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Weak approximations have been developed to calculate the expectation
value of functionals of stochastic differential equations, and various numeri-
cal discretization schemes (Euler, Milshtein) have been studied by many au-
thors. We present a general framework based on semigroup expansions for
the construction of higher-order discretization schemes and analyze its rate of
convergence. We also apply it to approximate general Lévy driven stochastic
differential equations.

1. Introduction. Weak approximation problems play an important role in the
numerical calculation of E[ f (X;(x))] where X, (x) is the solution of the stochastic
differential equation (SDE)

ro t
X () =x + /0 Vo (Xs_ (1)) ds + fo V(X,_(x))dB
(1.1) t
+/ h(X,_(x))dY;
0

with smooth coefficients Vo:RY — RN,V = (Vy,...,Vy),h:RY > RV @ R?
whose derivatives of any order (> 1) are bounded. Here B; is a d-dimensional
standard Brownian motion and Y; is an d-dimensional Lévy process associated
with the Lévy triplet (b, 0, v) satisfying the condition

/ (1A yP)v(dy) < 00
R

for any p e N.
Our purpose is to find a discretization scheme (Xt(”)(x)),zo,r /n,...,T for given

T > 0 such that

; (. f,
ELF (X7 ()] — E[F (X ()] = S0
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We denote briefly by E[ f(X7(x))] — E[f(X (x))] = O(1/n™) the above situa-
tion, and say that X ? ) is a mth-order discretization scheme for X ¢ or that X gf’ )isan
approximation scheme of order m. The Euler scheme is a first-order scheme, and
has been studied by many researchers. Talay and Tubaro [19] show the first-order
convergence of the Euler scheme and second-order convergence with the Romberg
extrapolation for continuous diffusions. The fact that the convergence rate of the
Euler scheme also holds for certain irregular functions f under a Hérmander type
condition has been proved by Bally and Talay [3] using Malliavin calculus. For the
general Lévy driven case, the Euler—Maruyama scheme was first studied in Protter
and Talay [18], see also Jacod and Protter [8] and Jacod et al. [7] (for smooth f).
The [t6—Taylor (weak-Taylor) high-order scheme is a natural extension of the Euler
scheme although is hard to simulate due to the use of multiple stochastic integrals.
A discussion on the It6—Taylor scheme with the Romberg extrapolation can be
found in Kloeden and Platen [9].

In the continuous diffusion case, some new discretization schemes (also called
Kusuoka type schemes) which are of order m > 2 without the Romberg extrapola-
tion have been introduced by Kusuoka [11], Lyons and Victoir [13], Ninomiya
and Victoir [16], Kusuoka, Ninomiya and Ninomiya [12], Ninomiya and Ni-
nomiya [15] and Fujiwara [5, 6] (m = 6). The rate of convergence of these schemes
is closely related to the stochastic Taylor expansion, or series expansion of expo-
nential maps on a noncommutative algebra.

The actual simulation is carried out using (quasi) Monte Carlo methods. That

is, one computes % ZlN:l f(Xgﬂ’i(x)) where X%”’i(x), i=1,...,N, denotes N
i.i.d. copies of X gf' )(x). Therefore, using the law of large numbers, the final er-
ror % Zf\’:l f(X(T”)*’(x)) — E[f(X7(x))] is of the order O(ﬁ + nim). Then the

optimal asymptotic choice of n is O (n") = O(v/N).

The goal of the present article is twofold. First, we introduce a general frame-
work to study weak approximation problems from the standpoint of operator
(semigroup) expansions. That is given two processes that have equal semigroup ex-
pansions up to some order lead after composition to two processes that are closed
in law. This goal is not new. In fact, using PDE techniques, Milshtein and Talay
between others proved various weak approximation results. Although our proof is
essentially the same it gives a new viewpoint that will help in defining new ap-
proximation schemes.

The next idea is to decompose the generator associated with (1.1) in (say) d + 2
components where each component is associated with each component of the
driving process (the whole Lévy process is considered as one component). Then
we prove that if each of these components is approximated with an error of order
m + 1 then the composition gives an error of order m. In the particular case that
each component can be characterized as the semigroup of a flow-type process then
the composition leads to a composition-type approximation scheme.
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Secondly, using the above strategy we provide approximations for solutions
of (1.1). In particular, our approximations are valid for infinite activity Lévy
processes Y. We prove that in fact, if one uses the Asmussen—Rosinski idea of
approximating the jumps of size smaller than ¢ with a Brownian motion and we
only simulate one jump of size bigger than ¢ per each time interval in the approx-
imation is enough to provide a first-order approximation procedure. Furthermore
we give the necessary estimate to determine ¢ as a function of n. For this approxi-
mation, we found it better to decompose the generator in d + 4 components.

This paper is organized as follows. In Section 2, we introduce the main example
and the goal for the first part of this article in explicit mathematical terms. The
general framework is introduced in Section 3. In Section 4 we give the results of
convergence rates of numerical discretization schemes in the general framework.
In Section 5, we give a general result that states how to recombine the approxi-
mations to coordinate processes in order to approximate the semigroup associated
to (1.1). Finally, in Section 6 we approximate each coordinate process and in par-
ticular, we define approximation schemes for Lévy driven SDEs.

2. Weak approximation problem. In order to better understand the abstract
formulation in Section 3, we introduce here our main example. Let (¥;) be a d-di-
mensional Lévy process characterized by Lévy—Khintchin formula

E [ ei (G,Y[)]
(2.1) (0. c)

2

=expr(it0.5) = S+ [ (@00 —1—i0,c)uian)
0

where b € RY, ¢ e RY ® RY (symmetric, semi-positive definite) and v is a Borel
measure on RY := R¥ \ {0} satisfying that

(2.2) /Rd(l A lyIP)v(dy) < oc.
0

This measure v is called the Lévy measure. It is well known that (2.2) implies
that ¥; € (1, L? for all . We also recall that 7 is a truncation function [e.g.,
7(y) = yly)y|<1}, the constant b and T depend on each other]. The triplet (b, c, v)
is called the Lévy triplet.

The Lévy driven stochastic differential equation is given by

ro t
X, () =x + f Vo (Xs_ (0)) ds + f V(X,_(x))dB
2.3) 0 0

t
n /O (X, () dY,

with smooth coefficients VO:RN RV, Vv=,....,V),h:R¥YN > RV ® R?
whose derivatives of any order (> 1) are bounded. Here B; and Y; are independent
d-dimensional standard Brownian motion and Y; is a d-dimensional Lévy process
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associated with the Lévy triplet (b, 0, v) satisfying condition (2.2). Using general
semimartingale theory (see [17]) we have that the above equation has a unique

solution. We define Vg := Vy — % Zfl: 1 Z;yzl g;/’ Vl-(j ). Then (2.3) can be rewritten
J

in the following Stratonovich form:
d t X t
X =x+ Y [ Vi@ odBl+ [ h(Xe-()av.,
i=0

where B =1.

Before introducing the general framework of approximation, let us explain in
mathematical terms the goal in this article. Our main example corresponds to the
approximation of the semigroup P; defined as the semigroup associated to the
Markov process X;:

P f(x) = E[f(X:(x)],

where f:RY — R is a continuous function with polynomial growth at infinity.

Let Q; = Q7 be an operator such that the semigroup property is satisfied in
{kT/n;k =0,...,n}. Assume that Q; approximates P; in the sense that it satis-
fies the local error estimate (P; — Q;) f(x) = O™ *1). Then using the semigroup
property of both P; and (Qxr/,), we notice that

n—1
Prf(x)—(Qr/n)" f(x) = Z(QT/n)k(PT/n = O1/n) Pr—(k+1y/n1 f (X).

k=0

Therefore if we have good norm estimates of (Qr /n)k and Pr_(x41)/n7 in a sense
to be defined later (in particular the norm estimates have to be independent of n)
then we can expect that (Q7/,)" is an approximation of order m to Pr. Finally
in order to be able to perform Monte Carlo simulations we assume that Q has
a stochastic representation. That is, there exists a stochastic process M = M;(x)
starting at x such that Q; f(x) = E[ f(M;(x))]. Then clearly, we have the follow-
ing representation.

Q7 f(x) = (Qr/)" f (x) = E[f (M1, 0+ 0 MF,,(x))],

where M% /n are independent copies of M7/, and o is defined as (Mti ) M,j )(x) =

M (M (x)).

