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DIMENSIONAL REDUCTION IN NONLINEAR FILTERING:
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We propose a homogenized filter for multiscale signals, which allows us
to reduce the dimension of the system. We prove that the nonlinear filter con-
verges to our homogenized filter with rate /¢. This is achieved by a suitable
asymptotic expansion of the dual of the Zakai equation, and by probabilisti-
cally representing the correction terms with the help of BDSDE:s.

1. Introduction. Filtering theory is an established field in applied probability
and decision and control systems, which is important in many practical applica-
tions from inertial guidance of aircrafts and spacecrafts to weather and climate
prediction. It provides a recursive algorithm for estimating a signal or state of a
random dynamical system based on noisy measurements. More precisely, filtering

problems consist of an unobservable signal process X dof {X;:t > 0} and an ob-

servation process Y def {Y; :t > 0} that is a function of X corrupted by noise. The
main objective of filtering theory is to get the best estimate of X; based on the

information ), def o{Ys:0 <s <t}. This is given by the conditional distribution
m; of X; given ), or equivalently, the conditional expectations E[ f (X;)|);] for a
rich enough class of functions. Since this estimate minimizes the mean square er-
ror loss, we call 7r; the optimal filter. The goal of filtering theory is to characterize
this conditional distribution effectively. In simplified problems where the signal
and the observation models are linear and Gaussian, the filtering equation is finite-
dimensional, and the solution is the well-known Kalman—Bucy filter. In more re-
alistic problems, nonlinearities in the models lead to more complicated equations
for m;, defined by Zakai (1969) and Fujisaki, Kallianpur and Kunita (1972), which
describe the evolution of the conditional distribution in the space of probability
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measures; see, for example, Bain and Crisan (2009), Kallianpur (1980), Liptser
and Shiryaev (2001).

It is impractical to implement a numerical solution to such infinite dimensional
stochastic evolution equations of the general nonlinear filtering problem by finite
difference or finite element approximations. Therefore, extended Kalman filter al-
gorithms, which use linear approximations to the signal dynamics and observa-
tion, have been used extensively in several applications. These provide essentially
a first-order approximation to an infinite dimensional problem and can perform
quite poorly in problems with strong nonlinearities. Particle filters have been well
established for the implementation of nonlinear filtering in science and engineering
applications. Doucet, de Freitas and Gordon (2001) and Arulampalam et al. (2002)
provide comprehensive insight into particle filtering. However, due to dimensional-
ity issues [see, e.g., Snyder et al. (2008)] and computational complexities that arise
in representing the signal density using a high number of particles, the problem of
particle filtering in high dimensions is still not completely resolved. As a result
of these difficulties, we have established a novel particle filtering method Park,
Namachchivaya and Yeong (2011) for multiscale signal and observation processes
that combines the homogenization with filtering techniques. The theoretical basis
for this new capability is presented in this paper.

The results presented here are set within the context of slow-fast dynamical
systems, where the rates of change of different variables differ by orders of magni-
tude. Multiple time scales occur in models throughout the science and engineering
field. For example, climate evolution is governed by fast atmospheric and slow
oceanic dynamics and state dynamics in electric power systems consists of fast-
and slowly-varying elements. This paper addresses the effects of the multiscale
signal and observation processes via the study of the Zakai equation. We construct
a lower dimensional Zakai equation in a canonical way. This problem has also been
studied in Park, Sowers and Sri Namachchivaya (2010) using a different approach
from what is presented here. In moderate dimensional problems, particle filters
are an attractive alternative to numerical approximation of the stochastic partial
differential equations (SPDEs) by finite difference or finite element methods. For
the reduced nonlinear model an appropriate form of particle filter can be a viable
and useful scheme. Hence, Lingala et al. (2012) presents the numerical solution of
the lower dimensional stochastic partial differential equation derived here, as it is
applied to a chaotic high-dimensional multiscale system.

In general, this paper provides rigorous mathematical results that support the
numerical algorithms based on the idea that stochastically averaged models pro-
vide qualitatively useful results which are potentially helpful in developing inex-
pensive lower dimensional filtering as demonstrated by Park, Namachchivaya and
Yeong (2011) in the context of homogenized particle filters and by Harlim and
Kang (2012) in the context of averaged ensemble Kalman filters. The convergence
of the optimal filter to the homogenized filter is shown using backward stochastic
differential equations (BSDEs) and asymptotic techniques.
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Let us describe the main result. We assume the signal is given as solution of the
two time scale stochastic differential equation (SDE)

dX; =b(X],Z])dt +0(X], Z{)dV;,

1 1
4z} = (X Z])di + —a(X]. Z]) W,

Here X°? is the slow component, and Z? is the fast component. We assume that for
every fixed x, the solution Z* of

dZF = f(x, ZF)di + g(x, Z}) dW,

is ergodic and converges rapidly to its unique stationary distribution. In this case it
is well known that X¢ converges in distribution to a diffusion X° which is governed
by an SDE

dX?=b(X?)dt +&(X°)av,.

This X is used to construct an averaged filter 7°. We denote the optimal filter for
the full system by 7°. Define the x-marginal of ¢ as %%, that is,

/(p(x)nf’x(dx) =/<p(x)7rf(dx,dz).

Our main result is then the following:

THEOREM. Under the assumptions stated in Theorem 3.1, for every p > 1
and T > 0 there exists C > 0, such that for every ¢ € Cg

(Eo[|75*(9) — 72(@)|"])"? < VeClplls,c0-

In particular, there exists a metric d on the space of probability measures, such
that d generates the topology of weak convergence, and such that for every T > 0
there exists C > 0 such that

Eqld (w7, 77)]

A

<VeC.

We begin in Section 2 by presenting the general formulation of the multiscale
nonlinear filtering problem. Here we describe the measure-valued Zakai equation
and introduce the homogenized equations that we seek to derive for the reduced
dimension unnormalized filter. Section 3 presents the formal asymptotic expansion
of the multi scale Zakai equation that results in several SPDEs. We also present the
main results of this paper in this section. Section 4 provides the probabilistic rep-
resentation of the SPDEs, that is, we describe the solutions of the infinite dimen-
sional SPDEs by finite dimensional backward doubly stochastic differential equa-
tions (BDSDEs). We restate some of the results in this context due to Rozovskii
(1990) and Pardoux and Peng (1994) at the end of this section. We present some
of the preliminary results of Pardoux and Veretennikov (2003) on convergence of
the transition function of Z* in Section 5. These estimates are used in the proof of
the main results presented in Section 6.
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2. Formulation of multiscale nonlinear filtering problems. Let (L2, F,
(F1), Q) be a filtered probability space that supports a (k + [ + d)-dimensional
standard Brownian motion (V, W, B). Let the signal (X?, Z?) be a two time scale
diffusion process with a fast component Z¢ and a slow component X?,

dX! =b(X;,Z;)dt +0o(X;,Z7)dV;,
(D

1
dz; = —f (X}, Z})dr + —=g (X}, Z{) dW,,

1
JE
where X¢ € R, Z¢ e R", W, € R and V; € R are independent standard Brown-
ian motions, b:R"t" — R™ ¢ :R"T" — R™¥Kk R+ 5 R g:RMH
R">!All the functions above are assumed to be Borel measurable. For fixed
x € R™, define

() dZ} = f(x, Z})dt + g(x, Z) dW;.

Assume that for all x € R™, Z* is ergodic and converges rapidly towards its sta-
tionary measure u(x, -). We will make this precise later.
The d-dimensional observation Y? is given by

t
ye :/ h(XE, Z°)ds + B,
0

with Borel-measurable 4 : R"1" — R4, B is assumed to be a d-dimensional stan-
dard Brownian motion that is independent of W and V.

Define Yf = o (Yf:0 <s <1) vN, where \ are the Q-negligible sets. For a
finite measure 7 on R™*" and for a bounded measurable function ¢ on R"*" de-
note 7 (¢) = [ @(x,z)m(dx, dz). Then our aim is to calculate the measure-valued
process (rr/, t > 0) determined by

i (¢) =Elo(X7, Z)1Vf].

