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Fluid limit techniques have become a central tool to analyze queueing
networks over the last decade, with applications to performance analysis, sim-
ulation and optimization.

In this paper, some of these techniques are extended to a general class
of skip-free Markov chains. As in the case of queueing models, a fluid ap-
proximation is obtained by scaling time, space and the initial condition by a
large constant. The resulting fluid limit is the solution of an ordinary differ-
ential equation (ODE) in “most” of the state space. Stability and finer ergodic
properties for the stochastic model then follow from stability of the set of
fluid limits. Moreover, similarly to the queueing context where fluid mod-
els are routinely used to design control policies, the structure of the limiting
ODE in this general setting provides an understanding of the dynamics of the
Markov chain. These results are illustrated through application to Markov
chain Monte Carlo methods.

The use of ordinary differential equations (ODE) to analyze Markov chains was
first suggested by Kurtz (1970). This idea was later refined by Newell (1982),
who introduced the so-called fluid approximations with applications to queue-
ing networks. Since the 1990s, fluid models have been used to address delay in
complex networks [Cruz (1991)] and bottleneck analysis [Chen and Mandelbaum
(1991)]. The latter work followed an already extensive research program on dif-
fusion approximations for networks [see Harrison (2000), Whitt (2002), Chen and
Yao (2001) and the references therein].

The purpose of this paper is to extend fluid limit techniques to a general class
of discrete-time Markov chains {®;} on a d-dimensional Euclidean state space X.
Recall that a Markov chain is called skip-free if the increments (®y1 — D) are
uniformly bounded in norm by a deterministic constant for each k and each initial
condition. For example, Markov chain models of queueing systems are typically
skip-free. Here, we consider a relaxation of this assumption in which the incre-
ments are assumed to be bounded in an L”-sense. Consequently, we find that the
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chain can be represented by the additive noise model
6] Ppt1 = Pr + A(Pr) + €41,

where {e;} is a martingale increment sequence w.r.t. the natural filtration of the
process {®x} and A: X — X is bounded. Associated with this chain, we consider
the sequence of continuous-time processes

def _ —
) S Oy, 0 =rT 0 =1,

(@)

r>0,a>0,xeX,

obtained by interpolating and scaling the Markov chain in space and time. A fluid
limit is obtained as a subsequential weak limit of a sequence {1} (-; x,)}, where
{rn} and {x,} are two sequences such that lim,_, o 7, = 00 and lim,_, » X, = x.
The set of all such limits is called the fluid limit model. In queueing network appli-
cations, a fluid limit is easy to interpret in terms of mean flows; in most situations,
it is a solution of a deterministic set of equations depending on network charac-
teristics as well as the control policy [see, e.g., Chen and Mandelbaum (1991),
Dai (1995), Dai and Meyn (1995), Chen and Yao (2001), Meyn (2007)]. The exis-
tence of limits and the continuity of the fluid limit model may be established under
general conditions on the increments (see Theorem 1.2).

The fact that stability of the fluid limit model implies stability of the stochastic
network was established in a limited setting in MalySev and Menc’Sikov (1979).
This was extended to a very broad class of multiclass networks by Dai (1995).
A key step in the proof of these results is a multi-step state-dependent version
of Foster’s criterion introduced in MalySev and Menc’Sikov (1979) for countable
state space models, later extended to general state space models in Meyn and
Tweedie (1993, 1994). The main result of Dai (1995) only established positive re-
currence. Moments and rates of convergence to stationarity of the Markovian net-
work model were obtained in Dai and Meyn (1995), based on an extension of Meyn
and Tweedie (1994) using the subgeometric f-ergodic theorem in Tuominen and
Tweedie (1994) [recently extended and simplified in work of Douc et al. (2004)].
Converse theorems have appeared in Dai and Weiss (1996), Dai (1996), Meyn
(1995) that show that, under rather strong conditions, instability of the fluid model
implies transience of the stochastic network. The counterexamples in Gamarnik
and Hasenbein (2005), Dai et al. (2004) show that some additional conditions are
necessary to obtain a converse.

Under general conditions, including the generalized skip-free assumption, a
fluid limit n is a weak solution (in a sense given below) to the homogeneous ODE

3) o=nh(w).

The vector field % is defined as a radial limit of the function A appearing in (1)
under appropriate renormalization.
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Provided that the increments {e;} in the decomposition (1) are tight in L”, sta-
bility of the fluid limit model implies finite moments in steady state, as well as
polynomial rates of convergence to stationarity; see Theorem 1.4.

One advantage of the ODE approach over the usual Foster—Lyapunov approach
to stability is that the ODE model provides insight into Markov chain dynamics.
In the queueing context, the ODE model has many other applications, such as
simulation variance reduction [Henderson et al. (2003)] and optimization [Chen
and Meyn (1999)].

The remainder of the paper is organized as follows. Section 1.1 contains nota-
tion and assumptions, along with a construction of the fluid limit model. The main
result is contained in Section 1.2, where it is shown that stability of the fluid limit
model implies the existence of polynomial moments as well as polynomial rates
of convergence to stationarity [known as ( f, r)-ergodicity].

Fluid limits are characterized in Section 1.3. Proposition 1.5 provides conditions
that guarantee that a fluid limit coincides with the weak solutions of the ODE (3).

These results are applied to establish (f,r)-ergodicity of the random walk
Metropolis—Hastings algorithm for superexponential densities in Section 2.1 and
subexponential densities in Section 2.2. In Examples 2 and 4, the fluid limit model
is stable and any fluid limit is a weak solution of the ODE (3), yet some fluid limits
are nondeterministic.

The conclusions contain proposed extensions, including diffusion limits of the
form obtained in Harrison (2000), Whitt (2002), Chen and Yao (2001) and appli-
cation of ODE methods for variance reduction in simulation and MCMC.

1. Assumptions and statement of the results.

1.1. Fluid limit: definitions. We consider a Markov chain & def {Pi}k>0 on
a d-dimensional Euclidean space X equipped with its Borel sigma-field X. We
denote by {Fi}r>0 the natural filtration. The distribution of ® is specified by its
initial state &g = x € X and its transition kernel P. We write P, for the distribution
of the chain conditional on the initial state &y = x and E, for the corresponding
expectation.

Denote by C(R™, X) the space of continuous X-valued functions on the infinite
time interval [0, 00). We equip C(R™, X) with the local uniform topology. Denote
by D(R™, X) the space of X-valued right-continuous functions with left limits on
the infinite time interval [0, 00), hereafter cadlag functions. This space is endowed
with the Skorokhod topology. For 0 < T < +o0, denote by C([0, T'], X) (resp.
D([0, T], X)) the space of X-valued continuous functions (resp. cadlag functions)
defined on [0, T'], equipped with the uniform (resp. Skorokhod) topology.

For x € X, « > 0 and r > 0, consider the interpolated process

4) )L P g, 120 =1 g =1,
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where |-| stands for the lower integer part. Denote by Q‘r"; . the image probability
on D(R™, X) of P, by n%(:; x). In words, the renormalized process is obtained by
scaling the Markov chain in space, time and initial condition. This is made precise
in the following definition.

DEFINITION 1.1 («a-fluid limit). Let o > 0 and x € X. A probability measure
Q% on D(R™, X) is said to be an a-fluid limit if there exist sequences of scaling
factors {r,} C R4 and initial states {x,} C X satisfying lim,_, 1, = +00 and
lim,, s o0 X, = x such that {Qﬁ‘n;xn} converges weakly to Q% on D(R*, X) (denoted

Q;xn;xn = Qg)

The set {Q%, x € X} of all such limits is referred to as the «-fluid limit model. An
a-fluid limit Q¢ is said to be deterministic if there exists a function g € D(R™, X)
such that Q¢ = §,, the Dirac mass at g.

Assume that E,[|®{|] < oo for all x € X, where | - | denotes the Euclidean norm,
and consider the decomposition

(5 D = Pp—1 + A(Pp—1) + &, k>1,
where

6) A) ¥ E (@) — gl =Ex[®1]—x  forall x € X,
) e & ) — B[Ok Firi] forall k > 1.

In the sequel, we assume the following.

B1. There exists p > 1 such that limg _, oo sup, cx Ex[l€1|71{|e1| > K}] =0.

B2. There exists B € [0, 1 A (p — 1)) such that N(8, A) & sup, oy {(1 + |x|f) x
IA(x)]} < 00.

THEOREM 1.2. Assume B1 and B2. Then, for all 0 < o < B and any se-
quences {r,} C Ry and {x,} C X such that lim,_, oo r, = 400 and lim, 5o X, =
x, there exists a probability measure Q% on C(R4, X) and subsequences {ry, j} c
{rn} and {xy;} € {xn} such that Qﬁ‘nj; = Q%. Furthermore, for all 0 < o < B,

the o-fluid limits are trivial in the sense that QY = 8, with g(t) = x.

Xn

Note that for any x € X and 0 <« < 8, we have Q% (1, n(0) = x) = 1, showing
that x is the initial point of the fluid limit.

1.2. Stability of fluid limits and Markov chain stability. There are several no-
tions of stability that have appeared in the literature [see Meyn (2001), Theorem 3]
and the surrounding discussion. We adopt the notion of stability introduced in
Stolyar (1995).
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DEFINITION 1.3 (Stability). The «-fluid limit model is said to be stable if
there exist 7 > 0 and p < 1 such that for any x € X with |x| =1,

®) Q(neD®s 0. int )l <p) =1

Let f:X—[1, 00) and Lgo denote the vector space of all measurable functions

g on X such that sup, .y |g(x)|/f (x) is finite. Lg;D equipped with the norm |g| ¢ def

sup,cx 1g(x)|/f (x) is a Banach space.

Denote by || - || r the f-total variation norm, defined for any finite signed mea-
sure v as ||| f = SUP|g|<f [v(g)l.

We recall some basic definitions related to Markov chains on general state
space; see Meyn and Tweedie (1993) for an in-depth presentation. A chain
is said to be phi-irreducible if there exists a o-finite measure ¢ such that
> a0 P"(x, A) > 0 for all x € X whenever ¢(A) > 0. A set C € X is vy,-small
if there exist a nontrivial measure v,, and a positive integer m such that such that
P"(x,-) = 1c(x)vy(-). Petite sets are a generalization of small sets: a set C is said
to be petite if there exists a distribution a on the positive integers and a distribution
v such that ), ga(n)P"(x,-) > 1c(x)v(-). Finally, an aperiodic chain is a chain
such that the greatest common divisor of the set

{m, Cis v,-small and v,, = §,,v for some §,, > 0},

is one, for some small set C. For a phi-irreducible aperiodic chain, the petite sets
are small [Meyn and Tweedie (1993), Proposition 5.5.7].

Let {r(n)},en be a sequence of positive real numbers. An aperiodic phi-
irreducible positive Harris chain with stationary distribution 7 is called
(f, r)-ergodic if

lim r(n)||P"(x,)— x| f=0
n—oo

for all x € X. If P is positive Harris recurrent with invariant probability 7, then the

fundamental kernel Z is defined as Z & (Id — P 4+ I1)~!, where the kernel IT is

[T(x,-) =m(:) for all x € X and Id is the identity kernel. For any measurable func-
tion g on X, the function ¢ = Zg is a solution to the Poisson equation, whenever
the inverse is well defined [see Meyn and Tweedie (1993)].