The above ideas are well known and have been already used to achieve proofs
of weak convergence (for historical references, see [9]). Nevertheless, it seems
this is the first time it appears in this general framework. For example, if we
take M;(x) :=x + Vo(x)t + V(x)B; + h(x)Y; for d = 1, one obtains the Euler—
Maruyama scheme.

Next to further simplify the procedure to obtain approximations we write the
operator P; as a composition of d + 2 operators as follows. First define the fol-
lowing stochastic processes X;;(x), i =0,...,d + 1, usually called coordinate
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processes, which are the unique solutions of
t
Xou() =+ [ Voo, () ds.

t .
X,",(x):x-i—‘/‘ Vi(Xis(x))odBy, 1<i<d,
0

t
Xgs10() =x + /0 W(Xgi1s— (1)) dYs.
Then we define

2.4) Qi f(x) = E[f(Xi(x))]

for continuous function f:RY — R with polynomial growth at infinity.
For notational convenience we identify a smooth function V : R¥ — R" with a
smooth vector field Zf\’: | 42 % on R¥. Let us define integro-differential opera-

tors L; acting on C? by
Lof(x):=(Vof)(x),  Lif(x):=4(V*x), 1<i=<d,
(2.5)  Las1f(x):=Vf(x)h(x)b

+ f (f(x +h@)y) — F) — VFEOR@TG)(Ay).

It is well known that L := Z?:ol L; is the generator of X and similarly L; is the
generator of X; ;. Also e’ L.= P and e'li := Q; :, respectively, where we consider
these expressions as exponential maps on a noncommutative algebra. One notices
that these operators have the form

m k

L~ L gk m+1
(2.6) e _ZEL + O,
k=0
m lk
tL; __ k —+1
(2.7) e _];HLi+(9(tm ).

To approximate e'’, we would like to find some combination of operators sat-
isfying

k
(2.8) el — Zgjeﬂ,ﬂ‘l,j A — @ty
j=1

with some #; ; > 0, A; j € {Lo,Ly,...,Lg1+1} and weights {§;} C [0, 1] with

Z’;Zl &; = 1. This will correspond to an mth-order discretization scheme.

To find such schemes, one can perform formal Taylor expansions for e/4 in

each of the terms in (2.8). We remark that the result (2.8) will follow directly
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from (2.6) and (2.7) independent of the specific form of the decomposition L :=
Z?iol L;. This algebraic calculation has lead to the introduction of the following
approximation schemes:

Ninomiya—Victoir (a):

(29) %el‘/ZL()etLl . ,etLd+let/2L0 4+ %et/ZLoetLd+1 . etLlet/ZLO.

Ninomiya—Victoir (b):

(210) %el‘LoetLl . .etLd-H + %ell‘d-kl . -etLletLO.
Splitting method:
(21 1) et/ZL() .. ,et/ZLdetLdJrlet/ZLd . et/ZL().

The semigroups generated by these operators have a probabilistic representation.
For example, Ninomiya—Victoir (a) corresponds to
lyu<12Xo0,e20 Xav1,t - X1,0 0 Xo,1/2(x)
+ lijp<u X020 X100+ Xat1,0 0 Xo,e2(x),

where U is a uniform random variable taking values in [0, 1], independent of X ;.
However, since a closed-form solution X;; is not always available, one has to
replace X; ; with other approximations of order m + 1 so that the final approxima-
tion result remains unchanged. Nevertheless the fact that there is only one driving
process simplifies this task. This problem will be discussed in Section 5.

3. Preliminaries.

3.1. Notation and assumptions. In this section, we consider a general frame-
work for weak approximations following the arguments in Section 2, without using
the specific form of the operator. We first define the following functional spaces.

° C;" = C;” (RM): the set of C™ functions f: R" — R such that for each multi-
index o with 0 < || <m, [0¥ f(x)| < C(a)(1 + |x|?) for some positive con-
stant C ().

We also let C), = Cg. Let us define a norm on C;," by
||f||c;,)l =inf{C >0:]37 f(x)| < C(1 + |x|"),0<|a| <m,x € RV},
where we denote |«| ;== a1 + -+ ay foro = (o, ..., 0N) GZ_IX.

o C,™([0,T] x RY): the set of functions f:[0, 7] x RN — R such that s -

f(s,x) is continuous differentiable for all x € RY and satisfies that f(s, ),
ds f (s, ) € Cf with supg o 71 (L f (5, )llcm + 1105 f (s, )l em) < o0,

From now on, we denote by Q;: U= Cp(RY) — U,>¢C,(R") a linear op-
erator for0 <t <T.
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ASSUMPTION (My). If f € C, with p > 2, then Q; f € C}, and

sup [[Q: flic, =Kl flc,
1€[0,T]

for some constant K > 0 independent of n. Futhermore, we assume 0 < Q, f (x) <
Q,g(x) whenever 0 < f < g.

We now introduce two assumptions which are highly related to the convergence
rate of approximation schemes.

ASSUMPTION (M). Q; satisfies (:My), and for each f),(x) := |x|21’ (p eN),
(3.1) Qi fp(x) <(1+ K1) fp(x) +K't
for some constant K = K (T, p), K' = K'(T, p) > 0.

Form € N, §,,, : [0, T] — R denotes a decreasing function which satisfies

Sm (1)

—— =0.

lim sup
—04+ !

Usually, we have §,,(t) =¢".

ASSUMPTION R(m,,,). For each p > 2, there exists a constant g =
q(m, p) > p and linear operators e : C}Z)k — Cpyok (k=0,1,...,m) such that

(A): For every f € C,Z,(murl) with 1 < m’ < m, the operator Q, satisfies

m/
32 OfW =Y (e H*+ (Em™ f)x), e, T],
k=0
where Errtm/) fe Cq, and satisfies the following condition:
B): If f € Cm with m” > 2k, then e f € C" v +2k k and there exists a constant
K=K({T,m)> O such that

(33) ”ekf”Cm”ka SK”f”Cm//a k:09 1""7m'
p+2k P

Furthermore if f € C;'f” with m” > 2m’ + 2,

K"l ifm <m,

(m')

forall0 <t <T. )
(C): Forevery 0 <k <mand j > 2k+2,if f € c};f([o, T1xRVM), theney f €

Cl5 50, T x RY).
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In order to compare the finite power expansions of different operators, we in-
troduce the following notation:

JSm(Qt) = Z tkek,

k=0
In(Q) :=ep.
J<m(Qy) is a linear operator, which is related to the series expansion of 7 — e

(cf. Proposition A.6). The following lemma comprises some basic properties re-
lated to the above definition. The proof is straightforward.

tL;

LEMMA 3.1. The following properties are satisfied:
Rm+1,8,41) = R(m,t"™),
R(m, 8) = R(m, 3),

whenever 8, (1) < KSm (t) and limsup, ¢, Sm (t)/tm_1 =0.

(i) Let {";‘,}1<,<g be deterministic positive constams with ) ;& =1, and as-
sume (M) for Qt’ (i=1,...,0). Then Z —16&i ) also satisfies (M).

(ii) Let {El}1<,<g CR ana’ assume R(m, Bm) for O; @ (i=1,...,0). Then
Z _1&i ) also satisfies R(m, 5,).

4. Weak rate of convergence. In this section, we prove the rate of conver-
gence for the approximating operator O under the Assumptions (M), R(m, &,).
Throughout this section, we assume the following assumption:

ASSUMPTION (Mp). Forall f € C)then P.f € C1 m ~2 and furthermore the
following two properties are satisfied for some positive constant C:

Losup;ero, 71 1P fllcm < Cll fllen,
2.1CP = Po) flicn < Clt =l flley-

THEOREM 4.1. Assume (M) and R(m, dy) for Py and Q; with J<p(P; —

0:) =0.Then forany f € Clz,(mﬂ), there exists a constant K = K(T, x) > 0 such
that

T
@ 1PrF) = @) £ = Ko ()1l g
For the proof, we need the following lemma.

