=1 when u > ¢, the right-hand side is equal to

+00 dpy, , d d +00
/ Myt Afds s Fo(du) = Mt / Fo(du).
t dus dpg due Ji

This proves the first equality in the statement of the lemma. The second equality is
a consequence of the fact that for u > 0, Fp(du) = (1 — To)re Mdu. O

Set

h
Ty

h:
%} 1—7T,h

tr 1 rt 72
Zu’l:/u ;ng—EL ;I’l‘gds.

Use Lemmas 3.1, 3.2 and 3.3 to see that

and let

P ekt t
o= / exp(Zu.1) F (dut)
— o Jo-

At

e t
(3.3) =7 eXP(ZO,z)/ exp(—Zo,u) Fp(du)
— T 0—

At

e t
= exp(Zo,,)(no + (1 — mp) / exp(—Zo,u))»e_M du).
1-— 0 0

LEMMA 3.4. The following s.d.e. is satisfied.:
h h " oh
(3.4) do/ =11 +¢/)dr + 2% dx;.

PROOF. Observe from (1.2) that the quadratic variation of X; is d(X), =
o2h, dt, so we can apply It6’s formula and (3.3) to get

de} = A} dt

" zon(Zoax, g L L( T ’ 2, di
exp( O,t)(? t—m +§p -0y

1 —mg
t
x [ exp(~Zo,) Fatdun
+ e exp(Zo. ;) exp(—Zo. )he ' dt

r
:)L(l—i-(p,h)dt—i-;(p,th,. 0
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LEMMA 3.5. The process X = (X;);=0 has the stochastic differential
dX; =rh(X)m; dt +o/h; dW;,

where (W,) is a standard Brownian motion.

PROOF. Observe that
dX[ — l"hﬂf[ dt = (I’hll{gft} — rhtﬂ[)dt +O'\/EdW[,

and the right-hand side has mean zero (given X|[o ) and quadratic variation
o2h, dt. Further, the left-hand side is adapted to FX, so that the right-hand side is
too, and has mean zero. In particular, it is the differential of a local F X -martingale
with quadratic variation o v/h; dt. According to [15], Chapter 3, Theorem 4.2, this
term is equal to o 4/h; times a standard Brownian motion increment. We note for
future reference that (W;) need not be F*-adapted, but the martingale

t B t
(3.5 Mtza/ \/hdetht—‘/- rhy(X)msds
0 0
is clearly FX-adapted. O

LEMMA 3.6. Set p = =. Then

2
(3.6) drl' =r(1 —x})di + —5x)(1 — 2]y dX, — S (x])2 (1 = 7 )he di
(o2 (o2
and
(3.7) dr! =21 —aydt + pr (1 — 2)/hi aw,.

PROOF. Note that 7/* = o' (1 + /) ~! = f(¢"), where f(x) =x(1 +x)~L.
Since f/(x) = (1+x)"2?and f”(x) = —2(1 +x) >, Itd’s formula and Lemma 3.4
yield

1
drl' = f'(ef) do} + 5 () dlo"),

- M1+ di+Lghax,) 2 (LY o4
T VA G A g (Gt 7

Recall that 1 + ¢ = 1—1_71, to see that this is equal to

2
r r 2
A1 —nlt)dr + ;nﬁ(l — M) dX, - ;(nﬁ) (1 —x)h, dt,

which establishes (3.6). By Lemma 3.5, this is equal to

2
r - r
M=l di+ —5m! (1= ) (rh di + 0 /by d W) — ;(nh)z

t

(1 —nah, dr,
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which simplifies to
A1 =My de + gn,h(l —a)h dW,.
This establishes (3.7). O

Strategies expressed in terms of (nzh). According to (3.7), (nth) is a diffusion
process, and therefore an optimal canonical control will typically be expressed
as a function of y'rth; that is, we will mainly be interested in controls /,(X) of the
form A, (X) = h(t, nth), where h: R4 x [0, 1] — [0, 1] is measurable and given. We
explain here how to describe the observation process and the admissible control
(h;) associated with such a function 4.

Consider the s.d.e.

dp, = A1 — py)dt
r
(3.8) + ?Pt(l - p;)(rh(t, P lp<ndt +o0,/h(t, Pt)th)

2
.
—;@fﬂ—m%&mﬂu

with pg = P{6 = 0}. Assume that / is such that (3.8) has a strong solution [i.e., an
(Ft)-adapted solution]. Then we define the observation process by Xo = 0 and

(3.9) dXt:rh(l‘,p,)l{gft}dl‘-i-a\/h(l‘,p;)th.
This process is adapted to (F;), and by (3.8),

,
dp; = A(1 — p;)dt + pl’t(l —pdX,
(3.10)

2
r
— —(p)*(1 = poh(t, p)d.
o
Let g: = p;/(1 — pr). Applying 1t&’s formula, we find that
r
(3.11) dq,:)»(l—i—qt)dt—l—;q,dX,.

According to [22], Chapter IX, (2.3), the solution of this linear s.d.e. is

r 1r2
q: = exp sz +Ar — EFO{)I

t r 1 r2
X [qo +/ exp(——sz —As + ——4(X)S)Ads].
0 o 2(7

In particular, g;, and therefore p;, is a function of X|[p ), and we can write
pr = ﬁ,(X), where (¢, x) — fz,(x) from Ry x C(R4+,R) to R is progressively
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measurable. Looking back to (3.9), we see that (X;) is a strong solution of the
s.d.e.

(312) dX,=rht(X)l{9§;}dt+O\/h,(X)dW,,

where h;(x) = h(z, fzt(x)). Therefore, (h;) is an admissible control.
Comparing (3.11) and (3.4), we conclude that g; = go,h and therefore

(3.13) p=nl"=Plo<t|FX}.
This means that the control 4;(X) is indeed equal to A (¢, _thh).

We note that as in (3.7), there is a Brownian motion (W;) such that
(3.14) dp; =M1 — py)dt + ppi (1 — p)\/h(t, p)) dW;.

If 7 is a stopping time defined using JTth, for instance,
(3.15) r =inf{r > 0:7)" € S}
for some Borel set S C [0, 1], then

T =inf{r > 0:4,(X) € S},

so T = 7(X) is a canonical stopping time. In particular, ((#;(x)), t(x)) is a strat-
egy.

The above discussion shows that if (3.8) has a strong solution, then we can con-
struct a strategy ((h;), ) for which (2.1) or (3.12) admits a strong solution (X;),
such that p; = n,h, and the expected cost E(C((h;), T)) is given by (2.7).

In the case where (3.8) admits a weak solution, we would similarly conclude
that (2.2) or (3.12) admits a weak solution, and considering 7 as in (3.15), we
would conclude that ((4;), T, X) is a control system with the same expected cost.