The following theorem may be seen as an extension of [Dai and Meyn (1995),
Theorem 5.5], which relates the stability of the fluid limit to the (f, r)-ergodicity
of the original chain.

THEOREM 1.4. Let {®y}ren be a phi-irreducible and aperiodic Markov chain
such that compact sets are petite. Assume B1 and B2 and that the B-fluid limit
model is stable. Then, forany 1 <q < (14 8)"'p,
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() the Markov chain {®i}ren is (f9,rD)-ergodic with @ (x) &y +
|x|p_q(1+/3) and r(q)(n) — nq_l;

@
(i) the fundamental kernel Z is a bounded linear transformation from Lgoq to
fla=b
Ly .

1.3. Characterization of the fluid limits. Theorem 1.4 relates the ergodicity of
the Markov chain to the stability of the fluid limit and raises the question: how
can we determine if the B-fluid model is stable? To answer this question, we first
characterize the set of fluid limits.

In addition to assumptions B1-B2, we require conditions on the limiting behav-
ior of the function A.

B3. There exist an open cone O € X\ {0} and a continuous function A, : O — X
such that, for any compact subset H C O,
lim sup|rPlx|P A(rx) — A (x)| =0,
xeH

r——+00
where f is given by B2.

The easy situation is when O =X\ {0}, in which case the radial limit

lim,— o0 7P |x|P A(rx) exists for x # 0. Though this condition is met in examples
of interest, there are several situations for which the radial limits do not exist for
directions belonging to some low-dimensional manifolds of the unit sphere. Let &
be given by
©) h(x) € (x| 7P Ao (3).
A function p: I — X (where I C R is an interval which can be open or closed,
bounded or unbounded) is said to be a solution of the ODE (3) on I with initial
condition x if w is continuously differentiable on / forall t € I, u(¢) € O, u(0) =
x and fi(t) = h o u(t). The following theorem shows that the fluid limits restricted
to O evolve deterministically and, more precisely, that their supports on O belong
to the flow of the ODE.

PROPOSITION 1.5. Assume B1, B2 and B3. For any 0 < s <t, define
(10) AGs, 1) & [y € CRT,X) :n(u) € O for all u € [s, 1]}
Then, for any x € X and any B-fluid limit Qﬁ?, on A(s, t),

n(u)—n(s)—/ hon()dv| =0, Qb-a.s.

sup
s<u<t

Under very weak additional conditions, one may assume that the solutions of
the ODE (3) with initial condition x € O exist and are unique on a nonvanishing
interval [0, 7,]. In such a case, Proposition 1.5 provides a handy description of the
fluid limit.
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B4. Assume that for all x € O, there exists T, > 0 such that the ODE (3) with
initial condition x has a unique solution, denoted . (-; x) on an interval [0, 7 ].

Assumption B4 is satisfied if A is locally Lipschitz on O; in such a case, /& is
locally Lipschitz on O and it then follows from classical results on the existence
of solutions of the ODE [see, e.g., Verhulst (1996)] that for any x € O, there exists
T, > 0 such that, on the interval [0, 7y], the ODE (3) has a unique solution p
with initial condition «(0) = x. In addition, if the ODE (3) has two solutions,
w1 and wo, on an interval I which satisfy wi(t9) = ua(tp) = xo for some 79 € I,
then w1(¢) = po(t) forany ¢ € 1.

An elementary application of Proposition 1.5 shows that under this additional
assumption, a fluid limit starting at xo € O coincides with the solution of the ODE
(3) with initial condition x¢ on a nonvanishing interval.

THEOREM 1.6. Assume B1-B4. Let x € O. There then exists Ty > 0 such that
QF = 8u(:x) on D0, T¢]. X).

As a corollary of Theorem 1.6, we have the following.

COROLLARY 1.7. Assume that O = X\ {0} in B3. Then all B-fluid limits are
deterministic and solve the ODE (3). Furthermore, for any € > 0 and x € X,
and any sequences {r,} C Ry and {x,} C X such that lim,_,  r, = +00 and
lim, 00 Xp = x,

1i,gnIP>rnx,,( sup |n;’;<t;xn>—u<z;x)|ze)=o.

0=<t<Tx

Hence, the fluid limit depends only on the initial value x and does not depend
upon the choice of the sequences {r,} and {x,}.

The last step is to relate the stability of the fluid limit [see (8)] to the behav-
ior of the solutions of the ODE, when such solutions are well defined. From the
discussion above, we may deduce a first elementary stability condition. Assume
that B3 holds with O = X\ {0}. In this case, the fluid limit model is stable if there
exist p < 1 and T < oo such that, for any |x| =1, infjo, 77 |t (-; x)| < p, that is, the
solutions of the ODE enter a sphere of radius p < 1 before a given time 7.

THEOREM 1.8. Let { Dy }ren be a phi-irreducible and aperiodic Markov chain
such that compact sets are petite. Let p,0 < p < 1 and T > 0. Assume that B1-B4
hold with O = X\ {0}. Assume, in addition, that for any x satisfying |x| = 1, the
solution w(-; x) is such that infjo 7 a7, 1 |0 (-; X)| < p. Then, the B-fluid limit model
is stable and the conclusions of Theorem 1.4 hold.

When B3 holds for a strict subset of the state space O C X\ {0}, the situation is
more difficult because some fluid limits are not solutions of the ODE. Regardless,
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under general assumptions, stability of the ODE implies stability of the fluid limit
model.

THEOREM 1.9. Let {®y}rew be a phi-irreducible and aperiodic Markov chain
such that compact sets are petite. Assume that B1-B4 hold with O C X\ {0}. As-
sume, in addition, that:

(i) there exists To > O such that for any x, |x| = 1, and for any B-fluid
limit QF,
(11) Q}(n:n(0. TIh NO#2) =1;

(i1) for any K > 0, there exist Ty > 0 and 0 < px < 1 such that for any x € O,
x| < K,

12 inf : < pK;
(12) [o,Tl,?ATx]W( x)| < pk

(ii1) for any compact set H C O and any K,

Q& (u(t; %) x € H, 1 €[0, T A Tx ]}
is a compact subset of O.

Then, the B-fluid model is stable and the conclusions of Theorem 1.4 hold.

Condition (i) implies that each B-fluid limit reaches the set O in a finite time.
When the initial condition x # 0 does belongs to O, this condition is automatically
fulfilled. When x does not belong to O, this condition typically requires that there
is a force driving the chain into O. The verification of this property generally re-
quires some problem-dependent and sometimes intricate constructions (see, e.g.,
Example 2). Condition (ii) implies that the solution w(-; x) of the ODE with initial
point x € O reaches a ball inside the unit sphere before approaching the singularity.
This also means that the singular set is repulsive for the solution of the ODE.

2. The ODE method for the Metropolis—Hastings algorithm. The Metro-
polis—Hastings (MH) algorithm [see Robert and Casella (2004) and the references
therein] is a popular computational method for generating samples from virtually
any distribution . In particular, there is no need for the normalizing constant to
be known and the space X = R¢ (for some integer d) on which it is defined can
be high-dimensional. The method consists of simulating an ergodic Markov chain
{®x }k>0 on X with transition probability P such that 7 is the stationary distribution
for this chain, thatis, 7 P = .

The MH algorithm requires the choice of a proposal kernel q. In order to sim-
plify the discussion, we will here assume that 7 and g admit densities with re-
spect to the Lebesgue measure A°®, denoted (with an abuse of notation) 7 and
g hereafter. We denote by Q the probability defined by Q(A) = [, q(y))\Leb (dy).
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The role of the kernel g consists of proposing potential transitions for the Markov

chain {®;}. Given that the chain is currently at x, a candidate y is accepted with
probability a(x, y), defined as a(x,y) =1 A ch g ng )y‘g Otherwise it is rejected
and the Markov chain stays at its current location x. The transition kernel P of this

Markov chain takes the form, for x € X and A € B(X),

P(x,A)://F a(x, x + 3)q (x, x + y)AP(dy)

(13
FLa00 [ (1= alex+lgGx + 9 dy),

where A — x & {y € X, x + y € A}. The Markov chain P is reversible with re-
spect to m and therefore admits 7 as invariant distribution. For the purpose of
illustration, we focus on the symmetric increments random walk MH algorithm
(hereafter SRWM), in which g(x, y) = g(y — x) for some symmetric distribu-
tion ¢ on X. Under these assumptions, the acceptance probability simplifies to
a(x,y)=1A[m(y)/m(x)]. For any measurable function W : X — X,

AW (@) — W(x) = /A AW +) - W (x)lg (AP dy)

T(x+y)
m(x)

where A, def {y e X,m(x +y) > m(x)} is the acceptance region (moves toward

+ / W +y) — Wy 2 (p)alebay),

x 4+ A, are accepted with probability one) and R, Y \ A, is the potential rejection
region. From Roberts and Tweedie (1996), Theorem 2.2, we obtain the following
basic result.

THEOREM 2.1. Suppose that the target density m is positive and continuous
and that q is bounded away from zero, that is, there exist 5; > 0 and €5 > 0 such
that q(x) > €4 for |x| < 8. Then, the random-walk-based Metropolis algorithm

on {X, X} is AXP-irreducible, aperiodic and every nonempty bounded set is small.

In the sequel, we assume that g has a moment of order p > 1. To apply the
results presented in Section 1, we must first compute A(x) = E,[D] — x, that
is, to set W(x) = x in the previous formula. Since g is symmetric and therefore
zero-mean, the previous reduces to

T(x+y)
(14) aw = [ (T = 1 )aonteay).
Ry 7 (x)
Note that, for any x € X, |€]]| < |®| — ®g| + mPy-a.s., where m = [ |y|q(y) X
ALeb(dy). Therefore, for any K > 0,

ErlleilP1{ler] = K} < 2PEx[(|1®1 — ol” + mP)1{| 1 — Do| = K —m}]

<or / IPL{Iy] = K — m)g(»)A0(dy),
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showing that assumption B1 is satisfied as soon as the increment distribution has a
bounded pth moment. Because, on the set Ry, 7 (x 4+ y) < w(x), we similarly have
[AX)| < [ |y|q(y)ALeb(dy) showing, that B2 is satisfied with 8 = 0; nevertheless,
in some examples, for 8 =0, A, can be zero and the fluid limit model is unstable.
In these cases, it is necessary to use larger 8 (see Section 2.2).

2.1. Superexponential target densities. In this section, we focus on target den-

... . . def
sities r on X which are superexponential. Define n(x) = x /1x].

DEFINITION 2.2 (Superexponential p.d.f.). A probability density function
is said to be superexponential if  is positive, has continuous first derivatives and

lim o o0 (11 (x), £(x)) = —00, where £(x) & Vlog 7 (x).

The condition implies that for any H > 0, there exists R > 0 such that

(15) T an()) _ oo(—aH)  for|x| > R.a >0,

m(x)
that is, 7 (x) is at least exponentially decaying along any ray with the rate H tend-
ing to infinity as |x| goes to infinity. It also implies that for x large enough, the

contour manifold C, def {y € X, m(x +y) = w(x)} can be parameterized by the unit
sphere S since each ray meets C, at exactly one point. In addition, for sufficiently
large | x|, the acceptance region A, is the set enclosed by the contour manifold C,
(see Figure 1). Denote by A © B the symmetric difference of the sets A and B.

