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NUMERICAL SIMULATION OF BSDES WITH DRIVERS OF
QUADRATIC GROWTH
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This article deals with the numerical resolution of Markovian backward
stochastic differential equations (BSDEs) with drivers of quadratic growth
with respect to z and bounded terminal conditions. We first show some bound
estimates on the process Z and we specify the Zhang’s path regularity the-
orem. Then we give a new time discretization scheme with a nonuniform
time net for such BSDEs and we obtain an explicit convergence rate for this
scheme.

1. Introduction. Since the early nineties, there has been an increasing inter-
est for backward stochastic differential equations (BSDEs). These equations have
a wide range of applications in stochastic control, in finance or in partial differen-
tial equation theory. A particular class of BSDE has been studied for a few years:
BSDEs with drivers of quadratic growth with respect to the variable z. This class
arises, for example, in the context of utility optimization problems with exponen-
tial utility functions or alternatively in questions related to risk minimization for
the entropic risk measure (see, e.g., [13]). Many papers deal with existence and
uniqueness of solution for such BSDEs; we refer the reader to [17, 18] when the
terminal condition is bounded and [3, 4, 9] for the unbounded case. Our concern
is rather related to the simulation of BSDEs and more precisely time discretization
of BSDEs coupled with a forward stochastic differential equation (SDE). Actually,
the design of efficient algorithms which are able to solve BSDEs in any reasonable
dimension has been intensely studied since the first work of Chevance [6] (see,
e.g., [1, 11, 19]). But in all these works, the driver of the BSDE is a Lipschitz
function with respect to z and this assumption plays a key role in their proofs.
In a recent paper, Cheridito and Stadje [5] studied approximation of BSDEs by
backward stochastic difference equations which are based on random walks in-
stead of Brownian motions. They obtain a convergence result when the driver has
a subquadratic growth with respect to z and they give an example where this ap-
proximation does not converge when the driver has a quadratic growth. To the best
of our knowledge, the only work where the time approximation of a BSDE with
a quadratic growth with respect to z is studied is the one of Imkeller and Reis
[14]. Notice that, when the driver has a specific form (roughly speaking, the driver
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is a sum of a quadratic term z — C|z|?> and a function that has a linear growth
with respect to z), it is possible to get around the problem by using an exponential
transformation method (see [15]) or by using results on fully coupled forward—
backward differential equations (see [7]).

To explain the ideas of this paper, let us introduce (X, Y, Z) the solution to the
forward-backward system

t t
Xt=x+f b(s,Xs)ds+/ o(s)dWs,
0 0

T T
Y, = g(X7) +f F(s Xy, Yy, Zs) ds —/ Z, dW,,
t t

where g is bounded, f is locally Lipschitz and has a quadratic growth with respect
to z. A well-known result is that when g is a Lipschitz function with Lipschitz
constant K, then the process Z is bounded by C (K, + 1) (see Theorem 3.1). So,
in this case, the driver of the BSDE is a Lipschitz function with respect to z and
we are able to use standard results about discretization of BSDEs. Because of the
above observation, this paper will focus on the case that the terminal function g
is not Lipschitz. To obtain our main results, we will assume that g is an o-Holder
function but it is also possible to adapt our methods when g is not a-Holder; for
example, Remark 4.13 deals with the case of an indicator function of a smooth
domain. Let us notice that the time approximation of BSDEs with an irregular
terminal function has already been studied by Gobet and Makhlouf [12] when the
generator is a Lipschitz function with respect to z.

In light of previous observation, a simple idea is to do an approximation of
(Y, Z) by the solution (YV, ZV) to the BSDE

T T
Y;N:gN(XT)+/ f(s,Xs,YSN,Z‘ﬁv)ds—/ zNaw;,
t t

where gy is a Lipschitz approximation of g. Thanks to bounded mean oscillation
martingale (BMO martingale in the sequel) tools, we have an error estimate for this
approximation (see, e.g., [2, 14] or Proposition 4.2). For example, if g is «-Holder,
we are able to obtain the error bound CK gNa/ (=) (see Proposition 4.11). More-
over, we can have an error estimate for the time discretization of the approximated

BSDE thanks to any numerical scheme for BSDEs with Lipschitz driver. But this
2

error estimate depends on Ky, ; roughly speaking, this error is C e“Kavn=1 with

n the number of discretization times. The exponential term results from the use of

Gronwall’s inequality. Finally, when g is a-Holder and K, = N, the global error
bound is

1 eCN2
(D) C<Na/(1—a)+ . )

So, when N increases, n~! will have to become small very quickly and the speed of
convergence turns out to be bad; if we take N = (% logn)!'/? with 0 < & < 1, then
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the global error bound becomes C, (logn)~*/?(1=®) The same drawback appears
in the work of Imkeller and Reis [14]. Indeed, their idea is to do an approximation
of (Y, Z) by the solution (YN, ZM) to the truncated BSDE

T T
YIN=g<XT>+/ f(s,xs,va,hN(Z§V>>ds—/ zV aw,,
t t

where iy : R!*? — R4 is a smooth modification of the projection on the open
Euclidean ball of radius N about 0. Thanks to several statements concerning the
path regularity and stochastic smoothness of the solution processes, the authors
show that for any 8 > 1, the approximation error is lower than CgN ~P . So they
obtain the global error bound

1 eCN2
2) Cﬂ(—+ ;. )

and, consequently, the speed of convergence also turns out to be bad; if we
take N = (%logn)l/ 2 with 0 < & < 1, then the global error bound becomes
Cﬁ?e(logn)_ﬂ/z.

Another idea is to use an estimate of Z that does not depend on K,. So we
extend a result of [8] which shows

3) |Z:| < M1 + M

tl = My T -2
Let us notice that this type of estimation is well known in the case of drivers with
linear growth as a consequence of the Bismut—Elworthy formula (see, e.g., [10]).
But in our case, we do not need to suppose that o is invertible. Then, thanks to
this estimation, we know that when t < T, f(z, -, -, -) is a Lipschitz function with
respect to z and the Lipschitz constant depends on f. So we are able to modify
the classical uniform time net to obtain a convergence speed for a modified time
discretization scheme for our BSDE; the idea is to put more discretization points
near the final time 7" than near 0. Roughly speaking, our discretization grid is equal

to
e k/n
tk:=T<l—<—> >, 0<k=<n,
T

with ¢ a parameter. But due to technical reasons we need to apply this modified
time discretization scheme to the approximated BSDE

0<t<T.

T T
PN e+ [ XYz s - [ 2 aw,
t t
with
fg(S,X,yaZ)::]lng—sf(S,x’y,Z)+]ls>T—sf(S»X,y,0)-

Thanks to the estimate (3), we obtain a speed convergence for the time discretiza-
tion scheme of this approximated BSDE (see Theorem 4.9). Moreover, BMO tools
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give us again an estimate of the approximation error (see Proposition 4.2). Finally,
if we suppose that g is a-Holder, we prove that we can choose properly N and ¢
to obtain the global error estimate Cn—2%/(2=)@+K)=24+20) (gee Theorem 4.14)
where K > 0 depends on constant M» defined in equation (3) and constants related
to f. Let us notice that such a speed of convergence where constants related to f,
g, b and o appear in the power of n is unusual. Even if we have an error far better
than (1) or (2), this result is not very interesting in practice because the speed of
convergence strongly depends on K. But, when b is bounded, we prove that we
can take M» as small as we want in (3). Finally, we obtain a global error estimate
lower than Cnn_(“_”) for all n > 0 (see Theorem 4.17).

