The Annals of Applied Probability

2008, Vol. 18, No. 6, 2300-2319

DOI: 10.1214/08-AAP523

© Institute of Mathematical Statistics, 2008

CONTINUOUS FIRST-PASSAGE PERCOLATION AND
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We study a random growth model on R introduced by Deijfen. This is
a continuous first-passage percolation model. The growth occurs by means of
spherical outbursts with random radii in the infected region. We aim to find
conditions on the distribution of the random radii to determine whether the
growth of the process is linear or not. To do so, we compare this model with
a continuous analogue of the greedy lattice paths model and transpose results
for greedy paths from the lattice setting to the continuous setting.

1. Introduction and statement of the main results. We study a random
growth model on R?, d > 1, introduced by Deijfen in [3]. The model can be
thought of as describing the spread of an infection in a continuous medium. We
fix an initially infected region Sy in R (with positive Lebesgue measure) and
a distribution p on (0, 400). Let us denote by S; the random subset of R? that
corresponds to the infected region at time ¢ and by |S;| its Lebesgue measure. The
random growth process (S;);>0 is a Markov process whose dynamics is as follows.
Given S;, we wait an exponentially distributed random time with mean |S;|~!. We
then add to S; a random ball, whose center is chosen uniformly on S; and whose
radius is chosen accordingly to the law .

In [3] Deijfen proved an asymptotic shape result, namely, the almost sure con-
vergence of S, toward a deterministic Euclidean ball. This convergence holds
as soon as the growth of S; is not superlinear. She provided a sufficient condition
for this behavior of the growth: the boundedness of the support of . This condi-
tion was weakened by Deijfen, Higgstrom and Bagley in [2] to the existence of an
exponential moment for .

In this work we aim to find a necessary and sufficient condition on the distri-
bution p of the radii of added balls to ensure the asymptotic shape result for this
growth process. In Theorem 1.1 we prove the following:

o If

+00 / 400 l/d
(D) fo (f r/,L(dr)) dx < 400,
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then the growth is not superlinear and, therefore, the asymptotic shape result
holds.
e On the other hand, if

(2) ‘/O+oo rt w(dr) = +oo,

then the growth is superlinear and, therefore, the asymptotic shape result does
not hold.

In dimension d = 1, conditions (1) and (2) are exclusive and thus give a necessary
and sufficient condition for the linear growth. Unfortunately, in dimension d > 2,
there is a gap between these two conditions that we did not manage to fill. Note,
however, that if there exists & > 0 such that

+o00
/ rd+1(lnr)d+su(dr) < +00,
1

then (1) holds. The gap is therefore reasonably sharp.

To establish the sufficient condition (1), we introduce and study a continuous
analogue to the greedy lattice paths model introduced by Cox, Gandolfi, Griffin
and Kesten in [1]. In Theorem 1.2 we give a necessary condition and a sufficient
condition for the integrability of the supremum of mean weights of paths in the
continuous setting. Those results mimic similar ones in the discrete setting.

A comparison between Deijfen’s model and those continuous greedy paths then
enables us to conclude. Note that the gap between (1) and (2) comes directly from
a similar gap for the continuous lattice paths model, a gap which is itself similar to
the one existing for the greedy lattice paths model.

In the following, the dimension d > 1 is fixed. On R4, we denote by || - || the
Euclidean norm, and by B, the closed Euclidean ball centered at the origin with
radius r.

1.1. Deijfen’s model. Let us first recall the growth model introduced by Dei-
jfen in [3]. Instead of using the original construction of the process, we use the
construction given later in [4] by Deijfen and Hiaggstrom. This makes the analogy
with first-passage percolation clearer. We follow the presentation of Gouéré in [7].

We fix a probability measure p on (0, +00). We also fix x, a Poisson point
process on R x [0, +00) x (0, +00) whose intensity is the product of the
Lebesgue measure on R? x [0, +00) by the distribution ¢ on (0, 4+-00).

Let us consider the complete directed graph with vertex set RY. We associate
a passage time 7 with each edge as follows:

(1) Forall x e R?, we let t(x,x) =0.

(2) For each point (c,t,r) € x—where c, t and r respectively belong to R¢,
[0, +00) and (0, +00)—and for each vertex y € (c + B;) \ {c}, welet t(c, y) =t.

(3) For all edges (x, y) to which we have not yet assigned any passage time,
we let T(x, y) = 4-00.
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To say it in words, for a point (c, ¢, r) in the Poisson process x, ¢ represents the
time needed to travel from the center ¢ to each point of the ball centered in ¢ with
radius r, while outside the balls, it takes an infinite time to travel.