DEFINITION 2.3 (g-radial limit). We say that the family of rejection regions
{R;x,r > 0,x € O} has g-radial limits over the open cone O C X \ {0} if there
exists a collection of sets { R x, X € O} such that, for any compact subset H C O,
lim, oo SUP, ey Q(Rrx © Roo,x) =0.

n(z)
— |
TR 2+ {y, (v, a)) < 0}
z+ C, T
z+ Agp

£(x) 5 V log 7 (x)

FIG. 1.
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PROPOSITION 2.4. Assume that the target density 1 is super-exponential. As-
sume, in addition, that the family {R,,,r > 0, x € O} has a g-radial limit over an
open cone O C X\ {0}. Then, for any compact set H C O, lim, _ oo SUP, cyy |A(rx) —

Aoo(0)] = 0, where Aoo(0) E = [ yg(»A1(dy).

The proof is postponed to Section 5.1. The definition of the limiting field A
becomes simple when the rejection region radially converges to a half-space.

DEFINITION 2.5 (q-regularity in the tails). We say that the target density
7 is g-regular in the tails over O if the family {R,,,r > 0,x € O} has g-radial
limits over an open cone O C X \ {0} and there exists a continuous function
loo : X\ {0} — X such that, for all x € O,

(16) Q(Roc,x ©{y €X, (. log(x)) < 0}) =0.

Regularity in the tails holds with €+, (x) = lim,_, oo n(£(rx)) when the curvature at
0 of the contour manifold C,, goes to zero as r — 00; nevertheless, this condition
may still hold in situations where there exists a sequence {x,} with lim |x,| = oo
such that the curvature of the contour manifolds C,, at zero can grow to infinity
(see Examples 1 and 2). Assume that

(17) q(x) =det/2(2)qo (2~ %),

where X is a positive definite matrix and qq is a rotationally invariant distribution,
that is, go(U x) = go(x) for any unitary matrix U, and is such that

/X y2go(AFP(dy) < oo.

PROPOSITION 2.6. Assume that the target density  is super-exponential and
g-regular in the tails over the open cone O C X\ {0}. Then, the SRWM algorithm
with proposal g given in (17) satisfies assumption B3 on O with

2loo(x)
Aco(x) =m1(q0) —=—"",
IV Eloo(x)]|

where £ is defined in (16) and m1(qo) def Ix y1ll{y120}qo(y))»Leb(dy) > 0, where
Yy=1s--sYd)-

(18)

The proof is given in Section 5.1. If ¥ =1d and £ (x) = lim, 5o n(£(rx)),
then the ODE may be seen as a version of steepest ascent algorithm to maximize
log 7. It may appear that convergence would be faster if m1(gp) is increased. While
it is true for the ODE, we cannot reach such a positive conclusion for the algorithm
itself because we do not control the fluctuation of the algorithm around its limit.
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2.1.1. Regular case. The tail regularity condition and the definition of the
ODE limit are more transparent in a class of models which are very natural in
many statistical contexts, namely, the exponential family. Following Roberts and
Tweedie (1996), define the class # as consisting of those everywhere positive den-
sities with continuous second derivatives 7 satisfying

(19) m(x) < g(x)exp{—p(x)},

where:

e g is a positive function slowly varying at infinity, that is, for any K > 0,
gx+y) 8x+y) _,

(20) limsup inf ——= =Ilimsup sup
lx|so0 V=K g(x) lx|>o0 [yl<k  8(X)

’

e p is a positive polynomial in X of even order m and lim|y|— o0 P (x) = +00,
where p,, denotes the polynomial consisting only of the p’s mth order terms.

PROPOSITION 2.7. Assume that m € P and let q be given by (17). Then,  is
super-exponential, q-regular in the tails over X\ {0} with £oo(x) = —n[V pp(n(x))].
For any x € X\ {0}, there exists Ty > 0 such that the ODE [1 = Ax (1) with
initial condition x and A given by (18) has a unique solution on [0, Ty)
and lim, ST w(t; x) = 0. In addition, the fluid limit QS is deterministic on
D([0, Ty ], X), with support function [i(-; x).

The proof is skipped for brevity [see Fort et al. (2006)]. Because all the solutions
of the initial value problem gt = —m1(qo)v'Zn[vEV pm ()], 1w(0) = x are
zero after a fixed amount of time 7" for any initial condition on the unit sphere,
we may apply Theorem 1.8. We have, from Theorem 2.1 and Theorem 1.8, the
following.
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FI1G. 2.  Contour curves of the target densities (21) (left panel) and (26) with § = 0.4 (right panel).
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FIG. 3. Grey lines: A; Black lines: Axo for the target densities (21) (left panel) and (26) with
8 = 0.4 (right panel).

THEOREM 2.8. Consider the SRWM Markov chain with target distribution
m € P and increment distribution q having a moment of order p > 1 and satis-
fying (17). Then, for any 1 <u < p, the SRWM Markov chain is (f,, r,)-ergodic
with

fu@)=1+x|P74, )~

12 1.2

0.8
0.6
0.4

0.2

-0.2 0 0.2 0.4 0.6 0.8 1 12 -0.2 0 0.2 0.4 0.6 0.8 1 12

FIG. 4. Dotted lines: trajectories of the interpolated process (2) for the random walk Metropo-
lis—Hastings (SRWM) algorithm for a set of initial conditions on the unit sphere in (0, 7w /2) for the
target densities (21) (left panel) and (26) (right panel); Solid lines: flow of the associated ODE.
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FI1G. 5. Contour plot of the target densities (22) (left panel) and (27) (right panel).

EXAMPLE 1. To illustrate our findings, consider the target density, borrowed
from Jarner and Hansen (2000), Example 5.3,

21 w(xy, x2) o< (1 —I—xl2 +x% + x?x%) exp(—(xf —i—x%)).

The contour curves are illustrated in Figure 2. They are almost circular except from
some small wedges by the x-axis. Due to the wedges, the curvature of the contour
manifold at (x,0) is (x® — 1) /x and therefore tends to infinity along the x-axis
[Jarner and Hansen (2000)]. Since m € &, Proposition 2.7 shows that 7 is super-
exponential, regular in the tails and £o(x) = —n(x). Taking ¢ ~ N (0, o2Id),
Aoo(x) = —on(x)/+/27 and the (Carathéodory) solution of the initial value
problem /i = Axo(i), n(0) = x is given by u(t; x) = (|x| — ot/+/21)1{ot <
V27| x|}x /| x). Along the sequence {xi def (k, :I:k_4)}k21, the normed gradi-
ent n[£(xg)] converges to (0, +1), showing that whereas £~ is the radial limit
of the normed gradient n[¢] (i.e., for any u € S, lim)_ oo n[€(Au)] = €oo (1)),
lim supy | o [n[€(x)] — £oo (x)| = 2. Therefore, the normed gradient n[£(x)] does
not have a limit as |x| — oo along the x-axis. Nevertheless, the fluid limit exists
and is extremely simple to determine. Hence, the ergodicity of the SRWM sampler
with target distribution (21) may be established [note that for this example, the
theory developed in Roberts and Tweedie (1996) and in Jarner and Hansen (2000)
does not apply]. The functions A and A, are displayed in Figure 3. The flow
of the initial value problem t = A, (u) for a set of initial conditions on the unit
sphere in (0, 7r/2) is displayed in Figure 4.

2.1.2. Irregular case. 'We give an example for which, in Proposition 2.4, O C
X\ {0}.

EXAMPLE 2. In this example [also borrowed from Jarner and Hansen (2000)],
we consider the mixture of two Gaussian distributions on R2. For some a2 > 1 and
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FIG. 6. Grey lines: A; Black lines: Axo for the target density (22) (left panel) and (27) (right
panel).

O<a<l,set
22)  w(x) xaexp(—(1/2)x'T7 x) + (1 — @) exp(—(1/2)x'T5 'x),

where ' 1 def diag(a?, 1) and ry et diag(1, a?). The contour curves for 7 with

a = 4 are illustrated in Figure 5. We see that the contour curves have some sharp
bends along the diagonals that do not disappear in the limit, even though the con-
tour curves of the two components of the mixtures are smooth ellipses. Equa-

121 121

08
06
0.4}

021

—02 . . L . . L ) —02 . L L " . . ,
-0.2 0 0.2 0.4 0.6 0.8 1 12 -0.2 0 0.2 0.4 0.6 0.8 1 12

FIG. 7. Dotted lines: interpolated process for a set of initial conditions on the unit sphere for the
target density (22) (left panel) and (27) (right panel); Solid lines: flow of the initial value problem
= h(w) with h(x) = |x|_/3 Ao (x); B =0and Axo are given by Lemma 2.9 (left panel) and B, Ao
are given by Lemma 2.16 (right panel).
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tion (51) of Jarner and Hansen (2000), indeed shows that the curvature of the con-
tour curve on the diagonal tends to infinity. As shown in the following lemma,
however, this target density is regular in the tails over O = X \ {x = (x1,x2) €
R?, |x1]| = |x2|} (and not over X \ {0}). More precisely, we have the following.

LEMMA 2.9. For any ¢ > 0, there exist M and K such that

(23) sup |A(X) — Ao(x)] <&,
[x|=K,[|x1]|=]x2||=M
def . def _ .
where Ao (x) = —[ 1 ()yg (WAL (dy) with R x = {y, (y, T3 'x) > 0} if

|x1] > |x2| and Reo x déf{y, (y, Fl_lx) > 0} otherwise.

The proof is postponed to Section 5.2. Since g satisfies (17), when ¥ = Id,
for any x € O, we have either Ay (x) = —cqn(Fz_lx) if [x1] > |x2] or Age(x) =
—cqn(Fl_lx) if |x1] < [x2|, where ¢, is a constant depending on the increment
distribution g. This is illustrated in Figure 6, which displays the functions A and
A and shows that these two functions are asymptotically close outside a band
along the main diagonal. The flows of the initial value problem ft = A (1) for a
set of initial conditions in (0, 7 /2) are displayed in Figure 7.

We now prove that Theorem 1.9 applies. Conditions B1-B2 hold, as discussed
above. Condition B3 results from Lemma 2.9. It remains to prove that B4 and
conditions (i)—(iii) are verified. The proof of condition (i) is certainly the most
difficult to check in this example.

0.8r 0.81
0.7} 0.7f
06 0.6
05f 05
0.4r 0.4 -
0.3} 0.3f
0.2} 0.2f

01 011

or or

-0.1 : : : : : : : : -0.1 : : : : : : : :

201 0 01 02 03 04 05 06 07 201 0 01 02 03 04 05 06 07
FI1G. 8. Dotted lines: trajectories of the interpolated process (2) for the SRWM with target density
(22) (left panel) and (27) (right panel) and initial condition (1/«/5, 1/«/5); Solid lines: flow of the
associated ODE.
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PROPOSITION 2.10. Consider the SRWM Markov chain with target distri-
bution given by (22). Assume that q is rotationally invariant and with compact
support. Then, B4 as well as conditions (1), (ii) and (iii) of Theorem 1.9 hold.