Verification lemma. For m € [0, 1], let E; denote expectation in the case where
o = 7r. Recall that we have defined

By Lemma 2.8, g is concave, and by Lemma 2.9,
T T
g(r) = inf E,T(l —nh +a/ nshds—i—b/ hsds>,
(h,7) 0 0

with similar properties for g%¥. According to [11], Theorem 3.67, we expect to
be able to characterize each of these two functions as a function g* with certain
properties concerning martingales and submartingales. The next lemma gives con-
ditions that will allow us to show that a function g* is equal to g (resp., g%) and
check that a strategy ((h}), T*) [resp., a control system ((h}), T*, X*)] is optimal.
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LEMMA 3.7 (Verification lemma). Suppose that g* is a bounded continuous
function defined on [0, 1] such that 0 < g*(x) <1 —x, for all x € [0, 1].

(1) Suppose that for any ©r € [0, 1], the following property holds:
(a) for any strategy ((h;), T) [resp., for any control system (h, T, X)], the pro-
cess (Yy) is an FX -submartingale under Py, where

t t
(3.16) Ytzg*(nth)+a/0 ﬂshds—i-bfo hy ds.

Then g* < g (resp., g* < g").
(2) Suppose that for any w € [0, 1], in addition to (a), the following three proper-
ties hold:
(b) for the strategy ((h}),t*) [resp., the control system ((h}),t*, X*)], the
process (Y[, ) is an F X_martingale under Py, where

* ¢ * ¢
Y} =g*(n! )—i—a/ nh ds—i—b/ hids;
0 0
(©) Ex(r") <4o00;
@) g*rl)=1-nk.
Then g* = g and ((h}),t*) is an optimal strategy [resp., g* = gV, and
((hf), T*, X*) is an optimal control system].

PROOF. We first establish (1). Let ((h;), ) be a strategy. If E(t) = +o00, then
E(C(h, 1)) =+00. Indeed, by (2.4), E(C(h, 7)) > aE(tl{;>9)) —aE(0). Since
E(t) = E(T1{1>0}) + E(t 1{150})
and the second term is no greater than E(f) < 400, we conclude that

E(tl{;>6)) =+oc and so E(C(h, 1)) = +00.
Therefore, in the definition of g, we can restrict the infimum to those strategies
for which E(7) < +00. Since 1 — x > g*(x), Lemma 2.9 implies that
E(C(h,1)) > E(Yy).

Since (Y;) is a submartingale by (a) and ¢ A T is a bounded stopping time,
E;(Yin:) = E; (Yo) = g*(r). By Fatou’s lemma in the form E(limsup VA7) >
limsup E (Y, A7) (cf. [7], Chapter 1), which applies since E(7) < +00, we see that

E;(Y7) > limsup E;x (Yiar) > g*(JT)-
t—00

We conclude that E; (C(h, t)) > g*(r) for all strategies ((h;), T), and therefore
g > g*. The proof for g% is identical and is omitted.

We now establish (2) for g. It suffices to show that g* () = E (Y%). Indeed,
this will complete the proof, since by (d) and Lemma 2.9,

g (m)=E(Y})=Ex (g*(zrf*) +a/0 7l ds + b/o hy ds)

= E-(C(h*, %)) > g(n).
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Since we have already proved that g > g*, this shows that g* () = g(7r).

In order to check that g*(r) = E; (Y}), note that 0 < Y <1+ (a + b)t and
E;(t*) < +00 by (c). Therefore, (Y}, .«), which is a martingale by (b), is uni-
formly integrable. By the optional sampling theorem [10], E(Y}) = E(Y]) =
g* (). This completes the proof for g. The proof for gV is identical and is omitted.

O

4. A candidate for the value function. We now seek analytical conditions
on a function g* that will guarantee the properties of Lemma 3.7. Consider the
process (¥;) defined in (3.16) (we write g instead of g* to simplify the notation).
By It6’s formula and Lemma 3.6,

1
dy, =g (x"drn! + 5 ¢ (xl) dix"), +anl dr + bh, dr

1 /
@41 = [Ag/(nth)(l il g (el (o (1 = )y - a! + bh,] d

r -
) 1 =)

Therefore, (¥;) will be a submartingale if the term in brackets is nonnegative, for
any value of 4. Since this term is an affine function of #;, this is equivalent to this
term being nonnegative for 4, = 0 and h; = 1, that is, for all x € [0, 1],

4.2) rg'(x)(1 —x)+ax >0
and
4.3) rg' ()1 —x) + %g”(x)(,ox(l — x))2 +ax+b>0.

Intuition and smooth fit. 'We can imagine that the optimal strategy, in either the
strong or the weak formulation, is of the following form: do not observe if nth is
small, declare the alarm if nth is close to 1 and observe otherwise. More precisely,
we postulate that there are two constants 0 < A < B < 1 such that on [0, A], it
is optimal not to observe, on JA, BJ it is optimal to observe without declaring an
alarm and on [B, 1], it is optimal to stop and declare the alarm. That is,

(4.4) h;“:l{ 5 and t*=inf{t20:n,h*zB}.

7l > A)
In order to satisfy condition (b) of Lemma 3.7, we need
4.5) rg' (x)(1 —x)+ax =0, x €]0, A]
and

4.6)  Ag ()1 —x)+ax+1g"(x)p*x*(1—x)>+b=0, xelA, B[
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In order to satisfy condition (d) of Lemma 3.7, we need
4.7 gx)=1-—x, x €[B,1].

In order to find an expression for g, it is natural to solve first the differential
equations (4.5) and (4.6) separately, that is, to seek two functions g; and g, such
that

4.8) kgi(x)(l—x)—i—ax:O, O<x<A
and
4.9)  Agh(x)(1 —x) +ax + 1) p*x*(1 —x)2 + b =0, A<x<B.

Three constants of integration will appear, one for g; and two for g>. These con-
stants can then be determined by “pasting together” g; and g», that is, requiring
equalities such as

(4.10) g1(A) = g2(A)
and, by (4.7),
(4.11) g(B)=1—-B.

These two equalities are referred to as “continuous fit” [19]. As in most prob-
lems of optimal stopping or control, they are not sufficient to determine the five
unknown constants, namely, the three constants of integration and the two “free
boundaries” A and B. For this, it is necessary to use a version of the “principle of
smooth fit”; see [19]. In particular, one can postulate that

(4.12) g (B) =1
and
(4.13) 81(A) = g3 (A).

We need one more equation in addition to (4.10)—(4.13), since there are five un-
known constants. Since we want to apply It6’s formula, it is natural to want g to
be twice differentiable at A. This gives one more equation,

(4.14) 81 (A) = g5 (A).