LEMMA 4.1. Under Assumption (M), the operators P; and Q; satisfy
k k
Slrllporfnl?;(n((PT/n) +(Qr/n)") f(x) <00

for any positive function f € C, with p > 0.
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PROOF. Without loss of generality we do the proof for Q. Let f),(x) = |x|2P
for p € N. By the Assumption (M), we have

Q1) fo(0) = Q1) (O f) ()
C _ C’
< (1 4 ;)(ka )+ =

C

with some constant C, C’ independent of #, x, k,n. Since (1 + %)k < e%, one

proves by induction that

sup max (Q1/n)* fp(x) <eCC'(1+ |x|?P).
n 0<k<n
This completes the proof. [

PROOF OF THEOREM 4.1. Let f € C;"" ™. Using the semigroup property
and Assumption R (m, &,,), we have

n—1
Prf(x) —(Qr/n)" f(x) = Z(QT/n)k(PT/n — O1/n) Pr—k+1y/n1 f (X)
k=0

=Z(Qr/n) EITT/”PT Gt 1y/nT f) (X)),
k=0

where Errgm) is the error term of (P — Q) defined in (3.2).
We obtain from Assumptions R (m, §,,) and (M p)

T
|(EHT/nPT ka1 f)(X)] < Kl— < )(1 + |x|9)|| Pr— (k+1)/an||C2(m+l)

K>T
< 25, (2 )+ OIS e
n n P

and hence Lemma 4.1 leads to

Q1)  (Bref)) Pr eyt ) ()]

KT T k q

< 28 ()1l (@) (1 -+ b1

n n P

K T

S [
n n P

for some constant K = K (T, x). This completes the proof. []

The following theorem is an extension of Theorem 4.1, and is analogous to
Talay and Tubaro [19], Theorem 1.
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THEOREM 4.2. Assume (M) and R(m + 1,8,4+1) for Q; with J<, (P —
0:) =0. Then for each f € Cz(m+3) we have

K T\ mt1 T
42 Prfx)—Qrm)"f)=—+0(|— Vémpt| — ) )
n™m n n
where K =T"™ [ PsJyi1(P — Q)Pr_ f(x)ds.
PROOF. We start by noting that as in the proof of Theorem 4.1,
(PT/n - QT/n)PT—sf(x)
T m+1 (m+1
=(5) nn P = QPr_f )+ (B o))

and therefore,

Prf(x) —(Qr/n)" f(x)

T m+1n—1
- (;> Z(QT/n)kJm-H(P - Q)PT—(k‘H)/”Tf(x)
k=0

sofoen(2))

Now applying the proof of Theorem 4.1 (for m = 1) to Jy,4+1(P — Q) X
Pr—ger 1)/t f € Cp a1y WE ODtain

1((Q1/m)* = Perjn) I 1 (P — Q) Pr— et 1yt £ (1)

Ci(T,x)
17||Jm+1(P Q) Pr—(k41y/nT f | o4

p+2(m+1)

C (T x)
201 249

Next, we have by hypothesis (M p),

| Per /0 Ims1(P — Q) Pr—(it1y/n1 f ()
— Pls1)/nT Im+1(P — Q) Pr— g1y /nt f (%)
=|(I = Pr/n) PirjnIm+1(P — Q) Pr— et 1y/n1 f (X))

<M||p (P — Q)P fllca

< . kT /nIm-+1 T—(k+1)/nT C+2(m+l)
C4(T Xx)

<———fl, 20043
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Using Lemmas A.1 and A.2 in the Appendix and J,,+1(P — Q)Pr_s f(x) €

12
C P22y We have
T n— 1
‘ " > Pt 1yynt Ims1(P = Q) Pr_ s 1y/n7 f (%)
k=0
T
- /0 Podwi1 (P — Q)Pr_, f(x)ds
- C(T, f,X)‘

n

As aresult, taking K =T" fOT PsJm+1(P — Q)Pr_s f(x)ds, we conclude that

Pr () — Q1) f(x) = nfm + @((%)mﬂ v St (%))

This concludes the proof. [

5. Algebraic approximations of semigroup operators using coordinate op-
erators. Throughout this section, we assume that P, ¢ € [0, T], is a semigroup
that satisfies (M), (M p) and R (m, §,,). Furthermore we suppose that

1
Jem(P) =1+ Z k.
j= l

with e¢; = Zd+1 L;)/ satisfying the properties stated in R (m, §,,). Similarly, we
assume that Q,,,.UPEOC (RN) — UP_OCP(R ), i=0,...,d + 1, be a se-
quence of operators such that they satisfy (M), (M p) and R (m, §,,) with

Jem(Qi) =1+ Z Lf

Jj= 1

]—[f:1 a; == ajay - - - ag denotes a noncommutative product.

THEOREM 5.1. Assume m = 2. That is, (M) and R (2, 82) are satisfied for
Qir (1 =0,1,...,d + 1). Then all the following operators satisfy (M) and
R(2,68):

N-V (a): Q1 = on o T Qz 10012+ 300,42 [T Quyai Qo2

N-V (b): Q(b) = 11120 Qi + 3 T1E) Qavi-is.

Splitting: Q\"" = = Q0,2 Qd,t/ZQd+l,th,t/2 - Q0,2

Moreover, we have sz(Q,(a)) = J§2(Q§b)) = sz(QgsP)) = Z%:o %Lk. In par-
ticular, the above schemes define a second-order approximation scheme.
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The proof of Theorem 5.1 is an application of Theorem 4.1. The conditions
follow from the next lemma, together with an algebraic calculation as pointed out
at the end of Section 2.

This theorem can also be stated for third-order approximation schemes.

LEMMA 5.1, Let Q] and Q7 :\U 50 Cp(RY) — U =0 C,(RY) be two linear
operators and let Q,l Qt2 be the composite operator. Then:

() If (M) holds for Q!, Q?, then it also holds for Q! Q2.
(ii) If R(m,8y) holds for Q}, Q?, then it also holds for Q! Q?.

PROOF. (i) is obvious. We now prove (ii). Let m’ < m. We have by hypothesis
that

m/

0l f(x) =Y (@l N + Er™ D £) (x),

k=0
02 f(x) = Y (@2 () + (Err™ 2 £) (x)
k=0

for f € C?)(m/+1), p > 2. Furthermore there exists g = g(m, p) > 0 such that
Err?m/’l) fLEr™ Y e C,. Now we prove (A)—(C) in the definition of R(m, §,,).
(A): Note that for f € Cl%(m DRV,

0! 0*f)= 0] (Z(JkQ?fxx)zk + (Errﬁ'"””f)(x)).

k=0
Since Ji Qtzf € Ci(fz/:l)_%, Qt1 (Jr Q,zf) can be written as
m' —k
QI Q2 M) = Y (e QLI 02 )t + (Err™ 7D 1 02 f) ().
=0
As aresult, we have
m' m'—k
01020 =YY (40 U Q2 ) + (Exr™ 1P f) (),
k=0 ¢=0

where
G0 (Er™ ) @) = (0B )(x) + 3 B 5D 1. 02 ) (x)*.
k=0

We obtain from the properties of the error terms that Errgm/’l’z) f € Cy for some
q'=q'(m,p)>gq.
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(B): For f € C’"” with m” > 2(m’ 4+ 1), we can derive for k + £ <m’,

19eQ} (T Q7 ) o' -2kt = K1||JkQ,f||Cm/uzk = Kall fll e

p+2( +0)
and by (5.1),
[ "2 flle, < K3|Emi™ 2 £l ¢, + KalBrei™ P 007 £,

/

+ Ks Z 17k Q7 Fllem—2t™ s

k=1
K" fll s if m' <m,
< p .
KtSm(t)”fncm”, if m'=m.
p

Finally, the proof of (C) is straightforward. [J

PROOF OF THEOREM 5.1. Using this lemma, we end the proof, calculating
J<m for each numerical discretization scheme. For instance, in the case of N-V (b)

[i.e., (2.10)], we obtain

ld—H ld—H
J<2<— 1_[ Qit+ 5 l_[ Qd+1- zt)

i=0
1 d+1 1 d+1
= 5&2(1_[ JfZ(Qit)) + §J§2<H JsZ(Qd—i—l—i,t))
i=0 i=0
| d+1/2 ok | d+1
:§J§2<H<Z k‘Lf‘>>+ J<2(n(z L b ))
i=0 \k=0 i=0 \k=0

1 d+1 2d+l
<I+IZL + = ZL2+IZZL L; )

i<j
1 d+1 2 d+1
+-(14+> L L7+ LiL;
G IIEES D oA
i>]
=J<(Py). 0
Another idea to construct higher-order schemes is to use local Romberg extrap-

olation. In order to do this we need to weaken the assumption {&;} C [0, 1]. This is
done in the next theorem.