A detailed proof is provided in Section 5.2. Note that the fluid limit model
is not deterministic in this example: for x on the diagonal in X, the support of
the fluid limit Q¥ consists of two trajectories, each of which are solutions of the
ODE. This is illustrated in Figure 8. By Theorem 1.9 and the discussion above, we
may conclude that if the increment distribution ¢ is compactly supported, then the
SRWM Markov chain with target distribution 7t given by (22) is (f, rs)-ergodic
with f,(x) =14 |x|* and rs(t) ~ ¢* for any u > 0 and s > 0.

2.2. Subexponential density. In this section, we focus on target densities 7 on
X which are subexponential. We assume that g satisfies (17) and has moment of
order p > 2. This section is organized as above: we start with the regular case
(Example 3) and then consider the irregular case (Example 4).

DEFINITION 2.11 (Subexponential p.d.f.). A probability density function 7
is said to be subexponential if w is positive with continuous first derivatives,
(n(x),n(£(x))) < O for all sufficiently large x and limy| o [£(x)| = 0.

The condition implies that for any R < 00, lim|y|— o0 SUp|y|<g T(X +y) /7 (x) =
1, which implies that lim|y| o |A(x)| = 0. Subexponential target densities pro-
vide examples that require the use of positive § in the normalization to obtain a
nontrivial fluid limit model.

The condition (n(x),n(£(x))) < O for all sufficiently large |x| implies that for
€ small enough, the contour manifold C, can be parameterized by the unit sphere
(see the discussion above) and that for sufficiently large |x|, the acceptance region
A, is the set enclosed by the contour manifold C, (see Figure 1).

DEFINITION 2.12 [g-regularity in the tails (subexponential)]. We say that
is g-regular in the tails over an open cone O C X\ {0} if there exists a continuous
function £+, :O — X and B € (0, 1) such that, for any compact set H C O and any
K >0,

lim sup/
rA)OOXEH Rrxm{))vlyISK}

. x|ﬁ{M_

1} (o), y>‘q<y>xLeb<dy> —o,
m(rx)

lim supQ(R,x © {, (€so(x),y) = 0}) =0.
H

—
r OO)CG

PROPOSITION 2.13. Assume that the target density w is subexponential and
q-regular in the tails over an open cone O C X\ {0} and that q satisfies (17). Then,
for any compact set H C O, lim, _, oo SUP,.cH 1B x|BA(rx) — Ao (x)| = 0 with

Ao(x) & Y{loo (X), Y)g(NIAL(dy) = ma(qo) T leo (),

/;y, (loo(x),y) =0}
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def
where m(qo) = [x y11iy,20)90() AP (dy) > 0.

The proof is similar to Proposition 2.4 and is omitted for brevity. Once again, if
the curvature of the contour curve goes to zero at infinity, then £, (x) is, for large
x, asymptotically colinear to n[V log 7 (x)]. However, whereas |V logm(x)| — 0
as |x| — oo, the renormalization prevents £, (x) from vanishing at oo; on the
contrary, it converges radially to a constant along each ray. As above, the tail regu-
larity condition may still hold, even when the curvature goes to infinity; see Exam-
ple 3. As above, the subexponential tail regularity condition and the definition of
the ODE limit are more transparent in the Weibullian family. Mimicking the con-
struction above, define, for § > 0, the class #5 as consisting of those everywhere
positive densities with continuous second derivatives  satisfying

(24) 7 (x) o< g (x) exp{—p° (x)},

where g is a positive function slowly varying at infinity [see (20)] and p is a posi-
tive polynomial in X of even order m with lim|y | o0 pm (x) = +00.

PROPOSITION 2.14. Assume that w € Ps for some 0 <8 < 1/m and let q be
given by (17). Then, it is subexponential and q-regular in the tails with B =1 —mé
and loo(x) = —Sp,‘;_l(n(x))me(n(x)). For any x € X\ {0}, there exists Ty > 0
such that the ODE . = h(u) with initial condition x and h given by

(25) h(x) = —=8x|” """ ma(go) phy () ZV pu (n(x))
has a unique solution on [0, Ty) and lim, ST w(t; x) = 0. In addition, the fluid
limit Qf is deterministic on D([0, Ty ], X), with support function [i(-; X).

We may apply Theorem 1.8. From Theorem 2.1 and Proposition 2.14 we have
the following.

THEOREM 2.15. Consider the SRWM Markov chain with target distribution
7w on Ps and increment distribution q having a moment of order p > 2 and sat-
isfying (17). Then, for any 1 <u < p/(2 — méd), the SRWM Markov chain is
(fu, ru)-ergodic with

fu(x) =14 |x|P7u@=md) o) ~ "1
EXAMPLE 3. Consider the subexponential Weibullian family derived from
Example 1,
(26) 7 (x1, x2) oc (14 xf +x3 +xx3)° exp(—(xf +x3)°).

The contour curves are displayed in Figure 2. Since m € &5, Proposition 2.14
shows that m is subexponential and regular in the tails with g =1 — 2§
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and £oo(x) = —28n(x). Taking g ~ N (0, 02Id), Aso(x) = —c28n(x) and the
(Carathéodory) solutions of the initial value problem g = |~ A=) Ao (),
w(0) = x are given by w(t;x) = [Ix[20=9 — 2628(1 — §)¢1°51-9 7" n(x) x
L,y j20-9_2526(1—8)¢>0- Here, again, the gradient £(x) (even properly normalized)
does not have a limit as |x| — oo along the x-axis, but the fluid limit model is
simple to determine. Hence, the ergodicity of the SRWM sampler with target dis-
tribution (26) may be established [note that for this example, the theory developed
in Fort and Moulines (2003) and Douc et al. (2004) does not apply]. The func-
tions A and A are displayed in Figure 3. The flow of the initial value problem
= h(w) for a set of initial conditions on the unit sphere in (0, 7 /2) is displayed
in Figure 4, together with trajectories of the interpolated process.

EXAMPLE 4. Consider the mixture of bivariate Weibull distributions [see
Patra and Dey (1999) for applications],

m(x) oca(x'T7 %) Lexp(—(1/2)(x'T; 'x)%)
27)
+ (1 =) ('T3 ') exp(=(1/2) (T '0)%),

where I';, i = %1, 2, are defined in Example 2 and 0 < o < 1. Similarly to Exam-
ple 2, the curvature of the contour curve on the diagonal tends to infinity; neverthe-
less, the target density is regular in the tails over O = X\ {x = (x1, x2) € R?, |x1| =
|x2]}. More precisely, we have the following.

LEMMA 2.16. For any ¢ > 0, there exist M and K such that

(28) sup IXIPAG) — Aso(x)| <,

[x|=K,||x1]—|x2[|=M

where B def 1—26 and Ao (x) def —mz(qo)lxlﬁé(x’l"z_lx)a_lEFz_lx if |x1] > |x2|
and Ao (x) def —mz(qo)pc|‘66(x/r‘171x)‘3_1 ZFflx otherwise.

We can then establish the analog of Proposition 2.10 for the target distrib-
ution (27), again assuming that the proposal distribution ¢ has compact sup-
port. The details are omitted for brevity. From the discussions above, the SRWM
Markov chain with target distribution 7 given by (27) is (f,, ry)-ergodic with
fulx) =1+ |x|* and rs(z) ~¢* forallu >0, s > 0.

3. Conclusions. ODE techniques provide a general and powerful approach
to establishing stability and ergodic theorems for a Markov chain. In typical ap-
plications, the assumptions of this paper hold for any p > 0 and, consequently,
the ergodic Theorem 1.4 asserts that the mean of any function with polynomial
growth converges to its steady-state mean faster than any polynomial rate. The
counterexample presented in Gamarnik and Meyn (2005) shows that, in general,
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it is impossible to obtain a geometric rate of convergence, even when A, {e;} and
the function f are bounded.

The ODE method developed within the queueing networks research commu-
nity has undergone many refinements and has been applied in many very different
contexts. Some of these extensions might serve well in other applications, such as
MCMC. In particular, we should note the following points.

(i) Control variates have been proposed previously in MCMC to speed con-
vergence and construct stopping rules [Robert (1998)]. The fluid model is a con-
venient tool for constructing control variates for application in the simulation of
networks. The resulting simulators show dramatic performance improvements in
numerical experiments: a hundredfold variance reduction is obtained in experi-
ments presented in Henderson and Meyn (1997) and Henderson et al. (2003) based
on marginal additional computational effort. Moreover, analytical results demon-
strate that the asymptotic behavior of the controlled estimators are greatly im-
proved [Meyn (2005, 2006, 2007)]. It is likely that both the theory and methodol-
ogy can be extended to other applications.

(i1) A current focus of interest in the networks community is the reflected diffu-
sion model obtained under a “heavy traffic scaling.” An analog of “heavy-traffic”
in MCMC is the case 8 > 0 considered in this paper; the larger scaling is necessary
to obtain a nonstatic fluid limit (see Theorem 1.2). We have maintained § < 1 in
order to obtain a deterministic limit. With 8 = 1, we expect that a diffusion limit
will be obtained for the scaled MH algorithm under general conditions. This will
be an important tool in the subexponential case. In the fluid setting of this paper,
when S > 0, it is necessary to assume a great deal of regularity on the densities
and g appearing in the MH algorithm to obtain a meaningful fluid limit model. We
expect that very different regularity assumptions will be required to obtain a dif-
fusion limit and that new insights will be obtained from properties of the resulting
diffusion model.

4. Proofs of the main results.

4.1. State-dependent drift conditions. In this section, we improve the state-
dependent drift conditions proposed by Filonov (1989) for discrete state space and
later extended by Meyn and Tweedie (1994) for general state space Markov chains
[see also Meyn and Tweedie (1993) and Robert (2000) for additional references
and comments].

Following Nummelin and Tuominen (1983), we denote by A the set of nonde-
creasing sequences r = {r(n)}nen satisfying lim,_, oo | logr(n)/n = 0, that is,
logr(n)/n converges to zero monotonically from above. A sequence r € A is
said to be subgeometric. Examples include polynomial sequences r(n) = (n + 1)°
with § > 0 and truly subexponential sequences, r(n) = (n + l)sec”y [c > 0 and
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y € (0, 1)]. Denote by C the set of functions

def . .
CE {qﬁ :[1, 00) = R™, ¢ is concave, monotone nondecreasing,

29)

differentiable and  inf 0, Ii "(v) =03.
ifferentiable an {ve%rll’oo)}¢(v)> vgrolo¢(v) }

For ¢ € C, define Hy(v) def f1”(1/<p(x)) dx. The function Hy :[1, 00) — [0, 00) is
increasing and lim,_, o Hyp(v) = 00; see [Douc et al. (2004), Section 2]. Define,

foru >0, ry(u) déf(p o H¢_1(u)/(p o H¢_1(O), where qu1 is the inverse of Hy. The
function u > r,(u) is log-concave and thus the sequence {r,(k)}i>0 is subgeo-
metric. Polynomial functions ¢ (v) = v%, o € (0, 1) are associated with polynomial
sequences 7y (k) = (1 4 (1 — a)k)e/ (A=),

PROPOSITION 4.1. Let f:X — [1,00) and V :X — [1,00) be measurable
functions, ¢ € (0, 1) be a constant and C € X be a set. Assume that supc f/V <
oo and that there exists a stopping time T > 1 such that, for any x ¢ C,

—1

(30) Ex[zf@k)]svm and BL[V(®)] < (1—e)V(x).

k=0

Then, forall x ¢ C, EX[Z/ZC:() f(@p] < C vsupe f/ V)V (x).If, in addition, we
assume that sup,cc{f(x) + E [V(P1)]} < oo, then sup, ¢ IEX[Z,:CZO f(@)] <
Q.