To conclude, it could be interesting to do some comparisons between our work
and the article of Gobet and Makhlouf [12]. We already explain that this paper
studies the time approximation of Lipschitz BSDEs with irregular terminal func-
tions. These authors show that the error of approximation is lower than C,n™*
when g is an «-Holder function and the discretization grid is uniform. So, our bet-
ter speed of convergence is very close to their result. Nevertheless, they also show
that it is possible to obtain the classical speed of convergence, that is to say Cn~!,
when we use the nonuniform grid given by

K\ /B
tk::T—T<1—;) , 0<k<n,
with 8 < «. It is interesting to notice that we both use nonuniform time discretiza-
tion points but their grid is different than our grid; the accumulation speed of dis-
cretization points near the terminal time 7" is not the same; it is faster in our case.

The paper is organized as follows. In the introductory Section 2 we recall some
of the well-known results concerning SDEs and BSDE:s. In Section 3 we establish
some estimates concerning the process Z; we show a first uniform bound for Z,
then a time dependent bound and finally we specify the classical path regularity
theorem. In Section 4 we define a modified time discretization scheme for BSDEs
with a nonuniform time net and we obtain an explicit error bound.

2. Preliminaries.

2.1. Notation. Throughout this paper, (W;);>o will denote a d-dimensional
Brownian motion, defined on a probability space (€2, F,P). For ¢ > 0, let F; de-
note the o-algebra o (Wy; 0 < s <), augmented with the P-null sets of . The

Euclidean norm on R? will be denoted by | - |. The operator norm induced by | - |
on the space of linear operator is also denoted by | - |. For p > 2, m € N, we denote
further:

(1) SP(R™) or S” when no confusion is possible, the space of all adapted pro-
cesses (Y;)re0,7] With values in R” normed by

1/
||Y||sp=E[(t€s[3pﬂm|)”] g
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S®(R™) or §°°, the space of bounded measurable processes;
2) MP@®R™) or MP, the space of all progressively measurable processes
(Zt)1ep0,77 With values in R™ normed by

T 5 p/2q1/p
||Z||MP=E[([O 1Z,| ds) } .

In the following we keep the same notation C for all finite, nonnegative constants
that appear in our computations; they may depend on known parameters deriving
from assumptions and on 7" but not on any of the approximation and discretization
parameters. In the same spirit, we keep the same notation » for all finite, positive
constants that we can take as small as we want independently of the approximation
and discretization parameters.

2.2. Some results on BMO martingales. In our work, the space of BMO mar-
tingales play a key role for the a priori estimates needed in our analysis of BSDEs.
We refer the reader to [16] for the theory of BMO martingales and we just recall
the properties that we will use in the sequel. Let ®; = fé PpsdWs, t €[0,T], be a
real square integrable martingale with respect to the Brownian filtration. Then @
is a BMO martingale if

T 1/2
[®lsMo = sup E[(®)7 — (®);|F:1> = sup E[f ¢§ds!fr] < 400,
7€[0,T] €(0,T] T

where the supremum is taken over all stopping times in [0, T']; (®) denotes the

quadratic variation of ®. In our case, the very important feature of BMO martin-
gales is the following lemma.

LEMMA 2.1. Let ® be a BMO martingale. Then we have:

(1) The stochastic exponential

1 1 rt
5<<I>>t=&=exp(/ soawy > | |¢s|2ds), 0<i1<T,
0 0

is a uniformly integrable martingale.

(2) Thanks to the reverse Holder inequality, there exists p > 1 such that E1 €
LP. The maximal p with this property can be expressed in terms of the BMO norm
of ®.

(3) Vn e N*, EI(fy I¢sI>ds)"] < n!l|®lFso-

2.3. The backward—forward system. Given functions b, o, g and f, for x € R?

we will deal with the solution (X, Y, Z) to the following system of (decoupled)
backward—forward stochastic differential equations: for ¢ € [0, T'],

4) X,:x—I—/Otb(s,Xs)ds—l—/Ota(s)dW;,

T T
) Y, = g(X7) +/ F(s, X5, Vs, Zs) ds —/ Z, dW,.
t t
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For the functions that appear in the above system of equations we give some gen-
eral assumptions.

(HX0). b:[0,T] x R - R?, ¢:[0,T] — R?*? are measurable functions.
There exist four positive constants M, K», M, and K, such that V¢, € [0, T],
Vx,x e R,

|b(t, x)| < Mp(1 + |x]),
Ib(1,x) — b(t', x| < Kp(lx — x| + [t — £']/2),
lo(H)| < Mo,
lo(t) —o ()| < Kot — 1.
(HY0). f:[0,T]1xR? x R x R4 s R, g:R? — R are measurable func-

tions. There exist five positive constants M ¢, K¢, K¢y, K r,; and Mg such that
Vi €[0,T], Vx,x' €eRe, Vy, y € R, Vz,z e R1*4,

|f @t 23,21 < Mp(L+ |y + |2,
|ft,x,9,2) = ft,x, ¥, ) < Kpxlx = x|+ Kpyly = |
+ (Ko 4+ Lypz(zl +12'D)1z = 2L,
lg(x)| = M.
We next recall some results on BSDEs with quadratic growth. For their original

version and their proof we refer to [2, 17] and [14].

THEOREM 2.2. Under (HXO0), (HYO), the system (4)—(5) has a unique solu-
tion (X,Y,Z) € 8% x 8® x M?. The martingale Z x W belongs to the space of
BMO martingales and || Z x W||gmo only depends on T, My and M . Moreover,
there exists r > 1 such that E(Z « W) € L.

3. Some useful estimates of Z.
3.1. A first bound for Z.

THEOREM 3.1. Suppose that (HXO0), (HYO) hold and that g is Lipschitz with
Lipschitz constant K. Then, there exists a version of Z such that, vt € [0, T,

1Z,] < eCKTEIIT M (Ky + TK 1)

PROOF. First, we suppose that b, g and f are differentiable with respect to x,
y and z. Then (X, Y, Z) is differentiable with respect to x and (VX, VY, VZ) is
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the solution of

t
(6) VXt:Id+/ Vb(s, Xs)VXids,
0
T
VY, =Vg(X7)VXr —f VZ;dW;
t
T
@) +/ Vif(s, Xs, Y5, Z)VXs +Vy f(s, X, Yy, Zs)VYids
t

T
+f V. £ (s, Xy, Yy, Z)V Zy ds,
t

where VX, = (0X!/3x/)1<i j<a, VY: ="(3Y,/3x7)1<j<qg e R4, VZ, = (3Z]/
3x/)1<i, j<a and [IT VZ, dW, means

T . .
> [ vz aw,
1<i<d 4

with (VZ)' denoting the ith line of the d x d matrix process VZ. Thanks to usual
transformations on the BSDE we obtain

o8 Vif (s X Y5 Z)ds gy,
:efoTvyf<s,xs,Ys,Zs)dsvg(XT)vxT
T ~
_/ ol Vo @ XuYu.Zduy 7 a7
t
T
+/ o vyf(u,xu,Yu,zu)duvxf(s, X, Y, Z)V X ds
t
with dWs =dW; — V. f(s, X5, Ys, Zs) ds. We have

. 2
H/O V. £ (s, Xy, Yy, Z5) dW,

BMO

T
- Sup E[/ |VZf(s9 XS? YSvZS)|2ds|f‘L’j|
7€[0,7T] T

T
§C(1+ sup E[/ |ZS|2ds}f,D
7€[0,T] T

=C+1Z*W3ymo)-

Since Z x W belongs to the space of BMO martingales,

< +00.