THEOREM 5.2. Let m = 1 or 2. Assume (M) and R(2m, t*™) for P, and Q"
(i=1,...,¢) and (Mp) for P;. Furthermore, we assume:
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1) J<om(Pr — Z 16 QP]) = 0 for some real numbers {&}i=1,.¢ with
2521 & =1
(2) There exists a constant q = q(m, p) > 0 such that for every f € C ;’,’ with
m' = 20m + 1), (P — Qi) f € ¢ 2D and
sup | (P = O Fll o 2men < Crll Fll e T
tel0 4 q

Then we have for any f € C4(m+1)

C(T,
PTf<x>—Zsl (Q4,)" F )| < %

PROOF. We first remark that the operator Zle & Qy] no longer satisfies the
semigroup property, that is, Zle & (Q[T’]/n)” + (Zle & Q[Tl]/n)”. Thus the proof is

nontrivial.
Note that for f € C4(m+l)

¢
€:=Prf(x)— Zsl o) F)y =Y &(Pr — (QY),)") f ().
i=1
Using the semigroup property of P; and Q,[Ci/]nT, we have

0 n—1 )
€= 25 Z(QT/n) (Pr/n — Q[Tl]/n)PT—(k-i-l)/an(x)
k=0

i=1

£ n—1
=&Y Purju(Prjn — Q[Tl]/n)PTf(k+l)/an(x)
k=0

i=1

12 n—1 ) .
+) & Z((Q[Tl]/n)k — Peryn)(Pryn — Q%)) Pr—qesy/mt f ().

i=1 k=0

We expand ( Q[Ti]/n)k — Py7/n again, to obtain

€= Z(PT/n) (PT/n Z&QT/">PT (k+1)/nT J (X)

i=1
£ n—1k—1

+3 6y > (0, (O, — Pri)

i=1 k=0[=0

X Pr—q+1y/nt (Pr/n — le/n)PT—(k—H)/an(x)-
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By the assumption (1), we have

n—1 L
| Cl(Ta f’ -x)
Z(PT/n)k (PT/n - Z&'Q[Tl]/,,> Pr—(k+1)/nr f(X)| = —
k=0 i=1
Thus we end the proof by showing that
n—1k—1 z
> () (@, = Pryn) Pr_siymr
i=1  k=01(=0

X (Pr/n — Q[Ti]/n)PT—(k-i-l)/an(x)

_ 6T, /s X)

n2m

Using here the assumption (2), we obtain
1@, = Pr/n) Pr—as1ymr (Pryn — Q[T’]/H)PT7<k+1>/an||cq,

_Ccm) .
nm+1 ”( T/n — Q[TEJ/n)PT—(k+1)/an||C§(m+l)

C'(T)
m”f” 4(m—+1)

and therefore

¢ n—lk-1
q

Zgi Z Z(Q[Yl"]/n) (Q[Tl’]/n — Pr/n) Pr—q+1y/nt

i=l  k=0I=0

X (Pr/n — Q[Ti]/n)PT—(k-i-l)/an(x)

n—1k—1
Co (T, f,x) Co(T, f,x)
=20 T S

k=0 1=0
This completes the proof. [J

EXAMPLE 5.2. It is known that the Ninomiya—Victoir scheme

d+1 d+1 n
L r/0omL, T/nL; -T/2n)L L r/0mtL T/nL T/(2n)L
e ip 04 —e n)Lo el/nLav2-i ,T/2n)Lo
(377 T1 e

i=1 i=1

is of order 2 [m =2, 8>(¢t) = t* in Theorem 4.1]. By Theorem 5.2, the following
modified Ninomiya—Victoir scheme

1 d+1 n 1 d+1 n
s <eT/(2ﬂ)L0 I eT/nLieT/(Zﬂ)L0> +, (eT/(Zn)Lo I1 eT/ﬂLd+2—ieT/(2ﬂ)L0)
i=1 i=l1
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is also of order 2.

EXAMPLE 5.3. Fujiwara [6] gives a proof of a similar version of the above
theorem and some examples of fourth and sixth order. We introduce the examples
of fourth order:

d+1 d+1 2 1 a4l 1 d+]
( (1_[ et/ZLl) (1_[ et/ZLdJrl l) ) _ _< l_[ eth + — 1_[ etLd+1 1)

In order to complete the approximation procedure through (quasi) Monte Carlo
methods we need to find a stochastic characterization of the operators Q; ;.

DEFINITION 5.4. Given a stochastic process Y;(x) € ﬂpzl L?, we say
that Y is the stochastic characterization of the linear operator Q; if Q; f x) =
E[f(Y:(x))] for f € Up>0 Cp. In such as case we use the notation Q; = Qt

REMARK 5.5. Given the operators QtZi (i=1,...,¢) and the determinis-
tic positive weights {&;}1<;<¢ with Zgzléi = 1. Let U be a uniform random
Var.iable on.[O, 1] independent of (Z%); and define Z := Zle l(le_:l1 §i<U<

’j:léj)Z’. Then

¢ .
Q7 f(X)=ELf(Z)] =) &0/ f(x).
i=1
Therefore by Lemma 3.1 if Q,Zi satisfy (M) and R(m, ;) so does Q,Z . This
property will be used repeatedly in what follows.

6. Applications. From this section on, we discuss the application of the
previous approximation results to the case of solutions of the sde (1.1). From
the results in the Appendix (see Corollary A.7), it is clear that the semigroup
P, f(x) := E[f(X;(x))] satisfies the hypotheses (M) and R(m, §,,). We define
various approximations generated via a stochastic process X; with corresponding
operator QtXi i=0,1,...,d+1).

Due to the previous results and in particular, Theorem 5.1, we see that is enough
to verify local conditions on the approximation operators to conclude global prop-
erties of approximation. In particular, we only need to verify that the operator
associated with X; (the approximation to the coordinate process) satisfies (M) and
R(m, 8,) and T (Q7) =1+ X7, TT’,L{ for some m > 2 for L; given by (2.5).
This is the goal in most of the applications in this section.

Recall that the stochastic differential equation to be approximated is

- [ aBi + [ n d
X =x+ 3 | i@ odB+ [ nx-@ar.
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In each of the following sections we consider different approximation processes for
the coordinate processes X; ;. In each section, the notation for the approximating
process is always X; ,. We hope that this does not raise confusion as the framework
in each section is clear.

6.1. Continuous diffusion component.

(a) Explicit solution. Let V:RY — RY be a smooth function satisfying the
linear growth condition |V (x)| < C(1 4 |x]|). The exponential map is defined as
exp(V)x = z1(x) where z denotes the solution of the ordinary differential equation

dzs;(x)
dt

The solution of the coordinate sde is obtained in the following proposition. The
proof follows from Itd’s formula.

(6.1) = V(z:(x)), z0(x) = x.

PROPOSITION 6.1. Fori =0,1,...,d, the stochastic differential equation
t .
62) Xii(r) =x + fo Vi(Xis(x) od B!

has a unique solution given by

X;(x) = exp(B! V;)x.

X; +(x) is called the ith coordinate process and its semigroup is denoted by Q;'.
This is a trivial example of the approximation of etli i =0,1,...,d, satisfy-
ing (M) and R(m, ™). However, sometimes it is not easy to obtain the closed-
form solution to the ODE (6.1). In those cases, we shall approximate exp(¢V)x.
Here we will do this with the Taylor expansion first and then the Runge—Kutta
methods denoted by b, and c,,, respectively.

(b) Taylor expansion. We first prove the following lemmas which help us to
find the rate of convergence of the scheme to be defined later. The following lemma
follows easily from Gronwall’s lemma.

LEMMA 6.2. Let V be a smooth function which satisfies the linear growth
condition. Then |exp(tV)x| < CeXl'l(1 + |x|) fort e R, x e RV,

From now on we denote by e; : RY — R, the coordinate function e j(x) =x; for
j=1,..., N. Furthermore, we also denote by V the vector field operator defined
from V.
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LEMMA 6.3. Let f € Cm+1. Then we have fori =0,1,...,d,

(6.3) f(exp(zV)x)—Z V fx)+ / v"”+1 fexp(uV;)x) du
and
! (t - u) m—+1 K|t p+m+1 m—+1
/O TV fexpuVi)x)du| = Cpll fll cpsre™ (1 + |x] )1t

forallt e R.

PROOF. Assertion (6.3) follows application of Taylor expansion to the func-
tion f(exp(tV)x) around ¢ = 0. Next, as |V/" T f(x)| < C(1 + |x|P+"+1), we
obtain from Lemma 6.2,

/ t MV’”+1 F(expV)x)du
0 m!

Il
Scm”f”C;?H/ |t|mCeK|”|(1+ |x|p+m+1)du
0
‘ K| pHm41y ym+1
SCm||f||CZI+1e (1+ |x| Nl ) O

Based on this lemma, we define the approximation to the solution of the coor-
dinate equation (6.2) as follows

m_k

. t )
b (t, V)x=];)E(Vkej)(x), j=1,...,N.

