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Abstract. We investigate the motion of an inert (massive) particle being impinged from below by a particle performing (reflected)
Brownian motion. The velocity of the inert particle increases in proportion to the local time of collisions and decreases according
to a constant downward gravitational acceleration. We study fluctuations and strong laws of the motion of the particles. We further
show that the joint distribution of the velocity of the inert particle and the gap between the two particles converges in total variation
distance to a stationary distribution which has an explicit product form.

Résumé. Nous étudions le mouvement d’une particule inerte (massive) qui est frappé par en dessous par une particule effectuant
un mouvement brownien (réfléchi). La vitesse de la particule inerte augmente proportionnellement au temps local des collisions et
diminue en fonction d’une accélération gravitationnelle constante vers le bas. Nous étudions les fluctuations et les lois fortes du
mouvement des particules. Enfin, nous montrons que la distribution conjointe de la vitesse de la particule inerte et de 1’écart entre
les deux particules converge pour la distance de variation totale vers une distribution stationnaire qui a une forme produit explicite.
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1. Introduction

We will investigate the motion of an inert (massive) particle that is impinged from below by a particle performing
(reflected) Brownian motion. Whenever the two particles collide, the velocity of the inert particle increases in propor-
tion to the local time of collisions. Furthermore, there is a gravitational field that pulls the inert particle downwards
by giving it a constant acceleration. The Brownian particle is reflected on the trajectory of the inert particle according
to the usual Skorokhod recipe.

Formally, the motion of the two particles will be defined by a system of SDE’s. We will denote the driving Brow-
nian motion by B. We will use X and S to denote the trajectories of the reflecting Brownian particle and the inert
particle, respectively, and V to denote the velocity of the inert particle. Gravitation will be represented by a constant
acceleration g > 0. We will write L to denote the intersection local time between the two particles, defined as the
unique continuous non-decreasing process increasing only when S; = X; (i.e., L; — Lo = fot Iis,=x,) dL, for all
t > 0). The SDE’s are

dXt = dB[ - st,
dV,=dL, — gdt, (1.1)
dSt == Vt dt.
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There is also an extra condition that S; > X, for all + > 0, that is, the Brownian particle and the inert particle can
collide but their trajectories cannot cross (this applies, in particular, to the initial condition, i.e., So > Xg). We will
show existence and uniqueness of the strong solution to (1.1) in Theorem 3.4.

The model without the gravitational component was originally introduced in [9]. The motivation came from trying
to mathematically model the joint motion of a Brownian particle in a liquid and a semi-permeable membrane (thought
of as the inert particle) which is permeable to the microscopic liquid molecules but not to the macroscopic Brownian
particle. Without gravitation, the inert particle moves with constant velocity in the absence of collisions and the
velocity increases (in proportion to the local time of collisions) only when the particles collide. Thus, it is clear
that there will be a random time after which the particles never collide and the inert particle “escapes” the Brownian
particle with constant velocity. The laws of the inverse velocity process V (~1 and the “escape velocity” were explicitly
computed in [9].

A more realistic situation arises when we take into account the effect of gravitation which exerts a constant down-
ward force on the inert particle (membrane) but barely affects the fluid molecules or the Brownian particle. We use the
term ““gravitation” as a representative of any constant force on the inert particle due to a potential or mechanical pres-
sure. The gravitation component significantly changes the behavior of the model as the velocity of the inert particle
is no longer an increasing process and the inert particle can never escape the Brownian particle (they keep colliding).
The joint behavior of the two particles is thus, a priori, far from clear. Among other things, we will show that in this
battle between the gravitational pull and the Brownian push, gravitation “wins” as both particles eventually “fall” with
asymptotic velocity —g.

A number of related models were studied in [2,4,15]. In [2], reflecting diffusions were considered in bounded
smooth domains in R¢, that acquired drift proportional to the local time spent on the boundary of the domain. Product
form stationary distributions were derived for the joint law of the position of the reflecting process and its drift. In [15],
general classes of processes with inert drift were constructed and recurrence, transience and stationary distributions
were investigated for some particular examples. In [4], some Markov processes with discrete state spaces were studied
as approximations to processes with inert drift. Necessary and sufficient conditions in order to have a stationary
distribution in product form were given for these discrete state space Markov processes and it was conjectured that
these conditions carry over to some models with continuous state space via appropriate limiting operations.

Besides its initial motivation from physics, some important diffusion limits arising from heavy traffic asymptotics
of ‘join the shortest queue’ systems with many servers (see the diffusion described in Theorem 2 of [5]) can be
approximated by inert drift systems with gravitation and damping. The techniques introduced in this paper turn out to
be crucial in understanding the stationary behavior of these diffusions. This is an ongoing project of the first author
with Debankur Mukherjee (see [1]).

We will now discuss a few aspects of the model that we find intriguing. The constant g enters the model as the
acceleration but ends up as the asymptotic velocity for both inert and Brownian particles, S and X (see Theorem 2.3).
With the hindsight, one could provide the following “explanation” for this strange transformation of the role of g.
Since the local time represents the change of position for X and the change of velocity for S, it is perhaps not so
surprising that the acceleration of S becomes the velocity for X. Because of the parabolic drift, excursions of S above
X are not very large, which makes the two particles remain close on large time scales, so their asymptotic velocity
must be the same. We study the “zero-noise case” (i.e. with B; = 0) in Remark 2.4 and show that an analogous result
holds for this deterministic system, which provides further evidence as to why this result might be true even in the
presence of noise.

The product form of the stationary distribution for (V, S — X) (see Theorem 2.1) came as a surprise to us but, with
the hindsight, we see that the model (1.1) fits into the framework of [4, Section 3]. In other words, an appropriate
discretized version of (1.1) should satisfy [4, Cor. 2.3], and it might be possible to perform a limiting operation on
that discretized model as conjectured in [4] and deduce the product form stationary distribution for the original model,
although we do not prove this in this paper.

The variance of the first component of the stationary distribution, representing V', does not depend on g. Once
again, this is not surprising with the hindsight, since the stationary distribution for the local time in a related model in
[2, Thm. 6.2] does not depend on the state space (Euclidean domain) for the Brownian particle.

The rest of the article is organized as follows. Our main results are stated in Section 2. Existence and uniqueness of
the strong solution to (1.1) is proved in Section 3. Section 4 is devoted to some technical estimates. These estimates
are used to obtain universal fluctuation results for V and S — X and laws of large numbers in Section 7. Finally, the
stationary distribution for the velocity and gap processes is derived in Section 6.
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2. Main results
This section contains statements of those of our main results that are non-technical.
The first theorem states that Z := (V, § — X) has a unique stationary distribution which is the product of a Gaussian
distribution and an exponential distribution. We will prove in Section 6 that the laws of Z; converge in the total

variation distance to the stationary distribution.

Theorem 2.1. The process Z := (V, S — X) has a unique stationary distribution with the density with respect to
Lebesgue measure given by

28 _2eh —(vtg)?
E(, h) = —=¢ 28~y eR,h>0. 2.1
JT

Furthermore, Z; converges to this distribution in total variation distance as t — 00.

The next result shows that the fluctuations of the velocity process are of the order +/log¢ while the fluctuations of
the “gap process” S; — X; are of the order logz.

Theorem 2.2. For any Zy = z, almost surely,

Vi

—liminf = limsu L1, 22
t—oo /logt t—>oop Jlogt 22)
S, —X, 1
lim sup ! ! = —, 2.3)
—»oo logt 2g
S, — X
liminf Z=—=L — 0. (2.4

t—00 ]()gt

We will show that both the “inert particle” S; and the reflected Brownian particle X; behave like Brownian motion
with constant negative drift —g on the large scale and, therefore, they satisfy the same Strong Law of Large Numbers
as Brownian motion with drift. The next theorem gives precise estimates on the oscillations of S and X from Brownian
motion with drift —g. The strong law follows as a consequence.

Theorem 2.3. For any Zy = z, almost surely,

. Xy — (B —gt) . X, — (B, —gt)
—liminf ———= =limsup —————~ =

1—00 Jlogt t—00 Jlogt

. S — (B —gt) 1
limsuyp ——— = —

17

#5060 logt T 28’
It follows that, a.s.,
S
Jim = fim S =
Remark 2.4. To gain some insight into why one might expect lim;_, oo % =lim;_, % = —g to hold almost surely,

we consider the “zero-noise case”, i.e., the deterministic two-particle system driven by (1.1) with B; = 0. Suppose we
start from the initial conditions Sy = X¢, Vo < 0. Let t = inf{r > 0: V; =0}. Then on [0, 7], S; is decreasing and one
can conclude from the Skorohod equation (see [8, Lem. 6.14, Ch. 3]) that L; = sup,,,(So — S,) = So — ;. Using this
in (1.1), we obtain B

S, = X, Vi=—g+ (Vog+g)e " forallt <. (2.5)
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The above implies T = oo and V; — —g as t — oo. Thus,

. Y .1t
lim — = lim — = lim — Vidu=—g (2.6)
t—oo t—oo t t—oo t Jo
holds for the zero-noise case when Sy = Xg, Vo < 0. If Sy > Xg and V € R, it follows from (1.1) that if o = inf{r >
0:S; = X,},then o < oo and V, <0, and thus, we can perform the same computations for ¢ > o to deduce that (2.6)
holds.

Finally, suppose Sp = Xg and Vy > 0.If §; = X, forall t > 0, weuse (1.1) toobtaindL; = —d X; = —dS; = —V,dt
which gives us dV, = —V;dt — gdt. This yields (2.5) and consequently (2.6). Otherwise, there exists #y > O such that
St > X1, and the previous calculations again yield (2.6). Thus, we see that lim;_, o % = lim;_ o % = —g always
holds in the zero-noise case. As this is a “law of large numbers” type result, it is natural to expect that this result
would also hold with the Brownian noise via some scaling properties of Brownian motion. In the proof of Theorem
2.3, however, we derive the fluctuation results quite differently via some technical estimates and derive (2.6) as a
consequence of these results.

We will use the following notation: a A b = min(a, b) and a vV b = max(a, b).

3. Existence and uniqueness of the process

In this section, we prove the existence and pathwise uniqueness of solutions to (1.1). We also prove the well-posedness
of the submartingale problem corresponding to the process. The latter fact will be an essential ingredient in proving
the existence of the stationary distribution in Section 6.

For notational convenience, all vectors written in the form v = (v1, ..., vg) for some k € N should be thought of as
column vectors. We will use v’ to denote the corresponding row vector.

Remark 3.1. The following translation invariance property follows immediately from the form of equations (1.1).
Consider real numbers x, s, v,/ with s > x and / > 0. If {(X;, S, V;, L;), t > 0} solves (1.1) with the initial conditions
(Xo, S0, Vo, Lo) = (0, s — x, v, 0) then {(X,, S,, V,, [) t>0}={(x+ X, x+ S, Vi, £+ L;), t >0} is a solution to
(1.1) with the initial conditions (Xo, So, Vo, Lo) = (x, 5, v, £). Because of this, we will always assume in our technical
estimates that By = Xo = Lo = 0, unless explicitly stated otherwise.

The process given by H; = S; — X; will be called the gap process. If we know both V and H, we can recover the
movement of the individual particles by first integrating V to obtain §, and then computing X; = S; —

Thus, existence and uniqueness of a strong solution to the system (1.1) are equivalent to those of the following
system of equations:

th :st _gdt,

(3.1)
dHt == —dBl + Vt dt +st,

where B; is a standard one dimensional Brownian motion, H; > 0 for all # > 0, and L, is a continuous, non-decreasing
process satisfying d L, = Ij0;(H;) dL;. As before, we will write Z; = (V;, H;).

If B; and Z, are given, then L; can be computed from the equation L, = Lo + V; — Vp + gt. Thus, the complete
description of the strong solution to (3.1) can be given in terms of only Z and B.

