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THE G/GI/N QUEUE IN THE HALFIN-WHITT REGIME!'

BY JOSH REED
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In this paper, we study the G/GI/N queue in the Halfin—Whitt regime.
Our first result is to obtain a deterministic fluid limit for the properly cen-
tered and scaled number of customers in the system which may be used to
provide a first-order approximation to the queue length process. Our second
result is to obtain a second-order stochastic approximation to the number of
customers in the system in the Halfin—Whitt regime. This is accomplished by
first centering the queue length process by its deterministic fluid limit and
then normalizing by an appropriate factor. We then proceed to obtain an al-
ternative but equivalent characterization of our limiting approximation which
involves the renewal function associated with the service time distribution.
This alternative characterization reduces to the diffusion process obtained by
Halfin and Whitt [Oper. Res. 29 (1981) 567-588] in the case of exponentially
distributed service times.

1. Introduction. In this paper, we study the G/GI/N queue in the Halfin—
Whitt regime. This problem has received considerable attention in the literature
recently, however, to this date it has remained an open problem to extend the pio-
neering work of Halfin and Whitt [6] on the GI/M /N queue to the more general
G/GI/N queue. In this paper and its sequel [ 18], we resolve this open problem by
providing both fluid and diffusion limit results for the queue length process of the
G/GI/N queue in the Halfin—Whitt regime. In addition to providing these results,
we also hope that the general methodology which is employed here, labeled the
“Infinite Server Queue Systems Equations” approach (see below), will be helpful
in future applications.

Loosely speaking, the Halfin—Whitt regime is achieved by considering a se-
quence of many server queues indexed by the number of servers queues indexed
by the number of servers N where the arrival rate to the system grows large but
the service time distribution remains fixed. Specifically, denoting by A" the arrival
rate to the Nth system, we assume that

ANV = oo as N — oo.
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In order for the sequence of systems to remain stable, this then requires that the
number of servers be large enough to handle the growing arrival rate. In particular,
assuming without loss of generality that the mean service time is equal to one and
denoting by p¥ = AN /N the traffic intensity to the Nth system, in the Halfin—
Whitt regime we assume that

\/ﬁ(l—pN)%ﬂ as N — oo,

where —00 < 8 < 00. Thus, in the Halfin—Whitt regime we assume that the traffic
intensity of the system remains close to 1 while the number of servers grows with-
out bound. Note also by the results of Kiefer and Wolfowitz [13], that, if § > 0,
then, for large enough N, the sequence of systems will be stable in the pre-limit,
while if § < 0, they will not. The case 8 = 0 is indeterminate.

Halfin and Whitt showed in their seminal paper [8] that in the regime described
above, the properly centered and scaled queue length process will converge to a
limiting diffusion. Unfortunately, they were not able to extend their results be-
yond the assumption of exponential service time distributions. This is mainly due
to the fact that the infinitesimal generator approach to their proof breaks down
when the service times are no longer exponentially distributed. This has naturally
led to much speculation in the literature as to how to approach the situation of
general service time distributions and specifically in such situations what the lim-
iting process of the properly centered and scaled queue length process must be.
In an effort to answer this question, several authors have recently obtained con-
vergence results for carefully selected classes of service time distributions which
are particularly well suited to analysis. Puhalskii and Reiman [17] have demon-
strated convergence of the G/PH /N queue length process in the Halfin and Whitt
regime, where PH stands for phase type service time distributions. Their approach
is to consider a multi-dimensional Markovian process where each dimension cor-
responds to a different phase of the service time distribution. Jelenkovi¢, Man-
delbaum and Momcilovi¢ [10] have shown convergence of the steady state dis-
tribution of the GI/D/N queue, where D stands for deterministic service times.
Their proof involves focusing on a single server in the system and studying its
queue length behavior as it evolves over time. Whitt in [21] has shown process
level convergence of the G/H5 /N /M queue, where H} stands for a mixture of
an exponential random variable and a point mass at zero. In [16], Mandelbaum
and Momc¢ilovi¢ study the virtual waiting time process of G/GI/N in the Halfin—
Whitt regime assuming that the service time distribution possess finite support.
Their approach relies on a combination of combinatorial and probabilistic argu-
ments. Gamarnik and Momcilovi¢ [5] analyze the GI/GI/N queue assuming that
the service time distribution is lattice valued with finite support. They analyze the
stationary values of the queue length and waiting time processes and show that
the in the Halfin—Whitt regime, the diffusion scaled stationary value of the queue
length converges to a limiting random variable corresponding to the stationary
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measure of a Markov chain, which, interestingly, may be recovered from our limit
as well. Kaspi and Ramanan [12] consider service time distributions with a den-
sity and provide a fluid limit for the measure-valued process which keeps track of
the amount of time that each customer has spent in the system. Nevertheless, with
the exception of the results of Kapsi and Ramanan [12], it does not appear that
any of the aforementioned approaches may be easily extended to the case of gen-
eral service time distributions, and so to this date there has remained no general
methodology for analyzing the G/GI/N queue in the Halfin—Whitt regime. This
is the main contribution of the present set of papers.

In particular, in this paper and its sequel [18], we provide two separate ap-
proaches for extending the results of Halfin and Whitt [6] to the G/GI/N queue.
Each of these approaches has its own unique set of advantages and disadvantages
and in subsequent work we intend to provide important applications in which
one approach may be more advantageous than the other. For the remainder of the
present paper we focus our attention on the first approach which we label the “Infi-
nite Server Queue System Equations” approach and defer discussion of the second
approach, the “Idle Time System Equations” approach, until the sequel.

The main insight to the “Infinite Server Queue System Equations” approach
is to write the system equations in a manner similar to the system equations for
the G/GI /oo queue. Proposition 2.1 in Section 2 then provides a crucial link be-
tween our system and the G/GI/oco queue which allows the asymptotic analysis
to proceed. In an effort to give a quick idea of what our main results, first recall
the heavy traffic results found in Borovkov [2] and Krichagina and Puhalskii [14].
Recall that heavy traffic for the G/GI /oo queue is defined by letting the arrival
rate to the system grow large while holding the service time distribution fixed. In
such a regime, it can be shown that the properly centered and scaled queue length
processes will converge to a Gaussian process which we denote by 0;.

Let us therefore denote by Q; the limiting Gaussian process obtained for a
G /Gl /oo queue with the same sequence of arrival processes and an identical ser-
vice time distribution as in our original sequence of G/GI/N queues. Then the
limiting process of Theorem 5.1 of Section 5 for the properly centered and scaled
queue length process in our original sequence of G/GI/N queues is given by the
unique strong solution to

~ ~ ~ t ~
(1.1) Q@) =Mo(t) + Ql(t)—ﬂFe(t)nL/0 O (t—s)dF(s)

for t > 0, where Q+ = maX(Q, 0), F is the CDF of the service time distribution,
F, is the equilibrium distribution associated with F [see (5.4)] and M o 1is an ad-
ditional process which is related to the initial conditions of the queue. Note that
the additional integral term on the right-hand side of (1.1) is naturally positive as
one would expect more customers in a G/GI/N queue than in a corresponding
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G/GI /oo queue. Corollary 5.2 in Section 5 also shows that (1.1) may be equiva-
lently expressed as

~ t ro_
(1.2) Q(l)=§(l)+/0 C(I—S)dM(S)—ﬁl—/O Q (1 —s)dM(s)

for t > 0, where ¢ = MQ + 07, O~ =min(0, Q) and M is the renewal function
associated with the pure renewal process with interarrival distribution F. From
(1.2), it is then a matter of a few direct calculations to recover Halfin and Whitt’s
original results. We also point out that in Section 4 we develop fluid limit results
which closely resemble (1.1) above.

The methodology of proof used in the present paper is heavily influenced by the
results found in [14]. In particular, the authors in [14] use martingale techniques in
order to show that certain processes associated with the queue length process are
tight. In this paper, many of these same arguments are repeated again but with the
slight modifications necessary in order to account for the finiteness of the number
of servers. We therefore encourage the interested reader to concurrently review the
results found in [14] in order to gain a fuller understanding of the present paper. In
part1cular one of the main insights from [14] is to show that the 11m1t1ng process
of Q ; in (1.1) may be decomposed into a sum of two processes M 1 and Mz,
which represent the randomness arising from the arrival process and service times,
respectively. Furthermore, the process M» may represented as a double integral
against the Kiefer process.

The remainder of this paper is now organized as follows. Section 2 provides the
system equations for the G/GI/N queue. In Section 3, we provide a regulator map
result upon which our weak convergence argument will hinge. Sections 4 and 5
contain our weak convergence results for the queue length process. Specifically, in
Section 4 we study the queue length process under fluid scaling and our main result
in this section is Theorem 4.1. Next, in Section 5, we study the fluid centered queue
length process under diffusion scaling in the Halfin—Whitt regime and our main
result there is Theorem 5.1. Corollary 5.2 of Section 5 also provides an equivalent
characterization of the limiting process obtained in Theorem 5.1. This then serves
as the link between Halfin and Whitt’s results and ours. In Section 6, we conclude
by providing several directions for future research. The Appendix also includes
several proofs which are similar in nature to those found in [14] but are necessary
for our results and so are included here for completeness.

1.1. Notation. In what follows, all random variables are assumed to be defined
on a common probability space (£2, F, P). Stochastic processes are assumed to
measurable maps from (€2, F) to (D[0, 00), D), where DI[0, 0o) is the space of all
right continuous with left limit (RCLL) functions on [0, co) and D is the Borel o -
algebra generated by the Skorohod Ji-topology, see Chapter 16 of [1] for further
details.
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We denote by B(R), the Borel o-field on R. For any two measure spaces,
(S1,81) and (872, S872), we denote by (S; x S3,S1 x &), the product measure
space which is endowed with the product o-field, S| x S». Specifically, we define
(Dk[O, 00), Dk) to be the product measure space (D[0, o0) X - -+ x DI[0, 00), D x

We denote by d,, the Skorohod metric on D[0, 00) and by u the uniform met-
ric. For each x € D[0, co) and T > 0, we denote by

Ixllz = sup |x (1),
0<t<T
the supremum metric on [0, 7']. We also denote by | - |, the Euclidian metric on R.
For any two metric spaces, (S1,m1) and (S, m>), we denote by (S x Sz, m| x
m3), the product metric space which is endowed with the maximum metric m; x
my defined by

(my x ma)((x1, x2), (¥1, y2)) = max{m1(x1, y1), ma(x2, y2)}.

In particular, we define (Dk [0, 00), d'}l) to be the product metric space (Dk [0, 00),
a”jl) = (D[0,00) x --- x D[0,00),dy, x ---xdyj) and we set (DF[0, 00), u*) =
(D[0,00) x --- x D[0,00),u X -+ X 1.

2. System equations for the G/GI/N queue. In this section, we provide
the system equation for the G/GI/N queue. One of the key insights from Halfin
and Whitt [6] was that for large N, the GI/M /N queue will, for stretches of time
when the number of customers is low, behave as if it were an GI/M /oo queue. Our
main results in Sections 4 and 5 show that the same holds true for the G/GI/N
queue as well. Our first step towards showing that this is the case is to write down
the system equations for the G/GI/N queue in a similar way to those for the
G /Gl /oo queue. For the reader’s convenience, we will closely adhere to the no-
tation used in [14] as many of the arguments we use here cite results from that
paper.

Initially, at time 0—, we assume that there are Q¢ customers in the system.
The first min(Qq, N) of these customers will be in service and the remain-
der are waiting to be served. Those customers in service at time 0— have al-
ready been in service for some amount of time and we denote by 7; the resid-
ual service time of the ith customer in service at time O—. We assume that
{ni,i = 1} is an i.i.d. sequence of random variables with common distribution
Fo.

Customers next arrive to the system according to the arrival process A =
{A(t),t = 0} and are served on a first come first served (FCFS) basis. The arrival
time of the ith customer is defined to be the quantity

; =inf{t > 0: A(¢) > i}, i>1.
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Setting 79 = 0, we also define
(2.1) §i=1—Ti-1, i>1,

to be the interarrival times between the (i — 1)st and ith customers to arrive to the
system.

The ith customer to enter service after time O— is assigned the service time ;.
We assume that {n;,i > 1} is an i.i.d. sequence of mean 1, random variables with
common distribution F* whose tail distribution we denote by G = 1 — F. Note that
we impose no assumptions on the service time distribution, other than it have a
finite first moment.

For each i > 1, let w; denote the waiting time of the ith customer to arrive
to the system after time O— and let w; denote the waiting time of the (N + i)th
initial customer in the system at time 0—, if such a customer exists. We begin our
indexing by N + 1 since the first N initial customers in the system will not have
to wait. Using this notation as well as that of the previous paragraphs, the total
number of customers in the system at time ¢ is given by

min(Qo,N) (Qo—N)*t
oWy =Y a0+ Y. Hii+n >t}
(22) i=1 i=1
A1)
+ Z l{fi + wi +NQy—N)F+i > l‘}.
i=1
We henceforth refer to the process Q = {Q(t), t > 0} as the queue length process.
It is important to note that Q does not only count those customers in the queue
waiting to be served but that indeed it counts the total number of customers in the
system. The number of customers waiting to be served may however be recovered
from Q and is given by (Q — N)™. Also note that in general Q¢ # Q(0) since it is
possible for customers to arrive to the system at time zero. One may think of Qg
as being equal to Q(0—), the left-hand limit of Q at time ¢t = 0.