Define
X (x) =byns1(B, Vix  fori=0,...,d.

Then we have the following approximation result.
PROPOSITION 6.4. (i) For every p > 1,

I1Xi0(x) = Xi s () lLe < C(p,m, T)(1 + |x|+D)m+L,
(i) Let f € C ]1, Then we have

E[f(Xia(0)) = f(Xia ) < Clm, D fllcy (14 x| PF0D) L
PROOF. (i) Apply Proposition 6.1 and Lemma 6.3 with f = ¢;. Then we have

1Xi.0(x) — Xi i)l e < E[|CreXI1BI(1 4 |x 204Dy B, 20D P11/ P
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for some constant C = C(p, m, T).
(i1) We first apply the mean value theorem to obtain

Ellf(Xi1(0) = f(Xig ()]
< If eyl + 10X, () + (1= 0) X (Ol 211 X0 (60) = Xis (0 .2

< CIF NI+ 1Xir 1P A+ | Xie (1 [ 2 (14 [ POD) L,
We see by Lemma 6.2 that

sup |14 [X; )P +1Xi0 ()Pl 2 < C'(1+ |x]P)
tel0,T]

from which the proof follows. [J

As a result of this proposition we can see that R (m, ™) holds for the operators
associated with b, (¢, Vo)x and by 41(B;, Vi)x, 1 <i < d. Indeed, we have for
m' <m,

E[f(Xi ()] = E[f(Xi ;N + ELf (X 1(x)) — £ (Xi,/(x))]
m’ l‘k ,
= ;} GLEF@) + EY O,

where
(EZ"/f)(X) = (El‘rﬁm/)f)(X) + E[f(Xi (%) — f(Xi(x))]

and (Err om') f)(x) is defined through the residue appearing in Proposition A.6,
using L; and Q; instead of L and P. Furthermore, using Proposition 6.4(ii), we
have that the error term E; m' satisfies (B) in Assumption R (m, t"™).

It remains to prove that (M) holds for X; i.+(x). For the proof, we need an addi-
tional growth condition for the vector field V;.

PROPOSITION 6.5.  Assume that (VFe;) 2 <k <m,0<i<d,1<j<N)
satisfies the linear growth condition then (M) holds for )_(,",(x), i=0,...,d.

PROOF. The Assumption (M) follows from the smoothness and the linear
growth property of Vike j- We only prove the moment condition (3.1) for X; ;(x)
i=1,...,d. Consider the multiplication (p € N)

m Bi k
> ) (VEej)(x)

!
i k!

2p z)k 2p

(vke,x )

=[x + B Vi(x )+Z

k=2

Taking into account that E [(B;)2k+]] =0, k € N. Then by the assumption, we
obtain the result. [J

Therefore we obtain the main result.
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THEOREM 6.1. Assume that (Vikej) 2<k<m,0<i<d,1<j<N)sat-
isfies the linear growth condition. Let X; ;(x) be defined by
2m+1

X () =bomi1 (Bf, Vix = 3 (VED )

k=0 . O<ty<---<tp <t

lodBti1 o---odBtik.

Denote by Q,Xi the semigroup associated with X i.1(x). Then Q,X " satisfies (M) and
R(m, t™). Furthermore J<;,(Q; ") =1 + > ’]—j,LlJ

(c) Runge—Kutta methods. We say here that ¢, is an s-stage explicit Runge—
Kutta method of order m for the ODE (6.1) if it can be written in the form
S
(6.4) em(t, VIx=x+1)_ Biki(t, V)x,
i=1
where k; (¢, V)x defined inductively by
ki(z, V)x =V(x),
i—1
ki(t, V)x = V(x +1 Yok, V)x), 2<i<s,
j=1
and satisfies
| exp(tV)x — e (t, V)x| < Cre V(14 x| g+

for some constants ((B;, @; j)1<j<i<s). Runge—Kutta formulas of order less than
or equal to 7 are well known. For details, see, for example, Butcher [4].

The following proposition can be shown by the same argument as in the proof
of Proposition 6.4.

PROPOSITION 6.6 (Stochastic Runge—Kutta). (i) For every p > 1,
(6.5 1Xi,0(x) — com41(BL, Vi)xllLr < C(p,m, T)(1+ |x|2mD)mH,
(i) Let f e C 11,. Then we have
E[lf(Xii(x)) — f(cams1(B], V)x)|]

(6.6) 2(m+1)y\, m+1
< COom, DI flley (14 b )

Next we show that (M) still holds for the Runge—Kutta schemes.

PROPOSITION 6.7. (M) holds for ¢y (B!, Vi)x,i =0,...,d.
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PROOF. We first note that for every 1 < j <, there exists a function of the
form p; = Zi;é aj|t|* such that
ki, Vx| < pj(0)(1 + |x]).

Assumption (Mp) follows from the smoothness and the linear growth property
of V;. We now prove (3.1). In the case i = 0, this is obvious by definition and the
inequality (6.1). In the case 1 <i < d, observe that

s s 1 4 -1
em(t, V)x=x+zl§ﬁl\/(x)+zl§ﬂ,fo ﬁv(xwr;a,,,k,(z, V)x)de

=:x+1Y BV (x)+ Du(t, V)x.
=1

Expanding multiplications and taking expectations, as in Proposition 6.5, we can
show that the terms containing odd powers of B; have expectation 0. Finally, we
obtain from the boundedness of 0V; that

|Dw (B!, Vx| < p(B))(1 + |x|),

where p = p(t) is of the form Y} _, ax|t |¥. Using this, we conclude the proof. [

Consequently, as in the Taylor scheme, R(m, ™) and (M) hold for the opera-
tors associated with ¢, (¢, Vo)x and ¢2,,41(B;, Vi)x, 1 <i <d. For more on this
method, we refer the reader to [12].

(d) Minor extension. In the previous approximation, the assumption that B ~
N(0, 1;) can be weakened. In fact, we can use +/7Z instead of B, where (Z’)fl:1
are independent and

P(Z' =+V3)=1¢, P(Z'=0)=12

foreachi=1,...,d.

PROPOSITION 6.8. Let B; be a one-dimensional Brownian motion and Z be
a R-valued random variable such that for all 0 <k <m,

E[(Z)*]= E[(B1)"]
and

Elexp(c|Z])] < oo
for any ¢ > 0. Then, for every f € C;’H‘l,

|ELf (exp(B,V)x)] — E[f (cm(v1Z, V)x)]| < C(m, T)(1 + |x|P Ty m+D/2,
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6.2. Compound Poisson case. Suppose that Y; is acompound Poisson process.
That is,

N;
Yi=> i,
i=1

where (V) is a Poisson process with intensity A and (J;) are i.i.d. R?-valued
random variables independent of (N;) with J; € (> L.
In this case Y; is a Lévy process with generator of the form

Aéﬂx+w—fu»wwx

where 7 =0, b =0, v(RY) = A < 00 and v(dy) = AP(J; €dy).
Then in this case

(6.7) Xf’“(x):x—l—/th(XdH(x))dYs, t €0, T,
0

s—
which can be solved explicitly. Indeed, let (G;(x)) be defined by recursively
Go=x,
Gi=Gi-1+h(Gi—1)J;.
Then the solution can be written as Xf“(x) = Gy, (x). Define for fixed M € N,
the approximation process X411, = Gn,am (x). This approximation requires the
simulation of at most M jumps. In fact, the rate of convergence is fast as the fol-
lowing result shows (see also Mordecki et al. [14]).
THEOREM 6.2. Let M € N. Then the process Gy, m(x) sc_ztisﬁes (M)
and R(M, M=) for arbitrary small k > 0. Furthermore JSM(Q;X‘”]) =1+
I
=1 filas
PROOF. Note that for f € C),

Xt £y — QL f(x) = ELF (G ()] — ELf (G, ()]

= E[(f(GNam(x) — F(GN, N1y <1],
where Ty, :=inf{t > 0: N; = M}. By the Holder inequality,

10X £ () — QI+ £ ()

y—=/y
szE[prﬂGMu»vm“”] P(Tysr < 0)V/7

0<t<T
=D/y /1 (h5)M 17y
=2E[mm|f«3ww»V“%*ﬂ ([ “omneas)
0<t<T o M!