Define the Girsanov transform
dr =D8=exp< / h(XE, Z5)* d By ——/ |h(XE, Z5)| ds)
dQ 7 ! ’

Under P?, the observation process, Y¢, is a Brownian motion and independent of
(X?, Z?). By the Kallianpur—Striebel formula,

Epe[o(X7, Z7)(dQ/dP*)| 7 |)f]
Ep: [(dQ/dP?)|71)7]

Eole (X7, ZD)IVi ] =

with
dQ
d]P)8 ‘FI
So if we define

P (¢) = Epe [<p(xf,zf)exp</ h(XE, ZE)* dYE — —/ I Xf,Zf)|2ds>‘yf],

:Df:exp(/ h(X¢, Z%) dYg——/ |n(X:, Z2)| a’s)
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then
pi (¢)
pE(D)’
Denote by Lf = éﬁ r + Ls the differential operator associated to (X*, Z¢). That
is,

7wl (p) =

52
EF—ZJC:(X z) 5 IJZI 887 (%, 5 .

2
ﬁs—Zb(x z)——l— Z oo* lj(x Z)Biaxj’

i=1 l]l

where -* denotes the transpose of a matrix or a vector.
Then the unnormalized measure-valued process, p¢, satisfies the Zakai equation

dp; (p) = p; (LE@)dt + pf (he)dY{,

p6(#) = Eqle(X. Z5)]
for every ¢ € Cl% (R™*" R); see, for example, Bain and Crisan (2009). For k > 0,
C Ib‘ is the space of k times continuously differentiable functions f, such that f and
all its partial derivatives up to order k are bounded.
The theory of stochastic averaging [see, e.g., Papanicolaou, Stroock and Varad-
han (1977)] tells us that under suitable conditions, X? converges in law to X0 as
& — 0, where XY is the solution of an SDE

dX? =b(X?)dt + 5 (X?)dW,

3)

for suitably averaged b and &. Denote the generator of X° by L.

We want to show that as long as we are only interested in estimating the slow
component, we can take advantage of this fact. More precisely, we want to find a
homogenized (unnnormalized) filter 0%, such that for small &, %% which is the
x-marginal of pf, is close to p°. The x-marginal of pf is defined as

e (¢) = f () pf (dx, d2)
Rm-Hl

for every measurable bounded ¢ : R — R, and p? is the solution of
dpP(¢) = pX (L) dt + pP(hg)dY?,
p0(¢) =Eq[e(X0)],

where /1 is a suitably averaged version of /. The measure-valued processes 7° and
* are then defined in terms of p° and p®* as ¢ was defined in terms of p¢,

£,x
Py ((p) and &% (@) = p{e x((p)

p(1) ' o ()

4

() = =
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Note that the homogenized filter is still driven by the real observation Y? and
not by a “homogenized observation,” which is practical for implementation of the
homogenized filter in applications since such homogenized observation is usually
not available. However, should such homogenized observation be available, using
it would lead to loss of information for estimating the signal compared to using the
actual observation.

In this paper, we will prove L'-convergence of the actual filter to the homoge-
nized filter, that is, we will show that for any 7 > 0,

lim [E[d (77", )] =0,
£—>

where d denotes a suitable distance on the space of probability measures that gen-
erates the topology of weak convergence. This convergence result is shown in Park,
Sowers and Sri Namachchivaya (2010) for a two-dimensional multiscale signal
process with no drift in the fast component SDE. Here, we extend the result to an
R™*"_dimensional signal process with drift and diffusion coefficients of the fast
and slow components dependent on both components. The proof of Park, Sow-
ers and Sri Namachchivaya (2010) is based on representing the slow component
as a time-changed Brownian motion under a suitable measure, which cannot be
extended easily to the multidimensional setting we assume here.

Based on (3) and (4), the filter convergence problem is a problem of homog-
enization of a SPDE. In Papanicolaou, Stroock and Varadhan (1977), homoge-
nization of diffusion processes with periodic structures is done using the mar-
tingale problem approach. In Papanicolaou and Kohler (1975) and Chapter 2 of
Bensoussan, Lions and Papanicolaou (1978), limit behavior of stochastic processes
is studied using asymptotic analysis. Bensoussan, Lions and Papanicolaou (1978)
study linear SPDEs with periodic coefficients and also used a probabilistic ap-
proach in Chapter 3. Homogenization in the nonlinear filtering problem framework
has been studied in Bensoussan and Blankenship (1986) and Ichihara (2004) via
asymptotic analysis on a dual representation of the nonlinear filtering equation. As
far as we are aware, Ichihara (2004) has used BSDEs for studying homogeniza-
tion of Zakai-type SPDEs for the first time. Our convergence proof applies BSDE
techniques by invoking the dual representation of the filtering equation and using
asymptotic analysis to determine the limit behavior of the solution of the backward
equation. Pardoux and Veretennikov (2003) give precise estimates for the transi-
tion function of an ergodic SDE of the type (2), and these results are used in our
proof. To our knowledge, such method of homogenization for SPDEs combining
BSDE and asymptotic methods has not been done before.

To our knowledge, a result presented in Chapter 6 of Kushner (1990) is the
closest to the results presented in this paper. In Theorem 6.3.1 of Kushner (1990)
it 1s shown that for a fixed test function, the difference of the unnormalized actual
and homogenized filters for multiscale jump-diffusion processes converges to zero
in distribution. Standard results then give convergence in probability of the fixed
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time marginals. Kushner (1990)’s method of proof is by averaging the coefficients
of the SDEs for the unnormalized filters and showing that the limits of both filters
satisfy the same SDE that possesses a unique solution. We obtain L? convergence
of the measure valued process, not just for fixed test functions, and we are able to
quantify the rate of convergence, which, to the best of our knowledge, has not been
achieved before in homogenization of nonlinear filters.

In Kleptsina, Liptser and Serebrovski (1997), convergence of the nonlinear filter
is shown in a very general setting, based on convergence in total variation distance
of the law of (X?, Y?). This is then applied to two examples. Since the diffusion
matrix of our slow component is allowed to depend on the fast component, our
results are not a special case. In the examples of Kleptsina, Liptser and Serebrovski
(1997), X¢ converges to X in probability, which is no longer the case in our setting.
However it might be possible to apply the total variation techniques developed in
Kleptsina, Liptser and Serebrovski (1997) to obtain convergence in our setting.
Only the rate of convergence cannot be determined with these techniques.

For a given bounded test function ¢ and terminal time 7', we follow Pardoux
(1979) in introducing the associated dual process v, ’T’(p(x, 7), which is a dynamic
version of Epe [¢ (X )D RZAR

v (x, 2) = Epe

1,x,2

[ﬁD(XS)DSTWz rl
where P?¢

? x.; 1s the measure under which X® and Z° are governed by the same
dynamics as under P, but (X?, Z®) stays in (x, z) until time #, and then it starts
to follow the SDE dynamics. DeT = Ds (DS) I. and ysT =o(Yf-Yf:it<r<
T) v N (recall that N denotes the Q- neghglble sets) From the Markov property
of (X, Z¢) it follows that for any ¢ € [0, T]: pf (v;’ T Yy = pT *(¢). In particular
[because at time 0, p? is just the starting distribution of (X?¢, Z?)],

T,
p7" (@) 2/08’ (0, )Qxs. ze) (dx, d2).
Similarly introduce

or i
D) =Eps [p(X2) D2 71VE 1],

. T
D?,T:eXP</t h(X0)* dye — / |n(X2)| dr)

and P; . is the measure under which XY is governed by the same dynamics
as under P?, but stays in x until time 7. We can also show that for any ¢ €

0,7,
[0.T1: p)(v; %) = pP(9). so that

where

2@ = [T Q).
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Note that @Xg = QXS because the homogenized process has the same starting
distribution as the unhomogenized one.

Now fix T and ¢ € Cl%(]Rm, R) and write v = v;’ ¢ and vt = v? Te,

Our aim is to show that for nice test functions ¢, and for the dual processes v®
and v° defined above, E[|vg(x, z) — v8 (x)|?] is small (in a way that will depend
on x and z). Then

E[|05* (9) — o%(9)|"] H [ i = o0 Qe 2 e do|

E[/|v8(x, 2) — v ()" Qexs, 2z (dx, dz):|

:/EHUS(X’Z)—Ug(x)|p]<@(xg,zg)(dx,dz)

will also be small as long as Q(Xg, 78 is well behaved.

3. Formal expansions of the filtering equations and the main results. Be-
fore we continue, let us change notation: For large parts of this article we will only
work under P?, and the process Y¢ is a Brownian motion under P® which is inde-
pendent of (X?, Z¢, X 0). Therefore from now on we write [P instead of P and B
instead of Y to facilitate the reading. The distribution and notation for the Markov
processes (X¢, Z¢, X%) do not change.

The key point is now that v® and v° solve backward SPDEs

5 —dvf (x, 2) = LOVE(x, 2) dt + h(x, 2)*vE (x, 2) d B,
v7(x,2) = @(x)
and
—dv®(x) = Lo0(x, 2) dt + h(x) v (x) d B,
(©6)

vy (x) = 9 (x).