H/ V. £ (s, Xs, Y, Zs) dW,
0 BMO
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Lemma 2.1 gives us that £( fo V. f(s, Xs,Ys, Zs) dWs); is a uniformly integrable
martingale so we are able to apply Girsanov’s theorem: there exists a probability
Q under which (W);¢[o, 77 is a Brownian motion. Then,

o Vy [ X Y5 Zds gy,

_ R0 [efOT Vi f (5. Xs Y. Z)ds o (X 1)V X 7

T N
+ / eﬁ) vyf(u,Xu,Yu,Zu)duvxf(s’ XS, YS’ ZS)VXS ds|ﬁ}
t

and
(8) VY| < e®oHEIT (K, + TKy,),

because |VX;| < e&vT Moreover, thanks to the Malliavin calculus, it is classical
to show that a version of (Z;);c(0,7] is given by (VY,(VX;)_lo(t))ZE[o?T]. So we
obtain

1Zi| < 50T M, VY, | < ePKoAKDI Ty (Ko +TKpy)  as.,

because |VX,_1| < kT
When b, g and f are not differentiable, we can also prove the result by a stan-
dard approximation and stability results for BSDEs with linear growth. [

REMARK 3.2. Thanks to Theorem 3.1, the generator f becomes a Lipschitz
function with respect to z, so we are able to use standard results about time dis-
cretization of BSDEs. In this case, we obtain that the error of approximation is
lower than Cn~! with n the number of discretization times (see, e.g., [1, 11]).
Let us notice that, in all studies about discretization of BSDEs, we do not care
about the constant in the error bound; we only consider the asymptotic speed of
convergence. But, with a practical point of view, the constant could play an impor-
tant role, particularly for small n. In our case, the generator f may be viewed as
Lipschitz in z with a Lipschitz constant Ce>X»+K7.)T So, if we apply the stan-

dard result, the generic constant in the rate of convergence will be in the order of
2QKp+K ¢ ,)T .. . .
eCE T This is, of course, not desirable because it blows up when Kj,

Ky or T increase. We think that it could be interesting to see if we are able to
observe such a phenomena with numerical simulation.

3.2. A time dependent estimate of Z. We will introduce two alternative as-
sumptions.

(HX1). b is differentiable with respect to x and o is differentiable with respect
to . There exists A € R* such that Vi € R?

©)) o ()['o (s)'Vb(s, x) — ‘o’ ()In] < Al'no ()],
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(HX1'). o isinvertible and Vr € [0, T, |o (1) ~!| < M, 1.

Example. Assumption (HX1) is verified when, Vs € [0, T'], Vb(s, -) commutes
with o (s) and 3A : [0, T] — R?*4 bounded such that o’ (1) = o () A(?).

THEOREM 3.3. Suppose that (HX0), (HYO0) hold and that (HX1) or (HX1")
holds. Moreover, suppose that g is lower (or upper) semi-continuous. Then there

exists a version of Z and there exist two constants C, C' € R™ that depend only in
T,Mg, M¢,Kyx, Kfy, Ky, and Ly, suchthat,Vt € [0, T,

|Z| <C+C(T—1n~"2.
PROOF. In a first time, we will suppose that (HX1) holds and that f, g are
differentiable with respect to x, y and z. Then (Y, Z) is differentiable with respect
to x and (VY, VZ) is the solution of the BSDE

T
VY,ZVg(XT)VXT—/ VZ,dW;
t
T
+/ Vif(s, X5, Y, Zo)VXs + Vyf(S, X5, Yy, Zg)VY,ds
t

T
+ / V. £ (5, Xy, Yy, Z5)V Zs ds.
t

Thanks to usual transformations we obtain
o Vyf X Y5 Zds gy,

tos
_|_/0 S0 Vs XuYuZoduyy s XY, ZOVX,ds
:efoTV.Vf(S’XS’yS’ZS)dSVg(XT)VXT

T S
d [ eV e 200G, £ (5, X, ¥, 2 VX, ds

T
_/ R Vo f X Yo Zodusy 7 i
t
with dWs =dWs -V, f(s, Xy, Ys, Zs)ds. We can rewrite it as

T S ~
(10) F =Fr —/ elo VoS wXuYuZduyg 7 gy,
t

with
F = oJo Vyf(s.Xs Y5 Zo) ds gy,

t S
+/ o Vs XY Zoduy roo Xy ZO)VX, ds.
0
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Z x W belongs to the space of BMO martingales so we are able to apply
Girsanov’s theorem: there exists a probability Q under which (W)te[O,T] is a
Brownian motion. Thanks to the Malliavin calculus, it is possible to show that
(VYt(VXt)_la(t))te[o,T] is a version of Z. Now we define

z S
o = [0 e VI XY Zdug f(s X\ Y, Z)V Xy ds (VX)) o (1),
Zt = FI(VX[)_IU(t) = efé Vyf(s’XS’YS’ZS)dSZt + oy a.s.,
EF o ="F(vXx,) .

Since dVX,; = Vb(t, X;)VX, dt, then d(VX,)"! = —(VX,)~'Vb(t, X;)dt and
thanks to Itd’s formula,

dZ, =dF; (VX)) lo(t) — F,(VX)7'Vb(t, X))o (1) dt + F,(VX,) o’ (1) dt
and

de*Z,) = F,(\d — Vb(t, X))o (1) dt + Fo/ () dt + e dF,(VX,) o (2).
Finally,

d|eM Z,1> = 2[M Fio (1) ]> = Fo (0)['o (1)'Vb(t, X,) — "o’ (1)]'F,] dt
+d(M), +dM}

with M; .= fé M dF,(VX,) lo(s) and M} a Q-martingale. Thanks to the as-
sumption (HX1) we are able to conclude that |eM Z;l2 is a Q-submartingale.
Hence,

E@[/ZT 62“|Zs|2ds}f,]
> M| Z,12(T — 1)
> e2M|ef(§ V)’f(S’X“YS’ZS)dSZt + a,|2(T — 1) as..
which implies
1Z2(T — 1) = e~ M =200 VoS (5. X5, Y5 Zy) ds 201
x |efo VoS XeXoZds 7. 4o o |X(T — 1)

< C(eZAt}eféVyf(s,Xs,Ys,Zs)dsZt +Ol;|2 + 1)(T _ [)

T 5
§C(EQ[/ e2“|Zs|2ds]f,}+(T—t)> a.s.
t
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with C a constant that only depends on T', Kp, My, K¢, Ky, and A. Moreover,
we have, a.s.,

T 3 T
E@[/ ez“IZSIZdSM}SCE@U |Zs|2+|as|2dsm]
t t

< C(I1Zlzmow) + (T — 1)

But || Z||Bmo(@) does not depend on K, because (Y, Z) is a solution of the follow-
ing quadratic BSDE:

T
Y, = g(X1) +/t (F (5. Xy, Yy, Zs) — Zs Vo f (5. Xy, Yy, Zs)) ds

T -
—/ Zs dW,.
t

Finally, |Z,| < C(1 + (T —1)"'/?) as.

When o is invertible, the inequality (9) is verified with A := M_ -1 (Ms K}, +
K). Since this A does not depend on Vb and ¢’, we can prove the result when
b(t, ) and o are not differentiable by a standard approximation and stability results
for BSDEs with linear growth. So, we are allowed to replace assumption (HX1)
by (HX1).

