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In this paper we prove the universality of covariance matrices of the form
Hyyn=X TX where X isan M x N rectangular matrix with independent
real valued entries Xij satisfying Exij =0and Exizj = ﬁ, N, M — oo. Fur-
thermore it is assumed that these entries have sub-exponential tails or suffi-
ciently high number of moments. We will study the asymptotics in the regime
N/M =dpy € (0,00), limy_, oo dy # 0, 0o. Our main result is the edge uni-
versality of the sample covariance matrix at both edges of the spectrum. In the
case limy_, oo dy = 1, we only focus on the largest eigenvalue. Our proof is
based on a novel version of the Green function comparison theorem for data
matrices with dependent entries. En route to proving edge universality, we
establish that the Stieltjes transform of the empirical eigenvalue distribution
of H is given by the Marcenko—Pastur law uniformly up to the edges of the
spectrum with an error of order (N m~! where 7 is the imaginary part of the
spectral parameter in the Stieltjes transform. Combining these results with
existing techniques we also show bulk universality of covariance matrices.
All our results hold for both real and complex valued entries.

1. Introduction. In this paper we prove the universality of covariance matri-
ces. Let X = (x;;) be an M x N data matrix with independent centered real valued
entries with variance M1,

(1.1) xij=M"1q;, Egij =0, Eqizjzl-

Furthermore, the entries g;; have a sub-exponential decay, that is, there exists
a constant ¢ > 0 such that for u > 1,

(1.2) P(lgij| > u) <9 exp(—u?).

The covariance matrix corresponding to data matrix X is given by H = X7 X. We
will be working in the regime

d=dy=N/M, lim d 0, co.
N—o0
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Thus without loss of generality, we will assume henceforth that for some small
constant 8, forall N e N,

9<dN<0_1.

All our constants may depend on 6 and ¢, but we will not denote this dependence.
In this paper we focus on the case where the matrix X has real valued entries which
is a natural assumption for applications in statistics, economics, etc. However all
of the results in this paper also hold for complex valued entries with the moment
condition (1.1) replaced with its complex valued analogue,

(13)  xy=M""2q;  Eq;=0, Eq;=0, Elg;*=1.

Furthermore, in some technical results in the present work, the independence of
matrix entries are weakened (see Theorem 3.6), which are the key inputs of [3]
and [33].

Covariance matrices are fundamental objects in modern multivariate statistics
where the advance of technology has led to high-dimensional data. They have man-
ifold applications in various applied fields; see [7, 22—-24] for an extensive account
on statistical applications, [21, 28] for applications in economics and [30] in popu-
lation genetics, to name a few. In the regime we study in this paper where N, M are
proportional to each other, the exact asymptotic distribution of the eigenvalues is
not known, except for some cases under specific assumptions on the distributions
of the entries of the covariance matrix, for example, when the entries are Gaussian.
In this context, akin to the central limit theorem, the phenomenon of universality
helps us to obtain the asymptotic distribution of the eigenvalues without having
restrictive assumptions on the distribution on the entries. Borrowing a physical
analogy, as observed by Wigner, the eigenvalue gap distribution for a large com-
plicated system is universal in the sense that it depends only on the symmetry class
of the physical system, but not on other detailed structures.

A fundamental example is the well-studied Wishart matrix (the covariance ma-
trix obtained from a data matrix X consisting of i.i.d. centered Gaussian random
variables) for which one has closed form expressions for many objects of inter-
est including the joint distribution of the eigenvalues. In this paper we prove the
universality of covariance matrices (both at the bulk and at the edges) under the
assumption that entries of the corresponding data matrix are independent, have
mean 0, variance 1 and have a sub-exponential tail decay. This implies that, asymp-
totically, the distribution of the local statistics of eigenvalues of the covariance
matrices of the above kind are identical to those of the Wishart matrix.

Over the past two decades, great progress has been made in proving the uni-
versality properties of i.i.d. matrix elements (standard Wigner ensembles). The
most general results to date for the universality of Wigner ensembles are obtained
in Theorems 7.3 and 7.4 of [10], in which bulk (edge) universality is proved for
Wigner matrices under the assumption that entries have a uniformly bounded 4 + ¢
(12 4+ ¢) moment for some ¢ > 0, and then recently improved further by [15]
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and [29]. The key ideas for the universality of Wigner ensembles were developed
through several important steps in [12, 13, 16—-18]. The ideas we use in this pa-
per are also adapted from the above cited papers. There are also related results in
[36, 37]. However, the results regarding universality of local statistics for covari-
ance matrices have been obtained only recently, which we survey below.

1.1. Review of previous work. First we review previous results for extreme
eigenvalues. In [1, 2, 40], the authors showed the almost sure convergence of
extreme eigenvalues. In [20], the authors derived the rate of convergence of
the spectrum to the Marchenko—Pastur law. In [34], Soshnikov showed that for
dyv =1— O(N"3), if gij in (1.1) have a symmetric distribution and Gaus-
sian decay, then the largest eigenvalues (appropriately rescaled) converge to the
Tracy—Widom distribution. This condition on dy was replaced with limy_, o dy €
(0, 00) by Péché [31]. Using similar assumptions as in [34] and [31], Feldheim
and Sodin [19] showed that the smallest eigenvalues (appropriately rescaled) con-
verge to the Tracy—Widom distribution for limy_,oc dy # 1. More recently, for
limy_ o dy # 1, Wang [39] proved the Tracy—Widom law for the limiting dis-
tribution of the extreme eigenvalues under the assumption that g;; in (1.1) have
vanishing third moment and sufficiently high number of moments. For “square”
matrices, that is, when N = M and thus dy = 1, Tao and Vu [35] proved the uni-
versality of the smallest eigenvalues assuming the matrix entries have sufficiently
high number of moments. The limiting distribution of the smallest eigenvalue for
square matrices with standard Gaussian entries were computed by Edelman [9]. In
our main result below, we show universality of eigenvalues for “rectangular” data
matrices at both edges of the spectrum, assuming only (1.1) and (1.2).

Now we review results for the local statistics of the eigenvalues in the bulk of the
spectrum. It was widely believed until recently that the distribution of the distance
between adjacent eigenvalues is independent of the distribution of g;; in (1.1).
In [4] Arous and Péché showed this bulk universality when dy = 1 4+ O (N ~>/48),
Tao and Vu [38] proved that the asymptotic distribution for local statistics at the
bulk corresponding to two covariance matrices are identical, if the entries in these
two matrices have identical first four moments. On the other hand, in [32] and [14],
Péché, Erdds, Schlein, Yau and the second author of this paper showed this bulk
universality under some regularity conditions and decay assumptions on the dis-
tribution of the matrix entries. We also show bulk universality but under weaker
assumptions than those in [32] and [14]; see Remark 1.7 for more details.

1.2. Our key results. Let XY = [xl-vj] with independent entries satisfying (1.1)
and (1.2), and let
M =23 Ayingm, vy =0

denote the nontrivial singular values of the data matrix XV. Let PV denote the
probability measure according to which the entries of XV are distributed. Let X%,
{A} Jk<min{m,n} and P¥ be defined analogously. The following is our main result:
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THEOREM 1.1 (Universality of extreme eigenvalues). For limy_.oody €
(0, 00), there is an ¢ > 0 and § > 0 such that for any real number s (Which may
depend on N),

PY(N*P(AY —ry) <s—N¥)—N?
(1.4) <P"(N*P() —hy) <)
<PY(N*PAY —hy) <s+N )+ N7

for N > Ny sufficiently large, where Ny is independent of s. An analogous result
holds for the smallest eigenvalues )\.:’Iiiwn{M’N}, when limy_ oo dy € (0,00) \ {1}.

In [31, 34] and [19], Soshnikov, Péché, Feldheim and Sodin proved that for the
covariance matrices whose entries have a symmetric probability density function
(which includes the Wishart matrix), the largest and smallest k eigenvalues after
appropriate centering and rescaling converge in distribution to the Tracy—Widom
law.> We have the following immediate corollary of Theorem 1.1:

COROLLARY 1.2. Let X with independent entries satisfying (1.1) and (1.2),
and let limy oo dy € (0, 00). For any fixed k > 0, we have
( M — (VN +vM)>
(VN + VM) (/N + A /M)
M — (VN +VM)?
(VN +VM)((1/V/N) + (1/¥/M)/3

where TW| denotes the Tracy—Widom distribution. An analogous statement holds
for the smallest eigenvalues, when limy_, oo dy € (0, 00) \ {1}.

)—)TW],

REMARK 1.3. Clearly, our result covers the case where the matrix entries
have Gaussian divisible distribution (see [39], Section 2) and the case where the
support of the distribution of the matrix entries consists of only two points. Using
these two cases and the results of [39], the sub-exponential-decay assumption in
Corollary 1.2 can be replaced with the existence of sufficiently high number of
moments. For details, see the discussion below the Theorem 2.2 of [39]. However
we believe that all of our results can be proved under a uniform bound on pth mo-
ments of the matrix elements (say p = 4 or 5), using the methods in [10] and [29];
we will pursue this elsewhere.

REMARK 1.4. Theorem 1.1 can be extended to obtain universality of finite
correlation functions of extreme eigenvalues. For example, we have the following

3Here we use the term Tracy—Widom law as in [34].
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extension of (1.4): for any fixed k,
PY(N?P(A) = ay) <si = N~5, ... .N?BPQAY—a)<sy —N¥) = N7°

<PY(N?PY —ry) <s1,..., NBOF —2y) <sp)
(1.5)
<PY(N?PWY —ry) <si +N"5,...,

NYB3GY —ry)<si+ N8+ N7°

for all sufficiently large N. The proof of (1.5) is similar to that of (1.4), and we
will not provide details, except stating the general form of the Green function
comparison theorem (Theorem 4.4) needed in this case. We remark that edge uni-
versality is usually formulated in terms of joint distributions of edge eigenvalues in
the form (1.5) with fixed parameters s, 53, ..., etc. Our result holds uniformly in
these parameters, that is, they may depend on N. However, the interesting regime
is [sj| < O((log N yloglog Ny otherwise, the rigidity estimate obtained in (3.6) will
give stronger control than (1.5).

The first step toward proving Theorem 1.1 is to obtain a strong local Marcenko—
Pastur law, a precise estimate of the local eigenvalue density in the optimal scale
N~1+o() 'We state and prove this in Theorem 3.1. This theorem is our key techni-
cal tool for proving rigidity of eigenvalues (see Theorem 3.3) and universality. En
route to this, we also obtain precise bounds on the matrix elements of the corre-
sponding Green function. All of our results regarding the strong Marcenko—Pastur
law do not require independence of the entries of the data matrix, but need only
weak dependence as will be explained in Section 3. An important technical in-
gredient required for the estimates for our strong Marcenko—Pastur law and the
rigidity of eigenvalues is an abstract decoupling lemma (Lemma 7.3) for weakly
dependent random variables, proved in Section 7.

Using the strong Marcenko—Pastur law and the existing results (such as [16] and
Theorem 2.1 in [14]), we also show bulk universality holds for covariance matrices
in almost optimal scale:

THEOREM 1.5 (Universality of eigenvalues in bulk). Let XV, XV be as defined
before. Assume that limy_, oo dy € (0, 00)\{1}. Let E € [A_+r, A4 —r] with some
r > 0. Then for any ¢ > 0, N~17¢ < b < r/2, any fixed integer n > 1 and for any
compactly supported continuous test function O :R" — R, we have

E+b dE’/

. (n) (n)
1 —
(1.6) Jim | Sy e O@r ) (pyy = Py )
' o] oy do;
x | E + oo E+ ) =0,
( Noc(E) Noc(E) l_[QC(E)

i
where pin])\, and p‘(,z )N are the n-points correlation functions of the eigenvalues of
(XV)"XY and (X™)T XY, respectively.
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REMARK 1.6. As in Remark 1.3, using the four moment theorem in [38], the
sub-exponential-decay assumption for the matrix entries can be replaced with the
existence of a sufficiently high number of moments.

REMARK 1.7. Compared to the results obtained in [14, 32], our Theorem 1.5
is an improvement on two fronts: (i) in [14, 32], for (1.6), the authors required that

My

3 18t loguo(x)| < Cr(1 + |x 1)

i=1
for some My and Cy, where ug is the probability density function of the matrix
entries; see formulas (1.3)—(1.5) in [32] and formula (3.6) in [14]. (i1) We show
that the bulk university holds in almost optimal scale: b = N~'*¢_ In the main
theorem of [14], bulk universality was shown for b ~ 0(1).* We also note that
in [32], the integral in (1.6) is not required. On the other hand, the proof in [32]
does not work for covariance matrices with real valued entries.

REMARK 1.8. Our result heavily relies on the Theorem 2.1 of [14], but we are
able to show universality up to this optimal scale, mainly because of our stronger
results on the strong local Marcenko—Pastur law and the rigidity result for eigen-
values obtained in Theorems 3.1 and 3.3, respectively.

REMARK 1.9. Tao and Vu [38] derived bulk universality without the integral
in (1.6), but they required that the matrix entries of the two covariance matrices
have identical first four moments.

1.3. Main ideas. The approach we take in this paper to prove universality is
the one developed in a recent series of papers [10-14, 16—-18]; however, there are
some important differences which we highlight below. Our proof of the above re-
sult proceeds via the Green function comparison theorem as in the case of Wigner
matrices; however, unlike Wigner matrices, the elements within the same column of
a covariance matrix are not independent. In order to address this key difficulty, we
introduce new ideas and establish a novel version of the Green function compari-
son theorem. In particular, in Theorem 4.5 (see Section 6) we give sufficient criteria
for proving edge universality for matrix ensembles of the form Y'Y for a generic
data matrix Y with dependent entries (e.g., correlation matrices). This enables us
to show the edge universality for covariance matrices when limy_, o dy € (0, 00),
under the assumption that the first two moments of the matrix entries are equal to
that of the standard Gaussian. Our method is also useful for establishing univer-
sality for a huge class of matrix ensembles with dependent entries. For example,
in a recent paper [3], Bao, Pan and Zhou used our method to show universality

4For two quantities a, b we write a ~ b to denote cb <a < Cb for some ¢, C > 0.
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for a class of correlation matrices. For more general edge universality results for
correlation matrices, see a later paper [33], which is also based on our Green func-
tion comparison theorem. As mentioned above, for our strong Marcenko—Pastur
law, we use an abstract decoupling lemma (Lemma 7.3) for weakly dependent
random variables. This lemma is novel and is applicable in other settings such as
non-Hermitian ensembles [5].

For proving bulk universality of eigenvalues, we follow the general approach
for the universality of Gaussian divisible ensembles [10, 11, 16, 18, 25, 26] by
embedding the covariance matrix into a stochastic flow of matrices and so that
the eigenvalues evolve according to a distinguished coupled system of stochastic
differential equations, called the Dyson Brownian motion [8]. An important idea
in the papers mentioned above is to estimate the time to local equilibrium for the
Dyson Brownian motion with the introduction of a new stochastic flow, the lo-
cal relaxation flow, which locally behaves like a Dyson Brownian motion but has
a faster decay to global equilibrium. This approach, first introduced in [13, 14],
eliminates entirely the usage of explicit formulas. We will also follow this route
and use the strong local Marcenko—Pastur law to show that the time for the Dyson
Brownian motion (corresponding to the covariance matrix) to reach local equilib-
rium is about O(N~'). Once we prove this result, all that remains to be done is
to show that the local statistics at t = O(N~!) coincide with those of the initial
matrix, that is, f = 0. To achieve this, we again use the Green function comparison
method. Roughly speaking, the Green function comparison method exploits the
fact that the equilibrium time is very “small” [O (N ~")], and therefore the first few
moments of the matrix entries at time = N ! will be nearly identical to those at
t=0.

1.4. Comments on other limiting regimes of dy. The assumption
limy_dy € (0,00) is mostly for simplicity, and we believe that with some
more effort, most of our results can be extended to the case limy _, oo dy = {0, 00}.
This will be pursued in our future works.