Even though reflected diffusions in HH = R x R are well studied and many classical results are available, we have
not found a direct reference for existence and uniqueness of equations (3.1), mainly due to two technical issues: (i)
Z, is not a strictly elliptic diffusion, and (ii) the drift vector (—g, V;) is unbounded in the v-component. We will split
our proof of existence and uniqueness into two lemmas: one that shows that a local solution exists, and another that
extends local solutions to global ones. The second lemma will also be used to show that the submartingale problem is
well posed.

In the following, we will write

1
£=§3hh+vah—gav
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for the second order differential operator associated to the generator of the Markov process Z; satisfying (3.1) (pro-
vided it exists) in the interior of the upper half plane H.

Lemma 3.2. For each N > 0, there is a weak solution ZtN = (VtN, H,N) of (3.1) up to time TN =inf{t > 0: |ZtN| >
N}. Also, (3.1) satisfies pathwise uniqueness up to time T" .

Proof. Note that equation (3.1) can be written as

47, = <8 _01) dBF + (;,f) dr + G) dL,, (32)

where B = (W;, B;) and W, is a standard, one dimensional Brownian motion independent of B, that has no effect
on the paths of Z;, that is, if we replace W; with another Brownian motion W, then the same process Z; will solve
(3.2). We will now apply a standard localization technique. Note that if a weak solution Z" exists for a modified
version of (3.2) with the drift vector replaced by (—g, V; A N), then Z" will also be a weak solution to the original
equation (3.2) up to time T/ The drift and diffusion coefficients for the modified version of (3.2) are Lipschitz and
bounded and thus, the equation fits into the setup of Theorem 1 in [14]: the diffusion matrix ¢ = oo’ has component
ayy = 1, the drift vector is Lipschitz and bounded, and the reflection vector y := (1, 1) is constant with a unit length
component in the direction of the normal to the boundary. Even though the statement of Theorem 1 in [14] is about
weak existence and weak uniqueness, its proof actually shows pathwise uniqueness. This implies the two claims made
in the lemma. ([

Lemma 3.3. For each N > 1, let Z,N be a weak solution up to time TV = inf{t > 0 : |Z,N| > N} of (3.1), with
Zév =z. Then

(a) There are constants C1, Cy > 0, independent of N, such that E(|Z,A,[\TN |2) < Cpe,

(b) All processes ZtN can be chosen to be strong solutions of (3.1). They can be constructed so that ZtN = ZtN ' for
t < TN if N < N'. Hence, they can be extended to a strong solution Z; up to time T* := supy TN, Pathwise
uniqueness holds for Z; up to time T*.

(¢) T*=00a.s.

Proof.
To prove (a), set n(v, h) = 2h2 4+ v2 — 2hv, and recall that Ln = la,,hn 4+ vopn — goyn and y = (1,1). It is
elementary to check that %(h2 +v%) < n(v, h) <3(h*+v?). Since | ZN| < N fort < TV, we have by Itd ’s formula

1 5 ATV ATV -
glE(|ZtNATN )SEU(ZtAiTN):n(z)—}—E/O En(ZflV)du+E/0 vn(z)) ydL}

tATN
=0 +E [ La(z)a.
0

since Vn(ZLItV Yyd Lftv = 2H,£V de,V = 0. To bound the integral on the right hand side, we note that there exist con-
stants K1, K5 > 0 such that |£n(z)| < K| + K3|z|?. Putting all these inequalities together we obtain

t
E(|zY v [) 59|z|2+31(1t+31<2[0 E(|ZY ,x[?)du.
Now (a) follows from Gronwall’s inequality.

Since pathwise uniqueness holds for (3.1) up to time TV, we can apply a well-known argument by Yamada and
Watanabe (see [6, Ch. IV, Thm. 11] or [8, Ch. 5, Corollary 3.23]) with minor modifications to show that ZtN can
be chosen as a strong solution up to time 7V. By pathwise uniqueness, if M > N we have that ZM = ZV for
t < TN. This allows us to define Z; = ZZN for t < TV in a consistent way, and thus obtain a strong solution for
t <T*=supy TN 1t is clear that pathwise uniqueness also holds up to time 7*. This shows (b).
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It remains to show that 7* = oo almost surely. For any & > 0 and R > 0, by (a), we have

|ZR? _G
P(T*SO‘)SE< 5 Lirrza) | < 3¢

Taking R — oo on the right hand side, we conclude that P(T* < «) = 0 for each « > 0, and thus 7* = 0o a.s. O

As a direct consequence of the two previous lemmas, we are able to show existence and pathwise uniqueness for
equation (3.1), which we record in the following theorem.

Theorem 3.4. The system of stochastic equations (3.1) has a square integrable, strong solution (V;, H;), and satisfies
pathwise uniqueness.

Our next theorem will be used in the derivation of the stationary distribution of Z;. Recall that H =R x R.
We will denote by C the set of continuous functions from [0, 00) to H. We denote by C](;(A) the set of compactly
supported functions on A with continuous derivatives up to order k, allowing k = co. We will use B to denote the
Borel o —algebra of C, and {F;} will denote the natural filtration on C. Recall that y = (1, 1) and L f (v, h) = lahhf +
vopf —gouf.

Theorem 3.5. The submartingale problem for (L, y) in H is well-posed, that is, there is a unique family of measures
(P, :z € H} on (C, B) such that, for each z € H, the following properties hold

I. P,(w(0)=2z)=1.
2. Fort >0, and each f € Cg(Rz) such that V f (y)Ty > 0 for all y € 3H, the process

SiLf1:= fo®) = /0 Lf(w))du (3.3)

is a submartingale in (P,,C, B, {F}).

Moreover, the unique solution to the submartingale problem corresponds to the law of the process Z; = (V;, Hy)
solving (3.1).

Before proceeding to the proof of Theorem 3.5, we will prove an important property about the amount of time the
process associated to a solution to the submartingale problem spends on the boundary of the domain.

Lemma 3.6. Let Z} = (V,*, H") be a solution of the submartingale problem for (L, y) in H. Then

t
/HaH(Z::)duzo a.s.
0

Proof. We will write z = (v, ) to simplify the notation. For n > 0, define g, (h) = h? exp(—nh). Note that g, (h) =
0rgn(h) =0 on oH. For N > 0, let oy be a Cé(RZ) function satisfying: 0 < pn(2) <1, pn(z) =1 for |z| < N,
and ¢y has uniformly (in N) bounded derivatives up to the second order. Let g, n (z) = g, (h)@n (z). Since g, (h) is
bounded above by 4e=2/n?, it is clear that

lim g, n(2) =0, hm E(qn N( )) 0 foranyr > 0. (3.4)
n—oo

‘We have,

/ LGnn(ZE) du = /0 (on(Z3)Lan(Hy) + an (H;) Lon (Z3) + 0ngn (Hy) dnpn (Z7)) du.

We will argue that the integrals of the second and third terms on the right hand side go to zero as n — oo, for
every fixed N. The claim holds for the second term because g, () is bounded above by 4e2 / n? and Lon(2)(h) is
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uniformly bounded. The function 95,4, (h) converges to zero, and is uniformly bounded in n. The function d,¢N (Z}))
is uniformly bounded. These observations prove the claim for the third term.

We now turn our attention to the first term on the right hand side. The function ¢y (z) Lg, (k) is uniformly bounded
and converges to @y (z) Ijo; (k) as n goes to infinity. Therefore, applying the dominated convergence theorem, we see
that

t t
lim IE( / cgn,N(z;:)du> =IE< / (pN(Z;“)]IaH(Z;“)du>. (3.5)
n— oo 0 0

Since (Vgn N (z))Ty =0 on 0H we have that S;[g,.n] — Solgn,~] is @ martingale (this can be proved by considering
the submartingale problem applied to g, x and —g, ). Therefore,

t
E(Gn.n(Z])) = Gn.n (@) + IE(/O Lgnn(ZF) du).

Letting n — oo in the above equation and using (3.4) and (3.5), we obtain

1
E(/ (pN(Z;:) Ha]H[(Z;;) du) =0.
0
The lemma now follows from the monotone convergence theorem upon taking N — o0o. ]

Proof of Theorem 3.5. Using Itd’s formula, it is straightforward to check that solutions Z to (3.1), for different initial
values Zy = z, constitute a family that solves the submartingale problem for (£, y) in H. It only remains to prove the
uniqueness in law of this solution. To this end, we will show that any solution Z* to the submartingale problem is a
weak solution of (3.1).

Consider a solution Z; = (V*, H) = w(¢) to the submartingale problem (3.3) with Zj =z € H. We will use
Theorem 2.4 of [12]. That paper is concerned with processes whose diffusion coefficients a;; are strictly elliptic
and drift coefficients b; are bounded (see page 147, and (i’) and (ii’) on page 159). Our diffusion coefficients are
not elliptic and our drift coefficients are not bounded, so, the results from the cited paper do not apply directly to
our setting. However, these assumptions are used neither in the definition of the class F in [12, page 161], nor in
the statements and proofs of Lemmas 2.3, 2.4, and 2.5, and Theorem 2.4 in that paper. Also, the definition of the
submartingale problem in [12] is slightly different than ours, because, in their setting, the integral in (3.3) has the
indicator function of HH as a factor in the integrand, which is not an issue in view of Lemma 3.6 above. In order to use
Theorem 2.4 of [12], we will show that all functions f € Cg (R?) belong to the class F (whose definition we provide
next), by modifying an argument from [12].

The class F consists of those function f : [0, 00) x R? — R which satisfy:

(1) f is bounded and continuous, and all its first order partial derivatives (both with respect to # and x;) exist and are
bounded and continuous on [0, co) x JHI,
(i) there is a bounded, continuous function K f such that

t

N,[f]:f(t,Zt*)—/(; I K f (u, Z}) du

is a local martingale in H.

(iii) there is a real valued, continuous, non-anticipating process L;[ f] such that:
(@) Lolf1=0, L[ f]is of locally bounded variation, and E(|L;[ f]]) < oo) for > 0,
(b) N/[f]— L;[f]isamartingale.

Gv) ifgeC ;’2([0, 00) x R2), that is, partial derivatives in ¢, and second partial derivatives in x; are continuous and
bounded, then f = f + g, satisfies (i), (ii) and (iii), and if (V£)Ty > 0 on [0, 00) x R?, then L;[f] can be
chosen to be non-decreasing.
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We will briefly sketch the underlying idea of the proof. By setting K f = L f, Theorem 2.4 of [12] shows (without
using ellipticity or boundedness of drift) that there is a unique, continuous, non-decreasing, non-anticipating “local
time” L*, such that

M=) = [ £@z)du= [ (5@ va;

is a martingale for each f € F. We will first show that every f € C 5 (R?) belongs to the class F. Then, by appropriate
choices of f € Cg (R?), it will be shown that any solution Z* to the submartingale problem is also a weak solution of
(3.1) with L taken as L* determined by the class of functions F as described above.

We will first show that (i) and (ii) in the definition of F are satisfied by any f € C% (R2). To see this, fix an arbitrary
fe Cé(Rz). First, suppose that f has support in H, so that (V f)Ty =0 on dH. Hence, S;[f] is a martingale. For
general f € Cé(]Rz), let H,, = {(v,h) : h > n~!, |v| < n} and consider n, € C(‘)’O(Rz) such that n, = 1 in H,, and
N, = 0 outside of H,41. Define the “smooth localization” f, € Cg (R?) of f as f, = fn,. For any stopping time T,
set T, =1 An, and 7, = inf{t > 7, : Z* ¢ H,,} A n. It follows that SMT,’, [fu]l = Stz [ fu] is a martingale. But

St/\t,g [f] - St/\r,l [f] = St/\r,’, [fn] - St/\r,l [fn]

By taking n 1 oo, we obtain that S;[ f] is a local martingale in H, in the sense of [12, page 158]. Since Kf = Lf is
bounded for any f € Cg(Rz), we see that (i) and (ii) in the definition of F' are satisfied.