When f is not differentiable and g is only Lipschitz, we can prove the result
by a standard approximation and stability results for linear BSDEs. But we notice
that our estimation on Z does not depend on K,. This allows us to weaken the
hypothesis on g further; when g is only lower or upper semi-continuous the result
stays true. The proof is the same as the proof of Proposition 4.3 in [8]. [

an

REMARK 3.4. The previous proof gives us a more precise estimation for a
version of Z when f is differentiable with respect to z:Vt € [0, T],

T 12
zi=c+cB| [ izPasiA] @ -n”
t

REMARK 3.5. When assumption (HX1) or (HX1’) is not verified, the pro-
cess Z may blow up before T. Zhang gives an example of such a phenomenon in
dimension 1; we refer the reader to Example 1 in [20].

3.3. Zhang’s path regularity theorem. lLet0=1ty9 <t] <--- <t, =T be any
given partition of [0, T'] and denote §,, the mesh size of this partition. We define a
set of random variables

1

Z, =
Cotip— 8

tit1
E[ +sts|.7-}i] Vielo,...,n—1).
t

Then we are able to give a more detailed version at Theorem 3.4.3 in [21].
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THEOREM 3.6. Suppose that (HX0), (HYO) hold and g is a Lipschitz function
with Lipschitz constant Kg. Then we have

n—1

L1 = 5 2
§ E[/ |Z; — Z4,| dt}gC(l—i—Kg)(Sn,
t

i=0

where C is a positive constant independent of 8, and K.

PROOF.  We will follow the proof of Theorem 5.6 in [14]; we just need to
specify how the estimate depends on K. First, it is not difficult to show that Z;, is
the best F;, -measurable approximation of Z in M2, ti+1]), thatis,

lit1 = 9 . lit1 2
1 Z;eL?(Q,F;;) li

In particular,
lit+1 = 5 lit+1 5
E[/ |Z; — Zy;| dt] < ]E[/ |Z; — Zy;| dt].
ti t
In the same spirit as previous proofs, we suppose in a first time that b, g and f are
differentiable with respect to x, y and z. So,
Zi—Zy; =VYi(VX) o () = VY, (VX)) o)=L+ L+ 13 as.,

with 11 = VY, (VX)) "o (1) — o (), b = VY, (VX)) ™' = (VX)) Do (t) and
L=V({Y;-Y;)(VX ,l.)_la(t,-). First, thanks to the estimation (8) we have

\L1* < VY P T K2 — 6 < C(L+ K6,

We obtain the same estimation for |/>| because

(VX)) = (VX)) < < KpeXoT |t — 1.

t
/ (VX)) 'Vb(s, X,)ds
1

Last, |I3] < M, eX0T|VY, — VY, |. So,

n—1

n—1 fiy1
ZE[[ |I3|2dt} SCSnZE[ess sup  |VY; —VY,,.|2].
i=0 fi i=0

telti,tiv1]

By using the BSDE (7), (HYO0), the estimate on V X and the estimate (8), we have

t 2
VY — VY, P < c(f (C+ K + Vo f (s, Xy, ¥s, zs>||vzs|)ds)
ti

¢ 2
—I—C( VZSdWs) .
ti
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The inequalities of Holder and Burkholder—Davis—Gundy give us
n—1
3 E[ess sup  |VY; — VY, |2]
=0 ety tit1]

2

5 n—1 tit1
<ca+kD+C Y B( [ IVf 6 X Y 20 2 ds )
i=0 fi

lit1 2
+CIE</ |V Z| ds)
1

<CU+KD

T 2 T
4+ CE (/0 |vzf<s,xs,Ys,zs>||vzs|ds) + [ |vzs|2ds}

<C(+KD)

+ C]E:</OT(1 + |Zs|2)ds> </OT |VZS|2ds> +/0T |vzs|2ds]

<C(+K3)

-+ C(l +E[</OT |zs|2ds>p}l/p>E[</oT |vzs|2ds>q}l/q

forall p>1and g > 1 suchthat 1/p+ 1/g = 1. But, (VY, VZ) is the solution
of BSDE (7) so, from Corollary 9 in [2], there exists g that only depends on || Z %

W |lBmo such that
T 5 q11/4q )
E[(/ VZi| ds)] <CU+KD).
0

Moreover, we can apply Lemma 2.1 to obtain the estimate

T rql/p
E[([ |zs|2ds)} < Cl1ZI3yo0 < C.
0

Finally,
n-l lit1 5 2
ZEU | 13| dt}s€(1+Kg)5n
i=0 li
and
n-1 lit1 = n-l lit1 » 5 5
ZE[/ \Z, - 2, dr}sZE[/ (L1 + 1B + 15| )dr}
i=0 li i=0 li

< C(1+K})s,. O
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4. Convergence of a modified time discretization scheme for the BSDE.

4.1. An approximation of the quadratic BSDE. In a first time we will approx-
imate our quadratic BSDE (5) by another one. We set ¢ € |0, T[ and N € N. Let
(YN¢, ZN-%) be the solution of the BSDE

r T
(12) YfN,S = gN(XT) +~/l: fs(s’ XS’ Yslv,é" Ziv’g) dS - ‘/t. Z‘gv’gdWS
with

fg(s’xv y7Z) = :ﬂ‘SST*Sf(s?x’ y’Z)+]]~S>T7€f(sa~xa y»o)

and gn a Lipschitz approximation of g with Lipschitz constant N. f¢ verifies
assumption (HYO) with the same constants as f. Since gy is a Lipschitz function,
Z"N-¢ has a bounded version and the BSDE (12) is a BSDE with a linear growth.
Moreover, we can apply Theorem 3.3 to obtain the following proposition.

PROPOSITION 4.1. Let us assume that (HX0), (HYO0) and (HX1) or (HX1")
hold. There exists a version of ZN-¢ and there exist three constants M 1, Mz 2,
M, 3 e R that do not depend on N and & such that, Vs € [0, T,

M;»

N,¢e

> A (M;3(N +1)).

Thanks to BMO tools we have a stability result for quadratic BSDEs (see [2]
and [14]).

PROPOSITION 4.2. Let us assume that (HX0) and (HYO) hold. There exists a
constant C that does not depend on N and &€ such that

E[ sup |YVe —Y, |2] +EUT 1zNe _ 7 |2dt] < C(e1(N) +ex(N, ¢))
t t t t = 1 2 ,
tel0,T] 0

with
el(N) :=El|lgn(X1) — g(X1)|*]1"/4,
T 2gq1/q
er(N, ¢) ::E[(/T |f(r,x,,YtN”f,zfv’S)—f(r,x,,YtN’E,ondr) }
—&

and q defined in Theorem 2.2.

REMARK 4.3. The authors of [14] obtain this result with q2 instead of q.
Nevertheless, we are able to obtain the good result by applying the estimates of [2].
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Then, in a second time, we will approximate our modified backward—forward
system by a discrete-time one. We will slightly modify the classical discretization
by using a nonequidistant net with 2n + 1 discretization times. We define the n + 1
first discretization times on [0, T — €] by

r(1-(3))
fy = =
k T
and we use an equidistant net on [T — &, T'] for the last n discretization times
2n —k
zsz—( " )a, n<k<2n.

n
We denote the time step by (hg 1= fx+1 — t)o<k<2n—1. We consider (X{;c)ofkfzn
the classical Euler scheme for X given by
Xy =~x,
(13)
XZH = XZ + hib(ty, XZ() +o )Wy, — Wy
for 0 <k <2n — 1. We denote p; ‘RIXd 5 RIXd he projection on the ball
M,
B(O, M; 1+ 7(7, — s)1/2)

with M | and M, , given by Proposition 4.1. Finally, we denote (Y-8, ZN.&m)
our time approximation of (YN-¢, ZN-¢). This couple is obtained by a slight mod-
ification of the classical dynamic programming equation

Yo, " = en(Xp,).