However, we believe that universality at the soft edge for limy_, oo dy = 1 will
be much harder. There is a singularity of the eigenvalue density at x = 0. More pre-
cisely, the typical distance between adjacent eigenvalues near x = 0 is O(N~2).
For studying the smallest eigenvalue one needs to overcome several obstacles:
(1) The usual moment method which estimates E(X T X)* with large k € N does
not work in obtaining bounds for the smallest eigenvalue. (2) For the “square
case” (N = M), in [35] the authors proceeded via analyzing X! directly; this
strategy seems out of reach for the nonsquare case. (3) In fact, as in [5, 6], one
can prove that the m(z) does satisfy the local Marchenko—Pastur law in the case
limy_, oo dy =1 up to the scale n > (N|mc|)*1. Note n = (N:Tsmc)*1 is the scale
of individual eigenvalue. At the soft edge (i.e., for largest eigenvalues), it can be
shown that Im, < |m.|, and thus we have a strong estimate on m(z) in the scale
which is small enough for estimating the distribution of single eigenvalue. But at
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the hard edge Im. ~ |m.|, so our method used for estimating m. at the soft edge
cannot be directly applied to the hard edge. It is proved in [5, 6] that the density of
eigenvalues satisfy the Marchenko—Pastur law. (Only the case dy =1 is proved in
[5, 6], but the result can be easily extended to the case limy_, » dy = 1.) For the
distribution of the smallest eigenvalues, the only universality result we know is in
[35], as mentioned above.

Finally we note that the authors in [29] recently showed a necessary and suf-
ficient condition on the edge universality of Wigner matrices. Based on this, we
conjecture that for the edge universality of covariance matrices whose entries are
i.i.d., the necessary and sufficient condition on the distribution of the matrix entries
is given by limy_, o0 s*P(|g12| = 5) = 0.

1.5. Organization of the paper. In Section 2 we set notation and give some
basic definitions. In Section 3 we give statements of the strong version of the
Marcenko—Pastur law, rigidity and delocalization of eigenvectors. In Sections 4
and 5, we prove, respectively, the edge and bulk universality results. In Sec-
tions 6—8 we give proofs of the strong Marcenko—Pastur law and rigidity of eigen-
values. In Section 7, we state and prove an abstract decoupling lemma for weakly
dependent random variables which is used to prove the strong Marcenko—Pastur
law.

2. Preliminaries. Define

H:=X'Xx G(z)i=(H -2 =(XTx =7)!
o1 , (2):=( 2) ( 7)),

m(z) :=%TrG(z), G(2) = (xx"—2)7".

Since the nonzero eigenvalues of X X" and X7 X are identical and XX " has M — N
more (or N — M less) zero eigenvalues,

M — N
2.2) TrG(z) —TrG(z) = —.
Z
We will often need to consider minors of X defined below:

DEFINITION 2.1 (Minors). For T C {1, ..., N} we define XD as the (M x
(N — |T|)) minor of X obtained by removing all columns of X indexed by i € T.
Note that we keep the names of indices of X when defining X1,

(X®),; =1G ¢ DXy

The quantities G (2), g™ (2), )»((),T), ug[r), V((XT), etc. are defined similarly us-
ing X (T), Furthermore, we abbreviate (i) = ({i}) aswell as (iT) = ({i} UT). We

also set

2.3) D) =~ Y 6@
N gt



UNIVERSALITY OF COVARIANCE MATRICES 943

We denote the ith column of X by x;, which is an M x 1 vector. Recall A4, A_
from (2.8). For z=E +in, set

(2.4) k :=min(|A; — E|, |[E — A_]).

Throughout the paper we will use the letters C, C¢, ¢ to denote generic positive
constants whose precise value may change from one occurrence to the next but
independent of everything else.

Define the Green function of X7 X by

1

25 G = <m

) , z=FE+in, E eR, n>0.
ij

The Stieltjes transform of the empirical eigenvalue distribution of XX is given by

2.6) D=~ 6@ = T
. m(z) = — ii(0)=—"Tr .
CTNETTETN XX =
We will be working in the regime
2.7) d:=dy:=N/M, lim d #0, oo.
N—o0

For our results at the hard-edge (smallest eigenvalues) and for bulk universality
results, we will further require that limy_, oo dy # 1. Define

(2.8) A= (1 £ Vd)2

The Marchenko—Pastur law [27] (henceforth abbreviated by MP) is given by
I \/ [y — 1) =20y

2rd )

We define m.(z), z € C, as the Stieltjes transform of g, that is,

2.9) 0c(x) =

x2

(2.10) mc(z):/;@ () 4y

(x—2)
The function m. depends on d and has the closed form expression
l—d—z+i/(z—A2)(Ay —2)
2dz ’

where  /~ denotes the square root on the complex plane whose branch cut is the
negative real line. One can check that m.(z) is the unique solution of the equation

(2.11) me(z) =

me(z) +

=0
2= —=d)+zdm(2)
with Sm.(z) > 0 when Iz > 0. Define the normalized empirical counting function
by

1
2.12) n(E) = #(; > E).
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Let
(2.13) ne(E) := /oogc(x) dx
E

so that 1 — n.(-) is the distribution function of the MP law.
By the singular value decomposition of X, there exist orthonormal bases
{uj,uy,...,uy} CCM and {vy,..., vy} C R" such that

M N
(2.14) X =) Viatavy =) Viauav,
a=l1 a=1

where A1 > A2+ Amax{m,N} = 0, Ay =0 for min{N, M} + 1 <o <max{N, M},
and we let vy =0 if « > N and u, = 0 for « > M. We also define the classical
location of the eigenvalues with g, as follows:

}\.+ -‘rOO
2.15) ectxdr= [ oux)ydr = j/N.
Vi Yj
Define the parameter
(2.16) ¢ := (log N)losloe N,

For ¢ > 0, define the set

217)  8(¢):={z€C:141(A-/5) < E <5i1,¢* N~ <y <10(1 +d)}.
Note that m, ~ 1 in S(0). Also the cases d > 1 and d < 1 are not symmetric in
the above definition. Actually the proof of universality in the case d > 1 is much
harder, since it has many zero eigenvalues. This issue can be easily avoided if
matrix entries are independent since XX and X X have the same nonzero eigen-
values. Since, in the strong Marcenko—Pastur law established next section, we do
not assume independence unlike previous works, the proof is more difficult.

DEFINITION 2.2 (High probability events). Let ¢ > 0. We say that an event
Q holds with ¢-high probability if there exists a constant C > 0 such that

(2.18) P(Q) < N€ exp(—¢?)
for large enough N.

(;IF‘)he next( 11l)emma collects the main identities of the resolvent matrix elements
Gij and g,.j (2).

LEMMA 2.3 (Resolvent identities).

1
—z—z(x;, GO (2)x;)
(220)  Gij(2) =2Gi()GY) @)X, G (2)x;). i),
Gik(2)Gyj(2)

Gk (2)

(2.19)  Gii(zx) = ie., (x;, GV (2)x;) =

_ 1’
2Gii(2)

221)  Gij) =G @+ . i j#k.



UNIVERSALITY OF COVARIANCE MATRICES 945

PROOF. The proof is straightforward and needs only elementary linear alge-
bra; see Lemma 3.2 of [18]. O

3. Strong Marchenko-Pastur law. Our goal in this section is to estimate the
following quantities:

3.1 Ag :=max |Gk —m|, A, :=max |Gy, A:=|m—m|,
(3.1 d 7= max |G —mc| 0 k#I kel lm —mc|

where the subscripts refer to “diagonal” and “off-diagonal” matrix elements. All
these quantities depend on the spectral parameter z and on N, but for simplicity
we suppress this in the notation.

For simplicity of exposition, henceforth in this section we focus on the
limy dy # 1 case. The proof of the distribution of the largest eigenvalue in the
case limy_, 0o dy = 1 is a simple extension of our proof of the case limy_,» dy €
(0, 00) \ {1}. Therefore, we will give only a brief discussion at the end of Section 4.

The following is the main result of this section and our main technical tool for
establishing universality. It holds for both real and complex valued entries. The
proof of the results in this section is given in Sections 6—8.

THEOREM 3.1 (Strong local Marchenko—Pastur law). Let X = [x;;] with en-
tries x;j satisfying (1.1) and (1.2), and let limy_, oo dy € (0,00) \ {1}. For any
¢ > 0 there exists a constant C; such that the following events hold with §-high
probability:

(1) The Stieltjes transform of the empirical eigenvalue distribution of H satis-

fies
1
C
(3.2) | | {A(Z)S(ﬂ gN—r}}

z2€8(Cy)

(i1) The individual matrix elements of the Green function satisfy

Sme(z) 1
(3.3) {Ao<z>+Ad swcf( e (2) +—)}.
ZGQC{) Nn Nn

(iii) The smallest nonzero and largest eigenvalues of XX satisfy

34 Ao — N_2/3§0C§ = min )»j < maxAj <Aiy+ N_2/3(pc5_
j<min{M,N} j

(iv) Delocalization of the eigenvectors of X' X,

(3.5) max [Valloo < ¢ N7V

Q Ay
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REMARK 3.2. To our knowledge, there are two weaker versions of the above
theorem previously established in [14, 20]. In [14] the error term obtained in (3.2)
is of order (Nn)_l/z/(/c + (Nr))_l/z)l/2 [see (2.4)] and similar comments apply
for the results in [20], whereas we need the above stronger estimates for our work,
especially for edge universality.

The main theorem above is then used to obtain the following results:

THEOREM 3.3 (Rigidity of the eigenvalues of covariance matrix). Recall
yj in (2.15). Let X = [x;;] with entries x;; satisfying (1.1) and (1.2) and
limy_00dy € (0,00) \ {1}. Forany 1 < j <N, let

j=min{min{N, M} +1— j, j}.

For any ¢ > O there exists a constant C; such that

(3.6) hj—yil <O NTHS
and
(3.7) IN(E) — ne(E)| < 9CN~!

hold with ¢ -high probability forany 1 < j < N.

The above two results are stated under the assumption that the matrix entries are
independent. The independence assumption (of the elements in each column vector
of X) required in Theorems 3.1 and 3.3 can be replaced with a large deviation
criteria as will be explained below.

Let us first recall the following large deviation lemma for independent random
variables; see [17], Appendix B for a proof.

LEMMA 3.4 (Large deviation lemma). Suppose a; are independent, mean O
complex variables, with E|a; 1> = 6% and have a sub-exponential decay as in (1.2).
Then there exists a constant p = p(¥) > 1 such that, for any ¢ > 0 and for any
A; € Cand B;j € C, the bounds

M
(3.8) Y aiAi| < (log M)PEloEloeM g A,
i=1
M M M 1/2
. a; Bjja; — o ii (0) o ii
(3.9 Y @Biiai — Y 0?Bjj| < (log M)PtleloeM 2(Z|B,,|2> :
i=1 i=1 i=1
1/2
. a;Bija; 0 o ij
(3.10) Y @iBija;j| < (log M)rt1oeloeM 2<Z|BU|2>
i#] i#]

hold with ¢ -high probability.
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REMARK 3.5. When M ~ N, equation (3.8) yields that for any ¢ > 0,
|Ziﬁi1 aiAi| < (pC50||A|| for some C; > 0 with ¢-high probability. Here ¢ is as
defined in (2.16).

Next we extend Theorems 3.1 and 3.3 by relaxing the independence assumption.

THEOREM 3.6. Let X = [x;;] be a random matrix with E(xizj) =1/M and
limy—oody € (0,00) \ {1}. Assume that the column vectors of the matrix X are
mutually independent. Furthermore, suppose that for any fixed j < N, the random
variables defined by a; = x;j, 1 <i < M, satisfy the large deviation bounds (3.8),
(3.9) and (3.10), for any A; € C and B;; € C and some { > 0. Then the conclusions
of Theorems 3.1 and 3.3 hold for the random matrix X.

Thus Theorem 3.6 extends the universality results to a large class of matrix
ensembles. For instance, let /;; be a sequence of i.i.d. random variables, and set

h..
(3.11) xij:%, 1<i<M,1<j<N.
\/Zi:l hij
Thus the entries of the column vector (xy;,x2j,...,xp;) are not independent,

but exchangeable. Clearly E(xlzj) = ﬁ The random variables x;; given by (3.11)
are called self normalized sums and arise in various statistical applications. For
instance, the matrix X = [x;;] constructed above is called the correlation matrix
(see [22, 33]) and is often preferred in applications such as principal component
analysis (PCA) due to the scale invariance of the correlation matrix.

PROOF OF THEOREM 3.6. In the proofs of Theorems 3.1 and 3.3, we use only
the large deviation properties of a; = x;; and the fact that E(xl-zl-) = 1/M, instead
of independence and sub-exponential decay. Therefore the proofs of Theorems 3.1
and 3.3 in fact yield Theorem 3.6. [

4. Universality of eigenvalues at edge. In this section we give the proof
of edge universality stated in Theorem 1.1. For simplicity, we focus on the case
limy—oody € (0,00) \ {1} first and return to the limy— oo dy = 1 at the end of
this section. The proof is loosely based on Theorem 2.4 of [18] which is an analo-
gous result for Wigner matrices, but in our case there is a key difference: the entries
within the same column of the matrix H = X' X are dependent. To address this dif-
ficulty, we give a novel argument involving the Green function comparison. In the
following we consider the largest eigenvalue A1, but the same argument applies to
the smallest nonzero eigenvalue as well. Also for the rest of this section, let us fix
a constant ¢ > 0.

For any E| < E» let

N(Ey, E2) :=#{E| < \j < Ep}
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denote the number of eigenvalues of the covariance matrix X X in [E1, E>]
where X is a random matrix whose entries satisfy (1.1) and (1.2). By Theo-
rems 3.1 and 3.3 (rigidity of eigenvalues), there exists a positive constant C; such
that

(4.1) A —Aq]| < @CeNT23,
4.2) N(hy =205 N3 0y + 295 NT23) <

hold with ¢-high probability. Using these estimates, we can assume that the pa-
rameter s in (1.4) satisfies

4.3) —gocf <s< qocf.
Set
(4.4) Epi=hy +29C N3

and for any E < E; define xg := I[E,Eg] to be the characteristic function of the
interval [E, E]. For any n > 0 we define

n 1 1

X

(45) 9;7()() :=7'[(xz——|-172)=;\sx—in

to be an approximate delta function on scale 5. In the following elementary lemma
we compare the sharp counting function N'(E, E;) = Tr xg (H) by its approxima-
tion smoothed on scale 1. Notice that for any £ > 0,

1 rE
TrXE_g*Gn(H):N—/ Sm(y +in)dy.
w JE—¢
Let us fix ¢ > 0 and set

(4.6) n = N"37%,

LEMMA 4.1. Forany ¢ > 0, set £1 := N~2/373¢ Then for any E satisfying
4.7 E =yl < 395N,
where the constant C¢ is as in (4.1)—(4.4), the bound
(4.8)  |Trxe(H) —Trxg *6, (H)| < C(N_Zg +N(E—1{1,E+4))
holds with ¢ -high probability.

PROOF. From inequalities (4.1), (4.2) above, and (6.13) and (the first line of)
(6.17) of [18] we obtain

|Tr xe(H) — Tr xg * 6y, (H)|

(4.9) <C(N(E —£1,E+ 1)+ N7%)

1
+CNni(E; — E) | ———3m(E —y+it;)dy.
n(Eg )Ry2+£% (E—y+ity)dy
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By definition, [p Im(E — y +i€1)dy = O(1). For any fixed small enough ¢ > 0,

/ L sm(E—y+itydy=0(?)
———3m(E —y+il))dy=0(c?).
lylze y2+£%

On the interval |y| < ¢ we use (3.2), that is,
C¢

Sm(E —y+iy) <Sme(E —y+ily) + 2
Ny

and the elementary estimate ISm.(E —y +if1) < C/€; +|E —y — A1]. Using
the definitions of £ and 7 it can be shown that (see inequality (6.18) of [18])

1
Nni(E; — E /7~smE— +ily)dy < N7,
n(E; )Ry2+€% (E—y+it)dy
Now the lemma follows from (4.9). [

Let g : R — R, be a smooth cutoff function such that
gx)=1  if|x[=1/9,
qx)=0  if[x[=2/9

and we assume that g(x) is decreasing for x > 0. Then we have the following
corollary for Lemma 4.1 (which is the counterpart of Corollary 6.2 in [18]):

COROLLARY 4.2. Let {1 be as in Lemma 4.1, and set £ := lﬁlst =
%N‘2/3_8. Then for all E such that

(4.10) |E—)q] <N,
where the constant Cy is as in (4.1)~(4.4), the inequality
(4.11)  Trxpex0y (H) —N"° < N(E,00) <Tr xg—¢ %6y (H) + N~°

holds with ¢ -high probability. Furthermore, there exists Nog € N independent of E
such that for all N > Ny,

Eq(Tr xg—¢ * 0y, (H))
(4.12)

<PN(E,00) =0) <Eq(Tr xg+¢ * 0y, (H)) + Ce¢.