<Cu DI flle, (1 + 1x[P)ea~HM+Dr
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Take sufficiently small y > 1, then R(M, tM=1y holds for QtX‘“l where k := (1 —
1/y)(M + 1) > 0. Finally, we show (M). Let f},(x) = |x|21’ (peN)and y < M.
Then using the above calculation and Corollary A.7, we have

0 () = Q! £ () + (5 £, () = Q! £ ()
< (1+ K1) fp () + Kat + [0 £,(x) — 0+ £,(x)]

< (1 + Ks1) f(x) + Kqat. O

6.3. Infinite activity case. In this section, we consider the SDE (2.3) under the
conditions v(R ) = oco. Without loss of generality, we assume that ¢ = 0.

(a) Ignoring small jumps. Define for & > 0 the finite activity (i.e., drift + com-
pound Poisson) Lévy process (Y;) with Lévy triplet (b, 0, v®) where the Lévy
measure is defined by

(6.8) VE(E) :=v(EN{y:|y| > ¢}, Ee£(R ).
Consider the approximate coordinate SDE
Xar1.0(x) =x+ /Ot h(Xg41.5—(x))dYE,
result shows (see also Mordecki et al. [14]) whose generator is
L5 0 =V Foh@b+ [[(£(r+R003) = £ = VF BT 0)V @)
Now we derive the error estimate for X d+1.z-

THEOREM 6.3.  Assume that 0 < ¢ = &(t) < 1 is chosen as to satisfy that
o2(e) = f|y|<$ |y|2v(dy) < tM*1 Then we have that thd“ satisfies (M) and

R(M, t™). Furthermore J<y1(Q; d+1)_1+21 IJ'LZHl

PROOF. First, we remark that condition (M) follows from Proposition 5.2
in [7]. We start by noting that from Proposition A.6, we have

d+1 £ (x) — QX £(x)

=

k
69) =Y (Laent — LD F)
k=1"

(- uyM N
+ /O TM!(QZIH(LdH)MH — QX (L Le MY £(x) du.
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Therefore the proof is achieved if we prove that
(Las1 = Lgs ) f I = ClLf lea (1 + e P2+,

For the proof, we change here the representation of the Lévy triplets of Y; and Y/
as follows:

(bv O’ v)7 T :> (bé" O’ U), TE?
(b7 Oa vg)v T : (bé‘v 07 v8)9 Té‘?
where 7. (y) = yljy|<¢}. Then

[(La1 — LS f ()]

610 < ‘ [ 97000 - w0 v - vf(dy))‘

1 d? .
+ ‘//(; (1 —O)Wf(x +6h(x)y) d@(v(dy) -V (dy))‘.

‘We first obtain that for ¢ > 0,

/(y —7(»)(v(dy) —v°(dy)) =0

since the support of the measure (v — v¥) is {|y| < e}. Now we consider the sec-
ond term of (6.10). We can immediately show that due to the polynomial growth
property for f,

1 d2
‘//0 @f(xikeh(x)y)de(v(dy)_vs(dy)) §C||f||C5(1+|x|p+2)02(8)

2 M+1 - Xq i
and hence as o°(g) < tM*! one obtains that J<p (Q; “') =1 + > ’j—!Ld+1

and that Q,X‘l+1 satisfies (M) and R(M, tM) follows as in the proof of Proposi-
tion 6.2. [

Using Theorem 5.1, we can incorporate the above approximating process
X441, to the whole approximation method. This will require to first simulate the
jump times of the approximating Lévy process Y? and then solving ODEs between
these times. If the task is time consuming one can also separate the jump compo-
nent from the drift component as indicated by Theorem 5.1 (see also Section 6.4).
The right size of ¢ is determined by the condition o2(¢) < rM+1,

(b) Approximation of small jumps. We apply here the Asmussen—Rosinski’s
approximation for small jumps of Lévy processes. The idea is that the small jumps
ignored in (6.8) are close to a Brownian motion with small variance o2(e) (see
details in [2]).
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Consider the new approximate SDE

_ r o
6.11) K1, () =x+ fo h(Rars () SN2 AW, + /0 (Rt (X)) dY?,

where W, is a new d-dimensional Brownian motion independent of B; and Y/,
and X; is the symmetric and semi-positive definite d x d matrix defined as

(6.12) s, = f| vy,
y|i<e

We remark that X, is of the form AAA*, where A is an orthogonal matrix and A
is the diagonal matrix with entries A1, ..., Ay > 0 (eigenvalues). Thus we use the

notation Eb}/ > = AA!/2. Since the above SDE is also driven by a jump-diffusion
process, we can also simulate it using the second-order discretization schemes in
Theorem 5.1.

Now we prove that rate of convergence in this case is faster than in the case that
we ignore completely the small jumps (see Theorem 6.3).

THEOREM 6.4.  Assume that 0 < ¢ = &(t) < | is chosen as to satisfy that
flylfe |y|3v(dy) < tM+1 Then we have that Qth+1 satisfies (M) and R(M, M),

Furthermore JSM(Qth“) =1+ ZT:] %Léﬂ'

PROOF.  As before, condition (M) follows from Proposition 5.2 in [7]. The
SDE X441, corresponds to the generator

1
Lt f @) = VF@RCb + 5 3t f () (R0 D™ ()i
k,l

+ [(lhen) = 700 = T FORIT0I @)

Using this representation, we have for f € C3,
2, ! d2 €
(Lavi = L) @ = | fo (1= 0)55 £ (x +0h(x)y) d6(v(dy) —v*(dy)

1
-3 D Ot f ) (h(x) Beh™ (X)) 1
k1

1(1—-6 2 d3
=//0 : 2 : g3/ &+ 0h()y)do(v(dy) —v*(dy)).

Hence we finish the proof as in the proof of Theorems 6.2 and 6.3. [

If we put all the pieces together, we have the following final result. Here Btij
denote i = 1,...,d, j =1,...,2n denote 2nd independent standard Brownian

. 0j
motions and B,” =1.
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THEOREM 6.5. Assume that Vo, V and h are infinitely differentiable functions
with bounded derivatives with fRd(l Aly|P)v(dy) < oo for all p € N. Define ¢ =
&(T,n) so that [, -, |yPv(dy) < (£)3. Let XJ,(x) =cs(BY, Vx,i=0,....,d,
j=1,...,2n, 2n copies of the Runge—Kutta method of order 2 as defined in (6.4)
and Xé+1,z(x)’ j=1,...,2n, independent copies of the approximation defined
in (6.11). Then the following schemes, X = Y' oY lo...oY ) (x), are second-
order discretization schemes: . .

N-V (@): Y (x) = U, i X0, T/(2n) © X{ T 0 X0 7/n © X 1 m ) + (1 =
U; )XO T/n) © Xd+1 T/n© "0 X1 T/n © XO T/(2n)(x) where U is a Bernoulli r.v.
with P(Uj =1) =1/2, zndependent of everything else.

N-V (b): Yi{(x) = Ui Xy ppp o0 Xg ) + (1 =Uj) Xggp, 00
X£+1,T/n(x) where Uj is a Bernoulli r.v. with P(U; = 1) = 1/2, independent of
everything else. . . . .

Splitting: Yl (x) = X{ 7/0m © == © X 1/ © Xs1.7/m © X tyamy © =+ ©

n+ J
X0.7/2n) (x).
One can also write a similar result for higher-order schemes using Theorem 5.2.

6.4. Limiting the number of jumps per interval for approximations of infinite ac-
tivity Lévy driven SDEs. In the previous two approximations although ¢ € (0, 1)
may be relatively large compared with the interval size T/n, one still faces the
possibility of having many jumps in the interval [0, T']. Therefore we introduce
the idea used in Section 6.2. That is, we propose another approximation that re-
stricts the numbers of possible jumps to at most n. Throughout this section we
assume that f‘ yj<1 1¥Iv(dy) < oo and without loss of generality, we assume that
t(y) =yljy<1-

Then we decompose the operator

1 2
Lawt = Lagy + Ly + Ly,

LY f@) = Vf(x)h(x)(b - o r(y)v(dy)),

L1 f @) i=/ (f(x+h@)y) = f) =V @RX)T())v@y),

ly|<e

L3, f(x):= / £l +h()y) — Fvdy).

e<|yl

The operator L}i 1 can be easily approximated using any Runge—Kutta method for
the ordinary differential equation

t
X§+1,¢=X+(b—/ f(y)V(dy))/ h(X gy ds.
e<lyl<l 0
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We denote by )_([11 41> the Euler scheme associated with this ordinary differential

equation. Therefore we only need to approximate Lfi 41 and Lfl e

Let [:R?Y — R, be a localization function that may be used for impor-
tance sampling of the Lévy measure. Let Fel(dy) = A;ll(y)1|y|5£v(dy) with

Ae = f‘y|§81(y)v(dy). Let Y. ~ F.. Define )_(tz’g(x) =x + h(x)W;/Ay, Where
W is a d-dimensional Wiener process with covariance matrix given by X;; =
1(ye)~! Yy f which is independent of everything else.