Centering each of the indicator functions in the first summation on the right-
hand side of (2.2) by the means and the indicator functions in the last two sum-
mations by their means conditional on their arrival times and waiting times, we
obtain

Q(t) = min(Qo, N) Fo(t) + Wo(t) + Ma(t)

(Qo—N)* A1)
+ > Gu—w)+ Y Gt —7—w),

i=1 i=1

(2.3)

where
min(Qq,N)

(2.4) Wo)y= Y (Ui >t} — Fo))

i=l
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and
(Qo—N)*t
Myt)y= > (Wi +n >1}— Gt —w;))
i=1
A(t)
+ Z(l{‘[i + wi +NQy—N)*t+i > t} —G(t—r1 — w,-)).
i=1

(2.5)

We also set Wo = {Wy(¢),t >0} and My = {M5(¢t),t > 0}.
Next, adding in and subtracting out the terms

t
(2.6) Ag(t) :/0 Gt —s)dA(s)

and (Qo — N)TG(t) both to and from the right-hand side of (2.3), we obtain
Q1) =1(t) + Wo(t) + Ma(t) + Ag(?)

(Qo—N)*t

(2.7) + > (Gt—w)—G®)
i=1

A(t)
+ Z(G(f -1 —w)— G —1)),
i=1
where
1(t) =min(Qo, N)Fo(t) + (Qo — N)TG(2).

Note that Ag(#) as given in (2.6) is the expected number of customers in G/GI /oo
queue at time ¢ with same arrival process and service time distribution as in
our G/GI/N queue conditional on the arrival process A. We also set Ag =
{Ag(#),t =0} and I = {I(¢),t > 0}.

We now have the following key proposition.

PROPOSITION 2.1. Foreacht >0,
A(t)
Y (GE—ti—w) — Gt — 1))
i=1
¢ (Qo—N)*
:fo Q1 —9)—N)"dF(s)— Y (Gt — i) — G(1)).

i=1

PROOEFE. First note that for each time ¢ > 0, we have that the total number of
customers waiting to be served at time ¢t may be written as
(Qo—N)* A(r)

O —-N)T"= Y <)+ Hu<t<g+uw)

i=1 i=l
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We therefore have that
A(t)

Y AGE—Ti—w) — Gt — 1))

i=1
A(t)

= f ' dF(s)
i Je—@twi)t

A(t)

_Zf Ht—(ti+w) <s<t—1}dF(s)

A(t)

—Z/ o <t —s <t +wi)dF(s)

o0 Al

_f Zl{r,<t—s<tl+w,}dF(S)

(Qo—N)*

_/(Q(t—s) N)T - Z H{w; > t—s})dF(s)

,(Qo N*

t
=/ (Qt—s)—N TAdF(s) — / H{w; >t —s}dF(s).
0
A reverse argument can now also be used to show that
t(Qo nN* (Qo—N)*
f Wy >1—s}dF(s)= Y (G —1iy)—G@)).

i=1

This completes the proof. [J

Proposition 2.1 now allows us to rewrite equation (2.7) for the queue length at
time ¢ as

Q) = 1(t) + Wo(1) + Ma(t) + A (1)
(2.8)

t
+/0 (Q(t —s) — N)TdF(s).
Equation (2.8) is the starting point for our analysis in Sections 4 and 5. In the

next section, we develop a family of regulator map results which will be useful in
representing the queue length process in (2.8).

3. A family of regulator map results. In this section, a family of regulator
map results are provided which will be relied upon in the proof of our main results.
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In particular, these maps will provide convenient representations for the queue
length processes in Sections 4 and 5.

Let B be a cumulative distribution function on R and let ¢ € R. For each
x € D[0, 00), we would like to find and characterize solutions z € D[0, c0) to
equations of the form

t
(3.1) Z(t):x(t)—l—/o (z(t —s) +a)" dB(s), t>0.

We therefore define the mapping ¢ : D[0, 0o) = D[0, c0) to be such that g% (x)
is a solution to (3.1) for each x € D[0, co). The following proposition now shows
that % is uniquely defined and provides some regularity results for g% as well. Its
proof may be found in the Appendix.

PROPOSITION 3.1. For each x € D|0, 00), there exists a unique solution
¢%(x) to (3.1). Moreover, the function ¢% : D[0, 00) = DI[0, 00) is Lipschitz con-
tinuous in the topology of uniform convergence over bounded intervals and mea-
surable with respect to the Borel o -field generated by the Skorohod J| topology.

4. Fluid limit results. In this section, we obtain a nonlinear convolution equa-
tion as the fluid limit for the queue length process of the G/GI/N queue in
the Halin—Whitt regime. The limit which we obtain may be seen to be decom-
posed into four separate parts, one of which is the corresponding fluid limit for
a G/GI/oo queue with the same sequence of arrival processes as our G/GI/N
queue and also with the same service time distribution. Although in many cases
our fluid limit may not be directly solved for, we also present a special case in
which it can which also highlights the rather unconventional behavior which our
fluid limits may display.

Our underlying premise is that we are considering a sequence of G/GI/N
queues which we index by the number of servers N. In general, we will use a
superscript N to denote all processes and quantities associated with Nth system.

Initially, at time O—, there are Q(I)V customers in the Nth system. The residual
service time distribution of those customers in service in the Nth system at time 0—
are i.i.d. with common distribution Fy. We denote by {7;, i > 1} the i.i.d. sequence
of residual service times.

Customers arrive to the Nth system according to the arrival process AY =
{AN (1), t > 0}. We denote by

N =inf{r >0: AN () =i},  ix>1,

the time of the arrival of the ith customer after time O— to the Nth system. The ith
customer to enter service after time 0— in the Nth system is assigned the service
ni, where {n;,i > 1} is an i.i.d. sequence of random variables with common dis-
tribution F'. Finally, we denote by G =1 — F the tail distribution of F. Note that
neither the sequence of residual service times or actual service times is changing
with N.
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For the remainder of this section, we study the fluid scaled queue length process
ON ={N-1oN(),t>0}. Our high level approach will be similar in spirit to fluid
limit proofs for the queue length process in conventional heavy-traffic in which the
number of servers remains fixed but the service rate is increased. In particular, we
first provide a representation of the queue length process in terms of the regulator
mapping ¢% provided by Proposition 3.1 and an associated free process, say X.
We then provide several weak convergence results related to X which may be
used in conjunction with the Continuous Mapping theorem and the representation
in terms of ¢% in order to establish the main result of the section, Theorem 4.1,
which details the asymptotic behavior of the fluid scaled queue length process.

Let QN = {Q"(¢),t > 0} be the queue length process in the Nth system and
recall that by equation (2.8) of Section 2, we have that

@ OV () =1V + W (6) + MY () + AN(1)

! N/ _ +
+fO(Q (t—s)—N)"dF(s).

If we now define the fluid scaled quantities,

N
(42) oM =217,
N
=10,
Wﬁa>=!@¥3,
(4.3) MY (1) = %
and
(4.4) AM0=A%”,

it then follows from (4.1) that

ws) OV =1V + Wl @) + MY (1) + AN (1)

t'N _ 1t
+/O(Q (t—s)—1)TdF(s).

Furthermore, since by Proposition 3.1, the mapping ¢% is uniquely defined with
a = —1, setting

oV ={0"®),t >0},
N ={"@),t >0},
Wy = {Wy (1), 1 =0},
MY = (MY (t),t >0}
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and
Ag (D) ={AG(1),1= 0},
we have from (4.5) that
(4.6) O =g (IV + W' + MY + AY),

with a = —1. The representation (4.6) above will turn out to be useful when prov-
ing the main result of this section.

We now state several preliminary results in preparation for the statement of the
main result of the section, Theorem 4.1. Our first result shows that Wé\/ converges
to zero as N goes to co.

PROPOSITION 4.1. W' = 0as N — oo.

PrROOF. First, note that

Nmin(N~' QY1)
wll(r)y=N"" Z ({7 >t} — Fo(1)).

i=1
Thus, for each T > 0 and § > 0, we have

Nmin(N "o}, 1)

Pl sup INTV Y (1{Fi >t} — Fo()| > 8
0<t<T i=1
[xN] _
<P[ sup sup |[N7! Z (17 >t} — Fo(n))| > & ).
0<x<10<t<T i=1

However, by Lemma 3.1 in [14],

xN]

N=UY (17 > 1} = Fo())

i=1

P( sup sup >8)—>0 as N — oo,

0<x<10=t<T

which completes the proof. [J

We next show that Mév converges in distribution to zero. The full proof of this
result may be found in the Appendix.

PROPOSITION 4.2. MY = 0as N — oo.
PROOF. See the Appendix. [J

The following is now the main result of this section. It provides a deterministic
first-order approximation to the queue length process. Later, in Section 5, we use
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this result to center the queue length process and obtain a second-order approxi-
mation.

Let
N
oN — 9o
7 N
be the fluid scaled initial number of customer in the system at time O— and
iV = A0
N

be the fluid scaled number of arrivals by time ¢ > 0. We also set AN = (AN @), 1 >
0} to be the fluid scaled arrival process. We then have the following.

THEOREM 4.1. If (QY, AN) = (Qo, A) in (R x D[0, 00), |-| xdy,) as N —
00, whel_’e A is a stochastic process with P-a.s. continuous sample paths, then
O = Q as N — oo, where Q is the unique strong solution to

O(t) = min(Qo, ) Fo(t) + (Qo — DTG (1)
(4.7)

t t
. n Ace o 1\ F
+/O G(t s)dA(s)—i—/O(Q(t s)—1)TdF(s)
fort>0.

PROOF. First, note that by the definition of Ag in (4.4) and the assumption
of the theorem that AN = A as N — oo, where A has P-a.s. continuous sample
paths, it follows as in the proof of Theorem 3 of [14] that

AN /.G(-—s)dAN(s)
0
4.8) |
:»fo G(-—s)dA(s)

as N — oo. Next, setting
MY =wy + MY + AY,
it follows by Propositions 4.1 and 4.2 and (4.8) that

Mév =>/O.G(- —s5)dA(s) as N — oo.

Since, by assumption, (QS’, AN) = (0o, A) in (R x D[0, 00), | - | x dj)as N —
00, it now follows by Theorem 11.4.5 in [20] that

My, o)) = (/O'G(- —5)dA(s), Q0> in (R x D[0,00), |- | x dy,)
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as N — oo. By Theorem 11.4.1 in [20], the space R x D is separable under the
product topology induced by the maximum metric | - | X dy, and thus, by the Sko-
rohod representation theorem [20], there exists some alternate probability space,

(fZ, F , 13), on which are defined a sequence of processes

(4.9) (MY, 08y, N >1)
such that
(4.10) MY, 0N LMY, 0Ny  forN>1,

and also processes

@.11) (/ G(-—s5)dA(s), Qo> 4 (/ G(-—5)dAs), Qo),
0 0
where

@t 0~ ([ 6= sdie). o)
(4.12) R
in(Rx D,|-|xdy)P-as.

as N — oo. Furthermore, as the process [, G(-—s)d A(s) on the right-hand side of

(4.12) is, by the assumption of the continuity on A, continuous, it follows that the

convergence in (4.12) can also be strengthened to convergence in (R x D, |- | X u).
Now set

NV =min(Q}, DFy+ (0 — DG
and note that by (4.10), we have
(4.13) M, iYL N, Ny for N> 1.
Furthermore, letting
I'=min(Qo, DFo+ (Qo — D*G,
we have for each T > 0, by (4.12),

sup [IN(t) = 1(1)] = sup |(min(QY, 1) —min(Qo, 1)) Fo(r)
0<t<T 0<t<T

4.14) R .
+((Q) =Dt = (00— DN G|

< 108 = Qol sup (Fo(t) + G (1))

0<t<T
< 2|0) — Qo
(4.15) -0  Pas asN— .
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Now let

OV =i (N + M),
where a = —1, and note that by the representation (4.6), (4.9), (4.13) and the mea-
surability of ¢% from Proposition 3.1, it follows that

(4.16) ONL oV for N> 1.

Furthermore, it follows from (4.12), (4.14) and the continuity of ¢} with respect
to the topology of uniform convergence over compact sets from Proposition 3.1,
that

O = (1Y + it}
— go%(min(@o, DFy+ (0o — DTG + fo G(-— s)dA(s)>

in (D[0, c0), u) P-a.s. as N — oo. Thus, since convergence in (D, u) implies con-
vergence in (D, d;,) and almost sure convergence implies convergence in distrib-
ution, it follows by the measurability of ¥% : (D[0, 00), D) + (DI0, 00), D) from
Proposition 3.1 and (4.16) that

oV = (p“F(min(Qo, DFy+(Qo— DTG+ / G(-—5) dA(s)) as N — oo,
0
which completes the proof. [J

Note that the fluid limit Q given by (4.7) of Theorem 4.1 may be decomposed
into four separate parts. The first two terms on the right-hand side of (4.7) are
representative of the fluid scaled number of customers in the queue at time 0—.
Specifically, min(QO, 1) Fo(7) is the limiting fluid scaled number of customers who
were in the service at time 0— and still remain in the system at time ¢ and (Qo —
1)TG(¢) is representative of those customers who were waiting in the queue to be
served at time 0—. Next, the term fot G(t—s)dA(s) may be viewed as the limiting
fluid scaled number of customers in the system at time ¢ in an G/GI /oo queue
with the same sequence of arrival processes and service time distribution as in our
G/GI/N queue and which starts out empty at time 0—. Finally, the integral term
on the right-hand side of (4.7) may be thought of as an adjustment to the infinite
server term immediately preceding it which takes into account the waiting times
of customers.

In general, the limiting process of Theorem 5.1, Q, cannot be directly solved
for. This is mainly due to the presence of the nonlinear () operator in the integral
term. However, under certain special circumstances it can. The following example
now presents one such case in which an explicit solution may be found.

EXAMPLE 1. Consider the case of deterministic service times in which we
have Qg = 1 and A = e. Further, we also assume that the residual service times
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Q(t)

*
0 1 9
Time ¢

FIG. 1. The graph of {Q(1),t =0} for Qg =1, A =e and Fo(t) = F(1) = 1{t > 1}.

are constant with mean equal to 1 so that Fp(x) = F(x) = 1{x > 1}, x > 0. In this
case, (4.7) takes the rather simple form

(4.17) o@)=1+41, 0<tr<l,
and

(4.18) 0 =1+ (Q@)—1)", t>1.
Solving this recursion, one finds that

(4.19) Q) =1+1— 1], t>0.