PROOF. For any E satisfying (4.10) we have E; — E > £ thus |E — Ay —
2|N?3 < %@Cf [see (4.7)]; therefore (4.8) holds for E replaced with y € [E — ¢, E]
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as well. We thus obtain

E
Tow ) <™ [ dvTeg )
E—¢
: E
<€_/ dyTry, x6,, (H
= b y 1T Xy 171( )
1 E 2
+cz—/ IV NG =ty )]

¢
<Tryg_¢# 60y, (H) + CN% + C?IN(E 20, E+0)

holds with ¢-high probability. From (3.7), (4.10), £1/£ =2N~2¢ and £ < N~%/3,
we gather that

Y E+¢ 1
?IN(E — 2, E+0) < Nl—%/ 0c(x)dx + N2 (log N)F! < EN—S
E-2¢

holds with ¢-high probability, where we estimate the explicit integral using the
fact the integration domain is in a C N ~%/3¢ % -vicinity of the edge at A ;. We have
thus proved

N(E,E¢) =Trxp(H) < Trxg—¢ 60y (H) + N~°.

Using (4.1) we can replace N'(E, E;) by N (E, co) with a change of probability
of at most O (e_‘/’cg ). This proves the upper bound of (4.11), and the lower bound
can be proved similarly.

When event (4.11) holds, the condition N (E, oo) = 0 implies that Tr x g1 ¢ *
0y, (H) < 1/9. Thus we have

4.13)  P(N(E.00) = 0) < P(Tt xp4¢ + 6y (H) < 1/9) + Ce* .

Together with the Markov inequality, this proves the upper bound in (4.12). For
the lower bound, we use

Eq (Tt xg—¢ * Oy, (H)) < P(Tr xg_¢ % 0y, (H) <2/9)
<P(N(E,00) <2/9+ N~¢) = P(N(E, 00) =0),

where we used the upper bound from (4.11) and the fact that N'(E, c0) is an inte-
ger. This completes the proof of Corollary 4.2. [

4.1. Green function comparison theorem. Let XV = [xivj], with the entries xivj
satisfying (1.1) and (1.2), HY = X"' XY, and let G¥(z) = (X" "XV —2)~' = (H" —
z)~! be the Green function corresponding to XV. Define the matrices X%, HY and

the Green function G%(z) analogously. Define m"(z) = % TrGV(z) and m%(z) =
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% Tr G%(z). The operators EY, E¥ denote the expectations under the distributions
of XV and XV, respectively.

Also notice from (4.5) that 0,,(H) = #\“sm (in). Corollary 4.2 bounds the prob-
ability of N'(E, 00) = 0 in terms of the expectations of two functionals of Green
functions. In this subsection, we show that the difference between the expectations
of these functionals with respect to the two ensembles XV and XV is negligible as-
suming their second moments match. The precise statement is the following Green
function comparison theorem on the edges. All statements are formulated for the
upper spectral edge A, but identical arguments hold for the lower spectral edge
A_ as well.

THEOREM 4.3 (Green function comparison theorem on the edge). Let
F :R — R be a function whose derivatives satisfy

(4.14) max|F@OW|(Ix|+1)™" =1, a=1,2,3,4

with some constant C1 > 0. Then there exists &g > 0, Ng € N depending only on
C| such that for any € < ey and N > Ny and for any real numbers E, E| and E;

satisfying

|E —aq| < N2t |Eq — Ay| < N72/3F¢, |Ey — Ay | < N2+
and n = N~%37¢ we have
(4.15)  [EYF(Nn3Im®(z)) —EVF(NpIm™(z))| < CN~1/6+C¢, c=E+in

and

E> E;
IEVF<N/ dy Sm"(y + in)) - IEWF<N/ dy Sm™(y + in))‘
Ey Ey

< CN-V/6HCe,

(4.16)

Theorem 4.3 holds in much greater generality. We state the following extension
which can be used to prove (1.5), the generalization of Theorem 1.1. The class of
functions F in the following theorem can be enlarged to allow some polynomially
increasing functions similar to (4.14). But for our application of the above theorem
to prove (1.5), the following form is sufficient.

THEOREM 4.4. Suppose that the assumptions of Theorem 1.1 hold. Fix any
k € Ny and let F:R¥ — R be a bounded smooth function with bounded deriva-
tives. Then there exists g > 0, No € N depending only on C1 such that for any

e < g9 and N > Ny, there exists 6 > 0 such that for any sequence of real numbers
Ex <+ <Ey <Eqwith|Ej—Ay| < N723%¢ j=0,1,...,k,and n= N—2/3~¢
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we have

Ey Eo

EVF<N/ dy%m(y—l—iﬂ),...,N/ dy%m(y—}—in))
E E

(4.17) : ‘

—EYF(m" — m")| < N2,

where in the second term the arguments of F are changed from m" to m¥ and all
other parameters remain unchanged.

PROOF. The proof of Theorem 4.4 is similar to that of Theorem 4.3 and will
be omitted. [

Before proceeding further, let us state the following theorem which gives suffi-
cient criteria for proving edge universality for matrix ensembles of the form Y7y
for various types of data matrices Y. Let Yyrx v = [yijl, Zmxn = [zij] be two ma-
trix ensembles, and set HY = Y'Y, HZ = Z7Z. Define the corresponding Green
functions G¥ = (HY —2)™!, G%? = (H? — 7z)~! and denote their respective em-

pirical Stieltjes transforms by mY, m%.

THEOREM 4.5. Assume that the matrices Y, Z satisfy the conclusions stated
in items (i), (ii) and (iii) of Theorem 3.1. Furthermore, assume that m¥ and m?
satisfy the conclusions of Theorems 4.3 and 4.4. Then the asymptotic eigenvalue
distribution of the matrices H Y HZ at the edge are identical, that is, the conclu-
sions of Theorem 1.1 are satisfied with X¥ =Y and X¥ = Z.

REMARK 4.6. Thus our results can be used to show edge universality for
cases far beyond covariance matrices. In [33] we use Theorem 4.5 to prove the
edge universality of correlation matrices.

PROOF OF THEOREM 4.5. An inspection of the proofs will reveal that, for
the arguments used in our application of the Green function comparison method
to go through, all we need are the strong MP law and the rigidity of eigenvalues
[items (i), (i1) and (iii) of Theorem 3.1] and Theorems 4.3 and 4.4. [

Recall that all discussion so far in this section has been under the assump-
tion that limy_cody € (0,00) \ {1}. Now we first prove Theorem 1.1 when
limy_cody € (0,00) \ {1}, assuming that Theorem 4.3 holds and then give the
proof of Theorem 4.3. Finally we return to prove Theorem 1.1 for limy_, .o dy =1
at the end of this section.

PROOF OF THEOREM 1.1 FOR THE CASE limy_. o dy = (0, 00) \ {1}. Define
E; as in (4.4) with a constant C; such that (4.1) and (4.2) hold. Therefore we
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can assume that (4.3) holds for the parameter s. Let E := A, + sN~2/3 so that
|E — aq| < € N72/3. Using (4.12), for any sufficiently small £ > 0, we have

EYq(Tr xg—¢ % 6y, (H)) < PY(N(E, 00) =0)
with
0= %N—2/3—a, N = N~2/3-9%,
Recall that by definition

1 [E: )
Toxp—e 0y () =N— [ Sm(y+inndy.
T JE—¢

Bound (4.16) applied to the case £y = E — £ and E; = E; shows that there exists
& > 0, such that
(4.18) EYq(Tr xg—¢ 60y, (H)) <EYq(Tr xp—¢ %6y, (H)) + N7,
Then applying the right-hand side of (4.12) in Lemma 4.2 to the left-hand side
of (4.18), we have

PY(N(E —2¢,00) =0) <E'q(Tr xg_¢ % 0y, (H)) + Cexp (—cp® D).
Combining these inequalities, we have
(4.19) PY(N(E —2¢,00) =0) < PY(N(E, 00) =0) + 2N °

for sufficiently small ¢ > 0 and sufficiently large N. Recalling that £ = A +
s N~2/3  this proves the first inequality of (1.4) and, by switching the roles of v, w,
the second inequality of (1.4) as well. This completes the proof of Theorem 1.1.

0

PROOF OF THEOREM 4.3. We need to compare the matrices HY and HY.
Instead of replacing the matrix elements one by one (N M times) and comparing
their successive differences, the key new idea here is to estimate the successive
difference of matrices which differ by a column. Indeed for 1 <y < N, denote by
X, the random matrix whose jth column is the same as that of XV if j <y and
that of XV otherwise; in particular Xo = XV and Xy = XV. As before, we define

H, =X/ X,.
We will compare H, | with H, using the following lemma. For simplicity, we
denote
() =mV (@) — (N2~
LEMMA 4.7. For any random matrix X whose entries satisfy (1.1) and (1.2),
if|E —Ay| < N723% and N=%/3 > n > N=2/37¢ for some ¢ > 0, then we have
(420)  EF(Npdm(z)) —EF(Np3mD(2)) = A(XD, my, my) + N77/6+C¢,

where the functional A(X", m1, my) depends only on the distribution of X" and
the first two moments my, my of v Mxj; =~ M(X);; (1< j<M).
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Notice that X J(,y) is equal to X ;y_) 1- We also have that the first two moments of

the entries of X" and X¥ are identical. Thus Lemma 4.7 implies that

1 1
7) - EF(nSTr ) = O(N77/0+C%),

4.21) EF(nS Tr

Now the proof of Theorem 4.3 now can be completed via a simple telescoping
argument.Thus to finish the proof of Theorem 4.3, all that needs to be shown is
Lemma 4.7 which is proven below. [

PROOF OF LEMMA 4.7. Fix ¢ > 0, ¢ > 0 and, without loss of generality,
assume that i = 1. Recall that N=%/3 > n> N72/37¢ and |E — A, | < N72/3F¢,
First, we claim the following bounds for GV and G(1:

(4.22) Ix1, (6D (@) x))| < N'3HCe =E+ipy
‘[g(l)(z)]ij} <N,

|[[g(1)(z)]2]ij} SN1/3+C87 Z:E+i77

with ¢-high probability for some C > 0. In the above, x; denotes the first column
of the matrix X. In (4.23) we allow i = j. The proof of these bounds is postponed
to the end.

Now using (2.19) and (2.21), we have

(4.23)

(x1, X(I)G(I)G(I)X(I)TX1>
—z—z(x1, gD (2)x))

= zGn(x1. (GV)*@xi).

TG —TrGY 47 = (G +271) +
(4.24)

Define the quantity B to be

(4.25) B= —zmc|:<X1, GV (2)x;) — ( - 1)}

zme(2)

By (2.19),

b= _ch[(zG_ul(Z) B 1) B (Zm_cl(z) - 1” - mc(;inG”

From (3.3), we obtain that

(4.26) |B| < N7'3+2 « 1,
with ¢-high probability. Therefore, we have the identity
Me k
4.27 Gii=———= —B)".
(4.27) =g =me k2>(:)( )

Define y with the left-hand side of (4.24),
(4.28) y:=n(TrG —TrG" 4771
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so that we have

(4.29) Nn3m(z) = N3t V(z) + y.
Using (4.24) and (4.27) we obtain
o
y =nzGi(xi, (Q(l))le) = Z Yk Vi i=nzme(—B)Fxy, (g(l))2X1)-
k=1
Since z and m are O (1), together with (4.22) and (4.26) we see that the bounds
(4.30) lyk| < O(NK3F€C8) and |y| < O(N~1/3+C¥)

hold with ¢-high probability. Consequently, using (4.29), the expansion
F(Nn3m(z)) — F(Nn3iiV (2))

3
1
Zk_ (k) ]\]}7 Sm(l)(z))(dy) +0( —4/3+C£)

(4.31)

holds with ¢-high probability.
Now we estimate each of the three terms (k = 1,2, 3) on the right-hand side
of (4.31) individually. First, using (4.30) we obtain that

432) FONn3m @)@y = FONn3i @) 3yn)® + 0 (NTHC)
holds with ¢-high probability. Moreover, we have

E1(3y1)? = Ei(nzme)’(x1, (60) )

3
=(nzmc)3 Z El(nxk1>l_[1 g() k21—1ak2i’
i=

i=1

(4.33)

where [E; is the expectation value with respect to X, the first column of X. Recall
that m denotes the kth moment of +/ M x ;. If there is an index k; which is different

from all the others in the product ]—11-6:1 Xk, 1, then

6
E1<HX/<,«1> =0=m
i=1

and if each k; appears exactly twice, then

6
Eq (1_[ xk,-l) =m
i=1

Isolating the above two cases from the sum (4.33), we have
Ei1(3yn)® = A3(XV, my, my)

+ (nzme)? ZEI (l_[xk 1) [(GM)] klkz[(g(l)) ]k3k4[(g(l) Jeske®
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where A denotes the set of indices k; € {1,2, ..., M} such that (1) no k; appears
exactly once in the product ]_[146:l xk;1 and (2) there is an index k; which appears at
least three times. Clearly, the functional Zg(X D my, my) depends only on X @,
m1 and m,. Furthermore, it readily follows that

#A < CN>.
Then using (4.23) and the bounds on my’s, it follows that
(4.34) E1(3y1)® = A3(XD, my, my) + O(N721C#),

It is easy to prove that [NnJm"| < N€¢ with ¢-high probability. Using (4.32)
and the fact that 71! depends only on XV, we have

435)  EFONp3iD (@) @0)3 = A3(XD, my,mp) + O(N~H3Ce),

where A3(X(1), m1, my) depends only on the distribution of XD my and my.
Now we estimate the term with F@® in (4.31). As in (4.32), we have

FO (N3 () (3y)?
(4.36)
= FO N3P @)[(33) +2@yD ()] + O (N ),
By definition,
E1(3y1)% +2(3y1)(3y2)
= C1@n*x1, (GD)x1)(x1 (GD)*x1) + C2@)n?(x1 (GV)x ),

where Cj(z), C2(z) = O(1) are constants which depend only on z and m.(z).
Using the bounds on GW in (4.23), as in (4.34), we have

Ei[(3y)? + Sy Qy2)] = Aa(X D, my, ma) + O(NT/3+C#),

where ZQ(X(I),ml,mz) depends only on the distribution of XD m; and mo.
Then with (4.36), as in (4.35), we conclude that

@37 EFO(Nn3i®(@)3y)? = A2(X D, my, my) + O(N~43+C)

for some functional A, which depends only on the distribution of X", m{ and ms.
Finally we estimate the term F () in (4.31). As in (4.32), we have

FONn3m D (2))(3y)?
(4.38) | » e
= FONy3a D (2)[3y1 + vz + Sysl + O(N~4/3+€),
A similar argument as in (4.37) and (4.35) yields
4.39) EFV(Np3aV (@) (3y) = Ai(XD, my, ma) + O(N~Y3+C9),

Inserting (4.39), (4.37) and (4.35) into (4.31), we obtain (4.20). Now to complete
the proof of Lemma 4.7 we need to prove (4.22) and (4.23).
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For (4.22), using the large deviation lemma (Lemma 3.4), we obtain that for any
¢ >0,

(61 (G xi)| < S (N |Q(”} e

(N
1/2
wQ( i)
I)\(l) z|4

A

(4.40)
Ce

A

12
® )
Nn? |)\(1) z|

c 1 " 1/2

with ¢-high probability. Then using (3.2) we have (4.22). For (4.23), we note that

1

¢ = _
XM (xMyt —z°

Comparing with (2.5), we see that the pair (G, (xhy plays the role of {G, X}.
Since ,/ % (XM is justan (N — 1) x M random data matrix, whose entries have

variance (N — 1)1, the results in (3.3) also hold for G with slight changes. One
can easily obtain that

max|[gV]..| < C, max|[G1V]..| < cNTI/3FCE
ij Y i#] Y
with ¢-high probability showing (4.23) and finishing the proof of Lemma 4.7 and
consequently we have proved Theorem 4.3. [

PROOF OF THEOREM 1.1 FOR THE CASE limy_,oody = 1. Note that this
proof holds only for the largest eigenvalues. Without loss of generality, set 1/2 <
dy < 2. First, in the proof of estimates in (3.2) and (3.3) of m(z), we never used
the assumption limy_, oo dy # 1 directly. We only needed the property of m.(z)
listed in Lemma 6.5. One can easily check that if :iz > ¢ for some constant ¢
independent of N, then m.(z) also satisfies the properties in Lemma 6.5, even if
limy_, oo dy = 1. Therefore for any fixed & > 0, expressions (3.2) and (3.3) still
hold with £-high probability if we replace (,cg(c,) With (;es(c;) and 9izze-

Next, in step 1 in the proof of (3.4), using the estimate of m(z) from (3.2)
and (3.3), and properties on m.(z) in Lemma 6.5, we obtain that for any ¢ > 0,
there exists some D; > 0 such that

(4.41) max{A;:hj <5k} < hq 4+ N7

holds with ¢-high probability. In the proof, we used only the estimates of m(z)
from (3.2) and (3.3) for z € S(C;) and Nz € [A4, 5A4]. Now, using our modified
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version of (3.2) and (3.3) (obtained by replacing (;es(c,) With (N es(c,) and 9izz¢)s
(4.41) can be easily extended to the case limy_, o dy = 1.