Next, we will show that (iii) and (iv) are satisfied by any f € CZ(R?).If f € C3(R?) satisfies (V )Ty >0 on 9H,
then from the statement of the submartingale problem above, S;[ f] is a locally bounded, continuous submartingale.
By the Doob-Meyer decomposition theorem, it follows that there is an integrable, non-decreasing, non-anticipating
continuous function L[ f] such that Lo[ f]=0 and S;[ f] — L[ f]is a martingale. For general f € Cg (R2), consider
¢ (v, h) = arctan(h), which is a defining function for H in the sense of [12] (see page 158), set @ = —inf{(V f(y))T y :
y € oH}, and define f, = f + a¢. It is clear that (Vfa)Ty > 0, and we can define L[ f] = L[ fo] — ¢ L:[¢]. We
obtain that L[ f] is a non-anticipating continuous function of bounded variation such that Lo[ f]1 =0, E(|L,[f]]) <
E(L/[fo]) + ¢ E(L;[¢]) < 0o, and S;[f] — L[ f]is a martingale. This shows (iii) and (iv) in the definition of F', and
proves that f belongs to the class F, for any f € Cg(]Rz).

Hence, we can apply [12, Thm. 2.4] to see that there exists a unique, continuous, non-decreasing, non-anticipating
process ¢ > Lf, such that L =0, E(L}) < 0o, dL} =Tyu(Z;)dLy, and

M,[f]:f(z;*)—f0 z:f(z;;)du—/o (VF(z) ydL: (3.6)

is a martingale for each f € F, and in particular, for f € Cg (R?).
Using that Lf2(2) =2f@)Lf () + |9 f(2)]?, we obtain

t

m[7)= 1 @) = [ Jons @) au=2 [ pzer@)an—2 [ @) £(z) v L,
0 0 0
Using (3.6) to compute df (Z;]), we see that
/Of(Zu)df(Zu)=/0 f(Zu)dMu[f]+/0
It follows that
2V -2 [ f(z0)ar(z =M,[f?] -2
7z =2 [ r(zar(z)=mlr) -2 [

Itd’s formula shows that the left hand side in the equation above equals to f (Z(’)‘)2 + (f(Z%*));, where the bracket
(-) stands for quadratic variation. The right hand side has two continuous martingales plus a continuous process of

t

e @ans [ 1z @) vaL;

t

F(Z5)am L)+ /0 o7 (22) 2 du.
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bounded variation. By uniqueness of the decomposition of continuous semimartingales, we conclude that

(@)= [ s @) au. 3

Since f(Z}) — M;[f]is continuous with bounded variation, we see that (M[f1); = (f(Z*)), is also given by (3.7).
This formula suggests that there is a Brownian motion B* such that dM,[ f1= 0, f(Z})dB; forall f € Cg (R2). We
proceed to prove this by localization.

Let TV =inf{t > 0: |Z}| > N}, and ZIN = Z[*ATN. For w,2 € R, let f be a Cg(RZ) function such that f (v, h) =
uh + Av for |(v, h)| < N. From (3.7) we obtain (WH* + AV*), \rv = /Lz St ATN). By Levy’s characterization
theorem, there is a Brownian motion B,N (in a possibly enlarged probability space) such that M;[ f]1= My[f] — ,uB,N
for t < TN. Unravelling our definitions and using (3.6) for f at time t A TV we obtain

IATN
WH oy + AV oy = wHy + AV — ;LB,’XTN + / (uVy—gA)du+ (u+1)dL*
0

tATN -

From this, it is direct to see that for each N > 0, Z,N is a weak solution to (3.1) up to time TN . 1t follows from
Lemma 3.3 that Z* is a weak solution to (3.1). Since this equation satisfies pathwise uniqueness by Theorem 3.4, it
also satisfies uniqueness in law ([8, Ch. 5, Proposition 3.20] with minor modifications for the reflected case), which
shows that there is a unique solution to the submartingale problem. (]

4. Hitting time estimates

In this section, we derive some preliminary estimates for hitting times of V and S — X. These will be essential in most
of the calculations leading to fluctuation results, strong laws and convergence to stationarity.

We will use |-| to denote the greatest integer function. We will write C, C’, C”, ... for finite positive constants,
whose values might change from line to line.

Recall that H; = S; — X;. Let

t, =inf{t >0:V;, =a},

\%4
a
tf =inf{t >0: H, = a),
B,
a

¢ =inf{t > 0: B; + ct = a},

o()=inf{t >u: S, = X,},
where a, ¢ € R, u > 0, with the convention that inf & = oo.

Remark 4.1. If a > Vp, then Sfa‘/ =X oV as otherwise, by path continuity of S and X, there will exist a small time

interval [raV -4, rav] for some § > O such that S, > X, forallu € [raV -6, raV] and consequently, the velocity will be
strictly decreasing in this interval, which is a contradiction to )" being the first hitting time of level a by the velocity
process V. It is not necessarily true that S,v = X v fora < Vj.

Remark 4.2. For any initial values Vo = v, Xo = x and Sy = y, 0(0) < 00, a.s. To see this, note that on the event
{0 (0) = 00}, the trajectory of S is a downward parabola and the trajectory of X is the trajectory of Brownian motion
B shifted by a constant, and staying forever under the parabola. This event has zero probability because B;/t — 0,
a.s.

It is elementary to check that if So > By = X, then the local time satisfies the usual Skorohod equation (see [8,
Lem. 6.14, Ch. 3]),

L;=0vsup(B, —S,), t=>0. 4.1

u<t
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We will be frequently approximating the local time L by using the local time of standard Brownian motion B
reflected, via the Skorohod equation, downward on a line of slope a passing through the origin. We will use the
following notation,

L@ = sup(B, — au). 4.2)

u<t

We will use the following well known formulas (see [8, Ch. 2, (9.20); Ch. 3, (5.12) and (5.13)]). If Bp =0 then

* 1 2 2./t 2
]P(su By > x) = 2f e @ gy < S xS0, (4.3)
sslt) ’ x 2wt 27 x
P(<2" € dt) = lal exp(—(a —mt)?/@0)dt, >0, (4.4)
23
]P’(raB’m < o0) =exp(ma — |mal). (4.5)

The following two lemmas contain estimates for the hitting times of different levels by the velocity process V;, for
starting points in different ranges of values.

Lemma 4.3. Assume that Hy = 0. Then for 0 <aj < az,and t > 2(a» — ay)/ai,

4(az —ay) o8,

P(t)y g >t Vo=—g—a2) <
( ) ((ap — ay) + a1t)a v/ 2mt

e (4.6)

Proof. It follows easily from (4.1)—(4.2) that, assuming that Vo = —g —ap and f < r,Vg,al ,we have L, > Lﬁ‘g‘“') =

sup, <, (By + (g + ap)u). We will use similar inequalities between L, and Lt(m) later in the paper a number of times,
without explicitly referring to (4.1)—(4.2). We have,

]P’(rv >t|V0=—g—a2)

—8&—a

=P(Ly —gs <ap —aj fors <t)
< IF’(sup(BM +(g+au)—gs <ap—a fors < t)
u<s

§]P’((BS+(g+a1)s) —gs <ap —aj fors §t)

=P(Bs +ais <ap —aj fors <t)
:]P’(rB’aI >t).

ar—aj

This and (4.4) imply that,

Pty o >t Vo=—g—a) <

X a—a exp(_ (a2 —a1) — a1u)2> ”
¢ N2mud 2u

Making a change of variable from u to z = % — ay1+/u, and using the fact that ¢ < u, we see that

]P’(IV >t|V0=—g—a2)

—g—a
/0" ar —ay ( ((az—al)—alu)2>
< exp| — du
A 2muld 2u
QLA Vi 1
iV 31 s, b n L _2p
=(a2—a1)/ w3 Z @ —apu™? + zaju™V ——e Ty
5o 2 2 V2
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a-ay _1
| 1 1 2,
:(az—al)/ —(ap —ay1) + —aju — T2y,
oo 2 2 N2
2;;1 —avi

2(az —a1) / R
T (a—a)tait J_ V27

e_zz/zdz.

Note that, when t > 2(ay — ay)/ay, % < %; Thus, the last estimate and (4.3) yield

2}:11 —avi g
N2
2(az —ay) /‘”ﬁ/z 1 P2 gy

2 _ a
P(‘L'V_ >I|V0=—g—a2)<M/ e—zz/ZdZ

—eTa T (ap —a1) +ayt

T (@—a)tair J- V2
- 2ay—a)) 2 UL
(a2 —a1) tait 2mwa/t
which proves the lemma. (]

Lemma 4.4. Assume that Hy = 0. Then for 0 < ay < ay,
(1) Ifa; > g, then fort >2(ax —ay)/g,
P(tY e >t Vo=—g+a) <e 8@79" 4.7)

(Gi) Ifay < g, then fort > 2(a» — ay)/ay,

4 2
P(rY, , >t Vo=—g+a) < ———e" /3, (4.8)
( g+a; | 8 ) alx/ﬁ

< L( g+ai)

Proof. Fort < r_g +a,» the following inequality holds, L; <

gandt>2(ar —ay1)/g,

=sup, (B, — (a1 — g)u). Therefore for a; >

Pz’

gty >t|Vo=—g+a)=P(Ly — gs > —(ay —ay) fors <1)

<P B — (a1 — g)u) gs > —(ap —ay) fors < t)

IA

u<t

(sun
P(sup B — (a1 — g)u) gt > —(ax — al))
(

<P sup B —(a — g)u)>gt—(a2—a1))

u<oo

IP’(r ,—(ar— g) )

gt—(ar— a) <

We use (4.5) and the assumption that ap — a; < gt/2 to conclude that
IP’(TYHQl >t|Vo=—g ~|—a2) <exp(—2(a; — g)(g; —(ap — al)) < e 8@t

This proves (i).
Fora; <gandt>2(ay —ay)/ai,

]P’(IV

Zetay > 1 | Voz—g—i—ag):]P’(LS —gs>—(ap —ay) fors 5[)

< IP’(sup(Bu +(g—anu) —gs > —(ar —ay) fors < t)

u<s
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< P(sup B, + (g —ant — gt > —(az — an))

u<t

< ]P’(sup B, > alt/2>.

u<t

This and (4.3) show that
Pty g >t Vo=—g+a)) < —=¢

which proves (ii). (]

The following lemma gives a uniform control over o (¢) (the first time the Brownian particle and the inert particle
meet after time #) over all times in a large interval.

Lemma 4.5. For every 6 > 0 and Cy, we can find positive constants Cy, Ca, ao such that for all a > ay and all
vel[—g—8%a/8, —g+ /&8a/4], the following holds for Vo = v, Hy =0, and any m > 1:

da ;
(a(t) >t +3ﬁf0rsome t<Coa" AT g+f6a/4A A 52a2/8> < Clam_le_czag.