If @ and b are two points of R?, we call path from a to b any finite sequence
7 = (a =xo,...,x; =b) of distinct points of R4, We denote by C(a, b) the set of

such paths. With each path = = (xp, ..., xx) we associate a passage time defined
by
k—1
T(r)=Y t(xi,Xit1).
i=0

If A is a subset of R? and x is a point of R4, we can then define the time 7'(A, x)
needed to cover x starting from A by

T(A,x)=inf{T(7):ac A, 7 e C(a,x)).

Finally, if we start the process with the unit Euclidean ball B centered at the origin,
we can define the set S; of covered points at time ¢ by

S, ={xeRY:T(B,x)<t).

Relying on Kingman’s subadditive ergodic theorem and using the isotropy of
the model, one can establish the existence of a real A > 0 such that the following
convergence holds almost surely:

T(B,x)

im
Ixli—+o0 x|

This result is contained in the paper by Deijfen [3]. The growth is linear if A,
which is the inverse of the speed, is positive. In such a case, one can easily deduce
the following asymptotic shape result: almost surely, for every & > 0, for all large
enough ¢, one has

S
B—¢)5 C Tt C B(1+e)/a-

To prove the positivity of A when p admits an exponential moment, Bagley,
Deijfen and Higgstrom introduce a new process that grows faster than Deijfen’s
one and whose linear growth is easier to prove. This new process can be roughly
described as follows. Assume that we have started with a set Ag and that at time
t we have added balls Ay, ..., A,. With each set A; we associate an exponential
clock with mean |A;|~!. These clocks are independent. We wait for the first clock
to ring. If it is clock i, then we choose a point uniformly in A; and add a ball
centered at this point with random radius. The projection on the first-coordinate
axis of this new process is a one dimensional spatial branching process whose
linear growth, when p admits an exponential moment, is well known.

Our conditions for the linear growth of Deijfen’s model are the following ones.
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THEOREM 1.1. 1.If

3) /()+Oo (/:OO ru(dr))l/d dx < +00,

then there exists A € (0, +00) such that, almost surely, for all ¢ > 0, for all large
enough t, one has

St
B(1—¢)/a C " C B(14¢)/a-

2.If
400
“ | an = oo,
0
then, almost surely, for all M > 0, for all large enough t, one has

St

REMARKS. 1. Note that in dimension d = 1, if f(0’+00) rzu(dr) < +00, one
can compute explicitly the speed of the growth. With the notation of the theorem,
one finds A~! = % 0+°° r21u(dr). We sketch a proof of this result in Appendix.

2. To see how quantities scale, let us prove that if one multiplies the radii by 2,
then one multiplies the speed by 2¢+1. Let us consider the following Poisson point

processes:

x1={(c,t,2r), (c,t,r) € x},
xe=1{Q""e.27 ), (et ) € X,
x3 = {(c, 2Dy r),(c,t,r) € x}.
With those points processes one can, as we have done with x, associate passage

times to paths. We denote them by 77, 75 and 73. Let 7 = (xo, ..., X,) be a path
that originates in 0. Then

T1 ) |12x, 117 = Do) |lxall ™7,
To(m) 'Y Ty(r),
T3(r) = 279401 (7).

(The second property results of the equality in law of the Poisson point processes
x2 and x3, which itself results of the equality of their intensities.) This gives the
announced scaling.
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Some of the ideas of the proof. In the end of this subsection we would like to
explain how trying to rule out the possibility of an infinite speed in Deijfen’s model
naturally leads to introduce continuous greedy paths. We fix a small & > 0 and
consider the “fast” balls:

5 Eo={(c,r): At <ar: (c,t,r) e x}.

Roughly speaking, the speed in these balls is at least 1 /¢, while outside these “fast”
balls, the speed is less than 1/«. More precisely, consider a path m = (xo, ..., x,)
such that 7' () is finite. Then, by the definition of T, every point x; in 7—but
the last—is the first coordinate of a point (x;,t,r;) in x. Moreover, we have
lxi+1 — xi || <r; and

n—1
T(m)=) 1.
i=0

If the path uses only “slow” balls, then

n n n
Tm) =) t;>Y ari> Y alxip —xill =alr],
i=0 i=0 i=0

where || is the length of the path 7, that is, the sum of the Euclidean length of its
segments.

If it also uses a “fast” ball (x;, t;, r;), the portion between x; and x; is trav-
eled through at high speed. By considering that this portion is traveled through at
infinite speed, we obtain (the sums are over visited “fast” balls)

T(r) = ezl = Y i — xill)
za(lnl—Zri) and then %Za(l IZri>.

n Il
We are therefore led to bound from above the following kind of quantity:

ﬁzm.