Here and everywhere in this article, d E denotes It6’s backward integral.
We formally expand v® as

vy (x,2) = u?(x, )+ su}/s(x, )+ ezutz/g(x, 7).
Note that rigorously this does not make any sense because:

e We work with equations with terminal conditions. But when we send ¢ — 0,
then ¢ /e converges to infinity. So for which time should the terminal condition
of, for example, u! be defined?

e The terms in this expansion will all be stochastic. Then if u' is adapted to F5,

<«
the stochastic integral ftT u i /e (x,z)d B, a priori does not make any sense for
e<l.
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However if we do such a formal asymptotic expansion, and then call
V0 x0)=ult,x),  Yltx.n)=eu,(x.2),  R(t.x,2)=¢u,(x.2)

(of course all terms except v” depend on &, which we omit in the notation to facil-
itate the reading), then these terms have to solve the following equations:

—dv¥(x) = £20(x, 2) d1 + h(x)*°(x) d B,

—dy}(x,7) = %cpw} (x,2)dt + (Ls — L)v° (x) dt
(7) _
+ (h(x,2) — l_l(x))*v?(x)dBt,

. —dRy(x,27) = LR, (x,2)dt + Lsy} (x,2) dt
+h(x, ) (W) (x.2) + R (x.2))dB;

with terminal conditions
(T, x)=¢kx),  ¢'(T,x,2)=R(T,x,2)=0.

Note that the equation for v° is exactly the desired equation (6). By existence and
uniqueness of the solutions to these /inear equations, we can apply superposition
to obtain that then indeed

v (x,2) = 00 + ¥ (6, 2) + R (x, 2).

Therefore the problem of showing L”-convergence of v¢ to v° reduces to show-
ing LP-convergence of ! + R to 0. To achieve this, we will give probabilistic
representations of /! and R in terms of backward doubly stochastic differential
equations. This will allow us to apply the existing estimates for the transition func-
tion of Z* from Pardoux and Veretennikov (2003).

It will be convenient for us to work with functions that are smoother in their x-
component than they are in their z-component or vice versa. To do so, introduce the
function spaces CX/(R™ x R, RY): For 6 : R™ x R" — R4, 6 = 0(x, z), write 6 €
CkLR™ x R*, RY), if 0 is k times continuously differentiable in its x-components
and / times continuously differentiable in its z-components. If 8 as well as its
partial derivatives up to order (k, /) are bounded, write 6 € Clg’l(Rm x R", RY).

Introduce the following assumptions:

(Hgar) For the existence of a stationary distribution w(x, dz) for Z*, we sup-
pose that there exist My > 0, « > 0, such that for all |z| > My

sup(f (x,2), z) < —Clz|*.
X
For the uniqueness of the stationary distribution p(x, dz) of Z*, we suppose uni-
form ellipticity, that is, that there are 0 < A < A < oo, such that
M <gg"(x,y) <Al

in the sense of positive semi-definite matrices (/ is the unit matrix).
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(HFy ;) The coefficients of the fast diffusion satisfy f € Clg’l(Rm x R", R™)
and g € Cp' (R™ x R?, R"™K),

(HSk.;) The coefficients of the slow diffusion satisty b Cﬁ’l(Rm x R™ R™)
and o € Cp'l(R™ x R, R™<K),

(HOg ;) The observation function # satisfies h € Clg’l(Rm x R", RY).

We will usually write poo(x, dz) instead of p(x, dz). Also introduce the nota-
tion

pi(z,0;x) = fRn 0(x,2')pi(z,2's x) dz" ==E[0(Z])],

where z denotes the starting point of Z*, and 7’ +— p;(z, z’; x) is the density of Z}
if at time O it is started in z. Note that the density exists for all # > O under the
condition (Hg,t), because of the uniform ellipticity of gg*. Similarly

po®:x)= [ 60 poc(x.d2).

Let the differential operator £ be defined as

- mo_ 0 1 _ 82
L= bt ) a0 o——
i=1

9
0x; i 0x; 0x;

where b(x) = Poo(b; x) and a = peo(00™; x). Also define h(x) = Poo(h; x).
We introduce the following notation: A multiindex & = (ay, ..., @) € Nj is of
order

la| =0 + -+ oy

Given such a multiindex, define the differential operator

glel
DY = ————.
8x(1)l1 x;:;m

Finally introduce the following norms for f € C }Ij R™, R"):

1 fllkoo = Y [ D[] oo

la|<k

where || - || 1S the usual supremum norm.
Our main result is:

THEOREM 3.1. Assume (Hgat), (HFsg.4), (HS7.4), (HOg 4) and that the initial
distribution Q X5,28) has finite moments of every order. Then for every p > 1 and

T > 0 there exists C > 0, such that for every ¢ € Cg

(Eq[l75* () — 72(@)|"])"? < VeClplls.c0-
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In particular, there exists a metric d on the space of probability measures, such
that d generates the topology of weak convergence, and such that for every T > 0
there exists C > 0, such that

Eqld(ry*, n9)] < V&C.

This result will be proven in Section 6.

In particular we can use Borel-Cantelli to conclude that if (g,) converges
quickly enough to 0, then 77 will a.s. converge weakly to °.

The ideas are rather simple: We represent the backward SPDEs by finite-
dimensional stochastic equations (this will be BDSDESs). The diffusion operators
get replaced by the associated diffusions. We are able to solve those finite-
dimensional equations explicitly, or at least give explicit estimates up to an appli-
cation of Gronwall. This allows us to estimate ' and R in terms of the transition
function of the fast diffusion. But Pardoux and Veretennikov (2003) proved very
precise estimates for this transition function. These estimates allow us to obtain
the convergence.

While the ideas are simple, the precise formulation and the actual proofs are
quite technical. We start by describing the probabilistic representation.

4. Probabilistic representation of SPDEs. In this section, we derive proba-
bilistic representations for SPDEs of the form

—dy¥(w,t,x) =LY (w,t,x)dt + f(w,t,x)dt

9) +(g(@. 1. %) + G, 1, )V (. 1, ) d By,
W(T’ x) = (p(a)’ 'x)’

where ¥ : QX [0, T]xR" - R, f:Qx[0,T]xR" > R, g:Qx [0, T] x R" —
R4 and G:Q x [0, T] x R" — R4 ¢:Q x R" — R are all jointly measur-
able, and (B;:t € [0, T]) is a d-dimensional standard Brownian motion under the
measure P. Equation (9) represents the general form of equations (7) and (8) for
the corrector wll (x, z) and error R;(x, z), respectively. The differential operator £
is given by

82
8)6,' ax_,-

L= bi()—+5 D aij(x)
i=1 dxi 2,72

for measurable b:R"™ — R™ and a:R"™ — §™" (S§™*™ denotes positive
semidefinite symmetric matrices). We will represent these equations in terms of
BDSDEs as introduced by Pardoux and Peng (1994). Note that for these linear
equations it is possible to give a Feynman—Kac type representation without us-
ing BDSDEs. This is done, for example, in Rozovskii (1990) (“The Method of
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Stochastic Characteristics”). However the BDSDE-representation has the advan-
tage that it permits us to apply Gronwall’s lemma. This would not be possible with
the method of stochastic characteristics.

A BDSDE is an integral equation of the form

T T - T
Yt=§+/ f(s,Ys,zs>ds+/ g(s,Ys,zs)st—/ Zs dW,,
t t t

where B and W are independent Brownian motions. The solution (Y;, Z;) will
be ]-"fT v F¥ -measurable. Starting from the notion of BDSDEs, we can define

1/2

forward-backward doubly stochastic differential equations. Let 0 =a'/~ and

N N
X;7x=x+/ b(Xé’x)ds—i-/ o(X!X)dW,  fors>1,
t t

X =x fors <t.

We then define the following BDSDE:

—dY!F = f(s. XY ds + (g (s, X' ds + G (s, X'V YIY)dBy —Z dW,,
it = (X7,

It turns out that Y gives a finite-dimensional probabilistic representation for equa-
tion (9), more precisely we have ¥/ = v (¢, x). This is not completely covered by
Pardoux and Peng (1994), because we have random unbounded coefficients, and
because we do not assume the diffusion matrix a to have a smooth square root. On
the other side, the equation is of a particularly simple linear type. In the remainder
of this section, we give the precise statement and proof for this representation. This
can be skipped at first reading.

We will not be able to get an existence result for classical solutions of the above
SPDE from the theory of BDSDEs: This is due to the fact that for this we would
need smoothness properties of a square root of a. But even when a is smooth, in
the degenerate elliptic case it does not need to have a smooth square root; see,
for example, Stroock (2008), Chapter 2.3. Instead we will use the existence result
of Rozovskii (1990) and only reprove the uniqueness result of Pardoux and Peng
(1994) in our setting. This will work under Lipschitz continuity of a!/2.