Solving the equations. We seek functions g1 and g» defined on [0, 1] satisfying
(4.8)—(4.14). Set

i) =g1(x),  fa(x) =g ).
The value of A. For 0 < x < A, differentiate (4.8) to get
—Afi(x) +Af{(x)A —x)+a=0,
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that is,

, Afi(x)—a

4.15) filx) = )Jj(i—ix)

From (4.9), we get

—ax —b—Afr(x)(1 —x)
(1/2)p2x%(1 — x)?

By (4.14), if we plug x = A into (4.15), (4.16), we get

(4.16) frx) =

2
—MaA+b) — 2% fr(A)(1 — A) = —%pZAZ(l —A)+ %Az(l — A) f1(A).

Since f(A) = f1(A) by (4.13), we solve for fi(A),
(ap?/2)A%(1 — A) — A(aA + D)
(1= AR+ (1p?/2)A?)
Plugging (4.17) into (4.8) gives an equation for A, whose solution is

20b
(4.18) A= |,
ap

For the observation region ]A, B[ to be nonempty, we must have A < 1, but
further, since we want g to be concave by Lemma 2.8, we also must have

4.17) fi(A) =

(4.19) f1(A) =g1(A) > —1.
From (4.8),
a x
4.20 T(x)=—— ,
(4.20) g1 =37
so (4.8) and (4.19) give —%ﬁ > —1, or equivalently, A < ﬁ With (4.18), we
conclude that the observation region ]A, B][ is not empty if
Kap2

4.21) b< ——.

2(a + )2

Determining f>(x). For A <x < B, equation (4.9) becomes
(4.22) AL = x) +ax + 5 ) p*x* (1 —x)? +b =0,
A solution of the homogeneous equation

M)A =)+ 3 @1 =07 =0
is

21

(4.23) fx) = (Tx>ae“/x where o= .
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Therefore, the solution of the inhomogeneous equation (4.22) is
-2 ay+b 1
p? Y2 (1 =) f()

(4.24) f2(0) =K1 f(x) + f(x) /Ax

From (4.13) and (4.8), we conclude that

a A 1
CAL—A f(A)
Formulas (4.25) and (4.24) together determine f>(x).

dy.

(4.25) Ki=

REMARK 4.1. In the case where b =0, then A = 0 by (4.18), and we must
have K| = 0 in order that f,(x) be bounded. This recovers the case discussed
in [23], Chapter 4.4. Therefore, we consider the case b > 0.

Determining B. Observe that
lim f(x)=0 and lim f(x) =—o0.
x—1 x—>1

Indeed, the first equality is obvious, and the second holds because for x near 1,
fE)~ 1 =x)%,

and, using 1’Hopital’s rule,

-2 Y (a+b)e ™™ 1 o
~ 1 _ o e d ~ 1 _ “+a 1 _ 2—a
H~ =2 [y~ = =0 - )
~—(1—x)"1
Therefore, if (4.21) holds, then f>(A) = K1 f(A) = —%ﬁ > —1, so there is

B €A, 1] such that
(4.26) f(B)=—1.

With this choice of B, (4.12) is satisfied. The next lemma shows that in fact, there
is only one solution to (4.26).

LEMMA 4.2. The function f, defined in (4.24) is strictly decreasing on [A, 1],
and therefore, there is a unique B € 1A, 1] satisfying (4.26).

PROOF. By (4.22),

(4.27) Ao =21 yw- pw)
p=x=(1—x)

where
W(x) = _M‘

(1 —x)
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Therefore, fz/(x) < 0 if and only if ¥ (x) < fa(x). In fact, we will see in (4.51)
[see also (4.32)] that

fﬂM>—%T%;>wwL xelA 1L

We conclude that fz’ (x) <0 for x €]A, 1[, and this proves the lemma. [

REMARK 4.3. It is clear from (4.18) that the value of the constant A is a
continuous function of the observation cost b. The same is true for the constant B,
by the following argument.

We make explicit the dependence of f> on b by writing f>(x,b). Equa-
tion (4.26) becomes f>(B,b) = —1. We see that %(x, b) > 0 by differentiating
under the integral sign in (4.24). Therefore, the implicit function theorem implies
that B is a continuous (and even differentiable) function of b.

Determining g-(x). Because gé(x) = fa(x), g2(x) can be written

(4.28) g2(r) = /A Ay + Ka.
From (4.11), we see that
B
4.29) Ka=1-B— / A dy,
A
so that
(4.30) 22(x) = f A dy+1- B.
B

Determining g1(x). Because gi (x) = fi1(x), g1(x) can be written

X
31 a0 =[Oy +Ka,
where f1(x) is determined from (4.8),
(4.32) fit)=—5-"
' =750
From (4.10), (4.28) and (4.31), we get
(4.33) K3 = K>.

We can perform the integration in (4.31) to get
(4.34) gmm:§@+ma—n—A—ma—A»+KL

with K> determined by (4.29).
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We have now found two functions g and g, that solve (4.8)-(4.14). In order
to ensure that this solves our optimal control problem, slightly more is needed: in
particular, we need inequalities (4.2) and (4.3) for all x € [0, 1]. Set
(4.35) Lig(x)=1g’"(x)(1 — x) +ax,

4.36)  Log(x) =g/ (x)(1 —x) +ax + 3g" (x)p*x*(1 — x)* + b.

PROPOSITION 4.4 (Candidate value function). Suppose that 0 < b < iap?/
(2(a + 1)?). Define g(x) on [0, 1] by
g1(x), f0<x <A,
(4.37) g(x) =1 g2(x), ifA<x<B,
1 —x, ifB=<x<l,

where A is defined in (4.18), and B is defined in (4.26). Then g is strictly concave
in [0, B], and

(4.38) 0<gkx)<Il-—ux, 0<x<l1,
(4.39) Lig(x)=0, 0<x<A,

(4.40) Lrg(x)=0, A<x<B.
Furthermore,

(4.41) Lrg(x) >0, 0<x<A,
(4.42) Lig(x) >0, A<x<B,
(4.43) Lig(x)>0, B<x<1,
(4.44) Lyg(x) >0, B<x<l.

PROOF. Properties (4.39) and (4.40) follow from the construction of g
and g»; see (4.8) and (4.9). The strict concavity of g; and g» (hence of g on
[0, B]) follow from (4.32) and Lemma 4.2. This concavity property and (4.26)
imply g(x) <1 —x, 0 <x < 1. Finally, since g’l(x) = fix)<0for0<x <A
and g’2(x) = fo(x) <0 for A <x < B, g is nondecreasing on [0, B], therefore
nonnegative on [0, B] since g2(B) =1 — B > 0. This proves (4.38).