Proof. Fixany$ >0andve[—g— %, —g+ @8 ]. Assume that Vp = v and Hy = 0. Note that forr < 7"

g+./gda/4’
J/88a
Li—gt<—+4 ——
t 8l = 8 + 4 )
1
SI S (_g+ ﬁ a>t7
4
where we used Vo =v > —g — 828”2 to obtain the first inequality.
These together yield
da 2 da
S[—XtZSl—Bt—}—LtS_Bt‘i‘«/g t+ +\/§ .
4 8 4
Thus we have
Sa 382a>  /gda
2.2 1% 2.2
P(Séa/ﬁ_xaa/ﬁ>8 a ,ﬁ Sr—g+\/§8a/4> §P<_Baa/\/§+T+T > 6“a )
9
< (= Bugs > pebta?) e VR, (49)
The second inequality holds for large enough a (depending on §) and the last inequality follows from (4.3).
Suppose that the following event holds
da da 2 o da v
(o2 ﬁ >3ﬁ,5§a/\/§—x(§a/\/§§80 ’ﬁit—g-kﬁ&l/“ . (410)

Then S is a parabola on the interval [\/—“_ 372‘]. If w = Vi, /g then the parabola increment over this interval is

25 oo ) =i

\) |

HEE
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Since S5,/ 7z — Xsa/ /e < 82a® and X stays below S on the interval [ 2% 36“] the following event must hold,
/g Vg y N g

{B3sa) sz — Bsayyz < —5202/2}~
Recalling (4.10), we conclude that

5 5
P(o(—a> > 322 Sy g — Xoay g <827, S < ri/g+ﬁ5a/4) <P(Buu — Bss < —5%a%/2).
NI NG %Pk

This, (4.9) and (4.3) yield for large a,

P da 3561 da -V
\5) 775 5 = v
da
22 v
< P(S(Sa/ﬁ — Xsa) g > 070", ﬁ = f—g+¢§aa/4>

da

ba 2.2 v
+]P)<O'(\/§> >3\/_ Sﬁa/f Xaa/\/gfts a ,ﬁff_g+ﬁ5a/4>

=33
<e */§8a/S—i—P(B:;(ga/\/g—Baa/\/E5—52612/2)
< o VBB | RFE)16, @.11)

Define stopping times 7o = 0 and
Ty = inf{t > Ty + 8a/ /g : H =0},

for k > 0. Then by (4.11), the strong Markov property applied at T, and Remark 3.1, for large a,

da V
P(Tk+1—Tk>3 g+[5a/4_Tk+8a/\/_’ e 52a2/8_Tk)

NG
da v
< P Tk+1 - Tk > 3ﬁ’ r—g+\/§8a/4 > Tk +6a/\/§
< e VB8 g VBN, 4.12)

g+f5a/4 Vg782a2/8] such that o (1) > 1y +3%.

Then #; € [0, Coa™] and, therefore, we can find 0 < k| < Co./ga™"~ 1/8 with Ty, <t1 < Tk, +1, because Ty — T >
da/./g for all k.

It follows from the definition of Ty, that o (#;) — t1 < Tiy+1 — Ty,. Since Vo < —g + @ and Hy = 0, the
processes S and X must take the same value at the time 7" g+ /g8a/4" by Remark 4.1. Hence, if th +gsa/4 € [t1, T, +

da/./g], then

Consider any m > 1. Suppose that there is #; € [0, Coa™ A 7"

o (1) <ty esaa < T +8a//g <1 +8a/ V3,

which contradicts the assumption that o (t;) > #; + 3jﬁ Thus, if 1; < ¥ g+ /g5a/4 and o(t)) > t; + 3f then
Yg +gsalh > Ty, +d6a/./g. These observations and (4.12) imply that

P(o)>1+3°%L ¢ t<a" AtV AtV
o(t) > 7 orsome s <a™ ATL o s AT 5.0
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LCoﬂa”"l/SJ aa
< Z ]P(o(t)>t+3ﬁ,tfrvg+ﬁ8a/4Arfg_62a2/8 forsomete[Tk,Tk+1]>
k=0

LCo/ga™ /8]

da v
< ; ]P(Tk+1 — Tk >3E’T—g+«/§5a/4z’rk +da/\/g, T—g—62a2/SZTk>

< (| Cov/ga™ " /8] + 1) (e VE@ /8 4 o= vE@/16),
This proves the lemma. U

The following lemma tells us that the probability of the velocity staying inside the interval [-g — a, —g + a] for
all times up to ¢ decays exponentially with 7.

Lemma 4.6. For any a > 0, there exists po € (0, 1) depending on a such that for any integer m > 1,

sup P(1V; + gl <aforallt €[0,m(142a/g)]| Vo =v, Hy=0) < pg. (4.13)
ve[—g—a,—g+al

Proof. Assume without loss of generality that By = 0. Note that L; = sup, (B, — S,) =2 B, — S;. If V,, € [-g —
a,—g+alforall 0 <u <t,then S; < (—g +a)t. This gives L; > B; + (g — a)t. Thus,

Vi=Vo+Li—gt=—g—a+B +(@g—ayt—gt=B—at—g—a,
and, therefore,

{|Vt—|—g| <aforallr €0, 1]} C{Vi+g=<a}C{B1—2a<a}={B; <3a}.
Let po =P(B;1 <3a) < 1. Then,

sup P(|V; + gl <aforallz €0, 1]| Vo =v, Hy=0)
vE[—g—a,—g+al

<P(By <3a) = po.
IfV,el[—g—a,—g+al]foral 0 <u <1+ 3a/g, then 6(1) <1+ 2a/g, for otherwise there would be ¢t € [1 +

2a/g,1+3a/g) with V; < —g — a. Thus, applying the strong Markov property at o (1), in view of Remark 3.1, we
have for any m > 2,

sup P(1V;+ gl <aforallt € [0,m(1+2a/g)]| Vo=v, Hy=0)
ve[—g—a,—g+al

< sup P(|V; +gl <aforallt €[0,1]| Vo =v, Hy=0)
ve[—g—a,—g+al

X sup IP’(IVz—l—gISaforallte[O, (m—l)(1—|—2a/g)]|V0=v,H0=0)
ve[—g—a,—g+al

< po X sup P(IV,+g|§aforallte[0, (m—l)(l+2a/g)]|V0=U,H0=O).
ve[—g—a,—g+al

Recursively applying the same argument, we get (4.13). O
Lemma 4.7. There exist positive constants ay and C1, Cp such that for any a > ag:
2
PtV 10 <7¥esr | Vo=v. Hy=0) < Cre~

uniformly over allv e [—g+2,—g +a/2].
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Proof. For a > 4, applying the strong Markov property at time 7"’ | and Remarks 3.1 and 4.1, we have for any

g+a—
€l-g+2,—g+a—1],
]I”(rfg+a < thH | Vo =v, Hy=0)
=P(t) 1 <t IVo=v, Ho=0)P(c <7V, I Vo=—g+a—1,Hy=0). (4.14)

We estimate the second probability on the right hand side of the above equation as follows,

IP>(r_Vg+a<z_Vg+1 |Vo=—g+a—1,Hy=0) (4.15)

Z Yk < era <7 et | Vo= —g +a— 1, Hy=0).
k=2

If Vo=—g+kandr <7V, then L, < L™V =sup,_ (B, + (g — k + Du). Thus, for2 <k <a — 1,

IP’(rYg_HC < rl/g_m < rYchf] | Vo=—g+a— 1,H0=0)

<P(Yera <tV | Vo=—g+k Hy=0)

=P(inf{r >0: L, —gt=a—k} <inf{t >0: L, — gt =—1} | Vo= —g + k, Hy = 0)
<P(inf{r > 0: L8 —gr —a — k)

<inf{r=0: LD gt = —1} | Vo= —g +k, Hy=0)
<P(inf{r=0: LY — gt =a —k} <00 | Vo= —g +k, Hy=0)

=P(inf{t > 0: B, + (g —k+ )t — gt =a — k} < o0)
=P(inf{t >0: B, — (k — Dt =a — k} < 00)

= ¢~ 20k=Da—k)

for sufficiently large a. In the first step, we used the strong Markov property at the stopping time U = inf{r > rl/g k-
V, = —g + k, S; = X;} which satisfies 7" ek SU< Tl/g+a on the event {Tl/g+k < Tl/g+a = Tl/g+k—l}’ by Remark
4.1. We also used Remark 3.1. For the last step, we used (4.5). Fora >4, (k—1)(a—k)>a/2for2 <k <a—1and

thus, substituting the above estimate back into (4.15), we get
P(Y gy <tVpii | Vo=—g+a—1,Hy=0)<(a—2)e "
for a > 4. This, along with (4.14), givesus forve[-g+2,—g+a — 1],

IE”(IV

Yera <1 1 Vo=v, Ho=0) <P(z¥, ., <tV | Vo=, Hy=0)(a —2)e ™"

For a > 10, we apply the above estimate inductively with a replaced by a/2,a/2 + 1, ...,a/2 + k., where k, is the
largest integer such that a/2 + k, < a, to obtain

la)

sup ]P’(rfgw <Tl/g+1 | Vo=, Ho=0) 56‘(61—2)“/2Jr1 exp| — Z k),
ve[—g+2,—g+a/2] k=la/2]

for some positive constant C, which implies the bound claimed in the lemma. (I

Remark 4.8. We will sketch an argument showing that for any initial values Vp = v, Xo = x and Sp = y, and any

z € R we have ‘L'ZV < 00, a.s.
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In view of Remark 4.2, we can assume that Hy = 0. By Lemma 4.6, the process V cannot stay in any bounded
interval forever, a.s. By Lemmas 4.3 and 4.4, the probability that V converges to oo or —oo is 0, a.s.

Suppose that limsup,_, ., V; = oo and liminf;_, », V; is finite with positive probability. Let « € R and ¢ > 0 be
such that P(liminf; .~ V; € (a,a + 1)) > ¢. The methods used in our proofs show easily that for some p > 0, all
ve(a,a+1),andall x <y, if Vo =v, So =y and X¢ = x then tavf3 < oo with probability greater than p. It is now
standard to prove that on the event where V visits (a, a + 1) infinitely often, it has to visit (¢ — 2, a — 1) infinitely
often as well, and, therefore, liminf;_, o, V; cannot lie in (a, a + 1) with positive probability, a contradiction. A similar
argument shows that the event that liminf;_, ., V; = —oo and limsup,_, o, V; is finite has probability 0.

5. Renewal times

We will define several sequences of stopping times and derive tail estimates for them that will help us estimate the
fluctuations of the velocity process V; and the gap process S; — X;. The path {Z; : s <t} will be decomposed into
cycles between consecutive renewal times defined in this section. In Section 7, fluctuation results will be established
for these cycles. These, in turn, will yield global fluctuation results and strong laws for S; and X, stated in Theorem 2.2
and Theorem 2.3.

We assume that the starting configuration is Vo = —g and Hp = 0, although the results that follow will not depend
on this choice. Fix ap > g. We define a sequence of renewal times {{x }r>0 as follows. Let {o = 0 and for k > 0,

me =inf{t > g 1 |Vi + gl = ao + 2}, (5.1
S+ =inf{t > ng 1 Vi = —g and §; = X;}. (5.2)

Define «—_1 =0. If ryg+a0+2 < Tl/g—ao—2’ define o =0 for all k > 0 and let N~ = 0. On the event {tl/g—ao—2 <

}, defineag=1" o2 Fork > 0,if Vo, = —g — ag — 2, then define

v
T gtap+2 g—a
a3yl = inf{t > azp 0 §; = Xy},
32 =inf{t > a3p 410 Vi = —g —ap — 1}, (5.3)
a3p+3 =inf{t > o342 Vi =—gor —g—aop—2}.

If Vo, = —g, then define o; = a3y for all j > 3k. Define N~ =inf{k > 1: Vi, = —g}. This corresponds to the first
hitting of —g by the velocity after time "’ »- By Remark 4.1, if Vi, = —g then Sy, = X4, Thus, on the event

g—ag—
{rfg_ao_2 < Tl/g+a0+2}’ we have that {; = a3y-. Also, note that Vi, .| < —g —ap—2,and Hy,,,, =0fork < N™.

Define B_1 =0. If tfg_a0_2 < TYg+a0+2’ define By =0 for all k >0 and let N* = 0. On the event {Tl/g+a0+2 <
TYg—ao—Z}’ define By = tl/g+a0+2. For k > 0, if Vg,, = —g + ap + 2, then define

B3k+1 =inf{t > B3 : Vi =—g +ap+ 1},
Bsk+2 = inf{t > B3g+1: Sy = Xy or V; = —g},

B3ky3 =inf{t > B340 : Vi =—gor —g+ap+2}.

Otherwise, if Vg,, = —g, define B; = B3 for all j > 3k. Define N* =inf{k > 1: Vg, = —g}. This corresponds to the
first down-crossing of the v.elocity beloW the level —g after ‘L’Yg +ag+2- But' with Bositive p.robability, $ﬂ3 v > X, Nt
Thus, to reach the renewal time {1, we will define a further set of stopping times {or }x>—1 till the first time the velocity
hits —g again from below and thus the processes S and X coincide.