X €m,(x;,ri) €&y

In the greedy lattice paths model one assigns random weights to points in Z¢ and
tries to bound average weights of paths (see Section 1.2). The previous expres-
sion naturally leads to define and study the continuous analogue of greedy paths
discussed in Section 1.3. This crude link between Deijfen’s model and continuous
greedy paths will be detailed in Section 2.3. The proof of Theorem 1.1 is given in
Section 2.4.
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1.2. Greedy lattice paths model. In this subsection d > 2.

One first gives to points ¢ of Z¢ i.i.d. positive random weights r(c) with com-
mon law v. A path is here a finite sequence of distinct points of Z¢ such that the
Euclidean distance between any two consecutive points is 1 and the length of a path
is naturally the sum of the Euclidean lengths of its segments. With each path one
associates a weight which is the sum of the weights of its points. If n is a positive
integer, we denote by A, the supremum of the weights of all paths with length n
that originates in 0. In [1] the authors show that if there exists a real £ > 0 such
that

+00
f rd(Inr)¥+ev(dr) < +oo,
1
then there exists a real M < 400 such that

: Ap

limsup— <M a.s.

n—+oo N
This result was improved in [5] by Gandolfi and Kesten: under the same condi-
tion, A,/n converges almost surely and in L' toward a finite constant. Martin,
in [8], obtains the same results under a weaker assumption and with a much sim-
pler proof:

+00
iff v([r, +00) ¥ < 400,
0

then A, /n converges a.s. and in L' to a finite constant.

As an intermediate step, he shows that

00 A,
(6) if/ v([r, +00))/4 < 400,  then supE(—) < +o00.
0 n

Deriving this property in a continuous setting will turn out to be sufficient for our
purpose.
On the other hand, from results in [1] and [8], one knows that

+00
if/ rdv(dr) = +o0, then A, /n almost surely goes to +o0.
0

1.3. Continuous greedy paths. In our continuous analogue the points of the
lattice Z¢ are replaced by the points of a homogeneous Poisson point process
on R?. Fix a finite measure v on (0, +00), and consider a Poisson point process &
on R? x (0, +00) whose intensity is the product of the Lebesgue measure on R¢
by the measure v. We denote by E the projection of & on R¥: the point process E is
thus a Poisson point process on R4 with intensity v((0, 400)) times the Lebesgue
measure on RY. If x is a point of E, we denote by r(x) the only positive real num-
ber such that (x, r(x)) belongs to £. Thus, given E, the weights (r(x)),eg arei.i.d.
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with common law v((0, +00)) v [if v((0, +00)) is positive]. For points x € R4
that are not in E, we set r(x) = 0.

A path is a finite sequence of distinct points of R?. (In the lattice model, con-
secutive points of a path are required to be nearest neighbors. We do not require
such a condition in our continuous model, which is therefore not an exact analogue
of the lattice model.) We denote by || its length, that is, the sum of the Euclidean
length of its segments. We define the weight A(m) of a path m = (xo, ..., x,) by

n
A(m) =D r(x).
i=0
We are interested in the finiteness of the supremum S of the mean weights of paths,
defined as
A(mr)
@) S= sup{ — }
||
where the supremum is taken over all paths whose length is positive and that origi-
nate in 0. In order to emphasize the dependence of S on &, we shall sometimes use
the notation S(&). We also introduce, for / > 0,
A(m)
®) si=sup| 72,
|7
where the supremum is now taken over all paths whose length is larger than / and
that originate in 0.

As we will mainly consider paths starting from 0, to avoid extra discussion
on the status of the origin, we will always work on the full event {0 ¢ E}. Let
us also notice that we do not change S if we take the supremum over all paths
(xo0, ..., Xxy) such that, in addition to the previous requirements, x; belongs to E
for alli > 1. This can be seen by the triangular inequality. We shall use this remark
when convenient without further reference.

We state in the following theorem sufficient conditions for § to be either in-
tegrable or a.s. infinite. These conditions are similar to the ones obtained for the
discrete setting.

THEOREM 1.2. Assume d > 2.
1. IffoJroo v([r, +ooN Y dr < +o0, then ES < +00.
2. 0f [oF° rdv(dr) = 400, then S is a.s. infinite.