Ion

1
a9y  zVer=p,, (—Ezk[Y,ﬁf "W, — Wzk)]>,
15) Y =B IV B L X5 Y 23],

where 0 <k <2n — 1 and E, stand for the conditional expectation given F.
Let us notice that the classical dynamic programming equation does not use a
projection in (14); it is the only difference with our time approximation (see, e.g.,
[11] for the classical case). This projection comes directly from the estimate of Z
in Proposition 4.1. The aim of our work is to study the error of discretization

2n—1 fes
e(N,e,n):= sup E[|Y,*" —Y, ]+ Z E[/ 125" — 74| dt}
1

0<k<2n k
It is easy to see that
e(N,e,n) <C(e1(N)+ex(N,¢) +e3(N,e,n))
with e (N) and e> (N, ¢) defined in Proposition 4.2 and
2n—1

e3s(N,e,n):= sup E[Y, " — v+ Z U zhen —zNe? dz].
0<k<2n
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4.2. Study of the time approximation error e3(N, e,n). We need an extra as-
sumption.

(HY1). There exists a positive constant K r; such that V¢, ¢’ € [0, T], Vx € R4,
p £
Vy e R, Vz e RI*4,
lft,x,y,2) — f(t/ x, 9, D) < Kpelt — 1|

Moreover, we set ¢ = Tn~% and N = n”, with a, b € RT* two parameters. Before
giving our error estimates, we recall two technical lemmas that we will prove in
Appendices A and B.

12

LEMMA 4.4. For all constant M > 0 there exists a constant C that depends
onlyon T, M and a, such that
2n—1
[[ad+Mh)<C  VneN-
i=0

LEMMA 4.5. For all constants My > 0 and M, > O there exists a constant C
that depends only on T, M, M> and a, such that

n—1

h:
I (1 + Mihi + Mzil) <cn*,
i=0 T — lir1

First, we give a convergence result for the Euler scheme.

PROPOSITION 4.6. Assume (HXO0) holds. Then there exists a constant C that
does not depend on n, such that

Inn
sup E[|X;, — X} 1<C—.
0<k<2n n

PROOF. We just have to copy the classical proof to obtain, thanks to Lem-
ma 4.4,

sup E[|X; — chlz] <C sup h; =Chy.
0<k<2n 0<i<2n—1

But

1
ho=T(1 —n9" <c2.
n

because (1 —n~4/") ~ aTlnT" when n — 400, so the proof is complete. [J

Now, let us treat the BSDE approximation. In a first time we will study the time
approximation error on [T — ¢, T'].



NUMERICAL SIMULATION OF QUADRATIC BSDES 1949

PROPOSITION 4.7. Assume that (HXO0), (HYO) and (HY1) hold. Then there
exists a constant C that does not depend on n and such that

2n—1
Clnn
sup, BT — 11 3 B [z -z <

n<k<2n

PROOF. The BSDE (12) has a linear growth with respect to z on [T — ¢, T'] so
we are allowed to apply classical results which give us that

2n—1

sup EHY;Q]’S’” B Y,ivg n Z [/ Nen _ ZIN’SIZdt]

n<k<2n

< C(Bllon (xr) ~ an (XpP1+ 5 )

by using the fact that g is N-Lipschitz and by applying Proposition 4.6. [

REMARK 4.8.

(1) Whena > 1 —2b, then ¢ = Tn~% = 0(n?*~!Inn). We do not need to have
a discretization grid on [T — ¢, T']; n + 2 points of discretization are sufficient on
[0, T].

(2) When a < 1 — 2b, then it is possible to take only [r¢] discretization points
on [T —e&, T] with a + ¢ = 1 — 2b. In this case the error bound becomes

2n—1
sup  E[|Y; " — ¥, P1+ Z E[/ |23 — Zf“lzdt]

n<k<2n

Inn 1
=C 1% T jate
and the Proposition 4.7 stays true.

Now, let us see what happens on [0, T — €].

THEOREM 4.9. Assume that (HX0), (HYO0), (HY1) and (HX1) or (HX1')
hold. Then for all n > 0, there exists a constant C that does not depend on N,
& and n, such that

2n—1 tk C
sup LY " — ¥ P+ Y E[/ 1Zy " =2 P dt}f 1—2b—Ka
0<k<2n k=0 "

with K =4(1 + n)L5 _MZ,.
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PROOF. First, we will study the error on Y. From (12) and (15) we get

Y[iVs_YNsn

=E, [Y)r -y o

k+1 Te+1

et yNen ZN.
FE [ (P XYY 2N = fa X Y 20 ds,

fk+l
k
We introduce a parameter y; > 0 that will be chosen later. Thanks to Proposi-
tion 4.1 and assumption (HYO), f is Lipschitz on [f%, tx+1] with a Lipschitz con-

stant K := K! + 75 Where K 2=2L f,zM> 2. A combination of Young’s

(T— tk )]
inequality (a + b <(1+ ykhk)a2 + (1 + ” hk)bz and properties of f gives
E|Ytiv€ _ YNSl’ll

< (1 + yeh) BB, [YN6 — yN-em2

Tie+1 Te+1

(16) + (A +n'PKZ(h l E flet! gNe _ zN.en2
1 k k+ i | N 174 I s
1
+C<hk+—)(
Vi
1
+C(hk+—)(
Vi

- 1
N.en N.e,
VARES P B[V 0" Wiy — Wil

So, Z,]Z = oy H(Z,[Z ©"). Moreover, Proposition 4.1 implies that ZN-€ =
1 (ZN-#) and, since py,,, is 1-Lipschitz, we have

T+
h + IE|X X;;fds)

fk+|

E|YN8— yN-en 2 ds)

We define

N,e, 5N, 5N,e,
(17) 1z = 20" = 1py o (ZNF) — oy (Z00OMP < 12N = 200"

As in Theorem 3.6, we define Z,]Z *“ by
- Tk+1
heZp® = Etk/ zN-eds

173

Ti+1
B Etk(( ’ﬁf + fs, Xy, YsN ¢ Zsts)ds)t(Wka - Wlk)>‘

Clearly,

Tk

Tk+1 ~
IE/ |ZNe — ZN-en 2 g
Tk
(18) Tk+1
=B[22 Pas + EIZY S - 200
173

173



NUMERICAL SIMULATION OF QUADRATIC BSDES 1951

The Cauchy—Schwarz inequality yields
N, 2
|Etk(( k+1 - Ytk+f n) (Wtk+1 - Wtk))|
< hi By (1Ygy = Yo" 1) = [By (V7 = Yl )