Note that (4. 43) 1mphes (4.44),and on [B, 1], (4.43) becomes —A(1l —x)+ax >
0, that is, x > —*~. Therefore, (4.43) will hold provided we show that

A

4.45 B> .
( ) Ta+ A

To see this, note from (4.32) that
A a A (a+A)
f 1( ) = /

(4.46)

a+xr) A 1—=r/@+Ar)
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We shall show that
(4.47) Hx) = filx) forx > A.
Then, (4.47) and (4.46) imply that

A A
f2< )2—1 that is, B >
a+ A a4+ A

[since f>(x) < —1 for x > B, by (4.26) and Lemma 4.2], proving (4.45).
It remains to prove (4.47). Set h(x) = fo(x) — fi1(x). From (4.8) and (4.9), we
see that for x > A,

(4.48)  AR(xX)(1 —x) + 20 (0)p*x2(1 = x)? + b + 1 f{(x) p*x*(1 — x)* = 0.
By (4.20),

, a 1
(4.49) fix) = —xm,
so (4.48) becomes
L, 22 2 ap® ,
(4.50) Xh(x)(l—x)—kih x)p“x“(1 —x) +b—§x =0.

Recall from (4.18) that b — %fxz < Oforx > A. We note that 1(A) = h'(A) =0
by (4.13) and (4.14), and from (4.50), the following holds: for x > A, it is not
possible to have simultaneously i(x) < 0 and 4'(x) < 0. Since h(A) = 0, this
implies that for x > A, h(x) cannot be negative (since otherwise, there would be
y €]A, x[ with h(y) < 0 and h'(y) < 0), therefore h(x) > 0 for x > A, that is,

4.51) fx) > filx) forx > A.

This proves (4.47). Therefore, (4.43) is proved.
To check (4.41), we use (4.8), to see that for 0 <x < A,

Log(x) = 1g] () p*x*(1 —x)* + b,
and from (4.49),

7(x) __EL
S =002

therefore,

Log)=——0224b,  x<A
28 2kp s = A,

and the right-hand side is nonnegative for x < A by (4.18). This proves (4.41).
Finally, (4.42) is a consequence of (4.47), since (4.47) implies that

Ligo(x)>Lig1(x)=0. M
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Case where b > Z(Za—fi)z. In this case, we postulate that the observation region
1A, B[ is empty (i.e., B = A), so we seek g;(x) such that
(4.52) g1 (x)(1 —x)+ax =0, 0<x<B,
(4.53) g1(B)=1- B,
(4.54) g1 (B)=—1.
From (4.52), we see that
(4.55) ()= -2t —a<1 ! )
’ S0 = Al—x A 1—x/’

so for some constant K to be determined,
(4.56) g1(x) =K + %x—i— %’m(l —x).

From (4.55) and (4.54), we see that

a 1
(- 25)
A 1-B

B = .
a+ A

that is,

(4.57)

From (4.53) and (4.56), we obtain

a a a a
K:l—B——B——ln(l—B):——ln( )
A A A \a+A

Therefore,

(4.58) gl(x)z%er%(lna —x)—ln(aj’M)).

We note that g} (x) is decreasing, g}(0) =0and g;(B) = —1,s0 1 —x > g (x) for
0<x<B,by4.53).Sincel —x>a/(a+X)=1—Bforx <B, g;(x) >0 for
0<x <B.

PROPOSITION 4.5 (Candidate value function). Suppose that b > )La,o2 /Q2(a+
). Define g1(x) as in (4.58) and g(x) on [0, 1] by

g1(x), if0<x <B,
gx) = ;
l_xv lAfoxilv

where B is defined in (4.57). Then g is strictly concave on [0, B],
(4.60) 0<glx)=<1-x, 0<x<1,
4.61) Lig(x)=0, x € [0, B],

(4.59)
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and furthermore,
(4.62) Lig(x)=0 for B<x <1,
(4.63) Lyg(x) >0 forO0<x<1.

PROOF. Property (4.61) follows from (4.52), and the strict concavity of g,
hence of g, on [0, B] and (4.60) are established just after (4.58).
Note that for B <x <1,

A
Ligx)>0 = —-Al—-x)4ax>0 < x>
a+ A

’

and this is indeed that case, so (4.62) holds.
For B <x <1, Lrg(x) = L1g(x) + b, and both of these terms are nonnegative,
so Lpg(x) > 0 for these x, proving part of (4.63).
For 0 < x < B,
Log(x) = Lag1(x) = L1g1(x) + 381 () p*x*(1 — x)* + b.

Since L1g1(x) =0,

la -1 2 9 2 a,02x2
L =—— 1— b=— b,
28(x) 23 —x)2’0 x5(1—=x)" + T
SO
ap?x? 20b
Lrg(x)>0 <+— <b <— x=<,[]—.
21 ap?

This will hold for x < B provided it holds for x = B. Now

B < 27b ( A >2<2/\b . rap?
—\ ap? a+X) ~ ap? ~ 2(a+ 1%

which is the assumption of this case. This proves (4.63). [J

Comments on the optimal strategy. In the case where b > Aap®/(2(a + 1)?),
the observation region is empty, the candidate optimal control is 4} = 0 [with this
control, (2.2) obviously has a strong solution] and the candidate optimal stopping
time is
(4.64) " =inf{r > 0:7, > B},
where (7;") is defined by
(4.65) dn) =x(1—n})dt, Ty = o

[so 7 = nth*, where (nth*) is defined in (3.6) with & there replaced by A*]. It
is straightforward to check that (h*, ) is indeed an optimal strategy (both in
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the weak and strong formulations), and we do this in Section 5 in the proof of
Theorem 5.1.

On the other hand, in the case where b < Aap?/(2(a + 1)?), the optimal strategy
should take the form mentioned in (4.4),

(4.66) hf =1{zr~ 4y and t*=inf{r >0:7" > B},
where the law of (/%) should be determined by the diffusion equation
(4.67) drf=a1—n))dt + pr (1 = 7) L mr=ay dWy,

or, looking back to (3.8) and (3.6),

r
dn) =11 —7)dt + ;J‘rt*(l — ) s ay(rLig<py dt + 0 d W)

(4.68) 5

’
- ;(nt*)z(l =) Uz =ap dt.

Because of the irregularity of p — 1{,- 4}, equations such as (4.67) and (4.68) do
not have a strong solution in general (see, e.g., [8, 14, 24]), but according to the the-
ory developed in [12], Chapter 5, Section 24, they do have a weak solution [such
that the process () spends an amount of time at A that has positive Lebesgue
measure]. Therefore, from the discussion in (3.8)—(3.15), we expect (4.66) to de-
termine an optimal control system in the weak formulation of our problem, but
there will be no optimal strategy in the strong formulation! This means that we
will be able to use verification Lemma 3.7 to prove, in Section 5, that the func-
tion g defined in Proposition 4.4 is equal to the value function g%, but a different
approach via g-optimal strategies will be used to show that g is equal to g.