Definefor0<tr<s<T

FP=oB,—Bit<u<s)

and .7-",% as the completion of .7-',(?’53 under P. Introduce the space of adapted random

fields of polynomial growth:

DEFINITION 1.  Pr(R™,R") is the space of random fields

H:Qx[0, T]xR" - R"
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that are jointly measurable in (w,t, x), and for fixed (¢,x), w — H(w,t,x) is
FfT -measurable. Further for fixed w outside a null set, H has to be jointly contin-
uous in (¢, x), and it has to satisfy the following inequality: For every p > 1 there

is C, > 0, g > 0, such that for all x € R™,

IE[ sup |H(z,x)\”] < C,p(1+ [x]9).

0<t<T

We make the following assumptions on the coefficients of the SPDE:

(Sr) f and g are k times continuously differentiable and the partial derivatives
up to order k are all in Pr. G is (k 4 1) times continuously differentiable and the
partial derivatives up to order (k + 1) are all uniformly bounded in (w, ¢, x). ¢ is k
times continuously differentiable, and all partial derivatives of order O to k grow at
most polynomially.

We make the following assumptions on the coefficients of the differential oper-
ator L:

(Dy) b € C,]j(]Rm, R™), a e C’;(R’", Sm>myand a is degenerate elliptic: For
every £ € R™ and every x € R™,

m

[a(x)&, &)= Z ajj(x)é;&; > 0.

i, j=1

Then we have the following result:

PROPOSITION 4.1. Assume (Sg) and (Dy) for some k > 3. Then equation (9)
has a unique classical solution r in the sense that for every fixed w outside a
null set, ¥ (w,-,-) € CO*=1([0, T1 x R?,R), ¥ and its partial derivatives are in
Pr(R™, R), and ¥ solves the integral equation. If  is any other solution of the
integral equation, then W and  are indistinguishable. If further f,g and ¢ as
well as their derivatives up to order k are uniformly bounded in (w, t, x), then for
any p > 0 there exist Cj,,q > 0 (only depending on p, the dimensions involved,
the bounds on a, b and G, and on T), such that for all |o| <k — 1 and x € R™,

E[sup|D“1/r(t,x)|p]

t<T

< C(1+ IxI)E[IoNf oo + supl £t ) F oo + supllg(t. )] o]
t<T t<T

PROOF. This is a combination of Theorem 4.3.2 and Corollary 4.3.2 of
Rozovskii (1990) (The claimed bound is only given for the equation in unweighted
Sobolev spaces, in Corollary 4.2.2. But from that we can deduce the result for the
weighted Sobolev case). The only thing we need to verify is that our polynomial
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growth assumption on the coefficients is compatible with the Sobolev norm con-
dition there. But if 8 € Pr(R™, R"), then for any p > 1 there certainly is an r < 0
such that 6 takes its values in the weighted LP-space with weight (1 + |x|?)"/2,

IE[ sup /|9(t,x)|p(l + |x|2)r/2dx:|

0<t<T

SE[/ sup 1]6(t, x)|” (1 + |x| )r/2 ]

0<t<T

:/IE[ sup |t9(t,x)|p]( + |x| )r/2

0<t<T
/c 1+ x| (1 + x2)"? dx < 00

for small enough . [J

Now we combine this result with the theory of BDSDE:s:

Let (W;:t € [0, T]) be an n-dimensional standard Brownian motion that is in-
dependent of B. For0 <t <s, F/ W is defined analogously to ]—",BS ForO<t<T
we set

Fo=Frv A"

Note that this is not a filtration, as it is neither decreasing nor increasing in ¢.
Introduce the following notation:

o H2(R™) is the space of measurable R™-valued processes Y s.t., Y, is Fi-
T P p

measurable and
T
IE[/ |Yt|2dt} < o0
0

° S% (R™) is the space of continuous adapted R -valued processes Y s.t. Y; € F;
and

E[O?ET |Y; |2] < 0.

A BDSDE is an integral equation of the form

T T - T
(10) Yt=é+f f(s,-,Ys,zs>ds+/ g(s,-,Ys,zs)st—f Zs dW,,
t t t

where f:[0,T] x @ x R x RP*" 5 R, g:[0,T] x © x R x RI*" — RIX/,
and for fixed y e R,z € RIX" the processes (w,t) — f(t,w,x,z) and (w, 1) —
g(t,w,x,z)are (f(fT vf%v) ® B(R)-measurable, and for every ¢, f(t, -, x, z) and
g(t, -, x, z) are F;-measurable.
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(Y, Z) will be called solution of (10) if (Y, Z) € S7(R) x HF(R'*") and if the
couple solves the integral equation.
We will also write the equation in differential form

<«
—dYy = f(t, Y, Z)dt +g(t, Yy, Z:)dBy —Z; dW;.

Observe that with suitable adaptations, all of the following results also hold in
the multidimensional case, that is, for Y € R". We restrict to one-dimensional Y
for simplicity and because ultimately we are only interested in that case.

Pardoux and Peng (1994) show that under the following conditions, equa-
tion (10) has a unique solution:

o £ LX(Q, Fr,P;R);

e forany (y,z) e Rx RP": f(-,-,y,2) € HA(R) and g(-, -, y, z) € Hy (RVF);

e f and g satisfy Lipschitz conditions and g is a contraction in z: there exist
constants L > 0 and 0 < @ < 1 s.t. for any (w, t) and y1, y2, 21, 22,

2

|f(t, o, y1,21) — f(t, @, y2,22)]" < L(Iy1 = y2I* + |21 — 22/*) and
2

lg(t, @, y1,21) — g(t, 0, y2,22)|” < Lly1 — y2I* + alz1 — 2.

Now we want to associate a diffusion X to the differential operator £. To do
so, assume that (Dy) is satisfied for some k > 2. Then o :=al!/? is Lipschitz con-
tinuous by Lemma 2.3.3 of Stroock (2008). Hence for every (¢, x) € [0, T] x R™,
there exists a strong solution of the SDE

N N

Xé’x:x—i—/ b(Xﬁ.’x)a’s—I—/ o(X¥)Ydws  fors >1,
t t

XA =x fors <t.

Associate the following BDSDE to (9):

—dY}* = fls, XY ds + (s, Xi) + Gls, Xi) Y[ dB, —Z0* dW,,
(1)
it =e(xrY).

Under the assumptions (Sg) and (Dy) for £ > 2, this equation has a unique solution.

PROPOSITION 4.2. Assume (Sg) and (Dg) for some k > 3. Then the unique
classical solution  of the SPDE (9) is given by W (t,x) = Y}"*, where (Y"*, Z!"¥)
is the unique solution of the BDSDE (11).

We can give exactly the same proof as in Pardoux and Peng (1994), Theo-
rem 3.1, taking advantage of the independence of B and W. For the reader’s con-
venience, we include it here.
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PROOF. Let i be a classical solution of (9). It suffices to show that
(¥ (5. X2%). DY (5. X\ )o (X4¥) 1 <5 < T)

solves the BDSDE (11). Here D is the gradient of . For this purpose, consider
apartitiont =g <ty <---<t, =T of [¢t, T]. Then

Wt Xp*) =y (T, X5¥) +Z v, X37") — ¥ (tiv, X37))

= tx + Z tla i w(tl+1 th+l))

and
v (1, Xttlx) — ¥ (ti+1, Xl{i’«):l)
= (w(ti’ Xtt,‘, ) W(tl’ Xttﬂ)) + (w(tl’ Xtt+l) W(IH_] ’ Xl{;j:]))

liy1

ti
=_< Y ewn XY ds + [ Dy (i, X0)e (X?x)dWs)
t

li

lit1

+ LYl X)) + f s XG)) ds

li
fi+1 1,x 1,x <
(8l X) + G (X)W (s, Xi7,)) dBs
This is justified because X’* and v/ are independent and because v grows polyno-
mially, hence we can apply Ito6’s formula. We also used the fact that v is a classical
solution to (9). If we let the mesh size tend to 0, then by continuity of X" and v,
the result follows. [J

5. Preliminary estimates. The notation DY indicates that the differential op-
erator D* is only acting on the x-variables.

The following result will help us to justify the BDSDE-representations on the
deeper levels. Recall that p,(z,0; x) = E[0(x, Z})|Zj = z].