1 If rfgfaofz < thJraOH, we define oy = 0 forall k > —1 and we let N~ =0. On the event {t
et

|

14
—g+ap+2 =T

,g,aofz},

oy =inf{t > Byy+ : S =X, or V; = —g —ap — 2},

ap=inf{t >a_;:V,=—gor —g—ag—2}.
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For k > 0, if Vg,, = —g — ap — 2, define a; fori = 3k~+ 1,3k + 2,3k + 3 exactly as in (5.3) replacing the o’s with
a’s. If Vg, = —g, define @ = ar3 for all j > 3k. Let N~ =inf{k > 0: Vi, = —g}. Thus, on the event {t
v

v
—gtap+2 =
7(1072}, we have {1 = a35-.
We will argue that all stopping times o are finite a.s. First of all, by Lemma 4.6,
1% v
]P)({ngfaon < OO} U {ng+ao+2 < OO}) = 1’

so at least one of the sequences {ay} or {fx} is non-trivial. Suppose that a3; < oo, a.s. Then w341 < 00, a.s., by
Remark 4.2. If a3r41 < 00, a.s. then o342 < 00, a.s., by Remark 4.8. Since the argument in that remark was only
sketched, note that we can alternatively apply Lemma 4.3 which has a detailed proof. Finally, if o342 < 00, a.s. then
343 < 00, a.S., by Lemma 4.6. A similar argument applies to B;’s and ay’s.

In the following lemma, we will show that the distribution of ¢; has a rapidly decaying tail and thus has finite
moments of all orders. We remark here that to prove the main results in this article, we only need the first moment of
Z1 to be finite. Due to the degeneracy and high correlations in the system, we did not find a direct proof of this result
and adopted a “hands-on” approach via controlling excursions. Nevertheless, besides being of independent interest,
we believe that the tail estimate of ¢ will be useful in obtaining the rate of convergence to stationarity, which we hope
to address in a subsequent article.

Lemma 5.1. Suppose that Vo = —g and Hy = 0. There exist constants C, C' > 0 such that for all t > 0,
P(¢c; > 1) < Ce €17,
It follows that for any integer n > 1, E(¢{") < oo.

Proof. In this proof, we will assume that # is sufficiently large without explicitly mentioning it every time.
. . V V .
First, we consider the event {t” g—ap—2 < Tgtap +2}. Write

pm=P(Yy o<tV I Vo=—g—ao—1,Hy=0).

Note that if Vo = —g —ag — 1, Hy =0, then for r < rYg, we have L, > L,(_g). Note that

P(inf{r > 0: LT —gr=—1} < 1/g) < IP’( sup (B +g1) — g(1/g) < —1) —0.
t<l/g

This implies that
p~ <P(inf{r=0: L7 — gt =—1} <inf{r = 0: LT® — gt =ap + 1})

< IE”( sup (B: + g1) — g(1/g) <ao+ 1) <1.
t<l/g

Hence, for any integer n > 1, we can apply the strong Markov property successively at «3,—_1, ®3,—4, ... to get
P(N">n)<(p7)". (5.4)
Fort>0andn >1,

n—1

P(l <N~ <n, sup  (o3(k+1) — @3) > 3[) < ZP(OB(]“H) —a3 >3t, N~ >k+ 1). 5.5)

For all k and ¢ € [a3k—1, @3k ], we have V; € [—g — ag — 2, —g + ao + 2]. Therefore, by the strong Markov property
applied at a3;—1, and Lemma 4.6, there exist constants C > 0 and pg € (0, 1) such that for any integer m > 1,

P(ask —azk—1 > Cm, N~ >k + 1) < P(azk — a3p—1 > Cm)

<P(|Vs+gl<ap+2foralls €[0,Cm]| Vo=—g —ap— 1, Hy=0) < pg'. (5.6)
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If Voyy_s = —g then azpy1 — a3 =0.If Vi ; = —g —ap — 2 then Vi, | = —g —ap — 1 and, by Remark 4.1,
Swsi_1 = Xay_;- These remarks and the strong Markov property applied at time a3;—1 show that for any § > 0 and
sufficiently large ¢,

P(ose1 — a3k > 863 oz — s <t,N” =k + 1)

<P(a3k41 — o3 > 8173

) 003k — Q3k—1 St)

=P(o (a3) — oz > 813, a3 — azp—1 <1)

<P(o(u) > u+8t"° for some u <t A rl/g_ao_2 A rfg+a0+2 |Vo=—g—ao—1, Hy=0)

<Ce . (5.7)

The last estimate follows from Lemma 4.5 by applying it with a = \/§tl/ 3/3 and m = 3. We combine (5.6), taking
m =1t/C there, and (5.7), to obtain,

P(asps1 —ask > 803 N~ >k +1) < Ce €. (5.8)
We claim that for sufficiently large ¢,

1 —
P(a3kq2 — 03541 > 1, Q3541 — 03k < 81 BN~ >k+ 1)

< sup ]P(tl/g—ao—l >t | Voz—g—v,H():O)
velag+2,a0+2+g6t1/3]
< sup 4w —a— 1) e+ 1?18 < cp=C't, (5.9)

velao+2,ap+2+g511731 (v —ap — 1) + (ap + Dt)(ap + 1)/ 27t

The first inequality follows from the strong Markov property applied at a3x1. For the second inequality, we ap-
2w=ap—1) _ 2(1+g8t1/3)

ply Lemma 4.3 with a; = ap + 1 and a; = v. Note that as < t for sufficiently large ¢, the

. (a0+1) = (ao+1)
hypotheses of Lemma 4.3 are satisfied.
By Lemma 4.6,
Pazigs —@3pp2 > 1, N~ >k +1) <P(aspq3 — a3i2 > 1) < Ce €, (5.10)
From (5.8), (5.9) and (5.10), we get
]P’(Ol3(k+1) —a3, >3t, N~ >k+ 1) < Ce €.
Substituting this into (5.5), we obtain
P(l <N“<t, sup (@i —o3) > 3;) <C1eC", (5.11)
0<k<N——1
Recall that if TYg—aO—Z < Tl/g+a0+2 then ¢ = a3y-. Thus, using (5.4) and (5.11),
P(¢1 >3, 1Y, 40 < gtaora) =Plasy- >3, N~ = 1)

N——1
§P(N_ > t) +]P( Z (@3(k4+1) — a3) > 3t2, 1<N™ Sl‘)
k=0

< IP’(N_ > t) —I—IP’(I <N™ <t, sup (03(k+1) — @3k) > 3t>
0<k<N-——1

< (p_)t + Cte €,
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After readjustment of constants we get

P(Cl > t2’ TYg*a072 < TYg+ao+2) = Ce—C,t‘ (5.12)
We record a related estimate for later use. Note that inf{r > ay : V; = —g} < ¢;. Hence our argument proving (5.12)
also shows

P(cYy > 1| Vo=—g—ao— 1, Hy=0) < Ce " (5.13)

Vv
—g+ao+

it holds that L; < Lf_g). Therefore, for some p* < 1,

Next consider the event {T

\4
-8’

) < TYg—ao—z}' Note that if we start with Vo =v € [—g, —g+ap+ 1] and Hy =0,

thenforr <t

: \%4 \%
inf P(t, <1’ | Vo=v,Hyp=0
vel—g.—g-+ao+1] (7 < Trars )

>P(inf{r > 0: L —gr =1} > inf{r > 0: L7 — gt = —ap — 1})

z]P’( sup (Bt+gt)<1>=1—p+>0.

1<2(ap+1)/g
Therefore, for any integer n > 1, we can apply the strong Markov property successively at times 3,1, B3,—4, ... tO
get
n
P(Nt >n) < ( sup IP’(rYg > ryg+a0+2 | Vo=v, Hy= O)) <" (5.14)

ve[—g,—g+ao+1]

As before, we can write

n—1
P(l <Nt <n, sup (Bau+) —Bx) > 3t> < Zp(ﬂ3(k+l) — B3k >3, NT =k +1). (5.15)
0<k<N*t-1 k=0
Let 0 <k <n — 1. By Lemma 4.4, for large ¢,
P(Bss1 — Bk > 1, N > k+1) <P(Ba1 — B > 1) < Ce . (5.16)
For NT >k + 1, we have
—8 < Vypo =—8 +ao+ 1 — g(B3r+2 — B3k+1)
yielding
Bak+2 — Bak+1 < aot] : (5.17)
By Lemma 4.6,
P(Baks3 — Btz > 1, N* >k +1) <P(Baxss — Bz > 1) < Ce €. (5.18)

Combining (5.15), (5.16), (5.17) and (5.18), we get

P(l <NT<t, sup  (Bauw+1) — B3k) > 31) <Cte ",
0<k<N+—1

This and (5.14) can be combined as in the proof of (5.12) to show that for large ¢,

P(Bay+ > 127y apin < T gmag—n) < Ce . (5.19)
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The following estimate, needed later in the paper, can be derived just like the last estimate:
P(cYy > 1| Vo=—g+ao+ 1, Hy=0) < Ce™". (5.20)

Next we will estimate the remaining time ¢; — B3y+ before renewal happens. First consider the event {N* >
I,N- = 0} where the first renewal time ¢ is reached before the velocity hits level —g — ap — 2. Under this event,
there are the following two possibilities. If S,33N+ = X,33N+ , then ¢ = B3n+. Otherwise, Vg |, € (—g —ap — 2, —g),
Va, = —g and £1 = dp. As the inert particle falls freely in the time interval [B3y+, @—1], we have

d-1 — B+ < (a0 +2)/g. (5:21)
By the strong Markov property applied at & and Lemma 4.6,

P& — &1 >1,NT>1,N"=0)<Ce ", (5.22)
From (5.19), (5.21) and (5.22), it follows that

P >3, Nt >1,N~=0) < Ce ", (5.23)

We will next address the case when N~ > 1. Note that this implies that N* > 1. In this case the velocity V first
reaches level —g + ag + 2 and then —g — ag — 2 before the renewal time ¢;. Under this event, Vg, = —g —ap — 2 and
{1 = d3-. We need to control &y — oo and o> — a1. At ap, we have Vz, = —g —ap — 1 and Sz, = X5, and we can
apply the same analysis as in the case of the event {rl/g_ao_2 < rl/g tao 4o}, replacing o’s with a’sand N~ with N—.

Notethatforﬁ_zl,&'ozrv 4

Ze—ap —g—a()—Z)‘ For any §, ¢ > 0, we have

anda; =o(t

]P’(&’l—&'o>8\/?,ﬁ‘zl)

<P(@ —do > 81,80 < rgvﬁ A NT > 1) —i—IP(rgVﬁ <&,NT>1)+P@>* N >1). (5.24)

If we take Co = 1, a = +/t and m = 4 in Lemma 4.5 then we obtain for some C; and C,, and all ¢ > 0,

S/t
o(s)>s+3——forsomes <t“AT T 2 0=0, Hy= <Cit’’“e” 3/2.
P(o(s) 3ff 2 YH,/SW 0,Hy=0) < Cir¥?e !
8

v
Ry N

Since oy = TYg—ao—Z’ we have o < ‘L’Yg_ 5/8 for large ¢. Adjusting the values of the constants in the last estimate,

we obtain that for any § > 0, we can find ¢ > 0 such that for sufficiently large ¢,

P(@ — &> ov/nd <7} AN =1) < C32e=CP"? (5.25)

It follows from Lemma 4.7 that for sufficiently large a > 0.
P(z) <t¥ppi | Vo= —g +ao+2. Hy=0) < Ce €. (5.26)

Since Remark 4.1 implies that Sg,, = X, , we can apply this inequality at t = B3, by the strong Markov property at

B3k Note that supe(g,, | g..41 Vs < —8& + a0 + 2 so for large a,

{ sup Vs>a}=i sup Vs>a}.