First we prove that X tz’g(x) satisfies Assumption (M).

LEMMA 6.9. Assume that for p > 2, SupSG(O,l]fly|§s|y|pl(y)_(p_2)/2 x
v(dy) < oo, then Assumption (M) is satisfied with

E[IX;5, 0PI < 1+ KD)|x|? + K'r.

PROOF. Let f(x) =|x|?, p > 2. Using [t6’s formula for p # 3 and an approx-
imative argument in the case p = 3 (as in the proof of the Meyer—Itd formula) one
obtains that

6.13)  ELf(XF* ()] — F(x)

(6.14) - EASE[I(YS)_I /I<£ _ l)l)_(sz’s(x)|p_4(h(x)Y5, X2 (x))?
2 o \2

+ I)_(sz’g(x)|p_2|h(x)Y8|2a’s]
We use the Lipschitz property of 4 to obtain that
| X35 0] =[x+ 7)) W/ |
< (14 CIWs[Vae) (1 + |x]).

Then, we have
|ELF (X2 ()] — f(x)]

< Cpt(1+ |x|P) P+ (y L) ™ hen) P=2/2)u(dy).

lyl<e

LEMMA 6.10. Assume that for p > 2,

M, = sup )T 1+ (I 1PLO) ™ het) P2 0dy) < o0
ee(0,1] lyl<e

and [ < lyPv(dy) < Ct then
ELF (X = f () =L f < COIf ey (1 + [x1PFHe%,

That is, X ,2 #(x) satisfies Assumption R (2, 12).
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PROOF. Let feC f; then applying It6’s formula, one gets

_ e [ _ )
E[f(Xf’S)]=f(x)+3E[ fo S 8y f (X2 hixhi(0)I(Y®) 1Y,§des}

i,j.k,l
= f@+5 / Z 01y f (O hikhir(6) v (dy) + Re(x),
where by Lemma 6.9, we have
[Re (0] < ClLf lleg (1 + ] P e
x /is )™ (14 (yE0) " 2 P2 2) ().
Furthermore

L2, f(0) — f § Z 0 £ COhishia () v (dy)
lyl=<e

/ i} / (35 f (x + ah(0)y) — ;) £ (0))er da hihi (7)) yeyiv (dy).
i,j.k,l ly|=e

Therefore

1
Liifo -3 /W S 0 £ (O hikhin (¥) yeyrv(dy)
=" i,j,k,l

SClfley L+ P | IyPvidy).
yl<e

This finishes the proof. [

In the particular case that [(y) = y", r = 2, the above scheme corresponds to
a Asmussen—Rosinski type approach.
The approximation for L[31 41 1s defined as follows. Let

Gei(dy) = Cl1()y>v(dy),

Cot = f|y|>gl<y)v(dy)

and let Z&! ~ G, and let S¢! be a Bernoulli random variable independent of Z%/.
Then consider the following two cases. If $¢/ = 0 define X ,3 #(x) = x, otherwise
)_(f’g(x) =x 4+ h(x)I(Z&")~1 7! Then we have the following results.
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LEMMA 6.11.  Assume that for p > 2, sup,¢ 1 ﬂy‘>gl(y)_p|y|p+lv(dy) <
oo and C;l1 P[S% = 1] < Ct then Assumption (M) is satisfied with

E[IX)5(0)1P1 < (14 K0)lx|? + K't.
PROOF. The result follows clearly from (f(x) = |x|?)
PIS® = |E[f (x + h()1(Z=H 71250 — F(0)]]

=C,PIS*=1] e ROIY) ™) = £y

yl>e

scra+ (14 [ 107 ). .

ly|>¢

LEMMA 6.12.  Assume that for f € C2, we have thatf|y|>8 y2A(y) ' =1+
|y|p+2|l(y)_1 _ 1|P+1u(dy) < C and |C;11P[S€” =1]—-¢< Ct? then

|ELF(XP] = £ (0) =1L f I < CE fllea (1 + [x74).

PROOF.  As before let f € C3 then
E[f(X))]= f) + E[f(x + h)l(Z2°) ™' 250) — f(x); 851 = 1]
=fo+| (et R ™' y) = £@))I()v(dy)
x C,} P[s*! =11.

Then we clearly have that

|ELF (X)) = f(x) =1L, f(x)]

1
/ | [ CTCERTISTER
yI>e ;

<t

— 3 f(x +ah(x)y))da h(X)yV(dy)‘

x C, P[S*' =11+

[, 2+ ) = vy
x |Co} PSS! = 1] —1]
< Cllfllcy (1+ [x[PF2)r%.

This finishes the proof. [J
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Using the previous results we can propose various schemes of approximation of
order 1 as in Theorem 6.5. We state the simplest type of approximation.

THEOREM 6.6. Assume that Vo, V and h are infinitely differentiable functions
with bounded derivatives with ng(l A |yIP)v(dy) < oo for all p € N. Define € =
&(T, n) so that the conditions on Lemmas 6.9, 6.10, 6.11 and 6.12 are satisfied

for t =T /n and for appropriate localization functions. Let )_(l!;t(x), i=0,...,d,
Jj=1,...,n,n copies of the Euler—-Maruyama method for X; ;(x).
Also, let ?_(ﬁii’f,r/n, i=1,2,3, j=1,...,n, be n independent copies of the

schemes defined above. Then the following scheme, X\ = YroY' ooV (x),
j =iy =iy >l.ej 52.8,] >3.8,] .

Y, (x) = X(j),T/n o-- 'Ochi,T/n OXd—i-]J,T/n OXd+1J,T/n onH{T/n(x) is a first-order

discretization scheme.

Achieving higher-order schemes for the approximation of ngi 41 can be easily
obtained from the proof of Lemma 6.10. In fact, the required conditions are as
follows. Assume that for p > 2,

6.15) / YIO) ' (1 + (L) e P22 0(dy) < Ct,
lyl<e
(6.16) / yPvdy) < Cr2.
lyl<e

For LZ L1
more than one jump in an interval of size T/n is of order (T/n)* and therefore
they can be neglected if the goal is to achieve a scheme of order 1. Obviously, in
order to obtain a higher-order scheme, one has to consider the possibility of more
jumps per interval. As an example, we consider the case of at most two jumps per
interval with localization [ = 1.

For Lgﬂ one can do the following: let G.(dy) = C;11|y|>8v(dy), C. =
[|y|>g v(dy) and let Z{, Z5 ~ G, independent between themselves and let S}
and S5 be two independent Bernoulli random variable independent of Z7, Z5.
Then consider the following cases. If S{ = 0 define )_(?’s(x) =x, if §{ =1
and S5 = 0 then )_(,3’8()6) = x + h(x)Z{ and finally if S =1 and S5 =1 then
() = x + h(0)ZE + h(x + h(x)Z5)Z5.

Define

the idea used in the previous scheme is that the probability of having

pe = P[ST =11(1+ P[S; = 1]),
ge = P[S{ = 11P[S5 = 1].

In this case we have the following lemma.
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LEMMA 6.13. IfC;lP[Sf =1,8 =0]<Ct and CS_ZP[Sf =1,8=1]<
Ct then Assumption (M) is satisfied with

E[IX)5 (0P < (1+ Kn)lx|P + Kt

forall p>2.

PROOF. The result follows clearly from (f(x) = |x|?)

P[S{ =1,85=01|E[f(x + h(x)Z®) — fF(0)]|
yIPvan ).

PIS; =1,85 =11|E[f(x + h(x)Z] + h(x + h(x)Z}) Z5) — f (0]

<cia+ i1+ (/|y|>g|y|l’v<dy>)2)- 0

LEMMA 6.14. Assume that |C;1p€ —t| < Ct3 and |2C8_2q8 — 12| < Ct3 then

§Ct(1+|x|f’)<1+/|

y|>¢

2
‘E[f(X?’g)] SO =L f0) = S P

2
=PIl A+ (14 ([ vy ).
y|>¢

PROOF. As before let f € C[Z, then

ELf(X])]

= f(x) + (f(x +h()y) = FEO)W(Ay)CT PSS =1, 85 =0]

lyl>e
+ E[[ | Fx+h(x)y+h(x+h(x)y)Z5) — f(x)v(dy)]
y|>e
x CoIP[S§=1,85=1]
= f(X)+ Ly f()C PISf =1, 85 =0]
[ Py e+ RGOy - @R
lyl>¢ Jly|>¢
x C2P[S{=1,85=1]
= )+ L3, fQCT (PSS = 1]+ P[SE =1, 85 =1])
+ (LY D) fOCTEPISE =1, 85 = 11.
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Therefore

2
E[F (X)) = ) — L3, fx) — %(L2+1)2f(x)

2
_ _ t
<Ly FONCT pe — 1+ (L3 D F O C2ge — 5‘.