PROPOSITION 5.1. Assume (HFy ;). Let 6 € CHU(R™ x R™, R) satisfy for
some C, p >0

3 > |DEDEO(x, )| = C(1+IxIP + |zIP).
lal<k IBI=I

Then
(t,x,z2)— pi(z,0;x) € Co’k’l(R+ x R" x R",R)
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and there exist C1, p1 > 0, such that for all (t, x, z) € [0, 00) x R x R"

Z Z |Dngp,(z,9;x)| < Cleclt(l + [x|P1 4 |z]P1).
la|<k |Bl<I

If the bound on the derivatives of 6 can be chosen uniformly in x, that is,

> sup|DEDPO(x, )| < C(1 + zP),
le|<k |Bl<l ¥

then the bound on the derivatives of p;(z, 0; x) is also uniform in x,

> 3 sup| DEDP py(z.60:x)| < €11 (1 + 2],
lo|<k |Bl<l

PROOF. Note that
pi(z,0:x) =E[0(x, Z})| Zy =z]) =E[0(X;, Z)|(Xo, Zo) = (x,2)]
is the solution of Kolmogorov’s backward equation associated to (X, Z), where

Xl =X05
t t
Z = ZO+/(; f(XSv Zv)ds"i_/o g(Xs, Zs)dWs.

In this formulation, the first result is standard; cf., for example, Stroock (2008),
Corollary 2.2.8.

The second statement can be proven in the same way as Stroock (2008), Corol-
lary 2.2.8. O

Some results from Pardoux and Veretennikov (2003) are collected in the fol-
lowing proposition:

PROPOSITION 5.2.  Assume (Hga) and (HFy 3). Let 6 € CKOR™ x R, R)
satisfy for some C, p > 0,
> sup|DYO(x, )| < C(1 + [z]7).

le|<k *
Then:
(1) x> poo(; x) € CER™, R).

(2) Assume additionally that 6 satisfies the centering condition

[ 66 Dpoctn.dy =0
Rn

for all x, and that 6 € CkIR™ x R, R) and

> > sup|DEDYO(x, 2)| < C(1 + |zI).
o<k |Bl<1 *
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Then
o0
(x,Z)I—>/ pi(z,0; x)dt € CEN(R™ x R, R),
0

and for every q > 0 there exist Cy, q1 > 0, such that for every z € R"

o0
2 Z/O sup| Df DS pi (2, 03 )| dt = C1 (14 12|7).
la|<k |B|=<1

PROOF. The statements in the proposition are taken from Theorems 1 and 2
and Proposition 1 of Pardoux and Veretennikov (2003):

(1) We get from Theorem 1 of Pardoux and Veretennikov (2003), that for any
g > 0 there exists C;, > 0, such that for any (x, z,z") € R x R" x R",

C
sup| D% x) < —2 .
%S:k up| DY poo (&5 2)| = 7 7

So if we choose ¢ large enough and differentiate p,(0; x) under the integral sign,
then we obtain the first claim. (Of course here we have to use the growth constraint
on 6 and its derivatives.)

(2) This follows from the bounds on the derivatives of p;(z, 8; x) that are given
in Pardoux and Veretennikov (2003), Theorem 2, formulas (14) and (15): For any
k > 0 there exist Cy, my > 0, such that for any (¢, x, z) € [1, 00) x R" x R",

I+ |z|™*
S X IDEDE pie, 0500 = o
o<k |BI<1 (141

We combine this estimate with Proposition 5.1, from where we obtain for
(t,x,z2) e Ry x R" x R"

3 " sup|DEDE pi(z, 05 x)| < CreCH (1 + 2|7,
o<k |Bl<l ¥

We choose k such that gk > 1 and use the first estimate on [1, co) and the second
estimate on [0, 1). The result follows. [

We will also need some moment bounds for the diffusions X¢ and Z°.

PROPOSITION 5.3. Assume (Hga) and that the coefficients b and o and f
and g of the fast and slow motion are bounded and globally Lipschitz continuous.
Then for any p > 1 there exists C, > 0, such that

sup E[|Z7|71(X5, Z5) = (x, 2] < Cp(1 + 1217).
(t,e,x)€[0,00) x[0, []xR™

Also, for every T > 0 and every p > 1 there exist C(p,T), q > 0, such that

sup E[|XZ|P1(XE, Z§) = (x,2)] < C(p, T)(1 + |x|P).
(t,6)€[0,T]x[0,1]
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PROOF.  The first claim can be proven exactly as in Veretennikov (1997): First
write Z; 1= ngz. Then
dZj = f(X5,. Z7)dt + §(X5,. Z7) AWy,

where W := 1/eW,2, is a Wiener process. Next, introduce the same time change
as in Pardoux and Veretennikov [(2001), page 1063],

t
k(x,2):=|gx,2)"z|/1zl,  y°@) :=/ (X0, Z5) ds,

1) = ()" ).

Define Zs = Zig(t) Then

dZf =k (X5, Z0) f(X5, Z5) dt + k71 (X5, Z8) g (X5, ZF) dWF
with a new standard Brownian motion W#. Now we are in a position to just copy
the proof of Lemma 1 in Veretennikov (1997) (which we do not do here) to get the

first result.
The second claim is obvious, because the coefficients of X¢ are bounded. [

Now we we are able to impose conditions on the coefficients of the diffusions
that guarantee smoothness of the coefficients of £. Recall that £ was defined as

m _ a 2
b N
= ) 2 112:1 D dx 3x1

where b = poo(b; x) and @ = peo(00™; x).

PROPOSITION 5.4.  Assume (HFy 3), (HSk.0) and (HOg o). Then
beCfHR™,R™), aeCyR™ S™™),  heCHR™ RF).
PROOF. All the terms of b, @ and h are of the form ps(6; x). So by Propo-

sition 5.2, we only need to verify that the respective 6 are in C* and satisfy the
polynomial bound

> sup|DEO(x,2)| < C(1+2/)

le|<k "

for some C, p > 0. But we even assumed them to be in Cl/f’o, so the result follows.
O

6. Proof of the main result. We will find convergence rates for the correc-
tor and remainder terms that are expressed in terms of v° and its derivatives. So
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now we give bounds on v° and its derivatives in terms of the test function ¢. This
is necessary because we do not only want to show convergence of the filter inte-
grating fixed test functions, but with respect to a suitable distance on the space of
probability measures.

LEMMA 6.1. Let k > 2 and assume b, a, XS C]bCJrl and h € C§+2. Then v°
COk ([0, T] x R™,R), and for any p > 1 there exist Cp,q > 0, independent of ¢,
such that for all x € R™,

> B[ sup [D0))|"] < Cp(1+ 1x1%) @Il o

la|<k O0=t=T

In particular, v0 and all its partial derivatives up to order (0, k) are in Pt (R™, R).

PROOF. This is a simple application of Proposition 4.1, noting that equa-
tion (6) for v? is of the type (9) with f =0, g =0, and G =h*. O

We will prove LP-convergence of ! and R separately:

LEMMA 6.2. Let k,I > 2. Assume (Hgar), (HFk+1,1+1), (Hsk+1,l+1) and
(HOk+1,141)- Also assume 00 e CO%+L([0, T] x R™, R), and that all its partial
derivatives in x up to order k + 1 are in Pr(R™,R). Finally assume a, b,he C;;.
Then y' € CO%L([0, T1 x R™ x R*, R), and ¥ as well as its partial derivatives
up to order (0, k,1) are in Pr(R™ x R",R). For any p > 1 there exist Cp,q > 0,
independent of ¢, such that for any (x,z) € R™ and any ¢ € (0, 1)

> sup E[|D¢y; (x.2)|"]

lo| <k—10=t=T

<e?PCp(14121%) Y E| sup [DEu)(0))"].
0<l|a|<k+1 0<t<T

PROOF. ¥/ (x, z) solves the BSPDE
1 _
—dy ) (x,z2) = [gcw,l (x,2)+ (Ls — E)v?(x)} dt

(12) + [h(x, 2) — RO v0(x) d By,
Yr(x,2) =0.

Existence of the solution 1! and its derivatives as well as the polynomial growth
all follow from Proposition 4.1. Write Z#* -2 for the solution of the SDE

1 1
dze* ") = — f(x, Z8%9) ds + 7g(x, 80D dW,, s>t
& &

Z:\vxv(t’z) =z, s <t.
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We consider (x, Z&% 9 as a joint diffusion, just as in the proof of Proposition 5.1
(x has generator 0). By Proposition 4.2, the solution of (12) is given by GI(I’X’Z)“),
the unique solution to the BDSDE

—doEIW = (Lg(, 250D = £)o0(x) ds

£,x,(t,2) A * .0 P 1,x,2
+ (h(x, Z§ ) —h(x)) vy (x)dBs +y, ™  d W,
Q}t,x,z)(l) —0.