S€[B3k, B3k+3] S€[B3k, B3k+1]

By definition, B3r4+1 < inf{s > B3 : Vs = —g + 1}. These remarks and (5.26) imply that, for large a,

P( s VimaNTzk+1)=P( swp Vi>aNtzk+1)=ce €

SE[B3k. B3k+3] S€[B3k, B3k+1]
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This and (5.14) show that for sufficiently large integer a > 0,

2

]P’(rav<ﬂ3N+,N+zl)§ ZIP’ sup Vs>a,N+zk+l>—HP’(N+>a2)

—0  S€lBrBak+al

Q
—_

~

—C'd?

<Ca’e +)a

+ (p
<Ce €, (5.27)
Recall that on the event (Nt > 1}, V,, € [—g, —g — ag — 2] for all u € [B3y+, &p]. Therefore, fora > —g,
IP’(IV <dp, NT > 1) :]P’(tav <Pyt NT > 1).

a

Thus, (5.27) with a = e/t gives us, for sufficiently large ¢ > 0,

~ _ (2
P(rgvﬁ<ao,N+zl)§Ce cet, (5.28)

To estimate the last probability in (5.24), note that under the event {ﬁ ~>1}, Vg, €[-g—ayp—2,—g) and
Va, = —& —ap — 2. Using (5.19), (5.21) and (5.22), we get

P(d@ >, N~ >1)<Ce ™. (5.29)

Combining the estimates (5.25), (5.28) and (5.29) with (5.24), we see that for any § > O there is 7y > 0 such that for
t =1,

P(& —&o > 87, N~ > 1) <Ce ", (5.30)

where C, C" may depend on §.
We next control o — ory. Write

P(@ —& >t,N">1) <P(@ —& > 1,8 —G<vt, N~ > 1) +P(@ — &> Vi, N~ > 1). (5.31)
Applying the strong Markov property at & and then Lemma 4.3, we obtain for large 7,
P(ay — &) > 1,a; —G <V, N~ > 1)

< sup P(tYy 41> 11 Vo=—g —v, Hy=0)
velag+2,a0+2+g+/1]

4(v—ag—1
< sup (v—ap—1)

—(ag+1)%1/8 —C't
e <Ce . (5.32)
velag+2,ap+2+¢y7 (v —ao — 1) + (ao + D) (ao + D/ 2wt

Note that the hypotheses of Lemma 4.3 hold because ¢ > 2(1 4 g+/t)/(ao + 1) for large ¢.
Substituting the estimates obtained in (5.30) (with § = 1) and (5.32) into (5.31), we get
P& — & >1, N~ >1) <Ce " (5.33)
The strong Markov property applied at @, and (5.13) imply that
P(&y?/— — & >tE, N~ > 1) < P(rfg >t |Vo=—g—ao— 1, Hy :O) <Ce €1,
Thus,

P(¢1 —G >, N~ = 1) =P(@5- —a >3, N~ >1) <Ce ", (5.34)
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Combining (5.29), (5.30), (5.33) and (5.34), we get

P >3, N~ >1)<Ce ", (5.35)
From (5.23) and (5.35), we obtain

P({l > tz, rl/g+a0+2 < ng—ao—z) < Ce €', (5.36)

The lemma follows from (5.12) and (5.36). U

6. The stationary distribution for Z = (V, S — X)

We will use results from [7,13] to establish existence of a unique stationary distribution for Z = (V, S — X) and
convergence of Z to the stationary distribution in total variation distance. For this reason, we will refer the reader to
the book [13] even for definitions of widely use terms. For example, the definition of the total variation distance can be
found in [13, Ch. 1, Section 5.3]. We would like to point out that an alternative proof of the existence of the stationary
distribution is contained in Corollary 6.3 and the calculations in the proof of Theorem 2.1. Hence, the arguments in
this section are mostly needed for the proof of uniqueness and convergence in total variation distance.

The process Z = (V, S — X) is a classical regenerative processes (see [13, Ch. 10, Section 3]) with regeneration
times ¢ defined in Section 5. This means that the process starts afresh at each ¢ and the cycles of the process Z given
by Ck = (Zt)tefg;_, o) for k > 1 form an i.i.d sequence. The gaps {¢x+1 — &k, k > 0} between the regeneration times
are called inter-regeneration times. If the process starts from some z € H := R x [0, co) then we will write P, and E,
for the law of Z and the corresponding expectation. If we are not assuming that Z starts from the renewal state, it will
be convenient to redefine ¢g as

o=inflr >0:2, = (—g,0)} (6.1)

and then shift the definition of the sequence {; by ¢p. The arguments used in the proof of Lemma 5.1 show that
P(¢o < 00) = 1. We will use Pg and Eg to denote probability and expectation when Z starts from the renewal state,
i.e., Zgo = (—g, 0). The following lemma will be used in the proof of Theorem 6.2.

Lemma 6.1. The inter-regeneration time {1 — ¢y has a density with respect to Lebesgue measure.

Proof. Recall ng defined in (5.1) and the notation H =R x R;.

By the strong Markov property applied at ¢, for any z € H and any measurable set A C [0, 00), P,({1 — o € A) =
Pr(¢1 € A). Thus, it is enough to prove that starting from Vo = —g, Hy = 0, the random variable ¢; has a density.
Note that {1 > no > 0, a.s., under Pr. By the Radon—Nikodym theorem it suffices to show that Pr(¢; € A) =0 for
any b < oo and any set A C [0, b] of Lebesgue measure zero.

Consider the stopping time

T=inf{t >no:V: <—g, 8 = X,}.

Since T < {1 a.s., by Remark 4.1 we have that ¢ =T + th o 67, where 0 is the standard shift operator for Markov
processes. Applying the strong Markov property at 7 we obtain

-8 b
IP’R(§16A)=/ / P(tY, € A—1| Vo=v, Hy=0)Px(T €dt, Vr €dv). (6.2)
—o0 JO

Suppose that Vp = v < —g. Note that

v =inf{t20:sup(Bu—Su)—gt:—g—v}:inf{tZO:B,—S,—gt:—g—v}

§ u<t

t
:inf{tzO:B,—/ (Vu+g)du=—g—v}-
0
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Consider Brownian motion with drift
! 1% 1%
W, =B, — /0 (Vuntly At gapa) + &) du,
and let ‘L’uW be the hitting time of a by W. The last displayed formula shows that {r_ cA—1y={" _, €A —1t}

Since the drift of W is bounded on finite time intervals, the Girsanov theorem implies that the laws of W and B are
mutually absolutely continuous on finite time intervals. The event {‘L’ 0 —t} € Feupa S Fp has probability zero

—g—v
since the law of t_ é » 1s absolutely continuous, and A —t has zero Lebesgue measure. Thus, the event {t" oy EA—1}
has probability zero. We conclude that PV g—v —t|Vo=v,Hy=0)=0forany v < —g.
The discussion above allows us to transform (6.2) into
b
Pr(¢1€eA) = / Ia@)Pr(T €dt, Vr = —g) <Pr(Vr = —g) =Pr(T = {1). (6.3)
0

We will show that T < ¢1, a.s. This holds if V;;; = —g — ap — 2 because then V; < —g —ag — 2 for t € [n9, T].
Suppose that V,, = —g + ap + 2 and note that §,, = X,,,, by Remark 4.1. Hence, by the strong Markov property, it
is enough to show that starting from Vy = —g +aop+ 2 and Hy =0, we have T = o(ryg) < o, a.s. (recall (6.1)). We
will show that, with probability one, B, v~ S, v, < supuqv (B, — Su), or, equivalently, in view of (4.1), Xrl/g < Srl’g'

This shows that, a.s., o (7 g) >tv and therefore, V, v | < —g, implying that O'(‘L'fg) < {0

For any r > —g 4+ ap + 2, the process Vi=V VoAt is bounded and thus the exponential local martingale

t 1 t
f > exp{/ V*dB, — -/ (v;)zdu} (6.4)
0 2 Jo

is a positive martingale for all # > 0. Hence, by the Girsanov Theorem, the laws of processes B; — S; and B; are
mutually absolutely continuous on finite time intervals. For ¢ > 0, let us define

M; =sup B,, t‘ﬁw’_gzinf{tEO:M,—gtza}.

u<t

The mutual absolute continuity of the laws of B; — S; and B; implies that if

]P’(B Mg = sup Bu) —0, (6.5)
—a0-2 u<Tf[a‘0_,gz
then
P(By =S = sup (Bu— 8.7/, <7 | Vo= —g +ag+2, Hy=0) =0. (6.6)
- o u<t,

-
We will prove that (6.5) is true. We need more definitions. Set
M~ ') =influ > 0: M, > 1},
A =inflr>0: M~ (1) —1/g > x}.
Note that

78 — g — 2= i((a0 +2)/5)- 6.7)

Now we will use some facts from the theory of Levy processes. It is well known that M,_1 is a stable process with
index 1/2. By [3, Thm. 5(i), Ch. VIII], we have limsup, o M~!(1)t*~* =0, a.s., for every & > 0. It follows that 0 is
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an irregular point for [0, c0), i.e., if M1 (0) =0 then
P(inf{r > 0: M~'(t) — /g € [0, 00)} = 0) =0.

This fact implies that the ascending ladder height process K, which can roughly be viewed as the values taken by
ML) — ¢ /g at its successive new maxima (see [10, Section 6.2] for a more precise definition), is a compound
Poisson subordinator (see the last paragraph on p. 150 of [10]). This implies that the jump distribution of K does not
have atoms and thus, a.s., K does not hit specified points (see the last paragraph in the proof of [10, Lem. 7.10]). Thus,
a.s.,

_ M@+2)/g)

M~ (A((a0 +2)/g)) (ap+2)/8.

which, by the definition of T%'O_,gz and (6.7), gives, a.s.,

_ _ M,— M,—
M l(MTM_g y=M l(grf £ —ap— 2) > rfa()ng'

a2 ap—2

This means that at the stopping time rﬁ’o__gz, Brownian motion B lies strictly below its running maximum, which
gives (6.5) and thus (6.6). By letting r — oo in (6.6), we get B.v — S_.v <sup,_.v (B, — Sy), a.s., which in turn
-8 -8 - =8

implies that T < ¢, a.s., in view of the opening remarks of the proof. ]
Recall that Z = (V, S — X) has the state space H =R x [0, 00).

Theorem 6.2. For any z € H, assuming that Zo = z, when t — 00, the law of Z; converges in total variation distance
to a unique stationary distribution 7, given by

 Er(fy" 1a(Zy) du)

m(A) = (6.8)
Er(1)
for any measurable set A C H. Furthermore, for every z € H, P,-a.s.,
t
14(Zy)du
lim JofaZ0du _ 7(A). (6.9)
t—00 t

Proof. Recall the regeneration times ¢ from the beginning of this section. Lemma 5.1 shows that E(¢; — ¢p) < oo.
By Lemma 6.1, the distribution of an inter-regeneration time x4 — x is spread out in the sense of [13, Ch. 10,
Section 3.5]. The convergence in total variation distance and, hence, the uniqueness of the stationary distribution now
follows from part (b) of [13, Ch. 10, Thm. 3.3] (see Section 2.4 in that chapter for the notation used in the cited
theorem). The representation (6.8) follows from (2.1) in [13, Ch. 10, Thm. 2.1].

Let N; = sup{k > 0: ¢x <t} be the number of renewals up to time 7. The arguments applied in the proof of Lemma
5.1 can be used to show that P({y < oo) = 1. To prove (6.9), note that for any measurable set A C H, we have

! % Ni g '
[ tzoau=["u@ia+ Y. [ zodis [z
0 0 k=1"Y %1

ENy

Clearly (1/1) f(){o 14(Z,)du — 0, a.s., as t — oo. Furthermore, (1/¢) f;N Ta(Zy)du < (1/1)(t — ¢n,) — 0, as., by
[11, Prop. 7.3]. The same proposition implies that

Yol S a(Zdu (8 14(Zy) du)
—
t Er(51D

almost surely as t — 00, so (6.9) follows from (6.8). U

3



Gravitation versus Brownian motion 1555

The following corollary to Theorem 3.5 shows that we can use [7, Thm. 1] in our context, and will be the main tool
in the proof of Theorem 2.1. Recall that H =R x R;.