5. The value function. Formulas (4.37) and (4.59) provide candidates, de-
noted by g, for the value functions g and g% defined, respectively, in (2.5)
and (2.6). The objective of this section is to prove that indeed, these two value
functions are equal, and equal to g.

THEOREM 5.1. (a) Case where 0 < b < Aap?/(2(a+1)?). Define A by (4.18),
let f beasin (4.23), K1 asin (4.25), f> asin (4.24), B as in (4.26), K> as in (4.29),
g1 as in (4.34) and gy as in (4.30). Then the function g defined in (4.37) is equal
to the value function g% defined in (2.6). Further, the control system associated to
h(t, p) = 1{p> ) and to T in (4.66) is optimal.

(b) Case where b > rap?/(2(a + 1)?). Define B by (4.57) and g by (4.58).
Then the function g defined in (4.59) is equal to the value function g% defined
in (2.6).

THEOREM 5.2. In both cases of Theorem 5.1, the two value functions g
(strong formulation) and g% (weak formulation), defined, respectively, in (2.5)
and (2.6), are equal (and equal to the function g of Theorem 5.1).
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REMARK 5.3. It is interesting to observe how the value function g and the
thresholds A and B depend on the observation cost b: we write g(x, b), A(b) and
B(b) to indicate this dependence.

From (2.4) and (2.5), b — g(x, b) is nondecreasing. For b =0, g(-,0) is the
value function obtained in [23], Chapter 4.4, Theorem 9. As b increases from 0 to
b. = )»a,o2 /Q2(a + b)?), B(b) decreases from B(0) to B(b.), and A(b) increases
from O to A(b.) = A/(a + A) = B(b.) [see (4.18) for the first equality and the
second follows from the lines preceding (4.26) since f>(A(b.)) = —1]. For b > b,
g(-,b) = g(-, b;) since there is no dependence on b.

Theorem 5.1 will be proved in two steps. We begin by showing that g < gV.

LEMMA 5.4. In both cases (a) and (b) of Theorem 5.1, the inequality g < g%
holds.

PROOF. We are going to use part (1) of Lemma 3.7. Suppose first that we are
in case (a) of Theorem 5.1. By construction, and in particular by (4.10), (4.13)
and (4.14), g is C% on [0, B[, and C' on [0, 1] by (4.12) and (4.7), so

(5.1) g'(B—)=g/(B+)=—
By (4.38),0 < g(x) <1 —x. Let ((h;), T, X) be a control system, and set

t t
(5.2) Y,=g(n,h)+a/ nf‘ds%—b/ hgds.
0 0
We now apply It6’s formula, in the form given in [19], Section 3.5:
Y, = Y0+/ ") dh +/ an’ + bhy)ds + ~ / ) dlm"),
(5.3)

(g (B+) — g'(B—-))L?

where L2 is the local time of (n‘?) at B. By (5.1), the factor g’(B+) — g'(B—)
vanishes, so as in (4.1), we find that

(54) Y, = Y0+/Ot g’(nsh)gnsh(l —hg dw; —|—/0t<I>(nSh,hs)ds,
where
®(x,n) = Lig() +n[38" @) (px(1 —x)*+b],  nel0,1],
and L is defined in (4.35). We note that by construction and by Proposition 4.4,
P(x,00=L1gx)>0 for all x € [0, 1],
P(x,1)=Lrg(x)>0 forall x € [0, 1]\ {B},
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where L, is defined in (4.36), and since n — ®(x, n) is an affine function, we
conclude that ®(x,n) > 0, for all n € [0, 1]. Since g’ is bounded on [0, 1], the
stochastic integral in (5.4) is an F X -martingale [recall (3.5)], and therefore (Y;) is
an FX -submartingale. The conclusion now follows from part (1) of Lemma 3.7.

Now suppose that we are in case (b) of Theorem 5.1. By construction, g is C?
on [0, B[, and C' on [0, 1] by (4.53) and (4.54), so

§'(B-)=g(B+) =-1L

By (4.60),0 < g(x) <1—x,forall x € [0, 1]. Let ((h;), T, X) be a control system,
and define Y; as in (5.2). Applying It6’s formula, we obtain (5.3), and this leads
again to (5.4). Using this time Proposition 4.5, we see that ®(x, n) > 0, for all
n € [0, 1]. Therefore, we conclude, as before, that (Y;) is an F X -submartingale,
and the conclusion follows from part (1) of Lemma 3.7. O

We now prove Theorem 5.1.

PROOF OF THEOREM 5.1. We begin with case (b). As mentioned in (4.64)
and (4.65), the candidate optimal control system is (h*, T*, X*), where A} =0,
X*=0and

" =inf{t > 0: % > B},

where (77;) is defined in (4.65). Clearly, (h*, T*, X*) is a control system, and so it
suffices to check properties (b), (c) and (d) of Lemma 3.7. By (4.61),

dY=Lg(n})dt=0  forr<t™.

Therefore, (Y}, ,+) is a (constant and deterministic) martingale, proving (b).
Further, since (7;") is deterministic, we solve (4.65) to find that

1 1 —mo .
(5.5) T*:IXIH<I—B>’ if mg < B,
0, if o> B,
so (c) holds. Finally, if 79 < B, then

g(nk)=gB)=1—-B=1—n
by (4.53), and if 7y > B, then
gm)=g(mg)=1-my=1-np

by (4.59). This proves case (b) of Theorem 5.1.

We now consider case (a). We have seen in Lemma 5.4 that g < g%. In order
to establish the converse inequality, consider (k) and t* defined in (4.66) and the
associated control system ((k;), T*, X*), constructed as in (3.8)—(3.15), using the
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function h(t, p) = 1{p> ) and 7r; defined as a weak solution of (4.68). Then for
r<t*

| Lig(m)), ifn* <A,

d(n), h}) =
(O =\ Log(r), it e (A, B,
=0
by (4.39) and (4.40). Therefore, (Y ,+) is an ]-"X-martingale. According to

Lemma 5.5 below, E; (t*) < 0o, and g(nf:) =g(B) =1— B by (4.66) and (4.37).
This proves properties (b), (c) and (d) of Lemma 3.7 and concludes the proof that
g =g" and ((h}), t*, X*) is an optimal control system, since we already veri-
fied (a) of Lemma 3.7 during the proof of Lemma 5.4. [

LEMMA 5.5.  Suppose that we are in case (a) of Theorem 5.1. Let T* be defined
as in (4.66). Then for all T € [0, 1], E; (t*) < 00.