We will drop superscripts (¢, x, z) for QS(I’X’Z)(I) and write 031 instead. Similarly, we

write Z5* instead of Zss’x’(t’Z). th (x,2) 1s ]-'tBT—measurable, hence so is 6’[1. We
can then write 9,1 = IE[Qt1 |]-"tBT], where

E[6, |1 7;’r]
T _
— E[/ (Ls — L)vd(x) ds|;ffT]
t
T _ <«
+ EU [h(x, Z8%) — h(x)] 02 (x) d B |;E}?T}
t

T
- EU yf’x’deslffT]
t

W and B are independent; therefore W is a Brownian motion in the large filtra-
tion (F)" v FIFT :5 €10, TY), hence E[ftT ){Y’*X*ZdWslftW Vv ]—"Z?T] =0, and by the
tower property

T
EU yf’x’ZdWsl}fT} =0.
t

v? is ffT—measurable, and £ has deterministic coefficients. Thus
T _
E[/ 20 (x) ds|ffT]
t

T _
:/ E[£o0 ()| 72, ds
t
2

T m m
:/r {Zpoo(bi;x)%v?(x)_i_ Y Peol((00%),;5%) ! Uo(x)}ds.
i= i

. . S
ij=1 Ox; X

Since Z%* is independent of B,

T
EU £S(.,Z§’x)v?(x)ds|.’€%}
t

T
:/ E[Ls(-, Z8%)o0()|FE] ds
t
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_ T& . £,X d 0
= {ZE[b,(x,Zs )]B—Xivs(x)

2

1 i * £,x 0 0
+§ > E[(oo )ij (x, Z )]—axl'vaS(X)}ds

f {Zp(é 0/s (2, b,,x) v (x)

i=1

82
o e >if;X>axl.xjv?<x>]ds

1]1

SO

T
‘E[/ (Ls — E)vf(x)ds|ffT]

9
‘/ {ZP(A 0/e(2, bi — poo(bi; x); X)gvo(x)

1 9?
+ E : Pis—n/e(2 (00 )ij —poo((aa*)l-j;x);x)ax'x.v?(x)}ds
iXj

l]l

[the poo(-; x) terms have been brought inside the integral p(;_s)/¢(z, 5 x) since
they not depend on z]

<é&

(T—1)/e 3
; /O Pule b = poo(bis 00:x) 5= ()

(T—1)/e . 92 0
Iy [ pue (00" = pol(00) i 3): ) 5l ()
lJ ] XiXj
o0 a 0
ser P2 bi — poobiz x): x)|du sup |-—10(x)
izl 0 t<s<T10Xj
2
© 3 [TInuten00%)  paslloo) 0 9l sup [ Lo
t] 1 t<s<T10XiX;j
[f — po(f; x) is centered, so by Proposition 5.2, (5.2)]
m 2
ssc1(1+|z|‘“){2 sup |00 + Z sup 0( >H
11<s<T10Xj —q1<s<T 0x;
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]

and therefore finally

T A 0 B
EHE[/ (Ls ﬁ)w(x)dsmj]

(13) <ePCy(1 + |2]7)
x E Z sup | —v, (x) + Z sup v?(x) .
—11<s<T ~_1t<s<T ax,'xj ’

Next, using again v? e F SI?T and that Z®* is independent of B,
T o -
al [ e, 26%) o) ) B 17
t
T _
= / E[[A(x, Z5) = h()] 0 )| 2] dBs
t

T - <«
:/t p(s—t)/s(Zv h — h; X)*U?(X) dBy .

Fort<r<T,r— frT Pis—n)/e(z, h — fz;x)*v?(x)d(l;s, is a martingale w.r.t.
(]-'fT :r € [t,T]) if time is run backwards. Hence by the Burkholder—Davis—
Gundy inequality,

]

p/2
<C ER/ Pis—ny/e(z, h — h: x)*vo(x)dB > },

T B 0 -
EH/ P(s—1)/e(z, = h; x)* v (x) dBs

where

T _ <
< [ P = x)*v?(x)d&}

:/T

/ |pue.h = h; ) du sup [0 < eC3(1 +121%) sup [ovf

t<s<T t<s<T

2
Pis—nyye (@ h — ;)02 (x)| ds

where the last inequality is by Proposition 5.2, (5.2), since & — / is centered. There-

fore,
]

<e?2Cy(1+ 21")E| sup [v?(0)["]

t<s<T

T - <«
IEH/; D(s—n)/e(z, h — h; x)*vg(x) dBj;

(14)
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Combining (13) and (14),
E[|6 "] < e”Ca(1 +121%) 3 B[ sup [DXo00)|"].

o] <2 t<s<T

Next, consider a first-order x-derivative of 91

3
—0, E[Ls — L1W0(x)d
dxyp ! axk./ L£s s (0)ds
0 T £,x T * 0 <
+—/ E[h(x, Z5%) — h()]0*(x) d By .
0Xj

As before, the forward It6 integral term vanished after taking the (conditional)
expectation.
Interchanging order of differentiation and integration,

f E[Ls — £1v0(x) ds

8xk

(T— z)/e{ 0

d
anM( b pOO(bla-x) -x)a £u+t(x)

82
+ Pu(z, bi — poo(bi; x); x)anx 8u+,(x)}du

(T-1)/e
- Z\/ [ pule (00, = pacl(o0™) 0 0)
82
Xa)C' 8M+t(x)

+pulz (007);; = poc((007);3 %); %)

R
X Py Uy (X) g du
iXj
<s§:{/oo‘i (z,bi — poo(bi; x); x)|du su ivo(x)
= Pt 0 8]Ckpu s Ui pOO [R) ) ISSET X s

?
XX Vs (x)l }

du

o
+/0 |Pu(z, bi — poo(bi; x); x)|du sup

1<s<T

@Pu z,(00%);; = poo((007%),;3 )3 %)

X sup
t<s<T
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+/OOO|PM(Z» (00%);; = Poo((00¥),;: x): x) | du

3

2 (x)

X sup
t<s<T

|

<eCs(1+ |z|%) Z sup ]va?(x)!,

1<’3<3 t<s<T

0x; X jX)

Then, from Proposition 5.2, (5.2) again,

/ E[Ls —E]v (x)ds

Xy,

since the quantities b — b and oo * — oo* are centered. Taking expectation,
p

il }

<ePCo(1+121) Y E[ sup [DEo0(o)|"].

1<B8<3 t<s<T

9 (T _
—/ E[Ls — ﬁ]vg(x)ds
0xi Ji

(15)

Next, by (HOg ), we can interchange the order of ordinary differentiation and
stochastic integration [cf. Karandikar (1983)],
]

IE[ ?
T 9 _ -
[ 5Bl 2% = ol @) dbg
t

r &,X 7 * 0 <«
8—m¢(,/, E[h(x, ZS") — h(x)] vs(x)st)
p
8xk :|

_ 2 p/2
—(E[h(x, Z8¥) —h(x)]*vg(x))‘ a’s) }

SC,,E[(/IT aa

Xk
where
T o £,x T * 0 2
/z a(E[h(x,ZS’ ) — h(x)] vy (x))
(T-t)/e| § _ 0
=8‘/0 apu(z,h _h7-x)vgu+[(x)

2

_ 0 0
+pu(z,h—h;x)av€u+l(x) du

|vgu+t (x)|2 du

)

0 0
a—xkvs(x)

0| § _ 2
- 28{/ ‘—pu(z,h A
0 |0x

+/ | pulz,

§eC7(1+|z|q7){ sup |v§)(x)|2+ sup

t<s<T t<s<T

su+t (x)

Y
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The last step follows once again from Proposition 5.2, (5.2). So,

T _ < \|P
IE[ i( [ Bl ze) - h(x)]*v?(x)st) ]
(16) axp \Js
Ssp/2C8(1+lqu8){E[ sup [v)(x)|" ]-HE[ sup ivo(%) “
t<s<T t<s<T|O0Xk
Combining (15) and (16)
0
E[ a—xkel }<s”/2C9( + z|7) ZELS?E | DS v (x)}p].

a<3
Iterating these arguments for the higher order derivatives of 6,

Z E[|D§‘9t1| 8”/2C10 1+ |z]10) Z E[ sup |ng§)(x)|p]'
|Cl‘§k—1 |0[|<k+1 1<s<T

LEMMA 6.3. Letk,l > 3. Assume (HFy ;), (HSg ;) and (HOk+1,141). Also as-
sume Yl e CO*F2L([0, T] x R™ x R",R) and that all its partial derivatives up
to order (0, k + 2,1) are in Pr([0, T] x R™,R). Then for any p > 1 there exists
Cp > 0, independent of ¢, such that for any (x, z) € R™" any & € (0, 1) and any
tel0,T],