REMARK. If d =1, then E(S) is infinite as soon as v((0, +00)) is pos-
itive: the contribution of the first positive point already has an infinite mean.
Indeed, denote by X the smallest positive point of E. This is an exponential ran-
dom variable with parameter v((0, +00)). Moreover, r(X) is distributed accord-
ing to v((O0, +00))~ v and is independent of X. As a consequence, ErX)XhH
is infinite and, therefore, E(S) is infinite. We shall therefore be led to study
E(im;— +00 S;) when d = 1 in Section 2.2.
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We conclude this subsection by giving some ideas of the proof. The sec-
ond item of the theorem is rather straightforward [actually, the supremum of
r()x|I”!, x € E, is already a.s. infinite]. The proof of the first item fol-
lows the proof of the corresponding result in the lattice setting by Martin [8].
The first step consists in studying the case where v is the Dirac mass at point
1, in which case S is integrable. For a general measure v, one then distin-
guishes between the contribution of the points x € 2 according to the value
of the radius r(x). Using the fact that the supremum of a sum is less than
the sum of the supremum, this allows to obtain the following upper bound [it is
derived in details in (9)]:

400
ES(E) < fo ES(") dp,

where £ = {(c,1):c € E and r(c) > p}. The point is then that, by a scaling ar-
gument for Poisson point processes, one can express ES(£”) as the product of
v([p, +oo)/ d by the expectancy of S in the case where v is the Dirac mass at
point 1. This scaling argument, which is straightforward in the continuous setting,
explains the role played by the dimension d. The proof is given in Section 2.1.

Note also that the link between the measure v in the continuous greedy paths
model and the distribution x in Deijfen’s model is presented in Section 2.3 (and
thus the link between conditions in Theorem 1.2 and in Theorem 1.1).

1.4. Links with the Boolean model of continuum percolation and further intu-
ition. In this part we point out some links with the Boolean model of continuum
percolation and give some further intuition. Fix « > 0 and denote by X the union of
the balls c+ B;., (¢, r) € & [&4 is defined by (5)]. This is the Boolean model of con-
tinuum percolation driven by &,. We can define a first-passage percolation process
on the complete nonoriented graph of R? as follows: the time needed to travel
along an edge xy is o times the one-dimensional Lebesgue measure of [x, y] \ X.
In other words, one travels at speed o~ ! outside ¥ and at speed +oc inside X.
Let us call it the Boolean first-passage percolation process. By coupling, we can
see that the speed in this Boolean first-passage percolation process is larger than
in Deijfen’s one.

The intensity of &, is the product of the Lebesgue measure on R? by the measure
Vo (dr) = aru(dr), which is also « times the product of the Lebesgue measure on
R4 by the measure v (dr) = ruu(dr). By a result of Gouéré [6], one knows that the
connected component of X that contains the origin is almost surely bounded for
small enough « if and only if [ r¢v| (dr) is finite, that is, if and only if [ 79! u(dr)
is finite.

This suggests that, when [ r“™" u(dr) is finite, a constant and positive propor-
tion of any path should lie outside X. If this result were true, then the speed in the
Boolean first-passage percolation process—and therefore the speed in Deifen’s
model—would be finite as soon as | rd“,u(dr) is finite. Unfortunately, we do

d+1
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not know whether the finiteness of [ r¥t1(dr) is sufficient or not to bound away

from O the proportion of length that any path spends outside X.

On the other hand, if [ 79! u(dr) is infinite, “fast” balls with speed larger than
1/« percolate for all o« > 0. This very roughly suggests that the speed in Deifjen’s
model is at least 1/« for every o > 0, which means that the growth is superlinear.

To conclude, let us notice that one can also compare the Boolean first-passage
percolation process with the continuous greedy paths. The Boolean first-passage
percolation process is actually an intermediate model between Deijfen’s one and
the continuous greedy paths model. With the results of this paper about contin-
uous greedy paths, one can therefore show that the growth in the Boolean first-
passage percolation process is not superlinear for small enough « as soon as

O+°° vi([r, +00)) !/ 4 dr is finite. This implies that, under the same conditions,
the Boolean model driven by &, does not percolate. This is almost the main
result of [6]: nonpercolation of the Boolean model for small enough o when
JoF rdvy(dr) is finite.

2. Proofs.

2.1. Continuous greedy paths: proof of Theorem 1.2. We keep the notation
and objects introduced in Section 1.3. We begin with the case of a deterministic
radius equal to 1 and we denote by §; the Dirac mass at point 1.

LEMMA 2.1. Ifd >2 and v =&y, then ES < +00.