PROOF. If m €[B, 1], then E;(t*) =0, and if 7 € [0, A[, then (7r°) reaches
A at the deterministic time A~ In((1 — m)/(1 — A)) [see (5.5)], so the problem
reduces to considering & € [A, BJ.

Recall from (3.14) and (4.67) that (;r;") solves, in the terminology of [12], Chap-
ter 5, Section 24, an s.d.e. with delayed reflection at the boundary point A, and this
process is associated to a diffusion (§,) with instantaneous reflection at the bound-
ary

(5.6) d& =1(1 — &) dt + p& (1 — &)dW, +d¢,,

where () is a nondecreasing process that increases at those points where & = A,

e _
Wi :fo g, >adWs,

and ¢, is defined by the relation

o
t:/() 1{§TS>A}dS.

As explained in [12], (/) has the same law as (é,t), where t; is defined by the
relation
1

= _
EREYrEy

o

Therefore, T* has the same law as T = inf{r € R, : éft = B}. Letting 0 = inf{s €
Ry :és = B}, we see that o = 7. Further, according to Lemma 5 in [12], Chap-
ter 5, Section 23, E; (o) = Vo(y) — Vo(rr), where VO/(A) =0and for y €A, 1],

A1 = Vi) + 30220 =PV () = L.
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An explicit expression for Vj can be obtained by using (4.24) with K1 =0,a =0
and b = —1, and then integrating from A to y. In particular, E; (o) < 400.
Notice that
1 1

T=TT+m§IT:U+m

Therefore, it suffices to show that E; (¢s) < +00. By (5.6),

8o -

o - tAO . tNo - o
6 Eno=fot [ AA=Eods+ [ PR —E)AW: +Gine.
The stochastic integral is an L2-bounded martingale, since

Ea( [ P80 - 802 d5) < p2En(0) < +ov.

Therefore, the optional sampling theorem can be applied and, since the ds-integral
in (5.7) is nonnegative, we find that

B = Eﬂ(éa) >+ Ex(Ls),
so E;(¢s) < 400, as was to be proved. [J
For the remainder of this section, we put ourselves in case (a) of Theorem 5.1.
Since we have observed just after (2.6) that ¢ > g%, and g% = g by Theo-
rem 5.1(a), in order to prove Theorem 5.2, it suffices to establish the inequality
g > g. For ¢ > 0, we are going to define an admissible control /¢, and a strategy
(h®, T%), with associated cost g; = E(C(h?, %)), and we shall show that g, — ¢

as ¢ |, 0. From the definition of g in (2.5), this will establish that g > g, and this
will prove Theorem 5.2.

An almost optimal strategy. Define the function

x J—
RO (x) = D ate 09 + 1ate, oo (6).

Consider the s.d.e.

dp; =A(1 - pf)di
r
(5.8) + i1~ pi)(rh® (p]) 1o <o) dt + 0\ [0 © (pf) d W, )
r? £\2 e\ (&) (..
- ;(pt) (1 —pi)h (Pz)dt’

with p§ = mo. According to [13], Theorem 3.2 page 168, this s.d.e. has a unique
strong solution (p?, r > 0), since A ®) is Holder-continuous with exponent 1/2.
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Set
(5.9) fe:{inf{tzO:psz}, i) £,
+00, otherwise.

Using (3.8)—(3.15), we associate to (1), 7%) a strategy ((h?), T°).
We are now going to determine the cost of the strategy (h?, t¢), and we will see
in Proposition 5.7 below that for & small, this strategy is nearly optimal. Let

(5.10) 8e(mo) = E(C(h*, 7%)).
In order to determine the function g., we will use the following lemma.
LEMMA 5.6. Suppose that we are in case (a) of Theorem 5.1 and that we

can find a continuous function g, on [0, 1] that is C? on [0,1] \ {A, B}, C! on
[0, 11\ {B} and such that

(5.11) Lge(x) = —(ax +bh® (x)),

where Lg.(x) is defined by

(5.12) Lge(x) = A1 = x)gL(x) + 3p°x>(1 — x)*h® (x)g/ (x)
and

(5.13) ge(x)=1—x forx € [B, 1].

If, in addition,

(5.14) E (7)) < +00 forall x € [0, 1],

then g, = g..

PROOF. Suppose g € [B, 1]. Then g.(m9) = 1 — mg, and since ¢ =0 a.s.,
(2.4) gives

g:(mo) = E(C(h*, %)) = P{6 > 0} =1 — 7.

Therefore, by (5.13), g.(70) = &< (770) in this case.
Now suppose that g € [0, B[. According to Lemma 2.9 and (3.13),

&) = E(C(n.e) = £(1= pie+a [ Cptasen [ W5 ds ).
Since ¢ < +o00 a.s. by (5.14), pfe = B, and 1 — B = g.(B) by (5.13), so
E(C(h®, 7)) = E(gs(pie) +a /Org peds + bforg R (p?) ds>.
As in Lemmas 3.5 and 3.6, we see from (5.8) and (3.9) that

(5.15) dpf =A(1— pf)dt + ppt (1 — pf)yh® (pf)dWY,
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where (Wf ) is an Brownian motion. Let

t t
M;=ga(pf)+a/0 P.fderbe h® (pf)ds.

We apply 1t6’s formula in the form given in [19], Section 3.5.3, using the fact that
g.(A—) = g.(A+), to see that

dM; = gl(p})[(1 = p) dr + ppf (1 = pf)y/h® (pf) d Wy ]
+ 58" (pE)p*(pE)* (1 — )21 (pf) + apf + bh* (pf)] dt
= g.(p))pp; (1 = p})y/ R (pf) dW; + [Lge(pf) + ap; + bh*(pf)]dt.

By (5.11), the drift in brackets vanishes, and therefore (M;x;¢,t > 0) is an F Xe_
martingale. Since, by (3.13), 0 < p¢ <1,and 0 < h®) <1 and g, is bounded, we
see that [M;| < A+ (a + b)t, 80 |[Mipre| < A+ (a + b)T°. Since En(t°) < 400
by (5.14), (M;x+¢) is uniformly integrable, and so

gs(nO) = E(C(hga Tg)) = EJT()(MTE) = E]T()(MO) = ge(pf)) = g8(n0)-

Therefore, g.(7m9) = g (7o) as claimed. This completes the proof of Lemma 5.6.
O

Constructing g. Itremains to construct the function g, satisfying the assump-
tions of Lemma 5.6. Notice that on ]0, A[, writing g instead of g., equation (5.11)
becomes

(5.16) A1 —x)g1(x) +ax =0,
and as in (4.56), the solution of this differential equation is

_ a
(5.17) §1(0) =3 (v +In(1 = ) + K.