Thus, Q exhibits the sawtooth pattern as shown in Figure 1 above. Note the rather
unconventional nature of the fluid limit in Figure 1. In particular, it is periodic with
a period of 1 and it is also discontinuous. Thus, our limit process may in general
display rather irregular behavior. However, as is shown in Section 5 below, if one
starts out the queue length process under general “equilibrium” conditions, then
much more regular behavior of the fluid limit may be obtained.

5. Diffusion limit results. In this section, we obtain limiting results for the
G/GI/N queue in the Halfin—Whitt regime. Our main result of the section is to
provide a limiting approximation for the diffusion scaled queue length process in
this regime. This limiting approximation may be viewed as the solution to a sto-
chastic nonlinear convolution equation. In order to proceed, we first express the
queue length process for the G/GI/N queue via the regulator map ¢% defined in
Section 3. We then provide several useful propositions in preparation for the state-
ment of our main result, Theorem 5.1, which provides a limiting approximation for
the diffusion scaled queue length process. In Corollary 5.2, we provide an alter-
native representation of the limiting process obtained in Theorem 5.1. This repre-
sentation has several desirable properties and we conclude the section by showing
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how in the case of exponentially distributed service times and renewal arrivals it
reduces to the diffusion obtained by Halfin and Whitt [7].

5.1. The Halfin—-Whitt regime heavy-traffic regime. In order to proceed, we
must first provide a detailed description of the Halfin—Whitt regime. Our setup is
similar to Section 4 where we obtained our fluid limit results. Again, we consider
a sequence of G/GI/N queues indexed by the number of servers N. Initially,
at time O0—, there are Qf)v customers in the system and the first min(Qév ,N) of
these customers have i.i.d. residual service times with common distribution Fj.
We denote by 7;, the residual service time of the ith customer in service at time
0—.

Customers arrive to the Nth system according to the arrival process AY =
{AN (1), t > 0} and we denote by

N =inf{r >0: AN (1) =i},  ix>1,

the time of the arrival of the ith customer after time 0— to the Nth system. We also
assume that there exists a sequence of constants {pN, N > 1} such that p" — 1 as
N — 00, and, where, setting

. AN(@) — NpNt
(5.1) W= WV,
VN
and AN = {AN(I), t > 0}, we have that
(5.2) AN :>§ as N — oo,

where £ is a stochastic process with P-a.s. continuous sample paths. Loosely
speaking, one may interpret p" as the arrival rate of customers to the Nth sys-
tem.

Note that assumption (5.2) is flexible from a modeling point of view. In heavy
traffic theory, one often assumes that AN (e) = A(Ne), where A is a renewal
process, in which case, by Donsker’s theorem, the process § in (5.2) turns out to be
a Brownian motion. The interpretation this assumption is that customers are ema-
nating from a single source, albeit at a rapid rate. However, in many applications,
with telephone call centers being just one such example, it is perhaps more natural
to assume that customers are emanating from many sources. This then leads to
the assumption that A" is a superposition of many i.i.d. renewal arrival processes,
that is, AN = lNzl A;. Under such an assumption, the process & turns out to be
a centered Gaussian process whose covariance structure is inherited from that of
each of the individual A;’s. The interested reader is referred to Section 7.2 of [20]
for further details on this remark.

As in Section 4, the service time distribution is held fixed as we index through
N. We therefore denote by 7; the service time of the ith customer to enter service
after time 0—, where {n;,i > 1} is an i.i.d. sequence of mean 1 random variables
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with common distribution F'. We denote by G = 1 — F the tail distribution of F'.
Note also that we place no additional restrictions on F' beyond a first moment.

It now remains to provide the key relationship characterizing the Halfin—Whitt
regime. As noted above, we have that by (5.1) and (5.2), the quantity Np» may
be loosely interpreted as the arrival rate to the Nth system. Next, since there are
N servers in the Nth system and it is assumed that the service rate is fixed at
one, it also follows that oV may also be interpreted as the traffic intensity of the
Nth system. The Halfin—Whitt regime is now achieved by specifying the rate at
which the traffic intensity of the system converges to one as N grows to infinity.
Specifically, we assume that

(5.3) VN1 =pN)y—>B  asN— oo,

where —oo0 < 8 < 00.

5.2. Initial conditions. In proving our main diffusion limit result, it will be
useful to assume that the limiting fluid scaled number of customers in the system
is constant for all > 0. Let

5.4 Fe(x) = /(;x G(u)du, x>0,

be the equilibrium distribution associated with F. The following result may now
be seen as a corollary to Theorem 5.1 of Section 4.

COROLLARY 5.1. If Fy = F, and Qév = 1as N — oo, then QN =1 as
N — 0.

PROOF. First note that (5.1), (5.2) and the Halfin—Whitt assumption (5.3) im-
ply the functional weak large of law large numbers result, AV = ¢ as N —
oo, where e = {r,¢t > 0} is the identity process. Thus, by Theorem 3.9 in [1]
and the assumption Q(])V = 1 as N — oo, we have that (Q(J)V, AN) = (1,e) in
(RxD,|-|xdy)as N— oo.

It now follows by Theorem 5.1 in Section 4 that 0N = Q as N — oo, where
Q is given by the unique solution to

O@t) =min(l, DF,(t) + (1 — DTG@) + fot G(t — s)de(s)
t
Al 1\t
+/O (Ot —s)—1)"dF(s)
t t
o _ Acs 1\t
_Fe(t)—i—/o G(t s)ds+/0(Q(t s)—1)TdF(s)

=1 +/OI(Q(;—S) —1)"dF(s)
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for ¢ > 0. By inspection, one sees that Q(¢) = 1 for ¢ > 0 is the unique solution to
this equation, which completes the proof. [J]

For the remainder of this section, we assume that the simplifying assumptions
of the above corollary hold. That is, we assume that the initial residual service
time distribution is equal to the equilibrium distribution F, and that QY = 1 as
N — oo. In future papers, we intend to remove these assumptions.

5.3. Weak convergence results. 'We now proceed to provide our weak conver-
gence results. We begin by providing a convenient representation for the queue
length process in terms of the regulator map of Proposition 3.1. Recall that by
equation (2.8) of Section 2, we have that the queue length at time ¢ may be written
as

55) oV =1V + W @0 + MY () + AN()

LN N AT
+/(;(Q (t—s)—N) dF(s).

We would next like to the center the queue length process by its fluid limit, ap-
propriately scaled. By Corollary 5.1 above, we have that the limiting fluid number
of customers in the system, O, is equal to 1 for all 7 > 0. We therefore choose to
center the queue length process in the Nth system by N. Performing such a cen-
tering as well as some algebraic manipulations and recalling the definition of F,
from (5.4), one then obtains that

ON (1) = N=My(@0)+ HY (1) + Wy’ (1) + M3 (1) + MY (1)

(5.6) .
— N1 —pM)F.(0) +f0 (QN(t—s)—N)"dF(s).
where
My (1) =(Qy —N)T(G(1) — Fo(1)),
HN (1) = (Qf — N)Fe(0)
and
(5.7) MY @) :/OIG(t —5)d(AN (s) — NpVs).

Let M = {MJ(t),t > 0}, HY = {HN(1),1 > O}y and M{Y = {M (1), > 0}.
If we now define the diffusion scaled quantities,

. oN@) - N
Ny —
. My
(5.8) MY @) =2 )

N
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AN (1) = H\%),
W ="0,
it =20
and
(5.9) i (1) = M\%),

it then follows, dividing (5.6) by /N, that
ON =My @)+ 07 (1) = VN1 = p")Fo(t)

(5.10) t
+f0 ON*H(t —s)dF(s),
where
oY@ =H )+ W () + MY (1) + MY (1).
Letting
oV ={0"N (), t >0},
My ={My(t),1 >0},
BY =(a (1), 1> 0},
Wy = (W) (), >0},
My ={My (1),1 =0},
MY = {M{ ().t >0}
and

oY =AY + WY + MY + MY,
we then have, since the mapping ¢% with a = 0 is by Proposition 3.1 uniquely
defined, that (5.10) may also be written as

(5.11) ON =f (MY + 0) — VN1 —p")F,),

with a = 0.
The representation (5.11) will be useful in the proof our main result. However,
before stating this result, we first provide several preliminary propositions and
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lemmas which are interesting in their own right and will be crucial in the proof of
our main result.

The proof of the following result may now be found in the Appendix. It pro-
vides a limiting process which represents the randomness of the service times in
the limit. For further details on the limit process below, the interested reader may
consult [14].

PROPOSITION 5.1. Let
R Nt
MY @) =N""2Y (N li4n =1} -Ge—N"'i)),  t=0,
i=1
and set MY = {MY (1), 1 > 0}. Then,
(MY, M) = (M, M) in (D*[0,00),d} ) as N — oo,

where My is a centered Gaussian process with covariance structure

E[My(t)M(t +8)] = /Ot Gt+8—uwF(t—u)du  fort,§>0.

PROOF. See the Appendix. [

We next prove a joint convergence result on the diffusion scaled processes de-
fined at the beginning of this section. Let

- N_N
(5.12) o) = QOW

be the diffusion scaled number of customers in the system at time 0—.
Next, let Wo = {Wy(¢),t > 0} be a Brownian bridge. In other words, Wy is the
unique continuous, centered Gaussian process on [0, 1] with covariance function

E[Wo(s)Wo ()] = (s A1) — st, 0<s<r<l.

Moreover, set Wo(Fe) = {Wo(Fe (1)), t > 0}, where F, is the equilibrium distribu-
tion associated with F' as defined in (5.4). One may view Wo(Fe) as a time changed
Brownian bridge.

We then have the following result.

PROPOSITION 5.2.  If Q) = Qo as N — oo, then
(08, W', AN MY) = (Q0. Wo(F.), &, M) in (R x D[0,00), || xdj)

as N — 0o, where each of the limiting processes appearing on the right-hand side
above are independent of one another.
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PROOF. We first show convergence of the marginals. The convergence of Qév

to Qo is clear by assumption (5.12).
Let
N

WN@) = N2 (Ui > 1} — F(t))

i=1
and set WV = {WN (t),t = 0}. The convergence
(5.13) (W', Wg') = (Wo(F.), Wo(F.))  in (D?[0,00),d7,) as N — o0,
follows by the representation

Nmin(N~' 0}, 1)
WwhNo =N Y (1{F > 1) = Fo(1),

i=1
the Random Time Change theorem [1] and Lemma 3.1 of [14], since, by the Con-
tinuous Mapping theorem and assumption (5.12),

min(N_lQ(I)v,l)=>1 as N — oo.

The convergence of AN to & follows by assumption (5.2) and the convergence of
Mé\/ to M, is immediate by Proposition 5.1.

It remains to show the joint convergence as stated in the proposition. The con-
vergence

(0 W', AN MYy = (Qo, Wo(Fe).€,My)  in (R x D3[0,00), |- | x d3,)

as N — oo, follows by Theorem 11.4.4 in [20] since each of the component
processes appearing in the prelimit above are independent of one another and fur-
ther, they converge to their desired limits as shown in the previous paragraph. Next,
note that

(-1 x d3)Qy . W', AN, M), (0 W', AV, m'))
<dj (W, Wi +dj My, M)
and thus, if we can show that
(5.14) dy, WY, WY +d;, (MY, MYy=0  as N — oo,

then by Theorem 11.4.7 in [20] the proof will be complete. However, (5.14) fol-
lows by (5.13), Proposition 5.1 and Theorem 11.4.8 in [20]. The proof is now
complete. [

We are now ready to state the main result of this section. Assume first that
Q(I)V = Qp as N — oo and let

(5.15) H=QoF, and Mg=Qf(G - F,).
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Next, set
~ t ~
(5.16) M1<t)=f Gt —s5)dE(s), 120,
0

and My = {M,(t), ¢ > 0}, where the process £ appearing in (5.16) is the limit-
ing process appearing in (5.2) at the beginning of this section. Note also that the
integral above may be interpreted as the result of integration by parts.

Next, let 8 F, be the process {8 F,(t),t > 0}, where we recall the definition of
F, from (5.4) above.

Finally, let

(5.17) Q; = H + Wy(F,) + M| + M.

Note that by Theorem 3 of [14], Q; is the limiting queue length process asso-
ciated with a sequence of G/GI/oo queues with identical arrival processes and
service time sequence as our original sequence of G/GI/N queues and with Qf)v
customers in service at time zero with residual service time distribution F,.

The following is now our second main result.

THEOREM 5.1. If the residual service time distribution Fy = F, and Qé\’ =
Qo as N — oo, then QN = w%(l&lQ + Q7 — BF.,) as N — oo.

PROOF. Let f:R x D3 R x D3 be the map defined for (x, x2, x3,x4) €
R x D3 by

(5.18) F((x1, x2, x3, x4)) = (f1(x1), f2(x2), f3(x3), fa(x4)),

where f1(x1) = x1, f2(x2) = x2, fa(x4) = x4 and
(5.19) f3(x3)() = /0’ G(-—s)dx3(s),

where the above integral above may be interpreted as the result of integration by
parts.