Te+1 Te+1 Te+1 Te+1

and consequently

—N.e 5N,e.n 2
hk]Elztk - Zlk |

(19) <1+ PEE, (N5 — v oM?) — B, (v F — v om)2]

k1 Tie+1 Te+1 Tie+1

Tk+1
+ ChiE | f(s, Xs, YNV, ZN-8) 2 s

173
Plugging (18) and (19) into (16), we get
N, N,e,
E|sz e _ Ytk sn|2
< (1 + hOEIE, [Y:F — ¥, "2

k+1

1 ; _
+(1+n)K,§<hk+y—)Ef VASESARIEND
k Tk

1 Tk+
+C<hk+—)(h + EIX X | ds
Yk Tk

k1
N, N,
[T RN -yt Eas)
173
+ (402K (hk + )E[Ezkw,kﬂ —y e
— B, (Y F = Y202

1 Tk+1
+ CK} <hk + V—)th | f(s, X, YNV, ZN8) 2 s,
k

Tk

Now write

, N,e,n 2 s N,e,n 2
(Q0) BN = VP 2B — YT 4 2RI - VP
(21) ElX; — X} |* <2E|X, — X, |* + 2E| X, — X |?

and we obtain

N,e N,e,n|2
ElY, ™ =Y,

< (1 + yh) E|E, [V, yN-e _ YN,S,n]|2

Tket1 Te+1

1 Tk+1 _
+(1+n)K,§(hk+y—)E/ VASEVARIEND
k Tk
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1 2 fiet 2 )
+C hk+‘)/_ hk+ E|XS_Xl‘k| ds+th|X[k—th|
k

Tk

Tkt 1 Te+1
Yk

1 Tk+1
+ C(/’lk + —) (f ElYNe — v o P ds + By — YN’S’”|2>
Ik

1
+ (1+ ;7)2/3[(]%(}”( + E)EUEtk(lytN,a _ YN’S’"|2)

k+1 Tet1

— B, (v F =y ey 2]

Tet1 k1

1 Tk+1
+ CK,f(hk + ﬁ>th | f(s, Xg, YN, ZN-8) 2 s

Tk
Taking yr = (1 + n)z/ 3K ,% and for A small enough, it gives

E|YN,6 _ YN,S,n|2

173 175

< (14 Chy + (1 +)*BPKn)EIYN-E — Y Noem 2 4 ch?

k+1 Tk+1

+ Chy. max E|X; — X} |?
0<k=<n

e+ 1 _ Tie+1

+CE 1ZNe — Z 2 ds + C E|Xs — X, | ds
tx Tk
Tk+1

Tket1
+C ElYN¢ —vNf12ds + Ci B fs, X5, YN2, ZN#)2 g,

k1
Tk Tk

because K,ghk < C(ho + hi (T — tk+1)_1) < Cl“T". The Gronwall’s lemma gives
us

E|YN,8 _ YN,s,n|2

173 173
n—1rj—1
§CZ[H(1+Ch,-+(1+n)2/3Ki2hl-)]
j=0Li=0

2 2
X |:hj +hj0rgla§an|X,, - X3 |

Tj+1 -N N
+E |12V = Z0 P+ X = X P4 1YY =Y ds
1j

Lj+1
+hJIE// |f(S5XS’YvSIV’E9Z£V’8)|2dS:|
Zj

n—1
' [H (1+Chi + (14 n)2/3K12hi)}E|Y,Q”E o (i
i=0
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Then, we apply Lemma 4.5.

N,e N,e.n 2
ElY, " =Y, "l

< cpU+nK*a

X |:h0 + max E|X,, — Xle
0<i<n

[j+|

u Tj+1 _
+ ZE<[ |Z£V’8 — Zt]>178|2 + |Xs _ th|2 + IYSJV’S . YN78|2ds)
=0 J

17
+h0E/ | f (s, Xy, Y2, ZN9) 2 ds + EBIY)F - Y,y’g’”|2:|.
0

A classical estimation gives us E[| X — X;; 121<|s — tj|. Moreover, since zZN-e
is bounded,

In
E/ | f(s, Xy, YN8 ZN8) 2 ds
0
In
§CT(1+|YN’EIOO)+CEU |Z§V’8|4ds}
0
T
5CT(1+|YN’5IOO)+Cn2”EU |ZSN*8|2ds]
0

But we have an a priori estimate for E[ fOT |Z ;V |2 ds] that does not depend on N
and €. So

In
22) E [ 16 X, v 20 Pds = o,
0

With the same type of argument we also have

(23) ElYN-e — vNf12 < Chin?.

Tit1

If we add Zhang’s path regularity Theorem 3.6, Propositions 4.6 and 4.7, we finally
obtain

2b
N,e _ yN.enp2 (4 (K2)2a Inn . Inn
(24) ElYl‘k Ylk | S Cl’l n == nl—2b—(1+n)(K2)2a .

Now, let us deal with the error on Z. First of all, (17) gives us

n—1 ti+1 n—1 Tkl .
ZE[/ |Z,1Z’8’”—Z,N’€|2dt}§ZE[/ |Zt1]\!’g’"—ZtN’€|2dt].
k=0 0 k=0 L0

k k
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For 0 <k <n —1, we can use (18) and (19) to obtain

Tl o
E[/t |Z§Z’8’”—Z§V’8|2dt]

k

fev1 _
§E[/ \ZN-e — z,’“ﬂd:}

173
Tk

+ (142 PEIE, (Y — YN o2 — B, (v F — voom 2

Tk Tk+1 Tk+1 Te1

Tre+1
+Cth[/t ' |f(s,Xs,YSN’S,Z§V’8)|2ds}.

k

Inequality (22) and estimates for Z give us

n—1 Tie+1
ZEU |Zt1;]’g’”—ZtN’8|2dt}
k=0 0

k

vl _
521@[/ |ZfZ’8—Z,N’8|2dt}
k=0

173

n—1
+ A+ BB, (1Y) — Y ) — B (v — Y2

Tt 1 Te+1 Te+1 Tet1
k=0

T
(25) + ChoE[/O |f (s, Xy, YN8, ZSN’S)lzds]

—1

£ bt oNe N2
<> E , |Zy " — Z, P dt
k=0

k

n—1
SR RED B I N (VAR AR DR N AR ARSO T
k=0

+ CE[IY) — ¥ 1) + Chon®

In

with an index change in the penultimate line. Then, by using (16) we get

(L4 ) PE[E, (Y = Yo" — B (v — v "))

k1 Tk+1

< CyhiEIE, [Y5 — v o2

(26) Tk+1 Ty
5 1 Tl N e N,e,n 2
+(1+n)Kk<hk+—)E/ |Zg" = 2,17 ds
Yk Ik
1
+C(hk+ﬁ>hk(hk+ sup  E[|X; — X}, Tkt

k
s€lti,tiy1]

24+ yNe - YN’E’”|2]>.
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Thanks to (20), (21), (23) and a classical estimation on E[| X — X, |2] we have

sup  E[|1X, — XJ 12+ [¥NF — v, 0" 7]

Tk+1
SE[Tk, tr+1]

< C(hn® +E[YY5 —yN-om 2.

It 1 Tk+1
Let us set y, = 3(1 + r])K,f. We recall that th,f Cl“” — 0 when n — 0. So,
for n big enough, (26) becomes

(14 ) PE[E, (1Y) = Yo" — B (Y — ¥, ")

Ik Te+1 Tet1

Cl 1 fet
nnE[|YN8—YN’8’n|2]+§E/ |Z£V’€—ZN’8’H|2dS
t

Ti+1 lk+1 Tk
k

+ Chohin 2b

If we inject this last estimate in (25) and we use Theorem 3.6, we obtain

1”_1 Tk+1
EZEM |z§f’€’”—z§\’*8|2dz]
k=0 k

=< Choleb +Clnn sup E[ N & YN,s,n|2]‘

| Tk+1 Tkt1
0<k<n—1

By using (24) and Proposition 4.7, we finally have

2n—1
sup EHYtNen_ ]+ Z |:/ Nsn_ZlN,8|2dti|
0<k<2n
(Inn)?
= Cn172b7Ka

with K =4(1 + n)L2 M 22 Since this estimate is true for every n > 0, we have
proved the result. D

4.3. Study of the global error e(N,e,n). Let us study errors e;(N) and
er(N,¢).

PROPOSITION 4.10. Let us assume that (HX0) and (HYO) hold. There exists
a constant C > 0 such that

ex(N,e) = 2a—4b

PROOF. We just have to notice that

1fa X, YN ZNS — ra x,, v 0) < c)1zNE P
t t t
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and |Z"¥| is bounded by Cn?. O

For gy we use the classical Lipschitz approximation

gn (x) = inf{g(u) + N|x — ul|u € RY}.