PROOF. Set T def Tl (Do) + 1c(Pg) and define recursively the sequence

f f - f ol | = -1 . .
{z"} by 7° oo 0, ! Lz and " &l 4 7607 , where 6 is the shift oper-

ator. For any n € N, define by ®,, = &,» the chain sampled at the instants {t"},>0.

def

{&)n}nzo is a Markov chain with transition kernel P(x, A) = P (®; € A), x € X,

A € X. Equation (30) implies that
(31 PV(x)=E[V(®:)]<V(x)— F(x) forall x ¢ C,

where F(x) & 6B, [YI2) f(@0)]. Let 7 & inf{n > 1, , e C}. Applying the
Markov property and the bound ¢ < T7¢, we obtain, for all x ¢ C,

tc Te—17007 —1
E, [Z f(ch):| < Ex|: > f(cDj+rk):| +Ex[f (@) L7 o))

k=0 k=0  j=0
-1

c
= 8_1Ex|: Z

F(cim} + (sup 1>EX[V<<I>;C>11{;C<OO}]-
k=0

cV
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Furthermore, (31) and the comparison theozem [Meyn and Tweedie (1993), Theo-
rem 11.3.2] applied to the sampled chain {®,}, >0 yields

Tc—1
I[‘Ex|: Z F(&)k):| +Ex[v(q)ffc)]l{ffC<oo}] <V), x¢C,
k=0

which concludes the proof of the first claim. The second claim follows by writing,
forx eC,

[Z f(‘bk):| < 2sup f+E; [ﬂ{xl ¢ C) Z f(‘bk):|

k=0 k=1

Tc—1
< 2supf+E |:]l{X1 ¢ C}Ex, |: Z f(CDk)iH

k=0

<2sup f+ (s‘l v sup f/V)Exm{xl FOVXDL
C C

PROPOSITION 4.2. Assume that the conditions of Proposition 4.1 are satisfied
with f(x) =¢ o V(x) for x ¢ C with ¢ € C. Then, for x ¢ C, EX[Z,:COI ¢(k)]
M~V (x) and sup,, . Ex[> ;< 01 rg(k)] < 0o, where,

-1
(32) forallt O L oMt) and ME [S_IVSuquoV/V]
C

PROOF. It is known that U (x) & E,[S7¢ ¢ o V (®1)], where o¢ & inf{k >
0, & € C}, solves the equations PU (x) = U (x) —¢poV(x),x ¢ Cand U (x) = ¢po
V(x), x € C [see Meyn and Tweedie (1993), Theorem 14.2.3]. By Proposition 4.1,
U(x) <M~V (x) for all x ¢ C. Hence,

(33) PU(x) <U(x) —$oUx), x¢C.

From (33) and Douc et al. (2004), Proposition 2.2, EX[Z,ZCOI r¢(k)] <U(x) <

M~V (x), for x ¢ C. The proof is concluded by noting that for x € C,

c—1 c—1
Ex [Z N)} rs(0) +E, [ﬂ{@ww} > ¢<k)]

k=0 k=1
<rz(0) + M~ Vsup PV (x) < oo.

xeC

g

THEOREM 4.3. Suppose that {®,},>0 is a phi-irreducible and aperiodic
Markov chain. Assume that there exist a function ¢ € C, a measurable function
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VX —[1,00),astopping time T > 1, a constant ¢ € (0, 1) and a petite set C C X
such that

7—1
(34) E. [Zc/) o V(cbk)] < V), x¢C,
k=0
(35) E[V(@)]<(1—e)V(x), x¢C,
(36) sup{V + PV} < o0.
C

P is then positive Harris recurrent with invariant probability w and:

(1) for all x € X, lim,_ rqg(n)llP”(x, ) — 7m|ltv = 0, where q~5 is defined
in (32);

(2) forall x € X, limy 00 [| P" (x, -) — 7 [lgov = 0;

(3) the fundamental kernel Z is a bounded linear transformation from L(ggv
toLY..

PROOF. (1-2) By Tuominen and Tweedie [(1994), Theorem 2.1], it is suffi-
cient to prove that

c—1 c—1
supIEx[Z rq;(k)] < 00, supEx[Z (boV(CDk)} < 00

xeC k=0 xeC k=0

and, for all x € X,

c—1 c—1

Ex[ > ré(k)} < o0, IEX[ > ¢o V(<I>k)i| < 0.
k=0 k=0

In Proposition 4.2 we show that the stated assumptions imply such bounds.

(3) By Glynn and Meyn (1996), Theorem 2.3, it is sufficient to prove that there
exist constants b, ¢ < oo such that for all x € X, PW(x) < W(x) —¢p o V(x) +
blc(x), with W(x) < ¢V (x). This follows from Proposition 4.1, which shows
that sup,. . EX[Z,ZCZO ¢ o V(®Py)] < oo and EX[Z,ZCZO ¢ o V(®r)] <cV(x) forall
x¢C. U

Using an interpolation technique, we derive a rate of convergence associated
with some g-norm, 0 < g <¢o V.

COROLLARY 4.4 (Theorem 4.3). For any pair of functions (o, B) satisfying
a@)B) <u+v,forall (u,v) e RT x Rt and all x € X,

lim a(rgm)IP"(x, ) = wllg@ov)vi =0.

A pair of functions («, B) satisfying this condition can be constructed by using
Young’s inequality [Krasnosel’skij and Rutitskij (1961)].
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4.2. Proof of Theorem 1.2. We preface the proof with a preparatory lemma.
For any process {€j }«>1, define

37) Mao(e.n) " sup

1<i<n Z k)

k=1

LEMMA 4.5. Assume B1 and B2.
(i) Forallk >0, J and K integers with J < K,

sup | Pr+j — Dkl
0<k<k+j<K,0<j<J

<8Moo(e, K) +2N(B, Ak P T+ N(B, A) + 2,

where N (B, A) is given in B2.
(i) Forall0<a <Bandall T > 0, there exists M such that

lim supIP’x( sup |<I>k+j—<I>k|ZMr>=O.

"T0xeX  Nosksk4j<|Trite]

(iii) Forall T > 0 and ¢ > 0, there exists 6 > 0 such that

lim sup ]P’x< sup [Prtj — Dkl > 8r> =0.
"7xeX  N\o<k<k+j<|Tri+B),0<j<|5r1+B]

PROOF. (i) Let0<j<Jand0<k<K — j.On the set (\_o {|Prss] > K},

k+j—1
|y j— Pul=| Y {1 — i}

1=k
k+j k+j—1

<| 3 al+ > 1a@)
I=k+1 1=k

(38)

k+j k+j—1

<| Y al+ Y 1@ PN D)
[=k+1 1=k

<2Mxo(e, K) + JkTPN(B, A).
Consider now the case when |®y4;| < k for some 0 </ < j — 1. Define
7 Einf0< < j— 1P| <)
and

oj défsup{Ofl <j— 1Pl =k} +1,



688 G. FORT, S. MEYN, E. MOULINES AND P. PRIOURET

which are, respectively, the first hitting time and the last exit time before j of
the ball of radius x. Write @y j — O = (P — <I>k+gj) + (CI>k+6j — d>k+,j) +
(Pi+r; — @i) and consider the three terms separately. The first term is nonnull if
oj < j;hence,

k+j k+j—1
|Dryj— Prroy | < | Y. @+ D |A@))
l=k+(7j+1 l=k+(7j

<2Moo(e, K) + Jk PN (B, A)

since, by the definition of o, |k > k forall o; </ < j — 1. Similarly, for the
third term,

k+‘[j kJrijl
|Dpgr, — Pkl < | D @+ Y. [A@D)]
I=k+1 1=k

(39)
<2Mw(e, K) + Ik PN (B, A)

since, by the definition of 7;, |®;| > « for all 0 </ < ;. Finally, the second term
is bounded by

Iq)k-l—O'j - q>k+'[j| = |q)k+0j - q>k+(7j—1| + |q)k+(7j—1| + Iq)k+fj|
<SN(B,A)+2M(€, K) + 2.

Combining the inequalities above yields the desired result.
(i) From the previous inequality applied with x = £¢r > 0 and K = J =
| T+, it holds that

Px( sup |CI>k+j—CI>k|Z4Mr>
O<k<k+j<|Trlte|

<4PM~Pr P supE,[ME (e, | Tr'™))]

xeX
+1{N(B, A) > Mr} +1{2N(B, A)T > ¢# Mr—tP} + 1{2¢ > M.

By Lemma A.1, the expectation tends to zero uniformly for x € X. The second
term tends to zero when r — oo. The remaining two terms are zero with £ and M
chosen so that £'7# > N (B, A)T and M > 2¢.

(iii) The proof follows similarly upon setting K = |Tr'*#|, J = |8r'7#] and
k=4Lr. O

PROOF OF THEOREM 1.2. Let o < 8. A sequence of probability measures
on D(R*, X) is said to be D(R™, X)-tight if it is tight in D(R™, X) and if every
weak limit of a subsequence is continuous. By [Billingsley (1999), Theorem 13.2,
(13.7), page 140 and Corollary, page 142], the sequence of probability measures
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(@2, bnz0 is C(Ry, X)-tight if () limy—oc limsup, Q2 , (1:19(0)] = a} = 0,
(b) limsup,,_, o, Q‘r’n;xn{n :SUPg<;<7 [N(t) —n(t—)| = a} =0 and (c) for all « > 0
and ¢ > 0, there exist § € (0, 1) such that limsup,, Qf’n;xn{n:w(n, 8) > ¢} <k,
where w(n, §) def SUPO<s<t<T|1—s|<8 [n(t) — n(s)|. Properties (a)—(c) follow im-
mediately from Lemma 4.5. Choose o < 8. Let {r,} and {x,} be sequences such
that lim,, r,, = oo and lim, x,, = x. Let ¢ > 0. We have, for all n sufficiently large
that |x, — x| <¢e/2,

P,ﬂxn< sup |ny (£5 %) — x| > 8> < IP’rnxn< sup | Dk — rpxn| > (8/2)rn>
0=t=T 0<k=|Try ™)

and we have (b), again by Lemma 4.5(ii). [

4.3. Proof of Theorem 1.4. We preface the proof by establishing a uniform
integrability condition for the martingale increment sequence {€x }x>1 and then for
the Markov chain {® }¢>0.