where K7 is a constant to be determined.
On ]A + ¢, B[, writing g3 instead of g, equation (5.11) becomes

(5.18) A1 —)g5(x0) + 1 p2x?(1 — x)2 g5 (x) +ax + b =0,
which is the same equation as in (4.9), and as in (4.28), its solution is
X -
(5.19) B = [ hmdy+ K,
A+e
where

-2 ay+b 1
e P2 y2(1—=2 f(y)

6200 By =K+ [ dy
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and

x\% , /x 2\
(5.21) fx)y=(——| ¢ where o = —>
X p
and K3, K3 are constants to be determined.
Finally, on ]A, A + ¢[, writing g» instead of g., equation (5.11) becomes

A A
25 (x) +ax +b— =0.
€

(522) A(l—0)Fx) + %pzxz(l Y

Let ha(x) = 85 (x), so the associated homogeneous equation is

z 155 22X —A 5
(5.23) A1 —X)fz(X)-i-Ep x7(1—x) fr(x)=0,
whose solution is
(5.24) ) =ve(x)(x — A) P,
where
B, = 1 2\e
©TA2(1— A) p?
and
2 201 2xe 1
1ps(x) :x2)\8(1+A)/(pA) (1 _ X)Q)\é‘/(p (1 A)) exp<___>.
Ap? x
Therefore,
hy(x) = K f3 (x)
(5.25)
+ () f ( +bhi— A) ! L 4
X ay = Y,
2 e )yX1—y)2(y—A) fi(y)

and if we want /5 to be bounded as x J A, then we must set K = 0 (notice that
there is no integrability problem at y = A). We conclude that

A 1 1
(526 Tl =f500 [ = (v +p= >yz<1 gy

€ -2y —A) f£(y)

and

'x -
(527) B(x) = fA ha(») dy + KS,
where K j 18 a constant to be determined.

In order to determine the four constants K f ,..., K j, we shall impose the four

equations
(5.28) g3(B)=1—B
(5.29) g3(A+e)=g2(A+e),
(5.30) g (A+e)=g(A+e),

(5.31) g1(A) = g2(A).
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We note that (5.29) and (5.30), together with (5.18) and (5.22), imply that g5 (A +
g) = gg(A + ¢), and (5.31), together with (5.16) and (5.22), implies that g’l (A) =
g5(A).

From (5.28) and (5.19), we see that

B _
(5.32) K;=1-B —/ h3(y)dy,
A+e
while (5.29), (5.19) and (5.27) imply that
A+e _
(5.33) K3€=_/:4 hao(y)dy + Kj.
Equality (5.30), (5.20) and (5.26) give the relation

e DA+e)

-
A
s T 1 1
= 4+ b ) = dy,
x /A p? <ay e )y A=)y —A) f£(@) Y

while (5.31), (5.17) and (5.27) give
(5.35) %(A +1In(1 — A)) + K = K.

Therefore, (5.34) determines K%, (5.32) determines K£%, then (5.33) determines
K} and (5.35) determines K.

PROPOSITION 5.7. Fore > 0,letK{, ..., Kj be determined by (5.32)-(5.35),
define g1 (x) as in (5.17), g2(x) as in (5.27), and g3(x) as in (5.19). Set

gi1(x),  fO0=x=<A4,
g2(x), ifA<x<A+e,
gx), ifA+e=x<B,
1—x, ifB<x<l.

ge(x) =

Then g. satisfies the assumptions of Lemma 5.6. Further, let g be as in case (a) of
Theorem 5.1. Then

liiggg(x) =g(x) forall x € [0, 1].
&€
PROOF. By the comments that follow (5.31), g, is C%on [0, 1] \ {A, B}, C!

on [0, 1]\ {B} and continuous on [0, 1]. For x € [B, 1], g.(x) =1 —x = g(x), so
we consider the case where x € [0, BJ.



1506 R. C. DALANG AND A. N. SHIRYAEV

Case 1: x € ]A, B[. We first check that Kf — K1, where K is defined in (4.25).
‘We note that

Kg _ wS(A + 8)8_/35

27 f(A+e)
X/A+s__28<a +by—A> 1 1 (v — Afld
A 2 \Y e )V A= 92v() ¥
Notice that ¥, (A+¢) —> 1 and f(A+¢) — f(A)ase | 0. Set
Ao = ;2—)\ so that B = Age.
AX(1—A) p? ’

Then
Kffv;sl_m‘8 /A+g_—2(ay+by_A> ! (y — A)oe=l gy

f(A) A p? e )yl —)2Ye(y)

1 =2 1

T F(A) 02 A2(1— A2y (A)

1—Xoe Ate _ roe—1 é _ ro€
X & . aA(y — A) +8(y A)*" | dy,

and the integral is equal to
8)»()8 b 8)»08-}—1

aA + - )
le  eroe+1

and therefore,

. e 1 -2 1 aA a A 1
th2: - _:__——:K19
el0 F(A) p? A%2(1 = A)? %o Al—A f(A)
as claimed. B _
This implies that for y > A + ¢, h3(y) — f2(y), where h3 and f> are, respec-
tively, defined in (5.20) and (4.24). By dominated convergence, we deduce that
K§ — Kj,and forx €]JA, B[and fore | OwithO <e <x — A,

8e(x) = g3(x) — g2(x) = g(x),

where g; is defined in (4.30).
Case 2: x € [0, A]. From (5.33), we see that K5 — K7 — 0, therefore K — K>
by the above, and from (5.35), we see that

Kﬁ»@—%m+mu—my
We conclude from (5.17) and (4.34) that for x € [0, A], as ¢ | 0O,

ge(x) = g1(x) = g1(x) = g(x).
This completes the proof of Proposition 5.7. [

The next lemma checks condition (5.14).
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LEMMA 5.8. Fix e > 0, and let t¢ be defined in (5.9). Then for all x € [0, 1],
E. (%) < o0.

PROOF. We first seek a bounded function y, defined on [0, B] such that
(5.36) Ly, =—1,

where L is the operator defined in (5.12).
For 0 < x < A, (5.36) becomes

(5.37) Al = x)y(x) =—1,

)

(5.38) yg(x)=%ln(1—x)+D1, 0<x<A.
For A <x < A+ ¢, (5.36) becomes

(5.39) A1 = x)y () + %p%ﬁ(l —x)zgy;’m =-1,

and as in (5.22) and (5.25), the solution to this equation is

(5.40) yg(x)=AXh4(y)dy+D3, A<x<A+e,

where

1 1
2A=y20—A) f§
y ey )
and ff is defined in (5.24). Since we want /4 and y, to be bounded (as x | A), we

set Dy =0.
For A +¢ < x < B, (5.36) becomes

(541) ha(x) =Dy f3(x)+ fze(x)/: _28 ay.