Next, note that since by assumption Fp = F, and Qév = Qo as N — oo, it
follows by Proposition 5.2 that

(5.20) Y, wll, AN, MYy = (00, Wo(F,), &, M»)

in (R x D3[0,00), || x d;l) as N — oo, where each of the limiting processes
above are independent of one another. Furthermore, we have that each of the
limiting processes above are P-a.s. continuous. Thus, since by Lemma A.9 of
the Appendix, f:(R x D3[0,00), || x dj )~ (R x D[0,00),|-| x dj) is
continuous at continuous limit points (x, x2, x3, x4) € R x D3[O, 00) such that
X2, x3, x4 € C[0, 00), we have that

(5.21) P((Qo, Wo(F,), &, M) € Disc(f)) =0.
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Now note by (5.1), (5.7), (5.9) and the definition of f in (5.18) and (5.19), we
have the representation
(0F, W', MY, M3y = f((Qq, W', AV, M3))).
It therefore follows by (5.20), the measurability of f:(R x D3[0, c0), B(R) x
D3) > (R x D?[0,00), B(R) x D*) by Lemma A.9 in the Appendix, (5.21), the
Continuous Mapping theorem [1] and the definition M| in (5.16) that
(OF, W', M{Y, M3) = (Qo, Wo(F.), My, M»)
in (R x D3[0, 00), B(R) x D3) as N — oo, where each of the limiting processes
appearing on the right-hand side above are independent of one another.
Next, since (R, R) and (D, D) are both separable spaces, it follows by Theo-

rem 11.4.1 in [20] that R x D3 is separable under the product topology induced
by the maximum metric | - | X d;l. Thus, by the Skorohod representation theorem

[20], there exists some alternate probability space, (fZ, F , P ), on which are defined
a sequence of processes

(ON. wl, MmN, MYy, N =13},
where
522 Q). WY . mY YL wY. i, mY),  N=1,

and also processes

A~ A A A d ~ ~ ~ ~

(5.23) (Qo, Wo(Fe), M1, M2) = (Qo, Wo(Fe), M1, M>),

such that

(5.24) 0y, W', MY, M) — (Qo, Wo(F.), My, M)

in (R x D30, 00), [ -] x d;l) P-as. as N — oo. Furthermore, since each of the
processes appearing on the right-hand side of (5.24) is continuous, we may assume
that above convergence also occurs in (R x D3[0, 00), | - | x u?).

Now, set

and

It is then clear that

sup [MQ(t) — Mo <108 — Qol sup |G(t) — Fo(1)]

0<t<T 0<t<T

<2105 - Qol,
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and so it follows by (5.24) that

(5.25) M) — Mg in(D[0,00),u) P-as.as N — oo.
Next, letting
H" = Oy F.,
a similar augment shows that
(5.26) HY - H  in (D[0, 00), u) P-a.s. as N — oo,
where
H = QoF,.

Finally, it is clear by the Halfin—Whitt condition (5.3) and the boundedness of F,
that

(5.27) VN1 = pN)F, - BF,  in(D[0, ), u) P-a.s.

as N — oo.
Thus, letting

oN =8+ WY + m) + my,
we have by (5.24)—(5.27) that
(5.28) My + QY =N = p")F, - Mg + Q; — BF.
in (D0, 00), u) P-a.s. as N — 00, where
Or=H+W(F,)+ M + M.
Furthermore, it follows by (5.23) that
(529) MY+ 0Y —VN1—p")F. LMY + O —V/N(1 - p")F,

for N > 1.
Now set

(5.30) ON =) (M) + OY — VN1 —p")F,).

Since by Proposition 3.1, the map goOF :(D[0, 0), D) — (D][0, 00), D) is measur-
able, it follows by (5.11), (5.29) and (5.30) that

(5.31) ONLON. N>,
Furthermore, by the continuity portion of Proposition 3.1 and (5.28),

(5.32) ON =R (M) + 0Y —V/'N(1 = p")F.) = ¢.(Mg + Q1 — BF)
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in (D[0, 0c0), u) P-as. as N — oo. Since convergence in (D[0, 00), u) implies
convergence in (D[0, 00), d;,) and almost sure convergence implies convergence
in distribution, it now follows by (5.31), the measurability of <pOF :(D[0,00), D) >
(D[0, 00), D) from Proposition 3.1 and (5.32) that OV = ¢% (Mg + Q1 — BF.)
as N — oo, which completes the proof. [

Note that the diffusion limit for the queue length process given by Theorem 5.1
may be written out in expanded form as the solution to the stochastic convolution
equation

~ ~ ~ t ~
(5.33) QF(I)ZMQ(I)JrQl(t)—ﬁFe(t)+/0 Q1 (t —s)dF(s), 1=0.

In this representation, we see that Q  may be decomposed into four separate parts.
The second term on the right-hand side of (5.33), Q I, defined by (5.17) above, is
the diffusion limit for the G/GI/oco queue with the same number of initial cus-
tomers as in our G/GI/N queue and with the same sequence of arrival processes
and identical service time distribution as in our G/GI/N queue. It is the primary
stochastic component which drives the convolution equation above. The third term
on the right-hand side above, S F,(¢), arises out of the Halfin—Whitt condition
(5.3). The first term on the right-hand side above, M 0, takes into account the
discrepancy between the G/GI/N and G/GI/oo queue in the initial number of
customers in the system at time O— who remain in the system at time ¢. Finally,
similar to as in the fluid limit of Section 4, the integral term on the right-hand side
of (5.33) represents an adjustment term to the infinite server queue limit, Q; which
takes into account the waiting times of the customers in the G/GI/N queue. Note
also that the adjustment integral term is positive as one would expect since the
number of customers in the G/GI/N queue will always be stochastically larger
than in a corresponding G /GI /oo queue. Furthermore, only the positive portion of
the queue length process, QJF’, appears in the limit since it is only when there are
more customers than servers in the system that the finite server approximation to
the infinite server queue will be off.

5.4. The virtual waiting time process. In this subsection, we study the diffu-
sion scaled virtual waiting time process and the diffusion scaled customer waiting
time process for the G/GI/N queue in the Haflin—Whitt regime. For each ¢ > 0,
let V¥ (¢) denote the hypothetical amount of time that a customer arriving to the
Nth system at time ¢ would have to wait before being served and, for i > 1, let
Vl-N denote the waiting time of the ith customer to arrive the system after time 0—.
Note that denoting by D¥ (¢) the number of departures from the Nth system by
time ¢ > 0, we have that

VV(@t) +1=inf{s >0: DV (s) > AN (1) + O}
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for t > 0 and VI.N =yN (riN —). In this subsection, we obtain asymptotic results
for the diffusion scaled virtual waiting time process yN () ={N 1/ ZVAN' (1),t >

0} and the also for the diffusion scaled customer waiting time process VN =
(N1/2 VL]XH j»t = 0}. Our main approach will be to leverage off of the results of
Section 5.3 on the diffusion scaled queue length process.

The main result of this subsection is the following theorem which provides a
weak limit for the sequences of diffusion scaled virtual waiting time and customer
waiting time processes in the Halfin—Whitt regime. Note that as a byproduct, this
limit implies that waiting times in the Halfin—-Whitt regime are of order N ~'/2 and
thus decrease as the number of servers become large. Furthermore, we also note
that as expounded upon further below, the limit we obtain is similar in form to
that informally obtained by Mandelbaum and Momc¢ilovi¢ in [16] for the diffusion
scaled virtual waiting time process. We then have the following.

PROPOSITION 5.3. IfAN(0)=0 P-a.s. for each N > 1, and the residual ser-
vice time distribution Fy = F, and Q(])V = Qo as N — oo, then VN = V as

N — 00 and VN = V as N — 0o, where V is given by the unique solution to
the integral equation

+
(5.34) V()= (MQ(t)+Q,(r)—ﬁFe(t)Jr/otV(t—s)dF(s)) , t>0.

In [16], in the case of renewal arrivals, the diffusion scaled limiting stationary
virtual waiting time process was conjectured to be expressed in terms of the supre-
mum over an infinite weighted full K -ary tree

(5.35) Vo) = sup (Wp)T, teR.
TCF[t]

Furthermore, it was shown in Lemma 10 of [16] that the process \700 = {\700 (1),t >
0} defined by (5.35) satisfies the stochastic integral equation

~ ~ e¢} ~ +
(5.36) Voo(t)=<X(t)—,8+/O V(t—u)dF(u)) . teR,

where X = {f( (t),t = 0} is a stationary Gaussian process whose covariance func-
tion may be explicitly calculated.

We now show informally by taking the limit as ¢ approaches oo on both sides of
(5.34) that (5.36) may actually be viewed as the stationary version of the limiting
diffusion scaled virtual waiting time process. First, note that by the definition of
MQ in (5.15), we have that MQ(t) — 0 P-a.s. as t — o0. Next, since F, is a
distribution function, it follows that 8F,(t) — B P-a.s. as t — oo. Thus, for ¢
large, we have from (5.34) that

" - t+s _ +
(5.37) V(I+S)%<Q](Z+S)—,3+/O V(t—i—s—u)dF(u))
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for s > 0, where the & sign is meant to mean approximately equal. One may next
check that for ¢ large the process {Q;(t + s),s > 0} is approximately equal in
law to that of X in (5.37). Finally, for ¢ large, the integral on the right-hand side of
(5.37) may be taken to be an interval over the entire nonnegative portion of the real
line. Thus, setting Vt = {V(t +s), s > 0}, we obtain from (5.37) and the preceding
discussion that

~ - 0 +
(5.38) Vi(s) ~ <X(s) - B +/0 Vi(s — u)dF(u)) , s >0,

which is the similar to (5.38). As t approaches oo, the approximation in (5.38) be-
comes more precise and indeed a completely rigorous argument of the discussion
above may be given but we omit the details here.

In order to prove Proposition 5.3, we must first provide an intermediary result
for the diffusion scaled number of customers waiting to be served. Note that since
the system is operating under a nonidling policy, the total number of customers
waiting to be served at time ¢ is given by the quantity (Q™ () — N)*. We also
define

QN0 -N*

N1/2 ’
to be the diffusion scaled number of customers waiting to be served at time ¢
and set OVt = {N~V2(QN(r) — N)*,t > 0} to be the diffusion scaled number
of customers waiting to be served process. Note also the relationship QN * (1) =
(QN (t))™ which will be taken advantage of in the following result.

oVt = t>0,

_ PROPOSITION 5.4. If the residual service time distribution Fo = F, and
Q(I)V = Qo as N — oo, then we have the joint convergence (QV,QN-T) =

(QF, OF) in (D?[0, 00), D?) as N — oc.

PROOF. Define the function f:(D[0,00),d;) (D?[0, 00), d%l) by
f(x1) = (x1,x]") for x; € D[0, 00), where x;" = (max{0, x1 ()}, > 0). We now
claim that the function f:(D[0, 00),dy,) — (D?[0, 00), d;l) is continuous. As-
sume that x{ — x1 in d;;. We then have that

d (f (), ) = d7 (e, x77), (e, x))
= max{d, (x{, x1),dj ()", x])
< dj (x{,x1)
—0 asn — 0o,

and thus the claim is proven. The proof now follows by the representation
(O, 0N = £(QV), the Continuous Mapping theorem [20] and Theorem 5.1
above. [
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Using Lemma A.10 in the Appendix, we may now prove the proposition above.

PROOF OF PROPOSITION 5.3. By Proposition 5.4, OVt = 0t as N > oo
and by assumption we have that AN = £ as N — oo. Furthermore, by (5.1) and
the heavy traffic condition (5.3), oY — 1 as N — oo. Thus, by Lemma A.10 in
the Appendix, VN = V = Q% as N — oo, which by the representation (5.33),
completes the proof. [

5.5. An alternative representation. The representation of the limiting diffu-
sion scaled queue length process given by (5.33) provides a convenient expression
for O in terms of a corresponding infinite server queue limit, ;. However, it is
not evident that the limiting process of (5.33) is equivalent to the diffusion limit of
Theorem 2 of Halfin and Whitt [8] for the specific case of exponentially distrib-
uted service times. The following corollary provides an alternative representation
of the limit of (5.33) which may be used to rigorously verify this equivalency.
Let M ={M(t),t > 0} be the renewal function associated with the pure renewal
process with interarrival distribution given by the service time distribution F. Re-
call that for r > 0, M (¢) is by definition equal to the expected number of renewals
by time ¢. Furthermore, by Exercise 3.4 of [19], M is given by the unique solution
to the renewal equation

(5.39) M(t):F(t)—I—/OZM(t—u)dF(u) fort > 0.

Let us also set
(5.40) () =Mo)+ 01(1), 120,
and Z = {Z(¢), t > 0}. We then have the following result.

COROLLARY 5.2. The limiting process, Or, of Theorem 5.1 may be equiva-
lently expressed as the unique strong solution to

. . r t.
(5.41) QM(t)=;(t)+/o §(t—u)dM(u)—ﬂt—f0 07, (t — u) dM(u)
fort >0, where Qy;(t) = min(Q (1), 0).

PROOF. Let F ={F(t),t > 0} be a distribution function and r = {r(¢), t > 0}
be an unknown function satisfying the integral equation of renewal type,

(5.42) r(t):H(t)—i—/Otr(t)dF(t—u) for ¢ >0

for some H = {H (¢t),t > 0}. If H is a locally bounded function, then (5.42) has a
unique locally bounded solution [11], which is given by

(5.43) r(t) = H(t) + /Ot Ht —u)dM®u),
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where M = {M(t),t > 0}~is the solution to the renewal equation (5.39).
By the definition of ¢ in (5.40) and the representation (5.33), the limiting
process of Theorem 5.1 may be written as

OF()=5() — BFe() + /O OF()dF(t—s)  fort=0.
Next, since QF = QJFF + Q;, we have
070 =0 - R0 - 0rw — [ OF)dFa—s).
Furthermore, it follows that £ — BF, + Q; is almost surely a locally bounded
function since it is almost surely an element of D[0, co). It therefore follows from

(5.42) and (5.43) that

~ ~ ~ t~
O =E(t) — BF() — 07(1) +/O £t —u)dM(u)

t t.
—ﬁ/o Fe(t—u)dM(u)—/o O (t — ) dM (),

or, equivalently,

~ ~ t ~
Or@t) =) + fo E(t — u)d M)
t
(5.44) — ﬂ(Fe(t) —i—/(; F.(t —s) dM(s))

t ~
—/0 Op(t—u)dM(u).
However, since
t
Fe<r>+/ Fo(t —s)dM(s)=1, >0,
0

if follows by (5.44) that

- - t. t
(5.45) QF(I)=§(I)+/O C(t—u)dM(u)—ﬁl—fo Or( —u)dMu),

which completes the proof. [J

Note that Corollary 5.2 also implies the convergence ON = Oy as N — oo,
where Q) is the stochastic process given by the unique strong solution to (5.41).
The proof of this result is trivial and essentially proceeds in two stages. First, one
may use Theorem 5.1 to show the weak convergence oV =0 F as N — oo and
then use Corollary 2 to show the equivalency in law between QO and Q. In a
sequel [18] to this paper, we provide a more direct proof of the convergence of
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ON to Q. This follows along more traditional line of conventional heavy-traffic
proofs in where the queue length process is modeled by a conservation of flow as
the difference between the number of arrivals and the number of departures. The
integral term on the right-hand side of (5.41) then turns out to representative of the
idle time processes of the servers in the system.