PROOF. Let g > 0 be such that
Ya > ag / exp(1 —a|x|)dx < 1.
R4

Let o > o be fixed and fix also an integer £ > 1. Let us denote by B(k, o) the set

of all finite sequences (x1, ..., xx) of distinct points of E such that
k
k> a(nxl I+l —xic ||>.
i=2

For a finite set A, we denote by card(A) its cardinality. We have
P(B(k, a) # @) < E(card(B(k, a)))

N (RAYk Lz i 145 i —xi11) dxy---dxg

k
< expl k —af ||x1]| + Xi — Xj_ dxy---dx
Lo p( (n 0+ 31 11||>) - dy

k
= (f exp(1 —a||x||)dx> .
R4
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Let us denote by F(«) the following event: there exists a path 7 originating in O,
with positive length and whose points, except 0, belong to E, such that the in-
equality A(;r) > «a|m| holds. Decomposing on the number of points in the path,
we get

400
{§>a}C Fa) = (J{Bk, ) # 2},

k=1
and thus,
+o00 k
P(S > a) < k;(/Rd exp(1 — allxl) dx )

—1
< [ expt —alrlyax(1 - [ exp —alxldx)
Rd R"

-
< [ exe —anxu)dx(l — [ exet —aonxu)dx)
R4 R4

-1

504‘“’/ exp(l — ||X||)dx<1 —/ exp(1 —050||x||)dx> ’
Rd R

which is an integrable function of « since d > 2. [

We next give the scaling argument announced in the introduction. Denote by &,
a Poisson point process on R? x (0, +o00) with intensity the product of Lebesgue’s
measure on R¢ by the positive finite measure v on (0, +-00).

LEMMA 2.2. Forany m > 0, S(&,,,) has the same law as ml/dS(Sv).

PROOF. We just need to notice that the random set {(ml/dc, r):(c,r) €&yy}is
a Poisson point process on R¢ x (0, +00) with intensity the product of Lebesgue’s
measure on R by the positive finite measure v on (0, +00). [

PROOF OF THEOREM 1.2. 1. Assume that
400
| vp +oonap < +oo,
0
and let us prove that ES < +o0.

First, we need to make the process with the Dirac mass appear, by, in a certain
manner, decomposing on the different values of the support of v. In fact, the useful
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way to do so is to use the classical trick r = f0+°° 1,>,dp: we have

T3 1, 0)>
ES = IE( sup / w dp)
Xn) 0

x=(0,x1,..., |7T|
+oo i

) < / E( sup M) dp
0 7=(0,X1,...,X,) |7T|

+00
0
< fo ES(°) dp.

where £” is the point process on R4 x (0, +00) defined by
£ ={(c,1):ce Eandr(c) = p}.

Notice that £° is a Poisson point process whose intensity is the product of the
Lebesgue measure on R? by v([p, +00))8;.

Then, we use the scaling property: if £ is a Poisson point process on
R? x (0, +00) whose intensity is the product of the Lebesgue measure on R¢
by &1, then

(10) ES(£7) = v([p, +00) VIES(E).

Indeed, if v([p,4+0o0)) = 0, then the equality is straightforward, while if
v([p, +00)) #£0, it is a simple application of Lemma 2.2.
Finally, from (9) and (10) we get

(11) ES < /()+oo v([p, +oo)VIES(E) dp < +o0,

by the integrability assumption on v and Lemma 2.1.
2. Assume that

+00
/ rdv(dr) = 400,
0

and let us prove that § = +o00 a.s.
Let M > 0 and consider the following point process:

(12) {(c,r):(c,r)e &, r > M|c| and c # 0}.

The cardinality of this point process is distributed according to a Poisson law with
parameter

+o0 +00 +0o d
A;d dc/O 1> myepv(dr) :/0 | B, y—1|v(dr) = |BM71|/0 rév(dr).

By our assumption on v, this equals infinity and, therefore, this point process is
almost surely nonempty. But if (c,r) is a point of this point process, then, by
considering the path (0, ¢), we get S > M a.s., which concludes the proof. [J
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2.2. Continuous greedy paths in dimension d = 1. To tackle the one dimen-
sional case, where E(S) = +o00, we will use the asymptotic behavior of S; stated
in the following easy result.

LEMMA 2.3. Ifd =1 and ["*° rv(dr) is finite, then

+00
Iim §; < Zf rv(dr) a.s.
0

[—+00

PrROOF. Let!/ > 0 and = = (xg, ..., x,) € I1;, where I1; is the set of paths
whose length is larger than / and that originate in 0. As xo = 0, all the x; belong to
[—]|m]|, | |]. We then have

A(m) < Z r(x).

xeBN[—|r|,|7(]

Therefore,
1
(13) lim $; <limsup — Z r(x).
xeBN[-1,1]
Recall the following:

e & is a Poisson point process with intensity v((0, +00)) times the Lebesgue mea-
sure. This implies that the number of points in E N [—/, /] is Poisson distributed
with mean 2/v((0, +00)).

e Given E, the sequence (r(x)),cz is an i.i.d. sequence of random variables dis-
tributed according to v((0, +00)) " .