Now, we claim that when limy_, oo dy = 1, A1 < 5\ holds with ¢-high proba-
bility. The M x N data matrix can be considered as a minor of a matrix X , which
(I)isan M x N matrix with limg_, 1\~//M > 1 + ¢ for some fixed ¢ > 0, (2) sat-
isfies the condition of Theorem 1.5. Let A, 7»1 be the largest eigenvalue of X 1D
and X' X. By definition and Theorem 1.5, for small enough ¢ we have

~

A <A1 <5A;.

Combining the above two statements we obtain that for any ¢ > 0, there exists
some D; > 0 such that with ¢-high probability

(4.42) A < Ag + N72B3p4Pc,
Likewise, step 2 [formula (8.6)] in the proof of (3.4) can also be extended to

C(log N)¢Ce
N
Ei, Ex €Ay /2, Aq]

[(n(E1) = n(E2)) — (ne(E1) — ne(E2))| <

’

since the proof relies only on the estimates of m(z) for z € S(C;) and Nz €
[E1, E2] given by our modified version of (3.2) and (3.3). Together with (4.42),
we obtain that for any fixed ¢ > 0, the rigidity result (3.6) holds for j < (1 —¢)N,
and (3.7) holds for E > .

Therefore, we conclude that (4.1) and (4.2) hold with ¢-high probability for
the case limy_, oo dy = 1. Now to obtain Theorem 1.1 when limy_, oo dy = 1, one
needs only to repeat the argument in this section. We note that in the proof of (4.9),
we used (3.2), but only for z’s such that %1z is very close to A4, which is covered
by our modified version of (3.2). Similarly for Corollary 4.2, we used (3.7) but
only for E’s which are very close to A. Therefore, we obtain Theorem 1.1 in the
case limy_,ody =1. O

5. Universality of eigenvalues in bulk. In this section, our goal is to prove
Theorem 1.5. This follows from our key technical result in Section 3 and the usual
arguments using the ergodicity of the Dyson Brownian motion mentioned in the
Introduction. Throughout this section we assume that limy_, oo dy € (0, 00) \ {1}.
Again, we note that our arguments are valid for both real and complex valued
entries.

First, we consider a flow of random matrices X, satisfying the following matrix
valued stochastic differential equation

1 1

(5.1) dX, = NI dpy — S X, dr,
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where B; is a real matrix valued process whose elements are standard real val-
ued independent Brownian motions. The initial condition X = X = [x;;] satisfies
(1.1) and (1.2). For any fixed ¢ > 0, the distribution of X; coincides with that of

(5.2) X, Le ' PXog+ (1—e)' v,

where V is a real matrix with Gaussian entries which have mean 0 and variance
1/M. The singular values of the matrix X, also satisfy a system of coupled SDEs
which is also called the Dyson Brownian motion (with a drift in our case). More
precisely, let

MW
Zp
(5.3) P (w) =P [Z L Zlog|w —w?
l<]

_(é—l )Zloglw,}

denote the joint distribution of the singular values of X when the matrix X has
independent Gaussian entries (so that X "X is a Wishart random matrix). In (5.3),
the constant 8 takes values {1, 2} with 8 = 2 for complex entries and 8 =1 for
real valued entries. Also, Zg is the normalization constant so that . is a probability
measure. Denote the distribution of the singular values at time ¢ by f; (w)u(dw).
Then f; satisfies

(5.4) W fi=L"f,
where
O LR (LT Ry I
(5.5) SR i _wj

)5 e

For any n > 1 we define the n-point correlation functions (marginals) of the prob-
ability measure f; du by

66 @i v w) = [ AR - du.

With a slight abuse of notation, we will sometimes also use p to denote the density
of the measure p with respect to the Lebesgue measure. The correlation functions
of the equilibrium measure are denoted by

(5:7) PN wa ) = [ a0 dug - duy,
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Now we are ready to prove the strong local ergodicity of the Dyson Brownian
motion which states that the correlation functions of the Dyson Browian motion

pt( 13, and those of the equilibrium measure p/S”)N are close:

THEOREM 5.1. Let X = [x;;] with entries x;; satisfying (1.1) and (1.2). Let
E €[A_ +r, Ay —r] with some r > 0. Then forany ¢’ > 0,8 >0,0<b=by <
r/2, any integer n > 1 and for any compactly supported continuous test function
O :R" — R we have

sup
12N71+6+8/

E+b qE’' |
— (n) (n)
day---do, O(ay, ..., a
/E—b 26 Jpo o RO n)Qc(E)n (ptN Py, V)

o] , oy,
No.(E) No.(E) ‘

(5.8) X <E'+

S CHNZS,[b—lN—1+€, + b—l/ZN—S/Z]’

where pt("jz, and p/(f’)N, (5.6) and (5.7), are the correlation functions of the eigenval-

ues of the Dyson Brownian motion flow (5.2) and those of the equilibrium measure,
respectively, and Cy, is a constant.

REMARK 5.2. Notice that if we choose § =1 —2¢" and thus t = N_S/, then we
can set b ~ N~118¢ g0 that the right-hand side of (5.8) vanishes as N — co. From
the MP law we know that the spacing of the eigenvalues in the bulk is O (N ') and
thus we see that Theorem 5.1 yields universality with almost no averaging in E.

PROOF OF THEOREM 5.1. The proof follows from the main result in [14]
(Theorem 2.1) which states that the local ergodicity of Dyson Brownian mo-
tion (5.8) holds for t > N =243 for any § > 0 provided that there exists an a > 0
such that

N
(5.9) sup — Z (A1) —yj)> <CN~I-2
t>N—2a N j=1

holds with a constant C uniformly in N. Here ,/A;(¢) is the singular value of the
matrix X, given in (5.2). Condition (5.9) is a simple consequence of (3.6) as long
asa<1/2.

Strictly speaking, there are four assumptions in the hypothesis of Theorem 2.1
in [14]. Assumptions I and II of Theorem 2.1 in [14] are automatically satisfied in
the setting that the Dyson Brownian motion is generated by flows on the covari-
ance matrix ensembles. Assumption IV of Theorem of [14] states that the local
density of the singular values of X, in the scale larger than N ~'*¢ for any ¢ > 0,
is bounded above by a constant. As in [14] this follows from the large deviation
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estimate (3.2) since a bound on Im(z), z = E + in, can be easily used to prove an
upper bound on the local density of eigenvalues in a window of size 1 about E.
As usual, the additional condition in [14] on the entropy S, (f;,) < CN™ for some
constant m for 1o = N2, holds due to the regularization property of the Ornstein—
Uhlenbeck process. Thus for a given 0 < &’ < 1, choosing a=1/2 —¢'/2, A=¢'
in the second part of Theorem 2.1 in [14] and using (3.6), we obtain (5.9) and the
proof is finished. [J

For any ¢ > 0, applying Theorem 5.1 with§ =1 —2¢, ¢’ =¢ and b= —1 + 8¢,
we obtain universality for all ensembles with the matrix elements distributed ac-
cording to M~1/2¢, with

172

(5.10) g=e"Pg+(1-e") "G,

where the matrix £z has independent Gaussian random variables with mean 0
and variance 1, r ~ N~¢, and the initial condition &y has entries satisfying our
conditions (1.1) and (1.2). In other words, for t ~ N~¢ the random matrices &
which are distributed according to (5.10) have the same correlation functions as
that of the matrix with Gaussian entries, averaged on a length of O(N~!1%%),
Thus in order to prove Theorem 1.5, it remains to find a random matrix £ of
the form (5.10) (with time t = N ~¢) whose eigenvalue correlation functions well
approximate that of the spectrum of the given matrix X satisfying (1.1) and (1.2).

The requirements on entries of the matrix '§t are just mean zero, variance one
and subexponential decay; however, it turns out that for any fixed X and ¢, one
may find a EO such that E, satisfies (5.10), with t ~ N ¢, and the entries [Et]i j have
mean 0, variance 1 and the same third moment as those of the (rescaled) initial
condition «/M X. Moreover E, can be chosen in such a way so that its entries have
fourth moment very close to those of X. More precisely, Lemma 3.4 in [16] yields
that for any given matrix X satisfying (1.1) and (1.2) and ¢t ~ N, there exists
a matrix E, of the form (5.10) such that for 1 <k < 3,

EvMxf, =R,  |[E/Mxj)* —EIE],| <Ct~ N7

Now to finish the proof of Theorem 1.5, it remains only to show that that the
correlation functions of the eigenvalues of two matrix ensembles at a fixed energy
[i.e., for a fixed value of E = N (z)] are identical up to the scale 1/N provided that
the first four moments of the matrix elements of these two ensembles are almost
identical in above sense. To achieve this, as shown for the Wigner matrices [17]
(see Sections 8.6—8.13 of [17]), it is enough to show that the corresponding Green
functions are close for these two matrix ensembles. This is the content of the fol-
lowing theorem which we call, following [17], the Green function comparison
theorem.

Recall the matrices XV, XV, HY, HY and the Green functions GY, G¥ from Sec-
tion 4.
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THEOREM 5.3. Assume that the first three moments of xi"j and xiVJV- are identi-
cal, that is,
VU w\U
E(xl-j) = E(xij) , O<u<3
and the difference between the fourth moments of xl.vj and xl.VJV- is much less than 1,
say

(5.11) E(VMx})* —E(VMxl) | < N7
for some given § > 0. Let € > 0 be arbitrary, and choose an n with N~'7¢ < <
N~ For any sequence of positive integers ki, . .., kn, set complex parameters
ZT:E;n:tir” jzl,-..,ki, m:17""n’

with an arbitrary choice of the £ signs and A_ + k < |E;?1| < Ay — Kk for
some k > 0. Let F(xy,...,x,) be a function such that for any multi-index o =
(@1,...,0p) with 1 < |a| =Y |a;| <5 and for any &' > 0 sufficiently small, we
have
(5.12) max{\a“F(xl, x| rmax x| < NS/} < NCoe',

J
(5.13) max[|a“F(x1,...,x,,)}:max|xj| §N2} < NCo

J

for some constant Cy.
Then there is a constant Cy, depending on «, Y_; ki and Cy such that for any
n with N~'7¢ <y < N1 and for any choices of the signs in the imaginary part
of 7%,
J

k k
1 L 1 1
(5.14) /=1 /=l

< CIN—1/2+C18 + CIN_5+C18,

where in the second term the arguments of F are changed from the Green functions
of HY to HY, and all other parameters remain unchanged.

Once again we note the equivalence of (5.8) and (5.14) as discussed in [17]
(Sections 8.6—8.13). The only difference is that in [17], the equivalence is proved
for Wigner matrices, but the arguments are easily adapted for covariance matrices.
Thus to complete the proof of Theorem 1.5, all that remains is Theorem 5.3 which
is proved below.

PROOF OF THEOREM 5.3. The proof is very similar to Lemma 2.3 of [17].
The only differences are a few simple linear algebraic identities. Therefore, we
will only prove the simple case of k =1 and n = 1.
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Fix a bijective ordering map on the index set of the independent matrix ele-
ments,

¢:{G,j):1<i<M,1<j<N}—{l,...,MN}
and define the family of random matrices X,,0 <y < MN,
[Xy]l‘j:[xv]ijw ¢(Z,J)>V,
In particular we have Xg = X" and Xy = X". Denote H,, G, and G, as

_ -1
HVZX;XV’ Gy=(Hy, —2) ! gy:(XVX;T/_Z)

First, using the delocalization result (3.5) and the rigidity of eigenvalues (3.6), it is
easy to have the following estimate on the matrix elements of the resolvent:

615 maxmax max max|[Gy @]yl 1[Gy @l <N

with ¢ high probability for any ¢ > 0. For instance, for y = 0, we have the identity

ty
Go(z) = a 1 Z are the eigenvalues and eigenvectors of Hy. By
the delocalization result (3.5), we obtain

o

C N 1

Go(2)
|Go(2)] < Z e —dl
‘We write the above sum as

(5.16) Z ™ _Z|

1
|—Z'k'|x —El+n’

k ae]k

where I} is the set of all o such that
N~ 2K <, — E) < N~12K,

By the rigidity of eigenvalues we obtain that | Ix| < C2X with ¢-high probability.
Substituting this bound in (5.16) yields the estimate (5.15).

Recall that x; denotes the ith column of X. For 1 <i < N, using straightforward
algebra, it is easy to check that

W (Gx)k(x[G); 0

From (2.19) we obtain

(GOx)i(x] GD),
1+ (x;, GD(2)x;)

5.18) (%, GV @x)=—1+ z;n-’

GWx;
+ (xi, GD(D)x;)

(xi, G(2)xi) =1+ zGjj,

(5.19) Gx; = —2G;iGVx;.