LEMMA 4.6. Assume B1. Then, forall T > 0,

lim sup |x| PE[MZ (e, | T| Dol N1{Mso(e, [ T| Do) ) > b|Dol}]
(40) b= =1

=0.
def 148 — def ~ def
PROOF. SetTg, = [T|Po| ™7 ].For K >0, set €, = e 1{|ex| < K}and ¢, =
exl{lex| > K}. By Lemma A.2, there exists a constant C (depending only on p)
such that

Ex[ME, (€, To)) H{ Moo (€, Tayy) = b|Pol}]
< CE[ME (€, Toy) L{Moo (€, Ta,) = (b/2)|Pol}] + CEL[MEL, (€K, Ta,)].

Consider the first term on the right-hand side of the previous inequality. Using
Lemma A.3 witha > 1V 2/p and Lemma A.1 yields

x| "PEL ML (€, [ T|®o|" P N1{ Moo (€, Tay) > (b/2)|Dol}]
< (b/2)" VP |x|TPE, MY (E, Tp,)] < CA(E, ap)b~ @~ DP|x|~a1=Ap/2,

where A(e, ap) def sup,ex Ex[€1]“?]. Note that, by construction, A(€,ap) <
K. Similarly, Lemma A.l implies that E,[M& (€K, Te,)] < CA(EK, p) x
TP12|x|tP+B)/2VA+E) \where A(EK, p) &ef sup,cx Ex[|€1|7]. Therefore, since
p =1+ B, sup s x| PE[ML(EK, Tp,)] < CTP/?A(EK, p). Combining the
two last inequalities, we have

sup |x|_pEx[Mcl>)o(€’ TCD())]]-{MOO(G’ TCD()) = b|(1>0|}]

|x[=1

< C{K?b~P=D 1 AEK, p)),
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which goes to 0 by setting K &ef K(b) =log(b). U
PROPOSITION 4.7. Assume B1 and B2. Then, for all T > 0,

@1) sup<1+|x|)—PEx[ sup |<I>k|P}<oo,
xeX 0<k=|T|o|"+#)

lim sup |x|—PEx[ sup | Dy |”
K—00|x|>1 0<k<|T|do| £
(42)

x]l{ sup |CI>k|ZK|d>0|”:0.
0<k=<|T|®o|' ]

PrROOF. Set Tg, = |_T|<I>0|1+’3J. For all r > 1, applying Lemma 4.5(i) with
K =J =|T|®o|'"#]| and k = |®y| yields

(43) sup [ ®x|" < C{1 4 |Pol" + M (€, To,)}

0§k§T¢0

for some constant C depending upon r, 8, N(8, A) and T. The first assertion is
then a consequence of Lemma A.1. Inequality (43) applied with r = 1 implies that
there exist constants a, b > 0 such that for all |x| > 1 and all large enough K,

{ sup | Py = K|CDO|} C{Mwo(€, Toy) = (aK — b)[Dol}  Pr-as.

nggTq)o

Hence, for large enough K and an appropriately chosen constant C,

sup |x|—PEx[ sup |<Dk|p]l{ sup |<Dk|ZK|‘D0|”

xl=1 0<k<Ta, 0<k<Ta,

< C sup Py[Moo(€, Ta,) = (aK — b)|Pol]

lx|=1

+ C sup |x|"PEc[ME (e, Toy) L{Mos (€, To,) = (aK — b)|Dol}].

lx|=1

The proof of (42) follows from Lemma 4.6. [

PROPOSITION 4.8. Assume B1 and B2 and that there exist T < o0 and p €
(0, 1) such that

(44) limsupP, (o > 1) =0, with o d:efinf{k >0, | Dk < p|Dol},

|x]—o0

where T £ o A [T|Do|'tA]. It then follows that (a) there exists M such that
Sup|x|zM |x|_PEx[|cI>T|P] < 1 and
(b) B [X5 20 | 9k|7] < Clx|PHIHA,



THE ODE METHOD FOR MARKOV CHAIN STABILITY 691
PROOF. Set Tg, = [T|®Po|!*#7. For any K > 0,
x| 7 Ex[19+]"]
(45) = x| Ex[1{r = 0 }| D |P] + x| PEs[L{o > Ty }| P ]
< pP + x| PEL[| @7y, [P1{| D7y, | = K [Do[}] + KPPyl > Ta, ).
By Proposition 4.7, one may choose K sufficiently large so that

(46) sup |x| PEy[|®ry, [P1{|Pr,, | = K|Dol}] < 1 — pP.

|x[=1

Since limsupm —ooPxlo > Te,] = 0, the proof of (a) follows. Since 7 <
Te,, (b) follows from (41) and the bound Ex[zlz;(l)|d>k|”] < CT|x|"t8 x
Ex[Sup| <<y, |xI71. O

The following elementary proposition relates the stability of the fluid limit
model to the condition (44) on the stopping time o. We introduce the polygonal
process that agrees with @ /r at the points r = kr ~+% and is defined by linear
interpolation

A2t x) =r~" Y (k4 1= tr T Dy + (11T — k) D)
47 k>0

x Lk <tr'™® < (k+ D).

Denote by Q‘r’ . the image probability on C(R*, X) of P, by 7% (¢; x). The intro-
duction of this process allows for an easier characterization of the open and closed
sets of C([0, T'], X) equipped with the uniform topology, than the open and closed
sets of D([0, T'], X) equipped with the Skorokhod topology. For any sequences
{rn}n C RT such that r,, — +o0 and {x,} C X such that x,, — x, the family of
probability measures {@‘r"n; x,) 1s tight and converges weakly to Qf, the weak limit
of the sequence {@ﬁ‘n; x }nen. This can be proved following the same lines as in
the proof of Theorem 1.2 [see, e.g., Billingsley (1999), Theorem 7.3]. Details are
omitted.

PROPOSITION 4.9. Assume B1, B2 and that the -fluid limit model {Qf, X €
X} is stable. Then, (44) is satisfied.

PROOF. Let {y,} C X be any sequence of initial states with |y,| — oo as

def def
n — 00.Set r, = |yu| and x, = y,/|yn|. One may extract a subsequence {xn;} C
{x,} such that limj_moxnj = x for some x, |x| = 1. By Theorem 1.2, there ex-

ist subsequences {ry,;} < {rn;} and {x,,;} < {x,} and a B-fluid limit Qf such that
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@f R QF . By construction,
mj ’ mj

J

. ~:B .
Bryim, @ > T) < Ppy . (o;?; DACEPIE p)

_of o

By the Portmanteau theorem, since the set {n € C(R™,X), infjo 77|n| > p} is
closed, we have

. 06 . B . _
| f 1] > < f 1) > =0.
ljnlsolip Q”"ﬁxmj (051?5T 1= p) = (051?5T (= p>

Because {y,} is an arbitrary sequence, this relation implies (44). [

PROOF OF THEOREM 1.4. This follows immediately from Theorem 4.3, using
Propositions 4.8 and 4.9. [

4.4. Proof of Proposition 1.5. In this proof, we see the S-fluid limit QE as
the weak limit of @’rgn; X, for some sequences {r,} C R} and {x,} C X satisfying
lim,,_, 5 1, = 00 and lim,,_, 5, X, = x. Fix s, t such that s < . We prove that

Q4 (A(s, HN {n e C([s, 11, X):
(48)

sup
S<u<t

2w =)= [“honmar| = o}) =o.

Let U be an open set such that U C O, where U denotes the closure of the set U.
Forany § >0, M >0andm > 0, s <u < w <t, define

A g 1, w) £ {n € C([s, 1], X), n([u, w]) CUNCp M,
(49)

n(v)—n(u)—/ hon(x)dx

>8},

where C,, m def {x e X,m < |x| < M}. Since 6, m, M, U, u and w are arbitrary,

sup
u<vw

(48) holds whenever Qﬁ? [Ag{m’ »(u, w)] = 0. By the Portmanteau theorem, since
the set AESJ’ m.m (U, w) is open in the uniform topology,

QUIAY  pr (t, w)] < liminf QP TAF, 4y (e, w)]

and the property will follow if we can prove that the right-hand side of the previous
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inequality is null. To that end, we write

8 i) = i i x) = [ ho i (i xa) dy

=i s xn) = 7if, (Lor, P 1y 0P )

+ 0 (Lur, P U P ) — 78 (u; x)
Lora P11 ;
Fr Y @ =@ = [ hodf (i di
k=|uritP | !
<231+ X2+ X3+ 2ry Moo (e, Lty TP D),
where we have defined

def
xS sup {Inm(v xn) = i (Lor, PP Jry TP )|

u<v<w

v
T

v 7‘,1

Lwry P -1
xa= > | Al G TP x) = s CPRGE (e TP x),
j=lury ™|
Lwrn+'3J 1 Gy 0P
X3 = Z rl—(l-i-ﬁ)h(ﬁ’l?n (jrn—(l-i-ﬂ); x,,)) / _aap ho ﬁfn (t; xn)d[ .
j=lura*?) I

Denote by @, pr,u the modulus of continuity of £ on U N C,, 3. Since £ is contin-
uous on U, limy o @, p,u(A) = 0. On the event {ﬁ’ri (t; xp) €eUNCy M),

ler,fl(l—i- sup |h(x)|> sup [Py — Djl,

|X‘Zm ISJSLtr'{JFﬁJ

x2<(@—-—s+ l)m_ﬂ sup |r,f|x|ﬂA(rnx) — Aoo(x)|

{xeu,|x|>m}

and, for any A > 0,

X3s<r—s+1>(wm,M,u<x)+sup |h<x)|11{ sup |<I>,-+1—c1>,~|zxrn}).

Ixlzm 1<j<lim ]
By Lemma 4.5, for any § > 0, lim,_, ’nxn(suplgngtr,l+ﬁJ |®jr1 — @) =

érn,) = 0. On the other hand, lim,,_, o SUP(x U, x| =mr,} ||x|ﬂA(x) — Axc(x)] = 0.
Therefore, for any § > 0, one may choose A small enough so that

lim Py, (f) (65 x0) € UN G, 231 + 02 + x3) 2 8) = 0.
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The proof follows from Lemma A.1.

4.5. Proof of Theorem 1.6. We preface the proof by a lemma showing that the
fluid limits are uniformly bounded.

LEMMA 4.10. Assume B1 and B2.
(i) For any T > 0 and p > 0, there exists 5 > 0 such that, for any B-fluid
.. B
limit Qr,

(50) Qf(nEC(R+,X), sup Q) —n(@)] 510):1-

0<t<u<t+46<T

(i1) Forany T > 0, there exists K > 0 such that, for any B-fluid limit Q,"? ,

1Y) @f(necw,xx sup In(t)—n(O)IZK)=0.