Therefore, the right-hand side of (13) is a.s.
2v((0, +00)) f rv((0, +00)) " tv(dr).
(0,400)
This concludes the proof. [J

2.3. A link between Deijfen’s model and continuous greedy paths. Let us re-
call that the Poisson point process y, driving Deijfen’s model, has been introduced
in Section 1.1. In this subsection we fix a real « > 0. We consider the following
point process on R? x (0, +00):

& ={(c,r): Tt <ar:(c,t,r)e x}

In other words, &, is the projection on R¢ x (0, +00) of the intersection of x with
the Borel set

{(c,t,r) € R? x [0, +00) x (0, +00):t <ar}.
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Let us notice that &, is a Poisson point process on R x (0, +-00) whose intensity
is the product of the Lebesgue measure on R? by the finite measure vy on (0, +00)
defined by

Vo (dr) = aru(dr).

We consider the continuous greedy paths model driven by &,. Except for the
name of this point process, we keep the notation and objects defined in Sec-
tions 1.3 and 1.1.

The set &, corresponds to the “fast” balls, that is, the balls where the infection
progresses with a speed larger than 1/«. The next lemma gives the link between
the travel time in Deijfen’s model and the functional S in the continuous greedy
paths model driven by &,: roughly speaking, outside the balls in &,, the travel
time between two points is at least « times the Euclidean distance between the two
points, and the existence of “fast” balls gives a correction term controlled by S(&,).

LEMMA 2.4. Forall x e R\ B, for all o« > 0, one has
T(B,x)
[lx1l

> a<1 — Sjx) (§a) — L)

llxl

PROOF. Letx € R? \ B.Letw = (xq, ..., Xx;) be apath from B to x. (In other
words, xo belongs to B and x,, equals x.) Therefore, in order to prove the lemma,
it is sufficient to check the following inequality:

T(Or) 1
o 1= S Ea) = — |-
[lx]] flx ]l
We assume that for every i € {1, ..., n}, x; # 0 [otherwise, if x; = 0, one uses the
inequality 7' () > T (x;, ..., x,) and works with the path (x;, ..., x,)].

We extend 7 in a path 7 starting from O by adding, if necessary, a first point
x_1 =0to m. As x, = x, the length of the path 7 is at least ||x||. To establish the
lemma, it is therefore sufficient to prove that
T AT 1

(n)>(x<l— () )

llxll ™

17l x|
Leti €{0,...,n — 1}. Let us show the following inequality:
(14) T(xi, Xip1) Z ellxi — Xig1 | — or (x;).

Remember that if there exists r; (a.s. unique) such that (x;,r;) € &, then
r(x;) =ri, and r(x;) = 0 in any other case. Two cases arise:

(1) If v(x;, x;41) is infinite, (14) is obvious.
(2) Otherwise, there exist r;, t; such that (x;, #;, r;) belongs to x and |x; —
Xi4+1|l <ri, which implies 7 (x;, xj+1) =#;.
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o If#; > ar;, then (x;,r;) ¢ &y, and r(x;) = 0: thus, (14) holds.
e Ift; <ar;, then (x;,r;) € & and, thus, r(x;) = r;, which gives (14).

As ar(x,) is nonnegative, summing (14) for i € {0,...,n — 1} implies that
T(w) > a(|mr|— A()). Remember that a.s., 0 ¢ E, and, thus, that 7(0) =0 a.s. As

lxo —x—1ll = r(x—1) = llxoll = r(0) <1,

we obtain [whether 7 = (x_y, ..., x,) or T = (xg, ..., X,)] that T () > a(|7| —
A(F) — 1). From |7 | > ||x, — 0] = ||x||, we then deduce

T T AT 1 AT 1
a9 T2 iDea(1-22 - D) sa(1- 02 - ).

[l |l 17| 17| 17| |77 [l

The lemma follows. [

2.4. Deijfen’s model: Proof of Theorem 1.1. Let us recall the following result
from Deijfen [3].

THEOREM 2.5. There exists a constant A > O such that the following conver-
gence holds almost surely and in L'

T(B,x)

im
lxll=+00  |lx]|

If & > 0, then, almost surely, for all ¢ > 0 and for all large enough positive real t,
one has

Bi-1(1—e)r €St C By=1(146):-

If A =0, then, almost surely, for all M > 0 and for all large enough positive real t,
one has

By C Sy

Actually, Theorem 2.5 is not explicitly stated in [3]. Nevertheless, it can be
easily proven using ideas and results of Deijfen’s paper. A complete proof can be
found in the first version of our paper on the Mathematics ArXiv.

The following lemma will enable us to prove the first part of Theorem 1.1. We
have stated it in such a way that its proof does not rely on Theorem 2.5.