[|Rt(x Z)| <Cp Z / |DO‘ (x Z)| ](x’,z/):(Xf’(t’x),Zf’(m))]ds'

|| <2

PROOF. R;(x, z) solves the BSPDE
—dRi(x,2) = (LR (x,2) + Ls¥ (x, 7)) dt

17) +h(x, 2" (W) (x,2) + Ri(x,2)) dB:,
Rr(x,2)=0

Existence of the solution R and its derivatives, as well as the polynomial growth
all follow from Proposition 4.1. By Proposition 4.2, the solution of (17) is given

by 9,(t’x’z)(2), the solution to the BDSDE
—dotx0Q) — stl (Xe,(t,x) Zs,(t,z)) ds
s N s » g

<«
+ h(Xf’(l’x), ZSE,(I,Z))*V/S1 (X?v(tvx), Z;B,(LZ)) dB,
<—
+ h(Xf’(”x), Z;?,(t,z))*es(t,x,z)(Z) dB, _yst,x,z dW, — 8;*’“1 av;,
9¥’X’Z)(2) —0.

We will drop superscripts (, x, z) for Q,U’X’Z)(z), (t,z) for Z&®9 and (¢, x) for
XS’(t’x).

R:(x,z) is F, —measurable hence, so is 92 As before, the stochastic integrals
over dV and d W vanish when we take condmonal expectation with respect to
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ffT.Thus
T
93:15[/ L5y (X¢, 25)ds| 7P }
t
T e e\t live 78\ 1 B
(]8) +E|:/t h(xs’Zs) l»[/s (Xs’Zs)dBS E,T]
T ey
+E[/t h(X¢, Z5)*02 d B ]—"fT]
Consider each term separately:
T p
EHEU Lsyl (X8, Z5) ds‘]—"fT} }
t
T P
§EH/ Loyl (X2, Z8)ds ]
t
<(T—t)p_1/ Zb (X5.25)— /
=< ox:
1 - - 2 Lo oenl?
5 Z oo” lj )8X'X' 1ps(Xs’Zs) ds
: [2dd]

+§||ao Z E[

Hxe, z8)

p
:| ds
T
<G X ElIpew (. Z0) ") as.
Note that Z¢ and X¢ are ¥ v F -measurable, v/ is ffT -measurable and B and
(V, W) are independent. Thus
E[| D¢y (X5, Z9)|7] = E[E[| DY v (X5, Z)| "1 7 v A ]

= E[E[| DYy ( Z)|p](x’,z’)=(X§,Z§,)]’

s

& X [ EEIDE 6 g 21

1<|a|<2

so that

(19)
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Next, by Jensen’s inequality, the tower property and the Burkholder—Davis—
Gundy inequality,
5 117
=1

T «
EHE[/ h(XE, Z8) Yl (XE. 25) d B,
t
|

SE[

T e ze¥ o1 € A Iy ?/2
SCPEI:</Z h(Xs’Zs) ws(Xs’Zs)dBS> ]’

where by Holder’s inequality and the Cauchy—Schwarz inequality,

</tTh(X§,Z§,x) S (X5 Z)d5, >p/2

</ (X2, Z5%) ) (x¢ Z£)|2ds)p/2
s N

<c3/ In(x¢, )Pyl (x¢, z8)|P ds.

So by the same arguments as for the first term,
' * 1 <~ B p
E[E[/ h(X5, Z5) s (X5, Z5) dBs ]_-t’T} }
t
T o
< [ BB W ) oo o s

Finally, using Burkholder-Davis—Gundy in the second line, and Cauchy-
Schwarz in the third line,
p
7]

T <«
IE[ EU h(X¢, Z5)*62 dB,
t
]

<E[ !
Ry
<c E[(/ (Xt 29)| <93|2ds) }<c5||h|| f (12171

Combining (18) with (19), (20) and (21),

627 ) = Co 3 [ BIEIDEN 6 e )

la|<2

T " -
[ nexe zeywl o, z2) dis,
t

(20)

[h(XE, Z5)]'62dB,

2D

T
+ c5||h||goft E[|62|]ds



2318 IMKELLER, NAMACHCHIVAYA, PERKOWSKI AND YEONG

By Gronwall,
E[|671"]

where we choose C7 so that the inequality holds for every ¢ € [0, T'] (replace
eT=DCslhllee py T Csllhllooy [

Now we can collect all these results to obtain the first step towards Theorem 3.1.

LEMMA 6.4. Assume (Hga), (HFga4), (HS74), (HOg4) and that
(NS Cg (R™,R). Then for every p > 1 there exists C, q1,q2 > 0, independent of
@, such that

sup E[[vf (x,2) — v (0)["] <eP2C(1+ |x|7 + [2]2) |1} -
0<t<T

PROOF OF THEOREM 3.1. We track the necessary conditions backwards from
Lemma 6.3:

(1) For the solution R given in Lemma 6.3 to exist and satisfy the stated bound,
we need (HF33), (HS33), (HO44) and ¥! € C%33([0, T] x R™ x R*,R). The
polynomial growth condition will be satisfied anyway.

(2) For ¢! to be in C%33([0,T] x R™ x R",R), we need (Hga), (HFg.4),
(HS6.4), (HOg 4) and @, b, h € C;). We also need v’ € C%5([0, T] x R™, R). Again,
the polynomial growth condition will be satisfied.

(3) For v° to be in C%0([0, T] x R™, R) we need a, b, xS C,Z and hh € Cg.

(4) For a, b to be in CZ we need (HF7 3) as well as (HS7,¢) by Proposition 5.4.
Similarly we need (HFjg 3) as well as (HOg o) for h to be in C E.

(5) So sufficient conditions are (Hgat), (HFg 4), (HS7.4), (HOg 4). In that case
we obtain from Lemma 6.1

(22) SB[ sup [P (0)[”] < Cu(1+1x19) gl -

la|<4 0<t<T
From Lemma 6.2 we obtain

Z sup E[|D%y (x,2)|"]

o <20=1=T
(23)
<ePPCy(1+12|7) Y E[ Sup |ng?(x)|p]'

<4 O=I=T
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From Lemma 6.3 we get

E[|R: (x,2)["]
<Cj Z / E[| DYyl (x, 2)|" ](x, e (xE Zf’("Z))]ds'
lor| <2 ’ S

Combining (22), (24), (24), we get for any ¢ € [0, T] (by time-homogeneity of X*
and Z°%)

E[| R (x. 2)["] + E[|v/ (x. 2)|"]

sp/2C4<1 + sup E[|XE|" +|Z85|"(XE, Z§) = (X,Z)])”(PHZOO-

0<s<T

(25)

From Proposition 5.3 we obtain

sup E[|X5|" +(Z5|P1(XG, Z5) = (x,2)] < Cs(1 + |x]|% + |2]%).

0<s<T

Noting that the right-hand side in (25) does not depend on ¢ € [0, T'],

sup E[|Rt<x,z>|"]+OsupTE[lw)<x,z>l"]
<t=<

0<r<T

< e"2Co(1 + 1x|% + 121%) 1} .

Finally
sup E[|vf(x,2) — v?(x)|p]
0<t<T
§C7( sup E[|R;(x,2)|"]+ sup E[|t//,1(x,z)|p])
0<t<T 0<t<T

<eP2Cy(1+ [x|% + |2[%) @]} o

which completes the proof. [J

Now we recall that all the calculations up until now were under the changed
measure P°. We only wrote IP and B to facilitate the reading. So let us transfer the
results to the original measure Q.