As noted above, in the case of the GI/M /N queue, Corollary 5.2 may be used
to obtain the original diffusion limit result provided by Halfin and Whitt [6]. This
may be seen by first noting that for exponentially distributed service times, the
renewal function M in (5.41) is the renewal function for a rate 1 Poisson process,
which is simply given by M (¢) = ¢. Thus, the limiting process of Corollary 5.2
may be written as

- . r . r
(5.46) QM<r>=;<t>+/0¢(s)ds—ﬁz—fOQ;4<s>ds, £ >0.

Furthermore, using (5.40), (5.15) and (5.17), extensive covariance calculations
show that

B(t)=g<t)+/0’g(s)ds, £=0,

is a Brownian motion with infinitesimal variance 1 + o2, where o2 is the variance
of the interarrival times. Therefore, the process (5.46) is a diffusion with infinites-
imal drift m(x) = —p for x > 0 and m(x) = —x — B for x < 0 and infinitesimal
variance 1 + o2, which is in agreement with Theorem 3 of Halfin and Whitt [6].

6. Conclusion. In this paper, we have studied the G/GI/N queue in the
Halfin—Whitt regime. In our first main result, we obtained a first-order approxima-
tion to the queue length process. This approximation turned out to be the solution
to a nonlinear convolution equation. Next, after centering the queue length process
by its deterministic fluid limit and scaling by an appropriate constant, we obtained
a second-order stochastic approximation as well. Our limiting stochastic process is
nonlinear, stochastic convolution equation which is driven by a Gaussian process
and includes a drift term which incorporates a time lag. In the case of exponen-
tially distributed service times, it can be shown that this process is equivalent to
the diffusion process obtained by Halfin and Whitt [6].

In the sequel to this paper [18], we provide a direct approach to the proof of
Corollary 5.2. This is based off of a conservation of flow equation where we write
the queue length process as the difference between the number of arrivals and the
number of departures. In this case, central limit theorem type results for sums of
1.i.d. renewal process will have to be invoked.

In the future, it would be nice to have a better understanding of the limiting
process we have obtained. Ideally, one would like to solve for its limiting distribu-
tion. Unfortunately, this in general appears to be a difficult problem. Therefore, if
analytical solutions cannot be found, efficient numerical procedures might perhaps
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be developed. Simulation studies could also be conducted to test the accuracy of
the proposed approximations relative to their actual values. This would be espe-
cially interesting when the system is close to being in the Halfin—Whitt regime.

APPENDIX
In the appendix, we provide the proofs of Propositions 3.1, 4.2 and 5.1 and

Lemmas A.9 and A.10. We begin with the proof of Proposition 3.1.

PROOF OF PROPOSITION 3.1. Suppose first that B is concentrated on the
point ¢ > 0. In this case, it is clear that the solution to (3.1) satisfies the recur-
sion
(A.1) z(t) = x(1), 0<t<ec,
and

Z(t)=x(t)—|—(z(t—c)+a)+, t>c,
in which case it is clearly unique. Furthermore, defining ¢% : D[0, 0o) — DJ0, 00)
to be the solution to this recursion, it follows that
o (x1) — @5 x2) [l = llx1 — x2lls

for 0 <t < ¢. Now suppose that for some integer k, we have

(A.2) o (x1) — e x2)ll: <kllx1 — x2|;
for (k — 1)c <t < kc. It then follows that for k <t < (k + 1)c,

log(x1) — )l < llxr — x2lle + I (x1) — P (x2)ll1—c
< llxr = x2lls + kllxy — x2fls
= (k+ Dllxy —x2fls-

By induction, this implies that the relationship (A.2) must hold for all ¢, which
show that ¢% is Lipschitz continuous if B is concentrated on a single point. The
proof of measurability of ¢f% for the case of B concentrated at a single point will
be included below.

Suppose now that there exists a § > 0 such that B(y 4+ §) — B(y) < ¢ for some
0 <& < 1forall y > 0. Such a § will always exist so long as B is not concentrated
on a single point. We now provide proofs of existence, uniqueness and Lipschitz
continuity for this case.

Existence: We use the method of successive approximations. Let ug = 0 and
recursively define

t
(A.3) un+1(t)=x(t)+/(; (un(t—s)+a)+dB(s), t>0,
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for n > 1 and note that

Up+1(t) — up (1)
(A4)

= /Ot((un(t —s)+a)" = (up—1(t —s)+a)")dB(s),  1>0.

We now show by induction that for each integer 1 <k < |'<S_1 T1,
(A.5) lins1 —unlljs < j/nlellxlly  forj=1,....k,
for n > 1. For the base case k = 1, observe by (A.4) that

lunt1 —unlls = B lun — un—1lls < ellun — un—1lls,

and so, since
(A.6) llur —wuolls = llx1 —Olls < llx1ll7,
we have the relationship
(A7) luns1 —unlls < €"llxllr <ne"llxlir

for n > 1. We now proceed with the induction step. Assume that (A.5) holds for
some k and we will now show that it holds for (k 4 1). Note that by (A.4) and the
induction hypothesis (A.5),

(A.8) N1 — unllk+1)s
k

<> ellun —un—illjs + ellun — un—1lk+1)s
j=1

k
; .
<Y eil (=17 ellxllr + ellun — un—1lles1s
j=1

(A9) <Kk llr + ellun — wn—1 e+ 1s-
Furthermore, since as in (A.6),
lur —uollzs < llxll7
foralll =1,...,[§7'T7, it follows by repeated iteration of (A.9) that
n
i1 = w15 < K< (Zik>e" Ixll7
i=0
<K @M 1 DeMlxlr
< (k+ DM e 1,

and so the induction hypothesis has been proved.
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Thus, since
o0 o0
Y Mtngt —unllr < Ntngr = nllfs—1775
n=1 n=1
© 1 1
—1 §—'T §'T
< st TR e x|
n=1
< 00,

it follows that {u,} is a Cauchy sequence. Furthermore, since the space D[0, c0)

is a Banach space under the supremum metric u, there exists a limit point u* of

{u,,}. Taking limits on both sides of (A.3), we now see that u* is a solution to (3.1),

which completes the proof of existence for the case of nondegenerate distributions.
Uniqueness: Suppose that u and v both satisfy (3.1) and let

A)=u(t) —v(t)= /(;t((u(t —5) +a)+ — (v(r =) +a)+) dB(s), t>0.
We then have for 0 <t < §, that

8012 [ =5 +a)" = (06 =) +a)*[dBE) < 1AL,
which implies that A(¢#) =0 on [0, §]. Next, for § < ¢t < 2§, we have that

IAM| < ellAlls +ellAll2s = €l All2s,

which implies that A(¢) = 0 on [§, 2§]. Iterating the above argument until we
reach 7' completes the proof.
Lipschitz continuity: Note that for 0 <t < §, we have

% (x2) — g (x1)lls < llx2 — x1lls + ell@% (x2) — @B (x1) s,
which implies that
lp% (x2) — @ (xDlls < (1 — &)~z — xills.
Next, for § <t <26, we have
g (x2) — @ (x1)l2s

<|lx2 —x1ll2s + elleg (x2) — @5 (x1) s + elleg (x2) — @ (x1) |26

< lx1 —x2ll2s + €llop (x2) — @5 (x1) 25,

1
(1—e)
which implies that

leg(x2) — @ (x1)l2s < lx1 — x21l2s-

(1—e¢)?
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Iterating the above argument for k = [8~!T7] — 2 more time intervals completes
the proof.
Finally, we provide a proof of measurability of ¢f% for the case of a general B.
Measurability: We begin by defining the function W§ : D[0, 00) — D: [0, 00)
by

W%(u)(t):/(;t(u(t—s)+a)+dB(s), t>0.

We now show that W is measurable with respect to the Borel o-field D generated
by the Skorohod J; topology. Note that since D is equal to the Kolmogorov o -
field, which is generated by the finite-dimensional cylinder sets, it is sufficient to
check that foreachn > 1 and A1, Ay, ..., A, € B(R),

{u € D[0, 00): (W u)(t1),..., Y5 u)(ty)) € (A1, ..., Ap)} €D

for 0 <t <t <--- <t,. However, since o-algebras are closed under finite in-
tersections, it is sufficient to check that for each r > 0, W% (-)(¢) is measurable. In
order to show this, we first decompose B into its continuous and discrete parts so
that

B(t) = B:(1) + Ba(1), 1=0,

where we write
o0
(A.10) By(t) = Z cnd(py) (1)

for the discrete part of B. We then show that both W% and kllg are measur-
able functions and so, since the sum of two measurable functlons from (D, D)
to (D, D) is measurable, and Wi = \IJ“C + \Il“d, we have the desired measurability
of Wg.

We begin with the proof of measurability for \I/%C for which it will be suffi-
cient to show that for each ¢ > 0, \Ilﬁc(-)(t) is continuous when viewed as a func-
tion from (D0, 00),dy,) to (R, | -|). Let u,, — u under the metric dy,. This then
implies that u,(#) — u(¢) for all but a countable number of ¢ (see, for instance,
page 247 of [1]). Furthermore, the measure defined by B, assigns measure 0 to all
countable sets. Thus, since for each ¢ > 0, the sequence {supy,; |un(s)|,n > 1}
is bounded, it follows by Theorem 3 of [4] that o

(A.11) |W, (un) (1) — Wg () (0)]

= ‘/Ot((un(t —5) —I—a)+ —(u@—s)+ a)+)dB(s)

s/otwn(r—s)—u(sndB(s)

(A.12) —0 as n — o0.
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This completes the proof of the measurability of \IJ%C.
Now consider \I’%d. It is clear from (A.10) that

Wi )0 =Y T @), =0,
k=1

where
i) (1) = cx 1t = pi}(u(t — pr) +a)™.

For each n > 1, define

‘Ijlag;]n (u)(t) = Z Y (u)(2), t>0.
k=1

We then have that for each u € D[0, 0c0) and 1 > 0,
sup Wi, (u)(s) — W, () ()]

0<s<t

= sup | Y alfs > pi}(uls — po) +a)”

0<s<t|g=p

o
< sup |u(s)+a|ch
0<s<t k=n
—0 asn — 0o,

and so it follows that W§ (u) is the pointwise limit in (D[0, 00), u) of \Ilgf’d"(u) as

n — oo. Thus, if each \IJ%;]” (u) is measurable, it will follow that W§  is measur-

able as well. However, in order to show that \I—'g’" 18 measurable, it will suffice to
show that each Y} is measurable since the sum of a finite number of measurable
functions is measurable. The fact that Y is measurable may been seen by not-
ing that Yy is first the translation of the function u# by a constant p; and then a
multiplication by a constant c;. Both of these functions are easily seen to be mea-
surable functions and so Y, being the composition of two measurable functions,
is measurable as well. This completes the proof of the measurability of \Ifgd.
Now define the map E% : (D[0, 00), D) = (D[0, o0), D) by

E) @) =x() + V5w (@), 1> 0.

It is clear that E% is measurable since lIJj’g is measurable. Furthermore, from the
existence portion of the arguments above, it follows that for each x € D[0, 00),
1 =a,n
¢(x) = lim &% (0),
where 24" (x) = E%" "' 0 B4 is the n-fold composition of % with itself and the
limit is taken with respect to the metric of uniform convergence over bounded in-
tervals, u. Thus, since the composition of two measurable functions is measurable,
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it follows that 2%" is measurable for each n. But this then implies that ¢%, being
the pointwise limit of a sequence of measurable functions, is measurable as well,
and so the proof is now complete. [

The next portion of the Appendix is devoted to the proofs of Propositions 4.2
and 5.1. Our proof of Proposition 4.2 closely parallels the proofs of Lemmas 3.4—
3.8 of [14]. In order to begin, we must first set up the following notation. Let AN (1)
be equal to the number of customers in the Nth system who entered service after
time O— but before or at time ¢. We then define the two parameter process

AN@)
(A.13) Ve, x)= > (I{m <x}—F(x), 1>0,x>0,
i=1
where we recall the definition in Section 2 of 5; as the service time of the ith
customer to arrive to the system after time O—. Note that by setting
[N1]
UN@.x)y=Y ({F(m) <x}—x), 1>0,0<x<I,
i=1

we have

(A.14) V@, x) =UN AN (1), F(x)),
where

(A.15) AN (1) = Ajlvv(t), t>0.