964 N. S.PILLAT AND J. YIN

Furthermore, from (2.20) it follows that
(xi, G“0x;) (x;, G"x;)
1+ (x;,GW)x;)

(xi, GVxj) = (xi, GV x;) —

(xi, Gx;) (i) (i) Gij
1+ (x;,Gx;) i i G7%)) Gii
Similarly
(5.20) (xi, Gx;) :—ZGii<Xi,g(i)Xj):ZGij,
which implies that
(5.21) (i, G0xj)= =5 (%, 0x)) = —2Gyj.
12

Let x; be the ith row of X. By symmetry, the above identities also hold if one
switches {G, x;} and {G, x;}.
Combining the above identities with (5.15), we obtain the bound

M 1]161§13‘|[G7/(Z)]k1| +1[X, Gy @]yl + I[Gy X} @]

(5.22) : c
+ ‘[XJ/GVXy(Z)]H‘ <N%%,
with ¢-high probability.
Consider the telescopic sum of differences of expectations

1 1 1 1
EF(— Tr ) —IEF(— Tr )
N HY—z N HY—z

MN
1 1 1 1
=Y [er(y ) B (5 T —) |
S \N U H, 2 N Hy_—z

Let E@/) denote the matrix whose matrix elements are zero everywhere except at
the (7, j) position, where it is 1, that is, E,&/) =0ikdj¢. Fixay > 1, and let (i, j)
be determined by ¢ (i, j) = y. We will compare H,_; with H,. Note that these

two matrices differ only in the (i, j) matrix element, and they can be written as
X,_1=0+V, Vi=xEW, X, =0+W, W= xEW)

with a matrix Q that has zero matrix element at the (i, j) position. Define the
Green functions

(5.23)

1 1 1
R=—717—, S=——, T = .
Q-}-Q_Z Hy—l_Z HV—Z
The following lemma is at the heart of the Green function comparison first estab-
lished in [17] (subsequently used in [10, 16, 18]) which states that the difference
of smooth functionals of Green functions of two matrices which differ by a single
entry can be bounded above as a function of its first four moments. []
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LEMMA 5.4. Let my be the kth moment of ~/ MxY., then

rs)-r(im)]

(5.24) -
= A(Q,m1, ma, m3) + N72C¢ L A(Qymy

Jor a functional A(Q, my, ma, m3) which depends only on the distribution of Q
and my1,mo, m3. The constant A(Q) depends only on the distribution of Q and
satisfies the bound

|Z(Q)‘ 5 N_2+C8.
Before giving the proof of Lemma 5.4, let us use it to conclude the foregoing

argument in the proof of Theorem 5.3. Note that the matrices H,, and Q also differ
by one entry, and therefore applying Lemma 5.4 yields

r(or) ()]

(5.25) ~
= A(Q, my, my, m3) + N2 L A(Q)ym)),

where m, is the fourth moment of v/ M xly}f (by hypothesis, the first three moments
of x;’jv. are identical to those of xl.vj). Since [m) —m4| < N ~% by hypothesis, we have

EF(l Tr ! ) - M(i Tr ;> < CN7/?+Ce L cN—270+Ce,

Using the above estimate and summation over y yields [see (5.23)]
1 1 1 1
IEF(— Tr )—EF(— Tr )5 CN~V2HCe L cN—o+Ce,
N HY—z N HY—z

obtaining precisely what we set out to show in (5.14). The proof can be easily
generalized to functions of several variables. Thus to conclude the proof of Theo-
rem 5.3, we just need to give the proof of Lemma 5.4.

PROOF OF LEMMA 5.4. We first claim that the estimate (5.15) holds for the
Green function R as well. To see this, from the resolvent expansion we obtain

R=S+SVIX+ X'V +viv)s+...+[s(viX+xTv+viv)s
+[S(ViIX+xTV+viv)OR.

Since the matrix V has only at most one nonzero entry, when computing the (k, £)
matrix element of the matrix identity above, each term is a finite sum involving
matrix elements of S, XS, SXT, XSXT or R (only for the last term) and xl‘;
Using the bound (5.22) for the S matrix elements, the subexponential decay for

xivj and the trivial bound |R;;| < nil, we obtain that the estimate (5.15) holds
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for R. Similarly by expanding X R, RX and XRX, we can obtain (5.22) for X R,
RX and XRX, OR, RQ and QRQ.
Now we prove (5.24). By the resolvent expansion,

S=R-R(VIQ+Q'V+VIV)R+...
(5.26)
—[RVTQ+ 0TV +VIV)P’R+ 0(N™%)

holds with extremely high probability. Thus we may write
1 1
—TrS=—TrR+ Z i + O(N74),
i il k<20

where yy is the sum of the terms in (5.26), in which there are exactly k V’s. Recall
that my is the kth moment of v/ Mx;;, which is O(1) if k = O(1). The terms yj
satisfy the bound [with K = (k1, k2, ..., k,) and |K|:=); k;i]

il < NENTH2,

N-IKI2

(5.27) Evyie, iy - -+ Vi = m|k|1z2k (Q),

lzx (Q)| < N¢®

for some zg (Q) depending only on the distribution Q, and the last inequality
holds with ¢-high probability. Here Ey is the expectation value with respect to the
distribution of the entries of the matrix XV. Then we have

1 1
EF{—=Tr 7)
N
(5.28)

From (5.27) we obtain
1 1
IEF( 7)
N Hy 1—2

—EZ F(”)( TfR)( > NI mIKIZK(Q)>+O(N_5/2+C8)
..... kn
:B+0(N‘5/2+C8)+A(Q,m1,m2,f113)+A(Q)m4,

where A(Q, m1, my, m3) depends only on the distribution of Q and m1, my, m3
and

B = EZ F(”)<NTrR)< Z N_|K|/2m|K|ZK(Q)>,
kp,...,

kn:|K|>5,k; <20

K@) =EY" %F(”)<% TrR)( 3
n=0"""

Kiyeoskn : | K |=4

NEk(@).
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In the above K =), k;. Now it remains only to prove
|B| < O(N_5/2+C8), Z(Q) < O(N_2+C8).

Using the estimate (5.22) for R and the derivative bounds (5.12) for the typical
values of %Tr R, we see that F (”)(% TrR) (n < 4) are bounded by N Ce with
¢ -high probability. Similarly zg (k; < 20) is also bounded by N for some C > 0
with ¢-high probability. Now we define E, as the good set where these quantities
are bounded by N ©¢. Furthermore, using (5.13) and the definition of zx, we know
that F(")(% TrR) and zx are bounded by N¢ for some C > 0 in g¢. Since B
has a very small probability by (5.22), we have

1

4
AV(Q)IEEgZ%F(”)<NTrR)< Z N_ZZK(Q))+0(N_5/2+C8).
n=0""" k1

Then with the bounds on F™ and ZK in Eg, we obtain Z(Q) < O(N~2tCe),
Similarly with m x| < O(1), we have B < O(N—3/24C¢) completing the proof of
Lemma 5.4 and thereby also finishing the proof of Theorem 5.3. [

6. A priori bound for the strong local Marcenko—Pastur law. Our goal in
this section is to prove the following weaker form of Theorem 3.1, and in Section 8
we will use this a priori bound to obtain the stronger form as claimed in Theo-
rem 3.1. Throughout this section, we will assume that limy _, oo dy € (0, 00) \ {1}.

THEOREM 6.1. Let X = [x;;] with the entries x;; satisfying (1.1) and (1.2).
For any ¢ > 0 there exists a constant C such that the following event holds with

¢ -high probability:

6.1) N {800+ 8060 =9 e,
z2eS(Cy)

6.1. A roadmap for the reader. For conveying the key ideas of the com-
putations involved in this section, we first give a brief outline of the proof of
Theorem 6.1. For the reader’s convenience, we also indicate the corresponding
theorems/lemmas in which the estimates mentioned below are proved.

The proof of Theorem 6.1 proceeds via “self-consistent equations” explained
below. Let us fix { > 0. By definition it follows that

1 1 !
m(z) = N;Gii(z) = NZ Z _Z(l/M)TrQ“) — Zi’

1

where

(6.2) Zi = zx;, 6Vx;) — % Trg®.



968 N. S.PILLAT AND J. YIN

We will first establish Theorem 6.1 for Iz = n ~ 1. For n ~ 1, the empirical Stielt-
jes transform satisfies

1
m(z) = — ’

i

max |Y;] < pC¢w
1

with ¢-high probability (see Lemma 6.10) where

Sme+ A
(6.3) g [T A
Nn

REMARK 6.2. Notice that when m, + A < O(1), we have

(6.4) v < O(Nn)~ 2

Consequently, we deduce that for  ~ 1, the function m(z) satisfies the “self-
consistent” equation
1

+ 0(pScw
L d—zdm T OV

(6.5) m(z) = 1

with ¢-high probability. Notice that the above equation satisfied by m(z) is nearly
identical to the fixed point equation satisfied by the Stieltjes transform of the
MP-law, namely

1

=0

72— (1 —d)+zdm(z)
with JIm. > 0 when Jz > 0. From (6.5) and (6.6), we immediately deduce that
(Lemma 6.10) for n ~ 1, with ¢-high probability,

(6.6) me(z) +

_ C
(6.7) Im —me| = AQ) < ¢ -

We now use (6.7) to establish Theorem 6.1 for n ~ 1. To this end, we identify
the following “bad sets” (improbable events). For z € S(0), define

6.8) Q(z,K):= {max{AU(z), miax|G,-,-(z) —m(z)], ml_ax |Z,~|} > K\IJ(z)}.

Then the event (Lemma 6.9)

(6.9) N Q%)

z2eS(0),n~1

holds with ¢-high probability. Here A€ denotes the complement of the set A. The
estimate (6.9) coupled with (6.7) immediately establishes Theorem 6.1 for n ~ 1.
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Before proceeding, we notice the following important point. When 7 is not as-
sumed to be ~ 1, a statement analogous to (6.9) holds with a different assumption.
Set

(6.10) B(2) := {Ao(2) + Ag(z) > (log N) '},
(6.11) ['(z,K) :=Q(z, K)°UB(2).
In Lemma 6.8 we show that
6.12) M Te)
2eS(Cr)

holds with ¢-high probability. It can also be shown that for n ~ 1, the event B¢(z)
holds with ¢-high probability.

For proving the result for all z € S(C¢) (i.e., for all n > ¢ N~1) we proceed as
follows. For a function u(z), define its “deviance” to be

(6.13) D) (z) == (™" (2) + zdu(z)) — (me ™" (@) + zdmc(2)).

Clearly, D(m.) = 0. The plan is to show that |D(m)| &~ 0 and, therefore,
|me —m| =~ 0.

More precisely, suppose that for two numbers L, K satisfying ¢ > K?(log N)*
and for some A C (s I'(z, K) (,~1 B(2) (i.e., A is not in the bad sets of z
such that Iz ~ 1) one has the bound

(6.14) |D(m)(z)| < 8(z) + colpz) Vz e S(L),

where §:C — R, is a continuous function, decreasing in Iz and [§(z)| <
(log N)~8. Then, via a continuity argument, we show in Lemma 6.12 that
from (6.14) one indeed has the following stronger conclusion:

8(2)
JKE+N+S
and A C (,es(z)B“(2) [i.e., A is contained in the bad sets of z for all z € S(L)].
This estimate with a brief additional argument will yield that for large enough C
and z € S((pc), we have A = o(1) and Q(z, (pci )¢ holds with ¢-high probability.
These two conclusions immediately yield Theorem 6.1.

(6.15) A <C(logN) VzeS(L)

6.2. Preliminary estimates. We start with the following elementary lemma
whose proof is standard:

LEMMA 6.3. For any rectangular matrix M, and partition matrices A, B and
D of M given by M = (l‘;‘T ll?)), we have the following identity:

—1 —1 —1
1 U —~U~'BD _ 1t
M _(—D—lBTU—1 D—1+D—1BTU—1BD—1>’ U=A-BD B
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LEMMA 6.4. For any z not in the spectrum of XX, we have
Xx(xtx — ) 'xt=1+4(xxT—2)7".
PROOF. Indeed from the SVD decomposition given in (2.14), we have

T

X(X*X—z)_lXTzz ugu),

o o

=Z(1+ < )uau;=l—|—z(XXT—Z)1
Ao — 2

and the lemma is proved. [l

We record the following properties of m . without proof.

LEMMA 6.5 (Properties of m.). Forz=E +in € S(0) we have the following
bounds:
(6.16) me@|~1, |1 =mi@|~ e+,
Ui
(6.17) Sme(z) ~ | VEFN
VKT, ifk<nor|E| €, itl.

ifc=nand |E| & [h—, hyl,

Furthermore

3 I 3
(6.18) nela) 0(—) and 9,~0<@ _ g
N7 N U

Recall B(z) from (6.10).

LEMMA 6.6 (Rough bounds of A,()T) and Af}r)). Fix TC{1,2,...,N} such
that |T| = O(1). For z € S(0), there exists a constant C = C|t| such that the fol-
lowing estimates hold in B¢ (z):

6.19 GO _ Gl < CA2,

(6.19) f&a%’ kk k| < o
1

(6.20) =< G| <c,

(6.21) AD < CA,.

PROOF. For T = &, (6.19) and (6.21) follow from definition, and (6.20) fol-
lows from the definition of B(z) and (6.16). For nonempty T, one can prove the
lemma using an induction on |T|. For example, for |T| = 1, using (2.21) we can
show that

(6.22) G (z) — G (2)] < CA2,
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which implies bound (6.19). A similar argument will yield (6.20) and (6.21). [

On the other hand, when n ~ 1, a bound similar to (6.20) holds without the
assumption of B€.

LEMMA 6.7 (Rough bounds for Gy for n ~1). FixT C{1,2,..., N} such
that |T| = O(1). For any z € S(0) and n ~ 1, we have the bound

m_ax|GSr)(z)| <C
l
for some C >0and1<i<N.

PROOF. Let us show the result first for |T| = @. By definition,
)3 Uy (i)ug (i)

Gii| =
Gl p—

1 1
<= Y ug (i) <~ <C.
nx n

o

where in the second inequality we have used |A, — z| > Iz = 1. The claim for
a general T follows similarly. [

Recall from (6.8) and (6.11), the event
T(z, %) = Q(z, 9%¢)  UB(2).
Define the events
Q,(z, K) :={Ao = K¥(2)},
(6.23) Q2 K) = {max| Gis (2) = m(2)| = KU () .
Qz(z K) = {max|Zi| = K ().
Note: ©24(z, K) is defined with m, not m.. Set
Qz,K) =Q,(z, K) UQqu(z, K) UQz(z, K).

LEMMA 6.8. For any ¢ > O there exists a constant C¢ such that

(6.24) (N Tz %)

z€8(Cy)
holds with ¢ -high probability.
PROOF. We need to prove only that there exists a uniform constant C; such

that for any z € S(C;) the event
(6.25) T(z, %)
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holds with ¢-high probability. It is clear that (6.24) follows from (6.25) and the
fact that

(6.26) 18.Gij| < N€, n>N"L

Note I'(z, K) = (225 UB) N (25 UB) N (24 UB). First we shall prove that the
26 UB holds with ¢ -high probability. Using formula (2.20) and the fact that |G 1> =
G*G, we infer that there exists a constant C such that with ¢-high probability,

.. 1/2
ot0) = Cle ol 0 =7 (61 7)
k,l

z ..
(627) < (PQ%(Tﬂg(U)F)I/Z

ITrGin )
< <PC§|Z|,/ N—QYI in B¢ (2),

where in the last step we used the identity n~'ITrG%) = Tr|G@) |2, Using the
identity

M—N+|T
(6.28) Tt GO () - gy = X =N+

formula (6.19) and J(z~!) = 5|z|~2, we deduce that with ¢-high probability
Sme+A+A2 1
Ap(r) <@fc | "2 4 nBQ).
() =Zg \/ Nn + N in B(z)
For the above choice of C¢, for z € S(3C;), with Im. < O(1), the bound

Sme+ A 1 )
(6.29) Ao(@) <% ===+ —+0(A,) InB(2)
Nn N

holds with ¢-high probability. From (6.29) and (6.18) it follows that Q¢ U B holds
with ¢-high probability.
A similar argument using the large deviation lemma will give

ITrg®
< lzlp® | Ny S W

in B¢(2)

1Zi| = Iz

. 1 .
i, Gxi) = - Te G

(6.30)

holds with ¢-high probability implying that

max | Z;| < ¢ W
l

and therefore ¢ U B holds with ¢-high probability.
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Finally notice that max; |G;; —m| < max;+; |G;; — G j|. From (2.19) we obtain
that

1 1
—2—2(x, GD@x)  —z—2(x;,GD(2)x;)

|Gii — G jjl S‘

Izl
M
<CE“W+A2+NYH  inB)

<1GiGjj1(12 - 2j1 + TG ~1eg))

holds with ¢-high probability, where the last inequality follows from (6.30), (2.2),
(6.19) and (6.20). Thus we have shown that Q2 U B holds with ¢-high probability,
and the lemma is proved. [J

On the other hand, in the case of n ~ 1, a result similar to Lemma 6.8 holds
without the assumption of B¢,

LEMMA 6.9. Forany ¢ > 0, there exists a constant C¢ such that the event

6.31) N Q%)
z€S(0),n~1

holds with ¢ -high probability.
PROOF. From (6.26) we see that we need only to prove (6.31) for fixed z. First

we note in this case, that is, n ~ 1, we have Im. ~ 1 and from Lemma 6.7 we have
A = O(1) and therefore

(6.32) W~ N1/2,

As in (6.27) and Lemma 6.7 we obtain that

ITrgln)
Ay < wcf\/ng <¢NT2<ou

with ¢-high probability. The estimate for Z; can be proved as in (6.30) using
Lemma 6.7. The estimate for €24 [see (6.23)] can also be proved similarly using
the identity

TrGV — TGV =Tr GV — e GV = o),
which follows from Cauchy’s interlacing theorem of eigenvalues, that is,
(6.33) lm —m®| < (Np)~!

and the proof is finished. [
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6.3. Self-consistent equations. In Section 2, we have bounded A, and
max; (G;; — m) in terms of m., n and A in B (we do not need the event B¢
when n ~ 1). In this subsection, we will give the desired bound for A and show
that the event B¢ holds with ¢-high probability.