Corollary 6.3. Let 7w be a probability measure on (H, B(H)), with w(0H) = 0. Then, 7 is a stationary distribution
for the solution to (3.1) if and only if, for every f € CCZ(H) such that (V f (2))Ty = 0 for all z € 9H, the inequality

/ Lf(@)m(dz) <0. (6.10)
H
holds.

Proof. By Theorem 3.5, the law of the solution to (3.1) and the solution to the submartingale problem for (£, y) in
H are the same. We only need to show that [7, Thm. 1] applies.

Note that for any constant ¢ € R we have Lc = 0, thus, the set Cf, (H) and the set H from [7] coincide. Also, the
set V from [7] is empty in our case. We next check that Assumption 1 in [7] holds.

1. Routine arguments show that CC2 (H) separates points.
2. We will use the notation from [7], including but not limited to Assumption 1. Since our reﬂection field y =(1,1)
is constant, we have d(x) N S;(0) = fy The function f(v, h) = v + h satisfies (V f (v, h))T BV = 1.Letn e

C*°(H) be compactly supported and equal to 1 on an open neighborhood of x. The function fr,s 1= fn satisfies
the condition stated in Assumption 1 of [7].

This shows that Assumption 1 holds so [7, Thm. 1] applies in our case. ([
Proof of Theorem 2.1. The existence and uniqueness of the stationary distribution and convergence of Z; to this
distribution in total variation distance were proved in Theorem 6.2.

We will apply Corollary 6.3. It is readily verifiable from (2.1) that the proposed stationary distribution 7 (dv, dh) =
&(v, h)dvdh is indeed a probability distribution, and as it has a density, therefore trivially, we have 7 (dH) = 0. We
next show that (6.10) holds. o

Recall that L f (v, h) = %thf +vop f —goyf,andy =(1,1). Let f € CE(H) be a function satisfying

(Vf(v,O))TV=3hf(v,0)+3vf(v,0)20 (6.11)
for v € R. We proceed by direct computation. By Fubini’s Theorem,

/ﬁfs(u h)dvdh—f/ / ( Onnf +vonf — gdy f) ~28ho =48 gy g

2 o0 o0
e / / 3y f (v, h)e~ V8 que=28h g,
7T _

/ / <8hhf+v8hf) =28 gpe=+e)’ gy,

Next, we integrate by parts the inner integral of each term; actually, we have to integrate by parts twice. We get

4g2 0o oo )
/ LfEWw,h)dvdh = —_/ / f, h)(v+ g)e—(v+g) dve=28" gn
H T _

.
N

ah f,00+@+g) f, 0)) —+e)? gy

2 g

/ (28> +2vg) f (v, hye 28" dhe™ 48 gy,

ﬁ\w ﬁ\w
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The two double integrals above cancel each other so we are left with a single integral,

/ﬁf“;‘(v h)dvdh——\/_/ ( o f (0, 0)+ (v+g)f(v, O)) ~w+8)? 4y,

2 1 > 1 2
= _\/_é;r_ _oo(iahf(v’ O)e—(v+g) _ Ef(v’ 0)8ve_(v+g) )dv.
Integrating by parts once again we obtain
/ LfEw,h)dvdh=——= (3hf(v o)e*(wg) + 3y f(v,0)e™ (v+¢)? )d
\/_
g / —(v+g)?
— 8hf(v 0)+ 9, f(v,0) 8" dv
£ )
8 / —(v+g)?
= (Vf(,0) Tye 9" ay,
\/_

which is nonpositive by (6.11). (]

Remark 6.4. Recall that we showed existence and uniqueness of the stationary distribution in Theorem 6.2. The
existence is also implied by [7, Thm. 1] via Corollary 6.3 since we showed that (6.10) holds for the distribution &
with density (with respect to Lebesgue measure) given by (2.1). We also believe that the uniqueness of the stationary
distribution follows from the Harris irreducibility of our process. But the main power of Theorem 6.2 comes from
the fact that it uses Lemma 5.1 and Lemma 6.1 to show convergence to stationarity in total variation distance (the
existence and uniqueness of the stationary distribution follow as a by-product of this convergence).

7. Fluctuations and strong laws of large numbers

This section is dedicated to the proofs of Theorem 2.2 and Theorem 2.3. We first derive fine estimates for a number
of hitting times of the velocity process and the gap process. These, in turn, are used to establish precise estimates for
the fluctuations of V and S — X on the intervals [{,, {u41] for n > 0, where (£,),>0 are the renewal times defined in
Section 5. The global fluctuation results of Theorem 2.2 and Theorem 2.3 are then proved by decomposing the path
{Zs : s <t} into random time intervals [¢,, {,+1] and applying the fluctuation results proved on these intervals.

Lemma 7.1.

(1) Forsome C >0,all0<h<landa <-g -2,
E(zY, | Vo=a.Hy=h) < Clal.
(i) For some C > 0,allh > 0and a € R,

1

v

E(t,, 1 | Vo=a, Hy=h) Zcm~

(iii) For some C > 0,all h >0 and a > 2,
E(rY, | Vo=a, Hy=h) < Ca.

(iv) Forany h >0anda € R,

E(r) | Vo=a, Hy=h) > 1/g.
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(v) For some C >0,anyh>1and —g—2<a<-g—1,
E(Yy | Vo=a, Hy="h) < CvVh.

(vi) For some C >0,any h>1anda € R,

1
H 1%
E(fh—l VAN tafl | V() =da, H() Ih) > Cm

Proof. (i) If Vo =a < —g — 2, then ‘L'Yg =0(0) + rfg o 050y where 6 is the standard shift operator for Markov
processes. By applying the strong Markov property at time o (0) we obtain

E(rY, | Vo=a, Hy=h)
o
<E(c(0)| Vo=a, Hozh)+ZE(r_Vg|V0=a—k—1,Ho=0)IP(Vg<o)5a—k|Voza,H0=0)
k=0

oo
<E(c(0) |Vo=a,Hy=h)+ Y E(c',|Vo=a—k—1,Hy=0)P(c(0) > k/g | Vo=a, Hy=0). (7.1)
k=0

We will next estimate the terms in the sum.
Suppose that By =0,a <0, Vo=a, h > 0and Hy=h.If 6(0) > s then B, <h + at — gt>/2 < h — gt>/2 for all
t <s. In particular, By <h — gs2/2. Thus, using (4.3), for s > 2./h/g,

P(o(0)>s|Vo=a, Hy=h) <P(B; <h—gs*/2) < cie—<’1—gf2/2>2/<2f>. (7.2)
gs2—2h

This implies the following two bounds, with 0 < C, Cy < oo,
E(o(0)|Vo=a,Hy=h)<C, 0<h<l (7.3)
P(o(0) = k/g | Vo=a, Hy=h) < Ck"'e O k>1. (7.4)

Next, we bound the expectations in (7.1). Consider b < —g — 2. According to Lemma 4.3 applied with —g —a; =
b+land —g—ar=b,fort>2/(—g—b—1),
- 4
T+ (—g-b-D)(—g—b— 1D 2nrt

Since —g —b — 1 > 1, we obtain for ¢ > 2,

2
e~ (—&=b=1)1/8

P(zy,, >t | Vo =b, Hy=0)

4 p—
Bl > 11 Vo=b, Hy=0) 5 oo™

Hence,

E(ty., | Vo=b, Hy=0) < C.

Recall from Remark 4.1 that if Vo =b — k then S, Vo= X, Vo Hence, the repeated application of the last estimate
—k+ —k+
at the stopping times rbV_kH, tbv_k+2, tbv_k+3, ..., shows thatif b < —2g — 1 then
E(zy | Vo=b—k, Hy=0) < Ck. (7.5)

We can take ap = g + 1 in (5.13) to obtain for —2g —2 <b < —2g — 1,

E(zY, | Vo=b. Hy=0) <E(r', | Vo=—2¢g — 2. Hy=0) < C.
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This, the strong Markov property applied at rbV where b satisfies —2g —2 < b < —2g — 1, and (7.5) imply that for
a<-—g-—2,

E(cY | Vo=a, Hy=0) < C(—g —a). (7.6)
Substituting (7.3), (7.4) and (7.6) into (7.1), we get
ad 3
E(rYy | Vo=a,Hy=h) <C+) C(-g—a+k+ Dk 'e " <Clal.
k=1
(ii) It is easy to see that for all 2 > 0,
E(fav+l | Vo=a, Hy= h) > E(tav+1 | Vo=a, Hy= 0),
so we will assume that Vo =a and Hy = 0.

Fortr <1/g, we have V; >a —1,s0 L; < Ll( = supuS,(Bu — (a — 1)u). Suppose that a < —g/2 + 1 and,
therefore, 0 < —1/(2(a — 1)) = 1/g. If sup,<_1/2(a—1)) Bu < 1/2 then,

a—1)

(a—1) a—1

Loyj@a-1) <L 00 m=  sup (Bu—(a—Du)<  sup By+-——<l,

/Gl l/@E-1) ugfl/(2(a71))( ! ) u<—1/Qa—1y  20a—1)

and, therefore, raVH > —1/Q2(a — 1)). It follows that,

E(z),, | Vo=a,So— Xo=0) > L p V. > -

a+1 ’ —_ _2(61 _ 1) a+1 = _2(61 _ 1)

1
371?( sup BL,<1/2)ZC/|a|.
=2(@—-1) N<—1/Q@-1)

It is easy to check that for every a > —g/2 + 1, the same argument generates a bound at least as large as for
a =—g/2+ 1. This easily translates onto the statement in part (ii) of the lemma.

(iii) Consider a > 2 and take any v € (a — 1, a]. According to Lemma 4.4(i) applied with —g +a; =a — 1 and
—g+ay=v,fort>2/g,

]P(Tav_l >t|Vo=v, Hy= ()) < e 8la=Dt <e ¥,
Hence,

sup E(r,)_,|Vo=v, Hy=0)<C. (1.7
ve(a—1,a]

: Voo 1% 1%
We can write 1, | =0(O) AT, +7,_,00

sOATY where 6 is the standard shift map. Therefore, by the strong

Markov property applied at the stopping time o (0), we get for any & > 0,
E(r, i | Vo=a. Hy=h) =E(c(O) Aty + 7,1 06,7 | Vo=a. Ho=h)

<E(cO) AT, |Vo=a Hy=h)+ sup E(z) ,|Vo=v, Hy=0).

ve(a—1,a]

Note that if 0/(0) > 1/g, then t)" ; = 1/g. Thus, E(c(0) At} , | Vo =a, Hy=h) < 1/g. Applying this and (7.7) to
the above inequality yields

supE(z)_, | Vo=a, Hy=h) < C.
h>0
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The repeated application of the last estimate at the stopping times t a‘i], ruvfz, T an3’ ..., shows thatif a —k > 1 and
h > 0 then

E(r) | Vo=a, Hy=h) < Ck. (7.8)
For 1 <a <2 andh >0, we can write rYg =0o(0) A ryg + rYg o Gﬂ(o)myg. It is clear that o (0) A tl/g <(g+2)/s.
Thus, we get

E(Yy |Vo=a,Hy=h) < (g+2)/g+ sup E(cY,|Vo=v, Hy=0). (7.9)

ve(—g.2]
By another application of the strong Markov property, we can write

sup E(tY, [Vo=v.Hy=0)< sup E(Y, A7) |Vo=v,Ho=0)+E(r, | Vo=2, Hy=0).
ve(—g,2] ve(—g,2]

Applying Lemma 4.6, we get sup,c_ 7| E(‘L’Yg A r2V | Vo =v, Hy =0) < C. Further, taking ap = g + 1 in (5.20), we
obtain E(rYg | Vo =2, Hy=0) < C. Substituting these estimates into (7.9), we get

sup ]E(rfg | Vo =a, Hy =h) <C.
a€l1,2],h>0

This, the strong Markov property applied at rav_ « Where k satisfies 1 <a — k <2, and (7.8) imply that for a > 2 and
h >0,

E(<¥, | Vo=a. Hy=h) < Ca.