Finally note that
(LY )P f(x)

- L3 f(x +h(x)y) — L f(x)v(dy)

e<lyl

=/ / (Fxr+h(x)y+h(x+h(x)y)y)
e<|y| Je<|y1l
—2f(x +h(x)y) + f(x))v(dy)v(dy)
1
:f / / Vf(x+h(x)y+ah(x+h(x)y)y)h(x+hx)y)y
e<|y| Je<|y1| JO
— Vf(x+ah(x)y)h(x)ydav(dy))v(dy)

1
- /e<|y| ~/€<|y1|/0 V& +h)y+ah(x +h(x)y)y)

1
x [ Vx4 BN )by By devidyn)v(dy)

+Ly| /e<|yl|/01/ol D?f(x +ah(x)y

+ B(h(x)y1 +e(h(x +h(x)y1) — h(x))y))

X [h(x)yl

1
+ a(/o Vh(x +yh(x)y1)dy h(X)yl)y, h(X)y} dBdav(dy)v(dy).

This finishes the proof. [J

A similar statement can be achieved if we limit the number of jumps in any
interval. The parallel of Theorem 6.6 can also be stated in this case.

6.5. Example: tempered stable Lévy measure. Now we consider the previous
approximation in the case that the Lévy measure v defined on Ry is given by

v(dy) = (cre P g+ ce 1, _g)dy.

|y|1+a



1058 H. TANAKA AND A. KOHATSU-HIGA

The Lévy process associated with no Brownian term and the above Lévy measure v
is called by:

e Gamma: A;,cy >0,c_ =0, =0.
e Variance gamma: Ay, A_,c4,c— >0, =0.
e Tempered stable: A, A_,cy,c— >0,0 <o <2.

Then, we have that for a € [0, 1)
[ tvan -~ k=t
lyl<e

Then sup,¢(o, 13 fl yj<e [¥Iv(dy) < oo. For Lfl +1» We consider as localization func-

tion [(y) = |y|", then the conditions of Lemma 6.10 are satisfied if « < r <2 and
_ 1/G-a)

e=t .

For Lfl 41> We consider as localization /(y) = 1, then Lemma 6.12 is satisfied,

for example, in the following case. Let P[S¢ = 1] = e~ ¢4 where C, ~ 79,

a(e, t) = —g¥ log((t2 +1)e™%) as e = t'/G3~Y then we have that
a=—1%/03-% log((t + l)t(3_2°‘)/(3_“)).
In the case of Lemma 6.14, one choice of parameters is

P[Sf =1]= t(6—3a)/(3—tx) (t + 1)(1 + la/G_a)),
1

& __ —
P =11= 2(1 + 12/G-a)y

The choice of r in the above scheme is related with variance/importance sampling
issues.

Final comment: In this article we have presented a general setup to handle what
maybe called operator decomposition methods. In particular, the method is useful
when considering approximations of expectations of functionals of diffusions (for
another similar approach, see Alfonsi [1]). The approximation problem is divided
in components, each one driven by a single process. This single process, called the
coordinate process can be approximated to a high order using an appropriate (sto-
chastic) Runge—Kutta scheme if the driving process is the Brownian motion. In the
case that the driving process is a Lévy process one can decompose the Lévy mea-
sure in various pieces to facilitate the analysis. Note that sometimes is not needed
to know how to simulate Y but only the functional form of the Lévy measure. In
comparison with the proposal presented in [9], where high-order multiple integrals
driven by different Wiener processes have to be simulated at each step, we believe
that the present methodology is a better scheme.

The issue that local approximations of high order are interesting to study in
comparison with Romberg extrapolations as introduced in [19] is similar to the
discussion of using Runge—Kutta approximations in comparison with Romberg
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extrapolations to approximate solutions of ordinary differential equations. We be-
lieve this article helps to open the path in this direction. In fact, it is somewhat
clear from Theorem 4.2 that the leading constants in a Euler+-Romberg method
and a Runge—Kutta method do not coincide.

Finally, we used the structure of this construction to easily introduce and ana-
lyze the asymptotic error of an approximating scheme for solutions of stochastic
differential equations driven by Lévy processes with possibly infinite activity.

APPENDIX

In this section we assume condition (M p).

LEMMA A.1. Let f = fy(x) € Cy*([0,T] x RY). Then a map s ~ P; f;(x)
is Lipschitz continuous for all x € RV .

PROOF. Note that

| Py fi(x) = Ps fs QO < | Py fi(x) = Py fs ()] + | Py fs(x) — Py fs(x)].

Using the Lipschitz properties of ¢ — f;(x) and t — P; f;(x), the proof fol-
lows. U

LEMMA A.2. Let g:[0,T]— R be a Lipschitz continuous function. Then we
have

T ¢ r C(T,g)
(A1) ‘— > gkT/m) ~ [ g)ds| < .
- 0 n
PROOF. From the assumption we immediately obtain
T kT /n C
Sewrim— [ eds| =
n (k=1)T/n n

where C depends on T and the Lipschitz coefficient of g. This implies (A.1). [

A.1. Some properties of Lévy driven SDEs. We start with the differentiabil-
ity properties of X;(x) in x. The following material can be found in [7, 8, 10, 17]
and [18]. We quote them here for completeness.

LEMMA A.3. There exists a version of X;(x) such that a map x — X;(x) is
infinite times continuous differentiable almost surely and in the LP-sense. More-
over, we have for p > 2,

(A2) E[ sup |Xt<x)|l’] <Cp. TY(1 +1x1)

0<t<T
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and

(A.3) sup E[ sup |8§‘X,(x)|p} < 00

x€RN 0<t<T

for any multi-index o with |o| > 1.

PROPOSITION A.4.  Let f € C}} with p > 2.
(i) Then P, f € C}} forallt =0 and

(A4) sup 1P fllcy < Cllflley
te[0,T]

(i) Ifm>2, then Lf € C'5 and
ILfllen-2 = Cllfllcy-

(iii) If f € Cp™ ([0, T] x RY), then (3 Lf) (2, x) = (L, f)(t, x).

PROOF. The proof of (i) follows by interchange of derivation and expectation

together with the moment estimates in Lemma A.3. Recall that L = Zf-l:ol L; as
defined in (2.5).
(ii) We only do the proof for L ;1. We have

‘/(f(x +h(x)y) = f(x) - Vf(X)h(X)T(y))V(dy)‘

1 42
< ) [ rene- r(y))v<dy>‘ 4 ‘ [ [ 55 7+ 61y doviay)
<Clflen(1+1x|P™). O

PROPOSITION A.5. Let f € CIZ,. Then P; and L are commutative and
ur(t,x) = P f(x) is the solution of the integro-differential equation:

dt

{ iuf(t,x) =Luy(t,x),
ur(0,x) = f(x).

Let f € C¥"*2. Then the commutativity of P, and L implies that L™u f
(=uym ) is differentiable in ¢ and the solution to similar integro-differential equa-
tions. That is,

d
{ L)1) = L), ),
(L™u £)(0, x) = (L™ f)(x)

for each m > 0. Consequently, applying Taylor’s expansion to u s, we have:



AN OPERATOR APPROACH FOR MC WEAK APPROXIMATIONS 1061

PROPOSITION A.6.  For f € C2"+2,

Furthermore, if f € C;’,’ withm >2.Then P, f € C

sz(x)—z L"f( + [ "L ) ds.

1,m—2
p+2

Summarizing this section, we have

COROLLARY A.7. P f(x) = E[f(X,;(x))] and Q! f(x) = E[f(X!(x))] (i =

0,1,...

,d + 1) satisfy conditions (M) and R(m, t"™). That is, for p € N,
E[1X,(0)*P1 < (1 + KD)|x|*? + K't

for some constant K = K (T, p), K' = K'(T, p) > 0 and

J<m(P) = Z L"

m ik
] k
J<m(QD =) ki
k=0
for any m € N.
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