First we give the bound for A in the case of n ~ 1.

LEMMA 6.10. For any ¢ > 0, there exists a constant C¢ such that

(6.34) N Az) <N~
z€S(0),n=10(1+d)

holds with ¢ -high probability.

PROOF. By the definition of Z; given in formulas (6.2) and (2.19),
(6.35) (Gi(@) =z~ Z$ Trg"? - Z;.
Using (6.28) and (6.33), we obtain that if n ~ 1,

1 .
(6.36) ZMTrg(l) —zdm(z)+1—d|<CN~!.

Together with | Z;| < <pc€ W [see (6.31)], estimate (6.36) implies that

1 1
m(Z)_NIZI—Z—d—de(Z)-i-Yi’

max |Y;| < S W < 0(pSs NT1/2).
l

It thus follows that |m(z)| ~ 1 for n ~ 1 with ¢-high probability. Then using the
fact that ) ;(G;; — m) = 0 we obtain that

3G @) =m @)+ 0(max|Gig —ml)

1

Recall D in (6.13). Using (6.35), (6.32) and the bound | Z;| + |G;; — m| < Ct W
[see (6.31)], and we have

D(m) =46(2), |8(Z)| < (pC\.IJ < O(QDCN_I/Z),

The two solutions m 1, m; of the equation D(m) = §(z) for a given §(-) are given
by

@+ 1—d—zxi/(z—*-5)0t5—2)
N 2dz ’

Ars=14+d=E2yd—56(z) —6(2), At s —Ax] = O(6).

Therefore, we obtain m = m or my. It is easy to see that |m| —my| > O (1), since
n ~ 1. Since m(z) is continuous with respect to E (for fixed n), m = m (say) for
E = 0 implies that m = m for all £ = O(1). Using this fact and Im > 0, we

mi2
(6.37)
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. —d—z+i/(z—\_3) (s 5—2) .
obtain that m(z) = daytl-d-eti 2d(zz o) Z), and thus we obtain (6.34) and

the proof of the lemma is complete. [

Now combining (6.31) with (6.34), we have proved that for any ¢ > 0, there
exists a constant C; such that, for n = 10(1 + d), formula (6.1) holds with ¢-high
probability. It immediately follows that the event

(6.38) N B

z€S(0),n=10(1+d)

holds with ¢-high probability for any ¢ > 0.
Now we prove (6.1) for general n > 0. Recall the deviance function from (6.13),
Z; from (6.2) and set

l N
(6.39) [Z]1=—-)Z.
N3
Recall the set B(z) from (6.10) and I"(z, K) from Lemma 6.8.
LEMMA 6.11. Fix 1 <K < (log N)_l(Nn)l/Z. Then, on the set I'(z, K), we
have the bound
|D(m)| < |[Z]] + O(K*W?) + oolpy,).
PROOF. Using (2.19), (6.19), (6.28) and the definition of m., on the set
I'(z, K), we obtain a more precise version of (6.35),
Gii() ' =me@ " +zd[me(z) —m(2)] - Zi + O(K*W?) + O(N7")
in B¢ N Q°,
where 2 := Q(z, K). Then
6.40) G;'—=m'=Dm) -7z + 0(K*¥?)+O(N"))  inBNQC
and averaging over i yields
Z =D(m)—[Z]+ O(K*¥*) +O(N™")  inB‘NQ-.
It follows from the assumptions K < (Nn)l/sz(\I’_l) that G;; — m = o(1).
Expanding the left-hand side and using the facts that ) ; (G;; —m) =

_ _ — (Gii — m)
NGt -mT) = Gi,-m Z(G”—m) +ZO( >

i=1 i=1

in B¢ N Q°.
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Together with (6.20) and (6.8), it follows that
A 1 2
6.41 — G, —m ) <C(KWV in B N Q°.
(641 N LG —m)<CEW?in
Now the lemma follows from (6.40) and (6.41). [

LEMMA 6.12. Let K, L > 0 be two numbers such that ¢* > Kz(log N)*, and
let A be an event given by

(6.42) Ac () ' KN N B (2).
zeS(L) zeS(L),n=10(14+d)

Suppose that, in A, we have the bound
D(m)(2)| < 8(z) +oolpe Yz eS(L),

where 6:C +— Ry is a continuous function, decreasing in Iz and |8(z)| <
(log N)=8. Then for some constant C > 0, the bound

B 8(2)
(6.43)  |m(z) —mc(2)| = A(z) < C(log N)im Vz e S(L)
holds in A and
(6.44) Ac () B@.

z€S(L)

REMARK 6.13. Formula (6.42) says that if Jz = 10(1 + d), then A C
Q(z, K)“; that is, A is not in the bad sets of such z, and (6.44) implies that A is
not in the bad sets of all z € S(L). The difficulty in the proof is that our hypothesis
yields the bound D(m) < é(z) only in the set B¢, but we need to prove (6.43) for
both B and B€.

PROOF OF LEMMA 6.12. Let us first fix £ and define the set
1
Iy = {n:Ao<E+iﬁ> +AA(E+i0) < o VT 0 E il e S(L)}.

We first prove (6.43) for all z = E + in with n € Ig. Define

m = sup {n:8(E +in) = (log N) ™' (c + )}
nelg
Since § is a continuous decreasing function of n by assumption, §(E + in) <
(logN Y e+ n1) for n > n1. Let m1 and m, be the two solutions of the equation
D(m) = 6(z) as given in (6.37). Note by assumption we do have |D(m)| < 6(z)
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for z = E + ni and n € Ig, since we are in B°(z). Then it can be easily verified
that

lmy —my| > Cy/x + 1, n=>mn
< C(logN)vé(z), n=<n.

The difficulty here is that we do not know which of the two solutions m, ms is
equal to m. However for n = O (1), we claim that m = m;. For n = O(1), |m —
mq| = A < Ag < 1. Also, a direct calculation using (6.37) gives

(6.45)

8(z) 1
6.46 —me|=C .
(6.46) Imy —me| N < log N

Since |m; — my| > C/k +n for n = O(1) [see (6.45)], it immediately follows
that m = m for n = O(1). Furthermore, since the functions m, m, and m are
continuous and since m| # my for n > ny, it follows that m = m for n > ;. Thus
for n > ny,

8(2) <C 3(2)

Im(z) —me(2)| = [m1(z) —me(2)| < C\/K 01~ Jk+n+s

where in the last step we have used § <« + 1.

For < n1, we take advantage of the fact that the difference |m; — m3| is the
same order as the middle term of (6.46). Indeed, for n < ny, if m = m, (say), then
using (6.45),

6(2)
— me| < lmy —my| + |my —me| < (log N)v/38(z) < C(log N) ——t——
|m —mc| < |my —my|+|m; —m.| < (logN)yvd(z) < C(logN) r——

verifying (6.43) for n € Ig.

From the above computations for n ~ 1, we know Ir # &. Now we prove that
I is exactly the desired region, that is, [(pLN_l, 10(1 + d)], and this will ver-
ify (6.44). We argue by contradiction. Indeed, assume that I # [EN~1, 10(1 +
d)]. Let no = inf /g. Then the continuity assumption yields that

(6.47) Ao(z0) + Aa(zo) = (logN)™',  z0=E +ing

and thus A(zg) < Ag(z0) < (logN )~L. On the other hand, from the calculations
done above we deduce that (6.43) holds for n € I and thus

(6.48) A(zo) < (log N) ™.
By definition,

{Ao(z0) + Ad(z0) = (log N)_l} NT(z0) C (S0 (z0) U Ra(z0))"
and therefore

Ao(zo) + m]le\Gkk (z0) —m(z0)| < CKW(zp).
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From the assumption ¢’ > K2(logN)*, we have W(zp) < ,/3‘%“ + A]ff;;)) <
K_l(log N)~2 which immediately implies that A,(zg) + maxg |Grx(z0) —
m(zp)| < (log N )L Using this estimate and (6.48) we deduce that

Ao(20) + Ad(@0) = Ao(20) +max| G (z0) = m(z0)| + A < log N,

which contradicts (6.47), and therefore (6.44) is verified. This completes the proof
of the lemma. [

Now we complete the proof of Theorem 6.1.

PROOF OF THEOREM 6.1.  From (6.30), Lemmas 6.8 and 6.11, it follows that
for any ¢ > 0, there exist constants C¢, D, and C; that

ID(m)(2)] < oS W + colpey Yz eS(Co)

holds on the event A; given by

(6.49) Ac= () T(ze"™).
zeS(Cy)

Choosing a larger C;, applying Lemma 6.12 with

A=A N N B(2)
2€5(0),n=10(1+d)

and 8(z) = ¢St (Nn)~ /2, we obtain that

(6.50) AR) <S(Np)~V* Ve S(Cy)
holds in A. Furthermore, (6.44) implies that
(6.51) Ac [ BQ).

2€S(Cy)

This observation gives that A(z) < Agz(z) =o0(1) in A and ¥ < C(Nn)_l/2 in A.
Now since both A; and ("),es(0),y=10(1+4) B (z) hold with ¢-high probability
[proved, resp., in Lemma 6.8 and (6.38)] it follows that the event A holds with
¢-high probability. Now from the observation (6.51) we see that 2(z, ¢©¢)¢ holds
with ¢-high probability. Together with W < C(Nn)~'/? in A, we obtain (6.1). This
completes the proof of Theorem 6.1. [

7. Strong bound on [Z]. For proving Theorems 3.1 and 3.3, the key input is
the following lemma which gives a much stronger bound on [Z]. Throughout this
section, we will assume that limy_, o dy € (0, 00) \ {1}. The following is the main
result of this section:
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LEMMA 7.1. Let K, L > 0 be such that o > K*(log N)*. Suppose for some
event

Ec () (TG K)NB (),
z€S(L)

we have

A@=AR  VzeSW),
where A(z) is some deterministic number and P(E¢) < e~ PlogN  with
(7.1) 1< p < (log(NK)) ™ 'o/2,

Then there exists &' such that P(E') > 1 — %e”’, and for any z € S(L),

(7.2) (2]l < CpOK2T2, G SMeTA e
N
n

(1]

REMARK 7.2. In the application of the above lemma in Section 8, we will
set py and K = O (¢?M). This lemma is analogous to Lemma 5.2 in [16] [with
p = 0O(1)], Corollary 4.2 in [18] and Lemma 4.1 in [10], which are used in the
contexts of Wigner matrices and sparse matrices. The basic idea is to utilize the
fact that the entries of Green’s function are weakly correlated. But in our work, we
give a simple, general lemma (Lemma 7.3) on the cancellation of weakly coupled
random variables, which may not have the special structure of Green function, and
is thus useful in more general contexts. For instance, our lemma is used for proving
universality in non-Hermitian matrices in [5].

7.1. Abstract decoupling lemma. First, we are going to introduce the follow-
ing abstract decoupling lemma® which is similar to Theorem 5.6 of [11] and
Lemma 4.1 of [18]. However, our lemma as stated here is more general and fo-
cuses on weakly coupled random variables and thus is independent of the structure
of the matrix ensemble. Due to this generality, it has been useful in other contexts;
for instance in [5] where the authors used it in the context of local circular law.

Let Z be a finite set which may depend on N and

1, CTI, 1<i<N.
Let {xy, o € Z} be a collection of independent random variables and Zi, ..., Zy
be random variables which are functions of {x,, @ € Z}. Let [E; denote the expecta-

tion value operator with respect to {xy, o € Z;}. Define the commuting projection
operators

Qi =1-E;, P =E;, P’ =p,
0} =0;, [Qi, Pj1=1[Pi, Pi1=1[Qi, Q;]1=0

SThis lemma is joint work with Prof. H. T. Yau, and we thank him for kindly allowing us to include
it here.
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and, for A C {1,2,..., N},
0a:=]] 0. Py:=]]P.
icA icA
We use the notation

[QZ] = Z QiZ

LEMMA 7.3 (Abstract decoupling lemma). Let E be an event and p an even
integer, which may depend on N. Suppose the following assumptions hold with
some constants Cg, co > 0:

(i) (Bound on Q4 Z; in E). There exist deterministic positive numbers X < 1
and Y such that for any set AC {1,2,...,N}withi € Aand |A| < p, QaZ;in E
can be written as the sum of two new random variables

(7.3) 1(E)(QaZ) = Zi o+ 1(B)Q41(E) Zi 4

and

74 21,1 < V(CoX|AN)™, 124l < YNCOIAL
(ii)) (Rough bound on Z;).

(7:5) max| 2| < YN,

(iii) (Z is a high probability event).
(7.6) P[E¢] < e~0loz)*p,

Then, under assumptions (1), (ii) and (ii1) above, we have
(7.7) E[QZ] < (Cp)*! [+ NT']7YP
for some C > 0 and any sufficiently large N .

The intuition behind Lemma 7.3 is the following. If Z; are totally independent,
that is, Q4Z; =0if 3j € A and i # j, we see that >_ Z; is less than )_ |Z;| by
a factor N~!/2, In this case Z; depends only on {x,, « € Z;}. For the general case
considered in Theorem 7.3, Z; also weakly depends on sets {xy, o € Z;} fori # j.
Here Q;Z; can be considered as the set {xy, @ € Z;} “acting” on X;, and Q; Q; Z;
the action of {xy, o € Zy} on the action of {xy, @ € Z;} on X;, so on and so forth.
This lemma shows that if the “action” is hierarchical, then indeed ) Z; is much
less than Y |Z;| in the sense of (7.7).