It then follows from the definition of Mév in (2.5) that

t t
(A.16) M{V(z):/o /0 s +x <t}dVV(s, x),

where the integrals above are taken over the closed intervals [0, t]. We now de-
compose Mév in two processes, GV and H" . Let

AN()

Ne o [T dF @)
(A17) L (z,x)_2<1{n,§x} /O l—F(y—))’ t>0,x>0,

i=1
where F'(y—) =1lim,_,, F(x).
By (A.13) and (A.17), we have that
* VN(t’ y_)
o I=F(y-)
Therefore, by (A.16) and (A.18), we have
(A.19) MYty =GN @)+ H" (1),

(A.18) VN, x)=— dF(y) + LN (1, x).



THE G/GI/N QUEUE IN THE HALFIN-WHITT REGIME 2247

where
GN(t)z—/Otw:(_t;—éc’f)_)dF(x), t>0,

and

(A.20) HN(t):/Otfotl{s+xft}dLN(s,x), t>0.

We set GN = {GN(r),r >0} and HY = {H" (¢),t > 0} and note that (A.19) is the
desired decomposition of Mév . It will be useful in proving several results related
to Mév such as tightness and weak convergence.

Now, for each k > 1, let

AN (1) Ak

mAC=ET g F ()
HY (1) = (1 O<m<t—tN)— 7)
o= 3 (0<m=r-i) [ e

for t > 0, where
N =inf{t > 0: AN (1) > i)

is the time at which the ith customer to enter service after time 0— begins being
served. We also set HkN = {ngv (t),t = 0}. Furthermore, we define the filtration

N= Y, t=0) by
N _ N S .
H, =0{Qy}Volni.i=1}vol§,i=1}
Vo{lm =0} 1m <s -V} s<t,i=1,...,AN 1)}
vo{AN(s),s <t} VN,
where &; is as defined in (2.1) of Section 2 and V is the IP completion of F. It easy
to see that HV satisfies the usual conditions and is actually a filtration.

The following lemma is similar to Lemma 3.5 of [14]. Consequently, the proof
that follows is a straightforward adaptation of that found in [14].

LEMMA A.1. The process H,ﬁv is an HY -square-integrable martingale with
predictable quadratic variation process

A (t)Nk nin(t— ‘L’ 1 — F(M)

Hk ([)— Z f mdF(u), [20

PROOF. We first decompose H,gv by writing

k
HY =Y H"©),

i=1
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where

‘ nint=tO%  dF (u)
A2l)  HM @ =1o<n <t-tN —/ —_—
(A21) O=10<n=t=& - | =
As in [14], the proof now proceeds in three parts. They are:

1. Foreachi > 1, the process HN-i = (HN-(¢),t > 0) isan HN-square-integrable
martingale. .
2. The predictable quadratic covariation process of HV ! is given by

Ny A= 1 — F(u)
(A.22) (H >(t)_f0+ T Py .

3. The martingales H"* and H"+/ are orthogonal for i # j.

These three statements are then sufficient to imply the conclusion of the lemma.
We begin with the proof of part 1.
First, note that HV" is 5 Gl -adapted and, furthermore, we have that

sup E(HN 1 (1))? < 0.
t>0

We now prove the martingale property for H"-/ by showing that for s < ¢,

(A.23) 1N > s)E[HN (1)|HN1=0
and
(A.24) 1N <syE[HN ()| HY 1= HY (5).

We begin with (A.23). First, note that fiN is an HY -stopping time since O(AN (s),
s<t)C va for each ¢ > 0 and so we may define the o -field HQJN. Furthermore,

1Y > s ELHN (0”1 = 1Y > sYELEHN () HM)IHY 1.
In order to prove (A.23), we now show that
(A.25) EHY (1)|H2) =0.

This follows informally since on the event {n; > 0}, we have

EH" 0)E)
P(n; > 0)

(A.26) EH™ (1)[H2) = 1{n; > 0} :
where the last equality is by (A.21) and the independence of 7; and fl-N . In order
to rigorously to prove the first equality in (A.26), we make use of Lemma 3.6 of
[14].
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Specifically, we show that
(A27) HI N {ni >0} C (@{Qy}Voldi=1)

(A.28) \/a{gr,rzl,np,pzl,p;éi}VG{fiN}\//\/)

N {n; > 0}.
Note that it is enough to check (A.27) for sets which generate H]f\i’N' However, by
the definition of va , it is not difficult to see that

Hiy =a{Qy}Volii=1}vole,r=1)

(A.29) vaoltN, 1, =0}, {0 <n, <s AtN — 2N},
s=0,r=1,...,ANGM v N

(use, for example, the argument of Brémaud [3]). Then, for [ =i, i +1,...,m =
1,2,....n=1,2,...,51,82,...,5 > 0 and Borel sets A, By,...,Bu,,Cq,...,
C,,Dy,....,E1,...,E; and Fi,..., F;, we have, since AN(fiN) > ] > i, then
tN=tN,r=i+1,...,1, that

{Q) € A}N (ﬂ{ﬁr € Br}) n (ﬂ{a € Cr}) N{AN @My > 1)

r=1 r=1

N <(£]{f,N € D,}) n ((l]{l{nr =0} ¢ Er})

r=1 r=1

l
ﬂ(ﬂ1{0<nr§s,/\fl-N—er}eFr>ﬂ{n,-zO}

r=1

(A30)  ={Q) €A}n (ﬂ{ﬁr < Br}) n (ﬂ{sr e cr})

r=1 r=1

[ i—1 [
n ( N &Y= f,N}) N (ﬂ{f,N € D,}) N (ﬂ{f,” € D,})

=i+1 r=1 r=i
l

N <,:ﬂ {1{n-=0}ye Er})

i—1
n(ﬂ 1{0<nr§srAfiN—ffv}€Fr)ﬂ{ni >0},

r=1

when 0 € E;,0 € F,,i <r </, and the left-hand side is & otherwise. We show that
the event on the right-hand side of (A.30) is in (o{Q{)V} vo{ni,i=1}vol&,r>



2250 J. REED

Liny,p>=1,p#i} \/o{fiN} v N)N{n; > 0}. It is enough to prove that this holds
for the event

l
N & =¥ > 0).
r=i+1

First, note that for i + 1, there exists a Borel function hf\_'H such that

.Eil_v|_1 =Ti+1 Vv ((.ElN +771) /\hl]\il(Qg’ ﬁlvl = lsgrvr = 1’ np, p = LP?EI))

The r.andom var.iable l?f\jrl(Qg, n,l>1,&,r > Lny,p=1,p# i).is eitherequal
to 7; if a server is idle in the system after the arrival of customer i or, if not, the time
of the next departure from the queue after the arrival of customer i not including
customer i. Since,

=t =N =t inm=0
URN Q8. i I = L& r = 1y p= 1, pi) < £},
we have that

(&Y =tM1n{m > 0)

(A31) =N <t NN G r= L, p= 1 p#£iD) <)
N{n; > 0}.

A similar argument shows that forr =i +2,...,/

A & =t nm >0

=N <tNynN &, r>1,n,,p>1,p#i)<t¥}n{n >0},

where hﬁv is also a Borel function and hﬁv(ér, r>1,np, p>1,p#i)is the time
of the (r — i)th departure from the queue after the arrival of customer i not taking
into account customer i. By (A.31) and (A.32),

[
N &N =tMn{m >0}
r=i+1

l l
= N =tMn WY E r=1n,p=1p#i)=12"}
r=i+l1 r=i+l

N {n; > 0},

which yields (A.27). By Lemma 3.6 of [14], (A.27) implies the first equality in
(A.26) which show that (A.25) holds and so (A.23) is proved.
We now proceed to show that (A.24) holds. We have

1N <syE[HN (1) H)]
=1 <s —tMEHN ' O)HN 1+ 1 > s — £ > O E[HY (1) |HN].
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However, since both 1{n; <s — fiN }and 1{n; > s — fiN } are both HY -measurable,
and by (A.21) we have that

I <s =ty HY (1)
=10 <n <s—%"})
niA(S_fiN)+ dF
i =s =iV | _drw
0+ 1 —F(u—)
where the latter is Hﬁv -measurable, it follows that

1N <s)E[HN (1)|HN]
M

i

L G AP ¥ 2 (7))
—l{nifs—riN}/O+ T—Fuo)

+ 1{n; >s —tN =0 E[HN (1)|H]].

=1{0<n <s—1
(A.33)

We now proceed to evaluate the quantity 1{n; > s — ‘f’iN >0}E[HN (1) IHﬁv ]. First
observe that on the event that customer i has not completed service by time s,
mathematically, the event {n; > s — fl-N > (0}, we have that »; is independent of the

process AV up to time s which keeps track of the number of customers who have
entered service by time 5. Also, since ; is independent of »; for / # i, we conclude
from the definition of 7V and (A.21) that, on the event {n; > s —t" > 0}, H"" ()
is dependent upon Hﬁv only though #n; and fl.N . To put it more accurately, let
AN (1), u > 0, be the number of arrivals to the servers up until time u that would

have occurred if the customer with service time 7; remained in service forever.
Then, AN(u) is a Borel function of &.,r > 1,7,, p > 1, p # i, on the one hand,
and coincides with AV (u) for u < s on the event {f’iN + n; > s}, on the other hand.
In analogy with (A.27), this yields by the definition of HY,
Hévﬂ{ni >s—fiN20}
(A.34) Cle,r=1mpp=1,p#i}vo(iN}vA)
N{ni>s—tN >0}

Now noting that 1{n; > s — fiN >0} is Hév -measurable and applying Lemma 3.6
of [14], it then follows that

Hni >s—tN = OV E[HY (1) |HN]
Ell{n >s -t HY (0)|2]]

P >s—tNTN) ’

i

=1{ni>s—fiNZO}
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where 0/0 = 0. Now evaluating the right-hand side of the above using (A.21), it
follows

i >s—tN = 0 E[HN (1) |HY]

N

s—1 dF(u)
o+ 1—F@u-)

which, together with (A.33), implies (A.24). We now have that (A.23) and (A.24)
have been proved and so the martingale property of H™-! has been proved.

The proof of part 2 follows identically to the proof of part 2 of Lemma 3.5 of
[14]. In particular, since the second term on the right-hand side of (A.21) is H"-
predictable, the HY -predictable measure of the jumps of the process (1{0 < n; <
t— fiN },t > 0) is (see Liptser and Shiryaev [15], Jacod and Shiryaev [9])

=—1{n; >s — " > 0}

dF(u—1V)
1— F(u—t")-)

. t
VN[0, ], A) = {1 A}f WY <u <+
0

and so the predictable quadratic-variation process of HV"! is (see, e.g., Liptser and
Shiryaev [15], Problem 11, Chapter 4, Section 1)

(HNv">(z):/()I/Rx%N"'(du,dx)— > (_[vaN’i({u},dx)y

O<u<t
dF(u—tM)
1= F(u—")-)

t
= [ 18 <usni+ &)

AFu—1tN) )2

— tN N
Z Ht" <u<n+T; }(I—F((u—‘fiN)—)

O<u<t
B /mv(t—f,."’)+ dF(u) 3 < AF (1) )2
0 I=Fu-) O<u<nin(@—tN)+ 1= F@=)

where the sum is over all of the jumps. Since the above is equal to the right-hand
side of (A.22), this then completes the proof of part 2.

We now demonstrate step 3 by proving the martingale property for HY-' HY>J in
a similar to manner to the proof of the martingale property for V. Specifically,
fors <t, j <i, we prove that

(A.35) 1N > sYE[HN () HN V()| HN1=0
and

(A.36) 12N <s)E[HN () HN Y () |[HN 1= HN () HN (1),
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For (A.35), we have
(A.37) 1N > sE[HN () HN (1) | HN ]
(A.38) =1z > sYE[E[HN () H™ T (0) | H ) 1 HY ).

However, since
E[HN () H™ (1) H]\]
(A.39) =1n; <t —tYE[HY ()HN (1) |H.),

+1{n; > &Y — M EHN () BN (0| HN,

and 1(5; < £V — &My and 1(n; < &) — 2Ny HNT (@) = 1(n; < £ = eV yHYT (A
fl-N ) are HQ’N -measurable [use (A.29)], it follows that

oy <& = MYEHM @ HY O H))

=El{n; =t =t H" (0B (1) H]}]

1

=1n; <& =ty HN T O EIHY (1) H] 1,

and so, since H""! is a square-integrable martingale, by Doob’s stopping theorem
(191, L1.19, 1.1.42), ETHN ()| H .\, 1 = HY' (&) = 0 and thus, the first term on

the right-hand side of (A.39) is 0.

Consider now the second term. On the event {n; > fl-N — f}v }, we have that
customer j finishes service after customer i arrives and so customer j’s ser-
vice time has no no effect on fiN , the time at which customer i enters ser-

vice. Thus, n; and fiN are independent on the event {n; > fiN — f]N }. To put it

more accurately, there exists a random variable fiN which is a Borel function of

&,r>=1,np,p=1,p#i,p#j,suchthat {n; > fiN —ff’}:{nj > ‘Z’iN —fjl-v}
and fl-N = fiN on either event. One may view fiN as the time at which customer i
would enters service if customer j’s service time were infinitely long. Thus, ap-
plying Lemma 3.6 of [14] and using the fact that n; and n; are independent of fiN

and ij , we have that
n; > &N - f]]-\’}E[HN’i(t)HN’f(t)|H§V
E[l{n; > N — e MY AN () HNT (0)|£N, £V

YN _~N|xN =N
P>t -1 |T; ,rj)

=1{n; > ‘EiN — ‘EJN}

’
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where HV' denotes HN:i with fi substituted for 7: . Furthermore, since n; is
independent of %iN ,nj and fN , we obtain that

Ell{n; > & =ty AN () HN ()|, 2]
=Ell{n; > " -t} HY (012, f}V]E[ﬁN”'a)m’VL

where the last multiplier on the right-hand side is equal to O by the definition of
HN- and the fact that 7; is independent of ¢ r . Thus, the right-hand side of (A.39)
is 0, and so E[HN-{(t)HN: ](t)|HAN = 0 so that (A.35) is proved.