(5.42) A1 =)y () + 3p2x2 (1 — 0%y (x) =
and as in (5.19), the solution of this equation is
X
(5.43) @ = [ hsdy+ Dy,
A+te

where
Gah st =Dsf+ 1) [ - = 1y

. 5(x 5 f(x X Y,

2y2(1=y)2 f(y)

and f(x) is defined in (5.21).

We must determine the constants Dy, ..., Ds. For this, we impose the following

conditions:

(@) y:(B)=0,
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®) ve((A+e)+) =y ((A+e)—),
(© ve((A+e)+) =y, ((A+e)-),
(d) ve(A+) = ye(A-).

We note that (b) and (c), together with (5.39) and (5.42), imply that

(5.45) Ve (A4+e)+)=y/((A+e)-),
S0 . will be C%at A +e¢. Also, (d) together with (5.37) and (5.39) implies that
(5.46) Ve(A4) =y (A-),

so Y, will be ClatA.
From property (c), (5.44) and (5.41), we see that

_8 Ate _2g 1 1
Dsf(A+e)=f3 (A"‘S)/A p? 21—y —A4) f5(y)

and this determines Ds (and therefore /5).
From (a) and (5.43), we find that

dy,

A+te
Di= [ hsndy.
so that
X
(5.47) yg(x)z'/ hs(y)dy forA4+e<x <B.
B

From (b), (5.47) and (5.40), we see that

A+e A+e
/B hs(y)dy =/A h4(y)dy + D3,

and this determines Ds.
Finally, from (d), (5.38) and (5.40), we see that

1
Xln(l — A)+ Dy = Ds,

and this now determines D;.

With the choice of constants Dy, ..., Ds above, we have determined a function
¥e 1[0, B] = R which is C! on [0, B] and C? on [0, A] and [A, B].

We now turn to the study of Ey(t°). For x € [A, B], the behavior of p; while
p; €[A, A + ¢[ is somewhat unusual, because of the square-root in the diffusion
coefficient in the s.d.e. (5.15). We are going to check below that in this interval,
p; — A is comparable to the time-change (under a well-behaved time change) of a
BESQ-process [22], Chapter XI, so it behaves essentially like the Cox—Ingersoll—-
Ross process [16], Theorem 6.2.3, Proposition 6.2.4. In particular, p{ > A since
x > A, so (p;) never goes strictly below A (though it may hit A and A is instan-
taneously reflecting), and A + ¢ is hit in finite time because p; is either recurrent
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or transient, depending on the values of A and p. On the other hand, 7(®)( pi)=1
while pf € [A + ¢, B], so (5.15) simply describes there a diffusion with positive,
bounded and Lipschitz continuous drift and diffusion coefficients.

Regarding the behavior of p; while p; € [A, A+¢[, set p} = p; —A. By (5.15),

(5.48) dp; =1(1— A — pf)di +/ proy AW,
where
o = pe V2(pE 4+ A)(1 — A= pF).

In particular, there are two positive and finite constants ¢, and C. such that ¢, <
0; < C; aslong as p; € [A, A + ¢[. Define a martingale

(5.49) M, = /Ot oy dWE,
so that
(M); = /Ot aszds.
Define the increasing process (p;) so that (M), =t, and notice that
t.

2t <(M), <C? and —t<p <

mq[\g| =

C?
By (5.48) and (5.49),
t t
ﬁf=55+/0 A(I—A—ﬁﬁ)ds+/0 Jpeam,.

Using the time-change formulas for deterministic and stochastic integrals (see
Problem 4.5 and Proposition 4.8 in [15], Chapter 3, we see that

e e (M) e 1 (M) - e
p,:po—l—/ A(I—A—pps)—zds—i- Jqs dW; .
0 O ps 0
Setting g; = pj, , so that p; = q(um),, we find that

(M) 1 (M), .
q(m), =f0 Al —A—qs)a—zderfo Vqs dWE,
Ps

and, setting t = p,,,
u 1 u -
qu=[ 1= a=g)—ds+ [ Vadw.
0 o5 0

The drift of (g,) is A\(1 — A — qu)/agu >A(1—A— 8)/C€2, so by the comparison
theorem for s.d.e.’s [15], Chapter 5, Proposition 2.18, g, is greater than the BESQ-
process with drift A(1 — A —¢)/C 82, hence g, > 0 a.s., or, equivalently, p; > A
a.s.
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We now apply Itd’s formula to y, (py . ,¢), since y; is C?on|[A, B],
& & tATE / & & 1 f/\TE A &€ &
velbine) =vepd) + [ v+ [ v e dl,
tATE -
= ¥e(Pp) +/0 ve(p5)pps (1= po)y h® (pg) dWy

tAT®
+/0 Ly:(pf)ds.

According to (5.36), Ly.(p{) = —1 for s < t°, so, taking expectations, we find
that

Ex(]/s(Pf/\-[S)) =ve(x) — Ex (t A fs)a

SO

Ex(t AT%) = —Ex (ye(Pirpe)) + ve (x).

The right-hand side is bounded, so SUP;cRr E, (t AT%) < +00. By the monotone
convergence theorem, E,(t°) < +o0 as claimed [and in fact, E,(t%) = y.(x)],
x €[A, B].

For x € [0, A[, we observe from (5.15) that p? is deterministic and increases
at speed > A(1 — A) until reaching A. Thus A is hit in less than some 7y units of
time, and so

E () <10+ Ea(r®) < +o00.
Finally, for x € [B, 1], ¥ =0 Py-a.s., so E,(7%) = 0. This proves Lemma 5.8. [

LEMMA 5.9. The function g defined in Proposition 5.7 is the cost associated
with the strategy (h®, t°), that is, for all x € [0, 1], g:(x) = g.(x) = E(C(h®, t))
[ge is defined in (5.10)].

PROOF. According to Proposition 5.7, g, satisfies the assumptions of Lem-
ma 5.6, and according to Lemma 5.8, (5.14) holds. Therefore, by Lemma 5.6,
ge = &e, and this proves Lemma 5.9. [J

PROOF OF THEOREM 5.2. In case (a) of Theorem 5.1, in view of the consider-
ations that follow the proof of Theorem 5.1, it remains only to prove that g < g. By
definition of g and Lemma 5.9, the inequality g < g, holds. Since g = lim; ¢ g; by
Proposition 5.7, we conclude that g¢ < g. This completes the proof of Theorem 5.2
in case (a) of Theorem 5.1.

The statement of Theorem 5.2 in case (b) of Theorem 5.1 follows from the fact
that the optimal control system exhibited in the proof of Theorem 5.1 is (trivially)
a strategy, which then is necessarily optimal. [
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