PROPOSITION 4.11. We assume that (HXO0) holds and g is o-Holder. Then,
there exists a constant C such that
e1(N) = n2ba/(1—a) "

PROOF. gy isa N-Lipschitz function and gy — g when N — 400 uniformly
on R?. More precisely, we have

C
|g_gN|oo§m- O

REMARK 4.12. For some explicit examples, it is possible to have a better
convergence speed. For example, let us take g(x) = (|x|*1y>0) A C and assume
that o is invertible. Then, we can use the fact that this function is not Lipschitz
only in 0 and obtain

C
P(X7 € [0, NTV/A=O) 0 <

el(N) < — n®/d-a)Qa+1/g)"

n2ab/(1—ot)

REMARK 4.13. It is also possible to obtain convergence speed when g is
not «-Holder. For example, we assume that o is invertible and we set g(x) =
[T, 11,~0(x). Then

d 1/q C C
e1(N) < C|:ZIP)((XT)i € [0, 1/N])] < ——=—.

i=1
Now we are able to gather all these errors.

THEOREM 4.14. We assume that (HX0), (HY0), (HY1) and (HX1) or (HX1")
hold. We assume also that g is «-Holder. Then for all n > 0, there exists a constant
C > 0 that does not depend on n such that

C
n2a/(2—a)(2+K)—2+2a)

e(n):=e(N,e,n) <
with K = 4(1 + n)Lisz’Z.

PROOF. Thanks to Theorem 4.9, Propositions 4.10 and 4.11 we have

C C
e(n) < 1-2b—Ka + 1,2a—4b + n2ab/(I—a)"
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Then we only need to set a := lzf;—sz and b := = (ZIJF_I?‘)_Z T5g (O obtain the resulé

COROLLARY 4.15. We assume that assumptions of Theorem 4.14 hold. More-
over, we assume that f has a sub-quadratic growth with respect to z; there exists
0 < B < 1 such that, forallt € [0, T], x €R?, y e R, z,7 € R'*¢,

1f(t,x,9,2) = f(t,x,9, ) < (Ksz 4+ Lr(zlf +121P)1z = 2.

Then we are allowed to take K as small as we want. So, for all n > 0, there exists
a constant C > 0 that does not depend on n such that

en) < .
m < ——

REMARK 4.16. We are able to specify Remark 4.8 in our case, when a = 121—2]?

_ 11—«
and b = = oK =220 -

(1) When K < 22:3[;", that is to say, when o < 2/3 and K is sufficiently small,
then we do not need to have a discretization grid on [T — ¢, T].
(2) When K > 22__3‘;)‘, then it is possible to take only [n¢] discretization points

on [T — &, T] with

4 300 — 4
Q-—a)2+K)—2+2a’

c=1

Theorem 4.14 is not interesting in practice because the speed of convergence
depends strongly on K. But we see that the global error becomes e(n) < nac_,,
when we are allowed to choose K as small as we want. Under extra assumption

we can show that we are allowed to take the constant M; > as small as we want.

(HX2). b isboundedon [0, T'] x R4 by a constant Mj.

THEOREM 4.17. We assume that (HX0), (HYO0), (HY1), (HX2) and (HX1)
or (HX1") hold. We assume also that g is a-Holder. Then for all n > 0, there exists
a constant C > 0 that does not depend on n such that

elm) ==

REMARK 4.18. With the assumptions of the previous theorem, it is also pos-
sible to have an estimate of the global error for examples given in Remarks 4.12
and 4.13. When g(x) = (|x|*1,>0) A C, we have

C
e(n) < not+—a)/(1+2q9)—1
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and when g(x) = l—[f:1 1,,>0(x), we have

en) = a7

PROOF OF THEOREM 4.17. First, we suppose that f is differentiable with
respect to z. Thanks to Remark 3.4 we see that it is sufficient to show that

QN T N,e 2
E / |Zg | ds\f,
t

is small uniformly in @, N and ¢ when ¢ is close to 7. We will obtain an estima-
tion for this quantity by applying the same computation as [2] for the BMO norm
estimate of Z, page 831. Thus, we have

N.,& T N,e
EQ [f |Z§V’8|2ds\£]sla@ Ho(YNe) — (VN )| F ]+ C(T — 1)

with g(x) = (2O —2¢(x +m) — 1)/ (2¢?), m = |Y |« and ¢ that depends on
constants in assumption (HY0) but does not depend on V, f. Let us notice that
m, ¢ and so ¢ do not depend on N and ¢. Since Y is bounded, ¢ is a Lipschitz
function, so

& T &
EQ" U |Z§V’8|2ds|.7:;} < cE®" Ny — YN Fl+ C(T —1).
t

We denote by (YN-&4% zN.&6.x) the solution of BSDE (12) when X" = x. As
usual, we set X* = x and ZN-®"* =0 for s <t and we define u™*(t, x) :=
Y,N’e”’x. Then we give a proposition that we will prove in Appendix C.

PROPOSITION 4.19. We assume that (HXO0), (HYO0), (HY1), (HX2) and
(HX1) or (HX1') hold. We assume also that g is uniformly continuous on R4,
Then u™¢ is uniformly continuous on [0, T] x R? and there exists w a concave
modulus of continuity for all functions in {u™N-*|N € N, & > 0}, that is, w does not
depend on N and ¢.

Then
N,e
ECT Yy - ¥ A
_ EQN‘S[WN’*?(T, X7) —u™e(t, X)) | Fr]

<EQ"] uNE (T, Xr) —uN e, X))

]llf,Ta(S)dWsISv|

N,

+2|Y 8|OO]1|£T0(S)MY'>V|E]
N.e

<EX (T = 11417 0 g a0l X7 = Xel)

N,
+2Y 8|oo:ﬂ'|f,T6(s)de|>v|ﬁ]
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with dWy = dW; — V, f(s, X5, YN-¢, ZN-#) ds. But,

]l\f,Ta(s>dWs|5v|XT — Xl

=]1|J‘,Ta<s)dVvs\sv

T
/ b(s, Xg)ds
t

T T N
[Vt Xz s+ [ oai,
t t

T
be(T—t)—i—lH—Cf (14 1ZN-¢)) ds
t

T 172
<C(T -1)+v+C(T - z)‘/z(/ |Z§V’8|2ds> :
t
Since w is concave, we have by Jensen’s inequality

EC [o(T — 1] +1, 7 X7 — X, )1 7]

o (s)dWs|<v

. T 172
= “’(ClT —tl+v+C(T —1)2E" [(/ 'Zﬁv’elzds> ‘ftD
t

T T 1/2
f‘”(ClT—n+v+c<T—r>”2E@N’ [/ |z§vvf|2ds|ﬁ] )
t

<w(CIT —t]+v+C(T — )22V |Ipmo@))-

But, ||ZV **|IBMo(@) only depends on constants in assumption (HYO), so it is
bounded uniformly in N and ¢. Moreover, | ftT o(s)d Wsl is independent of F;
so we have by the Markov inequality

> v>

N,e

. v
EY []llf,Tcr(s)dW;|>v|5Et]=@ g(

—nl2
<C(T 1) .