Before we give a proof of Lemma 7.3, we introduce a trivial but useful identity

(7.8) ﬁ(xﬁy»—%[(]‘[xl)ys( H (xi+yi)>]

i=I s=1 i=s+1
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with the convention that [[;., = 1. It implies that

[T +y) =]

i=1 i=1

< nmax |y;|(max |x; + yil + max |xi] ).
l 4 l

For any 1 <k < n, it follows from []’_, (x; + yi;) = (xk + yx) [Tizk (xi + yi) and
formula (7.8) that

n n s—1 n
79 [Ja+yw= > (xk+yk)[< [ x,->ys( I1 (x,-+y,-))}.

i=1 s#k,s=1 i#k,i=1 ik i=s+1

PROOF OF LEMMA 7.3. First, by definition, we have

1 p
ElQZ) =+ > E[] 02

Jlseesjp  a=1

For fixed ji, ..., jp,let Ty = Q;, Zj,. Now choosing k =1, x; = P;, T; and y; =
Q;,T; in (7.9) (noting that x; + y; = T;), we have

p p+1
Nr=Xn[( T ean)eum( TT %))
a=1 s=2 a<s,a#l a>s,a#]

We define Ay s := ljg<5a211{/1} and By s := lo=s{j1}; thus By s = {j1} if a =,
otherwise A, s = &. Itis clear that Ay s = B s = <. Then

p p+1
1_[ Ta = Z 1_[ PAa.s QBa,sToz-
a=1 s=2 «

Generalizing, we replace s with s to obtain

p+1

p
1_[ Ty = Z 1(s1 #1) HPAQ,SI QBO,,SI Ty

a=1 s1=1 o

and
(7.10) Aa,sl ={j1:a <si,a#1}, Ba,sl ={j1:51 =a}.
Iterating for 1 < jy, j2,..., jp < N, we have
p p+l1
[[Tw= > JI16i#D][]PausQBusTu
a=1 §1,82,0,8p=1 i o
where s denotes s1, 52, ...,5p and Ay s, and By s are defined as

Ags=1{jita<si,a#i}, Bys={ji:si =a}.
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Then it follows that

P
’E 1‘[1 Qi Zj| = @p)P max [ [16si #D|E] | Pays Qb Tul-
o= i o
Now to prove (7.7), it remains only to show that for any {ji,..., j,} and s =
{s1,82,...,5p} such that s; # i, we have

(7.11) 'EHPAwSQBa,STaf(CP)ZPprZZv tr=|{j1, s Jpdl-
o

For simplicity, we denote A, s and By s by Ay and By and denote the characteristic
function 1(E) by E. Thus we need to show that

(7.12) ‘EHPAQQBaTaswp)ZPW”, =l ).
o

Since T1 = Qj, T} and the operators P4, and Q g, commute, we have

P
(7.13) E]]Pa,O8.Te =E(Qj, Pa, OB, Tl)(l_[ (Pa, QB(,)Ta>-

=2
Hence we can assume that j; ¢ ﬂa# Ay, and so 1 < s1 < p [see (7.10)], j| €
Uqs1 Be. Similarly for ji, we have ji € Uy Bo Where i =2, ..., p. Recall that
Jo ¢ By. With these two constraints, B, satisfies the inequality

(7.14) p+i=) |BaUljal[ =2t t:=|{j1..... jpll-

Now it remains only to prove (7.12) under condition (7.14). First, we write

p
E[]PaQ8,Tu =E [[(Pa,05,Zi).  Bu:=BaU{ja}.
o

a=1

Using (7.8) withx = PEQZ and y= PE‘QZ (x + y= PQZ ), we have

p
E[](Pa,Q3,Z))
a=1

(7.15)
p+1 s—1 p
= Z(EH(PA,-(E)Qﬁizji)(PAs(EC)QEXZJ'S) [1 (PAfQEiZji)>-
s=1 i=1 i=s+1

First for s < p, we use the following formula. For any bounded functions f and 4,

(7.16)  E[R(PEQS)| < Il [ (ECQF)|l5 < vVP(E)N Fllso Tt -
Let
s—1

P
h=[](Pa(8)0Q5Z;) [] (P4, Q5 Zj).  f=Zj.P=Ps.0=0p.

i=l i=s+1
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By (7.5) and p > 1, we have
|| <YP7INCP, | fI < YNC.
Then with (7.6), we have proved that [see (7.15)]

s—1 p
Z(E [1(P4;(B)Q5.2;:) (P4, (B) Q5. 25) |1 (PAiQE,-Zj,«))

s=1\ =1 i=s+1
< YPNCP exp[—c(log N)*/?p].
Thus the contribution from the above term can be neglected in proving (7.12). It

remains only to bound the RHS of (7.15) in the case s = p + 1; that is, we need to
show that

p
(7.17) ‘E]‘[(PAQEQEQZMs(Cp)zf’yf’XZ’, t:=1{1 s jp}]

a=1

under assNumption (7.14). Using (7.3) and (7.8), with x = PEZ and y =
PEQEZ we can write the LHS of (7.17) as

p
EH(PAQEQEQZJ-&)

a=1

p+1 s—1 N
(7.18) => (IE? [T(Pa; ()2}, 5)(Pa,(B)03,(E)Z; 5,)
s=1 i=1

p
x I1 (PAiEQEiZjl.))

i=s+1

Now we repeat the argument for (7.15). For s < p, one can use the following
formula which is similar to (7.16). For any bounded function f and i

E[R(PEQEf)| < Ihlloo[(EC ), < VP(E) I flloollllco-

Let
s—1

14
h=T1(Pa,(®Z,5) [] (PAEQEZ)).

i=1 i=s+1
f = ZszES’ P = PAX’ Q = QEY

With the assumptions in (7.4) and (7.14), we know the sum over 1 < s < p of RHS
of (7.18) is bounded above by

Y? NP exp[—c(log N)¥/?p],
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which can be neglected in proving (7.17). For the main term, with s = p + 1 on
the RHS of (7.18), using (7.4) and (7.14), we have

P
E[](PA,BZ), 5,) < (CHP(CoX p)* < (CYP?)" ™

a=1

and this completes the proof of Lemma 7.3. [

7.2. Astronger bound on [Z]. Inthissection we are going to apply Lemma 7.3
to prove a stronger bound on [Z]. We note that using (2.19) and (6.2), Z can be
written as

—1
(7.19) zZi=0|o | e=1-m. P=E,
Gij

LEMMA 7.4. Let Z; = (G;;)~ Y, Pi and Q; defined as in (7.19). We assume
that n = 3z > N=C for some C > 0. Suppose there exists an even integer p and
an event B, such that P(E®) < e_p(logN)3/2, and in 8,

A
max|Q; 2] <cyx, —® _ _cx«,
i min; |G;; (2)|
. <
p= (log N)X’

(7.20)
min|G;; (2)] > Y,

where X < 1 and Y are deterministic numbers. Then there exists Z' with
P(EN)<e Pandin &,

(7.21) ‘%;Qizi <Cp(X*+NHY.

PROOF. We are going to apply Lemma 7.3. The claim given in (7.21) will
follow from (7.7) and Markov’s inequality. Using the hypothesis, one can easily
verify (7.5) and (7.6) in the hypotheses of Lemma 7.3. It remains only to show that
forie AC{l1,2,...,N}and |A| < p, there exist Z; 4 and ZN,-,A such that

~

L(E)(QaZi) = Zia + 1H(E)Q4(E) Zi 4,

(7.22) ~
Zia<y(Cx|A)Y, Z 4 < yNCIAl

for some C > 0. By assumption, formula (7.22) holds when A = {i}. Thus we as-
sume that [A| > 2. As in Lemma 5.1 in [11], let A= A(H) = A(X"X) be a func-
tion of XX, and define

(_A)S,U — Z (_1)|V|A(V), AV .— A((X(V))T(X(V)))
S\ucvcs
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forany S, U C {1,2,..., N}. Then we have
A= (A%,
ucs
By definition, (A)S-V is independent of the jth column of X if j € S\ U. There-
fore,
QsA=Qs5(A)%5.
In our case,
1\ AMiLA\{)
04Zi =0i0a\(i}2i = 0a <G—) .
2]

Now we choose

12

1\ AMiLA\) - 1\ AMiLAN(}
P ()

Z0=105)045( -

It is easy to prove the bound for ZN,-, 4 in (7.22) using its definition. For bound-
ing Z; 4, it remains only to prove that, for 2 < |A| < py,

1 \A/tiLAN}
(7.23) ’1(3)( )
G
To prove this, we first show that for |T| < p,

<y(cx|A).

(7.24) max |G| < Cmax|Gijl,  min|G'"| > cmin|G;|
ijgr Y iJj igT' U i

with the constants C, ¢ independent of N,i, j. We start from |T| = 1, that is,
T = {k}. First using (2.21) and the hypotheses of this lemma, we have

_ —Gi;jGji (-1 2 (=1
Gin = —L L (6 =1+ o) (G
i GGG (Gii') (A))(G3)
GikGij
G| =[Gy = LB <, 1+ 0(1).
Gk
It follows that
max|G¥| < (1+ 0(X)max |G|,  min|GP| = (1 — O(X)) min|Gy.
i,j#k Y ij i#k' Y i

Then using induction on |T| and the assumption X' p < 1, we obtain the desired
result (7.24).

Now we return to prove (7.23) for the case |A| = 2. If i # j, using (2.21), (7.24)
and (7.20), we have

1 \J+J _ S —-G::G
(G,) =G~ = (G) " = ——5 = 0(A?).
i GiiGjjGji
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The general case has been proved in Lemma 5.11 of [11] (also see below), which
gives that

1\ A/ AL (max; jgr 1y 1G DI
( ) < (clap T
Gii (minjgr Tca/i) |G DA
Together with (7.24) and (7.20), we obtain (7.23) for |A| = 2.

Finally we need to point out that the definition of GS./) (ij ¢ V) in [11] is
different from the definition in our paper, although they are equivalent. We have

G = (X)) (x¥) =)
and [11] has
GV = (H(V) _ Z)_l,

where HY) is the minor of H obtained by removing all ith rows and columns of H
indexed by i € V. But one can see that if H = XTX, then HY) = (xV)T(xM))y,
Thus we finish the proof of Lemma 7.4. 0

Finally we give the proof of the main result of this section.

PROOF OF LEMMA 7.1. It is a special case of Lemma 7.4 with X = KV
and Y = C for a constant C (possibly large, but independent of N). First,
the bound max; |Q;Z;| < CYX is proved in (6.30). By assumption, if E C
Mzes)(T'(z, K) NBC(z)), then

Ao, Ag< KV <KU=X<CK(Np~ '?«1
in E. Thus we obtain
Ao (2) . _1
——~ — <CXK1, min|G;@|=Y".
min; |G;;(2)] i
Furthermore formula (7.1) and n > N _1<pL [since z € S(L)] imply that p <
C((log N)X)~ 1, and the proof of Theorem 7.1 is finished.

8. Strong Marcenko—Pastur law and rigidity of eigenvalues. In this sec-
tion, our goal is to prove Theorems 3.1 and 3.3. Throughout this section, we will
assume that limy_. o dy € (0, 00) \ {1}.

Let us first give a brief sketch of the proof strategy for the main technical esti-
mate (3.2). We will prove, by an induction on the exponent 7, that A(z) < (Nn)~*
holds modulo logarithmic factors with high probability. Notice that we have al-
ready proved this statement for t = 1/4 in Theorem 6.1. Lemma 6.12 asserts that
if this statement is true for some t, then it also holds for H'Tf assuming a bound
on [Z]. Now, an application of Lemma 7.1 will yield that the required bound
for [Z] holds with high probability. Repeating the induction step for O (loglog N)
times, we will obtain that t is essentially one, implying Theorem 3.1. However, we
must keep track of the increasing logarithmic factors and the deteriorating proba-
bility estimates of the exceptional sets.
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8.1. Proof of Theorem 3.1. We start by establishing (3.2) and (3.3).

PROOF OF (3.2) AND (3.3). Without loss of generality, we assume ¢ > 1.
Using Lemma 6.8 and Theorem 6.1, for any ¢ > 0, there exists C; such that

(8.1) EiC [ B‘@NI'(Cr)
ZGS(C()
holds with (¢ + 4)-high probability. Then from Lemma 6.11, we see that for z €
S(3Cy),
(8.2) D(m)(2)| < p* W2 +|[Z]]  inEy.
Let Aj =1,sothat A < A in E;. Therefore, we can apply Lemma 7.1 with
p=pi=—log[l —P(Ep)]/(log N)>.

Without loss of generality, we can assume that P(E;) is not too close to 1; other-
wise, we can replace E1 by a subset of itself. It follows that

p1=Ce* ™ /(log N)2.

We assume that C; > 6¢ and therefore (7.1) holds. Then (7.2) gives that, for z €
S(3C¢), there exists E; such that

Er C Ey, P(Ey)=1—e"
and
20, +11¢ 2 Smw + A -
[[Z]]| < ¢~"¢ v, V)= | ——— in B,.
Nn
Since in B, C E1, by (8.2), A < A1 and thus W < W in E,, and consequently
3 A
(8.3) Dm)(2)| < <p2€c+“”"vlvv—+l in Ey.
n

Then applying Lemma 6.12, (6.44) shows that, for z € S(3C),
AZ) < Ag(z) =St A2 (N2 in By,
Now the proof proceeds via iterating the above process. Indeed, by choosing
p2=—log[1 = P(E2)]/(log N)* = C¢***/(log N)*
we deduce that there exists E3 such that
83 C &g, P(E3)=1—e 72
and, for z € S(3C;),

1/2 _ _ A
AZ) < A3(z) = S HE N2 (N T2 < PG 12 (N4 i B,
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We iterate this process K times, K := loglog N/(log1.9). For k < K, we infer
that for some

Ex C Ex—1, P(Ep) =1—e Pk,
where
Pk = —IOg[l — P(Ek—l)]/(log N)2 — C(p§+4/(10g N)Zk > w;
and, for z € S(3Cy),

1/2 _ _ k
A(Z) < App1 () = @08 A2 (N =12 < @2Cot128 () ~1+(1/2)
in Ek+].

Note that
NA/2DK <.
Thus for k = K and z € S(3C;), the bound

_ K _
(8.4)  A(2) < App1(z) < @t (N ~IHA/DT < 2CHI20H (=1

holds with ¢-high probability, and this completes the proof of (3.2). Furthermore,
since Ex41 C &1 with (8.1), we obtain (3.3). [

Next we assume (3.4) holds and prove (3.5) first.

PROOF OF (3.5). Using (3.3), we have for any i,

8.5 G, (E+ipsNH<cC.
(8.5) ) max S i(E+ig ) <

By definition,

N Ve (D)[*n
0= G B

Then choosing E = A, and n = ¢t N~!, using (8.5), we deduce that for any
index o

Va()|* <n =9 N1,

which implies (3.5). Here formula (3.4) guarantees that A_ /5 < E <5A4. O

Now to establish Theorem 3.1, all that remains is the proof of (3.4) which we
give below.

PROOF OF (3.4). The proof proceeds via taking the following four steps:



UNIVERSALITY OF COVARIANCE MATRICES 989

e Step 1. For any ¢ > 0, there exists some D; > 0 such that
max{; :hj < Shi} < hq + N7
and
min{A;:A; > 1A /S} >4 — N—2/3¢D;

hold with ¢-high probability.

e Step 2. Recall n(E) and n.(FE) from (2.12) and (2.13). We will show that
C(log N)pCt
N
Ey, Ez € [1g=1A—/4,404],

|(n(E1) — n(E2)) — (ne(E1) — ne(En))| <

’

(8.6)

which implies that
(8.7) #j:0j & as1r—/5, 5041} < @%<.

We note that though we need only (8.7) for (3.4), but (8.6) will be used later to
prove Theorem 3.3.

e Step 3. Next, using the above two steps we will show that max; A; < 5A, with
¢-high probability. This step will imply (3.4) in the case d < 1.

e Step 4. Finally, we show that, for d > 1, thatis, N > M, we have Ay > A_/5,
with ¢-high probability.

Step 1 of proof of (3.4). By repeating the iteration in the proof of (3.4) one more
time, that is, replacing A in (8.3) with Ax41 in (8.4), we obtain
Sme + (1/Nn)
N7

for some large C;. From (6.43) again, we obtain that for some D; > 1

ID(m)(2)] < ¢

(8.8) A(z) < o

—8 8= (Sﬂ + ! )

Vit +38 Nn — (Nm?

For any E such that E > A, + N~23¢*P:and
n:z(p_DiN_l/zlc]M, k=FE— Xt

(thus k > N~2/3¢*Pc) it is easy to check that

K
St

(8.9) k> P, Npvies e, N7

Using (6.17) and (8.9), we have

(8.10) Sme(z) = C—L

JK
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which implies

Ny~
Therefore, k > §. Together with (8.8) and (8.9), we have

A(z)<C<pD‘“<n+ > L L
Nnyk/Nn — Ny
Combining (8.10) and the last inequality of (8.9) yields

1
Sme(z7) K —

Nn
and therefore we can conclude that
1
Sm —.
Sm(z) K N

Note that if Im(z) < 2N 77)_1 (recall z = E + in), then the number of the eigen-
values in the interval [E — n, E + n] is zero, which is implied by the following
observation:

1 n 1
(8.11) Im@)=—» ———s—s > —.
N%:(AQ—E)ZJrnQ ail)»X—:E<n 2N7n

Since Im(z) K N holds for any E > A, + N~2/3¢*P¢ we have proved that for
any ¢ > 0, there ex1sts some D; > 0 such that

max{A;:A; <5SAL} <Ay + N_2/3<P4D5

holds with ¢ -high probability. An analogous bound for the smallest eigenvalue can
be proved similarly.

Step 2 of proof of (3.4). The proof is similar to that of Theorem 2.2 in [18].
The strategy is to translate the information on the Stieltjes transform obtained in
Theorem 3.1 to prove (8.6) on the location of the eigenvalues.