LEMMA 2.6.

+00 / ptoo 1/d ET (B, x)
If/ </ ru(dr)) dx <400 then liminf ——= >0
0 X

[|x || =400 ||x||
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PROOF. Recall that measures vy, a > 0, are defined in Section 2.3 and that
(16) Vo (dr) = avi(dr) = aru(dr).

By assumption, the following condition holds:

+00
/ v1([x, —i—oo))l/d dx < +o0.
0

Let us first consider the case d > 2. By Theorem 1.2, we then get that ES (&) is
finite. Using (16), Lemma 2.2 ensures that ES(&,) = a'/?ES(&1). As Sy (€x) <
S(&y), Lemma 2.4 implies then that, for all real « > 0,

ET (B, x) -

17) liminf
[|x || =400 ||x||

a(l —ES(&)) =a(l —aIES(E)).

But this quantity is positive as soon as « is small enough.
Let us assume now that d = 1. The assumption of the lemma guarantees that
f0+°° r2u(dr) < 4+oc. By Lemma 2.4, we get

... T(B,x) .
lim inf Za(l — lim Sl(‘;‘a)).
lxll—+oco  [lx]] I—+00

By Lemma 2.3, we then get, almost surely,

minf LB2%) Za(l —2/+Oorva(dr)> :a(l —2a/+oor2,u,(dr)>.
0 0

1
lxll=+00  [lx]|

By the Fatou lemma, we get
ET (B +00
g LGB0 za(l —Za/ rz,u(dr)).
lxll—+oo x| 0

But this quantity is positive as soon as « is small enough. This ends the proof of
the lemma. [

REMARK. By optimizing in « in equation (17), we get, for d > 2, the follow-
ing lower bound for the inverse of the speed:

d?¢ 1 \¢
= <d+1>d+1(ES(sl)) :

Using the bound in (11), we obtain that, if E is a Poisson point process on
R? x (0, +00) whose intensity is the product of the Lebesgue measure on R? by
81, then

ES()) <ESE) /O o ( /p +ooru(dr)>1/d dp.
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Finally, there exists a positive constant C,4 that only depends on the dimension d

such that
+o00 s ptoo 1/d —d
r>Cy (f (/ ru(dr)) d,o) .
0 P

The result is still true for d = 1.
The following lemma will enable us to prove the second part of Theorem 1.1.
LEMMA 2.7.

T (B,
(B, x) =0 a.s.andin L'.

400
If / rd* 1 u(dr) = +o0, then lim
0 x—>400 ||x ||

PROOF. By Theorem 2.5, one can fix areal 8 > 0 such that, almost surely, for
all x such that ||x|| is large enough, the following inequality holds:

(18) T(B,x) =< Bllx|.

Let M > 0 and write A = {(c, t, r) € R? x [0, +00) x (0, +00) :¢ < ||lc|| <rM~1}.
The cardinality of x N A is distributed according to a Poisson law with parameter

fodef ] m@eimes
00 400

- w(dr) / delel
(0,400) B,

= [ @™ [ defel = 4o,
(0,400) By
because of the assumption made about . Therefore, the cardinality of x N A is al-
most surely infinite. Let s be a positive real and write Ay = {(c,f,7) € A:||c|| <s}.
The cardinality of x N Ay is distributed according to a Poisson law with parameter

/Rd dc/[0+ )dl‘ /;0+ )V(d")l(c,t,r)eAs < |BS|S < 4o00.
400 400

The cardinality of y N Ay is therefore almost surely finite. The two preceding
observations imply that, almost surely, there exists a sequence (cy, t;, n), With
values in x N A such that ||c, || goes to infinity.

As Mc, belongs to ¢, + B, we have t(c,, Mc,) = t,, which leads, using (18)
and the definition of A, to

T(B,Mcyp) <T(B,cp) +tn < Bllcall + llcall = (1 + Bllcall,
(for large enough n) and thus,

I8, M 1 o T(B, 1
( ) = +'B, which implies liminf (B, x) < i i
Milcall M Ixli—oo  [lx]l M
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Theorem 2.5 enables us then to conclude the proof. [J

PROOF OF THEOREM 1.1. Just apply Theorem 2.5, Lemma 2.6 and Lem-
ma2.7. U
APPENDIX: COMPUTATION OF THE SPEED IN DIMENSION d =1

We assume that d = 1 and that f0+°° rzu(dr) is finite. Our aim in this section is
to sketch a proof of the following result: almost surely, for all ¢ > 0 and for all ¢
large enough, we have

[—v(d =), vl —e)t] C S C[—v(l +e)t,v(l +e)t],

where

1 [+ E(R?
UZE/O rzu(dr): (2 ).