In order to prove (A.36), we proceed similarly to (A.24) and so some of the
details are omitted. First, note that

1N <syE[HN ()N (1)|H]
= U <s — M {nj <s — tYEHN () HY T ()| H)]
+1{n; >s -t = 0}1{n; <5 — rN}E[HN HoHN (1) HN]
(A.40)
+ i >s— 2" = 04{n; <s —tYE[HY () HN (1) HY]
+ 1{n; >s—fl~ > 0}1{n; >s—tj >0}
x E[HN ' (t)HNJ (1) |H] ]

and, further,

Wni <s =t )1n; <s =tV ELHN OHY (1) H)]

=1{n <s =t )1{n; =5 - 1)

4D x E[lfn <5 =t YHY O 1n; <5 — e} YHY (1) [H)]
=1y <s—tM{n; <s -ty HN ) HN (1),
Wi <s =t {nj > s =) = OV E[HN () H™ ) (1) |HY']
(A42) =1 <s =Y HY (9)1{n; > s — 2 = OLE[HN ()| HY]
=1 <s =t HY (9)1{n; > s — 2 = O}HN/ (s),
Hni >s =& = 00{n; <s — e VELHN () HY (1) |HY']
(A.43) =1{n; <s =) OV HY ()1 > s — ) = OVE[HY (1) |H)]

=1n; <s— ) O HV () 1{n; > s — £ = 0} HN(s),

where in (A.42) and (A.43) we use the martingale property of H"- and HN-/.
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Consider now the last term on the right of (A.40). Since {s — fl.N >0,n; >

s =t} C{n; >N — 1)}, it follows as above that {s — £ > 0,7; > s — )} =

{s — fiN >0,n; >ls — ij } and fiN = fiN on either event. Hence,
Hni>s =& =00{n; >s — 2 = OLE[HY () HN (1) H']
=1{ni >s— 7" = 0}1{n; >s — ¢ = O E[AY () HY (1) |[HD],
where n; and 7; are independent of fl.N and T JN . Also, similar to (A.27) and (A.34),
Hévﬂ{ni >s—‘EiN}ﬂ{nj >s—f]1-V}
Clolsr=lmp,p=lp#ip#jtveldl .t} }vA)
N {n; >s—fiN}ﬂ{nj >s—f}v},
and so by Lemma 3.6 of [14],
I >s— ) =01{n; >s — &) = OVE[H"" () H"/ (1)|H}]
=1lni>s—t" =0}{n; >s— 2 >0}
(A.44) < (E[1{n; >s — & = 0}1{n; > s — 2 = O} HN" (1)
x HNJ 0)|gY, 2)])

/(P >s - >0,n; >s—f}sz|fiN,fjl~v)).

However, since n; and »; are independent of each other and fl.N and T ]N , we have
that

Ell{ni >s— " = 0}{n; > s — N = 0} HN () HN -V (1) |7, 2]
(A.45) =E[l{n; >s — N = 0)HY (1)|tN]
x E[l{n; >s— ) = 0LHN (1)|%}"]
and

P(n; >s—fiNzO,nj >s—fJ1-V20|fiN,fjl~v)
(A.46)

=P >s - =0 )P >s— 1) =0/12]).
Applying Lemma 3.6 of [14] and using analogues of (A.34), we have that

E[l{n; >s —tN = 0} HN (1)|£N]
P >s — fiN > O|fiN)

Ini>s— " =0}

=1{ni > s — ¥ = OLE[HN " (1)|H)]
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and
Ell{n; >s -t} = 0}HN/ (1)|7}']

P(n; >s—f]N20|f]N)

l{nj>s—fJ1-VZO}

=1n; >s — ) = O E[H" ()| H]],

so that dividing (A.45) by (A.46), using (A.44), the fact that ¥ = #¥ on {s — " >
0,n;>s— ij} ={s— fiN >0,n;>s— ffv} and the martingale property of H"/

and HVJ we get
Ini>s =& =0)1{n; >s — &) = OE[H () HN/ (1)|H}']

=1{n; >s -t =0 E[HN ' (t)|H]]
(A47) 4
x nj >s—2) >0} E[HN/ (1)H}]
=1ni>s— 1" =00 HN () 1{n; > s — 2 = 0O} H/ ().

Substituting (A.41)—(A.43) and (A.47) into (A.40), we obtain (A.36), which com-
pletes the proof of the lemma. [

Now note that by (4.3) and (A.19), we have

(A.48) MYty =GN @)+ A (1),
where
_ GN
(A.49) GV =—
N
and
- HN
(A.50) A u—
N

It therefore follows by (A.48) that in order to show Mév = 0as N — oo, it will be
sufficient to show that GY = 0 and H" = 0 as N — oo. First, however, we must

provide the following result.
Let

9 AN (1)
N _
(A.51) AV ()= N

be the fluid scaled number of customers to enter service by time . We then have
the following.

LEMMA A.2. For each T > 0, there exists a k > 0 such that P(AN(T) >
k) —> 0as N — oo.
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PROOF. In order to show that the result is true, we stochastically bound
{AN (T)} by another sequence of random variables for which the result holds. This
will then imply that the result holds for {AN (T)} as well.

Let min(Q" (T), N) be the total number of customers in service at time 7. We
then have that

(A.52) min(Q™ (T), N) =min(Q}, N) + AN(T) — DN(T),

where DV (T) is the number of departures from the system by time 7. Equa-
tion (A.52) then implies that

AN(T) = min(QN (T), N) + DV (T) — min(QY, N)
(A.53) <min(QN(T), N) + DN(T)
<N+ DN (D).

We next bound DV (T). Let SI.N (t) be the number of departures from server i in

its first ¢ units of processing time for ¢ > 0 and let BI-N (t) be the amount of time
that server i is busy in the first ¢ time units. We then have that

N N
DY) =) SN(BY (1) =) ST,
i=1 i=1
since BI.N(T) <T.

Now note that for each i, SiN (T) is either the number of renewals by time 7 of a
pure renewal process with interarrival distribution F or a delayed renewal process
with delay distribution Fy and interarrival distribution F'. Furthermore, for i # j,
we have that SZ-N (T) and Sj-v (T) are independent of one another. Letting { P;, i > 1}
be an i.i.d. sequence of pure renewal processes with interarrival distribution F and
{Q;,i > 1} ani.i.d. sequence of delayed renewal processes with delay distribution
Fo and interarrival distribution F, it therefore follows that

N N N
NI SN < NI P + NN 0i(T)

i=1 i=1 i=1
= M(T)+ Mp(T) as N — oo,

where M is the renewal function associated with P; and Mp is the renewal func-
tion associated with Q1. This completes the proof. [

We now show that Z\;Iév = 0 as N — oco. We begin by showing that GV = 0 as
N — oo. Let

A.54 N = —.
( ) N

We then have the following.



2058 J. REED
LEMMA A.3. GN = 0as N — oo.

PROOF. The proof of is nearly identical to the proof of Lemma 3.4 of [14] but
for completeness we will include it here as well.
We first show that foreach § > 0and T > 0,

/‘t VN —x,x-)
0

limlimsupP( sup I Fi)
—_— x_

el0 N 0<t<T

(A.55) X H{F(x—=)>1—¢}dF(x)

=0,

> 8)
where VN (t,x) = N"'VN(#, x). )
By (A.14) and recalling the definition of U N from (A.54), we have that for any
0<t<T

k>0,
> 8)
< P(AN(T) > kT)

© 1{F(x—) > 1 —¢) N )
e (], TFaD ol 10N FaNIdF) > 5).

/f ‘_/N(t —X,X—)
0o 1I—-F(x-)

P< sup H{F(x—)>1—¢}dF(x)

For k sufficiently large, we have by Lemma A.2 that
P(AN(T)>I<T)—>O as N — oo.

Thus, by applying Chebyshev’s inequality and Fubini’s theorem, we now must
prove that

lim lim sup /
el0 N 0

However, the proof of this proceeds identically to as in Lemma 3.4 of [14], which
completes the proof. [

PHRaD =16y 10V Fe—) dF () =0,
1—F(x—) 0<t<kT

We next show that H" converges to 0 as N goes to 0co. Again, the modifica-
tions to the proof of Lemma 3.7 of [14] are slight but we include a full proof for
completeness.

LEMMA A.4. HY = 0as N — oc.

PROOF. Let
AN (1)

ANy — Nl G aNy
HY(t) =N Z<1{0<n15z V) /O

i=l

t>0,

nint=tO%  dF (u)
+ 1 - F(M—))’
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and note that by (A.17), (A.20) and (A.50) we have that

AN@)
AV =N"" 3" (1{ni =0} — F(0) + AV ).
i=1
We first show that the term involving the summation converges to 0. Let 7 > 0
and § > 0. We have

AN(1)
P( sup (N7' D7 (1{n; =0} — F(0)) >5>
0<t<T i=1
| Nkt|
< P(NT'AN(T) > k) + P( sup [N7' 3 (1{n; =0} — F(0))| > 5).
O<r<1 i=1

However, for sufficiently large k, we have by Lemma A.2 that P(N “1AN(T) >
k) — 0 as N — oo. Furthermore, by the functional strong law of large numbers
and the i.i.d. assumption of {n;,i > 1}, it follows that

Pl sup
0=<r<1

It thus remains to show the convergence of HY t0 0.
Fix T > 0. For each ¢ > 0, we have

| Nkt]

N=U Y (1 =0} = F(0))

i=1

>(S>—>O as N — oo.

P( sup ﬁN(z)>8)§P(N—‘AN(T)>1<)+P( sup |H1]\>/k(t)|>8),

0<t<T 0<t<T

where

By definition (A.15) and Lemma A.2, for k sufficiently large,
P(NT'AN(T)>k)—0  as N — oo.

Next, recall by Lemma A.1 that H ]{,V L 1s an HY -square-integrable martingale with
predictable quadratic variation process

(Hy) (1)
(A.56) .
ANOANK pnq—eNyt Fu)
=N"2 f ———— = dF(u), t>0.
= Jou (I Fu—))
Thus, by the Lenglart—Rebolledo inequality [15], it follows that for any y > 0,

P( sup AN (01> ¢) = T+ P(AY)T) > ).

0<t<T
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However, by (A.56),

AN(T)

(A.57) (HN(T) < N2 Z / _dF@)

1-Fu-)
Furthermore, since E| fO’” (1 — F(u=))"'dF(u)] = 1, it follows by the functional
strong law of large numbers that

[N-]
5 dF(u)
E / I~ Flu ):»0 as N — oo.

By (A.57), the Random Time Change theorem [1] and Lemma A.2, this then im-
plies that for any y > 0,

P((HY)I(T)>y) =0  as N — oo,

which completes the proof. [J
We are now in a position to give a proof of Proposition 4.2.

PROOF OF PROPOSITION 4.2.  The proof follows by the decomposition (A.48)
and Lemmas A.3 and A.4 above. 0[]

We now proceed to proving Proposition 5.1. We first begin with the following
result. Recall the definition of AV (t) as the number of customers in the Nth system
who entered service after time 0— but before or at time 7. Also, recall the definition
of AN from (A.51) as the fluid scaled version of AN . We then have the following
result.

LEMMA A.5. Under the assumptions of Section 5, AN = e as N — .

PROOF. First, note the relationship
ANy =a¥o - ("o -N)"+ (@O -N)", =0,
which, dividing by N, may be equivalently expressed as
AN =aNo - (@0 -1+ @) -t =0

By (5.1), (5.2) and the Halfin-Whitt assumption (5.3), it follows that AN = ¢ as
N — oo. Thus, by Corollary 5.1, the assumption that QS’ = 1as N — oo and the
Continuous Mapping theorem [20], it follows that

AN =AN — OV - DT+ Q) - )T =e  asN— oo,

which completes the proof. [J
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Now, define the processes

av_ 6"
VN

and
N HY

and note that by (5.9) and (A.19) it follows that
(A.58) MY =GV + HV.

Our next result will be to show that the sequence {I\;Iév } is tight. In order to show
this, it will be sufficient to show that both {GV} and {H"} are tight. The proofs of
these results are similar to proofs of Lemmas 3.4 and 3.7 of [14], and hence have
not been included. We begin with a proof of the tightness of {G"}.

LEMMA A.6. The sequence {G"} is tight.

PROOF. By virtue of Lemma A.5 and the fact that the identity process
e(t) =t is a continuous process, the proof now follows identically to the proof
of Lemma 3.4 in [14]. The modifications to this proof are essentially trivial and
the interested reader is referred to Lemma 3.4 of [14] for further details. [

Next, we show that {HV} is tight.

LEMMA A.7. The sequence (HNY} is tight.

PROOF. Since by Lemma A.1, the process H,ﬁv is an HY -square-integrable-
martingale for each N and k, by Lemma A.5 the proof now follows similarly to
the proof of Lemma 3.7 of [14] and will not be included. Again, the interested
reader is referred to [14] for further details. [J

We may now state the following result.

PROPOSITION A.1. The sequence {A;Iév} is tight.

PROOF. The result follows by the decomposition (A.58) and Lemmas A.6 and
A7 above. [

We are now ready to give a proof of Proposition 5.1. Before doing so, however,
we must first recall Lemma 5.2 from [14]. The proof of this result is similar in our
case and therefore will not be included for the sake of brevity.
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Let B; (x, y) be bounded real-valued Borel functions such that E[S; (x, n;) = 0]
and define the processes by R,ﬁ’ = {R,[,\{(t),t > 0} and (R,ﬁ)’) = {(Rnﬁ')(t),t > 0},
m=1,2,..., by

AN (1) Am AN (1) Am

(A59) RYM= Y BiGEN.m) and (R)O)= > Bi@EM),

i=1 i=1

where
Bi(x) = EB}(x, nj).