0<t<T
PrROOF. (i) Let {r,} C Ry and {x,} C X be two sequences such that
lim, s o 1 = 400, lim,, 5o X, = x and Qrﬂn, X = Qf . By the Portmanteau the-

orem, since the set {n € C(R™, X), SUPg<;<y<i+s<7 M) —n(@)| < p} is closed, it
follows that

@f(nGC<R+,X>, sup In(u)—n(t)|§p>

0<t<u<t+8<T

> timsup @, (1€ C®T0. s @ -0l <p).
n

0<t<u<t+6<T
By definition of the process ﬁfn (-3 xn),

Q... (n €CR™.X),  sup [n(w)—n®)]> p)

O<t<u<t+6<T
<P, < sup |Pitj = Pkl > p r")
O<k<k+j<Try? 0<j<sry ™

and the proof follows from Lemma 4.5(iii).
(i1) The proof follows from (i) by considering the decomposition

L7/3)
sup [n() —n©O)|< > sup  |n()—n(gd)l.
0<t<T g=0 96=u=(g+1)s

PROOF OF THEOREM 1.6. Under the stated assumptions, w([0, 7x];) is a
compact subset of O. Since O is open, there exists p > 0 such that

{yeX,d(y, n(0, Ty ]; x)) <2p} C O,
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where, for x € X and A C X, d(x, A) is the distance from x to the set A. By
Lemma 4.10(i), there exists § > 0 such that

Qf(neC(R+,X), sup [n(u) —n(@)] 5,0)=1-
0<t<u<t+8<T;
Since Qf(n € C(R4, X), n(0) =x = u(0; x)) =1, we have
Qf (1 € CR+, %), 7(10,8]) C O) = 1.
By Proposition 1.5, this yields Qfg = 8,(:x) on C([0, 8], X). By repeated appli-
cation of Lemma 4.10(i), it is readily proved by induction that Qf = S (:x) ON
C([(g — D6, g8 N[0, Ty], X) for any integer ¢ > 1. [
4.6. Proof of Theorem 1.9. Let x be such that |x| = 1. By Lemma 4.10, there
exists K depending on Ty such that Qf(n:sup[ojo] [n(-)] < K) =1 for any -

fluid limit Q)"? .Set T =Ty + Tk, where Ty and Tk are defined by (11) and (12),
respectively.

By definition, for any set H, H C Qy; therefore, there exists an increasing se-
quence {H,} of compact subsets of O such that H, C H, 1 and O = J,, 2n, (note
that 2y, € 4, ;). This implies that

Bl e
Q% (n: inf 191> o )
=@ (s inf In)1 > px 010, Ti) N0 £ 2)

=tim 1, @4 nf 19)1 > . 1(10. 7o) 1 2, #2).

lim 1, stands for a limit that converges monotonically from below. We prove that
for any n, the term in the right-hand side is zero. To that end we start by proving
that for any compact set H C O and any real numbers 0 < g < Ty,

@ (1 jnf 1901 = o n(@) € )
(52 =@ (03 inf 1)1 > o0+ =l 1(@)

on [0, T,](q)], n(g) € QH).
‘We will then establish that
Q2 (- inf O] > o+ = i n(g)
(53) ’
on [0, Tn(q)], r](q) € QH) =0.
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Since Q,’? (C(R*, X)) =1, (52) and (53) imply that
Qf (77 : [(i)an] In()| > px, n(0, Tol) N L, # ®)

<y @f(n: inf [n()| > px,n(g+-)=wu;nq))
qe@ 0.7]

on [0, Ty ]. n(q) € QH;,) =0,

where H) D H, is a compact set of O and Q C [0, Tp] is a denumerable dense set.
This concludes the proof.

We now turn to the proof of (52) and (53). Since Q24 is a compact set of O,
there exists ¢ > 0 (depending on H) such that {y € X, d(y, 2n) < 2¢} C O. By
Lemma 4.10, one may choose § > 0 small enough (depending on 7" and ¢) so that

@f(n eCRYX):  sup () —n(0)| < e) =1.

0<t<u<t+6<T
Therefore, for any compact set H C O and g € @,

Q% (n: jnf 101 = pic (@) € )

=@ inf O = o n@ € Qe swp i) — )] <¢

O<t<u<t+6<T

=Qf <77 : [(i)n;] In()| > pk,n(q) € Qu,n(lg, (@ +8) AT]) C o).

By Proposition 1.5, on the set A(g, g +6), n(g +-) = u(-; n(g)) on [0, A Tyl
Q)’? -a.s. Hence,

Qf (n inf 1NC)] > pr.n(q) € QH)
=QF (77 : [(i)an] N> pk,n(g) € Qu,n(g +-) =un(;nq)),

on [0, S A Tn(q)])-

By repeated application of Proposition 1.5, for any integer / > 0,

@ (o3 jnf 11001 > o 1(@) € )
=Qf (n : [(i)an] N> pk.n(g) € Qu,n(g +-) = u(;n(q)),

on [0, 16N TU(CI)]>’
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which concludes the proof of (52).

Qf (n : [(i)n7f] N> px,n(g +-)=u;n(g) on [0, Ty, n(g) € QH)

< ’3( - inf |n(- inf < ):0
<Qrln [(l)r’lT]|77()|>pK,[O’7}OI}i_TK]|77|_PK

since T = Ty + Tk, which concludes the proof of (53).
5. Proofs for Section 2.
5.1. Proofs of Section 2.1.

PROOF OF PROPOSITION 2.4. Define
= def
(54) B[ ygatay).
Introduce, for any é > 0, the §-zone C, () around Cy,

(55) Ce(8) =y +sn(y),y €Cy, —8 <5 <6},

By Jarner and Hansen [(2000), Theorem 4.1], we may bound the measure of the

8-zone’s intersection with the ball B(0, K), for any K > 0 and all |x| large enough,
Ix| + K\4~1ALeb(B(0, 3K)}

x| — K ) K

where the x-dependent term tends to 1 as |x| tends to infinity. From this, it follows,

using the fact that [ lylg(»)A(dy) < oo, that for any K > 0 and € > 0, there
exists § > 0 such that

(56) limsup Iylg(MAEP@y) <e,
)

|x|—o0 YEx (4,

’

AL(CL(8) NB(0, K)) < 3(

where E, (5, K) def C«(8) N B(0, K). For arbitrary, but fixed, € > 0, choose K > 0

such that [ge (g g |¥1g(»)A**(dy) < €. Then choose § > 0 such that (56) holds.
By construction, for y € Ry, m(x + y)/m(x) <1 and (56) implies that

} T(x+y)

57) lim sup / 1 22 (Al (dy) <e,
Ix|—o00 JRyNEL(8,K) 7 (x)
. T(x+y)

(58) lim sup/ 1 B2 (p)akeb(dy) <e.
Ix|— o0 JRyNB(0,K) 7 (x)

From (15), for y € R, such that y has radial distance at least  to C, the acceptance
probability satisfies w(x + y)/m(x) < €/K for all | x| sufficiently large [see Jarner
and Hansen (2000), page 351] and (56) shows that

(59) lim sup T +y)

| y g ay) <e.
[x|=> 00 YR:NES (S, K)NB(0,K) (x)
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By combining (14), (54), (57), (58) and (59), limsuplxl_>oo |[A(x) — A(x)l < 3e
and since € is arbitrary, lim|y|_ o0 |A(x) — A(x)|=0. O

PROOF OF PROPOSITION 2.6. Set z = (z1,...,24) = £-1/2y and v =
n(Z2u). Then,
[ vaeiPan =" [ @it
{y,y'u=0} {z,v'2>0}

= EI/ZUAZ11{Z.30}QO(Z)dZ-

The proof follows. [

5.2. Proofof Lemma2.9. Let$ and M be constants to be specified later. Write

A() — Ao () 'S4 A:(8, M, x), where

def

A8, M, x) = M

/ . LRe.., () yq (AP (dy),
lyl=M. |y Ty x|=81x))  7(x)

def (x y) )
5, M, = —=—1)(1 -1
Ar(8, M, x) /{y,lylfM,ly’Fz‘lxlzslxl}( ) (Lr,(¥) = 1g, . (1)

x yqg (AP (dy),

Ao M0 | | {(M - 1)11& )+ 1o, (y)}
(. yI=M.|y'Ty x| <8|x|} (x)

x yqg(y)ALP(dy),

A8, M, x) & f {(M - 1)11& ) +1xe, (y)}yq(y)xLeb(dy).
v, lyl=M} (x)

For x = (x1, x2) such that |x{| — |x2] > 2M and |y| < M, and |x| + y1| > |x1| —
M > |x3| + M > |x2 + y2|, it is easily shown that
(1 —a)exp(—0.5y'T5 'y —x'T5'y)

- T(x+y)

(60) )

<(1—a) lexp(—0.5y'T; 'y —x'T; y).

If ye Rox N {z:lx/F;1z| > §|x|}, then, by (60), 7(x + y)/m(x) < (1 —
)~ le=?¥l which implies that |A1 (8, M, x)| < (1 —a) " Le ! [|y|q(y)ALP(dy).
Furthermore, for any K such that (1 —a) 'e™K <1 and x such that ||x{| — |x2|| >
2M and |x| > K, Roox N{y: |yl <M, |x’F2._1y| > §|x]} € Ry. This property
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yields to the bound

‘n(x—i—y)

- l‘me(y) Cp A TSyl = Sl Iy] < M)
()

(61)
< TRA\Rw . Ly, [yl < M, 1X'T5 y| = x|}

Again using (60) for y € Ry N {|y| < M}, (1 — a)e_O'S“ZMze_x/rgly <m(x +
y)/m(x) < 1. On the other hand, for y ¢ Ry x satisfying |x’F2_1y| > §|x|, we
have x/Fz_ly < —&|x/|, showing that

Y€ R\ Roox Nz, |2l < M, |x'T5 2] > 8|x|}
— (1 —a)e 05 M K e Ly im(x) < 1.

For fixed M, we choose K such that (1 — a)e=03M>¢8K < | which implies
that the right-hand side in (61) is zero and thus A (8, M, x) = 0. Finally, consider
A; (6, M, x),i =3,4. Noting that
(x4 y)
(P22 )ik o)+ 1,00 <2
T (x)

the proof follows from the bounds

(62) |A3(8, M, x)| = 2Mf 1y, [y'T5 x| < 81x[}ylg (DA dy),

(63) |A4(8, M, x)| < 2/ ylg (A (dy).
lyl=M
These terms are arbitrarily small for convenient constants M and §.
5.3. Proof of Proposition 2.10.

5.3.1. Proof of condition (i) of Theorem 1.9. The only difficulty here stems
from the irregularity of the ODE for initial conditions on the diagonals. Con-

sider the B-fluid limit Qg* with initial condition u, def (1/ V2,1 / V2) (the other

cases can be dealt with similarly). Set v, def 1/ V2, -1 / \/i) and define V(x) =

[{vs, x)|. Since the increment distribution is assumed to be bounded, there ex-
ists a positive constant C; such that |®; — ®g| < Cy, Py-a.s. for all x € X. By
Lemma 2.9, we may choose constants y € (0, 1), m > 0, My > C; and R such
that

(64) RNES C{x € X, [(va, A(X))] = m, (v4, x) (04, A(x)) > 0},

where (see Figure 9)

65 EL{x,V(x)<Mo} and RE (xeX [x| =R, |(v..n(x))| <y}.
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FI1G. 9. The complement of the zone R and the strips E and F.

For § > 0, define the stopping time «(6) as the infimum of the following three
stopping times

(66) k1(8) L infk > 0, (v, Dr)| > 25| Do},
(67) iy & inflk > 0, |dy — ol > (1/2)|Dol},
(68) i3 inf{k > 0, | @] < R).