In the following lemma, A, A, represent two numbers with |A; + A>| < O(1).
Forany Eq, E> € [A1, A3],and n = N~! we define

f()\) = fEl,Ez,n()‘)
to be the characteristic function of [E1, E2] smoothed on scale n, thatis, f =1 on
[E1+n,Ex—nl, f=00onR\ [E|, Ex]and | f'| <Cn~ L, | f| <Cn~2.

LEMMA 8.1. Let 0® be a signed measure on the real line and m® be the
Stieltjes transform of 0™ . Suppose for some positive number U (which may depend
on N) we have

cU
(8.12) {mA(x+iy)|§N— fory <1,x €e[Ay, Azl
y
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Then

CU|logn|
(8.13) ‘ /R fr Ean (90 (0 2] < = 2ET

PROOF. For notational simplicity, we drop the A superscript in the proof. Let
x (¥) be a smooth cutoff function with support in [—1, 1], with x (y) =1 for |y| <
1/2 and with bounded derivatives. Using Helffer—Sjostrand functional calculus,
we obtain

f()»)=2L/ iyf”(X)X(y)+i(f(X)ji-iyf/(X))X/(y)dxdy.
T JR? A—Xx—1iy

Since f and yx are real,
[ rmecrar| =c [ (1501 + 1 @D 0 me + i) drdy

(8.14) +C

/|| /)’f//(x)X()’)%m(x+iy)dxdy‘
yi=n

+C

f / yf" () x (0)Im(x +iy) dx dy‘.
lyl=n /R
Using (8.12), the first term can be estimated as

(8.15) fRz(lf(x)l + I DX )] |m(x +iy)|dxdy < CU.

For the second term on the RHS of (8.14), notice that from (8.12) it follows that,
forany 0 <y <1,

(8.16) y|Sm(x +iy)| < CU.
With | f”| < Cyp~2 and
(8.17) supp f'(x) C {lx — E1| < n} U {lx — E2| <n},

we get

/ll /yf”(X)x(y)‘?sm(x+iy)dxdy‘ <CU.
yI=<n

Now we integrate the third term in (8.14) by parts first in x, then in y. Then we
bound it in absolute value by

¢ [ lrw

C
S |
N Jn<y<1 Jsupp f’

R (x +in)|dx + C/Rz yIf ) x' (nRm(x +iy)|dx dy
(8.18)

Rm(x +iy)|dxdy.
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By using (8.12) and (8.17) in the first term, (8.15) in the second and (8.12) in the
third, we have

1
(8.18)§CU+CU17_1f dx —dy < CU|logn|.
supp f” n<y<L)y

This completes the proof of Lemma 8.1. [

We will apply Lemma 8.1 with [Ay, Ay] C [14-1A—/4,4A4] and the signed
measure o equal to the difference of the empirical density and the MP law,

1
ot (V) =o(h) —ec(dr,  o(dA)i= ) 80 — ).

Now we prove that (8.6) holds. By Theorem 3.1, if y > yg := ¢%¢ /N, the as-
sumptions of Lemma 8.1 hold for the difference m® =m — m. and U = ¢t . For
y <yp,setz=x—+1iy, zo =x + iyo and estimate

Im(z) —m(2)|
(8.19) N
< |m(z0) — me(z0)| +/ |8, (m Cx + i) — me(x + in))| di.
y
Note that
1
| (x +im)| = ‘N > G+ iﬂ)'
J

1 L2 1 N . 1 .
S—Z{ij(x—l—zn){ =—Z;stj(x+ln)=—Sm(x+zn)
N Nn5 7

and similarly

|3nmc(X+i77)|=‘/ (s QC(S)

: ds‘ < 0c(s)
—x — ”7)2

1
< | —————ds=—-Sm.(x +in).
s —x —inl? n
Now we use the fact that the functions y — y3m(x +iy) and y — ySmwy (x +
iy) are monotone increasing for any y > 0 since both are Stieltjes transforms of

a positive measure. Therefore the integral in (8.19) can be bounded by

Yo dn ) .
f q[i‘sm(x +in) + Imw (x +in)]
(8.20) Y
Yo dr’
< yoldm(z) + Sy o)) [ -2
y
By definition, Im.(x + iyg) < |mc(x + iyp)| < C. By the choice of yy and
Theorem 3.1, we have
9
(8.21) Sm(x +iyg) < Ime(x +1iyo) + N <C
Yo
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with ¢-high probability for any ¢ > 0. Together with (8.20) and (8.19), this proves
that (8.12) holds for y < yg as well if U is increased to U = C¢¢.
The application of Lemma 8.1 shows that, for any n > 1/N,

C(log N)pC¢
(822) ‘ [t 52009000 [ 1 6100000 L Clog Mg

Using the fact y — y3Im(x + iy) is monotone increasing for any y > 0, we now
use (8.21) to deduce a crude upper bound on the empirical density. Indeed, for any
interval I :=[x —n,x + n], with n =1/N, we have

. . Co
8.23) nx+n) —nx—n) <Cndm(x+in) < CyoSm(x +iyg) < N

Formulas (8.22) and (8.23) yield (8.6) and we have achieved Step 2.

Step 3 of proof of (3.4): now we prove A; < 5A4 holds with ¢-high probability.
Note that there is nothing special about the number 5 and below we show that some
large K,

M <KAit
with ¢-high probability. Let
(8.24) z=E+in, E>Kxy, n=ENT?3,

With (8.6) and choosing E; = A_ and E; = KA, we have proved that there are
at least 9?1 eigenvalues larger than KA. Then by definition,

C C; Ce
825 am®<—24% " qm®|<cE' + 2 <o(E
E?2  Np Nn

for any index set T with |T| = O(1). Now using the large deviation lemma, as in
(6.27) and (6.30), we have

C C
(8.26) |Zi| < |E|<E—1N—1/2 + ﬂ), (xi, GO x;) < ETINTV2 4 iy
B Nn B Nn

First we estimate G;;, with (2.19), (6.2) and (6.28),
Giil =[1 =z —d —zdm®(2) = Z;| '
and
(8.27) sE7 <1Gul <2E7,
where we used (8.25), (8.26), n = EN —2/3 and the fact K is large enough. Simi-
larly for G;;, from (2.20) and (6.27) it follows that

Ce
(8.28) Gijl < E7! <‘0— n E—lN—W).
Nn
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Furthermore with (2.21) and (2.20),

) = [ 222

Using these bounds,

C 2
G]lGlJ 1‘¢_{+E—1N—1/2
n

1 : Zi
Gii = o(m¥ — ! E30(Z3
" l—z—d—zdm+ (m m)+(1—z—d—zdm)2+ ()
and
1
-5 Yo
(8.29) ! c 5
_ : n 0(E‘1)<ﬂ + E_lN_l/Z) + 0(E2(Z)).
1—z—d—2zdm Nn
Since |N(1 —z —d — zdm)| = |S(1 — z —d — zdm)],
(8.30) N ! <CEn+ L3m@)
. ~S —5m .
l—z—d—zdm — T3 ¢
Together with (8.29) and (8.26), with ¢ -high probability,
T
Sm(z) < CE*n+ E™! <N— + E_IN_1/2>
(8.31) 1
NT}Z an/Z (ch 1
- (? TR —) Ny’
If E > N¥ for some ¢ > 0, with ¢-high probability, we have
1
8.32 3 —.
(8.32) sm <K N1

From the observation made in (8.11), it follows that there are no eigenvalues in
the interval [E — n, E + n] with ¢-high probability, or equivalently there are no
eigenvalues larger than N with ¢-high probability.

Now, it only remains to prove (8.32) for KA < E < N¥¢. Using the above result,
max; A; < N°, with {-high probability we have

1Gii| = N7,

C
Therefore, applying (7.21) and (7.19) with X = N*(N~1/2 + %), Y = N? and
p = N? and by using (8.24), (8.28), (8.26), (8.27), we have

CrN\2
21 < wer (v s S5
Nn
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Inserting this in (8.29), with (8.25), (8.30), we obtain that the conclusion (8.32)
with ¢-high probability for KA, < E < N, Again using (8.11), we deduce that
there are no eigenvalues located in the interval [ K A4, N?] with ¢ -high probability.
Thus we have achieved Step 3.

Step 4 of proof of (3.4). Now we prove the last component of the proof for (3.4),
that is, in the case of d > 1 and thus N > M, we have Ay > A_/5. As remarked
earlier, it remains only to prove that for some large K, the following bound holds
with ¢-high probability,

(8.33) o =i /K.
Recall G = (XXT — 7). Let
(8.34) :=E+in, O0<E<i_/K, n=N"'/2¢

for some small enough ¢ > 0. Recall we have proved that among A;, i < M, there
are at least (po(l) eigenvalues less than A_. Then for some C, ¢ >0

1 @€t 1
8.35 S—T <Cn+-—, <R-T <C.
(8.35) Sy 19 = n+Nn c =S TrG@) <
C
In the above, the term (?v_{ is contributed by these ¢ eigenvalues. Using

Cauchy’s interlacing theorem of eigenvalues, it is easy to see that (8.35) also holds
for G for |T| = O(1). Using the large deviation lemma, with ¢ -high probability,

g
|Z;| < |Z|(N_1/2 + N—) < |z|N 122
(8.36) n

C
ol —12, ¥F¢ —1/242¢
(xi,G"xj) <N + <N .
n

First using (2.19), we obtain,

(8.37) Gii = (—z — zd% Trg"(z) — Zi>_1.
Then using (8.35) we deduce that with ¢-high probability,
(8.38) cle| ™t <1Gul = Clzl ™"
Similarly from (2.20), it follows that with ¢-high probability,
(8.39) |Gijl < |zl T INTIEHCE,

We have

. : M—N+1 1
TGV - TG (@) = = =T G@) TG + .
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Together with (8.37),
1 © 1 -1
Gii= (—Z - Zdﬁ TrG(z) — zd(m -—m— —) — Zi) )
Using the bound [see (8.35)],

1
clz|l < ‘—z —zdﬁ TrG(z)| < Clzl,

equation (8.36) and Im® — m| < (Nn)_l, we take the average of G;; and use
Taylor expansion to obtain [similar to (8.29)]

1
= + 4,
1—z—d—zdm(2)

1 4
(8.40) 8= |z|_10<ﬁ > (m —m) — (Nz)_l)
i
+ |Z|_20([Z]) + |Z|—10(N—1+C8)
with ¢ -high probability. Similarly, by estimating the difference G;; — G j;, we have

m

(8.41) 1Gii —m| < |z| "' NT1/2HCe

with ¢-high probability. First for the term m® — m in (8.40), using (2.21), (8.38)
and (8.41), we have

1

2 2
o GjiGj —1G% -1G

= Zii _ "~ i 4 o(1zIN732HC (G|

O]

m

Averaging m® — m, we obtain that

. 2
(8.42) %Z(m(i) —m) = N—lTr[G Ly oz n-3m+ce) > 16l

i i

Since we have proved that there are at least ") nonzero eigenvalues less than
0.9X_, then under (8.34), with ¢-high probability

1 N—-M
843)  T[G*]=) o= 2t 0 (9% )n~2 + O(N).

Z

These three terms come from zero eigenvalues, small eigenvalues (which are less
than 0.9A_) and the eigenvalues in the interval [A_, A, ], respectively. We denote
the three terms appearing on the RHS of (8.43) as Ty, 75 and T,, respectively.
Similarly, we have [note that here z < O(1) is small enough]

N-—M N-—-M

. + 0 +oWN) = -

(8.44) Nm=Tr[G]= (1+0()
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with ¢-high probability and

N N 12
e I I M2l

772
o aeTy aeTy aeTy,

‘(Gz)ii’ =

The last bound implies that

N
Y (Gl < C—5 + 0(¢“)n ™ + O(N).

- |z|?
Together with (8.42), we have
1 , —1Tr(G? e
_ O _ ) — 1 A7—3/2+C
(8.45) ~ Xi:(m D—m)= N +0(zI”'N ?).

Dividing (8.43) by Nm [see (8.44)], for |z| small enough, we have

r(G?) -1
(8.46) @) _ 2L o)+ o).
Nm z
Recall § from (8.40). Now combining (8.45) and (8.46) with (8.40), we obtain

Now we apply Lemma 7.4 (with X = N~1/2+C¢ ) — C|z| and p = N?) to esti-
mate [Z]. Using Lemma 7.4, (8.36), (8.38) and (8.39), we get

|Z|_2|[Z]| <|z|"IN"1HCe,
Combining the above with (8.47) gives
(8.48) § < O(|z 2 NTI/2HCe 4|7 INTITCE),
Using (8.40) and the definition of m.,

1 1
= - +3,
l—z—d—zdm(z) 1—z—d—zdm.(z)

m—mg

which implies that

zd
—1 —Mc) =0.
((1_Z_d—de(Z))(l—Z—d—zdmc(z)) )<m me) =8

As above, we have c|z| < |1 —z—d —zdm(2)|, |1 —z—d — zdm.(z)| < C|z| for
all |z] < gg for a constant &g independent of N. Therefore, we have

lm —mc| < [z4].
Using (8.48), we have
Im —me| < O(|z7HNT3/2TC L NIHCE) « (N1
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Furthermore, it is easy to prove that

C‘s(m Iz d_l) —0(m) < (N~

Together with TrG =Tr G — 2z~ Y (N — M), we obtain
1
ITrg(z) K E

with ¢-high probability. As in (8.11), we have A, ¢ [E — n, E + ] for E €
[0, A_/K] with large enough K = O(1) obtaining (8.33). This completes step 4
and we have thus proved (3.4). U

Thus we have verified (3.2), (3.3), (3.4) and (3.5) and have finished the proof of
Theorem 3.1.

8.2. Proof of Theorem 3.3. We confirm formulas (3.7) and (3.6) separately.
PROOF OF (3.7). Recall (8.6) and the fact that there is no eigenvalue in

(0, A_/4] U [4A 4, +o00]. We deduce that

C(log N
N

holds with ¢-high probability. The supremum over E is a standard argument for
extremely small events and we omit the details. [J

(8.49) max|n(E) — n(E)| <
EeR

Now we give the proof of (3.6).

PROOF OF (3.6). The proof is very similar to the one for generalized Wigner
matrix obtained in formula (2.25) of [18]. For the reader’s sake, we reproduce
that argument below. By symmetry, we assume that 1 < j < N/2 and set E = y;,
E'=Xj. Alsoty = (logN )gocf for compactness of notation. From (8.49) we have

(8.50) ne(E) =n(E') =ne(E') + O(ty/N).

Clearly E > A¢ := (A4 +3A_)/4, and using (8.49) we see that E’ > A¢ also holds
with ¢-high probability. First, using (3.4) and

(8.51) ne(x)~ @y —x)¥?  foric <x <Ay,
or equivalently,
J
ne(E) =ne(y)) =~ Oy = B2,
we know that (3.6) holds (possibly with a larger constant) if
E,E' =), —tyN~%3.
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Hence, we can assume that one of E and E’ is in the interval [Ac, Ay —
tyN~2/3]. With (8.51), this assumption implies that at least one of n.(E) and

n.(E’) is larger than ti/ 2 /N. Inserting this information into (8.50), we obtain that
both n.(E) and n.(E’) are positive and

ne(E) =n(E)[1+ 0(15,')]

and in particular, Ay — E ~ Ay — E’. Using the fact that n/.(x) ~ (A4 — x)!/2
for Ac <x < X4, we obtain that n..(E) ~ n.(E’), and in fact n,.(E) is comparable
with n.(E") for any E” between E and E’. Then with Taylor’s expansion, we have

(8.52) ne(E') — ne(E)| < C|n.(E)||E' — E|.

Since n.(E) = 0.(E) ~ /k and n.(E) ~ 3/2, moreover, by E = y; we also have
n.(E) = j/N, we obtain from (8.50) and (8.52) that

Clne(E) —ne(E) _ Ciy _ Cty _ Ciy
ne(E) T Nny(E) ~ N(nc(E)'/3 = N23j13°

which proves (3.6), again with a larger constant. [J

B - E| =

We have proved (3.6) and (3.7) and the proof of Theorem 3.3 is complete.
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