/To(s)dWs

t

Vv

Finally, we have

. T _ 2
EQ YN — YN F) < o(CIT =12 + vy + ¢ LD

<wC|T —t|"*+ 1T —t|"* +C|T —1)V/*
by setting v = |T —¢|'/4 and EQN’EHY;V’S —YN¥||#1— 0 uniformly in @, N and

& when t — T. When f is not differentiable with respect to z but is only locally
Lipschitz, then we can prove the result by a standard approximation. [
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APPENDIX A: PROOF OF LEMMA 4.4
We have

2n—1 2n—1
[]Q+Mh)= (H(l—i—Mh ))(]‘[ (1+Mh,-)>.

i=0 i=0 i=n
First,

2n—1 T n
]_[(1+Mh)<<1+M ) <C.
=n
Moreover, for0 <i <n —1,
hi =ty —t; = Tn—ai/n(l _ e—(ulnn)/n) < Tn—ai/naln_n
n
thanks to the convexity of the exponential function. So

n—1 n—1

I
H(l + Mhy) < ]‘[ (1 + MTan™“/" n”)

n

1
Z ln 1+ MTan~%/" nn))

n

oo(
(Z MTa(n=e/my ™" )
o
o

Inn/ 1—(1/n%

ool ()
n \1-— (l/n(“/”))

l’l

<e MTa )

n n”/” —1
But,
Inn ne/n Inn 1 1

n onaln —1 NT(alnn)/n a

when n — +00. Thus, we have shown the result.

APPENDIX B: PROOF OF LEMMA 4.5
Thanks to Lemma 4.4, we have

[1720 (1 + My + Mahi /(T — ti11)) :"1:[1<1 My h_)
T8 (1 + Mah; /(T = t;41)) 14+ Mahi /(T —ti41)

n—1

<[Ja+mmn)=c.
i=0
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So we just have to show that

n—1 h
Il <1 + Mzi’) < Cn*M2,
i=0 T— lit1

But

h
1+ My——— =14+ Mr(n¥" = 1).

i
T —ti+

So
n—1

1_[ (1 4 MZL) — (1 +M2(na/n _ 1))n

i=0 T - ti+1
Inn In%n
= exp(n ln<1 +aM,— + 0(—2 )))
n n

1 2
:exp(alenn + 0< - n)) ~ M2

n
when n — +00. Thus, we have shown the result.

APPENDIX C: PROOF OF PROPOSITION 4.19

We will prove this proposition as the authors of [9] do for their Proposition 4.2.
In this proof we omit the superscript NV, e for u, ¥ and Z to be more readable.
Let xo, x(, € R and 1y, 1y € [0, T]. By an argument of symmetry we are allowed to
suppose that 7y < 7). We have

|u(to, x0) — u(ty, x0)| < |u(to, x0) — u(to, x0)| + |u(to, x0) — u(ty, xp)|-
Let us begin with the first term. We will use a classical argument of linearization:

thx(,)

fo0, /
Ytto,XO _ Yt — gN(Xt’[(‘)’xo) —gN (XTO x())

T to P to X,
+ / oy (X100 — X070y g (yton 0Ny g
t

T /
10,X ~
_/ (Zéo,xo — Zs O)dWs
t
with
10,0 10:X0  —10:X 10,X) < 10:Xh o H0,X)
P 0,X0 X X c ,X( X0 X0
_f (SsXS aYS 7ZS )_f (S7XS sYS vZS )

O :

9

10, X 10X
xl0x0 _ x 0%
cp 10X 10,X
if X0 — X770 £ 0 and oy = 0 elsewhere,

& 10.X0 yl0.X0 ~10:X0 € t0.x0 1100 10:X0
_f(S5XS ’YS sZS )_f(S,Xs aYS 7ZS )

Bs :

9’

/
10, X 10, X,
YSO 0 _ Ys 0
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if xlo-xo _ x0%o # 0 and By = 0 elsewhere,

10, X 10, X 10, X 10, X 10, X 10,X
J/ o f&‘(s’ XSO OaYSO 0925‘0 0)_f€(s7 XSO OaYSO Osz O)
s 10, X/,
|Z§o,xo _ ZSO 0|2

t; 7t9,X0 tva(/)
X (Zs‘ ’ - ZS )5

if Z0¥0 — 70" £ 0 and y, = 0 elsewhere and dW; := dW; — y; ds. By a BMO
argument, there exists a probability (Q under which W is a Brownian motion. Then
we apply a classical transformation to obtain

EQ[ef’,o Bs ds(YtzO,xo _ tho,x(’))]

,T ,
= ]EQ |:ejt() Bsds (gN(XfTQ,XO) . gN(X;Q,XO))
T

+ [ ageloPed xton X§°”‘°)ds}
fo

and
|u(to, x0) — u(to, x;)|

/ T /
< c(E@[wuX’ﬁ’x“ — X77OD1+ / EQ[| xo%0 — X§°’x°l]ds)
0]

with @ a modulus of continuity of g that is also a modulus of continuity for gn. We
are allowed to suppose that w is concave; indeed, there exist two positive constants
a and b such that @ (x) < ax + b, then the concave hull of x = @ (x) V (1y>1(ax +
b)) is also a modulus of continuity of g. So Jensen’s inequality gives us

lu(to, x0) — u(to, x()|
/ T /
< C<a)(EQ[|XtT0’x0 . X?’xom +/ EQHX;O’XO _ Xéo’xoudS)-
fo

By using the fact that b is bounded we can prove the following proposition exactly
as authors of [9] do for their Proposition 4.7.

PROPOSITION C.1. 3C > 0 that does not depend on N and ¢ such thatVt,t' €
[0, T1, Vx, x' e R4, Vs € [0, T1,

EQ[X5¥ — X" < C(lx — x|+ |t — 1'|1/?).

Then,

|u(to, x0) — u(to, xg)| < C(@(x0 — xg1) + |x0 — x¢1)-
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Now we will study the second term,

/ ro t0~x(') t(/),x(’)
|lu(to, xo) — u(ty, xp)| = 1Y~ — Yté |
- |Yt0,x6 to,xol I | to,xo Yt(/),x6|
First,
lo’xo ’07 0 C 1 yl0:%0 /
1Y, | < S, xp, Y57, 0)ds| < Cltg — 1.

fo

Moreover, as for the first term we have

t / -
EQ[e0 P ds(Y,tO’XO _ Ytto’xo)]
T / /ol
= E@ |:eft0 Bsds (gN (X;(}sXO) —gN (X;Q,)CO))

T s / /
+ [ ageloPude xioo _ Xﬁo”‘o)ds]

fo

and
Y0 = Y] < Clodito = 1'72) + It — 5]12).
Finally,
lu(to, x¢) — u(th, x)| < Clw(lto — 1"/?) + |t — 1]'/?)
and

|u(to, x0) — u(ty, x4)|
/ /112 1,2
< C(w(lxo — xpl) + @ (lto — 19]"/%) + |x0 — x| + |10 — 25" /7).

So u is uniformly continuous on [0, T'] x R4 and this function has a modulus of
continuity that does not depend on N and ¢. Moreover, we are allowed to suppose
that this modulus of continuity is concave.
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