We will establish the following drift condition: there exist constants » > 0 and C
such that for all § € (0, y/4),

69)  E[V(Pk+D)|Fi] = V(Pk) +m —ble(Pr)  ontheset {k <k ()},

k(8)—1
(70) Ex[ > ILE(aDk)} <C,

k=0

with the convention that ZZ = 0 when a > b. We postpone the proof of (69)
and (70) and show how these drift conditions allow us to obtain condition (i). On
the event {k <« (8)}, |P«| = R, (1/2)|Po| < |Pk| = (3/2)|Po| and |{vs, n(Pk))| <
45 < y. Therefore, for all x € X, Py-a.s.,

(71) {k <k(8)} C{Pr R}

Condition (69) yields, for any constant N > 0,

K (8)AN—1

mE, [k (8) A N] <E [V(®ys)an)L{k(8) = 1}] + bEx|: > ﬂE(q)k):|-
k=0
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The definitions of «(8) and C, imply that E, [V (®,@s)an)L{x(8) > 1}] < 28|x| +
Cy for all N, which, with (70), yields the bound

(72) mE, [k (8)] < 28|x| +bC + C,.

Let {x,} be a sequence of initial states such that lim,— oo X, = u, and {r,}
be a sequence of scaling constants, lim,_, o r, = +00. By Lemma 4.10, there
exists Ty such that @5*{Supte[O,To] In(t) — n(0)] < 1/4} = 1. Furthermore, we
have 1/2 < |x,| < 3/2 for all n large enough. Then, by the Portmanteau theo-
rem,

QF {n,n([0, o) NO =2}

— 1im Qf, {n, sup [n(t) — n(0)] < 1/4, sup I(v*,n(t))|<5}
810+ t€[0,Tp] 1€[0,Tp]

< lim liminfP,, n{ sup | @ — Dol < (1/2)[Do],
si0+ n—oo 0<k<2Tp|®ol/3

sup (v, i) < 25|‘1>0|}
0<k<2Tj|Dyp|/3

< lim hmmfIP’rnxn (k(8) = 2Tp| Dol /3) =
slo+t n—
where the last equality stems from (72). This proves Theorem 1.9(i).

We now prove (69). Since E[®y1|Fr] = Or + A(Dy), Jensen’s inequality im-
plies that E, [V (Pyy1)|Fi] = |[{vs, Pr + A(Di))|. Furthermore, by (64) and (71),
{k < k(8), Dy € E°} C {® € RN E}, which implies that [(v,, ®r + A(Dy))| —
[{vg, Pr)| = [{vs, A(Pg))| = m since, on RN EC, (v,, x) and (v,, A(x)) have the
same sign and (v,, A(x)) is lower bounded. On the set {k < k(§), P € E}, we
write V(®p11) > V() — Cy sothat E[V (P 1)|Fi] = V(D) +m — (Cy +m).
This concludes the proof of (69).

Finally, we prove (70). For A € X, we denote by o4 def inf{k > 0, &y € A}

the first hitting time on A. For notational simplicity, we write « instead of «(3).

Define recursively o def oeng and, for all k > 2, c® défa(kfl) +To 9’7(1(71) +

k=D k-1 def . . .
o ogrod’? +o , where = KA k., k. being an integer whose value will be

specified later. With this notation,

(73) [Z 1E(q>k)} <k Y Pi(c? <k)

q=1
Furthermore, for all g > 2, the strong Markov property yields the bound

]P’x(o(q) <kK) S}P’x(o(q_l) <k) sup Py(r +oWop® < K).
yeENR
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Therefore, by (73), (70) holds, provided that sup, g Px(z + 0V 067 <) < 1.
For all x e ENR, it is easily seen that

Py(t +0D o <k)
(74)
=P, (t <«) —E,(1{t <«}1{®; € E°NR}Pg, [k <))

(75 =1— inf Px(c< o NPy (r = k) + Py (t = ks, i, € ECNR)},
x€E*

showing that the conditions

(76) inf Pr({t <k }U{t =k, Py, €E°NR}) >0,
x€ENR
; (1)
(77) xellgl‘%RPx(K <o')>0

imply (70). We first prove (76). Choose y € (y, 1) such that the four half-planes
{z, (z, Fi_luf};) < 0} (i = 1, 2) have a nonempty intersection, where u;}7 andu”
def

*
are the unit vectors defining the edges of the cone C; = {z € X, [{vs, n(2)) <y
Define

7
5.

(78) WE (2,0 < 2] < Cg. (2. T} 'u;) <0.i = 1,2},

Since any vector y in the cone C;; can be written as a linear combination of the
vectors u;? and ufj with positive weights, forany y € C; and z € W, (z, Ffl y) <
0,7 =1, 2, which implies that

(z, Vz (y))
= —a(z, TT'y) exp(=0.5y'TT'y) — (1 =) (2, Ty ' y) exp(—=0.5y'T; ' y)
>0.

By choosing R large enough [see (65)], we can assume, without loss of generality,
that for all x e R and z € W, x + 1z € C; for all # € (0, 1). Thus, 7w(x + z) =
T(x) + fol(Vzr(x +tz),z)dt > 0 and we have mw(x + z) > m(x), showing that
W C A,. Finally, we write W as the union of two disjoint sets W~, WT, where
wt &f {z € W, (v,, z) = 0}. Since, for x € R, W C Ay, for any 0 < ¢ < C,, we
have

inf Py (|{ve, @1)] = [{v4, Po)| + )

x€eR,{v,,x)>0

> / 1{y. | (v, y)| = el (AL (dy) > 0.
W+

An analogous lower bound holds for all x € R such that (v,, x) < 0. These inequal-
ities, combined with repeated applications of the Markov property, yield (76), by
choosing k, such that k,.c > Mj.
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We now prove (77). Let M1 > Mg and set F def {x,V(x) <M;}.By Lemma A.1,
we may choose J > 1 and then M| > M large enough so that, for all x € X,

J
]Px<supj1 Y e zm) <1/2,
j=J =1
(79) .
J
P, (sup Zel > M — M0> < 1/2.
J=J =1

It is easily seen that, using the strong Markov property,

inf P.(k <o > mf Py (0penr < 0 inf P.(k <o .
g R enr) = _inf _Pr(orenr <oenr) inf Pyl <oenr)

The first term of the rlght—hand side of the previous relation can be shown to be pos-
itive, using arguments which are similar to those used in the proof of (76). We write
(Vs Di) = (Vo Do) + Xy (V4 A1) + LS (s, ). Let x € FCNR. Py-as.,
since |®; — ®; 1| < Cy < My, on the event {1 <k < ogrRr < k}, [(Vs, Pi)| = Mo,
(Va, Do) (s, @) > 0 and (v,, Po)(vs, A(P;)) > 0 for all 0 < j < k, which im-
plies that

k

[ (va, @) > [(vs, PO + Y [{vey A1)
I=1

k

Y (v el

=1
Thus, for all x € F¢ N R, using the definition (79) of J and M1, we have

J
Z U*, 6l
=1

k
Z U*,Gl
=1

> M +km —

P {J < 0err <k} <supPy{sup ;!
xeX j=J

}<1/2,

J
>

=1

IP)x{O“EmR<K/\J}ESUF”P’x:SUP Z(Ml—Mo)} <1/2,

xex  |j<J

which proves infycpeng Py (k < ognr) > 0 and therefore (77).

5.3.2. Proof of B4 and the conditions (ii)—(iii) of Theorem 1.9. Assume that
xecC def {x,0 < |x2] < x1} (the three other cases are similar). By Lemma 2.9,
h(x) = —cgn(l'y 1x) for all x € C, which is locally Lipschitz. Hence, there ex-
ists a unique maximal solution w(-;x) on [0, Ty] satisfying ©(0; x) = x and
u(t; x) € C for all t < Ty, showing B4. Since, for ¢t € [0, Ty), d/dt|u(t; x)|2
2|t x){n(u(t; x)), hou(t; x)) < —2c¢q4lal™ Y u(z; x)|, the norm of the ODE SO-
lution is bounded by [ (7; x)| < (x| —cq4la|™ lt)_l’_ forall0 <t < |x||a|c , which
implies condition (ii), provided that T, > Tk for all x e CN B(0, K). ThlS result
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follows from the fact that the boundaries of C are repulsive: consider the rela-

tive neighborhood in C, V def V| U V,, of the boundaries where V; def {x:x1 >

0, (s, x) >0, (x, 5 'v,) <0} and V) & {x:x; > 0, (1, x) > 0, (x, T; 'u,) < O}
Assume that there exists s € [0, Ty] such that ©(s; x) € V1 (the other case can be
handled similarly). Since ¢ — w(¢; x) is continuous and V| is a relative open sub-
set of C, there exists § such that for all 0 <7 <§, u(s + ¢; x) € Vy. This implies
that forall 0 <t <§,

(Vu, (s +15 %)) — (s, p(s; X))
t
= —cq/O IFz_lu(s + u; x)|_1(v*, Fz_lu(s +u;x))du > 0,

showing that, in V1, the distance to the boundary always increases. The properties
above also imply condition (iii) of Theorem 1.9.

APPENDIX: TECHNICAL LEMMAS

LEMMA A.1. Let {ex}r>1 be an LP-martingale difference sequence adapted
to the filtration {Fi }x>0. For any p > 1, there exists a constant C (depending only
on p) such that

I p
(80) E| sup | ek | =< CsupE[|ex|’In'VP/2,
I1<I<n|jp_q k>1
I
(81) Plsupl™ 'Y ex| > M | < CsupE[|ex|PIM P n~PTIVP2,
n<l k=1 kZl

PROOF. For p > 1, applying in sequence the Doob maximal inequality, by the
Burkholder inequality for L”-martingales, there exists a constant C, such that

e /}

Equation (80) follows from the Minkovski inequality for p > 2,

)
> e

k=1

!
D ek
k=1

n

E|: sup

2
lex]
1<i=zn 1

k=

p
(82) E[ sup } < CpsupE[|ex|”In?/?,
k>1

1<i<n

and the subadditivity inequality for 1 < p <2,

I
>
k=1

Equation (81) follows from Birnbaum and Marshall (1961), Theorem 1. [J

P
i| < Cp,supE[|ex|?1n.

(83) E|: sup
k>1

1<i<n
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LEMMA A.2. Let X,Y be two nonnegative random variables. Then, for any
p = 1, there exists a constant C, (depending only on p) such that, for any M > 0,

E[(X + V)’'UH{X +Y > M}] < Cp(E[XPL{X > M/2}] + E[Y"]).

PROOF. Note that 1{X + ¥ > M} < 1{X > M/2} + 1{X < M/2}1{Y >
M /2}. Therefore,

E(XPL{X +Y > M}) < E(XP1{X > M/2}) + (M/2)PP(Y > M/2)
<EXP1{X > M/2}) + EY7P).
The proof then follows from the fact that (X + Y)? <2/~ 1(XP +yP). [

LEMMA A.3. Let X be a nonnegative random variable. For any p >0, a > 1
and M, we have

E[XP1{X > M}] < M~ @~ DPE[x],

PROOF.
E[XP1{X > M}] < (B[X’])V*P[X > M))@D/a
< (E[Xap])l/a(M_apE[X“P])(”_l)/a. 0
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