We also set the o-fields ]},N = a{fiN, ni,1 <i<[t]}vNand FN = a{fiN A
féVN(I)H, ”iAAN(t)’i > 1} V N, and define the filtrations FVY = {.7-",N,t > 0} and
FN =(FN t>0)}.

We then have the following result.

LEMMA A.8. 1.The 'EiN, i=1,2,...,areFN -stopping times, and the follow-
ing inclusions hold: .7:;\_1/\, D ﬁi[il’ QiN - .7:"iN, where QZ.N =o{BN {fl.N >t} t >
0,BeFN};

2. The process AN is FN -predictable;

3. The processes R,I;l] ,m = 1,2,..., are FN-square-integrable martingales
with the processes (Rnl\{ ) as predictable quadratic-variation processes.

PROOF. The proof is identical to the proof of Lemma 5.2 of [14]. [
We are now prepared to give a proof of Proposition 5.1.

PROOF OD PROPOSITION 5.1.  Ourproof is similar to the proof of Lemma 5.3
of [14] but we restate it here for the sake of completeness. Our first step is to
show that the finite-dimensional distributions of (Mév , MZN ) converge to those of

(Mz, 1\7[2). We denote finite-dimensional convergence by f:d>
Let

VN

and note that by Lemma 3.1 of [14], UN = U in D([0, 00), D[0, 1]) as N — oo,
where U is the Kiefer process. Next, let

gv =Y

k
(A60) MY, (1)=> 00N ((AN(sE_)). F(0)), (AN (s)), F(t — 1)),

i=l
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where the increment
00N (a1, @), (b1, b2)) = U (b1, b2) — U" (a1, b)
— U (b1, @) + U (a1, ),

and the points 0 = s(])C < s{‘ <. < s,’f =t are chosen such that
k_ k
max |s; —s;_1|—0 as k — oo.
1<i<k

We also define in analogy,

K

Moy (1) = (AU ((e(sF_1), F(O)). (e(sF). F(r —s)))

i=1
+ (U e(s)), F0) = Ule(sf_ ), FO))),
where
DU (a1, a2), (b1, b2)) = U (b1, b2) = Ular, b2) = U (b1, a2) + U (a1, ).
We now show that
~ N fd

(a) M, =S Mo,

(b) limy o0 limsupy_, o, P(IM2, (1) — MY (1) > n) =0 for n > 0,1 >0,

(©) limy— 00 P(MY (1) — MY (1) > ) =0 for n > 0,1 > 0.
Since My i (t) =P> M;(t) as k — oo by definition, this will prove the finite-
dimensional convergence stated in the paragraph above.

The proofs of (a) and (b) are identical to the proofs in Lemma 5.3 of [14] but
we include them here for the sake of completeness. We proceed as follows.

By the Lemma 3.1 of [14] and the continuity of the Keifer process U, it follows,
setting

k
(A6l MY ()=> 00" ((e(s5), FO)), (e(s5), F(t —s)))),  t=0,

i=1
that

Mgk:>M2,k as N — oo.

Next, by Lemma A.5, Lemma 3.1 of [14] and the continuity of U and e, we obtain
from (A.60) and (A.61) that

(A62)  lim P( sup |M§Yk(t)—1f4§fk(t)|>e)=o, T>0,¢>0.

N—o0 0<t<T

This then implies that Mév « = M> . as N — oo, which completes the proof of (a).
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We will next prove (b), making use of Lemma A.8. In the conditions of the
lemma, we take, fixing ¢ and k for the moment,

k
Bitx, )= sy <x <sph(l{t —sp <x <t —x)
p=1

— (F(t —x) = F(t = 5}))).

Then
Bi(x) = E[B; (x, ni)*]

k
=Y Ush | <x <sPHF(t—x)— F(t—sb))

p=1

x (1= F(t—x)—F(t—s}))
and (A.59) yields, by (A.13), (A.16) and (A.60),
(A.63) N7'2RN () = MY (1) — M3 (1) on{AN(r) <m).
By (A.63) and (A.59),

N YR (1)

=
Q

k
<N! Z Z (sh_y <& <y HF @t —sy_ ) — F(t—sb))
k
=N Y (F—sh ) — F(t — s+ p) (AN (s5) — AN(sE_))
p=1
< sup (NT'AN(sh) = NTTANGSE D).
1<p<k

Then, by Lemma A.8, applying the Lenglart—Rebolledo inequality and (A.63), for
n>0,e>0,

P(IM3 (1) — MY (1)] > n)
< P(AN(@t) > mN) + P(N"V2|RN (1)| > n)

<P(NT'AN (@) > m) + %
n

—|—P( sup (N_IAN(S;{,) —N_IAN(sf,_l)) > 8).
I<p=k
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By Lemma A.5, continuity of the identity function e(#) = ¢ and the fact that
maxlfpfk(sk +p— sf,_l) —0ask — oo,

. . 14N _
mll)moo limsup P(N"A™(t) > m) =0,

N—o0
lim limsup P( sup (N_IAAN(S;;) — N_IAN(SZ_I)) > 8) =0,
k=00 N0 1<p<k
ending the proof of (b).

We next prove part (c). The proof proceeds in a similar manner to the proof of
parts (a) and (b). Letting B N(t) = | Nt], we first note that

R t pt
Mgv(z)zN—l/Z/O /0 s +x <t}dUN BV (s), x).

Furthermore, setting BN = {N7'BN (), t > 0}, it is clear that
(A.64) BN = ¢ as N — oo.

Next, letting

k
B() =Y 00N (B (s£-1), 0). (BY (s). F(t = 5)))
i=1
it follows by (A.64), Lemma 3.1 of [14] and the continuity of U and e, that by
(A.60),

(A.65) m P( sup |é§k(z)—M§Yk(z)|>s)=o, T>0,6>0.

li
N—oo  Mo<r<T
A similar proof to that of part (b) above can also be used to show that

(A.66)  lim limsup P(|BY, (1) = MY ()| > n)=0  forn>0,1>0.
k=00 N 00 ’

Part (b), (A.62), (A.65) and (A.66) above now imply part (c).

Parts (a)-(c) imply the finite-dimensional convergence (M N, A;Iév ) =4 (Mz,
M>) as N — oo. It therefore remains to show that the sequence {(Mév , A;Iév )} is
tight in order to complete the proof. However, by Proposition A.1, the sequence
{MZN } is tight and a similar if not identical proof also shows that {Mév } is tight.
Thus, the sequence {(MN, A;[év)} is tight in (D?[0, 00), d%l), which completes the
proof. [

The remainder of the appendix is now devoted to providing proofs of Lem-
mas A.9 and A.10. We begin with Lemma A.10. Recall first the definition of
f:R x D3[0,00) > R x D3[0, 00) in (5.18) and (5.19) as

(A.67) f((x1,x2,x3,x4)) = (f1(x1), f2(x2), f3(x3), fa(xs)),
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for (x1, x2, x3, x4) € R x D3[0, 00), where fi(x1) = x1, f2(x2) = x2, fa(x4) = x4
and

(A.68) f3(x3)() = /o. G(-—s)dx3(s),

where the above integral above may be interpreted as the result of integration by
parts.
We then have the following result.

LEMMA A.9. The function f defined by (A.67) and (A.68) is measurable as
a map from (R x D3[0, 00), B(R) x D3) to (R x D3[0, 00), B(R) x D3). Further-
more, it is continuous at continuous limits points (x1, x2, X3, Xx4) € R x D3[0, o0)
such that x;, x3, x4 € C[0, 00).

PROOF. We first show that the function f:(R x D3[0, 00), B(R) x D?) >
(R x D3[0, 00), B(R) x D3) is measurable. It is clear that f;: (R, B(R)) —
(R, B(R)), f>:(D][0,00),D) — (D[0,00),D) and f4:(D]0, c0),D) — (D]O,
o0), D) are measurable since each of these functions are the identity functions.
Therefore, if we may now show that f3:(DI[0, c0), D) > (D]0, 00), D) is mea-
surable, then, by (A.67), we will have shown the measurability of f.

In order to show that f3:(D[0, c0), D) — (D][0, c0), D) is measurable, first
note that, integrating by parts, we have

(A.69) f3(x3) =a(x3) — b(x3) — c(x3),

where a(x3) = G(0)x3, b(x3) =x(0)G and

(A70) @) = [ x3(=9)dGE).
0

The functions a(x3) is measurable since it is the identity function multiplied by a
constant and b(x3) is measurable as well since by [1] we have that the projection
map is wo(x3) = x3(0) is a measurable function too. Thus, since the sum of a finit
number of measurable functions is measurable, it remains to show that c(x3) is
measurable from (D[0, co), D) to (D[0, 00), D) in order to complete the proof
of the measurability of f. However, this may be shown in a manner similar to
the proof of the measurability of W in the measurability portion of the proof of
Proposition 3.1. We omit the details for the sake of brevity. This completes the
proof of the measurability of f.

We now show that f: (R x D3[0,00), || x d}) = (R x D3[0,00), || xd3)
is continuous at continuous limit points (xp, x2,x3,x4) € R X D3[0, 00) such
that x», x3, x4 € C|[0, 00). First, it is clear that the functions fi: (R, |- |) — (R,
|- 1), f2:(D[0,00),u) — (D[0, 00),u) and f4:(D[0, 00),u) — (D[0, 00), u) are
continuous. This follows easily since each of these functions are the identity func-
tions. We now show that the function f3: (D[0, 00), u) — (D]0, 00), u) is contin-
uous. This then implies that £ : (R x D3[0, 00), | -| x u3) = (R x D3[0, 00), |- | %
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u?) is continuous. However, since converge in (D[0, 00), dy,) to a continuous limit
point x € C[0, oo) is equivalent to convergence in (D[0, 00), u), this then implies
that f:(R x D30,00),] - | x u) — (@R x D30,00),
| -] x d;l) is continuous a continuous limit points (x1, x2, x3,x4) € R x C 310, 00),
which completes the proof.

Suppose first that x5 — x3 in (D[0, 00), u) as n — oo. It then follows that for
each T >0,

sup [x3(t) —x(t)| =0 as n — oo.
0<t<T

However, recalling the representation of f3(x3) in (A.70), this then implies that

sup | f3(x3)(1) — f3(x3)(0)]

0<t<T

= sup [(a(x§)(1) —b(x3)(1) — c(x5)(1))

0<t<T
— (a(x3)(1) = b(x3) (1) — c(x3)(1))]
= sup [(a(x3)(1) —a(x3) (1)) — (b(x3)(t) — b(x3)(?))

0§t§T|

— (c(x5) (1) = c(x3)(D))]

= OSUPT (GO)x5 (1) — G(O)x3(2)) — (x5 (0)G (1) — x3(0)G (1))
<t<
t t
— </0 x3(t —5)dG(s) —/0 x3(t — s)dG(s))‘
= OSUPT G(0) (x5 (1) — x3(1)) — G(1)(x5 (0) — x3(0))
<t<

t
_/0 (x5t —5) —x3(t —5))dG(s)

< sup |GO)( (@) —x30)|+ sup |G(1)(x3(0) — x3(0))|

0<t<T 0<t<T
t
+ sup / (x5(t —s) —x3(t —5))dG(s)
0<t<T11J0

< sup |GO)(x5(®) —x3()| + sup [G(®)(x5(0) —x3(0))]

0<t<T 0=<t<T
t
+ sup lx5 (t —s) — x3(t — 5)|dG(s)
0<t<T

<G(0) sup |x5(t) —x3()| + G(T)|x5(0) — x3(0)]|

0<t<T
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+G(T) sup |x3(t) — x3(1)]

0<t<T
= (G(0) +2G(T)) sup |x3(1) — x3(2)|
0<t<T
-0 asn — 0o,

and so the function f3 is continuous as a map from (D[0, c0), u) to (D[0, 00), u),
which completes the proof. [J

We now provide a proof of Lemma A.10 which is instrumental in the proof of
Proposition 5.3. Our setup is the same as in the proof of Lemma A2 of Puhal-
skii and Reiman [17]. In particular, we consider a sequence of queueing sys-
tems indexed by N, each operating under the FIFO service discipline and each
with a single arrival process AY = {A" (1), > 0} and a single departure process
DN = {DN(1),t > 0}. We denote by Q" (¢) the queue length of the Nth system at
time 7, by VN (¢) the virtual waiting time at time #, and by ViN the waiting time
of the ith customer to arrive to the system. Finally, we set QN (1)=N"120N (@),
AN(I) =N"V2AN () — AN¢t) where (ANVisa sequence of constants and we as-
sume that AN (0) = DV (0) = 0. We then have the following result.

LEMMA A.10. If QN = Q and AN = & as N — oo, each on D[0, 00),
and AN/N — A > 0, then the processes {NI/ZVN(I), t > 0} and {NI/ZVL]IVWJ,
t > 0} converge in distribution on (D[0, 00), d,) to the respective processes {Q(t)
/At =0} and {Q(t/3)/h,1 = 0}.

PROOF. First, note that since OV = Q and AN = £ as N — oo, it fol-
lows by Prohorov’s theorem [1] that the sequences {QN ,N > 1} and {AN ,N >
1} are both tight. Thus, we have that sequence {(QN, AN), N > 1} is tight in
(D2[0, 00), d%l) and hence, by a second application of Prohorov’s theorem [1],
the sequence {(QV,AN), N > 1} is relatively compact. Thus, for any subse-
quence {Ny}, there exists a further subsequence {N,g} such that (QNIQ, ANIQ) =

(0, A) as k — oo. Thus, by Lemma A2 of Puhalskii and Reiman [17], we have
that {N/I/ZVNIQ(I) t > 0} and {N’l/z\/um,t > 0} converge in distribution on
(DI[0, 00), dy,) to the respective processes {Q(t)/k t >0} and {Q(t/k)/k t > 0}.

However, since it must be the case that Q 0 and the sequence {Ny} was arbi-
trary, this completes the proof. [J
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