(iv) The estimate follows from the equation dV; =dL; — g dt and the fact that L is non-decreasing.
(v) Assume that Vy = a, and Hy = h > 1. By (7.2), we have for s > 2/,/g:

1/4
B 2 svE) <€ MY pmamweprieni _ o N5 amwipiin)
- ~ ghs?/2—h - gs?/2—1

This implies that

E(o(0)| Vo=a, Hy=h) < Cvh. (7.10)
Note that Vy(0) = a — go (0) so (7.2) yields for k > 2./hg,

P(Vooy €la—k—1,a—kl) <P(Vy) <a—k) =P(c(0) > k/g)

_ kg s/ 27 k)
g(k/g)* —2h

This, the strong Markov property applied at o (0), (7.6) and (7.10) imply that
E(‘El/g | Vo=a, Hy= h)

o0
<E(0(0)|Vo=a. Ho=h)+Y C(-g—a+k+DP(Voq €la —k—1,a—kl)
k=0

<CVh+(—g—a+2J/hg+1)

o0
+ Y Clg-a+k+n—LLE VkI8  —a—sse122/Chg)
g(k/g)* =2
k=12/hg]+1
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<CVh+(—g+g+24+2/hg+1)

o
kT3
Y Clogtgt 2kt L a2 22 k)

Ay g(k/g)* -2
<Cvh.
(vi) Suppose that So =h > 1, Xg=0and Vo =a < —+/g/8. Then, for 0 <t < —1/(4a),
S>h—gltar=h—% 1 4l sn 1
2 164 4a

Therefore, for any #y € (0, —1/(4a)], if SUp, <, B, <1/2, then X; < 1/2 for 0 <t < 19 and, therefore, ff_l > 1.
The local time L does not increase on the interval [0, r}fl_ 11 because § and X do not meet on this interval. Hence, V
decreases at the constant rate on this interval and, therefore, tf_ A Tav—l = r}{i_ | A 1/g. Thus,

1 ! :
Pt otz g ) =R (o= ) = (2 )

z]P’( sup By < 1/2) > C,
u<1/((—4a)vg)

and, therefore,

1

H %
E(‘[h_l/\'(a_l | V():a,S()—XOZh)>C'W,

proving part (vi) of the lemma in the case 2 > 1 and a < —/g/8.
Fora> —\/g/8and 0 <t <1/(4/g/9),

S, >h—gt*/24at >h—gt*)2—\/g/8t >h—1)2,
so the analogous argument gives
E(rf_l A tav—l | Vo =a, Hy :h) > C,
completing the proof of part (vi) of the lemma in the case # > 1 and a € R. |

Lemma 7.2. Assume that Vo = —g, Hy = 0 and let {{k}i>0 De the renewal times defined in (5.2). Then there exists

ao > 0 and positive constants Cy, k =1, ..., 6, such that for a,r > ay,
O Lo @H20ED < p(cV, < g)) < o2+, (7.11)
a
C3lefl/l272l/l(g+l) < IP)(_L.aV < ;l) < C4lefc1272a(g71)7 (712)
a a
1
Cs—e 28" <P(tH <)) < Ce 28", 7.13
5 7 <P(¢ <01) <Cs (7.13)

Proof. Recall from Lemma 5.1 that E(¢1) < oo. We can apply (6.8) toaset A C R x [0, 0o) and use (2.1) to see that

9 2
E(/ HA(Zu)dM) =Cn(A) = C// L8 2=+ gy g, (7.14)
0 . NEd
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(i) Fix a > g + 2. We apply (7.14) to the set A = (—a — 1, —a] x [0, 1] to see that

&1
E(/ I(—a—1<V,<—a,H, < l)du) [ / 8 o~28h =427 gy gy
0 a—1 \/_

S~ C / 27 g
—a—1

> Ce—ta+1-8)
> (e ~20(1-9), (7.15)
LetT =inf{t >0:V, €[—a — 1, —a], Ht < 1}. Note that (7.15) only involves paths of (V;, H;) such that T < ¢j.

It follows from Remark (4.1) that 7 + 7.V ¢ ©0r =¢1 on the event {T" < £}. Lemma 7.1(i) and the strong Markov
property applied at 7' imply that

&1
E(f I(—a—1<V,<—a H, < l)du) <E(I(T <t)(@1 —1T))
0
<P(T <) x sup E(ﬂ/g | Vo:v,Hozh)
v€[—a—1,—al,h€[0,1]
<CalP(T < ¢&y).

This and (7.15) yield
1
P(TYa < §1) >P(T <) > C L p—a*—2a(1-g)
a

This proves the lower bound in (7.11) for a > g + 2.
(i1) Fix a > g + 2. We apply (7.14) to the set A = (—o00, —a + 1] x [0, co) and use (4.3) to see that

{1 —a+1
E(/ IV, §—a+1)du> / / —28h e~ gy dh
0

—a+1
=C/ ’ Le_(”“Lg)zdv

00 b g
’ 1 —(a—1—g)?
<C'—— ¢ 8)
T a—-1-—g
< oL sraern), (7.16)
a

Let T =inf{r > ¥ :V, = —a + 1}. Note that if T—a < {1 then T < ¢. Lemma 7.1(ii) implies that

e
E(/O I(V, <—a+ l)du> > ]P)(‘L'Ya < ;1) X gEEE(IYa+1 | Vo=a, Hy= h)

I\
SRS

]P’(rya < ;1),
so (7.16) yields
P(rfa - {1) < Cefa2+2a(g+1)'

This proves the upper bound in (7.11) fora > g 4 2.
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(iii) Fix a > 2. We apply (7.14) to the set A = [a, 00) x [0, 00) to see that

9 0 9
IE(/ H(Vuza)du) / / L8 o ~2h = t8 gy, g
0

> Cf —(v+g) dv > C/ —(a+1+g) > C// —a —2a(g+l) (717)
a

It follows from Remark (4.1) that on the event {th < 1}, V will not take values greater than —g on the interval
[‘L'Yg, ¢1]. Lemma 7.1(iii) and the strong Markov property applied at )" imply that

&
E(/ I(V, > a)du) <P(zr, <&)E(cY, | Vo=a, Hy=0) < CaP(z, <1).
0
This and (7.17) yield
1
P(fav < Cl) = Cge—“2—2a<g+1).

This proves the lower bound in (7.12) for a > 2.
(iv) Fix a > 2. We apply (7.14) to the set A =[a — 1, 00) x [0, 00) and use (4.3) to see that

&1 00 oo o
E(/ I(V,>a-— l)du> = c/ / 28 o28h =0 gy gy
0 0 a—1 ﬁ

= C/OO Le—(v-i-g)zdv
a

-1 /4
S R R
a—1+4g
< C// e @ 2 _2a(g— l) (7.18)
B a
Let T =inf{r > : V; =a — 1}. Note that if r < ¢1 then T < ¢p. Lemma 7.1(iv) implies that

&
E(/ I(V,>a— l)du) >P(zr) <¢1)E(x), | Vo =a, Hy=0)
0
> (1/9)P(z) <),

so (7.18) yields
\4 1 —a 72a(g ])
P(r, <&1) < Cae

This proves the upper bound in (7.12) for a > 2.
(v) Consider r > 1. We apply (7.14) to the set A =[—g — 2, —g — 1] x [r, 00) to see that

1
IE(/ I[(—g—2<V, < g—l,Huzr)du>

g—1
—C / / 2g 2=+ gy g > Cem 2" (7.19)
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Let T =inf{t >0:V, € [—g — 2,—g — 1], H; > r}. It follows from Remark (4.1) that on the event {T < {1},
inf{t > T :V, =—g}=1¢. Lemma 7.1(v) and the strong Markov property applied at 7 imply that

&1
E(/ H(—g—2§Vu§—g—1,Huzr)du>
0

<P(T <)) x sup E(rY, | Vo=v. Hy=h) < C\/rP(T < ).
ve[-g—2,—g—1],h>r

This and (7.19) yield
1
P(g <61) 2P(T <o) 2 Cze ™

This proves the lower bound in (7.13) for r > 1.
(vi) Fix r > 2. We apply (7.14) tothe set A =[k — 2,k + 1) x [r — 1, 00) and use (4.3) to see that

S|
E(/ H(k—2§Vu<k+1,Hqu—1)du>
0

o0 k+1 2 k+1 1
— C/ / _ge—2ghe—(v+g)2 dvdh = Ce=280—=1 / _e—(v+g)2 dv
r=1Jk=2 /T k=2 AT

1

L (LR SNV
k| +g+1

< Ce 280—D (7.20)

Let
Ti=inf{t><" H=r—1lorV,=k-2}.

Note that if 7 < ¢y then Ty < ¢; for every integer k. Lemma 7.1(vi) implies that

8|
E(/ H(k—2§Vu<k+1,Hqu—l)du)
0

zlP’(frH <lL,k—1< V.[rH <k) X ve[ikllfl k]E(tﬁl /\rl}/_l | V0=v,H0=r)

1 H

ECWP(T’, <§]’k_1§V'L’,H <k),

so (7.20) yields

1

e (LR UL
k| +g+1

P(t/ <1k —1< Ve <k) < C((=k) v 1)e~26C =D

It follows that

I
WK

P(c” <¢1) P(eff <t1,k—1<Vn <k)

k

—00

1

o~ (Ukl+g=2V0)* - ,~2¢r
k| +g+1 -

WK

C((=k) v 1)e 28D
k

—00

This proves the upper bound in (7.13) for r > 2. ([
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Proof of Theorem 2.2. Fix arbitrarily small ¢ > 0. By (7.12) of Lemma 7.2, for n > 0,
IP’( sup  V;>./(1+¢)log ) < ¢
t n)= ——-7
1€ltn. L] nlte/2

and

C
]P’( sup V’>‘/(1_8)10gn>2m'

t€[¢n,n+1]

As the {¢,}n>0 are renewal times, therefore by the Borel Cantelli lemma, a.s.,

su \%
JT=¢ < limsup —2rliwbnsl 7 _ A (7.21)
n—o00 «/logn

By Lemma 5.1, E(¢1) < oo and thus, by the Strong Law of Large Numbers, &, /n — E(¢1), a.s. From the lower bound
in (7.21), with probability 1, there exists a subsequence ny — oo and t,, € [y, {n+11] such that thk //logny >

~/1 — &. Moreover, the SLLN implies that, a.s., log#,, < (1 + &) logny for sufficiently large k. Therefore, a.s.,

Viu, l—¢
=
Jlogty, l+e

for sufficiently large k. Since this holds for every ¢ > 0, we obtain, a.s.,

lim sup > 1. (7.22)
t—oo +/logt

From the upper bound in (7.21) and the SLLN, we see that, a.s., there is a positive integer no such that for all
n>no, Vi/s/logn <+/1+¢andlogt > (1 — &) logn for all € [&,, {u+1]. These imply

Vi - 1+e¢
Jogt —V1—e¢

for all t > ¢,,. Since & > 0 can be taken arbitrarily small, we have, a.s.,

lim sup <1

t—oo +/logt

This inequality and (7.22) prove the second equality in (2.2).

The proofs of the first equality in (2.2) and the equality in (2.3) follow similarly by using (7.11) and (7.13) of
Lemma 7.2, respectively. The claim in (2.4) follows from the fact that ¢;’s are i.i.d. with Egx > 0, and S; — X; =0 if
t is a renewal time. ]

Proof of Theorem 2.3. We have
X;— (B —gt) =(Xo+ Vo) — V,,
Ss—Br—gH)=X; — (B —gt) + (S — Xy) = Xo+ Vo) — V: + (5; — Xy).

These identities and Theorem 2.2 easily imply the assertions made in Theorem 2.3. ]
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