LEMMA 6.5. Assume (Hgua), (HFg4), (HS74), (HOg4) and that ¢ €
CZ(]R’",]R). Then for every p > 1 there exist C,q1,q2 > 0, independent of ¢,
such that

OsupTJEQva(x, 2) =) ®)[P] <ePPC(1+ [x|7 + [2]9) [l ll} oo-
<t=<
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PROOF. This is a simple application of the Cauchy—Schwarz inequality in
combination with Gronwall’s lemma,

Eg[|ve (x,2) — v ()|"] = Eps[|vf(x, 7) — v, (x)V’dPS]

dQ\211/2
= Bl =l e () |
= Lp [|vt ('x Z) vl (x)| ] dIP)g
so we see that the result is true by Lemma 6.4 as long as the second expectation is
finite. Recall that we had defined the notation

d ~ t
Q :szexp<f h(X$,Z5) dY’S——/ \h(X{, Z5)] ds).
0

dPpe |7
So D¢ satisfies the SDE
dDf = Dfh(XE, Z5) dyE,  Df=1.
Since under P?, Y? is a Brownian motion, we get by It6-isometry
=2 o2 2 2 f o2
Bee[(57)°) =B | [ (D9 Wh(x5, 20) P s | < Wbl | [ (55’ ds|.
so that by Gronwall E]pe[(D 2] <oo. O

LEMMA 6.6. Assume (Hgar), (HF3 4), (HS7 4), (HOg 4), that ¢ € Cg and that
the initial distribution Q(X(a), z¢) has finite moments of every order. Then for every
p > 1 there exists C > 0, independent of ¢, such that

Eqllo7* () — p7(@)|"] < e?*Cligl} o

PROOF. As we already described in the Introduction, we obtain from Lem-
ma 6.5

Eq[| o7 () — p3(9)|"]
p
=EQH/(U8(X»Z) — 00())Qxe, z5) (dx. d2) ]

= / Eql|vh(x. 2) = v0(0)|"1Quxg. 2 (dx. d2)

< eP2C, / (14 1+ 12192) Qs z6) (dx. d2) ol o
<eP2Callpll? . 0
The convergence of the actual filter, that is, of 7% to 79, now follows exactly

as in Chapter 9.4 of Bain and Crisan (2009). For the sake of completeness, we
include the arguments.
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LEMMA 6.7. Let p> 1. Then

sup  {Eq[|pr (D[] +Eg[lo) (D] "]} < 00
e€(0,1],7€[0,T]

as long as h is bounded.

PROOF. We give the argument for EQ[|,0f’x(l)|*”], EQ[l,olo(l)lfp] being
completely analogue. We have

E,X - E,X - d
Ballof™ ()| = el 0| 5 |

~ dON\271/2
<Ex [l 0 [ ()]

We showed in the proof of Lemma 6.5 that the second expectation is finite. Note
that x — x 27 is convex. Therefore by Jensen’s inequality,

B [|of (1)) 7]

t 1 pf -
= Be| |Boe[exp( [ nxe,z0)" s = 5 [h(xs. 20)as [
0 0

| 7]
.

< Epe exp(/ h(X:, Z5) dYe——/ |h(XE, Z8)| ds)

| dQ _2p} :EQng 2p+1]'

< [Ep:

LI dIP¢

The result now follows exactly as in the proof of Lemma 6.5 because for D} =
dlP? /dQ| 7,, we have

dD? = —h(X¢, Zf)" dB;, Df =1,
and B is a Brownian motion under Q. [
Define for any measurable and bounded test function ¢ : R — R,

p2(9)
pd(1)’

Recall that 7;"* was defined analogously with p;** instead of p?. We then have

7 (p) =

LEMMA 6.8. Assume (Hgat), (HFg 4), (HS7.4), (HOg 4) and that the initial
distribution (@(X(s), z&) has finite moments of every order. Let p > 1. Then there

exists C > 0 such that for every ¢ € CZ

Eq[|77™ (@) — 77(0)|"] < e”*Cligll} -
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PROOF. In the third line we use that 7% is a.s. equal to a probability measure,
£,X 0
pr (@) pr(@)

Eq[|75* (9) — 7 (0)[7]
p
pr (1) pd(1) ]

-
pr (9) = pp(9)

P (1) = p(1)

P
=E[ 7 () ]
© 20(1) S TS
(@) — p(p) |P pF (1) — pd(1)|P
= € (Ba|| g ] |+ tetta| [Py R )
»(Eo T lel2Eg A0

Cp(Eq[lod (|72 (Eq[| o5 (0) — o2 ()]
+l@lIZEg[| o5 (1) — p%(1)]*]/?)

[A

2
< eP2C11¢ll4.00,

where the last step follows from Lemmas 6.6 and 6.7. [J

Since the bound only depends on ||¢]|4,0, We can replace the assumption ¢ €
CZ by ¢ € C,‘;: Just approximate ¢ € C,‘,l by ¢" € C,Z in the || - ||4,00-norm, and
take advantage of the fact that 77" and n% are a.s. equal to probability measures.
Therefore we have:

COROLLARY 6.9. Assume (Hgat), (HFg 4), (HS7.4), (HOg 4) and that the ini-
tial distribution Q(XS? 78 has finite moments of every order. Let p > 1. Then there

exists C > 0 such that for every ¢ € Cf}',

Eg[lr7* (9) = 77(9)|"] < e”2Cligll} o -

Now note that there exists a countable algebra (¢;);en of Cg functions that
strongly separates points in R™. That is, for every x € R and § > 0, there exists
i € N, such thatinfy. x_y>s ]9 (x) — ¢;(y)| > 0. Take, for example, all functions
of the form

exp(— qu(x — Xj)2>
j=1

withn e N, g; € Q, x; € Q™. By Theorem 3.4.5 of Ethier and Kurtz (1986), the
sequence (¢;) is convergence determining for the topology of weak convergence
of probability measures. That is, if ;t, and p are probability measures on R, such
that lim,,_, oo s (¢;) = (@;) for every i € N, then u,, converges weakly to .
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Define the following metric on the space of probability measures on R :

o0

dw, p) =digyw, W) =
i=1

[v(gi) — (i)l
2i ’

Because (¢;) is convergence determining, the metric d generates the topology of
weak convergence. Therefore the proof of Theorem 3.1 is complete.

7. Conclusion and future directions. This paper presented the theoretical
basis for the development of a lower-dimensional particle filtering algorithm for
the state estimation in complex multiscale systems. To this end, we combined
stochastic homogenization with nonlinear filtering theory to construct a homog-
enized SPDE which is the approximation of a lower-dimesional nonlinear filter for
the “coarse-grained” process. The convergence of the optimal filter of the “coarse-
grained” process to the solution of the homogenized filter is shown using BSDEs
and asymptotic techniques. This homogenized SPDE can be used as the basis for
an efficient multi-scale particle filtering algorithm for estimating the slow dynam-
ics of the system, without directly accounting for the fast dynamics. In Lingala
et al. (2012) we present a numerical algorithm based on this scheme that enables
efficient incorporation of observation data for estimation of the coarse-grained
(“slow”) dynamics, and we apply the algorithm to a high-dimensional chaotic mul-
tiscale system.

Even though this paper deals with just one widely separated characteristic time
scale, one can extend this work to incorporate a more realistic setting where the
signal has more than one time scale separation. As before we let ¢ be a small
parameter that measures the ratio of slow and fast time scales. Consider the signal
and observation processes governed by

1 1
dZj = 5 f(Zi. X{) + (27 X[)dWe,  Zy =z,

1
(26)  dXf=-b"(Z5, XE)+b(ZE, XE) + o (25, XE)dV,,  X§=nx,
&
dyf =h(Z{,X{)dt+dB,,  Y§=0,

where W, V and B are independent Wiener processes and x and z are random
initial conditions which are independent of W, V and B. It is important to realize
that there are several scales in (26), even the slow process X7 has a fast varying
component. This case is important, in particular, for applications in geophysical
flows and climate dynamics. The drift term b and the diffusion o cause fluctuations
of order order 1, and the drift term f and the diffusion g cause fluctuations of
order order £ 2, whereas the drift term b! causes fluctuations at an intermediate
order ¢! It was found that when the average of b’ with respect to the invariant
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measure of the fast component Z7 (for the fixed slow component) is zero, the
limit distribution of the slow component (away from the initial layer) can also
be obtained in terms of the solution of some auxiliary Poisson equation in the
homogenization theory. However, a unified framework to deal with ¢! term in
developing a lower-dimensional nonlinear filter for the “coarse-grained” process
is still not available.

Our conditions on the coefficients are very restrictive and exclude, for ex-
ample, linear models. This is due to the fact that we are using homogeniza-
tion of SPDEs to obtain convergence of the filter, and that for existence of
solutions to the SPDEs, the coefficients need to be bounded and sufficiently
smooth. Working with weak solutions in place of classical solutions would not
improve the conditions much. Using viscosity solutions or entirely relying on
probabilistic arguments might be a way to get less restrictive conditions how-
ever, with these methods we do not expect that a rate of convergence can be ob-
tained.

While we were able to obtain the explicit rate of convergence /¢, the constant
C in Theorem 3.1 depends on the terminal time 7 . It would be interesting to find
conditions under which this can be avoided. This might be achieved by building
on stability results for nonlinear filters; see, for example, Crisan and Rozovskii
(2011), Chapter 4, “Stability and asymptotic analysis.”
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