We come back to the initial description of the process by Deijfen in [3]. We
keep the same point process yx, but a point (c, ¢, r) € x has now the following in-
terpretation: the ball centered at ¢ with radius r becomes infected at time ¢ if its
center has been infected before time ¢. The equivalence of the two descriptions
follows from the properties of the exponential law. In order to simplify the nota-
tion, instead of setting So = [—1, 1], we set Sop = [—2, 0]. We denote by (S;); the
continuous first-passage percolation process starting from So and driven by y. We
denote by p; the rightmost point in S;. By symmetry arguments, it is sufficient to
prove that p,#~! converges almost surely to v.

o In this step, we show

limsup,o,t_1 <v a.s.
t——+00

In order to prove this result, we introduce a process (S;), that stochastically dom-
inates (S;);. It has the same evolution by outbursts as (S;),—in particular, it uses
the same Poisson point process y—but it starts from S = (—o0, 0]. Denote by 7,
the rightmost point in S;. It suffices to show that 7,7 ~! converges almost surely
to v.

Denote by x T = {(c,t,7) € x: ¢ <0, r 4+ ¢ > 0} the set of efficient balls. It is
a Poisson point process with intensity measure

lec(—r01dedt pu(dr).

Its projection on the ¢ coordinate is a homogeneous Poisson point process on R™
with finite intensity

400 0 +o00
/ u(dr) a’c:/ ru(dr) =ER.
0 —r 0
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Consider the first efficient outburst time 77 (i.e., the leftmost point of the previous
point process). The random variable 77 follows the exponential law with mean
(ER)*I. Let (C1, Ry) be such that (Cy, T1, Ry) € x . Itis a random variable with
law

(ER) ™' Lee(—ro1de n(dr).
We have p7, = C| + R;. We can then compute the mean increase at time 77:

E(R?)
2ER

| +00 0
E(pr,) = (ER)™ /0 uidr) [ de(e+r)=

Set Tp = 0 and denote by (7;);>; the sequence of efficient outburst times. For
example, 7 is the ¢ coordinate of the point of {(c,7,r) € x:c <pr, r +c>
Pr,» t = T1} whose  coordinate is minimal. The increments (o7, — ﬁTH)i>1 and
(T; — Ti—1);> are independent sequences of i.i.d. random variables. Thus, B

P, _ E(R?) Tk 1

—£ S E =— and — — E()=—

. Pr,) ER f (1) ER

almost surely when k goes to infinity. As (7;);>; goes almost surely to infinity, we
can find for any # > 0 a random k such that Ty <t < Ti. For such a k, we have

This ends this step.
e In this step we show

.. -1

ltgniggptt >0 a.s.
We introduce a process (S, ), that is stochastically dominated by (S;),. It also starts
from [—2, 0], uses the same outburst process x, but increases only by the right-
hand side (the contribution of added balls on the left-hand side are erased). Denote
by p, its rightmost point at time 7. It suffices to prove

liminfp = > v a.s.
t——+o00 —t

Set Tp = 0. We define (Cy, T1, R1) as in the previous step. The first efficient
outburst for (§,), occurs at time 77 or later. We have

Py, = (C1 4+ Ri)1c;>—2.

Let T> be the ¢-coordinate of the point of {(c,t,7) € x:c < Prs T +c > Py
t > T1} whose t coordinate is minimal. Let C» and R, be such that (Cy, 7>, R»)
belongs to x. We define in the same way (C;, T;, R;) for all i > 3.
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Notice that (C; — Pr._ T, —Ti—1, Ri) | is a sequence of i.i.d. random vari-
—Li— 1>

ables with the same law as (Cy, T1, R1). Moreover, for all i > 1, we have

Py, =Py, =(Ci—pp  + R)lcz—2.

We write this as follows:

by, =g, = (Ci = by FR)C—p, 22

Ti1

In particular, we have

BTi o BTifl = (Ci— BT[—] + Ri)lCi_BT» >-2

i-17

from which we can conclude that p. converges to +-00. Therefore, for all s > 0,

almost surely and for large enough i, we have

Pr.—Pr  2(Ci—pp + Ri)IC,-—ETiilz—s-

4

Consequently, for all s > 0 and almost surely, we have

—4i

Yi1(C — P, T R)IC;—p, =
liminf == > liminf - e
i—400 1 1

=E((C1 + R)1¢c >—s)-

We let s go to infinity and end the proof as in the first step.

e The result follows from the previous two steps. Let us notice that the proof

of the previous step also allows us to prove again that the speed is infinite when
E(R?) is infinite.

(1]

(2]

(3]

(4]

(5]

(6]

(7]
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